Representation of E .k for 1-D Material
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n, the electron density, the number of electrons per unit
length is determined by the crystal structure and valence
n determines the energy and velocity of the highest
occupied electron state at T=0
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Representation of E.k for 2-D Material
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Representation of E .k for 3-D Material
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So how have material properties changed?
1 N
Table 2.1
. . . . FERMI ENERGIES, FERMI TEMPERATURES, FERMI WAVE VECTORS, AND
The Fermi velocity is much higher than ~ FERMI VELOCITIES FOR REPRESENTATIVE METALS®
kT even at T=0! Pauli Exclusion raises &M rnfes & T ke I S
: Li 325 474V 550 % 10K 112 % 10%em™" 129 x 107 em/sec
the energy of the electrons since only 2 Ne 3e 3w 02w
. K 486 212 246 ors 0.86
e- allowed in each level Rb  $30 i8S 215 010 081
. Cy 562 159 184 065 075
Only electrons near Fermi surface can Cu 267 700 8IS 136 157
. . A a0 545 6.38 1.20 139
interact, i.e. absorb energy and A sm o e 121 140
. . Be 187 143 166 194 225
contribute to properties Mg 166 108 823 136 158
Ca 327 469 544 L 128
St 357 3193 457 102 118
Ba imn 364 423 098 113
4 2 Nb a7 i 618 LI8 1.37
TF~10 K (Trooleo K), Fe 212 11 130 1 1.98
Mn 214 109 127 LT L9
EFNIOOEC]aSS, Vp2~ 1 OOVclass2 Zn 130 941 1D 1.58 153
<d 2.59 747 868 1.40 162
Hg 265 713 8x .37 158
Al T 136 175 203
G 19 104 121 166 192
In 4 863 100 151 1.74
m 148 815 946 146 169
Sa 2n 102 s 1.64 190
Pb 2w .47 no 1.58 L3
B 225 .90 1.5 1.61 187
5b 214 109 127 1.0 1.56

“The table entries are calculated from the values of ryjug given in Table 1.1 using m =
911 = 107 grams.
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Effect of Temperature (T>0): Coupled electronic-thermal properties in conductors

* Electrons at the Fermi surface are able to increase energy: responsible for
properties

*  Fermi-Dirac distribution

* NOT Bolltzmann distribution, in which any number of particles can occupy
each energy state/level

Originates from:

e
- - e -
- S
Ep —— e
—— | —— —o— —eo— . .
—o | —e & e ...N possible configurations
— . _ e — e o
T=0 >0 IfE-E/k,T is
1 large (i.e. far from —(E-Ep)
— E;) than T
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Fermi-Dirac Distribution: the Fermi Surface when T>0

| — 3
f(E)t
"\ 1L‘B()ltz ka ka
! > >
1 -
\ T=0 Boltzmann-like tail, for
05 | T>0 the larger E-E; values
M~Ep E

All these e- not
perturbed by T

Heat capacity of metal (which is ~ heat capacity of free e- in a metal):

¢ = (ﬂj U~AE-AN ~k,T- [g(EF)' ka] ~ g(EF)' (ka)2 U=total energy of
or ), electrons in system

ou > . "
¢ = 87 =2-g(E;)-k;,T  Right dependence, very close to exact derivation
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Electrons in a Periodic Potential

* Rigorous path: HY=EW

* We already know effect: DeBroglie and electron diffraction
* Unit cells in crystal lattice are 10® cm in size

* Electron waves in solid are A=h/p~10-® cm in size

» Certain wavelengths of valence electrons will diffract!

3.225 © E. Fitzgerald-1999

Diffraction Picture of the Origin of Band Gaps

¢ Start with 1-D crystal again

A~
m a Take lowest order, n=1, and

1-D o0 © o o o o o consider an incident valence

a electron moving to the right
="y, =e
. a
nh =2dsin0 i S
Reflected wave to left: k, =——;y =e “
a
nk =2a
Ak=k —k, =2~
k= 2n a
A Total wave for electrons with diffracted wavelengths:
nn V=y,ty,
r="" i
a Y, =y, +y, =2c0s—x

a

o~y T
v, =Y, -y, =i2sin—x
a
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Diffraction Picture of the Origin of Band Gaps

Probability Density=probability/volume of finding electron=||?

’\Vazz4sinzlx —
“ 6.0 0 06 0 0 0 o
2 T
’\Ifs =4cos"—x a
(1\
o /oo el VeVeV eV e
a

®Only two solutions for a diffracted wave
®Electron density on atoms
®Electron density off atoms
®No other solutions possible at this wavelength: no free traveling wave
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Nearly-Free Electron Model

¢ Assume electrons with wave vectors (k’s) far from diffraction
condition are still free and look like traveling waves and see
ion potential, U, as a weak background potential

¢ Electrons near diffraction condition have only two possible
solutions

— electron densities between ions, E=E; . -U

— electron densities on ions, E= E  +U

® Exact solution using HWY=EW shows that E near diffraction
conditions is also parabolic in k, E~k?
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Nearly-Free Electron Model (still 1-D crystal)

H— ——3
e states
K22 2 Away from k=nTva,
EF=——= P 4 E free electron curve dE 1wk
Zm | 2m & m
n’k
Near k=nTt/a, AE =—Ak
band gaps form, strong| m
interaction of e- with
U 017
N E, U D_1ffract10n,
v Quasi-continuous k=nTva
\ Ak=217L
-Tla 0 ma Kk

»

Ak=2T17a=G=reciprocal lattice vector

A
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Electron Wave Functions in Periodic Lattice

e Often called ‘Bloch Electrons’ or ‘Bloch Wavefunctions’

Away from Bragg condition, ~free electron

H-"lgy T Viy ~e ;E:—hzk2
2m 2m R 2m

Near Bragg condition, ~standing wave electron

—h?
2m

H= V24U, ~U,(x) v ~cosGrorsinGx=u(x)| E=U,(x)

Since both are solutions to the S.E., general wave is

ikx
\P :Wfree\lj lattice — e M(X)

TVa termed Bloch functions

v
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__Block Theorem

+ If the potential on the lattice is U(r) (and therefore
U(r+R)=U(r)), then the wave solutions to the S.E. are a
plane wave with a periodic part u(r) that has the periodicity
of the lattice

¥(r)=e""ul(r)
u(r) = u(r + R)

Note the probability density spatial info is in u(r):
W =W () u(r)
An equivalent way of writing the Bloch theorem in terms of W:
‘{’(r + R) = eik('+R)u(r + R) = *R) M

eik»r

‘P(r + R) = eik‘R‘I’(r)
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Reduced-Zone Scheme

* Only show k=+-Tva since all solutions represented there

—Tt/a a
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Real Band Structures

GaAs: Very close to what we have derived in the nearly free electron model
Conduction band minimum at k=0: Direct Band Gap

Valence
band

3.225

© E. Fitzgerald-1999 15

Review of H atom

Do separation of variables; each variable gives a separation constant

i . After solving, the energy E is a function of n
(@ separation yields m, )

0 gives / E= —-uZe —13.6eV

rgives n

(4ne, Y 2n%n? oo

m, and lin®and © give W the shape
(i.e. orbital shape)

The relationship between the separation constants (and therefore the quantum numbers are:)

n=1,23,... 0
£=0,12,...n-1
m=-0, 01,0, L1, U

(m~=+or - 1/2)

-13.6eV

3.225
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TABLE 7-1. Possible Values of f and m; forn =1,2,3
n 1 2 3
{ 0 0 1 0 1 2
m 0 0 —1,0, +1 0 —1,0, +1 (=2, —1,0, +1, +2
Number of
degenerate
eigenfunctions
for each [ I 1 3 1 3 5
Number of
degenerate
eigenfunctions
for each n 1 4 9
\ ) %{_/\ ] %/_J%/—/
S S p s P d

Origin of the periodic table
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Energy level spacing decreases as atoms are added
Energy is lowered as bonding distance decreases

.
* Alllevels have E vs. R curves: as bonding distance decreases, ion core
repulsion eventually increases E

E,

Debye-Huckel

—>

NFE picture,
semiconductors

v

hybridization

3.225
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