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PROCEDURES

FOR CAPITAL BUDGETING

UNDER UNCERTAINTY-*-

2
By Stewart C. Myers

I. INTRODUCTION AND SUMMARY

The theory of capital budgeting under uncertainty is in a state of

unusual flux^ and none of the available techniques can be advertised as

general. However ^ it is not difficult to identify two distinct approaches

among the various proposals.

1. Vary the hurdle rate to adjust for project risk .-- The most

widely adopted rule is to accept a project if its net discounted present

value is positive. If project B yields a stream of expected returns B(t)^

and /0(B) is the cutoff rate^ or "cost of capital" appropriate to projects

with B's risk characteristics, then net present value (NPV) at time t =

is

oo _
O B(t)

(1) NPv =
^^^-^^:ppy^

+ B(o).

The initial cash flow B(0) will typically be an investment, and thus

negative.

This rule is usually justified by the objective of maximizing share-

holders' wealth, as indicated by the market price of the firm's stock at

the beginning of period t = 0. Accordingly, the cost of capital is de-

0v'>7853-





fined as the minimum expected rate of return on a project (with given risk

characteristics) such that share price is increased by the project's

adoption. The cost of capital is thus used as a hurdle rate^ with the

height of the barrier depending on the risk characteristics of the project

compared with those of alternative investments open to shareholders.

It is easy to point out deficiencies in this "NPV approach" -- for

instance^ most authors are conspicuously vague about how to measure the

hurdle rates appropriate to projects with different risk characteristics.

The important point for our purposes, however, is that the NPV approach

presumes projects to be risk - independent .
, That is, it presumes that

the value of project B does not depend on the risk characteristics of the

firm's existing assets, or of other investments the firm may undertake.

2. Treat capital budgeting as a problem of portfolio selection . --

The framework for portfolio selection originally presented by Markowitz

[10] [11] is now well-known and widely accepted, although difficulties in

assembling data and performing the required calculations have limited its

use in practice. The similarity between the tasks of portfolio selection

and capital budgeting has led Lintner, among others, to conclude that "the

problem of determing the best capital budget of any given size is for -

mally identical to the solution of a security portfolio analysis."

Several adaptations of portfolio selection techniques to capital budget-

ing problems have been presented.^ Although the process of adaptation is

not easy, the difficulties involved have been viewed as evidence that

capital budgeting is simply a harder problem--not that the use of port-





folio selection is misconceived.

The portfolio selection approach is fundamentally different from use

of a variable hurdle rate in that it presumes projects to be risk - interde -

pendent . In Markowitz's framework^ the value of a security to an investor

depends not only on the expectation and variance of its return^ but also

on the covariances of its return with returns on other securities. By

analogy, it is assumed that the value of a capital budgeting project de-

pends on the covariances of its return with the returns to other activities

which have been or may be undertaken by the firm.

I think it fair to say that the portfolio selection approach is gen-

erally considered superior by academic writers precisely because it deals

with this presumed risk-interdependence. However, it has never been es-

tablished that projects are risk-interdependent, assuming that the object-

ive is to maximize share price.

This is the central question to be investigated in this paper. I

propose that capital budgeting projects are risk-independent, and thus

that procedures using a variable hurdle rate are entirely appropriate from

a theoretical standpoint.

This paper is organized as follows. In Section II, I define risk-

independence more precisely and set out the time-state-preference model of

security valuation within which the argument is framed. In Section III,

risk-independence is shown to be a necessary condition for security market

equilibrium. Various special assumptions are required to reach this con-

clusion, but I do not regard them as unduly restrictive. A corollary





result is also established: that mergers undertaken solely for purposes

of diversification cannot benefit all the shareholders of the merged firms.

Section IV contains a comment on^ and a discussion of possible objections

to my proof, A summary of implications and topics for further research

concludes the paper.

II. BACKGROUND AND DEFINITIONS

Defining Risk Independence

Consider the capital budgeting problem of a firm faced with the in-

vestment opportunities B and C. Assume that B and C are not mutually ex-

clusive^ that capital is not rationed^ and that the firm is all-equity

financed. The firm's objective is to maximize the sum of (1) ex-dividend

share price at t = and (2) the dividend paid at t = 0. We assume that

the reductions in the current dividend required to finance projects A and/or

B are known with certainty, so that the capital budgeting decision hinges

on ex-dividend share price.

We will refer to the possible decisions as A^ AB^ AC and ABC^ where:

A implies acceptance of neither project;

AB " " " B only;

AC " " " C only^ and

ABC " " " both B and C.

The share prices contingent on the decisions are P^^ ^AB^ ^AC ^^'^ ^ABC*

The accept or reject decisions for projects B and C may be made inde-

pendently if

(2) P - P = P - P
^ ' AB A ABC AC *

That is^ independence requires that the increment in share price due to





acceptance of project B is not changed if C is also accepted,'

A necessary condition for Eq. (2) to hold is that the various alterna-

tives are physically independent. That is, whether project B is adopted

must not be one of the causal factors determining the actual cash flows

generated in any future contingency by project C or the firm's present

assets. The meaning of this condition may be better appreciated by think-

ing of the returns on the j^" and k securities, which are physically in-

dependent (from the investor's viewpoint) in just this sense. Although

the securities' returns may be statistically related, the actual future

prices and dividends of security j are not affected by whether the investor

buys security k.

From this point on we will assume that all projects are physically in-

Q
dependent." Given this proviso, Eq. (2) becomes a sufficient condition

for risk - independence. Note that there are no restrictions on the correla-

tions among returns on B, C and the firm's existing assets, or on any

other risk characteristics of the various options.

Security Valuation Under Uncertainty

As Eq. (2) indicates, risk- independence requires a particular relation-

ship of a security's market price to the risk characteristics of its re-

turns. Therefore, any proof or disproof must be based on a theory of

security valuation. In the remainder of this section, the relevant charac-

teristics of a time-state-preference model are presented. The model is

Q
discussed in detail in another paper.

Consider the stream of uncertain returns [A(l), A(2), . . . , A(t),

. . . ], where A(t) is the dividend per share paid by a hypothetical firm





in period t if alternative A is taken. There are two ways to describe un-

certainty about this stream. One is to estimate probability distributions

in order to compute measures such as the mean and variance of A(t) and

the covariances of A(t) with returns on other projects or securities.

The procedure used in this paper is to associate a particular dividend

with each of a set of states of nature which may occur at specified times.

Suppose that for t = 1 there are 100 possible states^ indexed by s. Then

the actual dividend in period t = 1 will be one element of the set

f A(l^l)^ . . .J A(l,s)j ... J
A(ljlOO)| . This set describes the par-

ticular bundle of contingent payments (for t = 1) which the investor ob-

tains when he purchases one share at t = 0.

It is not sufficient simply to say that "a state of nature is a par-

ticular sequence of events," since the concept "event" may be defined in

a literally infinite number of ways. For instance, each of the following

specifications of state (1,1) is reasonable in an appropriate context.

1. state (1,1) ^ GNP rises next year.

2. state (1,1) ^ GNP rises and CM raises its dividend,

3. state (1,1) ^ GNP rises, GM raises its dividend and
faculty salaries at State U. rise by
ten percent or more.

It is evident that cases 1, 2 and 3 reflect successively finer partitions

of the "complete" set of event-sequences. For our purposes, it is suffi-

cient that, for each period t, a state of nature can be associated with

each possible sequence of returns on (1) available securities and (2)

the projects B and C. We will assume that all investors have such a cata-

logue in mind.





Therefore^ given that the contingency (s^t) occurs, we know the se-

quences of returns paid by the j and k securities: R^jCs^l), R^(Sj2),

. . . , R.(Sjt) and R^(s,l), R^(s,2), . . . ,
\(Sjt). State s + 1 might

be associated with the same sequences of returns on all securities except

k, for which Rj^(s+l,r ) = Rk(s,r ) + $1.00 for T = 1, 2, . . . , t. The

catalogue of states exhausts all such permutations. Also, since we will

consider only the time span from t = 1 to a distant horizon period at

t = T, the set of possible statertime combinations is finite and exhaust-

ive with respect to possible sequences of security returns.

Given a security's contingent payments and the attitudes and strate-

gies of investors, the risk of a security is inherent in the pattern of

its returns across the possible future states of nature. The risk charac-

teristics of a security, therefore, are those characteristics of this

pattern which affect the value of a security to investors.

Assvime perfect capital markets, that taxes can be ignored, that short

selling is prohibited, and that the value of a security can be expressed

solely as a function of the size and risk characteristics of its stream

of cash returns. Let securities be indexed by k and investors by i. Then

1 2the equilibrium of security markets requires that:

(3) Pk ^ S qi(s,t)R^.(s,t),
s,t

for all i and all k, where

q,(s,t) = /^i(s,t)Ui^(s,t)

uj(0) •

The variables used in Eq. (3) are defined as follows:





Pj^ = the equilibrium price of security k;

R]^(Sjt) = the cash return paid by the k^h security in (s^t);

7T^(s,t) = the i investor's assessment of the probability
that state (s^t) will occur;

omeU^(s,t) = the marginal utility to the i investor of inc
received in (s^t)^ and

Uj(0) = the marginal utility of current consximjition to the

i*-" investor.

The notation O denotes summation over all states and all time periods
s,t

from t = 1 to t = T.

A necessary condition for equilibrium is that each investor maximizes

the expected utility of his portfolio^ given the equilibrium security prices.

Equation (3) states this condition formally: an investor's portfolio

cannot be optimal unless the price of each security is at least equal to

the marginal expected utility associated with a small increment in his

holdings of that security, where the marginal utility of income in future

contingencies is measured in terms of the marginal utility of current con-

sumption. The term q^(Sjt) indicates the present value to the i^ investor

of an incremental dollar of income which will be received at time t if and

only if state (s^t) occurs. Similarly^ the right hand side of Eq. (3) is

a measure of the present value to the i^ investor of one share of security

k.

The value of any security depends on both the scale and the risk

characteristics of its stream of returns. We will adjust for scale by di-

viding both sides of Eq, (3) by Sj^ = ^ Rj^(Sjt), To simplify notation,

^^^
( 7the row vectors Q-^ and Xj^ will be defined as the sets )qj^(s,t) y and

Rk(s,t)/Si^ ( , respectively, written out in vector form. Each vector con-





tains one element for each state (s^t). Equation (3) may now be rewritten:

k

The vector Xj^ describes the pattern across states of security k's returns;

thus it indicates the security's risk characteristics.

Using this notation, the requirement for risk-independence is:

(5) Aab ^ab - a ^a - /"abc ^abc - Ac ^AC

Equations (3) and (4) are the most general, and thus the least precise,

of the valuation formulas we will consider. Different assumptions yield

more powerful formulas, of which the following will be useful here:

1. If the k security is included in the i*- investor's optimal port-

folio, then Eqs. (3) and (4) are equalities,

2. If short sales are feasible with no margin requirements or other

restrictions.

(6) ^^ = q^x{
,

for all k and all i.

3. Let N and M denote the number of securities and states, respec

tively. Assume N ^ M, and that M of the vectors Xj^ are linearly inde-

pendent. If short sales are not restricted, then the prices fq£(s,t)

will be identical for all investors, allowing substitution of a single

vector Q in Eq. (6):

(7) /^, = QX^' .
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In this special case, there is a definite equilibrium price for each possi-

ble contingent return.

III. A PROOF OF RISK- INDEPENDENCE

Analysis from a Single Investor's Point of View

We begin by supposing that the i investor is considering buying

stock in the firm considering the projects B and C, If neither project is

accepted^ he can obtain a bundle of contingent returns J A(Sjt) i for each

share bought--that is^ a bundle of returns with scale S^ and risk charac-

teristics described by the vector X^. We know that Eq. (4) holds:

/ A ^ ^1 A •
^

Since there are no physical interdependencies^ the bundles of con-

tingent returns associated with the decisions AB^ AC and ABC are. respec-

tively_, [A(Sjt) + B(s,t)l , f A(Sjt) + C(s,t) ? and /A(s,t) + B(s_,t) +

C(Sjt) > , where B(s^t) and C(s^t) are the incremental contingent cash flows

of the projects B and C. For decision AB^ it follows that:

^AB ^AB " ^A % "•" ^B %

(8) X^B =
3^^

X^ + S^ ^B .

where S^ ^ ^A "^
^B ^

s t
t^(s^t) + B(s^t)]. Thus the vector X^ which

describes the risk characteristics of the contingent returns \ A(Sjt) +

B(s^t) ^ is a simple weighted average of the vectors X^ and Xg. The

vectors X^q and X^q are computed by the same procedure.
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Now consider the increment to share value^ from the i investor's

point of view^ if project B is adopted. If project C is not adopted^ let

^ V
A be the change in value:

21V

AV
A

^ ^1 AB AB ^1 A A ^i"-^ A A B b' A A""

= QiSB^B .

If project C is also adopted^

" ^i^ABC^ABC " ^i^AC^CAC

AC

= QitCSA^X + SbXb + ScXc') - (S^Xa + ScXc')],

= QiSBXB=^^|,
.

Therefore the change in share value associated with project B does not

depend on whether project C is also accepted. We might say that projects

B and C are risk- independent from the point of view of any individual --

although this does not prove Eq. (2) or Eq, (5).

Essentially the same point can be made in another way. Suppose the

i*- investor holds the same proportion of the outstanding shares of two

firms. Either firm can undertake project B^ and the incremental contingent

cash flows associated with B do not depend on which firm makes the invest-

ment. In this case^ B's value to the investor does not depend on which

firm accepts the project^ regardless of any differences in the initial risk

characteristics of the two firm's shares.
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The Structure of Equilibrium Prices; A Special Case

These results suggest why risk independence is plausible, but they

do not suffice as proof. Eq. (9) is a statement about what an individual

would pay for marginal amounts of different bundles of contingent returns.

But Eqs. (3) and (4) indicate that equilibrium does not, in general, con-

strain investors to agreement on the value of bundles of contingent re-

turns. Therefore, we cannot infer the structure of equilibrivim stock

prices from analysis of the values of securities to any single investor.

As might be expected, risk-independence is easy to establish if

investors agree on the values of contingent returns— that is, in the special

case for which Q. = Q, for all i, so that Eq. (7) can be used. Assuming

this, and using Eq. (8),

/^abSab - /^aSa = QEsabXab - SaXa] = QSbXb .

/^ABC^ABC " /^AC^ABC = ^C^ABC^ABC " ^AC^AC^ = QSgXg
.

Therefore,

/^AB^AB " /^A^A " /^ABC^ABC " /^AC^AC >

which is Eq. (5), a sufficient condition for risk-independence.

This result could be questioned by criticizing the assumptions under-

lying it. It is not true, for instance, that there are as many securities

as states of nature, or that there are no restrictions on short sales, as

use of Eq. (7) implies. Nevertheless, if risk- independence is a necessary

condition for equilibrium in this special case, then we would at least

expect to find a tendency toward the same result in less perfect markets.

Whether this tendency is blocked by market imperfections remains to be seen.
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The Structure of Equilibrium Prices; General Case

From this point on the argument will be based on the more general

condition for equilibrium:

/^k ^ Qi\' '
(4)

for all i and all k. The use of Eq. (4) is appropriate if short sales are

not permitted, and if the number of securities is less than the number of

states. These conditions account for the possible inequality and for the

fact that the vectors Qj^ will vary among investors.

One more assumption is necessary: that there exist classes of

"equivalent" securities, and that all investors agree on which securities

belong to which classes. The classes are defined by the requirement that,

given the vectors Q^,

(10) Q^X.' = Q.Xj^'

for the "equivalent" securities j and k, and for all investors. That

is, if S. = Sj^, each investor is indifferent among holding one share of

security j and one of k. If S- ?^ Sj^, an investor would be willing to pay

Sj^/S. times as much for k as for j. Note that this does not imply that all

investors agree on the values of all securities, nor that an investor

would be willing to purchase (marginal amounts of) each security. at its

equilibrium price.

This assumption has two important consequences, both of which are

necessary to the proof of risk- independence. First, it obviously insures

that lAi =
yMi^ if securities j and k are equivalent. Second, it constrains

the relative equilibrium prices of securities in different classes.
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14

Specifically, consider the security A with a pattern of contingent re-

turns described by X « . Security A is equivalent to a portfolio of

other securities. That is^

(11) QiX: =Q.Xp'=Q.[^ w.(k)X^'],

for all i, where w.(k) are the weights required to obtain the portfolio

P which is equivalent to ft . If Sp is the scale of this portfolio's con-

tingent returns, and Sj^p is the part of Sp due to security k, then

w ^ (k) = Sj^p/Sp. We assume w.(k) > for all k.

If Eq, (11) holdSj then a necessary condition for equilibrium is

that

(12) /-p - C^ „^(X)/., .

The proof is fairly simple. First, it is clear that //*„ cannot be

Cj 17
greater than y.^ w . {k) u].. Otherwise, no one would hold A .

Suppose, on the other hand, that Mh^ ki^ft ^ & (^)/^ k* '"'' '"^

shown in the appendix that in this case it will pay investors to sell

other securities in order to purchase security/^.. Such trading is incon-

sistent with equilibrium; consequently, Eq. (12) must hold at equilibrium.

Now we can turn again to the decisions facing the hypothetical firm.

Given the number of states which would have to be included in the set

|(s,t)[ , it is extremely unlikely that the possible patterns of contin-

gent returns X., X. X. and X . _ would be identical to the patterns of

other securities or portfolios. However, it would not be surprising to

find that these patterns are equivalent to patterns which investors can
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obtain.

The obvious thing is to distinguish among (1) cases in which investors

can obtain patterns equivalent to X^^ Xg^ and X^^ by investing in other

securities, and (2) cases in which they cannot. If case (2) obtains,

the projects may not be risk- independent. But they are in case (1).

If investors can obtain patterns of contingent returns equivalent

to X^j Xg and Xq^ then

QiXj =
Qi 2 Wj(k)Xi^' ,

(13) ^^i

J = A, B, C.

Now consider the patterns of contingent returns X X^ and X de-

fined so that X" = ^ w.(k)X^ and s'l" = S
. , j = A, B, C. The reason for

introducing the new variables is that if risk-independence holds for

dummy projects with these characteristics, then it holds for the actual

projects as well. To see this, note that X Xl and X are equivalent to

WU ^ A ^ Oil
X^, Xp and X^, respectively. Further, since X. = —- X + —- Xg , we know

AB A.B

that X^ and X^ are equivalent. A similar argument shows that X^^ and

if

^ABC ^^^ equivalent to X^^ and X^j-., respectively. That the patterns are

equivalent insures that /^
" =? w., /U d =

A'r-'
^^^ ^° °'^' Thus if Eq. (5)

holds for the dummy projects, it holds for the actual projects also.

From Eq. (12), we know that

/"j = 2"j(k)/k =/^j

(14)

j = A, B, C.
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Note that we can express X^ as

(15)

Let

x:„ = Ja X? +^ x^ = £,*

AB - E^ A 'AB
-^ W,(k) + -^ w (k)
Sab a Sab ^ \

WAB (k) = -^ WA(k)
+_B wgCk).

'AB 'AB

It follows from Eq. (12) that

fL = t/^AB = ^ "AB^^)/k-

The values of /M ^„ and M at^,- ^^^^ computed in the same way.

Therefore^

/^AB^AB - /^Pk = Sab <^ w^(k)^^k - ^A ^ "A(k)/^k

= Sg <2wB(^)/'k-

/^ABC^ABC " /^AC^AC " ^ABC 6 ^ABC^^^/^k " ^AC O ^AC(^) /^k

= s.

(16)
V* Vc *V "k

/^ AB^AB" /^A^A " /^ABC^ABC ~ y^ AC^AC

Substituting yW^ for ^t^i^^ yM^ for /^aBj etc.^ we have Eq. (5). This proves

that projects B and C are risk-independeot.

In siammary^ we have shown that if the feasible capital budgeting de-

cisions all yield dividend streams with risk characteristics equivalent to

those of returns obtainable via investment in securities^ then the projects
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under consideration are risk-independent.

A Corollary on Mergers

The discussion of risk-independence leads directly to a proposition

about the value to investors of mergers undertaken for purposes of diversi-

fication. We will show that there is no net benefit due to diversification

to the shareholders of the merged firms. Essentially the same point has

been made by Professors Gort and Alberts at a symposium on "The Corporate

Merger." To the best of my knowledge^ however^ what follows is the first

rigorous proof of the proposition.

Consider two firms J and K^ with bundles of aggregate contingent

dividends [j(Sjt) I and lK(s,t) I. We will continue to assume all-

equity financing.

If diversification is the only motive for the merger^ then Xjj^^ the

vector describing the risk characteristics of the combined firms_, is

(17) XjK = ^ Xj +^ Xj.,
JJ^ SjK J SjK ^'

where Sj = ^ J(s,t) and Sj^ = ^ K(s^t)
s^ t s J t

It is true that the actual risk characteristics of combined firms

would rarely^ if ever^ be exactly as described by Xjj^ in Eq. (17). But

the differences may not be material. In any case^ they are not caused by

20
diversification per se . Net costs or benefits which occur because of

such differences are attributable to physical interdependence between the

21
operations of the merged firms^ or possibly to other causes.

By "no net benefit due to diversification" is meant that^ if Eq. (17)
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holds^ then the total market value of the two firms is not increased by

the merger. That is^

(18) Vj^ ^ Vj + V^,

where V ^^ is the total market value of the merged firms' stocky and V,

and V]^ are the total market values of the stock of firms J and K^ respec-

tively, before announcement of the merger.

Equation (18) can be established by the following argument. First^

we note from Eq. (17) that Xjj^ is in the cone spanned by Xj and Xj^^ and

thus that before the merger investors can obtain portfolios, or segments

of portfolios, with risk characteristics Xp = Xjj^ regardless of whether

the merger takes place. Thus the cost of obtaining such a portfolio is

(19) ^, = -!i^,.Js^,.

If we assume the patterns Xj and Xjr are each equivalent to patterns

obtainable by investing in other securities, then Eq. (12) implies that

/^JK ^ ^JK^^JK ^^ equal to iyi-p. In this case Eq. (18) holds with an equal-

ity. However, an even more general argument can be made.

Assume that the patterns Xj and Xj^ are not equivalent to patterns ob-

tainable by other means, and the prices of all other securities are

22
fixed. Suppose the merger is imposed on an existing equilibrium of se-

curity markets, and that A^jj^ ^ M?} where yWp is calculated from Eq. (19),

The total market value of the firm can exceed Vj + V-^ only if there is an

excess demand for securities of the merged firms at this price. Since

the merger is the only change imposed on the pre-merger equilibrium, any

excess demand can come only from investors already holding the stock of J,





19

Kj or both. (That is^ any demand for bundles of returns with risk

characteristics Xjk at the "price" /^JK is expressed by purchases of se-

curities J and K prior to the merger.)

It is clear that the expected utility associated with these investors'

portfolios cannot be increased by the merger. Otherwise they would have

had an incentive to change their stockholdings in J and/or K beforehand^

which contradicts the assumption of equilibrium. At the margin, therefore,

the value to these investors of the stock of the merged firms must be

less than or equal to the "price" lA ,„. That is,

J K

which is simply a restatement of the necessary conditions for the i^

investor's equilibrium, as expressed by Eq. (3). If Eq. (20) holds with

an equality for an investor, then his portfolio will be optimal both be-

fore and after the merger. Such an investor can contribute nothing to any

excess demand. On the other hand, /^jj^ may be greater than the right hand

side of Eq. (20) for other investors, who can increase the expected utility

of their portfolios by selling (at least) marginal amounts of the stock

of the merged firm. At the assumed price, they will contribute to the

excess supply of this stock. Since there cannot be any excess demand for

the stock of the merged firm if Vjj^ = Vj + Vj^, but there may be excess

supply, the equilibrium price of the merged firm is at most equal to Vj + Vj^.

IV. COMMENTS AND QUALIFICATIONS

This section is allocated to a general comment on the argument used

to establish risk-independence, and to considering possible objections to

this argument.
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Comment: Risk-Independence and Modisliani and Miller's Proposition I .

Although it may not be evident immediately^ the proof of risk- independ-

ence is logically similar to Modigliani and Miller's proof [13] of their

well known Proposition I (that the market value of any firm is independent

of financial leverage when corporate income is not taxed). The essence

of this conclusion can be put this way:

Proposition I:

In an efficient market^ the value of a pie is independent

of how it is sliced.

The "pie" is the set of contingent cash flows which may be produced by

the firm's assets; how it is sliced depends on the firm's choice among

debt and equity financing.

The implications of risk-independence are analogous:

Risk-Independence

:

In an efficient market, a combination of pies will sell for no

more or less than the sum of the pies' separate prices.

In this context, the pies are the investment projects open to the firm.

If physical interdependence among projects is ruled out, the firm is no

more or less than a collection of projects.

It should be clear that risk-independence and the irrelevance of

financial leverage are two sides of the same coin. Each is presented as

a necessary condition for equilibrium; consequently, the proof of each

relies on the possibility of "arbitrage" among "equivalent" (combinations

of) securities when the conditions for equilibrium are violated. In each

case, the possibility of arbitrage confirms a more general point: that a

corporation's financial decisions can benefit its shareholders only by

providing the ability to construct portfolios with characteristics which

would otherwise be impossible or more costly to obtain.
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Possible Qualifications

Several objections could be raised to the proof presented in Section

III of this paper. For example^ one could ask whether a partial equili-

brium framework is really appropriate. In particular^ is it reasonable to

say that investors' evaluations of contingent returns^ as measured by the

vectors Q^^, are independent of the firm's capital budgeting decision?

Admittedly^ it might not be reasonable if a firm's decisions forced

its shareholders to accept large changes in the bundles of contingent

returns yielded by their portfolios. Unfortunately, it is not possible to

give a specific answer to the question, "How large is too large?" But

note that the impact of an investment program that looks large to the cor-

porate treasurer is diluted by several factors. First, to the extent

that the investment program is anticipated by investors, its impact on

their assessments of the scale or risk characteristics of the firm's con-

tingent dividends will be slight. Systematic replacement of obsolescent

plant and equipment usually prompts little comment among investors, even

2fi
if the amounts invested are substantial.

A second factor diluting the impact of a firm's capital budgeting

decision is the fact that most investors hold diversified portfolios, so

that a given change in the bundle of contingent dividends a firm may pay

will have a much smaller proportional effect on contingent portfolio re-

turns. Moreover, even a non-diversified shareholder has the option of

diversifying if the firm's capital budgeting decision puts him in an uncom-

fortable position. Even if he sells all of his shares, he is as well or

better off as long as share price does not decline. But since share price

is, in curn, related to all investors' demands, the fact that some port-
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folios are relatively undiversif ied does not make a partial equilibrium

framework inappropriate.

In short J a partial equilibrium framework may not be appropriate if

(1) projects are large compared to the value of the firm's existing assets,

(2) the scale and/or risk characteristics of the projects' incremental

cash flows are unanticipated, (3) the firm's shareholders do not hold di-

versified portfolios, and (4) the shareholders are "locked in" to their

27
holdings. These conditions are plausible, perhaps, for proprietorships

or small, closely-held corporations, but much less so for most publicly-

28owned firms.

Essentially the same point can be made by noting that the vector Qj_

reflects the investor's choice of a portfolio among thousands of available

securities; it thus reflects the whole range of market opportunities. An

investment program which appears very large in absolute terms may still be

considered marginal in this market context.

A second possible objection is this: what if projects do not yield

patterns of contingent returns which are equivalent to those obtainable by

purchasing securities? This too is possible. But it is not clear that

such projects will be risk- interdependent in any systematic way. This

situation makes it difficult to prove that risk-independence holds pre-

cisely. It does not establish that the converse hypothesis holds in any

meaningful sense.

Actually, assuming that projects have risk characteristics equivalent

to (portfolios of) securities does not appear to be implausible for most

practical purposes. In order to find a project violating this assumption,

it would not be sufficient to find one with, say, a higher variance than
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the projects a firm usually considers. Nor would it necessarily suffice

to create a new product line or even a new industry. It would not be sur-

prising to find that investors are indifferent among these projects' risk

characteristics and those of some existing securities.

Many other assumptions are required to prove that risk-independence

holds precisely^ few of which are "realistic" (the reader of any scholarly

journal would be unrealistic if he expected them to be). Again^ it is not

apparent that the violation of any of these assumptions would lead to

systematic risk-interdependence,

V. CONCLUSIONS

In this paper I have argued that risk-independence is a necessary

consequence of the equilibrium of security markets under uncertainty.

It is certainly possible that empirical tests will refute this prediction,

despite the strong theoretical case that can be made for it. But the possi-

ble implications for financial management should be clear.

1. From the point of view of the firm which attempts to maximize its

stock's market value, risk-independence implies that the risk characteris-

tics of each investment project can be evaluated independently of the firm's

other activities. Barring physical interdependencies--which admittedly

pose important theoretical and practical problems--the optimal investment

decision of the firm does not require complex decision procedures of the

sort used in portfolio analysis. Specifying what this decision does re-

quire is a topic that must be reserved for subsequent papers.

2, Diversification per se is not an appropriate objective for firms

which attempt to maximize their shareholders' wealth. This is true re-
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gardless of whether diversification is achieved by merger or by internal

expansion.

It should be emphasized, however, that risk-independence is perfectly

consistent with the proposition that the value of a project depends on,

say, the covariances of its returns with returns on other investment oppor-

tunities. What is implied is that the relevant "investment opportunities"

are those facing the investor-- i . e ,
, the securities the investor can pur-

chase. Risk-independence breaks down only if the risk characteristics of

the firm'

s

investment opportunities are not equivalent to those provided

by securities .

Regardless of the plausibility of risk- independence on a theoreti-

cal level, a substantial empirical task remains. There is not only the

specific question of whether projects can be considered risk-independent,

but also the more general problem of determining the actual relationship

between a security's risk characteristics and its market value. It is

only prudent to anticipate a long wait before these questions are answered

conclusively. In the meantime, I hope this paper prompts rethinking of

the theory of capital budgeting under uncertainty.
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APPENDIX

The problem is to show that the condition /^« ^ w* "
ft ('^^yMk

cannot hold at equilibrivun. Consider investor i who holds the portfolio

Z with

(21) H - ,Si sf %.

For each security oncluded in Z^ M, = Q.X, . For the portfolio as a whole^

therefore, we define

^ k=l ^Z k=l ^Z ' ^

Multiplying both sides by S^j

N
(23) /^ ZSZ = ^ QiSkZ^k .

'
k=l

That is, /^Z^Zj '-'^^ total market value of the portfolio, equals its present

value to this investor at the "price" U 2.

Now the investor purchases, say, one hundred shares of A , obtaining

a set of contingent returns with scale S g,. He sells S4W«(k) shares of

each security in portfolio Z. The result is a new portfolio Z*. Note

that, since ,(!
2, < j^^ w (k)/^ k^ he has cash left over,

P P
Barring short sales, these transactions are feasible only if the ori-

ginal portfolio Z contains some shares of all securities for which w /a(k)

^ 0--i.e., only if we can use securities from Z to construct a portfolio

29
with a pattern of contingent returns X^. We will make this assumption.

The present value to this investor of the new portfolio Z* is
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(24) Q.S^X^.. = Q.S^X^' + Q. S^ [X^ - Z w
^

(k)X^']

From Eq. (11),

Qi[x: - 2 w^(k)Xu'] = 0,

so that

(25) QiSzXz* = QiSzXz' .

This establishes that portfolios Z and Z* are equally valuable to

this investor. But since he can exchange Z* for Z and have cash left over,

it will obviously pay him to do so. Thus equilibrium cannot exist if

JU < k^Q Wa(k)yMi^. This completes the proof of Eq. (12).





FOOTNOTES

This paper is a further development of part of my doctoral disser-
tation^ which was submitted to the Graduate School of Business,
Stanford University, in 1967. I am indebted for good advice and

apt suggestions to my dissertation committee, Professors Alexander
Robichek, Gert von der Linde and Ezra Solomon. Also, Professor
Kenneth Arrow was kind enough to read and comment on the entire
dissertation. I wish also to thank Jack Hirshleifer, Avraham Beja

and Peter Diamond for helpful comments.

This research was largely supported by a Ford' Foundation
Doctoral Fellowship. Neither the Ford Foundation nor the persons
cited above are responsible for my opinions or mistakes.

2. Assistant Professor of Finance, Slodn School of Management,
Massachusetts Institute of Technology.

3. Lintner [7], p. 65. The italics are mine. See also his articles

[8] [9] and Weingartner [2-1], pp. 499-504, esp. p. 503.

4. For example. Van Horne [20], Lintner [8] [9], Quirin [16] and

Weingartner [21].

5. Michaelson has recognized the possibility of risk independence.
See [12], p. 249.

Robichek and Myers [17] point out that use of a single discount
rate is not always appropriate. A more general procedure is to

discount the certainty equivalents of the expected returns at a

riskless interest rate. The main point of this paper follows re-

gardless of how NPV is calculated, however, so I have used the

more familiar procedure exclusively.

7. Equation (2) also implies that P^q - P^ = ^aBC " ^AB'

Note that this rules out mutually exclusive projects, and assumes
that capital is not rationed. There is no doubt that these and
other types of physical interdependencies are often important in

practice. For a survey of work on these problems, see Weingartner

[21].
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9. Myers [15]. This and my dissertation [14] are extensions of a

model proposed by Arrow [2] and developed by Hirshleifer [5] [6]

and Debreu [3].

10. The horizon t = T is introduced for analytical convenience. Any

errors due to not considering events subsequent to the horizon may

be considered negligible if the horizon is far enough distant in

time.

11. This way of defining "risk characteristic" is developed further in

Robichek and Myers [19].

12. The proof is given in Myers [15]. i

13. See Myers [14] for proofs and discussion of these special cases,

14. The following proofs require only that Eq. (10) holds at the margin.

It is not assumed that securities in an equivalent class are perfect

substitutes in all situations. This is in contrast to the "equiva-

lent return" classes postulated by Modigliani and Miller [13],

Further, Eq. (10) does not imply that returns on securities j and k

are perfectly correlated, nor does it require a classification of

securities by industry groupings.

However, adopting the weaker concept of equivalence defined by

Eq, (10) does not change Modigliani and Miller's conclusions regard-

ing optimal capital structure for corporations. See Robichek and

Myers [18].

15. The assumption that investors agree on which securities belong to

which classes is a necessary consequence of equilibrium if there

are no margin requirements for short selling. In this case, agree-

ment on classes of equivalent securities follows directly from Eq.

(6). I wish to thank Peter Diamond for pointing this out.

16. Thus short sales and borrowing are ruled out. This is not restrictive

--the following proof is not changed significantly if negative weights

are allowed.

17. It seems reasonable to ignore transaction costs at the present level

of abstraction.
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18. That iSj securities other than the shares of our hypothetical firm.

19. Gort [4] and Alberts [1].

20. It should be clear that the term "diversification" is defined more re-

strictively here than in common usage.

21. Diversification and the associated smoothing of the firm's cash flows

might allow economies in f inancing--e.g. ^ the reduction of transac-

tion costs if fewer financing operations are required.

22. If other prices vary, then we face a problem of dynamics for which

the present model is unsuited. But I have not been able to conceive

of any dynamic mechanism which systematically contravenes the re-

sults presented here. Certainly arguments in a static framework are

used to justify applying portfolio analysis techniques to capital

budgeting problems, or to justify diversification as a merger motive.

23. Avraham Beja has pointed out that a merger undertaken to diversify

may reduce the welfare of investors, as judged by the criterion of

Pareto optimality. This follows because no investors can be made

better off, but some are likely to be worse off.

24. It is true that there are transaction costs associated with any port-

folio shift. But the firm often faces similar costs in changing its

portfolio of assets. The relevant question, therefore, is whether

it is more costly for an investor to assemble a particular portfolio

than it is for the firm to do it for him. This is not clear a priori .

Would the per-share costs incurred by a firm in merging with another

be less than those incurred by a stockholder who simply purchased

shares of the acquired firm through his broker?

25. That is, to the extent it is consistent with the strategy that in-

vestors expect the firm to follow.

26. The decision not to replace would probably have a much greater impact

--note fn. 25 above.

27. For example, shareholders may become "locked in" if they would incur

a capital gain tax by selling out.
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28. It is ironic that such firms are the most likely customers for port-

folio analysis techniques for use in capital budgeting.

29, It is not as restrictive as it looks^ since there may be other port-
folios which also satisfy Eq, (21), For example^ suppose that
wg(k) > 0. but that security j is in the same class as k. Then

j "could be substituted for k to form a new portfolio which would also
be equivalent to fe . Many combinations of securities j and kare equally
acceptable. Since still other substitutions may be possible^ Eq. (21)
may hold for many different bundles of securities. The proof of
Eq, (12) requires only that one of these bundles is a subset of a

portfolio Z held by some investor.
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