
ELECTROMAGNETIC FIELDS AT BOUNDARIES

Differential Form of Maxwell‘s Equations: 

∇ ×  E = −∂ ∂B t, ∇ ×  H J D t D , B = + ∂ ∂ ∇ • = ρ ∇ •  = 0 
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FIELDS PERPENDICULAR TO BOUNDARIES


ˆUsing Gauss‘s Law (∫sD•nda = ∫vρdv) : 
• ˆ∫sD nda = (D1n − D2n ) A (lim δ → 0) 

=∫v ρdv = σsA 
ˆ n

surface charge density σs surface S 

A 

1 D

2 D

Therefore: 

D1n − D2n = σs  yields: 

ˆ∫sB • nda = (B1n − B2n )A = 0  yields: 

( 1 s ˆ n D D• = σ

( 1 ˆ n B B 0 • = 

) 2 − 
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BOUNDARY CONDITIONS FOR PARALLEL FIELDS


Using Faraday‘s Law: îcE •ds = - d ˆ dt ∫AB•nda : 
•îCE ds = (E1// − E2 // )L (lim δ → 0) 

= −  d • 
E1// 

dt ∫AB da → 0 
n̂ 

1 
Therefore E1// = E2// and 

E 

E -E2// 

A 
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a ˆ da,n ds 
( 1 ˆ n E E 0 × = ) 2 − 2 

dUsing Ampere‘s Law: îcH•ds = ∫AJ•da + dt ∫AD•da

•îcH ds = (H1// − H2 // )L (lim δ → 0) 

•= ∫A J da + d ∫AD • da → (Js • n̂a )Ldt 

Therefore: ( 1 s n̂ H  H J× = )2 − 
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FIELDS INSIDE PERFECT CONDUCTORS

Electric Fields Inside Perfect Conductors: 

If σ → ∞ and E ≠ 0 : Then J = σE → ∞ 
But if J → ∞  : Then  H → ∞ since ∇ × H J D = + ∂ ∂t 

But if H → ∞  : Then Wm = µH2 2 → ∞  and wm → ∞


But wm cannot → ∞: Therefore E 0  inside 
0 ρ =  

= 

inside 
perfect conductors


Since  E = 0 inside: Therefore since ∇ • εE = ρ


Magnetic Fields Inside Perfect Conductors: 
Since E = 0  and ∇ × E B = −∂ ∂t ,  therefore ∂B ∂t = 0 
And therefore: B 0  inside= perfect conductors if σ = 0 first 

Superconductors: B 0  inside≅ 
Superconductivity fails above a I2 

I B 
critical Bcrit = f(Temperature) outside1 

I1 

B Thus currents in superconducting wires are limited 
(use ribbons) Cryotrons (Prof. Dudley Buck ~’58) 

I1 turns off I2 (switches and logic) 
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BOUNDARY CONDITIONS, PERFECT CONDUCTORS 
General Boundary Conditions: 
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∞D2 = B2 = E2 = 0 inside σ = :  

⇒ B is parallel to perfect conductors 
⇒ E is perpendicular to perfect conductors 
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REFLECTIONS FROM PERFECT CONDUCTORS 
Solution Method for Boundary Value Problems: 

1)	 Write fields in terms of unknown coefficients (no boundaries); 
typically a sum of terms 

2) Write equations for fields that satisfy boundary conditions 
3) Solve for unknowns and check answer with Maxwell Equations 

x 

1) Incident: Ei = ŷEoe− jkz 
z 

Reflected: Er = ŷEre
+ jkz 

Example–Plane Wave Perpendicular to σσσσ = ∞∞∞∞: 
( o E z,t

c 
σ=∞ 

0 

) 

Transmitted: Et = ŷEte
− jkz = 0  here 

2) Match B.B.: E (0) = 0 :// 
Ei(z 0) + Er (z = 0) = Et (z 0) = 0= = 

3) Solve: y E e− jk0 + Ere
+ jk0  = 0 ⇒ Er = −Eo ˆ  o 

“Standing wave” 
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PURE STANDING WAVES

Waves Reflected by Perfect Conductor: 

Incident: Ei = ŷEoe− jkz Reflected: Er = −ŷEoe+ jkz 

Hi = −x̂ (Eo ηo )e− jkz Hr = x̂ (Eo ηo )e− jkz 

= ˆTotal: E yEo (e− jkz − e+ jkz ) = −2jŷEo sinkz 

= ˆH x  (E o o  η )(e− jkz + e+ jkz ) = 2x̂ (E ηo o  )coskz 

ωTime Domain: E(t,z) = Re {Eej t  } = 2ŷEo(sinkz)sin ωt 
ωH(t,z) = Re {Hej t  } = 2x̂ (Eo ηo )(coskz)cos ωt 

E 
0 x 

y 

z 

ˆ •Surface Charge: σ =  n Dn = 0 Cm−2 s 

n̂Surface Current: Js = ×  H1 = 2ŷ (E ηo o  )cos ωt Am−1
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POWER AND ENERGY IN STANDING WAVES


Waves Reflected by a Perfect Conductor: 
(

= −

= 
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o o  

ˆE jyE
ˆ H 2x E η 

2 sinkz 

ωSince: E(t,z) = Re {Eej t  } = 2ŷEo(sinkz)sin ωt )coskz 

ωH(t,z) = Re {Hej t  } = 2x̂ (Eo ηo )(coskz)cos ωt 

Then: S(t,z) ( 2 
o o  ˆ E H z E= ×  = η )(sin2kz)sin2ωt 

ES(z) = ×  H ∗ = −2jẑ (Eo oη2 )sin2kz 

And: We(t,z) = ε  
2E(t,z) 2 = 2εEo

2 (sin2 kz)sin2 ωt Jm−3  

z 

Wm(t,z) = µ  ( (2 2 2 
o H(t,z) 2 2 E cos= µ η

y 

0 

We 

E 

)o kz)cos2 ωt Jm−3  
x Wm 

H 
0 z 
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