PLANE WAVES AT BOUNDARIES

Wave equation: (D2+ oozus)E =0 in source-free region
Nl

k2
where 02 =2/0x2 +92/oy? +02/922, k = ZTH = 9= ke
z-Directional Wave:
Say:
Y wave mmmp
4— )\—> —Z
“Phase fronts”
3-D Wave: _ _ _
21 E - Eoe—kax—Jkyy—szz

/ y
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WAVES PROPAGATING IN THREE DIMENSIONS

y -
kyI-\: """" S T e i ker = constant on

: / phase front:
/ ky =kgCOSOy
e X (where kg 2 kl)

Ay = 217Ky

Dispersion Relation:

Substitute Eoe_jk'r Into wave equation (D2+ kOZ)E:O where

2=
x> 6y2 922

Wave Vector k:
E-o=&09 .00 .50
DE_O_§0x+yOy+Zaz

- j(kxEx +kyEy "'szz)
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CONSIDER UPW AT PLANAR BOUNDARY

Case |: TE Wave

E; $X ko = wue “Transverse Electric”
' = E OPlane of incidence

Trial Solutions:
Incident: E = 9Eoe+1kxx_1kzz - §/E0e+1k0 cos 6 x—jkg Sin6; z
Reflected: E, = y[Eoe‘Jko cos 6, x—jkq sin6; z

Transmitted: E; = 9T E )kt €080t x~Jkisin®; z
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IMPOSE BOUNDARY CONDITIONS @ x =0

E, is continuous
At x = 0: K,
Eoe—jkO sin 6;z +[Eoe_jk° Sin 6,z :IEOe—jkt sin 6;z for all z

Therefore kg sinG; =kg sinB; =k sin6;

%/_/ ~ ~
kiz — krz — ktz — kZ
and
"Snell's Law"
Therefore:

where n = c/Vphase = c/ue "Refractive Index"
Nyacuum = 1 N,.er L 1.3 at visible wavelengths
n 01.5-1.66 < 9 at audio-radio frequencies

glass
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ONE WAY TO VISUALIZE SNELL'S LAW

Recall: k, sin 6, =k, sin 6, Let k, < k;; then 6,> 6,
Let k, > k Air 1
Xy !
K = w/HoEo /,GC
N\ critical
| . \angle”
lL,€/Glass!
A »7
M€
We know: Sl_n O _ N But when sin 8, = 1, then 6, = 6, where
sing;  ny

6c =sin"t(n;/n;) “critical angle”

(e.g. [ei = 2€q,M = llo] O B = \/EED [ec = 450])
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NON-UNIFORM PLANE WAVES (NUPW)

Normal refraction: 6, <0,
Phase fronts

)

Glass W

Air

/'}S\ Pz
‘(\’/ *—p
A I—>Wt
Lines of v—
k
- constant
amplitude

0.>6

| Cc

evanescent |
region
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WHAT HAPPENS WHEN 6, > THE CRITICAL ANGLE 6,?

Since: ki = o = k2 + k2

Therefore: k,?=k?—-k,?, <0 for 8, >0_! (see figure) X

For6 >6. Kix =%ja = ijw/kg —kt2

kl’
I, >
where: k% = wzuisi sin® 6; K,
2 _
kt - (*)Zp-tgt

and Et = S‘/IEOe_ij Z+ K x X — yIEoe_ijZ+aX
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NON-UNIFORM PLANE WAVES (2)

Beyond the critical angle: “

where: ki =k,Z2 +joak 2k’ - K"

Called:
“non-uniform plane wave”
“evanescent wave” (no power in direction of decay) d

“surface wave”
“iInhomogeneous plane wave”

Therefore, for the evanescent wave:

—I —n

If lossless medium, k ek =0 EHa e
(general expression)

~j(K =k )er
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