
PLANE WAVES AT BOUNDARIES

2Wave equation: (∇ + ω2µε)E 0  in source-free region= 

k2 

where ∇ 2 2 x= ∂ ∂ + ∂ ∂2 2 y2 2 2z ,  k 
c 

π + ∂ ∂ = = 
λ 

ω2 = ω 

z-Directional Wave: 
Say: 

wave 

z 
jkz

oE E e− = 
λ 

“Phase fronts” 

3-D Wave: 
E Eoe − jkxx − jkyy − jkzz = 

µε 

x 

z 

x zjk r 
o 

ˆ ˆk xk yk zk
E E e  where 

ˆ ˆr xx yy zz 
− ⋅   +  =  

+  

! 

!
y ˆ 

ˆ 

+

+y


L9-1 



L9-2

WAVES PROPAGATING IN THREE DIMENSIONS
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CONSIDER UPW AT PLANAR BOUNDARY

Case I: TE Wave 
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“Transverse Electric” 
! E ⊥ Plane of incidence 

H 
E 

Trial Solutions: 
Incident: Ei = ŷEoe+ jkxx − jkzz = ŷEoe+ jko cos θi  x − jko sin θi  z 

Reflected: Er = ΓEoe− jko cos θr x − jko sin θr zŷ 

Transmitted: Et = ŷTEoejkt cos θt x− jkt sin θt z 
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IMPOSE BOUNDARY CONDITIONS @ x = 0


E// is continuous 
At x = 0: kz 

E e− jko sin θiz + ΓE e− jko sin θrz = TEoe− jkt sin θtz for  all  zo o 

Therefore k sin θ =  k sin θr = kt sin θto o$%$i $%$ $%$# & #  & # & 
kiz = krz = ktz = kz 

and θr = θi Angle of incidence equals angle of reflection 

Therefore: 
t t i 
i i tt t  

phase 

sin k v n "Snell's Law" sin k v n

where  n c v c "Refractive Index" 
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= = = 

θ ω µ  ε 

= ε ! 

o 
t 

= 

µ

nvacuum = 1 nwater ≅ 1.3 at visible wavelengths 
~ nglass ≅ 1.5 – 1.66 < 9 at audio-radio frequencies
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θθθ θθθ
ONE WAY TO VISUALIZE SNELL’S LAW


Recall:  ko sin θi = kt sin θt Let kt < ki; then θt ≥ θi 

Let kt > ki 

Glass, 
ε≅ 2εo 

∴ kt > ko 
θi > θt 
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We know: 	 sin θt = 
ni But when sin θt = 1, then θi = θc where

sin θi nt 

(1 
c i sin n n "critical angle" −θ =  ) t 

(e.g. [ε =  2εo,µ = µo ] ⇒ ni = 2  ⇒ [θc = 45°])i 
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NON-UNIFORM PLANE WAVES (NUPW)
Normal refraction:  θθθθi < θθθθc

Beyond the critical angle, evanescence:
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θθθ θθθWHAT HAPPENS WHEN θi > THE CRITICAL ANGLE θc? 

Since: kt
2 = ω2µtεt = kz

2 + ktx
2


Therefore: ktx
2 = kt

2 – kz
2, < 0 for θi >θc!  (see figure) x


For θi >θc ktx = ±  jα = ± 2 
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2where: kz = ω2µiεi sin2 θi 

k2 = ω2µ εt t t  

and Et = ŷTEoe− jkz z+ jktxx = ŷTEoe− jkzz+αx 
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NON-UNIFORM PLANE WAVES (2)

xBeyond the critical angle: 

Et = ŷTEoe+α −x jkzz (x < 0) 

= yTEoe− jkt irˆ 
ki 

θi kr 

kt
θt 

“evanescent wave” (no power in direction of decay) 
k′ 

k′′ 

0 
z 

where: kt = kzẑ + jαx̂ ! k′ − jk′′ 

Called: 
“non-uniform plane wave” 

“surface wave” 
“inhomogeneous plane wave” 

Therefore, for the evanescent wave: 

(If lossless medium, k ′ • k ′′ = 0 E,H α e− j k′− jk′′ )ir 
(general expression) 
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