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ABSTRACT

A Eoethod is givgn for aynchi?on5.3iRg traffic lights along a wain

street. It is an ensbsilishaeDt of ths coaventional traffic aEgineeriug

Kethcd'of aaxiaising fcandwidtho (By bandwidth is raeaat ths fr-sction of

a light cycle during which a ear could start at ona and of the str-eet

and 5 by traveling at a preaasigaad ispsodi, go to tha otheJ? end without

stopping for a red light.) For th© case of equal traffic flows in each

direction, the aathod ppod^iees aajsimuffi equal bandwidths for each diractioiio

If taor»a thaa eae synchronization doas thist si ascondary raeasurs of

effactiveBsss ia nj^Kiraizedo Per- ths case of unsquai flows ^ the direction

fc-ith the greatsr flow is given greater band^'idth in a aannar depending

on tho ratio of tha flows = The ssthod has he®n prograssiaed for a digital

coTsputar and siicc^sgrully applied to a street in Claveland =





It is prcpcsad to study a sethod for syrachrer. ic lights

for a sain artery in an urban eraao On such a stzs-^.. .-;...= ...^'otsgh traffic

St any ona point is ganarally much greater in voluras than the turn

traffic, FurthesmEore, in an urban ares^ traffic lights tend to be close

togather so that the inpwjt to s do-smstrasni light is vs?y similar to tha

output frc?a tha adjacent upstrsan light and thus may ba considared ss. s

centrolled input o Along most urban artsrias ths traffic pattern varies

with tha tims of day. For SKarnplSs main artes'ias frequently carry heavy

riish hotis« traffic in one direction twic® a day^ and lighter but roughly

©C'ual voiisrass for ths rast of ths timSo It is unlikely that the

synchronisation appropriate to sjiy particule?" tiisa would ba idsal all

tha tiffis. Censequantly 5, we wish to be abis to find an apprcpriata

synchponizaticn for any givsn traffic conditions c We shall study only

ths synchE'^mization prcblsra^ that is^ it will ba assumed that the lights j

thair IscaticifiSj, thair aplite batwaen red and gr^aeaj, thair cycia lengthy

sfid tha spaed cf cars are given
j,
and it is wished to know how to sat

thsir ralativa phasing. However^ our icsthcd can bs used to test the

sensitivity of the zsasr.lts to the various input paramaterSo

What is resarst by optiiual synohroniaaticr. of traffic lights? To

ar^swer this qusstion ths idaal approach might ba to find and define a

maasure of effectivsnsss ©f the traffic system and ralata ths various

control variablQS to ito Unfortunately,, this is a rather forsnidabia

task and has not yst been doneo Scsne of the difficulties ara: What
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doas the driver really want - hew doas hs dislike stopping ss coisparsd

tG delay st signals 9 or total delay on his journey? Ti^en^ how do drivers

actually bahava ^ ha^ do thay adapt their driving to the lights?

Finally, what dcas the controller want and how is this to be relatad to

what tha drivsx' wants o

A nuTibar cf starts ©n the problem have baan raade'-^*^*^*'*-'. An

intoi^sting OTJ3 is that of Newsll*-^-', icr it takes into consideration

the dynaraics cf individual cars. His approach , however » may overemphasise

the iaportanes of reducing delay. In his fsethodj, tha first few dipivars

of the platoon stop at every light, and soj in two ©r ths'se railss of

urbaf! drivings a car could stop at 20 cofisecutive lights. This raight

bs consides*ed objectionable^ evsn if tha total delay at thesa lights

waz^ njiisiiEigsd^

The approach here is closer to the usual one of traffic engineers

than to an ideal one. The raaasui'es cf effectiveness are motivated

by £ sirapiified aodel of driver behavior and by intisition about what

the driver might coasidar to be desirabla characteristics of signal

settings. As a starting point we use the goal of raaKimiaing bandwidth

o

Ka^fsvsrj we taka a calculation which is traditionally done graphically*- *
-^

and reduce it to a few seconds on a digital computer. Certain embellish-

tsents have bsan added, in particular, a systematic way to favor the

hssvy flow dirsaticn over the light flow direction. There is soae

evidence that, in laany cities, rathe? obvious traffic signal improve-

Bsnts are not being snade for lack of engineering manpower. He hope that





a ii'ijiidxj^' avaliabis cciopvixsy^ progrem rcr' scx'ciag tE'affic lightsSj aven

ons usiisg a criterion that is by no seaiis ultisate, will help gat aoisa

strssta ifspr-oved,

I)E\'ELO?MEFr OF flS HSTHOB

Ths idealised Ecdel 'chat cjotivatas th«2 basdwidth criterion is that

vahiclss tysvei dswis the streat at some censtaat spaed, V, usiess halted

by a vsd i;.ght. Vahicles so halted fosns a quaus and, whsu the light

tmcun gr-cerij ieava in a compact platoon travelling at spaad V,

He dofir.s the following tsras:

Cvc.le
^^
leng:th_ or pariod , Cj of a signal is the tirae batwaeii

successivs reds or gs^eria at the signal

«

Grg-aE iBplit»Cgsrj, at a signal is th<3 ov^dersd. pal?; (proportion
of gresn Hise- proportion of •not gresa tiias*) aloag a given roado

Voluasa or flgy of ts?affic, Fj is the numbsr of vehicles passing a
point per cyeie,,

PlatooB P^'^
.̂^^g^.Â :?? ^^^ ^ fioif F, t„j is the avarage tias requir-ed

oy a cospact platcea of F vehicles to pass a point » Wa siiall assuEs
a ooastsiit tisss iRtai^vai batfe-san saeh cars and dmiote it by h=

Graen Igsda in one diii^sctioa along a length of read, is the tima
iater'Yai"Ta a cyclo of the light during which a ainglo vehiel®
Isaving a light sjay travai at spead V and pass through all the
lights witho5at stopping at a red lights

Bandwidth is tha width of ths greea bead in a givan direction c Lat
S"= "bandwidth , expressed as a fraction of a pariodo
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Conaicer a flow F through tha saqu^snes of signals in ons direction c

Vvhstovar the arrival patts^'n of the F vahiclasj if the platoon passags

tims, hFj is less than the green band^bCg than ths average delay at r«d

Lights for a vahicle psssing through the aystem will be lass than ona

psiued; ail vahiclea vjiil smei'-sQ froro the systsra in ot bafos'Q the succeading

gr-3s.fi bando If ths traffic input is fairly rsndons there will be a

csrtair. aiivcunt of delays if only to vehicles ars'iwing at the initial

radj but we shall coasidai' an average delay of lass thars ona period as

not ssE^ioys. Henca, if hr<bC in each direction and b is the same in

each dirsctior.j ifs shall bs satisfied with the synchronization ii

Our initial rsatharaatical goal therafora will bo to asaidraiffie the

gr-ssn bsnds in aach diiraction while kssping thera equislo If Kcs'e than

ens satting of the lights dtsss thiSj, thora is ract^ flsjiibility^ We

shall use this to msximi'S,® a fn^thmr eriterion i*elatsd to the feandtfidth

thrcisgh adjacent lights

»

iJovjj if hF> bC for one direction ot ths otheE*, the plstoor.- v/ili be

bi-'okcn up aa it passes thPO'dgh the lights and the ceesputation of delay

end tha nusiber of stops made by a car is likely to bseoas quite

cesjplicatedg even fcp the aisple drivsr behavior postulated « We shall

sidastap this ccsaplicatioitJ and adopt a p^'ocsdura which siraply favors

ons direetion ovez* ths othG? in a mannsr which has soaa intidtive appeals

'fit© green bsnd fop oas dis?acticm will be incrsasad at the expanse of

ths othez* sccoi'ding to a parameter, k^ which ssspyesses ths dagr«e of

favv-sritisni^ At ths same tiaaj ths general ayenness of tha synchrcnizatiori

is incraassd iis the favojped direGtic?nc I'he case k = 1 corresponds to





equal gr^aan bands and no favoritism, wherass k = C y,

k = <=«^
) assigns to ths favored direction an unobstriscte -1

constrained <mly by the width of the SBsaliest green in the signal

sgquancso The paraastes', kj csn bo set in any way desirad, but hsrc

it is taken to bs the ratio of tha two flews

»

Tho mathod fot* synchronising the lights will be davelopad by

starting with simple situations snd building up to the general caseo

L-at

t = tinsa^ in units of a period

»

Lj^6o«*jL^_ = the sequQncQ of traffic lights down ths rosd^all
assuiffisd io hava the saass pss-ied,

(g^sp. ) = the gjK9®n split at h^

F. , s traffic flow f2>ons L^ t© L.,

b^^ s ths bandwidth in the di2»@ction L^ to L, coasidsring
tn^SQ two lights alone <,

^

IJ^ji
= ths relative phasing of L^ sitd L^ = tha tiins fpsa the

canier of a rod at L^ to the ns^t (in titasj center of rad at L^,

as a fraction of a papiod*

yi = ths position of L^ on the sts»©9t with 2«e3psct to aoaa
fi5:«d GS'igin^ Wa assusa tha lights ara indausd such that yi>yi ,ji<'

Ilia notation (y)* will bs used to dsnote the mantissa of y as

c' stained by j?3inovirag the integral part of y andj if the result is

asgativsj adding usaitye Thus^ (5o2)* ~ o2j,''o2}* = c8 erid^ in gansr-al.





KoMg let

K.. = (ty'"-y-3/V'C)" = the separation fcat;?eaG Iij_ and I*^ in the

outbound diraction.

Y. . - CCy.-y.l/VC)^ = tha separaticr. betwasn L. and L. in ths
i3

inbound diractiono

Figure 1 illustrates the seaning of X. . and "x.^, Corssidsr a ear

v-;hich is oMtbousid <m ths stj^eat and is not stopped anywhsrao If it

pssses L. at the start ©f a cycle of L, ^ it passas L. at a time X.

.

after the start cf s cycla of L.o The ssosration, T..^ has the sajne

snaaning fos? a ear inbound aloag the street. Use quantities ar®

diisensionlasss hsving bass*, axpressad as fs^acttions of a periods Frosi

the dafirsiticns or thii figure, we sse that %. = X.. and X. . •^ 1?". . = 1
3-j 3i ij ij

so that X. , -t- X... = lo CTlia sujsa to i «ill actually be seyo whan

We shall bs isostly interested in X.., It aakes possible a

com'sniant repr-sssntaticn of lights h^ end h^ en the K^t plane^ For

©KaaplSs sas Figare 2, Ifst X = X,, = i'sp2?asent the position of L,,

The trajectory of an uaimpsded car outbound can be reprssented by s

45® liRQ« A ca? passing L. at t passas L. at t X. .« A -"US® line

repipssaiats inbo-sind travel: a car passing L, at t passes L at t - K^ao

Ths analysis will stat'-t cnt with tha simpl® case of two traffic

lights aith (1/2,1/2) grssn splits and then build up to the general

cas3^ Per the two light csss^ sisplicit results can bs gii.'en<.
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Figui?e 1. Spafa-tiine disgraa showing X., and X..o Heavy line®
at h. iadicats the ved Intesnriis of tjo
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Theorera 1: Consider two^si^nals^ li'j^ end L^ ^^^^bothjHJJLji_jggen

be pha3ad_.for the aaxirauEs aqual fegj'igHl^}t^.Mj.='„r-»-&_^xk'Sj5,-~ Ir.cj and b is_

Ci) f^ <€'A^1/^^ JT ^ Q and thsn b = i/2-X

(ii) f^ i/4 ^X $l/2s ~rr= in and than b s X

(iii) ^ 1/2 ^ X ^3/U, 77"= 1/2 jmdjfch,g.il b r i^x

(iv) ^3/i*<X«S;i. 7T ~ ^djhan b = X-1/2

Proof. W© consider the four cases separately ., In each case 5 ict

t = correspond to tha start of gr^ssn for L,o We proceed by examining

all pcasible phesings ss follows t First set L„ to giva b,^ - 1/2 by

setting "77* = K, Figus^ 2a shoya this for case Cii)o Thsn siova IT

thi-'oygh its possibla valuss until bj^a ~ ^21 ' ^ ®"** ^ ^"^^ ^*® aeximujn

vaiuao The E^esult can be obtained by inspsstiono Note that when a

small irscrsase in b|^2 causas a daci'-assa in b2t (or vice versa) the loss

for one squsls thg gain for the other' c, The final phasing is shown

in Figura 2b „ Th® other esses Kay ba vforked out siiailarlyo

Notice that in tha final phssing the Hghtss are eithsr sKactiy

in phaC3 (TTs 0) or disoetricaily out cf plsce {77^= 1/2 )„ We

shall call this situation in-^or-^out phasing o

Procaeding in a like iDannax» fos» ssch casSj, tha thsoram is esteblishsd:

Tne peaalts can be sincraarized in the phase-tims diagraia of Figure 3o For

sny Kj, = X the prop©? timing for h^ is foiisnd by draining a horisontal





^ K

FiguPQ 2o Finding phasing for maxiisua equal bandnidths.





1/J.v

'igus's 3o tlar-iismaa oqual bandwidthe for an L havijig sspaz^tioa X &xr&

obtainad by piacissg Lj^s red tisa^ie the shaded ssyem as shown





line across at Xo Tha red tisic for L^ is given by the r«gior;s whara the

horizontal lina passes through the shaded areas<. An outbound ear leaving

h^ at t = travels along ths '*5'' line leaving frosi and reaches Lg at

t = X, Similarly a car laavisig at t = 1/2 travels along the other iJ5°

line and raachss L^ at t = X •^ 1/2^ Thus the bandvfidth at X is given by

the length of tha horizontal line segmerst which lias batwaan ths tv;o

diagonal lines in an unshaded regi<ss„

NsMt fee consider mora general green splits

=

Thsorem 2: If L, and L^ have a ssparatiosi X,<, - X and green solits

eooal bandwidth eb^..(.i'Jj.
.j^j ô-JL^feox—^--fe—§R^^lg-,,gig^4fg,V^^^

^1 C-^TTjg. follows ;

•Ci) for OsXSl/'^s TTs and then b = gj_-{feK^0sX=l/2(rjj_«=r2)J'

(ii) for 1/4 ^XcT 1/2 9 77^ 1/2 and than b ~ g^^Kax^.i/2-"X-i/2(ri°r2_)^

Cii£) for m-^K^Sf^^V- 1/2 and then b - gi"Hax^,K-i/2-l/2(r^-r22p

(iv) for 3/ifSX5i, //= and then fa = gj^-Max^.l-X>-l/2(rj_-2',^

Moto that the phasing is ths sansa as in Thecrsra lo Tha proof can

be made by ths same procedures as for theoreia lo Or^ consider Figure ^

which shows the final resiaitSo In this figura, vfhich is analogous to Figure

Sj dashed lines leading out of ths edges of gresn at the bottoia represent

trajectores for outbound cars; lines leading out of edges of green at the

top represent inbound cars^ Now, for arbitrary Xj, draw a heavy hcriacntsi





Figux^ii H, Massisua equal bandwidth phssing for* Lg at X %fh@n ;?, > r^c





lina through the shaded ersas= The segseats r^apr-asent .aa xo-:^

Lj if hr, is located at Xo It may be sean that thsss 1 o <

horisontally so as to sake b-j_2 = ^21° ^U2«th®i?rE03?e, if

is raoved horizontally th3?ough a full cycle is time^ it ::

no other- position will give gsHjater- equal bandwidthso t.^ tn i-xgura is,

tho bandwidth when L^ is &t X is given by the iangth of a horizontal

line which liss within a pair of the parallel diagonal lines but outside

tha shaded area.

If S is in aay of the intervals » {Qslv^-'V2y2)i{W2l.-'iyy^--€'2l/2^

Cl/23^EI'J^-s•23/2); or (l"Cri-2'23/2,l) the 77" which yields taasuKuia aqual

fcandwidths is not unique but any value in certain range would worko

Here the bandwidth equals g^* the shorter greese and a i-'eduction in gg

would not affect bandwidth. The choice of the sysvasets^ic solution is

cade for convenience

=

Corollary: If the conditions of theores 2 hole except r'2'*^l» *^®

results hold fe-ith rg interchanged with v^ and gg with gj^o

Proof! Interchange L, and L2 and apply thsorsns 2, recalling that

B. yno Lights, Unequal Flows

Conaidor lights L. and L. separated by X and handling flop's F.. and

Fgto We seek a way to favcr the heavier of the two flows. Let k =

F^g/FgT* ioQ.s tiis ratio of outboimd flov? to inbound flow. Let = ^
the loss of graan band in the direction of F,- because of the presence

of I.,, ioCos/S* = g;,- b-j^j" ^® shall choose r so that k ^ is the loss in
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th>:j dis>3Gtica of F^, becaua© of L.o Thus k/? = g, - b- " H
start fji-oiB a iaaxiTaaia sqiial bandwidth solution end sdju£. ,.^, ,, ^oisa

amount oC <, S5.ncs the loss to one directitsa is an aqual gain to the

other's the sua of the losses stays constant and

Fui^hsrsoro
t,
the loss or gsia is tha eaount of shift in T? and so

c< = (g^^b) (K-»l)/(k<-i)

IT-j^s shift ^ is added to or- subtrectad from ^g* wi^ichsvar will favor

The results in the (1/2 5 1/2) casa

aj^ displayed in Figure 5=, Ejsplicitiy

(i) For 5 X ^ 1/8-J, /^= 2S/(kTl) ;f^ = XCk-=l)/(kU)

/?= Cl»2X)/(k-5-i) ^2 = XCk-l)/(kvl)-4-i/(k-;-i)

/^= (2X«»l)/Ck-5-l) -^'^^ = X(k"l)/(k>'-l)vl/(k:-l}

th© directioa or F^j whan o(,>

(ii) Fo2' l/»»sX ^1/2,

(iil) For 1/2?S S 3/i>s

<i^) For 3/£*5XSls /^= (2-2X)/(k4-l) '''^j^g = X(k-^l)/(k-sl)4-2/(k^-l)

Ce A sequence of signals

Ccnsidei? signals L^jcjlv. with grseo splits (giBS'^),oco,(g^sr^)

for flows F,5rrgoing fenssa ^ to L and F^ . goiag f5?om Ljj to L^o The

tr-affic lights 5S»a to bs gynchinssized in the following steps:

lo Select the aigcal settings to give sasdmisis equal bandwidth

o

2o If Kore thsn oeo sotting givos aaKissua eqxsal bandtfidtha select

the best fi«5a asseng theoe according to a secondary critei^ion of

E3aKiisiaissg the total of the barsd^yioths of adjacaait pait»s of lights.





Figurs So Fav^cx'iDg the oatbouad fiowc
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3o If both platooc passage tiaes hF, and hF , are less than^ *' © Ign R,l

b, than we have the required setting. Othazwisa one or both

platoon passage times are greater than b, and those signals

which restrict b to less than Hax(hF, ^,hF .) will be adjusted
A^n n^i

to favor the heavier flowo

Co lo Finding Haxiaua Equal Bandwidth

Tlieorem 3o Sappoae that the lights have been sat to give the

iMixiEuiB total bandwidth , h-^^ * b^.^ such that each direction has a band°

width greater than zeroo* Then ;

a) If one side of the red for L. limits bandwidth in one direction,

than the other aide limits bandwidth in the other direction,. Further-^

Bore, in one direction the front edge (earlier in tinte) of the green

band is limited ^ and in the other the rear edgSo

b) Either a single light liiaits both edges of both green bands,

or else there is a pair of lights, say L. and L., such that Lt limits

the front and L. the rear of one green band^ then L limits the front

and L. the rear of the other green band,

c) There exists an in«=or»out phasing which yields the ioaxiireim

total bandwidth and splits it equally between the two directions

«

The reason for this restriction is that, under sone circuostances,

'total bandwidth, b^ + b ,
, can be greater than twice the SBajtiaum

equal bandwidth, 2b7 If Rin g* > 2b, we can make a coo^lete green
wave alon£ one direction to achieve bj^jj > 2bo
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Part Ca) is illustrated, for» exatapie, by L^ or h^ in Figure 7Ao

The first sentenc© of (a) sust be true, for oth«s.'>wise the position of

r«d for L could be shifted, incx'^asing bandvridth ia one direction

without hurting bandt^idth ic the otha^o The second asatenca is

obvious from exasiDatioQ of L. or L ia Figura ?Ao

Part (b) follows froo (a)= Suppose h. iiaaits th« front edge of

one green band and L the front edge of the other. By (a) the near

edges are limited too. Either L = I^ or L. ^ L. = L.o <It is not

excluded that moro than two lights saight iisrsit bandwidth,)

For (c) we first shoi* that, if three lights serve to liiait band=

width, at least two of thsm will have in=or-out phasing with respect

to each other « (Figure 7b would contain a good exasapl© if L~ had a

slightly larger redo) Of the three lights, soibq two oust touch the

bands on the sasie edges (Lg and Lg in the cited situation) o For each

light these edges form th© equal sides of an isosoceles triangle

having as a base the line of reds and greens of ths light. The two

triangles are siailar and can be drawn to have a cossaon apexc The

perpendicular bisector of their bases is then comsono By s^onietry,

however, the center of each base is eithsr tha center of a greaa or

of a redo Thsrefora the t«o lights are eithsr ejcactly in or dia=

sBetricaiiy out of phase, as elaimedo Extending the argujaent^ all lights

which limit bandwidth can be broken into two groups such that within

each group all lights will hava in-=or=.out phasing with respect to each

othsro Call these, groups 1 and 2o
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Now, staining with a setting which yields aasimuE total bandwidth,

we shall move x»©ds without loss of total bandwidth, until in=or-out

phasing is achievedc The procadiu^ is as folloi«s: Hold group 1 lights

fisedc Move tha group 2 reds all together in tha direction which will

tend to equalize bandwidths. The total bandtfidth stays constant sines

the loss to the large band aquais the gain to the staail bando If other

lights start to obsti^uct bandwidthj aove theo, tooo They will only touch

a green band on one side as thoy bovso Eventually groups 1 and 2 will

have in-or=out phasing with regard to each ether

c

Consider then any one of the reiaaining lights, say L.o Ita red can

bs nsoved soaawhat without interfering with either green band. Define a

light L.' which has a red vhich contains that of L. and which is large

enough just to touch a side of each green band at L.= Now make the

center of red for I.^ coincide with the center of red for L o But L^'

liiaj.tc bar.dwidth and so is either in groi^ 1 or 2 and has the desired

type of phasing o In this way all lights can be given in^or-out phasing

and maxiiaux equal b^ndi?idth is establishede

Theorem Jfo All ia^or^out phasings yield equal bandwidths in each

direction

o

Under in-or^^-out phasing, the inbound green band in a space-time

diagram is (except for directions of flow) the airr<a« iaage of the out-

bound band as reflected about a vertical line through the center of any

rsdc Bandwidth ars thsrefore equal« See Figure 7a

o

Becaus@ of Theorems ^ and 3c ws need only ^axiisize bandwidth under
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in^or-^out phasing and in one dlrectioDo Let

b. = the greatest outbound bandwidth that can be obtained by having
^ L- the light whose rari limits the rear (later in tiase) of the

outbound gresn band under in'=ox»=o«t phasing o

b. = Saaep but limiting the front

c

Then, by part (b) of theorest 3, maxinuia equal bandwidth is

b = Max fMaxCbi,Fj3j

Hovever, because sosa light always lisits the front when L. linits the rear,

it ia sufficient to write:

b - Hax ^bj^ (1)

Next we wish to calculate b^o In Figure S we illustrate h, and

three other lights having in=K>r=out phasing with respect to L^o Note

that L. limits the rear of the outbound band, ioeo» no red interval

intersects the outbouad arrow ssjarked £<, Furth«nso»*®i, the bandwidth is the

distance between that arrow and the furthest encroachssant of red into

the region between the outbound arrows £and £o

Perhaps the easiest way to calculate the outbound bandi^idth is to

p]?oject the edges of red for each light diag^nsally back to the time

interval C0»l3 at L^o IiSt u^j (7?) be the position in [OsD of the left

hand side of the projection of L-'s r-ed under the phasingTT o Let the

zero of the time scale be the left hand side of L^'s red. It asay be seen

that

«ij^)=i:{r^/2) +77- Crj/2) = X^^]* (2)

Then Uj.4 + r. is the position of the right hand edge of L. 's redo Under

in-or-cut phasing, 77"= or 1/2 o Of the pair, wa want the one which
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X k 1^ ilF^iii k \r^' ""t

f r
inbound

Figiire 60 FoiiT lights under in-=or=out phasing: Lights L., L^^

have a c<»8mon center for redo The center of rod for

L- differs in phase froa the others by l/2c
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brings the right hand edge nearttst aero, provided that L.'a r«d does not then

liait the ic^a« of the band instead of L.'s x«do Now, the way we have

calculated u^^ -!• r.» it will be in (0,1] if L. does not interfere and

in (1,2] if it doeso There, we can find b^ froa

bj 3 1 = Hax ^l,Min [u^^ <0) + r^, a^^(l/2) = r^jj (3)

As b. and then b arc calculated, we record the phasing vectors

7^i = <^il'^i2-
—

"^in)

which are developed by the Min choice in (3)o Also, it is necessary to

save the index, say y(i} of the light which most constrains the band<^

width, ioOo, tha one that causes the Max in (3}o We need only save

these for i such that b. is maxiBizedo

Co2<, Breaking Ties

Let B bo the set of i for which b. « b, the BaximuB bandwidth.

Frequently B will contain Borc than one isdexo It seeas desirable to

use the resulting flexibility to maxiaize sotae further laeasure of

effectiveness. We pick a sinple «ia; the sua of the bandwidths be-

tween adjacent signals » In phasing a nuober of signals for naxiauB; band-°

width through ail lights, it is likely that bandwidths through sooe pai3?s

of adjacent lights are decreased in order to incx^ase bandwidth through

alio By breaking ties in favor of a large sua of bandwidths between

adjacent lights, we tend to keep bandwidth wide where the principal

constriction on the street is not ruling.

Under the phasing T^, i € B, adjacent lights U. and L^^^j^ have the

phasing
{
7f^ =. 77^,^^ / o
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Using (2) we can cloHne

,(i)
>-k - ^^^v " ^J^l ^ " ^^-

which will give a ccsrrsspoEding b^ ^^^^ as follot^:

4tlll = i - Ha« Er-^4^>,.1 *rj^^3^3 (5a)

^ Max i0,4^l^^ » Tj^l

Then we choose i € B to Eaxiaize

5^~i
/• :, ^

Lat i = 2 pick the light that does thiso Then TT = t??"-,^^., //'

J

E SX lis

is chosen for phasing the lights fos? BaxiEsaa eqaal bandwidth o Fui'thar

ties a2»Q settled arbltr-ai-'iiyo

Co 3 AdjustBtent fo? Unaqual Flows

It rssains to detesPiainG v?hich lights nasd to ba adjustad to fa'i?Oi-»

thQ haavier str-eaao If

tj = 5*ax (hF^jj.hF^^) ^ b (7)

r:0 adjuataerst will be E&de and the final phasing is p" o If, howava?;'',

*->> b, signals with obstructing red will be adjusted to favor the

hsaviejc atreawo The raason for adjusting only tha obstructing signals

i3 that the adjustsaent of an non-obstructing signal yields no net gain

in baadwidth to the haavisr atreara but raay iaad^artsntly oibstznict the

iishter str-aaao
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Suppose fi2»3t that traffic is heavier in the outbound diractioa or

is equal in both directions. Then k =
^ij/^j^ ^1<> The araount of ob-

struction to the outbound direction by L^ over that caused by L^ alone is

Hax c^9^xi^^^y + r . = r^j « Proceeding as in Section B,

'^j = C(Ic»l)/{k+l)3 Maxfo,U2j(^j) + r^ =. t^ (8)

Since s under 771» the obstruction is always on the front edge of the out"

bound band, we have as the final phasing, say 77^,

^0 ,fe if tp ^1 - u^j(7r^^) - r^

*^
(Vzj =o<j otherwise

(9)

Notice that as the outbound flow F^^ -*><>«», k-* «» and the right hand

sides of Bost reds will be lined up with the front edge of the out<°

boimd band, f^iere aay be a few non<=^obstructing lights which are not

affected.

Hext suppose traffic is heavier in the inbound direction so that

k <lo To Bsaiatain syoBetry of procedure the reference light will be

switched froa U^ to Ly where y - y(z) is the indsK of a light which

constrains the rear edge of the inbound band. The phasing of all lights

relative to Ly is

fTy « Ufyi^o^o^Tfy^l where JT^^ « I if^ - U^l

Project the edges of red for each light diagonally along the in-

bound direction to the tiiae interval [0,1] at L . Let v^j (Tf) be the

position in [0,1) of the left side of the projection of L.'a red under

the phasing "ff o Let the zero of the tine scale be tha left side of Ly*s

rsdo Then

Vyj m « ([ry/2> ^* ^j "LPj/ai )* <iO)





The obstxnxction of L to the inboucd band ovar that of L alone is

Max ^0,v .(rr„j) + r . <= r J o The adjusteent to favor the inbound

flow will be chosen to be

oCj = C(k^i)/(k<-i)3 Max ^0,Vy^ <7^j) v r^ - r^J (11)

and the final phasing

C^j^^^r^i'-^j «^yj> °'j
(12)

o<j otheruiss

To 8U3Sffiariza the method; For each i and j calcxtlate x^j and the

Uj^j from (2)o Kcst detamsine b^ from (3) and b from (1), recording

the vectors V^. for each i tfhich makes b^ - b and also y(i) = the index

of a light constraining the other side of the outbound band from io For

these i calctilate (6) using d) and (5)o Let s be the i which maximizes

(5)o If k ^Ig coiaput0 «^j from (8) and the final phasing froa (9)<, If

k <-l, the reference light is switched to y = y(z) and (10), (11) and

(12) are uaedc

Do Discussion

A simple generalization can be made by letting the speed differ

between lights o Let V. ^ , ^ *^*® speed betwaec two adjacent lights <>

Then

X
a =(iJ %.i 'y''\.^*i^'

Ho mention has been made of the fact that on most main roads vahiclas

are spread ac£K>as a number of lanes o However, we can define an h, ^ such

that h F, is the time length of platoon going from L, to L and
l,n l»n 1 "
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similarly choose an h , a Substitution of these for h above adapts the

iBdthod to multilane roads

»

The method has been prograraned for a coaputer and, with the co-

operation of the City of Cleveland Traffic Engineering Departoant, has

been applied to a section of Euclid Avenue in Cleveland^, The settings have

been judged qualitatively to be working very satisfactorily » The road

section contained ten signals emd the computation tine to produce a

synchronisation was about three seconds on a Burroughs 220 » Three

representative synchronizations are shown in Figure 7o





>20a"





»20b-^





"-200"

n





REFERENCES

lo Go Fo Newell, "F1«3W of Traffic Through a Sequence of Synchronized
Traffic Signals," Oi>ns.^ RcSo^, 8, p„ 3S0 (1950),

2, Go F. Newell, "Synchronization of Traffic Lights for High Flow",
Brown University (1962), (Minj3ograph9d)o

So H„ Jo Barbier, "Setting Traffic Ughts", M, S„ Tliesis, Case
Institute of Technology (1S52),

^, Fo Vo Webster, "Traffic Signal Settings", Road Rasaarch Laboratory,
Technical Paper No, 39, 1958

o

5» Ho Ko Evans J Traffic Engineering Handbook, 2nd Ed„ j, Institute
of Traf^c°''^ngineering T'Tlew IJavenT'C 19f5T^^

6o Bo Ih Davidson, "Design of Signal Systaras by Graphical Solutions,"
TrafficJSngineering , 31, ppo 32-38 (NoVo, i960).



JAN 1 8 195b

Y 1819671

MAY 1iiir«









pftc^t^fev- .. -i

Date Due



3 '^'d fib DOB abfi IbO

3 TDfiD DD3 fibfi E3b

TOaO DD3 flbfl 17fl

3 TDfiD D03 fiT=l lib

3 TDflD DD3 flbfi ITM

iiiiiiiiiiiiiiiiiiiiiiiii'ilpiTrin!|i|iPN|iii||i|iiii

3 TDflD DD3 fibfi EID

I'? -6 3

20'^^

3 TDflD DD3 fibfl 145

3 TDflD DD3 ATT IMD




