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Abstract

This paper examines trading behavior of market participants and how quickly private
information is revealed to the public. in a stationary financial market with asymmetric
information. We establish reasonable assumptions, under which the market is not efficient
in the strong form. in contrast to the Chau and Vayanos (2008) model. First, we assume
that the insider bears a quadratic transaction cost. We find that the trading intensity
of the insider is inversely related to transaction cost and that the market maker’s uncer-
tainty about private signals is positively related to transaction cost. As transaction cost
approaches zero, the economy converges to that of the Chau and Vayanos (2008) model.
Second. we assume that the insider can observe signals only discretely and at evenly spaced
times. at a lower frequency than that at which trading takes place. The sparseness of sig-
nals induces insiders to trade patiently before the next signal comes in, as in the finite
horizon model of Kyle (1985). Furthermore, the degree of market efficiency declines as
signals arrive more sparsely. Finally, we assume that arrival times of private insider sig-
nals are random. In such case, the insider is less patient and trades more smoothly than
with fixed arrival times As a result. market prices incorporate private information more
quickly.
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Chapter 1

Introduction

Informed trading under asymmetric information has drawn the attention of numerous stud-
ies in the past few decades. Studies ! have looked at such questions as: How are security
prices formed and how quickly is the inforniation about profitability incorporated into the
prices? What is the role of market makers in the price discovery process? And will an
insider trade slowly to control the cost of price impact or quickly to make a quick killing?
These questions, which are part of the market microstructure research, are also related to
market efficiency. The efficient market hypothesis formulated by Eugene Fama in 1970,
suggests that. at any given time. all available information—public and private—is fully
reflected in the stock prices. This type of efficiency is called strong-form efficiency. On
the other hand. the semi-strong-form efficiency hypothesis states that only publicly avail-
able information, for example past prices, is incorporated into the market prices. While
it is plausible to think that strong-form efficiency does not describe reality?, it is impor-
tant to understand what the conditions are for the market to closely resemble strong-form
efficiency.

The first generation of the informed trading literature. which begins with Kyle (1985),

or example. Kyle (1985), Back (1992), Back, Cao and Willard (2000).
2For example, Fama (1991)



examines strategic trading strategies and their price impact with competitive market mak-
ers. In the Kyle model of informed trading, a monopolistic insider strategically submits
orders to a competitive market maker and some liquidity traders submit exogenous order
quantities. The market maker can only observe the batch orders. In equilibrium, the
insider patiently submits orders and thus gradually reveals his private information. The
private information is fully revealed to the public only at the end of the trading session.

Clearly. this model does not reveal strong-form efficiency

In the Kyle model. the insider receives a signal at the beginning of the trading session.
This signal represents the final payoff of the risky asset at the end of the trading session.
Chau and Vayanos (2008) (henceforth CV) conjectures that this is a critical assumption
to induce the insider to trade slowly. CV studies the market efficiency in a stationary
framework with infinite horizon. In CV. the financial market is similar to that in the Kyle
model. The main difference is that the insider receives private information repeatedly.
CV adopts the notion of Wang (1993) that the private information is a mean reverting
stochastic process that determines the dividend growth rate of a risky stock. The insider’s
objective is the present value of expected future profits. It is shown that in a discrete
time setting, the monopolistic insider reveals his information very quickly by placing a
large order each period; as the market approaches continuous time. the insider’s rate of
order flow converges to infinity and the market maker’s uncertainty about the insider’s
information converges to zero. This says that the market can be arbitrarily close to strong-
form efficiency. However. the insider's profit does not converge to zero as the market
approaches efficiency. which means that there is nontrivial return to the cost of information
acquisition. This is in contrast with the usual postulation that the positive profits of the

insider are inconsistent with the strong form of the efficient market model?.

It is argued in CV that the strong-form efficiency outcome is due to the combination of

impatience and stationarity rather than any peculiarity of their assumptions. More con-

3kor example, see Rozeff and Zaman (1988)
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cretely. these authors show that impatience is introduced if any of three factors is present:
time discounting, publicly revealed information, and obsolescence of private information
through mean-reversion in the firm’s profitability. CV also argues that impatience alone
cannot lead to the quick trading of the insider. It is the stationarity of the market. in addi-
tion to the insider’s impatience that induces quick trading. Therefore, it may appear that
strong-form cfficiency is a robust result that holds under relatively weak model assump-
tions. In this paper. we argue that this is not the case. That is. some of the assumptions
that are essential for strong form efficiency in CV may still be too strong to approximate re-
ality. Some of the assumptions in the CV model that fall into this category are described as
follows. First. the insider is risk neutral. so his signal precision is not taken into account as
he optimizes his trading strategy. If the insider is risk averse. he will trade less aggressively
and the degree of market efficiency goes down. Second. the market maker is risk neutral
and hence does not charge any inventory cost. Given the risk aversion of the market maker,
inventory cost may limit the insider’s trading and acquisition of information by the market
maker. Third, the insider is not subject to any transaction cost. It is intuitive that very
high transaction cost will potentially prohibit the insider from trading quickly. Fourth, the
insider is perfectly informed in the sense that he receives continuous private information
with no time lag. This can be relaxed in several ways. For example. the insider can receive
the signals at a lower frequency than the trading frequency. Another alternative is that
the insider receives the signals at stochastic times. This dissertation examines the effect of

these latter two assumptions.

First, we introduce a transaction cost in the quadratic form faced by the insider, that
intuitively prevents the insider from trading quickly. Ordinarily. traders face three types
of transaction cost: order processing cost. inventory cost and adverse selection cost. Here.
transaction cost can be regarded as an order professing cost. Note that, strictly speaking,
there should be no inventory cost if the market maker is assumed to be risk neutral.

Adverse selection cost also exists in the economy, due to asymmetric information. We
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assume the transaction cost is quadratic with respect to the rate of the insider’s trading, to
gain tractability for the model. Also note that the transaction cost is on the total position
of the insider, rather than a fixed cost per transaction. Nonctheless, this type of transaction
cost has a strong deterrent effect on the insider. In the presence of the transaction cost,

the insider trades slowly and the market is no longer strong-form efficient.

Next., we ask what is different if the insider receives private information at a lower
frequency than the one at which the trading takes place. In CV. the assumption that
the insider receives signals repeatedly is interpreted as an approximation of a proprietary-
trading desk. which generates a flow of private information on a stock through superior
research. There is no reason to believe that the agent always produces signals at a particular
high frequency. It is also assumed in the CV paper, however, that the insider receives the
signals at the same frequency as the one at which the trading takes place. Hence it is natural
to relax the latter assumption with the assumption that the frequency of the private signal
is lower relative to trading frequency. For maximal tractability. we study a continuous
time model. i.e.. the frequency of trading is infinitely high. Private signals are assumed
to arrive at fixed and evenly spaced times. The infinite horizon market is still stationary,
although the equilibrium has certain dynamics within each period between two consecutive
signals. To focus on the effect of the frequency of the private signal. we let the transaction
cost be very small. We show that during the interval between two consecutive signals, as
time goes by the trading intensity of the insider increases, the price impact declines, and
the insider’s informational advantage declines as well. More importantly, we show that, as
the frequency of the private signals of the insider decreases, the proportion of the private
information that is incorporated into the market price, which can be regarded as a measure
of market cfficiency, also declines. In other words, the degree of market efficiency is lower

than that in the CV model. which shows approximate strong-form efficiency.

Finally, we relax the assumption that the insider receives private information at deter-

ministic and evenly spaced times. We study the alternative case, in which the arrival time
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of the next signal is random. With a prop-trading desk example, this says that the research
department cannot guarantee that the new signal will be produced at a pre-specified time.
Instead, once a signal is produced, the next signal can be produced at any subsequent time
according to a probability distribution. To compare the two cases, we assume that the
mean arrival time in the stochastic arrival case is roughly the same as the arrival time in
the fixed arrival time case With the arrival time following a truncated exponential distri-
bution, we show that the insider trades more smoothly. That is. while in the fixed arrival
time case, the insider’s trading intensity increases and shoots up immediately before the
next signal arrives; in the stochastic arrival time case, he trades more aggressively right
after receiving a new private signal, and less aggressively as time passes by, relative to the
case in which the arrival time of the signals is fixed. This is intuitive because in the fixed
arrival time case, the insider is very patient and waits until the moment immediately before
the next signal to use up his private information on the last signal. By contrast. in the
stochastic arrival time case, if he is too patient, his signal is likely to be wasted since the
next signal can arrive at any time, thus making his last signal obsolete. On the other hand,
the trading intensity of the insider increases less quickly in the later part of the trading

period because he is not sure when exactly the next signal will arrive.

To make a stark comparison between the CV model and our model with transaction
cost, we study a discrete time model in which the private signals of the insider arrive at
the same times that the trading takes place. This model converges to the CV model when
the transaction cost vanishes, and converges to a continuous time model with continuous
trading and a continuous private signal process. The latter model can also be obtained as
the limit in our primary model, as the frequency of the insider signals increases without
bound. For this latter model with a continuous signal process. we obtain the comparative
statics of the variables of interest to highlight the effects of trading costs, for example.
liquidity and market maker’s uncertainty, as the parameter corresponding to transaction

cost changes. When transaction cost decreases, the insider trades more aggressively, the
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price impact increases. and the market maker’s uncertainty about profitability decreases. In
particular, when transaction cost diminishes, the equilibrium solution approaches strong-

form efficiency.

The other assumptions we discussed earlier but do not study in this paper are the risk
aversion of the insider and the market maker. Wang (1993) studies a rational expectation
equilibrium model in a stationary infinite horizon economy, in which both the market
maker and the insider are risk averse. As a result. the market maker charges traders for
the inventory risks that the market maker bears. In that model, the insiders are assumed
to be competitive, and the market maker and the insider submit demand schedules and
price is determined by the market clearing condition. This equilibrium shows very different
characteristics from those in CV(2008). In particular, no traders trade aggressively and
there is no strong-form market efficiency. The insiders trade quickly on their information
if they are risk neutral. Under the risk aversion assumption. however. they trade slowly

and the private information is revealed to the market gradually.

Chau (1999) also studies dynamic trading and market making in a similar framework.
The author’s dynamic model involves the same market participants: a financial market with
a strategic large trader. a market maker, and noise traders. However, a major difference
is that in Chau (1999) the large trader and the market maker both face inventory costs,

which constitute the major source of risk investigated.

This thesis is organized as follows. In the next chapter, we study the general en-
vironment of continuous time trading and discrete private signals. Our model is very
comprehensive and nests many models as special cases. For example. if we take the limit
when the time interval between private signals goes to zero, then the private signals occur
continuously. This special case is discussed in Chapter 3. To make a clear comparison
between our model and the Chau and Vayanos (2008) model, we study a discrete time
model in Chapter 4, where trading times coincide with the times at which signals arrive.

Chapter 5 extends the first chapter by introducing the more general assumption that the
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arrival times of private signals are stochastic.
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Chapter 2

A General Framework with

Discrete Private Signals

2.1 Introduction

It is argued in CV that the insider is impatient in a stationary financial market for three
reasons: time discounting, public revelation of insider information through dividends and
the obsolescence of insider information through mean reversion in the firm’s profitability.
Nonetheless, it is still quite puzzling to see such a prominent model prediction as the
insider’s quick trading. This dissertation seeks to contribute a deeper understanding of
why insider trading volume is so large. In this section. I examine the continuous time
model, in which the insider can receive only discrete signals. One simple conjecture is that,
since the insider has less informational advantage, he will trade less aggressively. While
this is true, I provide more detail on trading behavior between any two consecutive private
signals. More importantly, my results indicate that risk neutrality is probably a more

fundamental reason for the aggressive trading of the insider.
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2.2 Model Setup

The model setup is similar to Chau and Voyanos (2008). There arc two asscets. The first
is a riskless bond with exogenous constant return r. The second is a stock that pays a

dividend at rate D;, where D, is a diffusion process with the following dynaniics
dDy = v (gs — Dy) dt + opdBP. (2.1)

It is mean reverting and its time varying mean g; is itself an Ornstein-Ulenbeck (OU)

process,

dgt = k(g — g¢) dt + o4dBY (2.2)

For simplicity, I assume that the two Brownian motions BP and BY are independent. The
dividend process and the dividend growth process, (2.1) and (2.2). are adopted from Wang
(1993); these have become standard in modeling asymmetric information in an infinite
horizon. As explained in Wang (1993), v (g; — Dy) is the expected growth rate of dividends.
The state variable g; can be interpreted as the true underlying profitability of the risky
asset. I require that v > 0 so that the dividend process indeed depends on the underlying
state variable g;. When x = 0, the process ¢; is simply a Brownian motion. Since our aim
is to investigate the implication of insider trading in a stationary financial market. I will

focus on the case in which xk > 0.

The assumptions on the market participants are standard and follow Kyle (1985). There
are three types of traders: a market maker, an insider and noise traders. The market maker
is competitive and is risk neutral. The insider is risk neutral and behaves strategically. The

market maker and the insider have the utility function
o0
E I:/ cgne_r(s_t)|.7:zn
¢

where ¢7* denotes consumption at time s, and F{* denotes the information set at time ¢

18



of the market maker. It is helpful to notice that in the above utility function, since the
discounting is the same as the riskless interest rate, agents are indifferent about the timing
of consumption, and therefore value the consumption stream using the present value of
expected cash flow. discounted at the riskless interest rate. Noise traders are exogenous

and submit order flows as follows

dz¢ = oy dBy.

Let dir; denote instantaneous order flow of the insider trader. The market maker observes

only the aggregate order flow dz + dz;.

For simplicity I assume that now the insider can observe signals only at evenly spaced
time intervals, but that trading still takes place continuously. Denote by A the length of
the time interval between signals of g;. Clearly, one of the complications of the model is
that the insider must estimate the true underlying short-run mean process g. We denote

his filtering solution as g*.

From the insider’s perspective, the true value of the stock at time ¢ is equal to the
present value of expected dividends conditional on his information. This value is similar
to the price set by the market maker, except that the expectation is conditional on the

insider’s information set.

v =F [/ efr(sgt)Dsdsifg )

t

With the same calculation as for the market maker, the present value can be simplified as
Py = AoD: + A1g; + Aog.
The insider is also risk neutral, and has the object function

max FE {/ e [(vr — pe) O — cb7| dt|F,
t

0t o
where 6; is the trading strategy. In the bracket of the integrand is the instantaneous net

19



profit at future time ¢. The first part of the net profit is the payoff from trading a quantity
6; at time ¢; the second part is a quadratic transaction cost'. The introduction of the
transaction cost is the main difference between the eurrent paper and CV (2008). This is
motivated by the following economic intuition. The market price in the Kyle model is the
batch order price; therefore. there is no bid-ask spread. The market price reflects only the
market maker’s inference based on batch orders, which includes the insider’s trade. Trades
move prices because the insider is better informed than the market at large. Iowever, this
kind of theoretical market price ignores two components in the actual transaction prices in
the market. order processing costs and inventory costs. Since we assume that the market
maker is risk neutral, then. strictly speaking under this assumption. there is no inventory
cost. In this paper, transaction cost can be considered the order processing cost, which
is assumed to be exogenous and has a quadratic form. On the other hand, if the market
maker is not risk neutral, there is a cost that the market maker charges to compensate for
bearing the inventory risk. In Wang (1993), the market maker is risk averse. so inventory

costs are built in endogenously.

Since the market maker is competitive and thus makes zero profits, he sets price as the

conditional expectation of the present value of expected future dividends of the stock

o0
PtzEU e "6 Dods| F (2.3)

t

His information set F{" involves two stochastic processes: the dividend process D; and
the insider’s trading strategy x;. The conditional expectation can be brought into the

integrand. By substituting in D and g we can show that the price is
Py = AgDr + AL E (9| FY") + Aag

where Ag, A1 and A, are three positive constants depending on the parameters. The details

"Perhaps the cost should be ¢[f] + &- 1jj9;>0; This may be very difficult to solve though

20



are given in Appendix A. The resulting price is intuitive because the processes D and g
are jointly Markov. The interpretation is that the price positively depends on the current
level of dividends, and the levels of the short run mean g and the long run mean g. in a

simple linear way.

2.3 Equilibrium

Recall that the price set by the market maker is
P, = AgDy + Arg; + A2g (2.4)

where ¢™ is the market maker’s conditional expectation of the state variable g; given his
information set at time ¢. Similarly, the insider’s valuation of the stock is given by the

above formula. except that the mean process g; is known by the insider.
v = AoDy + A1g; + Aag.
As a result, the insider’s objective can be expressed as

rrbaxE [/ e (g —g™) 0 — Al_l(‘ﬁt?] dt|Fi | - (2.5)
r Jto

Below, we will let ¢ = Al_lc and abuse the notation to let ¢ denote ¢. We consider linear
equilibrium in which the agents’ strategies are linear functions of the state variables. In

particular, we assume that the insider has linear strategy of the following form
dry = 3¢ (9" — g™) dt. (2.6)

This can be a candidate strategy only if g” is observable by the insider. From the pricing

equation (2.4). we see that the insider can infer a market maker's expectation g;" from

21



observing the price. We also assume that the market maker sets the price according to

equation (2.4) with the conditional expectation having the following dynamics

dg* = k(g —g™)dt + A(t) [doy + dz) + 1 (t) [v (D — g™) dt +dD]. (2.7)

The intuition of the above strategy by the market maker is as follows. The first term reflects
mean reversion of the true underlying process g. The market maker further updates his
belief on g with two pieces of incoming information. aggregate order flow, the second term,

and dividend payout, the third term.

Definition 1 A pawr of linear strategies (xy,pt) satisfying (2.4), (2.7) and (2.6) s a Nash
equilibrium 1f the follounng two conditions hold:

1. Given the market maker’s pricing rule (2.4) and (2.7), and wmsider chooses the optimal
strateqy day = 0;dt to mazvmaze has expected future profit (2.5). Gwen the insider’s strategy
(2.6), the market maker sets prices equal to the conditronal expectation of the present

discounted value of the stock with equation (2.3).

To solve the Nash equilibrium. we need to solve the market maker’s inference problem

and the insider’s optimization problem and then match their strategies.

2.4 Insider’s Inference

At the beginning of each interval [¢,t + A], the insider needs to solve the filtering problem.
He observes g;, and {Ds.t < s <t + A}. and needs to find E [gs|Fs).

22



Proposition 2 The filtering has solution

D
dgt = k(g — g.) dt + ;25 [v (95 — g&) dt + opd B]
D

=K (g — gy) dt + gdB;D
op

s 2N (s)?
E:*2I€E(S)—T%—-+Jg, Z(t):()

where BP 15 a standard Brownwan Motwon in [t,t + A] under imsider’s filtration.

Proof. See appendix. ®

To make the behavior of ¥ regular, we assume that o, and op are sufficiently large.

2.5 Market Maker’s Inference

Recall that the market maker sets the competitive price as Py = AgDs + A1g)" + A2g.
where ¢ is his estimation given his information framework to time s. Suppose the insider’s
strategy is drs = Osdt = 8(s) (g% — gi™) dt. Then the market maker observes (¢, Di) and
updates his estimation on (gt7 9115)7 denoted by (gtm, g;m). Since the market maker knows
that the insider receives a perfect signal at the beginning time t. the market maker would
impose E (g:|F") = E (g}| 7). We denote the conditional variance of the market marker’s
filtering problem by ¥ (t) = Var (g4, g¢) |F{"). which is a 2 by 2 matrix. The (i, ) element
of this matrix is denoted by %,,. To satisfy the stationarity condition, it is required that
the variance ¥ (t). as a function of time, is the same on each interval [IA, (1 +1)A]. In

particular. let t = [A and we have
t+A
Yt + A) =¥ (t) = / dZﬁ (s) =0.
Jt

Now we state the results of the filtering problem for the market maker as follows.
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Proposition 3 The solution to the filtering satisfies g™ (s) = ¢'™ (s) and

dg™ = k(g — g™) dt + {Z} () v2op” (g — ¢™) + X15 (s) 820, % (g — ™) } dt

+ X7 (s)vop'dBP + £ (s) B0, 1 dBY

The conditional varances are gwen by

Zm
L oksi 402 - (S0 - (53 0,
S
Zm
5%2 = 23— S0Pl - Ve PRS- NN 520,
S
dd22 —2(k + %02 T8 — (202 V%057 — (2R 3,) 0 (2.8)
S
and they satisfy
Yi(s) = (8) +X(s), Xh(s)=25(s)

Proof. See appendix. m

Therefore we can substitute the observable processes (¢, z;, D;) into the above SDE of

g™, and the linear pricing rule expressed using the observable is
dg™ = k(g — g™)ds — 7 (8) vg™ds + A (s) [#sds + 0,dB"] + v (s) [dDs + v Dsds]

where A (s) = 27 (s) 3,072 and v (s) = &7} (s) vop’.

2.6 Insider’s Optimization

According to the Nash equilibrium, we conjecture that the insider anticipates that the

pricing rule of the market maker is

dg™ = k(G- g")ds — v (s)vg™ds + A(s) [dxy + dz] + 7 (s) [dDs + vDgds] .
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As before, the insider’s objective function is the expected present value of the the total
profit. which is equivalent to

(o e]
rrbaxE/ e " [(g—9) 6 — 092} dt.
! 0

Now the insider receives discrete signals at times {IA}, ,. which makes his optimiza-
tion problem mathematically more complex. We can approach the insider’s dynamic pro-
gramming problem as a discrete one with continuous control variable ¢ over each in-
terval [IA, (I + 1) A]l. Formally. we define the insider’s value function at time IA to be
V(L,gi — g/"). The insider’s optimization is a Markov control problem and the market

maker’s estimation error is the only state variable because it is Markov as

(dferna - Gitnya) = MDA (g — gin) (2.9)
A
+ e MDA / AN (5) {—/\ () [fds + 7udBY] — ST (5) m;dB;D}
JO

where A (-) is defined by (log A (s))" = (k + v (s)»). This dynamic of the state variable
is proved in the appendix. We explicitly write the time [ in the value function simply to
facilitate understanding the derivations. The market stationarity guarantees that the value
function is time independent.

The discrete time dynamic programming problem with infinite horizon has the following

Bellman equation

V(l,ge — gi")

t+A
= sup EZ {/ e 75— [(g; — g;n) 0 — 092} dt + e AV (l + 1,gt+A,gm_A)}
{01 t<s<t+A} t

where the state variable evolves according to equation (2.9). The state variable is a discrete
time stochastic process, observable to the insider at each discrete time [A. Notice that at

the discrete times {I{A},_,. the insider knows the true value of g. and thus gj, = gin. As
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emphasized above, one special property about this dynamic programming problem is that
the control variable is a continuous function over each period [IA, (I + 1) A] Therefore, the
Bellman equation above cannot be solved by routine methods, such as taking derivatives
to obtain first order conditions. Instead, we must solve it by considering the continuous
time optimal control problem on the finite time interval [IA, (I + 1) A]. In particular, let us
consider the insider’s short term (per period) objective function, given the value function

V (I, gin — gjA) at the discrete times {{A},.,

A
sup E; {/ e "(s=t) [(gs — 97" 05 — c()ﬂ dt+e "2V (I+ l,gHA,gﬁA)}
{01 t<s<t+A} ¢

d(g —g™) =~k +7(s)v] (9" —g™) dt — A(s) Bt

—A(s) o, dB" + [¥ — X7 (9)] l/oz)ldB;D.

This is the finite horizon stochastic control problem. Denote the value function by J (s, gL — g;n);

then, the discrete time Bellman equation is just

V(L gia—gik)=J(0.gia — 9iA) - (2.10)

We address this equation later. For the finite horizon per period problem, the terminal

value is

J (Avgzl—H)A - 9&1)_\) = G_TAEEHI)AV (l + 1’9(l+1)A79Z1+1)A) : (2.11)

Therefore, the per period problem can be solved using the regular approach, the Hamilton-
Jacobian-Bellman equation. To summarize, the insider’s problem can be broken down into
two pieces. The outside piece is a discrete time infinite horizon probleni, with a continuous
time control variable. The inside piece is a finite horizon continuous time stochastic control
problem. The solution to the latter problem can be considered to play a similar role as the

first order condition of an ordinary discrete time Bellinan equation.

26



Proposition 4 The finite horizon stochastic control problem has the follounng solution.

The value function 1s given by
m -r T m 2
J(s.g"—g™) =e ﬂawﬂg—g) +Mﬂ}

where the functions a (-) and 6 () satisfy the ordinary differential equations

20 AE)F

0=—ra(s)+a'(s)—2a(s)[x+ 27} (5) VQJB?} 4c

(2.12)

0= —rd(s)+8 (3) +as) [(A(s) o) + [S = TH () 1202

The terminal value conditions for these equations are gwen below: they combine the ter-
manal condition of the per period problem and the Bellman equation of the infinite horizon
dynamac programmang problem. The optumal control of the wnsider is grven by

[1—2a(s) A(s)]
2c

6, = (g" — gm) .

Proposition 5 The value function of the infinite horizon problem 1s

V(L aga —gik) =a(0)(g— g™ +4(0)

where « (1) and 8§ (-) satisfy the ordinary differential equations in the last proposition and

the terminal value conditions

a(A) = a(0)
5(A) =a(0)T(A)+5(0).

The control variable is gien in the last proposition.
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2.7 Equilibrium Solution

In this subsection we fully solve the equilibrium. The insider receives the signals at discrete
times {IA}, ;. which leads to the new properties of the model. During each interval
[[A,(I+ 1) A]. the market maker and the insider have their time dependent strategies,
involving deterministic functions A (t), v (¢t) and 3 (t). The estimation uncertainty of the
market maker ¥ (t), the functions a (t) and § () in the insider’s value function, are also
time dependent. Since the insider’s uncertainty has an exact relation with the market
maker’s uncertainty X (s) = X7} (s) — X5 (s), we treat it as a separate function in the
mathematical derivation of the solution. Because the market is of infinite horizon and is
stationary. it is necessary that all strategies utilized by the participants and other related
deterministic functions are the same during each time interval [IA, (I 4+ 1) A]. This is in

the same spirit as a standard infinite horizon discrete dynamic programming problem.

To find the equilibrium solution, we combine the market maker’s inference and the
insider’s inference and optimization, using the definition of Nash equilibrium. We have the

following eight deterministic functions

(211 (). 215 (s) . 25 (5) - A () .7 (8) . B(s) . (s) .6 (s))

to solve. We have eight equations and three terminal conditions for three differential
equations. The number of constraints is just enough to identify the unknowns. It turns
out that we can derive two equations involving only two functions (X73.a (s)) and thus
solve them first. All other functions can be obtained consequently. Details are in the

appendix C.

The equilibrium solutionus can be visualized as in figure 2-1 and 2-2. In figure 2-1. the
transaction cost coefficient is ¢ = 0.4, while in figure 2-2, the cocflicient is ¢ = 0.004. The
plots are very informative. We start by examining the case in which there is nearly no

transaction cost, i.e. ¢ = 0.004. First, the insider trades very patiently. In addition, the
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trading intensity of the insider explodes at the end of the trading interval. In this respect,
the market within the interval between two consecutive signals of the insider has similar
characteristics as that in the Kyle model. The factors behind this phenomenon are similar
to the factors in the Kyle model. However. we observe several new and interesting points.

as follows.

Second. it is helpful to examine the information asymmetry Y1, (s) — X* (s) plotted in
the top left panel. At the moment when each trading period starts, the market maker
has the greatest information disadvantage since the insider knows the signal precisely.
As the market maker learns from the aggregate order flow. which includes the insider’s
orders. information asymmetry is reduced gradually. At the end of the trading interval.
the insider submits huge order flows and drives the difference between the uncertainties
between the two players close to zero. With this result, it is not difficult to understand the
market maker’s and the insider’s individual uncertainties. During each trading interval. the
insider’s uncertainty about the signal increases from zero, and how large it becomes depends
on the length of the mterval A. For example, if A is very large. the insider’s uncertainty
Y increases until it finally stabilizes at the steady state variance of the true process ¢g;. By
comparison, the market maker’s uncertainty about the true signal g; starts high, decreases,
then increases to the extent that it becomes very close to the insider’s uncertainty. In the
end. the market maker’s uncertainty reassumes its level at the beginning of the trading
period, as required by the stationarity of the infinite horizon market. In the first part of
the interval the market maker’s uncertainty is dominated by the fact that his information
asymmetry is decreasing. In the second part of the interval the market maker’s uncertainty

is mainly influenced by the fact that the insider’s uncertainty is increasing.

Third, the price impact A (t) decreases during the trading period. This is in contrast
with the Kyle model in which A is a constant over the finite period. From the expres-
sion A(t) = BT (s) 3(s) 0,2 we see that there are two effects that determine the size

of the price impact A(t). The first effect is the insider’s relative information precision
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YT (s) = 7 (s) — X (s). In our model, the insider knows the true mean g perfectly only at
the beginning of the trading period. His uncertainty gradually increases, as depicted in the
top-right panel. In the Nash equilibrium, the market maker anticipates this and therefore
sets prices less responsively as time goes by. The second effect that influences A is the pro-
portion of the insider’s orders relative to the order size of the noise traders 3 (s) /o2. This
proportion increases over time within the interval and hence moves the price impact A (t)
upward. The first effect dominates and consequently A (t) decreases over time. However,
in the Kyle model there is only one signal received by the insider. the final payoff at the
end of the trading period. The two effects defined above exactly offset each other in the

Kyle model. Actually. it is the constant A that achieves an equilibrium solution.

Finally, it is inspiring to notice the following seemingly contradictory properties in this
market. On the one hand. the insider loses his information advantage gradually. On the
other hand, at the end of the trading period, his trading intensity shoots up sharply. This
is in accordance with the Kyle model but is surprising in our framework, since the insider
can become ignorant of the true mean ¢ himself but he still trades arbitrarily aggressively.
Close to the end of the trading interval, the insider anticipates the next signal, and thus
he will submit enormous orders to use up his information from the last signal, no matter
how tiny is his information advantage. This demonstrates the fact that the risk neutrality

assumption on the part of the insider is so strong that it produces implausible results.

When we turn to the chart for relatively greater transaction cost, ie., ¢ = 0.4, we
find the expected results. The insider’s trading intensity increases very slowly and does
not jump up close to the end of the trading period. This is because the transaction cost
deters him from doing so. As a consequence, information asymmetry deceases over time
less rapidly and furthermore, the market maker’s information uncertainty decreases to a

lesser extent before rising.

We also compare the equilibria in two markets in which the insider receives signals

at different frequencies. with everything else equal. The results of the case with higher
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frequency are plotted in figure 2-3. At high frequency, the insider’s uncertainty only slightly
increases before the next signal arrives. Since his estimation of the true mean is accurate,
he trades more aggressively over the short period. This is turn explains why the market
maker’s uncertainly is small in absolute terms. In addition, each interval is shorter so the
insider’s trading intensity is smoother, explaining why the market maker’s uncertainty is
large relative to the insider’s uncertainty. A reasonable measure of market efficiency is
2 () = X (s)
Y+ — 3 (s)

where the numerator is the excess of the conditional uncertainty of the market maker
over that of the insider, and the denominator is the difference between the estimation
uncertainty, assuming the dividend rate to be the only observable element of the filter.
and the insider’s conditional uncertainty. Equivalently, the denominator is the amount of
private information that the insider holds, and the numerator is the difference between the
precision of information between the market maker and the insider. In other words. the
numerator is the portion of the private information that is not incorporated into the market
price. This fraction is never greater than 1. In figure 2-3. this fraction is roughly between
one-half and zero during the interval between the two consecutive signals. By contrast,
in figure 2-2. this fraction is much larger. close to 1 most of the time. Therefore, we can
conclude that with higher frequency of the insider’s signals. the market is more efficient.
The intuition is that when the insider receives signals more frequently, as explained above.
his trading is smoother. and therefore the market maker can track his private information

more closely.

Overall, when the insider receives signals only at discrete times. the market efficiency
in strong form does not hold. even as the transaction cost is infinitesimal. The market is
less efficient when the transaction cost is greater or when the insider receives signals less

frequently.
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Figure 2-1: The insider receives signals at evenly spaced times.

transaction cost is 0.4.
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Figure 2-2: The insider receives signals at evenly spaced times. The coefficient of the
transaction cost is 0.004.
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Figure 2-3: The insider observes signals at discrete times. The transaction cost is ¢=0.004.
The interval between signals is fixed at A = 0.2.
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2.8 Conclusion

The results of Chau and Vayanos (2008), that a stationary market with a monopolistic
insider is approximately efficient in the strong form, is quite interesting and surprising.
However. these results do not seem to reflect real financial markets. In particular. it is
not plausible that the insider would submit a huge order flow constantly over an infinite
horizon. We find that in the CV model there are some seemingly moderate assumptions
that actually deviate from reality. These assumptions are critical for the derivation of
strong form efficiency in the CV model, and relaxing these assumptions can potentially
reconcile the empirically doubtful conclusions of strong-form efliciency. We introduce two
more realistic assumptions, namely that there exist transaction costs and that the frequency
of signal arrivals and the frequency of trading are different.

We show that the presence of a transaction cost in the quadratic form faced by the
insider will prevent the insider from trading quickly. Moreover. the market is no longer
efficient in the strong form. In addition, we introduce the assumption that the insider
receives private information at a lower frequency than the frequency at which trading
takes place. The solution of the equilibrium shows that between two consecutive signals.
there is an interesting pattern of trading intensity of the insider., price impact. and the
insider’s informational advantage. Furthermore, the degree of market efficiency is lower

than the case in which the frequency of private signals equals the frequency of trading.
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Chapter 3

Limiting Case with Continuous

Private Signals

3.1 Model Setup

In this chapter. we study a limiting case where the length of time intervals between the
insider’s private signals goes to zero. The assumptions different from before will be high-
lighted.

As before, the market maker sets the price as the conditional expectation of the present

value of expected future dividends of a stock

P, =F U e "D ds| F (3.1)

t

This can be simplified to be
Py = ApD: + A19t + Aog (3.2)

where ¢ is the market maker’s conditional expectation of the state variable g;. given his
information set at time .

Notice that the insider observes g perfectly, so we replace E (g¢|F{™) in the market

37



maker’s valuation by ¢g. From the insider’s prospective. the present value of the stock can
be simplified as
By = AoDy + A1ge + Aag.

As a result, the insider’s objective can be expressed as

00
max £ {/ e " (g - 9)6: — ATep}) dt| 7 (3.3)

6t to

We consider linear equilibrium. in which the agents’ strategies are linear functions of state
variables. In particular, we assume that the insider has linear strategy of the following

form 2

dry = 3¢ (g — g) di. (3.4)

We also assume that the market maker sets the price according to equation (3.2) with the

conditional expectation having the following dynamics

dge = k(5 — g)dt + X (t) [dxy + dze] + v (t) [v (D — g) dt +dD]. (3.5)

Definition 6 A pair of linear strateques (x4, py) satisfying (3.2), (3.5) and (3.4) 1s a Nash
equilibrium of the follounng two conditions hold:

1. Given the market maker’s pricing rule (3.2) and (3.5), wnsider chooses the optimal
strategy dx; = 0ydt to mazmmaze his expected future profit (3.3). Gwen the insider’s strategy
(3.4), the market maker sets prices equal to the conditional expectation of the present

discounted value of the stock wnth equation (3.1).

n the following we will let ¢ = A7 'c and abuse the notation to let ¢ denote .
2This can be a candidate strategy only if § 15 observable by the insider. From the pricing equation (3.2),
we observe that the insider can infer market maker’s expectation g from observing the price.
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3.2 Market maker’s filtering problem

First we look at the market maker’s inference problem. The market maker updates his
belief about the underlying state variables based on the observed variables, the dividend
process. and the aggregate order flow submitted by the insider and the noise traders. We
follow the standard Kalman-Bucy 2 filtering technique to derive the solution to the inference
problem.

Formally. the market maker observes the aggregate order flow and the dividend process
(Y, D). Dividend evolves according to equation (2.1) and total order flow satisfies the

following stochastic differential equation
dYy = 3 (gt — gt) dt + o, dBY".
Equivalently, the processes (}7, [)) defined by the following SDE cvolution

Y 3(t) oy 0 dz
d = gdt +
D v 0 op dBP

are observable to the market maker. The unobserved state variable is the dividend growth
dg: = k(g — g¢) dt + o4dBY.

Define §; = E (g:|FM) and %y = Var (g:|FM).

Proposition 7 Guwen the wsider’s strategy (3.4), the market maker unll update the con-

ditional expectation § and the conditional variance ¥ of the state varwable g by

dg =k (g~ g)dt + A (1) [0dt + 0, dZ"| + (t) [v (g — §) dt + o pdBP)] (3.6)

3Lipster and Shiryaev (2001).
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and

Y(t) = -2k (t) + ag —- 2% ) (’32 () + V—j)
)

where X (t) = X (t) 8/ and 4 (t) = S /o3,

The filtering theory tells us that the estimate § is updated because g is expected to
change, and because new information from observable processes is available. The first
term reflects the part of ¢ that is expected to change in the same manner as g. The new
information from the observable processes is incorporated into the estimation, as there is
a correlation between the state variable and the drift of the observable variables ()7, ]:7)
The second term of the RHS of equation (3.6) reflects the correlation between g and Y.
and the third term reflects the correlation between g and D.

Notice that the conditional variance evolves deterministically and satisfies an ordinary
differential equation of the Reccati type. but in general there is no closed form solution of
the differential equation. However, we can circumvent this problem if we are only interested
in the steady state of the stationary financial market. The convergence of the filters to their
steady state solution is proved, under mild conditions, in Anderson and Moore (1979). In
the steady state. the uncertainty ¥ (¢) is constant over time and therefore ¥’ (t) = 0. The
insider’s strategy is also constant; therefore. we obtain an algebraic equation of the two

variables 2 and 3

2 o (5* VP
u D

Furthermore, when the market maker can only infer the process g; based on observation
of the dividend process. his conditional variance of g; is greater than the case in which he
observes both g; and D;. In the former case, the steady state conditional variance satisfies

the quadratic equation (3.7) where the strategy /3 is replaced by zero. and the valid solution

_ /2 4 5212 )52
- K+ y/k? + o2V /o

- V2 /%

is given by
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To facilitate the equilibrium analysis. we write the filtering solution (3.6) as a stochastic

differential equation of the observable variables of the market maker
dgr = k(g — §)dt + N[dxy + dz] + [v (D — g) dt + dD]. (3.8)

As explained above. the market maker updates his estimate of ¢ using the information on
the aggregate order flow and the dividend cash flow In the steady state of the stationary

financial market. A (¢) and 4 (¢) are not time dependent.

3.3 Insider’s optimization

Notice that the insider cannot observe the total order flow as the market maker does:
therefore, he cannot imitate the market maker by working out the filtering problem to
obtain the market maker’s conditional expectation of the insider’s private information.
However, recall that the market maker sets the price as in equation (3.2), thus the insider
can infer the market maker’s conditional expectation of the insider’s private information

from the price process and the dividend cash flow.

In the Nash equilibrium, the insider anticipates a rational pricing rule of the market
maker. In our model, due to perfect competition, the market maker sets price as the
present value of the expected future dividend cash flow. conditional on his information set.
By the assumed Markov property of the processes (D, g). the pricing rule is determined by
equation (3.2). Therefore. the pricing rule essentially boils down to an updating scheme
of short run mean g. We assume that the insider anticipates the market maker updates g

using equation (3.8), which is equivalent to

dj = k(G — §) dt + A0dt + A (t) 0,dZ" + v [v (g — §) dt + opdBP].
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Then Insider’s optimization is
o0
Ill(i‘axE/ et [(g —g)6; — 002] dt.
[ 0

This is a standard stochastic control problem. The state variables are (§,g). However, a

more careful look renders

d(g—9)
= k(g g)dt+0,dBI — X (1)0dt — A (t) 0,dZ% — 7 (t) [v(g — §)dt + opdB”]

=[(k = vy) (G — 9) — A(t) 0] dt + 0,dB? — A (t) 0,dZ" — yopd BY.

This, in addition to the function form of the optimization objective, says that the estimation
error of the market maker is the single state variable of the insider’s stochastic control

problem.
Let J (¢t,9 — g) denote the value function. Then the value function satisfies the HJIB
equation

) 1
0=sup e +Jy [(5 =172) (4= 9) = A1) 6]+ 5 Jog [(%)2 + Moo + %20%]
t

+{(g—9) 0 — 6] e,
st [(k—v) (g g) — A(t)O]dt + 0ydBY — N(t) 0ydZ" — ypopdBY
lim E [J (7.9 - §) |F] =0.

T—00

Suppose the functions A (¢) and ~ () are not time varying.

Proposition 8 The HJB equation has a solution of the form

J(t,g—g) =eTalg- g’ +e s
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where « and & satisfy the followwng equations
0= —rd+ a0 +a(Nol +v70h) (3.9)

1
0=—ra—2a (w+m)+4—(1—2ax)2. (3.10)
¢
The optimal trading strategy 1 hinear and gien by

. —20A+ 1

0=——(9-0). (3.11)

Proof. See appendix.

The main conclusion is that given the market maker’s pricing rule, the insider chooses
a linear trading strategy. The value function is a quadratic function of the market maker’s
estimation error. It is important to notice that when deriving the insider’s optimal solution,
we have already incorporated the fact that in the steady state, the market maker’s choices
A(t) and v (t) are constants, which in turn implies that the insider’s strategy depends on
the state variable in a time invariant fashion, and so does the value function, except the
time decaying e~"". The stationarity of the cconomy is the main difference between this

paper (also CV (2008)) and Kyle (1985).

Comparison between our infinite horizon model of a stationary financial market and
the finite horizon model is in order. In the Kyle (1985) model. trading occurs over a finite
horizon [0,7]. At the beginning of the trading period, the insider learns about the final
payoff v = vr of the stock. There is no dividend payout of the stock. The noise trader
is assumed, as before, to submit exogenous order flows dz; = 0,dBj}* independent of the
insider. If the market maker’s pricing rule is dP; = A¢ (dry + dz;), then the risk-neutral

insider has the value function

1
J(t,v—P)= ﬁ(v—P)2+%)\Uz(Tft)
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where the terminal condition is J (T, v — P) = 0. There are two major differences between
the Kyle model and our model. First, in the Kyle model, the insider’s trading strategy is
not determined by his own optimization problem, since the HJB equation is linear in the
insider’s trading strategy 6;. For the insider’s optimal control problem to have a solution,
the terms in HJB that do not relate to 6; should add up to zero. This requires that the
market maker sets A (#). the reciprocal of the market depth, to a constant. The terminal
value condition of the value function implies E (v|F}') = 0. Therefore, the insider’s strat-
egy is determined in the following way. The insider chooses 5 (t) such that the market
maker, given 3 (t), chooses a constant A (¢) and infers the terminal payoff perfectly. i.e.
E (v|FF) = 0. In the Kyle model the equilibrium solution strongly depends on the Nash
equilibrium concept. This is quite different from the common property of optimization
problems, that the solutions are usually given by first order conditions. In our model, the
insider’s strategy is determined by his optimal control problem, because with the quadratic
transaction cost, the HJB equation is not linear in #;. Second, in the Kyle model, in prin-
cipal the insider’s trading intensity 3 (¢) and the market maker’s liquidity choice A (f) are
deterministic functions of time. since the financial market has a finite horizon. Although
it turns out that A (t) is a constant, it is only a special property of the Nash equilibrium
solution. On the other hand, in our model, since we have a stationary framework, any
control variables must be constant over time. This places a strong requirement on the
equilibrium solution. Later we will show that stationarity is indeed much more restrictive

than it appears.

It is helpful to point out a caveat. The insider’s strategy given by equation (3.11) may
seem to implicate that insider’s trading intensity 5 = (1 — 2a:A) /2¢ explodes as transaction
cost diminishes. Although this result is true. the reasoning behind it goes beyond this
equation alone. The variables & and A are themselves affected by the parameter ¢. To
analyze the comparative statics, we must solve the equilibrium, that is. to solve for the

variables as functions of the parameters only.
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3.4 Equilibrium solution

To solve the steady state equilibrium values of (3, A, «v, 4.y, 3), we combine the solutions to
the market maker’s inference problem and the insider’s optimization problem and obtain

a system of equations. These can be simplified as follows.

Proposition 9 (A.X) are jointly determined by the followwng system of equations.

, 1 2
A= — (—2/{2 + 03 — V—222> ,
o? o7

0=% (X - 2ch02) (r + 2k + 250%05?) — 2eNP0.

The remainder of the parameters («.6.4.3) can be solved subsequently.

o= ¥ — 2cho?
228

§ = 2—;‘- (07 — KE).

N = 21/052,

3 =Ao2x7h

The limiting behawvior as the transaction cost diminishes 1s

. o
lim A= -2,
c—0 Ou
lim ¥ =0,
c—0
lim 3 = o0,
c—0
lim~ = 0.
C"()f)

The results are easy to interpret. First, when the transaction cost is small. the solution
is consistent with the discrete time setup in CV (2007), in the sense that there is approx-

imate strong form market efficiency. The insider’s rate of trading is huge and the market
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maker’s uncertainty about the underlying true profitability ¢; is negligible. However, mar-
ket depth converges to a constant o, /0, and we show that the insider’s profit converges to
a positive constant. It is clear that there does not exist a Nash equilibrium in the continu-
ous time model in the limit when there is no transaction cost. Second. our model explains
more than CV about what is the outcome when the insider bears a transaction cost. There
exists an equilibrium in which the insider’s trading intensity is finitc and the market maker
cannot infer the true signal g; perfectly from the aggregate orders and the dividend rate.
In such case. the market is not strong form efficient. We can calculate comparative statics
from the solution to the model. The parameters are plotted in Figure 1 as the transaction

cost varies.

3.5 Conclusion

We take the limit in the general model as the frequency of the insider’s private signals
increasing to infinity, which means private signals are observed continuously. In this special
case, every deterministic process that the market maker and the insider control becomes
constant in equilibrium. rather than periodic as in Chapter 1. For example, X(t), «(t),
~(t) are constant over the infinite horizon. Major effects resulting from trading costs are
highlighted in the simpler model. For example, we show that if there is a transaction cost
in the quadratic form faced by the insider, it will prevent the insider from trading quickly.

Moreover, the market 1s no longer efficient in the strong form.
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Chapter 4

Discrete Trading and Comparison

with Strong Form Efficiency

4.1 Discrete Trading Setup

In this section, we briefly describe the results for a discrete framework, in which trading
takes place at fixed and eveuly spaced times. The private signals of the insider are assumed
to arrive exactly at these trading times. This framework extends that in the CV model
by only bringing in a trading cost for the insider; therefore, the model here nests the CV
model. The continuous time model in Chapter 2 can also be considered a limiting case, as
the trading interval shrinks to zero, of the discrete time model in this chapter.

The assumptions are the same as in the above continuous time model, except that
trading takes place at a set of discrete times {lh},.,. There is a quadratic transaction cost
for the insider’s trades, otherwise this economy is essentially the same as the one in CV
(2007).

The dividend rate is mean reverting

Dy =Dy +vh(gi—1 — Di_1) +épu
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with the short run mean process g; itself reverting to a constant g according to
9 =gi-1+Kkh(G—gi-1) + g

The parameters v and s determine the reversion rate of these processes. The errors ep
and g4, are both 7.i.d. and independent of each other, and normally distributed with mean
zero and variances JZDh and ogh, respectively. The market maker is competitive and sets
the price as the expected present value of future dividend streams conditioned on his

information set
h=E [Z Dyhe ™SR FM = oDy + AE (91| FT) + Aog

where the second equality is derived as above by substituting into the processes (Dy, gy );
this essentially results from the joint Markov property of the dividend rate and the true

underlying mean. Noise traders’ orders at time lh are €, ;, with mean zero and variance
L

2
ozh.

We consider only linear strategies for the market maker and the insider. The market

maker’s inference is conjectured to evolve according to
G =(1—rh) G2 +rhg+ Ap (D — (1 —vh)Di_y — vhi_1) + Az (x1 + ) .

We also conjecture the insider’s trading strategy to be

x =3 (g1~ Gi1) -

The insider is risk neutral and bears transaction cost cz?/h for trading at time lh. Thus,
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his objective function is

0 2
PRI I
H;%XE{Z[-TI(QZ ar) Ch]e |7:1}-

U'=l

The equilibrium can be solved in the usual fashion. We first solve the market maker’s
inference problem given the insider’s strategy 3 (g;_1 — gi—_1). aud define his conditional
variance of the state variable to be ¥, = Var (¢|#/"). Then given the market maker’s
estimation ¢ and the pricing rule, we solve the insider’s optimization problem, obtaining
a quadratic value function B (g — g,,l)Q + C' in our case, and optimal trading intensity
3. Finally. we combine the solutions of the two players. There is no simple closed form
solution to the equilibrium. The equilibrium is characterized by a system of equations,
which are presented in the appendix. However, the limiting behavior when the trading

interval vanishes can be expressed easily as in the following proposition.

Proposition 10 The equilibrium 1s determined by system of equations, as follows

[1— (k+vAp)h] (1 - 2X,e7™"B)

3= .
’ 2(A\; +ch™ ! — X2e-ThB)
1+4e "hBeh~!
B=[1~(k+vAp)h)® :
[ (K‘i‘l/ D) ] 4(/\z+6h_1—/\§€_th)
1 —r
C = me hB ()\%O’QD + )\,250'12[ + O’;) h.
\p = (1 — kh) Z,vo2h
b= Y, (3203 + v202h2) + 0402k
N = (1 — kh) 38,04
T8y (3203 + v202h2) + 0% o2k’
2
5, = (1 —kh)*Eg0%02h . O'Zh.

Y4 (3202 4+ 1v202h?) + 0%02h
When h — 0, the equilibrium converges to the equilibrium solution to the continuous time
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model as presented in proposition 9

}limo (Zg,/\m.B,C, AD, %) =(Z, N d,7.0).
-

Proof. See appendix. m

4.2 Comparison with Strong-form Market Efficiency

CV (2008) computes the equilibrium in a discrete time setting with infinite horizon. Our
discrete time model nests their model, since we add a transaction cost. As the transac-
tion cost approaches zero. we can derive the equilibrium results of the CV model. For

convenience, we list the main results from CV (2008) below.

Proposition 11 When the wnsider 1s trading. the asymptotic behavior of the equilibrium

18 characterized by

oy
lim — = 3 g ,
h=0vh  oHVT + 2k
o
lim A, = —=,
—0 Oy
2
o
lim =% = 2% |
h—0vh T+ 2K
. 5 oLV + 2k
lim = ,
h—0+\/h Og
o
lim B = —,
h—0 20'9
. Tq0
lim ¢ = 2%
h—0 T

What, as CV (2007) claims, is most striking is that when calendar time converges to
zero. the size of insider’s trading 3 is v/h, which is larger than order h. Therefore, the
rate of order size 8/h converges to infinity. In addition. the insider’s trading reveals more

and more information. as seen from the fact that ¥, is also of order v'h, which means
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that the market maker’s uncertainty about the insider’s private information converges to
zero as the time interval converges to zero. Another important variable is the insider’s
trading volume, x; = 3(g;—1 — ¢1—1), which is of order h3/4. Thus the volume generated
by the insider within a fixed time interval is of order h~1/4_ which converges to infinity
when h goes to zero. The marker maker’s estimation is also interesting. The updating
of his belief about ¢ depends on total order flow and dividend rate through A, and Ap.
respectively. As the trading interval approaches zero, the price impact of the dividend rate
converges to zero. This is intuitive, because the market maker's update needs not rely as
much on dividend rate when the insider places a huge, informative order flow. It may be
surprising that the price impact of the aggregate order flow converges to a finite number,
since total order flow is more informative than the Kyle model. This is explained in CV
(2008) that the market maker faces less uncertainty and the information has smaller effect

on the prices.

As we are interested only in model implications for the near continuous trading case.
our discrete time model stands in notable contrast with the CV model. First, the CV
model does not converge to an equilibrium model in continuous time, since the equilibrium
solution diverges as h approaches zero. Our discrete time model converges to a continuous
time model when the trading interval approaches zero, as seen in proposition 11. In our
discrete time model, so long as the transaction cost is not zero. the insider’s rate of trading
does not explode when h approaches zero. In particular, the rate of trading of the insider,
measured by parameter 3, is of order h. as opposed to order Vh in the CV model. Another
difference is the insider’s profit margin ¢g; — g;. This also converges to zero in the CV
model but does not do so in our model. The magnitude of the profit margin not only
determines the insider’s profit, but also has an effect on the insider’s trading volume. It
is natural to sce that the insider’s profit has a nonzero limit. Combining the properties of
3 and (g — §). we observe that the volume of the insider’s trading z; = 8(g—1 — g1-1) is

also h, which means that the rate of trading volume with respect to time between trading

-
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converges to a finite number. This is a crucial difference from the CV model. Consequently,
the market maker cannot infer insider information perfectly. In other words, the market
maker’s nueertainty ¥, about the true mean g converges to a positive number. Therefore
the continuous time limit of the financial market is not strong form efficient any more, so

long as the transaction cost exists.

CV explains in detail that the main difference between their model and the Kyle model
is the stationarity of the market. Here, stationarity refers mainly to the fact that the
insider repeatedly receives private signals, the true underlying short run mean g of the
dividend rate. It is this kind of stationarity that drives the insider to be much less patient
than the insider in the Kyle model. In our model, however, the insider is also impatient.

The additional quadratic transaction cost prohibits him from trading aggressively.

Our model nests the CV model. When the transaction cost approaches zero, our
discrete time model converges to their model. On the other hand. as the time interval h
approaches zero, our discrete time model converges to the continuous time model in chapter
3 while the CV model does not converge, as trading frequency increases without bound.
The relationship between the three models is described in diagram 4-1. The solutions to
the CV model, however, quantitatively have a limiting property when kA — 0, although in
the limit, the CV model has no solution. The solutions for our continuous time model on
the right hand corner of diagram 4-1 exhibit the same limiting characteristics as trading

cost vanishes. i.e., ¢ — 0.

This last convergence between the right two models in diagram 4-1 can be seen in Figure
4-2, which shows what happens to the solution of our continuous time equilibrium when
trading costs vary. It is clear that when there is almost no transaction cost, the solution has
the same properties as the solution to the CV model in the near continuous trading case.
For example, the trading intensity of the insider can be arbitrarily large and the uncertainty
2 of the market maker can be arbitrarily close to zero for sufficiently small transaction costs

c. The comparative statics when ¢ varies are straightforward. Since transaction cost is the
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Discrete Continuous

time model time model
in chapter 4 in chapter 3

CV model Limit not

Figure 4-1: relation between the models

only factor keeping the impatient insider away from aggressive trading, the insider’s trading
intensity increases as transaction cost decreases. Moreover, as transaction cost decreases,
price impact increases, and equivalently, market depth decreases. The reason for this is
intuitive. As ¢ decreases, the trading volume of the insider 3 (¢ — §) increases. The market
maker anticipates this in equilibrium, therefore he believes that a larger proportion of the
aggregate order flow comes from the insider traders. As a result. the market maker moves
prices more responsively to the total order flow. This means that market depth is shallower
when transaction cost is lower. Finally when transaction cost is lower. the higher trading
volume of the insider carries more information; therefore, the market maker’s uncertainty

about the signal ¥ is less.
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Figure 4-2: Equilibrium with various transaction cost parameters. X is the market maker’s
uncertainty. a and § are parameters within the insider’s value function. 3 is the insider’s
rate of trading size. A is the inverse of market depth.
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4.3 Conclusion

In this chapter we examine a discrete time model that nests both the CV model and the
continuous trading model in chapter 3. When trading frequency increases to infinity, the
model converges to the continuous trading model described in chapter 3. On the other
hand, when trading cost approaches zero, the model converges to the CV model. The
nesting relation between these models is illustrated in diagram 4-1. The solution to our
discrete time model does not attain the strong form efficiency property. as opposed to the

CV model. Some details of the comparison have been provided in this chapter.
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Chapter 5

Discrete Signals at Random Times

5.1 Discrete Signals at Random Times

As noted in the previous section, close to the end of the trading interval, the insider
anticipates the next signal to occur. thus he will submit orders of enormous size to use up
his information from the last signal, no matter how tiny his information advantage is. It
would be interesting to study a different framework, where the time of the occurrence of the
next signal to the insider is not guaranteed. Put it in another way, as each private signal
occurs, the insider cannot forecast the occurence of the next signal without uncertainty.
Mathematically. the previous model assumes that the length of the time interval between
two consecutive signals is deterministic (and fixed for simplicity). Now we want to alter this
assumption such that the signals come stochastically. To maintain the stationary market
assumption, we require that the random variables representing the arrival time of each
new signal ¢ are independent and identically distributed. It is standard to assume that
this random variable follows an exponential distribution. However. we adopt a truncated

exponential distribution with the following probability density function

g -
—_— = < < .
f(t) g 1 0<t<T
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The benefit of this distribution is that it has finite support. The interpretation of this
distribution is that if the next signal does not arrive at or before time T, the insider will
produce his own signal at time 7. This can be regarded as a model in which the insider
is a firm with a R&D department. For example suppose T is two weeks, and the mean
of the untruncated exponential distribution is 2 days. What happens then is that the
insider expects to receive the next signal at a stochastic time, with the average at 2 days.
However. if two weeks pass and no signal occurs, then the firm’s R&D department acquires
and reveals the signal perfectly. Potentially the acquisition of the signal imposes some cost

to the R&D department; however, we ignore that cost in this paper. for simplicity.

Only the assumption on the timing of the private signals is changed. Therefore, in the
derivation of the equilibrium, most steps are intact. The insider’s optimization problem is
the one that needs more careful calculation. As before, the insider’s optimization problem is
an infinite horizon problem that can be broken down into two parts. First, a discrete time
dynamic programming with infinite horizon, and second, countable identical continuous
time stochastic control problems within each interval between the two consecutive signals.
Suppose the current time is ¢ and this is the time at which the insider receives the I**

signal. The Bellman equation for the discrete time dynamic programming is

V(lwgt _g;n)

t+1
= sup  Fj {/ e (570 (gt —g7") 05 — 092] dt+e 7V (I + l,gHT,gﬁT)} .
(0 t<s<tir) ¢

We can solve this discrete time Bellman equation by considering the continuous time

stochastic control problem with finite horizon [t,¢ + 7], as in the last section.

sup Ea{ [ e o= gy b - o ds v eV (4 LgT,gr)}
J0

{67,0<s<7}

38



subject to

d (97 _ gm)
=~ [k+7(s)v](¢" — ¢g™) dt — \(s) sdt — X (8) 0,dB" + [E ~ ET; ()] vop'dBLP.

However, the horizon is random which brings a new complication. Below, we follow the

approach in Richard (1975) to solve this stochastic control problem with uncertain horizon.

Suppose T has the probability density expressed above. We define the following related

functions
1— e 9 e o e’¢T
f(@ gt

T>t

f(T.t) =

G(t) o e~ ot _ e‘QT’

ve~

where F is the cumulative distribution function, G is the tail cumulative probability distri-
bution, and f is the conditional probability density for random time 7 = T' conditional on
7 > t. Finally h is the hazard function in survival analysis. With these notations, it can
be shown that in the above per period stochastic control problem, the objective function
is equivalent to the following
1 "¢ T 2
s Biges [ G e (g — oF ) 0r — 3]
(ri<s<ry G (1) Jp

+f(T) e "'V (14 1, g7, gF)}dT.

We denote the value function by J (s, g — g;”) Then, the discrete time Bellman equation

is simply

V(l.go.98") =7 (0.96 — ") - (5.1)
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We will address this equation later. For the finite horizon per period problem, the transver-

sality condition is

J(T.gt —g™) = e TELV (1 + 1,97, 9%) . (5.2)
Proposition 12 The value function of the infinite horizon dynamuc programmang s
. m2 .
V(g —9gm)=a0)(s¢g") +3(0)

where o and § are determimistic functions on wnterval [O,ﬂ satisfyeng the ovdenary duffer-

ential equations

—ra(s) +a/ (s) = 2a (s) {[x + B} (s) 120" ] }
3 2 —Qs
+c{[1—2a<s>x(sn} +6_¢>e o

2 ¢s _ o—oT

[a(0) —a(s)] =0,

The wnsider’s optimal control 1s given by

_1-2a(s)A(8)
bs= ——— (9~ 9").

Figure 5-1 shows the plot with parameters ¢ = 0.004, ¢ = 1 and T = 2. We mainly

compare this plot with figure 2-2. In the previous model. the next signal will arrive at
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time ¢ = 1. Now our assumptions are such that once a signal occurs, the arrival time
of the next signal is distributed as a truncated exponential. with cumulative distribution
function plotted in the lower-left panel. In other words, the next signal is only guaranteed
to arrive before t = 2. however, it can arrive before any time ¢ for 0 < t < 2 with positive
probability. It is clear that this randomness of signal arrival gives the insider the incentive
to trade more aggressively at the beginning of the interval between signals, since he expects
the new signal to arrive at any time. On the other hand, if the new signal has not arrived
at time ¢t > 1, then the insider will not raise his trading intensity rapidly by a large amount
since he is still not sure when the next signal will occur, as opposed to the previous model
with fixed arrival time. in which the insider will rapidly escalate his trading intensity just
before the new signal arrives at ¢ = 1. In summary, the new pattern for the insider’s
trading is that trading intensity is smoother with stochastic arrival of signals. Moreover,
this further explains that the information asymmetry between the insider and the market

maker declines more quickly in the new model.

5.2 Conclusion

We examine the case in which the arrival time of the next signal is not deterministic. With
the arrival time following the truncated exponential distribution. we show that the insider
trades more smoothly. He trades more aggressively right after receiving a new private
signal. and less aggressively as time passes by, relative to the case in which signal arrival
time is a fixed constant.

There remain several unanswered questions. Ome involves separation of the effect of
risk aversion of the market maker from risk aversion of the insider. Either one may induce
the insider to trade slowly. However. in Wang (1993) both market maker and insider are
risk averse. It is interesting to study the properties of the equilibrium when only one of
them is risk averse. Intuitively, risk aversion of the market maker means he will charge

more for large orders. for bearing inventory risk. Risk aversion of the insider, on the other
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Figure 5-1: The insider receives signals at random times. The arrival time of the signal

has a truncated exponential distribution with parameters ¢ = 1, and 7' = 2. The cost
cocfhicient is ¢ = 0.004.
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hand, means that the insider will refrain from submitting large order flows since he not only
seeks to utilize his private information, but also needs to take into account the precision

of that private information. This concern limits his trading aggressiveness.
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Appendix A

Market Maker’s Pricing Rule

Proof of the market maker’s pricing rule.

Proof. Under our assumption, the dividend growth is a mean-reverting process. The

solution to the Orstein-Ulenbeck process is
gs =e Kbtg 4 (1 - e"K(s_t)) g+ /S eiK(Sf“)ogdBﬂ
t
and therefore the conditional expectation given time ¢ filtration is
Eigs = e KB [g] + (1 - fK(S_”) g.
To solve the SDE for the dividend process D;. we use a integrating multiplier

d [e”' Dy = ve'' Dydt + e (v (g¢ — Dy) dt + opdBP)

="' (vgudt + opdBP)

T
e,,TDT _ el/tDt + / evs (l/_(jsds + o'DdBP) -
t

65



This implies that the dividend process can be represented by

T
Dr=e¢"Ttp, + / e~ V(T=9) [Vgsds + aDdBSD] )
¢

Take conditional expectation we have

T
EDr =" T9D, / e "Iy, [g,] ds
¢
T
_ TN, U/ o v(T=5) {e—K(s—t)gt N (1 B e—K(s—t)) g] ds
Jt
T T
— evl/(Tft)Dt .y (gt - g)/ e—p(T—s)e—K(s—t)dS + l/g/ 671/(Tfs)d8
t t

_ —v(T-1) v —K(T-t) _ _—v(T-t)\ (s _ =
e Dt+V_K(6 € >(gt 9)

43 (1 . e"’(T—“)

Market maker sets the price to be the discounted future dividend payout
oC
P, = E, / ¢ " T Dydr
t

1 D, 4+ v 1 1 (G — 5) + 1 1 B
T vtr UK \r+K r+v w9 r r+v g

L v a1,
vy (r+ K)(v+r) -9 r r4v g
_ 1 Di + v gt‘i‘(l— 1 _ v )g
v4r (r+K)(v+r) r r4+v (r+K)w+r)
_ Dy + / gt + vh g
vV+r (r+ K)(v+r) r(r+v)(K+r)
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Appendix B

Proof to the Propositions

Proof of proposition 7

Proof. By standard Kalman-Bucy filtering techmique (for example see Wang (1993) or
Liptser and Shiryaev (2001)), we have

R o2 0 Y| [8m) .
dg=r(g— g)dt +X(t)(3.v) d| | - gdt
0 052 D v
=r(g—g)dt
+X(t) {% (8(t) (g — g)dt + 0,dZ"] + ;% (v(g—g)dt+ JDdBD]} (B.1)
and , A

Y (t) = —2xE (t) + 02 — £ (1) (3(? + V—Q) (B.2)

(7',u’ JD

Proposition follows once A; and v are defined. ®
Proof of proposition 8 (insider’s optimization)
Proof. Let J(t,g,g) be the value function, then we can write the HJB equation of the
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insider as

1 . .
0=supJi+J,K(5—g:) + 5790 (6)° + J; [K (G — ) + A0 + v (g — 9)]

1 . J -
+ 590 (2 (1) 03+ +20%) + [(9 = )6~ clof? ~ ] e
First order condition is given by
JA+(g—G—2c8)e ™ =0

6 = % (Jz e + g — §) (B.3)

Now conjecture the value function is
J(tg.9) = e a(t) (g —§)° +e 5 ().

We can derive the following properties of the value function.

Jo5 =2¢ e (B.4)

Substitute back into equation (B.3) we can get

1

T 2

6 (g — §) (—2aA +1) (B.5)

Plug the value function and the solution to the control variable #; back into HJB equation
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and we get

0=—re "a(t)(g— ﬁ)z —re "+ 2e (g — §) K (§—gi) + ae_rtag
_r . _ . A . R
—2¢"a(g - g) [K(gy)+2;(9—9)(—2M+1)+"/V(9—9)}

4

0=—ra(g—§)7’-2a(g— ) [2% (—20X +1) + w] ~ 2ax (g - §)°

+ae (N (1) op +7°0D)
2
e { {_1_ (g- )% (=201 + 1)-c 21 (g—9)(—2aX+1)

2¢ 2

Simplify the above identity and we have

2
+(9-9)* 1 (—2aX+1) — ¢ (i (—2a\ + 1))

2c 2¢

~ 16+ a0+ a (X (t) ok ++%0h) —C

There are two terms. The first term is a quadratic term of the estimation error of the
market maker (g — Q)Q, and the second term is a constant. Letting both equal to zero we

obtain the following two equations

0=-ré+ aag +a (N (t)ol + 3/20%) -7

0=—ra—2«a [2%(20)\+1)+71/+/{]
1 1 ?

— (- —cf —(~ 1
+ {20( 20X + 1) C(Qc( 2a) + )) 1

where the second equation can be shown to be equivalent to the one given in the proposition.

proof of proposition 9.
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Proof. Recall the definition of the notations

33 Yv
A = 0.—3‘\ ’)/ = 2
We can see that 8 = Ao2/¥. In proposition (8). insider's strategy is given by 3 =

2ic (—2aX + 1). By equating the two expressions. we find

/\05 _ 1 - 2aX

P 2¢

Therefore we can solve a as a function of some other parameters

1 2cho?
a= (1 - Cg"“) (B.6)

In the steady state, ¥ (t) is a constant, recall that equation (B.2) implies equation (3.7)

AQQ 2
0=2Kz+a§—22< E§“+:—2>

which is equivalent to

2
0= —2KY + 02 - ()\203 + ”—222>
9D
1 V2
A= = (~2K2 +o; — —2—22> (B.7)
Uu O’D

Equation (3.9) can be expressed as

0= —rr§+2(m§ —2aK¥ —¢

S 1
§ =~ (2007 — 20K - 7) (B.8)
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Equation (3.10) is equivalent to

1
=—ra-— Qa( ) + — (—2aA + 1)
4c
1/S(1—2a0)\ ! )
- —ra—2 PP I B Sl -
ro a< ) 4( 07 ) (—2aX+1)
2 A% Cgan1
0=—ra-—2a 22( +1)
0="3 (% - 2c\o2) (r+2n+22u2052) — 2eX\30 (B.9)

The above four equations (B.6)(B.7)(B.8)(B.9) can jointly determine the steady state equi-
librinm values of (3, A. v, 6). The remain two parameters (3.~) follows. m Proof of propo-
sition 10. Proof. The market maker’s inference is the same as the Chau and Vayanos

(2007) setup, therefore we have

q = (1 —rkh) g1 +khg+ Ap (D[ — (1 - Vh) Dy, — thlfl) + Az (:L‘l + ul)

where

(1 kh) Xyvoh

Ap =
b ¥y (3204 + v202h?) + 04 o2h
N = (1 — rh) 35,0%
T8, (8202 + v202h?) + 0402k
5 (1-kh)*S 0502h ey

9= ¥, (8%0% + v2olh?) + oho2h Y

The Bellman equation is

Vigi-1 — q1-1) = H;?XE [wl (g — @) — ch™'af + eV (9%@!)}
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Market Maker’s estimation error in period !/ is
g — g =[1—(k+vAp)h] (911 — Gi-1) — ApED — Az (1 + W) + €gy
Substituting into the Bellman equation, we find

B(gio — g1+ C

= maxay {[1 ~ (& +vAp) hllg-1 = 1] = Apar} — ch™'af

+eTh {B [([1 — (k+vAp) g1 — Gi-1] — )\I:rl)Q + )\QDO%h + /\iagh + ath 4 C}
The first order equation is

0=[1-(k+vAp)h](gi_1 — Gi—1) — 2Aeay — 2ch™ 'y

~ 20e "B ([1 — (5 + vAp) h] (gi-1 — §i-1) — Awi)

which implies

=8 (g-1 — Ji—1)

with
(1 — (k+vAp)h] (1 — 2X,e”""B)

/3 =
2(A\y +ch~l — X2e"hB)

Substitute into Bellman equation, we have

B(g1— 1)+ C
=¢ "B (\Lobhh + A202h + Ugh) +e TC

[1 = (5 + vAp) b (1 = 2X,e " B)?
A(0\s +ch 1 — X2e ThPB)

+e "B — (k4 vAp) ) [gi-1 — G1-1)°

(91— qi-1)?
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which yields

1— (k+vAp) ]2 (1 — 20,0777 B)?
(1= (et vAp) W7 (1~ 2ec ™5) e B (k + vAp) h)?

B =
4 (Mg + ch=L — A2¢=ThB)
1—2X, —rh 2 /7T‘h . Ll — A2eTh
- (x4 vAp) B2 ( e ""B)" +4e "B (A; + ch Ae ThB)
4(Ay +ch™1 — A2e " B)
1+ 4e ™" Beh !
=[1- Ap) h]?
[ (/{‘I’V D) ] 4(Ax+Ch71—A%€7ThB)
1

C= e "B (\boh + Moy +og) h

Now we write the equation for B again
4X2e B 14 {e*rhcifl [1— (k+vAp)h)* = Ay +ch™Y) } B4+[1—(s+vAp)h*=0
The quadratic equation has solution

B = ﬁ [— {e"'hch_1 [1—(k+vAp) h]2 — ()\gc + ch_l)} + \/K}

2
A= {e_rhch_l [ = (5 + vAp) B2 — (Ao + ch’l)} ~A2e ™M1 (k4 vAp) B2

]
Proof of proposition 11.

Proof. Equation for 8 becomes

3 1-2)\B
h 2c
Equation for A, becomes
3,8
Ay = 222
oz h
The above two equations imply
20,02
1-2)\;B= t



Equation for Ap becomes

Equation for ¥, becomes
Mo20% + 231/2 - O’EOQD + QKEQO'QD =0
When h = 0, equation for B becomes
(1—2X.B)* = 4¢B [r + 2k + 2\pV]

A 0o Za = 2000
S AR W H

|:T’+2K,+2

Equation for C' becomes
1 2 2
C= ;B ()\D0'2D + 2262 ¢ og)
This finishes the proof =
Proof of proposition 2.

Proof. Formally

dgs = k(g — gs) ds + 04dBY

dD, = vgsdt + opdBP

]
Proof of proposition 3.

Proof. Then Market maker’s filtering is

g KJ 21/2052 —K — 21/2052 J Yvop,
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Ygv

2

)

2

|

1

0 0

dBP
dBY
dBY



and the observed variables are

The solution to the filtering is

-
TN e+
Kg

v 0 0 o2
+ | =7 + D
0 04 v 0 0
v 0 —gm o 0 0
979 dt + P
0 35| |¢*— g™ 0 o, O

-

1
(15 ()

and

|

<d
g dt + )
Kg ZV“)O’BQ
ST (s) V2o g’

1
(78 (5) + 3] 20y’

dt +
g’L
—K
2 _—2
Yviop

—K

T (s)vop!

0
Bgo;t

75

ocp 0 O
0 o, 0
0
—K—EVQO'BQ

0
2 _—2
—K — Yviop
m 2 -2
z:12 (‘9) 83011

255 (s) B0y

T (s) 355;1

v+ Svop' S5 (s) Gsont

gz_gzm

dBP
dB"
dB?

e ©
3

dB*
dBY

] dBP
[

dt

dBP
dB*

aBP
dBY



anm —K 0 —K 0
5 = mogoym
ds Yo _2 —K— Ez/2052 21/2052 —K — ZVQO'BQ
[ 9
N g 0

2.2 -2
0 X v,

-1
v 0 0 0 o4 0 v 0 0 Yv
- zr + DS

0 23, v 0 0 o2 0 B, 0 0

u

Simplify the Riccati equation,

7 ~K 0 ™oxm Lgm —K 0
ds ZIJQO'BQ — (K +Zv%05?) noxn Ywlo? k- Sviop?
-1
B Xy Y758, % 0 Yhv XP0v+Xv
0 X2i0? YTy + Yy XILG, 0 o2 Ymg, Y3,
-2k —2kX75 + Xv JD22 Eu20522717§
—2kETY + Lo PET — S0 28T 25020 P8 — 2 (k + Sviep?) B
+ % o
0 221/2052

Z"iy O’D +3 26’52 ;2 lel/oD 2121/+Zz/+2 X5 6’2 ’2

(E0v + Sv) o Shy + SRS E2002  (Shhv + Xw) o (S 4+ Yw) + (85555) 072

and therefore

dXiy

m—- = —2:‘{2?1“1 + 0'3 - ( 11)2 1/20'D (Z »3 )
dz% _ mo 2 _—2 -2 m m Q2 -2
ds = 2!‘6212 Yv Op 212 — l/ Op 2112 1233 Ty
2 ~2(k+ S0t B0 — (B V%0 — (B33, 0,
ds D 12 D 22Ms

Think about the infinite steps. At the beginning of each interval [¢,t + A], insider starts a
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brand new filtering problem, with initial observation g;, and initial ¥ (¢) = 0. The Market
maker. also starts a new filtering problem, however. he knows that g; = g}, therefore, at

initial time s = ¢, he would force ¢|F/™ = g}|F;"™ and this implies

E, gt _ 9t

gt 9"
Xmt)y T (t
Var g — Y () = 11() 11()
g' N BT @)

Now we just need to determine g;" and X7} (t). Suppose that he uses the last interval result

on g (discards results on ¢'), that is

9" =g

11 (1) = 247 (1)

If this is the case, then we can show that for all s the following hold

11 (s) = 375 (s) + X (s)

12(8) = £ (s)

and further more,
g™ (s) = g™ (s)

holds for all s € [t.t + A]. To satisfy the stationary condition, one sufficient condition is

t+A
/ 45T () = 0
t

that

7



and therefore at each end point of the interval 37} (¢ + nA) = X7}. It is clear that

O’DdBD
o dB"

N SRR | RTCY’
g =K (g ) )dt + { EllyaD Z]Q/BSUU } dt +
35 (gz_gzm)

|

= k(G g™ dt+ {ET3 (s) V20 (g — ¢™) + £ (s) 320, (9" — g"™) b dt

+ X7 (s)voptdBP + X7 () 3.0, dB"

Therefore we can substitute the observable processes (X¢, Zy, D;) into the above expression,

and the linear pricing rule is

dg™ = k(g —g™)dt — X7} (s) I/2(‘)'1_)2gmdt
+ A (8)Osdt +~ (s)vgds + v (s) opdBP + X (s) 0, dB®

= k(g — g™)ds — 7 (s) vg™ds + A (s) [Buds + 0, dB"] + 7 (3) [dD, + vDyds)

where A (s) = X7 (s) 3,0, and v (s) = ZF (s) 1/052. ]
Proof of proposition 4 and 5.

Proof. We have

d(g' —g™) =dgs —r (g~ g™)ds + (s)vg™ds
— A (s)[0sds + 0,dBY] — v (s) {(EVO’BZ)_I [dgt — k(g — ¢') ds] + Vg;ds}

=—(k+1()v) (¢ — g™) ds — A (8) [0sds + 5,dB"] — 275 (s) I/O‘BldB;D

Let /1\\,((;)) =(k+7(s)v)

a (M (gi - g2))
= M) [(gZ — gm) AN (s)ds+ A(s)d (gZ — gm)]

— AR (9) {—/\ () [0sds + oudBY] — £ (s) ua;;dB;D}
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We have

(IA)=A((I+1)A) (gt

7 m A
(g(l+1)A - 9(1+1)A> =e€ ia — 9IA)

A
+ e~ MDA / eASA (s) {—/\ (s) [0sds + oy, dB"] = X5 () I/(TBldB;D}
0
By Nash equilibrium. insider knows that the pricing rule is
dg™ = k(g —g™)ds — v (s)vg™ds + A(s) [0sds + 0,dB"] + ~ (s) [dDs + vDsds]

Recall that

dg = (5 — gt) ds + =L dBP
op ’

=r(g—g.)ds+ 21/052 [~vgids + dDg + vDyds]|
This implies that
D + vDyds = (Svop?) ' [dg — 5 (7 — ¢') ds] + vglds
then we have

d(g' —g™) =dg; — (5~ g™)ds +~ (s) vg™ds
— A (8) [fsds + 0udB"] — 7 (s) {(ZUJBQ)_l ldg, — k(3 —¢") ds] + l/g;ds}

= (k+7y(8)v) (g8 — g™)ds — A(s)[0sds + 0,dB"] — 75 (s) VUBIdB;D

The long term infinite horizon objective function is as follows. Suppose current time is
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t = lA, the discrete time Bellman equation is given by

V(l7gt 79?1)

t+A
= sup Eé{ / e Tt Rgsg?)es—w?]dt+e""AV(l+1,gt+A,gliA)}
{0t t<s<t+A} t

where the state variables evolve according to
t+A

gon =€ g + (1- e”‘A) g+ / e_"(s"”)agng
t

t+A
i = exp (7 (0 A)) [ ) g 47 (5) gids + Aobuds]
t

t+A R
e (-3 A)) [ [ lopy (4B + AodB]
t

Notice that the state variables are both discrete time stochastic processes, observable to
the insider at each discrete time [A. The evolution of the state variables can be proved as

follows. Recall that

dg = k(g — g)ds + o,dBY

dgl" = k(g — g™) ds +7 (s) (g" — g™) ds + Asbsds + 2T} (s) vop'dB'P + A\o,dB"
where v (s) = I7} (s) v20p?. Let 4’ (s) = 5 (s) + 5. This implies that
t+A
Grea =€ g+ (1- e'“A) g+ / e‘“(s‘“)agng
t
and

dlexp (5 (5)) g"] = € *Vdg™ + g9 (5)

=) kgds + 1 (s) geds + As0sds + Aov topdBYP + Ao, dBY

80



this implies that

t+A
g A = exp (=7 (t + A)) / M) [kgds + v () ghds + AsBsds)
t

t+A
+exp (=% (t + A)) / ) [1/“10D’Y (s)dB" + /\SrfudB"]
Ji
where the insider’s strategy controls this state variable through

i+ A
/t exp {— [ (t+A) = F ()]} A(s) fds.

Now let us consider the insider’s short term (per period) objective function

t+A
sup E; {/ e (st [(gs — g b — 092} dt + e TRV (l + l,gt+A,gt’iA)}
(01 t<s<t+A} ¢

d(g'—g™) =—[k+7 ()] (g — g™) dt — X(s)bsdt

~A(8)0udB" + [£ — X1t ()| vop'dBP

This is the following finite horizon stochastic control problem. Denote the value function

by J (s, gy — g;"). Then the discrete time Bellman equation is just

V(l.ge.g™) =J (0,9} — g").

We will deal with this equation later. For the finite horizon per period problem, the

terminal value is

J(Agiia—9a) =€ TPEL AV (L+1.grea gt a)
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Let d = g — g7", then the HJB equation is

0=supJs — Jg{|[r+ 7} () 1/2052] (9" —g™) + A(s)0s}

+ gl [(M) o) + £ - S () 20

+ e TS (gi _ g;n) 63 _ 6_T5092

then the FOC is
—JaA(8)+ e (gt — gT') —2e el =0

which implies
—e"Jak (s) + (g2 — ")
=
2c

We can conjecture that

J(s.d)=e® {a (s) (g" — g™ + 5(3)}

Jg=eT° {2a (s) (g’ — gm)}

Then FOC becomes

1—2a(s) A
po = L2 @A (o
1 —2a(s) A(s)
ﬁ’s———Qc

Js = (—ra (s)+a'(s)e " (g — gm)2 —re "6 (8) + e ()
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Plug back into HJB we have

0= (—ra(s)+d(s)e ™ (g - gm)2 —re "5 (8) + e (s)

e 20 () (o' - g™ { [+ SF () P03’ (g~ 9™))

— 2x | S 8 2
e als) [(A(s) o) + [% - T3 ()] 130 Jre"’“sc{[1 ’ Q(C)A( g *92”)}

Simplify

0= (-ra(s)+a'(s) (¢ - gm)2 — 18 (s) + 6 (s)

— 20 (s) [/{ + X1 () 1/2052} (gI — gm)2

> S 2
+als) (M) o)+ [ -0 (5)1%2052}+c{[1’2“2(5”( )]} (9 — o)°

The following two equations are sufficient

0=—ra(s)+a (s) = 2a(s) [k + E7} (s) V20 ;%] +

0=—78(s)+ 68 (s) +al(s) [()\ (5) o) + [ — 0 ()2 202

Now by the discrete time Bellman equation (2.10) we have

V(g 9") = a(0) (g — g™)* +5(0)

To satisfy the terminal condition (2.11), we must have

e {a(8) (ghen — 0128)" 4 5V} = PAEL AV (14 Lgien o)
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Substitute in the discrete time Bellman equation

2 m 2 7 m
a(A) (gt+A - gt+A) +d0(A) = Eiind (0a9t+A - gt+A>

= Eja {0 (0) (s — 61a) +5(0)]
Note that

EZ+Agt+A = 92+A

2

1 ‘3 3 2
EZ+A9t2+A =Varya (gt4a) + (gt+A) =X (A)+ (gt+A)

This implies that

Efoa {0 (0) (grea — 9720)" +0(0)f
=Eia {a (0) (9t2+A — 29048984 + (gﬁAy) +6 (0)}
= a(0) (T(8) + (gha)” — 20t adita + (g724)") +6(0)

1 m 2
=a(0) (giya — 9ta)” +a(0)X(A) +46(0)
Therefore equation (2.11) becomes
a(A) (gha = 9%a)’ +5(A) = (0) (ghea — oF1a)” + @ (0)S(A) +5(0)

This further implies

Proof of proposition 12.
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Proof. The long term infinite horizon objective function is as follows. Suppose current

time is ¢t = A, the discrete time Bellman equation is given by

V(l.ge, gi")

t+7
= sup Ef{/ e7TY [(92—92")65—&2]dt+<"”V(l+1vgt+n9§if)}
{01 t<s<t+T7} t

To simplify the notation, we can let ¢ = 0. It is clear that the state variables evolve

according to

t+A
gria =€ g+ (1-e ) g +/ e "W g dBY
t
t+A
9 a = exp (=7 (t+ A)) / €1 [kgds + 7 (s) gids + AsBsds]
t

t+A _
+exp (=7 (t + A))/ ) [v’lom (s)dB'P + AsaudBu}
t

Notice that the state variables are both discrete time stochastic processes. observable to
the insider at each discrete time [A. The evolution of the state variables can be proved as

follows. Recall that

dg=r(g—g)ds+o,dB?

dgl' = k(g — g™ )ds+(s) (gZ — gm) ds + Asbsds + X7 (s) VO'BldBZD + Ao, dB"
where 7 (s) = 7 (s) v20 5. Let ' (s) = 7 (s) + x. This implies that

HHA
giea=e¢ g+ (1—e " g+ / e g dBY
Jt
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and

dlexp (3 (5)) g] = € ¥dg™ + g7 (5)

=7 [K?ds +7 (5) gyds + Asfsds + ysv ™o pd B'Y + AsUudBu}

this implies that

t+A
giiaA =exp (=7 (t+ A)) / e7(s) [ngds + 7 (s)glds + /\SGSds]
t

A )
vexp(<7(t+2) [ [l (5)aBP + Aods]
t
where the insider’s strategy controls this state variable through
t+A
| e -l )= 5 ()0 ()t
t

Suppose 7 < T. Let the CDF be

_ oot
FO =
e~9t — e=9T
Gt)=1-F (1) = T
—ot
="
f(T) pe 0T
f(T,t): G(t) = e*¢i_67¢T’T>t
—t
Bt = f(t1) = —2F

=9t — e=oT

Now let us consider the insider’s short term (per period) objective function

J(0gh—gf) = sup Ea{ / e—”[(g;g?)es—ceﬂds+e—”va+1,g7,gm}
JO

{0,0<s<7}
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J(t.gi = g

)

[o%) T

= sup E;/ f(T,t){/ e (g — g") 05 — cb?] ds+e*rTV(z+1,gT,g7@)}dT
{0 t<s<T} t t

1 > —r 7 ™m 1
= sw B [ 6@ (g - g7) 07— 03]
(ori<s<ry  G() )

+F(T) e TV (I + 1gr, gf) }dT
subject to

d(g' -g™)
= —[k+7 ()] (g" — g™) dt — A(s)0sdt — A(s) 0,dB" + [E ~ I7 (s)] vo ' dBP

V(1+1,9503) = B3V (14 1.94,9)

This is the following finite horizon stochastic control problem. Denote the value function

by J (s.g% — ¢7'). Then the discrete time Bellman equation is just
y 9s — Y9s J

V(l.go.g8) =7 (0,96 - g5") -

We will deal with this equation later. For the finite horizon per period problem, the

transversality condition is
J(T.,g"—g™) = e_’TE%V (I+1.97.9%)
Let d = g¢ — g7, then the HJB equation is

0=supJ — Ja{[x+ 7} (t) 20 ;%] (¢" — g™) + A (t) 0}
+ 3 [0 00 + 18- SR 0 Vo]

e ok = i) 0= e8]+ ROV (4 Lgr g}~ 1 ()T
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then the FOC is
—JaA(8) + e (gL — gT') — 2 e =0

which implies
—€"JaA (5) + (g% — 93")

We can conjecture that

J(s.d)=¢€7"* {a (s) (gz - gm)2 + 5(5)}

Ji=eT"{2a(s) (g — g™)}

Then FOC becomes

1 20(s)A(s)]

0, v om
> (9" —9™)
1—2a(s)A(s)
3y = —————
2c

Jo = (~ra(s) +o' () €7 (g — g™)" —re 70 () + e (s)

Plug back into HJB we have

0= (-ra(s)+a'(s)e "™ (¢ - gm)2 —re "5 (s) +e " (s)

20 (9) (6"~ g { [+ SR ()05 (g~ 9™)

(S S 2
e a(s) [(A(s) 00)” 4 [2 - B ()P vPo?] + e—rsc{ 1o 2“2((:”( L (g2 - g;”)}

+h(s)e ™V (l +1.g5.97) —h(s)e " {a (s) (gZ — gm)Q +6 (5)}
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Recall that

V (gh92") = Bod (0.95 = 9%") = Es {a (0) (g5 — 92> + 5 (0)}
Eo{a(0) (92~ 20:97 + (97)) +5(0) }
a (0) ((g)° + = (s) = 2029 + (92)?) +8.(0)

{0 (g - +50)} +a ()

Simplify

0= (—ra(s)+a'(s)) (¢ — g™)> = r6(s)+ 5 (s)

~2a(s) (¢" — g™) {[K + 37 (s) 1/2052] (¢ —9™)}
[1-20(s) A (s)] :

o (g5 - g?‘)}

#a() ()7 5 SR 0 o]+

+h(s){a 0 (gh=g) +5 O} +h(5)a O =() = h(s) {a () (9 = g™) +6 ()}

The following two equations are sufficient

—ra(s)+ad (s) = 2a(s) { [k + =7 () v?o %] }

on (s s 2 e—qb.\
+C{[1 22(C)A()]} +67¢‘f767¢f[a(0)*a(s)]=0

— 6 (s) + 8 (s) +a(s) [()\ (s)0)® + [T — X7 (s)]2 y%;f]

pe~

+ e*(/').s _ 67(757_1

[6(0) =6 (s) + @ (0)%(s)] = 0
The terminal condition is
J(T.g —g™) = e TELV (141,97, 9%)
e T{a(T) (g —g)"+5 (T)} =T {a(0) (g5~ g7)* +5(0) +a (0)% (T)}
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This implies
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Appendix C

Solution to the Discrete Signal

Equilibrium

We want to represent all other functions using only X35 and a. Notice that

C1-2a(s)A(s) _ 02A(s)
2c X (s)
15 (s)
2[co2 + a(s) X% (s)]
oo 275 (5)
2[cog + o (s) 275 (s)]

3(s)

Als) =

128 =02\ (s) =

we can transform equation (2.8) to

dxm
ds

E15 (0) = 513 (A) + 2 (A)

2
= 2 (k+ SVP0p0) S5 — (E1) 20207 —
2 (k+SvP0p) S5 — (E5)° viep 2[co? + a(s) BT (s)] o
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and we can transform equation (2.12) to

4

o . B 1 cod
0=—ra(s)+a (s) = 20(s) [k + (E75 (s) + X (s)) Vo] + 4 [co2 + a (s) BT (5)]?

a(0) = a(A)

Finally ¢ is determined by

X715 ()
col + a(s) X

? 2 92 _—2
8 (s)=rd(s) —als) {(2[ (S)]ou> + 375 (s) viop }

and

§(A) = a(0)(A)+6(0).
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