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ABSTRACT

This paper derives the equations of motion for a satellite in an
unbounded orbit about an oblate planet. The only force assumed present
is the one due to Vinti's spheroidal gravitational potential, which can
be fitted to the Earth so as to account exactly for the even zonal
harmonics through the second and for most of the fourth. The equations
of motion in integral form are obtained as a result of the separability
of the Hamilton-Jacobi equation. Two sets of orbital elements are used
for the solution. The first set can be obtained directly from a set of
initial conditions. The second set, which allows analytical evaluation
of the integrals, can be obtained from the first through numerical factor-
ing of a quartic polynomial. The final solution, which is summarized in
Chapter 10, is given in terms of this second set of orbital elements and
certain uniformizing variables, whose periodic terms are correct to the
second order in Jj.

The solution is valid for all inclinations, has no troublesome
poles and reduces to Keplerian hyperbolic motion for a perfectly spher-
ical planet. 1In order that certain series converge, however, we find
it necessary to restrict out attention to trajectories whose extensions
do not pass through a small spheroid in the center of the planet. A
computer program is also presented which calculates the trajectory about
both an oblate planet and a perfectly spherical planet for the same
initial conditionms.
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CHAPTER I

INTRODUCTION

If we let r be the position vector of a satellite relative to the
center of mass of an oblate planet and if forces other than the gravi-
tational forces between the two bodies can be neglected, then the motion

of the satellite is determined by the eguation
= -0V (1.1)

The gravitational potential V of the planet can be expressed in terms of
spherical harmonics as

o«
v=-X [:l - Z Ee)y g p (sinei] + tesseral harmonics (1.2)
r nep T nn

where u is the product of the gravitational constant and the mass of the
planet, r is the magnitude of the position vector, ro is the equatorial
radius, 6 is the declination, P, is the nth Legendre polynomial, and the

J, are constants which characterize the planet's potential. For the

Earth J, =~ 1.08 x 1073 and all other J,'s are of the order 10~% or smaller.

Most methods of solving the equations of motion involve determining
a reference trajectory using the potential Vo = —E and then determining
the pertubations of this reference trajectory caused by the higher har-

monics of the true potential.



Vinti [1], however, derived a form for the potential of an oblate
planet as the solution of Laplace's equation in oblate spheroidal coor-
dinates which leads to separability of the Hamilton-Jacobi equation. As
used in this paper Vinti's spheroidal potential accounts for the second
zonal harmonic J; and most of the fourth. Using his spheroidal potential
Vinti [2,3] then solved the resulting equations of motion for the case of
a bounded orbit, that is for total energies a; < 0. The solution has an
exact secular part and a periodic part correct to the second order in J,.

The main object of the present paper is to provide a solution using
Vinti's spheroidal potential for the case of an unbounded trajectory,
that is for total energy o; > 0. The approach will be to introduce
certain uniformizing variables and then to evaluate the integrals of the
equations of motion in terms of these variables in a manner analagous to
that of Vinti for the bounded case. The equations of motion are then
inverted so as to obtain the position and velocity vectors as functions
of time. In order that the similarities between the bounded case and the
unbounded case to be derived may be apparent, Vinti's notation has been
preserved as far as possible in the present treatment. In addition we
shall show that the solution for the unbounded case reduces to simple
Keplerian hyperbolic motion for a perfectly spherical planet and that the
solutions for bounded and unbounded spheroidal trajectories reduce to the
same "parabolic" trajectory for a; = O.

A computer program is also developed which calculates the trajectory
about both an oblate planet and a spherical planet for the same initial
conditions. A numerical comparison then enables us to determine the
effect of the oblateness and how it varies with the energy, inclination,

and perigee distance of the trajectory.



CHAPTER 2

THE KINETIC EQUATIONS

2.1 The Oblate Spheroidal Coordinates

Of the eleven Staeckel coordinate systems, the oblate spheroidal
system has the most appropriate symmetry for an oblate planet such as the
Earth. If X, Y, Z are the rectangular coordinates and r, 6, ¢ are the
spherical coordinates, then the oblate spheroidal coordinates, p, n, ¢,

are defined by

+

X+ iY = r cos® exp i¢ = [Epz+c2)(l-n2{] exp i¢ (2.1)
Z = r sin® = pn (-1 <n<1) (p > 0) (2.2)

Here r and 6 are the geocentric distance and declination, and ¢ is the
right ascension. For the spheroidal coordinates, the surfaces of constant
p are oblate spheroids, the surfaces of constant n are hyperboloids of one
sheet, and the surfaces of constant ¢ are planes through the polar axis.
The constant, ¢, is the radius of the focal circle in the equatorial plene.
The portion of the equatorial plane inside the focal circle is the surface
p = 0, while the portion outside is the surface n = 0. Note that for large
r, p =r and n = siné.

2.2 The Gravitational Potential

According to Vinti [1] the potential field of an oblate body may be

closely represented by
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FIGURE 2.1 The Oblate Spheroidal Coordinates



V = —up (p2+c2n2)71 (2.3)

where u is the product of the gravitational constant and the planetary

mass, and
c? = ri Js (2.4)

where r, is the planet's equatorial radius and J, is the coefficient of
the second zonal harmonic in the expansion of the potential in spherical
harmonics. For the Earth J, is approximately 1.082 x 1073 and ¢ = 210 km.
In the equation for the potential, (2.3), we have taken the center of mass
at the origin of the coordinate system.

The above potential leads to separability of the Hamilton-Jacobi
equation in spheroidal coordinates. TFrom Vinti [1], the resulting kinetic
equations with the separation constants a;, k, a3z and the Hamilton-Jacobi

function S(p,n,¢) are

as P - n -
o =t+B=[tp? F(p)ap+c?[tn?c (n)dn
1 P1 m
b - n -
oS . 1 1 -
E=8i=5[*F (pdao +5 [ 3G (n)an (2.5)
Pl ni
38 O (2e2y " 2y-1 o
= = By = ¢ + cZaz f t (p%+4c®) F (pldp + a3 f 7 (1-n?)"1 6 (n)an
3 01 m
where
F(p) = c20§ + (k+2up+2a;p?)(p2+c?) (2.6)
and
G(n) = -a§ + (1-n2)(-k+2ale2n?) (2.7)



and the betas are Jacobi constants. For bounded motion, a; is negative.
For such motion Vinti [1] has shown that the constant k is negative, a
fact which leads to considerable simplification of the integrals.

2.3 The Separation Constant k

We should now like to investigate the separation constant k, for
unbounded motion a; > 0. According to Vinti [1] the final separation of

the Hamilton-Jacobi equation becomes (for the CM at the origin)

2
(52+1)(%%- - (£2+1)_1a32 - 2ucg - 20c2g? =

-(1-n2)( %%)2 - (l-nz)-lag + 2070202 = k (2.8)

where p = c&.

Since we have taken the center of mass of the earth to be at the
origin of the coordinate system we can assume that the trajectory (or its
extension) will pass through the equatorial plane. Furthermore, we will
require this passage to occur on or outside the focal circle which is
shown in Figure 2.2. Thus n = 0 will be reached by the trajectory and
according to (2.8)

2
k+ a2 = -(25) <o (2.9)

For physically realizable motion the Kinetic equations (2.5) require
that F(p) and G(n) be positive and our coordinate system requires that

n?2 <1 and p > 0. Rewriting F(p) in the form

2
= 02442 2402 w My, E m
F(p) = c2as? + 2a;(p2+c?) E‘” Ay e B (2.10)

and setting az = 0, we find for the two real zeroes of F(p)

+
) .
- _ M k_
st - e
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FIGURE 2,2 The Equatorial Plane



The more positive of the two roots will be labeled p;, the other p,.

Equation (2.9) can be rewritten as

A consideration of the derivatives of F(p) and the values of F(p) for
p = to enables us to sketch F(p) for a3 = 0 as in Figure 2.3. Real-
izable motion then takes place in the shaded region of the sketch from
p =py top ==. Clearly p; is the p-perigee of the trajectory.

For the case a3 # O we put F(p) in the form

F(p) = 2ayp™ + 2up3 + (k+20y¢2)p2 + 2uc2p + cz(k+a32) (2.13)
At p = 0 we then have

F(0) = c?(k+ajz?) (2.1L4)

F(0) will then be non-positive if (2.12) is imposed. For convergence of
certain series we will later find it necessary to restrict our attention

to trajectories with
20902 << -k (2.15)

Thus the third and fifth terms of (2.13) are negative for p > O so that,
by Descarte's rule of sign, there are no more than three positive real
zeroes of F(p). A similar consideration for p < O reveals that F(p) has
no more than one negative real zero. F(p) might then appear as in Figure
2.4 for ag # 0. Again realizable motion occurs only for p and F(p) non-
negative. We shall later see that case (b) of Figure 2.4 occurs only for

equatorial or very nearly equatorial orbits.
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FIGURE 2,3 Sketch of F(f) forad, = 0
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According to (2.12) we can then set
k = -2 (2.16)
where
az? 2 a3? (2.17)

Having done this we can take a; as our new Jacobi constant. The

equations (2.5), (2.6), and (2.7) then become

o n
3B - t+p= [ t o2 F”Jf(p)dp + c2 [+ p2 c"}(n)dn (2.18a)
day o1 o
0 n
%§Z'= B2 = ay I; F—élp)dp + aj f t G—%In)dn (2.18b)
P 0
3S 2 O 2y-1%
== ¢ - B3 = cPag [ T (pZ+c?) F Z(p)dp +
3 o1
n
a5/ +(1-n2) Y6 F(n)an (2.18¢)
0
where
F(p) = c2032 + (p2+c2)(-ay2+2up+2a;p?) (2.19)
and
G(n) = -a3z? + (1-n2)(ay2+2a,c2n?) (2.20)

The a's and B's are the Jacobi constants, with a;, the energy,
greater than zero for hyperbolic motion and a3, the polar component of
angular momentum, greater than or less than zero for direct or retrograde
trajectories respectively. As c -» Oand we approach Keplerian motion the

separation constant 0z reduces to the total angular momentum, - § to the
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time of perigee passage, B; to the argument of perigee w, and B3 to the
longitude of the node Q. (These claims will be justified in Section T)

Since terms with c?

in them represent the deviations from a conic
trajectory (which we expect to be small) the appropriate zeroes, p1 and

po, of F(p) will approximately be equal to the zeroes of
£(p) = (-ap2+2up+20;p2) (2.21)

Since a; > 0, this tells us that one zero will be positive, the other
negative (approaching - as a; approaches zero); which is just what we
found in our investigation of F(p). The positive zero has been labeled
p15; the negative zero, py. We will discover shortly that the other two
roots of F(p) are imaginary, except for nearly equatorial orbits.

Our ultimate objective is to solve (2.18), (2.19), and (2.20) for
p, N, ¢ as functions of time. To do this we must first solve (2.18a) and
(2.18b) for p(t) and n(t) and substitute into (2.18c) to find ¢(t). This
requires evaluating the six integrals which we shall find possible through
the introduction of certain uniformizing variables, and the ability to

factor the quartic polynomials F(p) and G(n).
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CHAPTER 3

THE ORBITAL ELEMENTS &g, eg, ig, B1, B2, B3

For Keplerian hyperbolic motion (c = 0) the two roots of f(p) would

be

p1 = r; = aplep-1) (3.1)

-ag(eg+l) (3.2)

p2 = Tr2

where r; would be the perigee radius and r; an unphysical quantity. For

future reference we solve for ag and ey from the above. Thus

ag = —LEJ%EZL (3.1a)
= {r1-ry)
ep = (3.2a)

Here we have taken

i

ag = %‘ual_l (3.3)
and
602 =1+ 261&22u~2 (3.4)

For our spheroidal solution with ¢ # O we can still define the constants

ag and eyp as above as well as another constant

ip = COS-I(ag/Gz) (3.5)
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Thus the constants ag, ep, ip, By, B2, B3 would be one possible set of

orbital elements. The corresponding semi-latus rectum py would then be

po = aglef - 1) (3.6)
so that
a% = upg (3.7)

To find ag, ep, and iy we first need a;, o, and az. These

constants may be determined from the initial conditions. From Vinti [2]

a) = %ui - uoi(o§ + c?nd)7! (3.8)
of = (1-n2)"1{(p2 + cZn2)?nZ + of - 24;c?n2(1-n2)] (3.9)
a3 = ricoszeidsi =X, ¥, - Y.X, (3.10)

where the subscript i denotes initial values and u is the speed. So
from the initial coordinates and their derivatives we can determine
the a's and thus find ag, eg, and ig. Numerical values for the a's

would allow numeriral factoiing of F(p) in the form
F(p) = 20)(p-py) (p-p2)(p2+A0+B) (3.11)

We can, however get an analytical solution for p;+py, p1p2, A, and B
by following the procedure of Vinti [2] and equating corresponding

powers of p in (3.11) and (2.19). Thus we find

p1+p2-A = -uay?

-23a, (3.12)

p?: B+p1pa-(p1+p2)A = c2-a%a]l = c2-aypg (3.13)

pl: (p1402)B-p1p2A = -uc2ajl = -2agc? (3.1L4)
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1 -1 s 2
003 p1p2B = - -2— cz(uzz-a32)al = -a0p0c2 Sln210 (3~15)

We can define

2
kKo = c2/pg? = (%ﬁ) J, (3.16)
x = (eoz-l)‘} (3.17)
¥y 2 az/ap = cosi (3.18)

and then solve (3.12) through (3.15) for p;py, p; + py, A, and B by

assuming that each is a power series in kg

pL*p = [ by ko (3.19)
n=0
v n
p1p2 = ) b2, ko (3.20)
n=0
A= Z b3n kon (3'21)
n=0
Bz J b, ko (3.22)
n
n=0

and solving for the coefficients. For sufficiently small k; the series

will converge rapidly (the range of validity of this assumption will be

investigated at the end of this section) and the solution to O(kg?) will

be sufficiently accurate. The series solution, which is carried out in

Appendix A, results in:

p1 + p2 = ‘Egn [; + x%2y%kg + x2y2k2(8y2+3x2y2-2x2-L)+ "i] (3.23)

a2
P10y = 59- 1-y2ko(U4+x2) + k(2y2(12x2-20x2y2-32y2+16

+xloxty2)4 ..E] (3.24)
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A = -2kgpgy? E + ko(8y2+3x2y2-2x2-4)+ ] (3.25)

B = kgpg2(1-y2) |1 + ko(by2+x2y2)+ ] (3.26)
Note that

AZ - 4B = -hkgpg? [}—yz+k0(hyZ-Sy“+x2y2—x2y“€] (3.27)

which is positive for sin?iy < kq/[1+ky(6+x2)] so that for equatorial or
very nearly equatorial orbits we have case (b) of Figure 2.k,

We can define the constants a and e in terms of the two real roots
of F(p). By analogy to Keplerian motion, equations (3.1), (3.2), (3.1a),

and (3.2a) we define

p1 = a(e-1) (3.28)
py = -ale+l) (3.29)
so that
az -(—‘3-1-‘21‘12)- (3.30)
and
z - %&i%i (3.31)

the corresponding semi-latus rectum is

p = ale?-1) = - 21%?_ (3.32)

The constants a, e, and p will occur in the evaluation of the p-integrals.
We can calculate them in terms of ay, ep, pgp, and ip to the second order

in kg as follows:
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From (3.30)

a__ _ (p1+p2)
ag 2a

Substituting for p)+p, from (3.23) yields

a_

ag = 1 + kox2y? + ko2x2y2(8y2+3x2y2-2x2-4)+ «-- (3.33)

Then from (3.32) and (3.30)

R__ - P12 _ 201p
Po app DPolpPitp2

Substituting for p;p, and py+p, from (3.24) and (3.23) and using the

binomial expansion theorem we find

§3-= 1-2kgy2(2+x2) + k2y2(16x2-2hx2y2-32y2+16

+3x'-0_2x‘+y2)+ ese (3. 3)4)

or equivalently

gﬂ = 1 + 2kgy2(2+x?) + ko2y2(-3x"+6x'ty2-16x?

+40x2y2-16+L8y2)+ ... (3.35)

Then since

2
e“-1 _p ag
egZ-1 pg &
we find
e?-1 2 2 202 (Ext_oyliy2
=== = 1 + kgy?(-3x%-b) + ko%y4(5x*-2x"y

ep“-1
+20x2-28x2y2416-32y2 )+ (3.36)
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and thus
2.1 * 1 1
(%az:‘f) =1 + -2- koyz(-3x2—h) + g k02y2(20x‘*
~17x%y2+80x2-136x2y2+64- 1LLy2)+ ... (3.37)

We can calculate e in terms of ep by noting

e = [Eez—l) + %]%' (3.38)

substituting for (e2-1) from (3.36) and taking the square root we find

that, to first order in kg
e = [(teon)amoy?(-3e21)s -+ 101
so that
2 2,2 2 }
e = [%0 - x%y%ko(3x4+L)+ "i] (3.39)

We shall later regard a and e as two of the final orbital elements,
since they are part of a set from which the orbit can be calculated
immediately. The above equations show how to find a, e, and related
quantities, without iteration, from thosé gquantities ap, ey, and ig which
aré obtainable immediately from the initial conditions.

The quartic G(n) may be put in the factored form

G(n) = (ap2-a3?) n“(n_z-no—z)(n-z—nz_z) (3.10)

- -2
On comparing this with (2.20) we find that no 2 and no are the roots of

(ap2-a32)n ¥ + (2a,02~a2)n"% = 24502 = 0 (3.41)

Solving this for n—z we get two roots and label them as follows:

no™? = & (ay2-20y02) (ag2-a52) " (144D (3.52)
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and
n2? = L (ap2-20102) (ap2-a32) 7 (1-49) (3.43)
where

W =1+ 8ayc2(0p2-032)(ay2-20,c2)72 (3.4k)

In order to find n02 and np? in terms of 8p, €09, Pp, and ig we substitute

for the a's in the above equations according to (3.3) through (3.7).

Thus
_ bkox2(1-y2)
W=14+ Tifg;;z;%** (3.45)
n02 - 2(1';‘{2) (3.’46)
(1-k0x2)(1+wf)
and
2
np? = 2(-y%) (3.47)

(1-kox2) (1-W?)

Substituting W from (3.45) into (3.46) and (3.47) and performing the

required binomial expansions we find

ng = sinig [1 + % kox2y2 + %—kﬁx“yz('?yz-h) ] (3.18)

(l—noz)d% = lsec iol [% + l.kon(l_yZ) +

2
% kox*(1-y2)(5y2-1) + "Z] (3.49)
na~2 = —kgx2(1 + koxZy2+ **°) (3.50)
(no/n2)2 = -koxz(sinzio)(l + 2k0x2y2 + o) (3-51)

Note that n2~2 = -koxz, so that n22 is negative and n, is imaginary. We
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shall retain the notation n22 for the present, recalling that it is
actually & negative quantity, since we shall have no occasion to deal with
the quantity n, alone.

For the above series expansions in powers of ky to be valid we must

have

2 2
2 c - 2a;1¢
kox4 = Py, (122 << 1 (3.52)

which justifies our earlier restriction in (2.15) and implies that we must

have

2
ap -p1P2

<< 1 (3.53)

Or, since [pzl > |91|, we should like to keep

e, <« (3.54)
S;Q 3.5

Since pj is the value of p-perigee, if our trajectory or its

continuation through the planet does not pass too near the surface
02 = o2 (3.55)

then (3.52) will be valid. In x, y, z coordinates this surface is an
oblate spheroid as in Figure 3.1. This small forbidden zone (recall

c = 210 km) in the center of the Earth should not appreciably limit the
scope of problems to which this spheroidal method may be applied. Few
space vehicles are fired directly from Earth into hyperbolic orbit and
even fewer of these on paths whose extensions would have passed through

this zone. The only practical case which readily comes to mind of a



11ipsoid of revolution

FIGURE 3,1 Forbidden Zone for

Convergence of Series Solutions



trajectory which might pass through this zone is a meteor on a collision
course with the Earth. Certainly any trajectory which does not intersect

the Earth will cause no trouble.
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CHAPTER L

THE ORBITAL ELEMENTS a, e, I, By, 82, B3

If we put G(n) in the factored form
G(n) = -2a1c2(n§ -n?)(n§ - n?) (4.1)

then on comparing this to (3.40) and equating coefficients of

equal powers of n we find

na-}n%:l_éﬁ—z'_'l_-a—'g‘gn- (h.2)

ajc
ngng = - igg;f;%il = - Eﬂzﬂgégiiﬂ (4.3)
We now define I by
I = sin Ing cosI > O for direct orbits (4.4)

<0 for retrograde orbits

Such a definition is allowed since rationalizing the denominator

of (3.46) yields

- 1-kgx? 1 2y2 2.21%
ng = - ( 2k0x2) + T [(14kpx?)%-bkox?y?]

It then follows that nﬁ < 1, with the equality occuring for polar

trajectories,
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If we now substitute equations (3.30), (3.31), and (3.32) into

equations (3.12) through (3.15) we find

-2a - A = =23 (k.5)
B - ap + 2aA = ¢? - a0Po (4.6)
-2aB + apA = -2agc? (L.7)
-apB = -agppe?sin?iy (4.8)

If we now assume a, e, and.ng are known (i.e. regard a, e, I,
B1, B2, B3 as orbital elements), then we have six equations in the
six unknowns a , e , i , A, B, and n§. With the orbital elements a,
e, I, By, By, B3 it turns out that the system can be solved exactly.
This fact was first pointed out by Izsac (1960) and later utilized
by Vinti (1961) in his spheroidl solution for bounded motion.

To proceed with the solution we first solve for n% from (k4.2)

and (L4.3)
ng=_ia}czg,§i_n§%.u=l-ég§.a_n% (4.9)

solving now for sinzio we find

2
a ; a3 _ sin2ig = n§ - c?nfi(1-nf) (4.10)

- a0Do

Inserting this into (L.8)
-apB = c?nf(-agpy + c¢2) - c'*n} (k.11)

If we now use (L4.6) to eliminate c?-agpy from (k4.11) we find

chnl -~ apB

= B -ap + 2aA (k.12)
cen
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Eliminating ag between equations (L4.5) and (L4.7) yields

-2a - & = 238, 223 (4.13)

Equations (4.12) and (4.13) are now in terms of A and B only. Their

simultaneous solution results in

- -2ac?(1-ng?)(ap + c?ng?) (4,1k)
(aptc?)(ap + c“np?) + ha4c?ngy* )

2.2 2, .2 2
2. 2 | Lkafc® + (ap+c?ng?)(c?+ap)
5= o (ap+c?) (ap+c?ng?) + LaZe?ng? (4.15)

Then from (L.1k4) and (kL.5)

2 2 2,..2
H - 20 é..: _ ¢t (l‘nﬂ )(ap+c np ) .
Y l+55=1 (ap+c?) (ap*rcZng?) + BalcZng? (4.16)

From (3.3), (3.7), (4.15) and (k.11)

2 2. 2 2,2
(ap+c?)(aptc?ng?)+la’c (L.17)

2
22 - = ¢2(1-ny2) +
L agpo= c“(1-ng*) + ap (ap+c?) (ap*+cZng?)+bhaZc?ng2

These last two equations allow the determination of a, from the set of

orbital elements a, e, and I. Putting ny = sin I into (4.10) yields

2, 7N
a3 = ap cos I [E + 200 (4.18)
agPo

So that (4.16), (4.17) and (L4.18) determine the a's, or equivalently,
the elements ag, ey, ip. Finally to find n,2 we combine (L4.3) and (L.8)

to get

n22 = - §%L2_ (4.19)

and then substitute for B from (k.15) to get
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2 - _ 2p |(aptc?)(apreZng?) + baZe? (L.20)

n2 c? |(ap+c?)(ap+c?ng?) + LaZcZny?

Thus equations (k.1L) through (14.20) yield the required unknowns when the
orbital elements are taken to be a, e, and I. Use of these orbital ele-
ments allows factoring the quartic polynomials F(p) and G(n) and
facilitates evaluating the p and n integrals.

If we define a new oblateness parameter

N

e J (4.21)

2

—
=

*quo
k

corresponding to the orbital elements a, e, and I, then we can easily
show that, at least to first order, the results obtained in this section
agree with those of section 3.

Taking first order terms of (3.25), (3.26), (4.14), and (4.15), we

find

-2kgpocos?ig = -2kpcos?I (4.22)

b=
R

kopo?sin?ig = kpZsin?I (k.23)

oc]
n

To first order (3.33) and (4.16) become

gﬂ = 1 - kocos2ig(eg2-1) = 1 - kcos2I(e2?-1) (4.24)

Solving (L4.17) for po/p to first order and using (4.2L4) to eliminate ag

and then comparing results with the first order portion of (3.35), we find

gﬂ = 1 + 2kgcosZig(eg?+l) = 1 + 2kcos?I(e2+1) (Lk.25)

2_
Then, since E&:Il = ﬁn- g; we find to first order



27

2
EQ:—;'= 1 + kocos?ig(3ep2+41) = 1 +kcos2I(3e2+1) (4.26)

From (1.10)

s 023 2 2
sin‘ig _ ccos‘T 2 2
-S—{-nj-fo' =] - waOPO 1 - k(e?-1)cos?I (4.27)

to first order. Taking the square root of (4.27) and comparing with the
first order inverse of (3.48) gives

%2—%—0- =1 - 32L— ko(eo2-1)cos?ig=1 — ;21. k(e2-1)cos?I (4.28)

Comparing the first order portions of (3.50) and (L.20) gives

n2"2 = -ko(eoz—l) = _k(e?-1) (4.29)

Then from (3.51) and the previous equation, we find
(no/n2)? = -kp(eg?-1)sin?iy = -k(e?-1)sin?I (4.30)

Thus the results of Sections 3 and U4 agree to first order.

We have seen that, of G(n)'s four roots, two are real, n = */337;
while two are imaginary, n = #/n,Z (recalling that n,2 < 0). With G(n)
in the form of (L4.1) we can see that for a; > 0 G(n) will approach -~ for
n approaching either += or -». Furthermore at n = 0, G(n) = -2a;c?ng?n,y?
= ay2-a32, so that a sketch of G(n) can be drawn as in Figure L.1.

Again, according to the Kinetic equation, only the portion of the
curve G(n) > 0 represents allowable motion. Thus, the real motion must

occur in the interval between the two hyperboloids

-np < n < +ng (4.31)

where ng? <1
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G(n)

i
-.zdlczagz% =3 -3

allowable
motion

0

+1
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FIGURE 4,1 Sketech of G(%)
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The following two sections will be devoted to evaluating the p and n
integrals in terms of the orbital elements a, e, I, and certain uniform-
izing variables H, f, and y, corresponding to the hyperbolic anomaly, the
true anomaly, and the argument of latitude respectively in Keplerian
hyperbolic motion.

As opposed to elliptic motion, where the quantities a, e, and I
might be determined by following the orbit for many revolutions and
applying some sort of least-squares process, the "one-shot'" nature of
hyperbolic motion will probably require the use of ag, ep and ig, which
can be determined from a set of initial conditions, as orbital elements.
To find a, e, and I, one must then numerically factor F(p). This is
accomplished through order J;2 by means of equations (3.23) through (3.26)
and equations (3.42) and (3.43). Once a, e, and I are thus known, we can
insert observations into the formulae resulting from equations (2.18) to
find the B's. (see Section 7.5) Thus we can always find the orbital
elements a, e, I, By, By, B3. From this point on, in the evaluation of
the integrals, we shall assume that a, e, ng = sin I, B, By, and B3 are

known and give the solution in terms of these quantities.
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CHAPTER 5

THE p-INTEGRALS

the Kinetic equations (2.18) we define

P
[ tp? F(o)—%dp
f1

"

o
[+ F(0) Yap

P1

o
[ ¢ (p2+¢2)7} F(p)"i'dp
Pl

i

(5.1)

(5.2)

(5.3)

where the + sign is to be used for positive dp and the - sign for nega-

tive dp

With F(p) given by (3.11), A and B by (4.1L4) and (4.15), and

p1 by (3.28), we then write F_sz) as

(0)F = (20))7F (p=p1)"F (p-0,)"F o~ (140" L4Bp™2)

If we define

b

i

sk

°K

1
M b

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)
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then
(1+Ap'1+Bp'2)'5'= (1-2Ah+h2)_é. (5.9)

In this form we recognize the generating function for the Legendre

polynomials. Thus we can write

(1+Ap“+Bp’2)’&'= 7 a" P (1) (5.10)
n=0

where the Pn(k) are the Legendre polynomials. According to Hobson [k]

such replacement is valid as long as
h <l for <1 (5.11)
h < - (Az—l)&' for A > 1 (5.12)

The conditions under which (5.11) is satisfied are investigated in
Appendix B. The resulting limiting surface, within which we require the
extension of the trajectory not to pass, is somewhat less restrictive than
the limiting surface discussed previously in Section 3.

Putting (5.8) and (5.10) into (5.4) we find

- -+ T . n -1-n -
F(p) * (2a;) * ) b, Pn(x)p [(p=p;)(p-py)] ¥ (5.13)
n=0
On putting this into (5.1) and evaluating the first two terms of the
summation, we find

P
(201)%R, = [ 020" 41pr0 D [ (p-0y) (0-p5) 1 F(2a0)
L1

[+

p
+ 7 vt Pn(k) J 0¥ [(p-py) (D-Dz)]—%(*dp) (5.14)
n=2 pl
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or equivalently
o
(201)%R1 = [ (o%01) [(p=p1) (p=p2) I"F (2ap)
h1
-]
p
n l-n -
+ I v () [o [(p=01)(p=p2)1"F (+ap) (5.15)
n=2 : p1
We can eliminate the plus or minus signs in the above integrals by
introducing the uniformizing variables H and f, analagous respectively to
the hyperbolic anomaly and true anomaly in Keplerian hyperbolic motion.

We thus define H and f by

p

p = ale cosh H-1) = i:;g;gf (5.16)

and the requirement that they always increase with time. Here H goes
from - on the inbound assymptote (p = ®, t = -») to +=» on the outbound

assymptote (p = =, t = »), From (5.16) we find

dp = ae sinh H dh (5.17)

n

Using (5.16), (5.17), o; = ale-1), and pp = -a(e+l) we find that

[(o—ol)(p—oz)]'%'(*do) = *?159~§*!dH aH (5.18)

sinh H
Again from (5.16)
do = PEELLS (5.19)
Using (5.19) and (5.16) we find
[(p-p1) (p-p2) 1T (2a0) = (e2-1)F (1recost)™ ar (5.20)

5.1 The R; Integral

If we substitute (5.18) into the first term of (5.15) and substitute

(5.20) into the remaining terms of the series we find
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(2a1)%hl j (ae cosh H - a + by)dH

' n£2 b2’ Pn(A) é (iiggzg?) T(e? 1)%Yl+ecosf) af (5.21)

which becomes
(2a1)%R1 = a(esinh-H-H+ biH

+ ple —l)é-z (—20 P (2) f (1+ecosf)™” (5.22)
n=2

where we have replaced the lower limits of the integrals by zero, since

at p;, H=f = 0. If we define

f
Z (—2) P (1) f (1+ecost)™ %ar (5.23)
n—2
or equivalently
f
)2 Zo(p m+2()\) f (1+ecost)™ (5.24)

then we should like to investigaté the convergence of this series. This
is done in Appendix C for both of the cases A < 1 and A > 1. The
resulting limiting surface, within which we require the extension of the
trajectory not to pass, is found to be the same as the limiting surface
for allowing the replacement of (1 + Ap"1 + Bp-z)—%'by the Legendre
series. Thus we are certain S; will converge as long as the trajectory
does not pass within the surface of Figure 3.1.

To evaluate R; we need to evaluate S; and to do this we first
separate it into a part proportional to f and a periodic part. Using the

method of Vinti [2] in his treatment of the bounded case we define
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£ m
£ (£) = [ (1+ecosr)” af (5.25)
0
In Appendix D we notice that fm(f) - (%;)%n(Zw) is an odd function of f

of period 27. Then, from (D.9) %n(ew) = me(w), so that from (D.12)

f n
£ = [ (1vecost)® af = = £ [ (1+ecost)® ar (5.26)
mo0 "0
m
+ jgl cmj sin j f

We have thus separated fm into periodic and proportional parts. We will
later observe that to evaluate the periodic portions of the p-integrals
to order k2 it will only be necessary to consider values of m up to U4 in
the summation of (5.26). The proportional term of (5.26), however, requires
more analysis.

We can obtain a more convenient expression for the proportional term
of (5.26) by noting that

m

f (z + v22-1 cos £)" daf = n Pm(z) (5.27)

0
a relation which, according to Madelung [5] is valid for all z including

imaginary values. Here the Pm(z) are again the Legendre polynomials

!

n

m dm m
P (z) = Fr (z2-1) (5.28)

g

If in (5.27) we substitute

2 =~ — (5.29)

we obtain
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- m : e2
w [-i(e2-1)F) = f [E el_l - 1S cos %]m ar

0
i m f“ n
= (- ) (14e cos f)" af (5.30)
YeZ-1 0
so that
m
(1+ £)" af = n(i /ZD® P (- —2) (5.31)
é e Co0s 1 e m 'e —
=7 Tm (/eZ-1) (5.32)

where we have defined

T (VeZoI) = (i VeZ-I)m p (- —1) (5.33)
m m r‘z""‘"‘e 1

The first few of these polynomials Tm(x) are given in Table 5.1 along
with the corresponding Legendre functions.
The polynomials Tn(x) can easily be calculated from To(x) = 1,

Ty(x) = 1, and the recursion formula
T (x) = [(2m-1) T . (x) + (m-D)x*T _,(x)]/m (5.34)

Now, substituting (5.32) into (5.26), we have in terms of Tn(JEZ-l)

f m
[ (e cos )" ar = £ T, (YeZ-1) + [ o, sinyf (5.35)
0 3=1

We then find the coefficients S by choosing an m, expanding (1l+e cos £,

integrating, and comparing to the right hand side of (5.35). Thus for

J(1+ecos f)df = f+esinf (5.36)
0

Then since Tj(x) = 1 we must have c;; = e and all the other clj = 0.
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TABLE 5.1

THE POLYNOMIALS Tm(x)

Pm(-% Tm(x)
1 1
-1 1
S ot
15, 3 25+ 32)

%—'—(35 + 30x2 + 3x*)

%(63 + T0x2 + 15x“)

%3(231 + 315x2 + 105x“ + 5x5)
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Applying this method for m = O to m = 4 we compile Table 5.2. Substitut-
ing (5.35) into (5.23) would then give us S;. Let us consider first the

portion of S; proportional to f. Thus from (5.35) and (5.23) we write

pez-1)¥(sy)

o(e2-1) ¢ DIESEXE _J(e2-1)?]  (5.37)

1

AT (5.38)
where we have defined

A = p(e2_1)%' ) (gzon P(}) T VeZ-1) (5.39)

(
-2
n=2 I

then since T (/eZ-1) < (1+e)™ our previous investigation of the
convergence of S) shows the rapid convergence of Aj.

If we now consider the periodic part of S), we find from (5.35) and

(5.2L4)

(21 (1) = (227 &2y () T . si X
Cp(e-1)7 (51) . = (G mzl 22 P ag (X .ngcmj sinjf (5.140)

Y Ay sinyt (5.41)
=1

where ﬁe have defined by (5.41)
by 3 by ¥
Ary = P(ez-l)%-[EBZ) P3(1) 1y * (EZ) Py(A) c2y

b 5
+ (=2) Ps(r) c3, + -oi]
(p ) Psl 3
If in (5.42) we substitute the values of the Pn(bl/bz) and the Caj
and retain only those terms through order k? [recalling from (B.3) and

(B.4) that b; = O(k), by = o(k})] we find
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TABLE 5.2

THE COEFFICIENTS c

mj
1 2 3 L
e
2
e
2e E“
3e3 3e? e3
3e + 7~ T 1%
2 L 3 Yy
3 3et | ef e’ e’
ke + 3e 5 + 3 3 32
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2_1)%

Ay = -3-—(%}1—)— E2b1b22p + bzli,e (5.43)
24 % b, e

np= el e (5.10)

The other AlJ are of order k3 or higher. Finally, substituting (5.41)
and (5.38) back into (5.22) there results
2

(gal)%hl = a(e sinh H - H) + byH + A\f + ) Alj sinjf (5.45)
j:

with Ay, Aj;, and Ay, given by (5.39), (5.43) and (5.4k) respectively.

5.2 The R, Integral

From (5.2) the R, integral is

| 0 3
R, = [ t F(p)™% dp (5.2)
Pl

If into this we insert (5.13) for F(p)—%.and then use (5.20) to put the

result in terms of the uniformizing variable f we find

3o £
(2a1)‘}R2 - (e2-1) ) (22)% p (1) | (1+ecost)™ ar (5.46)
P op=o0 P "o
We then define
) b f
S; 2 ) (2% P (A) [ (1+ecost)” arf (5.47)
n=0 P 0

We should like to investigate the convergence of S;. Since cos f cannot

exceed 1, we may write

s2] < £ ] (2" R () (1ve)” (5.18)
n=0

Evaluating the first two terms of the series we find
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2 &
s < £ o Rallsede, [o2lledl o 7 B2y p  Gyre)®  (5.09)
m=0
On comparing the third term of (5.49) with equation (C.1) of Appendix C,
we see that S will converge whenever S; converges. We saw in Appendix C
that we were assured of S; (and thus S,) converging as long as the con-
ditions derived in Appendix B, for the replacement of (l+Ap-1+Bp—2)-i'by
the Legendre series, were met.
To evaluate Ry we proceed as we did with R; and separate it into
parts proportional to f and periodic in f. We substitute (5.35) into
(5.46) to get

(2a1)’} Ry = Axf + ) Az singf (5.50)
J=1

where we have defined

- (ez-l)ﬁ- 7 by \n
py = {0 Eo E2)® » () 7 (/e7T) (5.51)
and
ey = 1208 [0 0y By, 6 e e (5.52)
23 7 D 37 'p 7 72 23 '

Evaluating the Azj as before and keeping only the terms through order k2

we find

2 i’ 2 2 2 2 4
Apy = 191..;.1.)_3. EJ. + %PL i} %1332—(” )+ g—gﬁ—(hﬁez) (5.53)

_ (ez—l)%'e2 [3b,2-b,2  9by3b,2 . 3by* Si

Ay, = : 52 - Tt 16T (3+ 5-) (5.54)
_ (ez-l)%e3 [ byb,2. b,"

Ap3 = g —‘;32‘*'—‘.’517 (5.55)
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)T, b
by = e bl (5.56)

The remaining Agj's are of order k3 or higher. Thus we can rewrite

(5.50) as
L
(261)&'R2 Ayt + jZ Azy sinjf (5.57)
where Ay, Apy, Ap2, As3, and Ay, are given by (5.51) and (5.53) through
(5.56). Note that the convergence of A, is assured by the convergence
of Sj.

5.3 The Ry Integral

We should now like to evaluate

o
Ry = [ ¢ (p24c2)! F(o)—%hp (5.3)
1

-1
Applying the binomial expansion theorem to (p2+c?)” results in

(024e2)™ = 072 ] (1)) e2d o7
3=0

- (l+e;osf)2 ) (-1)9 (%)23 (1+ecosf)2d (5.58)
J=0

since p = EIEESEE‘ Substituting (5.58), (5.13), and (5.20) into (5.3)

yields

(ea1>5h (e2-1); -1 f z (-1)9 ( 123 (1+ecost)?d 2 ( 2y"p_ () (1+ecostYar
p 0 3=0 n=0 P
(5.59)

Let us consider the two series within the integrand separately. We

define

©o

312§ (<19 (£ (1+ecosr)? (5.60)
3=0 P
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The series S3; is a geometric series with first term = 1 and a ratio

between successive terms of

c2 2
r3) = - (E) (1+ecosf) = - = (5.61)

Clearly S3) will converge as long as Ir31| < 1 which requires
p>c (5.62)

Thus ¢ = ¢ is the limiting surface within which actual motion must not
take place if S3) is to converge. Since the substance of the Earth
effectively prohibits all actual motion in this region, S3; will always
converge.

We next define the series

S3p = ) (ﬁan Pn(l) (1+ecost)™*? (5.63)
n=0

If X <1 then |Pn(x)| < 1 and so
[S32] < (1+ecosf)? § (hg)n (5.6k)

n=0

We can consider (5.64) to be a geometric series and thus require the

ratio between successive terms to be less than one.

r3s = <1 (5.65)

°K

or equivalently we require
p >by =csin I (5.66)

The condition p > ¢ sin I will always be satisfied since actual motion

cannot occur within the Earth. The approximation b, = ¢ sin I, however,
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is only valid under the restrictions discussed at the end of Section 3.
For A > 1 our restriction on the ratio between successive terms

becomes

r3p ='2‘§L< 1 (5.67)

This restriction will certainly be satisfied if p; > 2b;, a condition
which we imposed in Appendix B in order that (1+Ap"1+Bp—2)—%.be the
Legendre polynomial generating function. Thus no additional restrictions
have been required in order that S3, converge. We have now established
the integrand of (5.59) as a product of two absolutely convergent series
(assuming our trajectory meets the conditions previously imposed) and,
consequently, [2] it is equal to the absolutely convergent series formed
by summing the products of the individual terms. Since this resulting
series is uniformly convergent we may integrate it term by term.

Accordingly we can rewrite (5.59) as

f

va
2(a1)%.R3 = iffgil- ) Dm(l+ecosf)m*2 ar (5.68)
P 0 m=0

where

D, =1 4,8, - (5.69)

and the summation takes place over all the integers J and n” such that
m=2j+n” (5.70)
In (5.69) we have defined

a, : (-1)9 (%)23 (5.71)
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and

5 .2 (ﬁzon' P_.(A) (5.72)

Then, since we can integrate (5.68) term by term we rewrite it as

3 o £
(2a1)%'33 = Lgig%l— ) D, [ (1+ecost)™%ar (5.73)
m=0 0

Before proceeding with the evaluation of R3 let us investigate the
convergence of our new series
- f m+2
S33 = )} D [ (l+ecosf)’ -af (5.7h)
m
m=0 0
We first take the case A < 1, which excludes only near-equatorial trajec-

tories. If m is even,then n” must also be even, so we set m = 2i, n” = 2n,

and § = i-n. Thus

i i
_ _ i-n,cy2i-2n,bsy2n
Doy = 1 @y 82, = nZO (1) TG TR, (V) (5.75)

Then since IPZH(A)I <1l for X <1

2 i 2
Do, < (B ] (@ (5.76)
it —="p c
n=0 s

If the extension of the trajectory does not pass through the region defined
in Section 3, then by = ¢ sin I and

i .

IDZiI f_ki J (sin21)" < k' (i+1) (5.77)

=0

If, on the other hand, m is odd, then m = 2i+l, n” = 2n+l, and j = i-n.

Thus



L5

i

i
i-n,¢y2i-2n by, 2n+l
Dy, ,. = d, 6 = —-1)E 22 P A .78
2541 nzo 5 S2040 n§0< DR T R () (5.78)
and
c\2i b, &  bpy2n
D2yl =7 22 1 (A (5.79)
n=0
If we again take bp = c sin I
. i .
D2, 1 < K gint 7 (sin?1)® < W (141)sinT (5.80)

n=0

If we now consider X > 1, the equatorial and near-equatorial trajectories,
then by (C.10) ](gz)n Pn(A)l j_(gﬁl)n. If m is even,we then find
£y2i L 2b3y2n
D2, | < (D0 ] (=D (5.81)
i i) c
n=0
Again assuming thetrajectory's extension does not pass through the region

defined in Section 3, we can set b; = kpcos2I, so that

I | . i
Do, | < ¥ J (bkeos*T)™ < x* 7 (4k)® (5.82)
. n=0 n=0

Then by finding the sum of this infinite geometric progression we must

have

. i
D, | < x* F%{}%ﬁ?il~il (5.83)

Finally, if m is odd, we find

2 i . i
cy“i 2hy 2b)\2n i+] 2 n
|D21+1|§fp) > nzo ( c )77 < 2k7 “cos®I nzo(hk) (5.8L)

Again evalusting the sum of the infinite geometric progression and setting

cos?I = 1 for near-equatorial trajectories
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i+l |1 - (hk)i
We now separate S33 into an even series and an odd series, Se and So
respectively. Thus for A <1
ls_| < fler1)2 | k' (141)(1+20)% (5.86)
i=0
and
ISOI j_kiéinl (14e)3 £ ] (i+1) [(k(e+1)2]* (5.87)
i=0
. voi_ 1 P S R
Then since g X = 75 and g ix —(i:anzwe can see that g(1+1)x =
TI%E? . Applying this to (5.86) and (5.87) yields
fle+1)?
I5.| < ma(eDR (5.88)
and
¥, 3
k°sinI(1l+e)>f
lsol ,_<. [l_k(e_,,l)z]z (5o89)
so that
(e+1)2 f[1 + k&éinI(e+l)]
EFFII [T - k(e+1)2]2 (5.90)
For A >1 Se and 80 become
(e+l)2f o 2 i 2 2 i
Is_| < 755 I [k(e+1)2]°- [bk?(e+1)?]" =
i=0
(e+1)2r 1 1
1= bk |TC k(e+1R ™ T = hkZ(e+1)2 (5.91)

and
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s, | < 2§ (y(ean)2)Ee [i2(enn)2]t =
i=0

- 1 k
2k(e+1)3f 1 1 (5.92)
1 - Lk 1 - k(e+l)?” 1 - Lk?(e+lP )
Adding these even and odd series together yields
k(e+l)"r
833l < (e 2T T 2R (e )] (5.93)

From (5.90) and (5.93) it is clear that S33 will converge as long as
k(e+l)2 < 1 or equivalently §§2 <1l. This requirement for the convergence
of S33 is exactly the same as that discussed in Section 3.

The values of D can be found from equations (5.69) through (5.72),
and are shown in Table 5.3 to order k2.

These Dm can easily be calculated from the first two values and the

recursion formula

D, =- (9% p

] £ ,* (5293 P, (b1/b2) (5.9%)

3~
To evaluate R 3 we separate it into a part proportional to f and a

part periodic in f. Thus we rewrite (5.73) as

(2a1)%'R3 = Ayf + ) Asy sinyf (5.95)
=1

J

where according to (5.35) we must have

_ (ez_l)%' hog
Az = 053 mZO D T .o (/eZ-1) (5.96)
and
_ (e2_l){' ®
A3J = ""53*" Z Dm cm+2,J (5.97)

m=0
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TABLE 5.3

VALUES OF D TO ORDER k2

Order D
k0 1
k b /p
k (b2/p)2 Pa(b1/by) - (c/p)?
k2 (ba/p)3 P3(by/by) - (c/p)2(b;/p)
k2 (ba/p)"* Py(by/by) - (e/p)2(by/p)? Py(by/by)
+ (D"
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Since Rj is multiplied by c? = kpz in the Kinetic equation (2.18c) we need
only to find the periodic terms through order k in order to have the final

solution correct to order k2. Thus from (5.97) we find

Ay = -‘—e—z-;%-’-)‘:% 2+ 2+ 22 S 4 3et)] (5.98)

As =132—;]3-—)%- RS- e 0 ) (5.99)

A3z = (ez;_)% Eé;s - (b*gz + c?) %13?‘] (5.100)
and

A3y = (e;l)i E ;;pz(—gz2+ czz‘_l (5.101)

Since the other A3j are of order kZ or higher we can rewrite (5.95) as

N
(2a1)‘} Rz = A3f + ) Agj sinjf (5.102)
J=1

with A3 and Agj as given previously.
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CHAPTER 6

THE n-INTEGRALS

In the Kinetic equations (2.18) we define the three n integrals

" -4
Ny = [ #n2 67%(n) an (6.1)
0
n
Ny = [+ 3(n) an (6.2)
0
_ " -1 -}
N3 = [ #(1-n2)"" ¢7%(n) an (6.3)
0

where the upper sign is to be used for positive dn and the lower sign for
negative dn, and with G(n) given by (3.40), ny2 by (L4.20), ay2 by (4.16)
and (4.17), and (ap2-a3?) by (4.10). Following Vinti's example for

bounded motion we introduce the uniformizing variable ¢ defined by
. =1
v = sin  (n/ng) (6.4)

and the requirement that ¢ always increase with time. For the case of

Keplerian motion ¢ = 0 and (6.4) becomes

. . n__sin ®
sin ¢ = no ¥ sini (6.5)

so that § reduces to the angle between the line of nodes and the radius

vector to the satellite, commonly referred to as the argument of latitude.
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Inserting (6.4) into (3.40) yields
G(n) = (ap2-a32) cos?y(1l + n2sin?y) (6.6)

where we have defined

07 - o(x) (6.7)

n2

N
[}

Notice that n is a real positive number whose magnitude is less than one,

since |ny2| > 1 > ng2. Thus we find
tG(n)—%an = (022~a32)—&ho(l+nzsin2W)~%'dw (6.8)

6.1 The Nl’Integral

Inserting (6.8) and (6.4) into (6.1) results in

1
N = (azz-a32)—%'no3 i (l+nzsin2w)—%.sin2w ay (6.9)
0

To have the final result correct to 0(k%?) we shall only need to evaluate

N, to 0(k) since it is multiplied by c? in the Kinetic equations. Use of
the relation
-n2(1+n%sin?y) Zsin?y = (l+nzsin2¢)-} - (1+n2sin?-np)’} (6.10)

enables us to separate (6.9) into parts which can be more easily integrated.

-4 ng3 v dy ¥

Ny o= - (ap?-a3?)™% 14— [ ———— - [ /I+n%sin%y ay (6.11)

0 ¢l+nzsin2w 0

The integrals are now in the form of Elliptic integrals of the first and

second kinds, with imaginary moduli. To avoid using imaginary moduli, we

employ variable transformations. If in the first integral of (6.11) we

Li
_-5’

set y = v ay dy, cosy = siny, we find

] Y
/ e S e S— (6.12)
0 V1+nZsinZy vnZ+1l n/2 Y1-k;%sin’y
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where
2 n?

k1% = =7 (6.12a)
so that

] Y m/2

| dy _ 1 [ S pp— S (6.13)

0 /1+nZsinZy /nZ+1 |O Vl—klzsinzy 0 Vl-klzsinzy

= —X— [Fly,k;) - K(x;)] (6.14)
s

where F(Y,k;) is the elliptic integral of the first kind of amplitude Yy
and modulus ki, and K(k)) is the complete elliptic integral of the first
kind of modulus k;.

Applying the same transfamation to the second integral of (6.11)

yields
b Y
[ YT+ nZ%sin%y ay = VI + n? [ /T = k%sin?y dy (6.15)
0 n/2
¥ /2
= /I +n? [[ /1< k;%sin?y dy- [ /I-k;Zsin?y dy]
0 0
(6.16)
= /1 + n? [E(y, k) - E(x;)] (6.17)

where E(y, k;) and E(k;) are the elliptic integral of the second kind
and the complete elliptic integral of the second kind, respectively.

We now seek to express each elliptic integral as a part proportional
(-]

to y and a Fourier series of the form ) B, sinny. We first note (6]
1

that
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F( Y+ mm, k1) = 2m x(k;) + F(y, k;) (6.18)

so that the function F(y, ki) - %-K(kl)Y is periodic in y with period .
Furthermore, since it is an odd function of y, we can expand it in a
Pourier series using only the sines of even multiples of y. Thus we

write

F(y, ;1) = £ yK(k) + ] F . sin2my (6.19)
m=1

To calculate the Fourier coefficients we note the definition of F(y, kl)

y
Fly, 1) = [ (1 - klzsinZY)‘%'dy (6.20)
0

and then differentiate both (6.19) and (6.20) with respect to y to get

(1 - klzsinzy)-%'=-g Kky) +2 ) mF cos2my (6.21)
Ut = kim
m=1

which is in the form f(x) = Ag + ) A cos 2%5. Thus by Hildebrand [ 7]

2 L nnx :
An = i-é f(x) cos I dx or solving for the Fklm’ we find

2 /2 20102,)"F,
Fklm = a;-f (1 - ky“sin?y) “cos2my dy (6.22)

0

To evaluate these Fourier coefficients we follow Vinti's example [2] and

expand the radical using the relation

- pos 1 k. 28c3n28
(1 - Kk 2sin2y) T =1 + zZl (elgég%i!)iln h (6.23)

which can easily be proved by noting that the right hand side generates

the binomial expansion of the left hand side. Substituting (6.23) into
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(6.22) yields

w/2

® 28
Fklm =2 Z éQﬁ)!Q? f sin?%y cosZmy dy (6.24)
=1 0

g

However, for £ > 1

1
g (-l)J %%%%;YEET cos(22-23)y
J=0 (6.25)

L
R 22)! -
31n22y = gllg 5 o+ (-l)k 2172¢

This relation can be proved by expanding [%—i—(eiY—e—ly)]z2 binomially and
rearranging terms so as to form the summation of (6.25). We also have

the identity

cos[(22-23)Y] cos2my = % cos[(28+2m-23)y]+ %-cos[(22-2m—2j)y]
(6.26)

With (6.25) and (6.26) substituted into (6.2k) we see that the integral
of the first term of (6.25) is zero for the limits O +'% and the terms
of (6.26) will yield a zero integral unless either J = £ +mor j = £ - m.
However, (6.26) tells us that J < & so that only the term corresponding
to J = 2 - m contributes to the integral. Thus

w
T -1)" (20)1 2
é 1n?ty cosomy ay = éz%)(zim)g (E-m)1 (6.27)

for m < ¢ . Substituting this into (6.2h) yields

p e (D7
kym m

(22)12 k,2%
(e () 1o | (6.28)

-]

2=m
2

from which we can see that Fklm = O(klzm) = 0o(n™) = 0o(x™). Consequently

for accuracy up to O(k?) in the periodic part we need only take Fkll and

F To 0(k?) these are found to be

k12'
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=_L,2_3 4
Fk11 = -5k’ - k; (6.29)

_ 3k
Fk12 = —2—5# (6.30)
Substituting these back into (6.19) yields

2 4
F(y, k1) =~%1 Kky) - %l~(l + %-klz)sin2y + §§%E~sinhy PR

(6.31)
We now transform back to our original variable ¢ using v = ¢ +-%,
sin2y = -sin2¢, and sinby = sinly, so that
kp? .
F(v, k1) - Xk1) = 24 K) + 551 + § 192) sin2y
51 .
+ ~§%g sinky + (6.32)

We can now use the same method to handle the elliptic integral
E(y, k;). Thus E(y, k;) - %-y E(k;) is odd in y and periodic iny with

period 7, so that

‘Y [ <]
E(y, ky) = [ (1 - klzsinzy)%ay = 2p(k; )y + ) E, _sin2my (6.33)
0 " g=1 1%

As before we differentiate (6.33) with respect to y to get

(-]
(1 - k]zsinzy)%.= g—y E(ky) + 2 Z m E, _cos2my (6.34)
i ot kym
m=1
and evaluate the Fourier coefficients as
2 "2 2,12 )% €
Eklm = of (1 - ky%sin?y)® cos2my dy (6.35)

Binomial expansion then yields

. (22-2)1 k2%si
(1 - k1281n2Y)5.= 1- z£1 5Z0T g1 %z-ii?y (6.36)
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and insertion of (6.36) into (6.35) thus gives

© _ 28 ‘"/2
E = _ 2. (22-2)1 Xy f sin?%y cos2my dy (6.37)

kim BT 0=1 22271 g1 (g-1)1 O

since the integral of the first term of (6.36) is zero. Then by equation

(6.27)

m+l
_ (1) (22-2)1 (22)1 ky22 (6.38)

E
4271 gy (-1)1 (24m)! (2-m)!

kim m g=m 2

2
so that Eklm = O(klzm) = 0(n“™) = o(x™). For accuracy to O(k2) we need

use only the first two Fourier coefficients. They are

=X K ...
B8 *3 ¢ (6.39)
and
ko4
Ek12 = - 5%3 + e (6.40)

On substituting (6.39) and (6.40) into (6.33), we find
2 k12 .kt L S
E(y,k;) = =y E(ky) + ( gt ) sin2y - 256 sinlby + <+ (6.41)
Transformation back to our original variable ¢ then shows that

2 SR S R S
E(y, k1) - E(ky) = ;-WE(kl) - (—é—»+ §é~)31n2w - E%g s1nhw+~-£6 12)

If we now substitute (6.14), (6.17), (6.32), and (6.41) back into (6.11),

we find, after some manipulation, to O(k)
_ 2
Ny = -(a22-a3?) J".'103[13111; + %(Q—nz)sinzw + %K sinly] (6.43)

where
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B = 3% E (k) - B(k;)] - n2(3) E(klﬂ (6.4k)
3
= }ri [%— * %éklz + %'2_8'1‘1“ +ee] - —L[l - "kl “6”}‘1“ + ”zé.hs)

We then transform B; back to our original variable n by using

3
5 ) T3z B (6.46)
and
%l = (l+n2)-%'= 1- %-nz + %-n“ - e (6.47)

Substituting (6.47) and (6.46) into B; yields to O(k2)

15 y

By = -3+ 3nl -2zt e e (6.48)

N; is now given by (6.43) and (6.48).

6.2 The N, Integral

The N, integral is given by

n
M= [ te¥n) an (6.2)
0
or by (6.8)
v
Ny = (022—a32)'%-n0 f (l+nzsin2¢)_%'dw (6.49)
0

With use of (6.14) and (6.32), this becomes

2
= (azz_aaz)’%'__ﬁﬂ_.[zg v K(ky) + Eé—(l + gklz)sinZw
n

u
+ égég sinky + "z] (6.50)

2

or, with k;2 = n2-n* + +++ in the periodic terms,
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Ny = (azz-aaz)—%'no[Bz¢ + %(nz- %-n“)sin2w
N
v 228 sinby + o) (6.51)
where
.1 2 k 1 9 .
By = S K(ky) = 1+ 712 + St + o0 ] (6.52)
Ve noT R ey

Transforming B, back to the parameter n by means of (6.47) yields
2 , oot
Bp =1 -4 + 5 - ... (6.53)

Thus N, is given by (6.51) and (6.53).

6.3 The N3 Integral

Inserting (3.40) into (6.3) yields N3 in the form

n
(a22-a32)&.N3 = f*(l—nz)—l(l—nz/noz)-&Yl-nz/nzz)—%ﬁn (6.54)
0
Since |n?/ny?| < |ng?/n22| = n? = 0(k) we can expand (l—nz/nzz)-%
by the binomial theorem. Thus
(l—nz/nzz)'&'= ) 57*%%%%%.(n2/n22)m (6.55)
m=0

where nZ/ny,2 is negative. Substituting (6.55) into (6.54), we find

o0 —2m
(322-032)&-N3 = (em)inp® Ih (6.56)
m=0 22™(m1)2
where
n _ _}_ n
L = [£(1-n2)71(1-n2/ng?) 7% n2" dn (6.57)
0
for m=0

oy 3
Lo = [£(1-n2)"1(1-n2/ng2)7% an (6.58)
0
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We then notice that n2/(1-n2) = 1/(1-n2) -1, n%/(1-n2) =

n2/(1-n?) - n2, n®/(1-n2)= n*/(1-n2) -n*, etc., so that we can write

nzm _ 1 mn-1 oM
1-nZ = 1597 T [ n

n=0

for m > 1. Use of this relation in (6.57) yields

£
]

n n m-1
ft(l—nz)'l(l-nz/noz)-%'dn SED) nzn(l—nz/noz)—%'dn
0 0 n=0

mi 1
Lo - Ly
n=0 n

where

n
Ly, = f*nzn(l-ﬂz/noz)—% dn
0
To evaluate Ly we first rewrite it as

n
Lo = [n 3(n 2.7 (0 2eng™2)F an
0

and then introduce the new variable x, defined by

tan x = (l—noz)&'tan Y = |ecos I| tan ¥

(6.59)

(6.60)

(6.61)

(6.62)

(6.63)

(6.64)

We also require that x and ¢ keep in step; that is, whenever ¢ is a

multiple of 7/2, x and ¢ are equal. Using this new variable we find

csczw = 1+cos?I cotzx
so that
n2=ng 2 ese?y = 1 + cot?I csc?y

Differentiating (6.66) yields

(6.65)

(6.66)
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n 3dn = cot?I esc?y cot x dx (6.67)

We note that

coty dx > O for dn > O

(6.68)

coty dx < O for dn < O
Then, substituting (6.67) and n=ngsiny into (6.63), we find

Lo = }*Itanllcotx'tanx!dx = ?ltanI'dx (6.69)

0 0

by (6.68). Thus Lg is given by

Lo = [tanI|x = no(1-ne?) % (6.70)
For Keplerian hyperbolic motion (i.e. c=0) we see from (6.66)

n 2+ esc?0 = 1 + cot?I esc?y (6.71)
which becomes

siny -+ tan6/|tanI| (6.72)
or

X *>¢-Q (6.73)

for direct orbits. (For retrograde orbits ¢<0 and since x>0 always,
one must then reverse the sign.) Thus, for c=0, x becomes the projection
of the argument of latitude on the equator.

We then evaluate the Lln integrals by substituting n=ngsiny in
(6.62). Thus

v
Ly, = n02n+l fsinznw ay (6.74)
0



61

For n=0, we can easily integrate (6.TL4) to get
Lyo = nov (6.75)

To facilitate evaluating the Lln for n>0 we note that

-on B _1)d !
s L TR e

a relation which can easily be proved by applying the binomial expansion
theorem to [(elw—e_iw)/21]2nand noting that the resulting series
generates the right hand side of (6.76). Inserting (6.76) into (6.7h)
and performing the integration yields

n+; n

2n+) 2
= ng (en)!w + no z (~1)j(2n)!sin23w (6 77)
1n 22"(n1)2 22" 3=1 (o) 1 (n-3)! J ‘

L

for n>0. If we now substitute (6.61), (6.70), (6.75), and (6.77)

back into (6.56), our expression for N3, we find

pos —-2m ot —2m
(azz-a32)%kN3 = no(l—ﬂoz)-&k Z iggléﬂz““*' - noy z Lgml%ﬂz-~
m=0 22%(m1)2 m=1 22"(m1)2

_p ¥ Lem)iny,”2" mel ng?™ 1 on)t (6.78)

m=2 22™(m1)2 n=1 22%(n1)2

_ v (em)in,m20 mil ng2™*! § (-1)9 (2n) 1sin23y
n=2 22m(m!)2 n=1 22n J=l (n+J)!(n-J)! J

Letting n2=1 in (6.55) results in

= S (2m)in,”2" T (2m)in, 72"
(1-m )T = § B L P (6.79)

m=0



62

so that we can rewrite (6.78) as

(azz-ugz)i'N3 = no(l~n02)-%11—n2—2)_%k - X[Eo[(l-niz)w%

1] + ng Z——m%%i—,'—p Z B2 o, 20) (6.80)

T (em)in, 72 mid ng" 3 (-1)9 (2n) 1sin2ju
0 Z QZmZm!§2 z 2 Z (n+3)1(n-3)13
m=2 n=1 J=1
or in abbreviated form
(ap2-a32)F W3 = nol(1-np2)F(1ony ) Fy + Byy

+ [ By sin2sy] (6.81)
s=1

where we have defined

By =1 - (l—ng-z)-‘% - Z Ym n2—2m (6.82)
(2m)1 m-1 Zn(2 )1
Ym = 2Z7%(m1)2 nzl ggn1n1?2 (6.83)

and

-]

Z B3_ sin2sy
s

s=1

v (om)in,” ~2m mel 2 B (_1)9(2n)1 sin23jy
- m§ 2cm (m!) Z Z (n+J)!(n—j)!j
(6.84)

To solve for B3s we note that the functions sin2jy are orthogonal.

Suppose we multiply (6.84) by sin2s“y and integrate from 0 to %u We can
then do away with the summation over j and set j = s” for the coefficient
B3s‘. Since J must be less than or eqgual to n, our lower bound on n

becomes s”. Similarly, n must be less than m, so the lower bound on m

becomes s” + 1. Thus
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_ ® (2m) 1 -2m m-1 2n Zn( l) (2n)1
- Z 2Zm(m?§‘2 nzs ?n,,,s) 1(n-s5)1s 2 (€.85)
= 0(”2_2(S+l))

By =
s m=s+1
where we have dropped the prime from the s. Since B3s

) we need only the B3; terms in order to have the sine terms of
Setting s = 1 in (6.85) yields to 0(k?2)

= O(kS+l
N3 accurate to order k
B3 = 22 ngZny” 4+ (6.86)
Thus for our purposes (6.81) becomes
- -2\ -
((122—(132)%— N3 = no[(l—noz) &-(l—ﬂz ) % + B3y
+ B3j sin2y + ---] (6.87)
with By and B3; given by (6.82), (6.83), and (6.86).
Let us now investigate the convergence of the series Z Y n2-2m
m=2
Since
(2n)! 1 ,.3,5., (20-1) _1
2MmMnZ =2 "L 6 on =2 (6.88)
for n > 1, then if we sum m-1 of such terms we must have
- + -
mzl (2n)1n 2n+l m-1 (gn)! L -1 (6.89)
== n 2 = i
1=y 2%%(nl) pey 27%(nl) 2
Also, form > 2
!
A <3 (6.90)

m!

N~

Thus by (6.89) and (6.90)
(6.91)

ml (on)ing®® 3 mel
I ot <7 (%) = gg (w-)

- (om)!
n=1

Ym =32 m!)
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for m > 2. Thus

o o

! Ymﬂz_zm‘; ! %3-(m~l)n2"2m (6.92)
m=2 m=2

The ratio of two successive terms is

!B

ry = 02_2é£2n2—2 (6-93)

=]
[

L]
. -2 . -2 .
Since ny ~ = 0(k), the series z Y2 " converges rapidly.
m=2
Consider now the convergence of the Fourier series

- © o -2m m-1
] 2m)!
) B3 sin2sy| < } |B3s| < Z ézm%m!?g )

s=1 s=1 m=2 n=1

B 572050y,

; E | @) =)t (6.94)

But, forn 2 0

(2n)! (2n)!
2&E(n+siz(n-s)x < QZg(n!) 1 (6.95)

so that
m-1 n m-1
(QH)! 2
T < n<n (6.96)
n=1 j=1 24 (n+s)!(n-s)! neq
and

-3

©o
| Z B3 sin2sw| < Z
s=1 ° m=2

2 -2m ot
Bt 2 L. L n?[ny """ (6.97)
m=

by (6.95). Then the ratio between successive terms must be less than

=m0, 2] < 2 g0y (6.98)

rg -

for m > 2. Again since n2_2 = 0(k) the series converges rapidly.
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Referring back to our equation for N3 (6.87), it is now clear that
all the terms are well-behaved, except for the x term which seems to
become infinite for ng = t1 (ie I = 53 333 etc.) These apparent singular
points represent polar trajectories. N3, however, occurs only in the
third Kinetic equation (2.18c) where it is multiplied by aj, the polar
component of angular momentum, which reduces to zero for a polar orbit.

Let us investigate a3N3 as ng? » 1. For this case the x term of

N3 will be by far the largest, so for a polar trajectory we can write

- a oy, =2y-% :
a3Nj T;;?:é;?j&'“o(l ng?) “(l-ny, ©) 4x + higher order terms

(6.99)
or since ay?-a3? > ay?
agNz = Tng no(l-noz)'%ll-nz'z)'ék (6.100)

But from (L4.9) and (L.10) we find

2_,.2 -
g-za-z—g—a- = noz + Sinzio N2 Z(I—noz) (6'101)
so that
2 -
27=1- ne? - sin’ip 2(1-ng2) (6.102)

or since sinzio = 1 for polar trajectories

los| | (1—n2'2)511—n02)§' (6.103)

a2
Inserting (6.103) into (6.100) we find

a3N3 = (sgnoaz)x + higher order terms (6.10L4)

Thus a3gN3 is well-behaved for a polar trajectory as long as x is well-

behaved. We can plot x versus y from equation (6.64) and the requirement
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that x equal y at every multiple of %u

0 (equatorial trajectory), tany = tany

1. For n02

2. For n02 = %3 tany %-tanw

1}
o

3. For n02 1, tany

Thus X as & function of ¢ can be plotted as in Figure 6.1. Whenever the
trajectory passes over a pole, ¥ = 53 gly etec., with @ > 0, then x jumps
by n. If the trajectory passes over a pole with $ < 0 then x drops by w.
Since for a polar orbit o3N3 is given by (6.104), it clear from (2.18c)

that the right ascension,¢, also jumps or drops by w, in accord with the

Jump or drop in x.
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Values of 7&%
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CHAPTER 7

SOLUTION OF THE KINETIC EQUATIONS

T.1 Summary of Integrals

Before proceeding to the solution of the Kinetic equations, let us

assemble the results of the two preceeding sections
(2a1)}R1= a(e sinh H - H) + bjH + A)f + Aj;sinf + Aj,sin2f  (5.45)
(2&1)%R2= Ayf + Apysinf + Aypsin2f + Ajy3sin3f + Apysinlf (5.5T)

(2a1)£-R3== A3f + Azysinf + A3,sin2f + A33sin3f + Agusinbf (5.102)

Ny = —(ay2-a32)"F “°3E3”” + $(2-n?)sin2y + %Esinhd] (6.143)

N, = (ap2-032)"F ng EZ‘" + Lm2 Znt)sinzy + gls%sinuﬂ (6.51)

N3 = (azz—agz)-% no El-noz)"}(l-ngz)“} x + B3y + B3lsin2€| (6.87)
where

A = p(ez_l)% °Zh (%l)n P (A) T ,(/e%-1) (5.39)

n=2

+
Ay = —3{‘;;:}—)“ [-Qb_lbzzp + b?_ﬂe (5.43)
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2_ YT
py, = (et (5.4%)
32p3
A = ‘—e—"’—il%f 22)® p (3) T_(/eZD) (5.51)
P p=0 P n n
(ez-l)’}e -1—0_1_ 3b;2-by2  9b;by2,. e, . 3by* 2
Azy o (gt TR - G (L) + ghAe3e?) | (5.53)
_ (ez-l)er2 ;,b12-b22 9bybp2. 3b,* e2_
Ay = 5 Rk —81’;51 + Rgu(%z—) (5.54)
2_1 i’ 3 b1Db 2 b &
hys = L 8; . [: 13—+ 2% (5.55)
_ 3(e2_1)'§' b24 et
Ayy = 356p5 (5.56)
y = Le0)? T o oT (/) (5.96)
3 P m m+2 :
m=0
_ (ez-l)é’e by, .3e2y b2 c2 2—»
A3y = 03— |2+ (3 +—3—0-(§§2+ Sz)(h+3e ) (5.98)
2.1 &' —2 3b 2 o2 2 2 '+—
Asy =.<_*=;§3_>__ e 2 S ) (5.99)
_ (62—1).} _1;183 plZ 2 e3
Ay = -3 |1 - (P + f) 32 (5.100)
[~
_ (ez_l)% e‘-) b22
Ay = "3 - 32t (5.101)
Bs -3t - (6.48)

By =1 - {n? + g (6.53)
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By = 1 - (1-n32)"F - IR P (6.82)
m=2
_lem)r TS ong2en)t (6.83)

y
T 22M(y1)2 p=1 228(p1)2

B3 = %2‘ noZny~* (6.86)
n? = - Dog (6.7)
n2

T.2 The p and n Kinetic Equations

Our method of solving the Kinetic equations will be to solve for p
and n from the first two Kinetic equations and then use these results to
solve the third Kinetic equation for ¢. Before doing this it is desirable
to obtain some relationships between f and H. From p = a(e cosh H-1) =

a(e?-1)/(1+e cosf) we find

cout « SR K .
sinf =/§2§z;ii§h_Hl (7.2)
cosh H = %—E—%ggggf (7.3)
sinh H =/§E§ié§%%§f (7.4)
tan & = (—Z—%)J" tenh & (7.5)

so that one anomaly is uniquely determined by the value of the other.

The plus sign occmrs in (7.2) and (7.4) because both f and H are positive

for all t.
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Substituting the appropriate p and n integrals into the first two

Kinetic equations, (2.18a) and (2.18b), results in

t + B8 = (2a1)_%'[b1H + a(esinhH-H) + A}f + Aj;sinf
+ Ajpsin2f] - cz(azz-a32)_%'no3[31¢

1 2 n2 . . 3
+ 8(2—n )sin2y + gﬂ-sinhw] + periodic terms 0(k3) (7.6)

62/a2 = -(2&1)_}.[A2f + Ap1sinf + Ajysin2f + Aj3sin3f

+ Azusinhf} + (022—G32)n§.n0[B2W + %(nz-%n“)sin2w

3n*

556 sinky] + periodic terms O(k3) (7.7)

+

Our aim is to solve the gbove two equations for f, H, and ¢ using

the relations between f and H derived previously. With f, H, and ¢ we

a(e2-1)

can then find o = a(ecoshH-1) = Ttecosf

and n = ngsiny.

To solve for f, H, and ¢ we first set

f=7Ffg+ ) + £ (7.8)
H = Hp + Hy + Ho (7.9)
Y = wo + ¢1 + wz (7.10)

where fg, Hg, and Yg are the solutions to the zeroth order portion of
(7.6) and (7.7) (ie the part of the equations remaining after all terms
of order J, or higher have been dropped.) Similarly, fg + f;, Ho + Hj,
and Yg + Y; are solutions to the equations after the terms of order J22
or higher have been dropped. Finally, f;, Ho, and Yo complete the
solution to an accuracy of J22. Thus fg, Hgp, Yg are of order J2°;

1, Hy, ¥, of order le; and fy, Hyp, Yo of order Jzz. We are essentially

solving for f, H, and ¢y as series solutions in powers of Jj.
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Listing the coefficients of (7.6) and (7.7) according to their order
in J; we find

Jzot a, (201)—%’, (022'032)— » €, Nng, By, By, Ay

It Ay, Apy, n?, by, c2, Apy, by

Jp%: Ay, Ayas Az, Agy

For the zeroth order solution we set H = Hyp, f = f, y = yy and drop all

terms of O(J;) or higher. Equations (7.6) and (7.7) become

(t+B;) = (zal)"}[a(esinn Ho-Hp) ] (7.11)
and

B2/0p = -(2a1)"} Apfg + no(azz—agz)'* Ba¥o (7.12)

Equation (7.11) is just Kepler's equation in hyperbolic form. We can
assume that it has been solved by some convenient method to yield the

value of Hg. We then find fy from our previously derived anomaly relations,

e.g.

fo _ (e*ly} Hg
tan 5 (e-l) tanh > (7.13)

Using this value of f we can solve for ¥y from (7.12) in the form
-1_ -1 -
Yo = (azz—a32)§' ng Bz [82/a2 + (20,1) % Azfo] (7.14)

Proceeding to the first order solution we set £ = fy + £, E = Hy + Hy,
Y = Yo + ¢ and drop all terms of 0(J,2) or higher in (7.6) and (7.7).

Thus we find
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t+B = (2a1)~%-[b1Ho + aesinh(Ho+H;) - a(Hg+H;)

+ A fo) - c2n03(a22-a32)_%'[B1w0 + %~sin2wo] (7.15)
Bz/uz = —(2(11 )-% [Az(f0+f1) + Azlsinf0+Ap_zsin2f0]
- 2
+ no(azz-agz) %l[Bz(wo+¢1) + %"Sin2¢o] (7.16)
But

sinh(Ho+H;) = sinh Hy+ sinh Ho(cosh H}-1) + cosh Hg sinh H; (7.17)

2
sinh Hy + %L sinh Hg + H; cosh Hy (7.18)

to order Jp2. Substituting (7.18) into (7.15) and subtracting (7.11),

we find

-% H?
0 = (2a;) “ [byHp + ae 5~ sinh Hg + aeljcosh Hy - aH)

- 1 .
+ ATl - 02n03(a22_a32) i— [Byvg + T sin2yg] (7.19)
which can be put in the form

le(gggigé_ﬂn) + H)(ae cosh Hg-a) + bjHy + Ajfy

- c2no3(2a1 )%(Gzz-aaz)-&.(BllPo*' _l]f sin2w0) =0 (7.20)

Equation (7.20) is a quadratic in H;, and thus yields two solutions for
Hy. Since H) is small we seek that solution of (7.20) which is closest
to the solution of (7.20) with the first term set to zero. That solution

is

_ . esinhHj -
Hy = B (1 - 2(ecoshHy-1) H7) (7.21)

where
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by = c2n03(2a1 )%'(ag_z-a32)—‘}[B1wo+ i—'sinQd)o]-blHo—AIfo

a(e coshH,-1) (7.22)
we then find f]} from our anomaly relations, e.g.
tan {L0201) _ (L)% oy (HgtHy) (7.23)
2 e-1 2
Subtracting (7.12) from (7.16) and solving for y; results in
2
- . - - -1
Y3 = =By ! g—‘ sin2yg + B; 1(201) é-((122-(132)%}1() (A
+ Ap1 sinfg + Ay sin2fg] (7.24)

Finally, for the second order solution we set f = fo + £} + f,, H = Hy
+ Hy + Ho, ¥ = Yo + ¥; + ¥ and drop only those terms of order J23 or
higher in (7.6) and (7.7). There results
t + B = (201)—%Tb1(HQ+H1) + aesinh(Ho+H +Hy)
- a(Ho+H+Hp) + A)(fo+f}) + Ajpsinfy
+ Aypsin2fgl - c2n03(022—a32)-%131(¢o+¢1)

1, . n2 . n2 .
+ ﬂ(81n2w0+2w1c032w0) - g~ sin2yg + gﬂ'Slnh¢0] (7.25)
and

Ba/ay = -(2a1)_%TA2(fo+f1+f2) + Ay;(sinfy + ficosfy)
+ Ajy(sin2fg + 2fjcos2fy) + Ap3sin3fy
+ Apysinbfg] + no(a22-032)—%132(¢0+¢1+w2)

3n"

2 L
+ %—(sin2w0 + 2y cos2yp) - 35 sin2yg + %gg sinliyg] (7.26)

But to order J22

sinh(Ho+H +H,) = sinh(Hp+H;) + HycoshH (7.27)
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If we substitute this into (7.25), and subtract (7.15) from the result,

we find

0= (2a1)-éTb1H1 + aelH, coshHy - al, + Ay,
+ Ajsinfqy + Ajpsin2fy] - czng3(a22—a32)-%TB1w1

2 2
+ %l'cos2wo - %-sin2wo + %ﬂ-sinhwo]

or solving for Hp

Hy = (aecoshHo—zaL)m1 [:blHl—Alfl-Allsinfg
~Ajpsin2fy + c2n03(2a1)%(azz-a32)—%TB1w1

2 2
+'%L cos2yq - %—-sin2wo + %ﬂ-sinhwoi]

We then solve for f, from the anomaly relations, e.g.

(£Fo+fy+f5) _ e+l ¥ (Ho+H+H, )
tan 5 = (e_l) tanh 5

To find Y, we subtract (7.16) from (7.26) leaving

0= —(2a1)-%TA2f2+A21flcosfo+A222flcos2fo

+ Aj3sin3fg+Aoysinbify] + ﬂo(azz‘G32)~%IBZW2

2 L 4
+ %—-lecOSQwo - %%~ sin2yg + %%3 sinhwo]

Solving for Ypwe find

4

-1 2 . M
Y2 = By (- %— yjcos2ygy + %%— sin2ygy -~ %%g SInhwo)

+ B; no_l(azz—a32)%12a1)-%IAzfz + Ay fjcosfy

+ Ay 2f c0s2f) + Ap3sin3fy + Ajysinhfy]

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)
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This completes the solution, through order J22, for £, H, and ¢, and thus
for the spheroidal coordinastes p and n.

T.3 The Right Ascension ¢

According to the final Kinetic equation (2.18c) and the definitionms

of R3 and N3 we have
¢ = B3 - c%agR3 + a3N3 (7.33)

Substituting above for R3 and N3 from (5.102) and (6.87) respectively

we find

¢ = B3 + a3(022~d32)—%ho[(l~n02)—%xl-ﬂz-2)-%k
+ B3y + %5 noznz—qsinZw] - c2a3(2a1)—%TA3f

+ Agysinf + A3,sin2f + A33sin3f + Agysinbf] (7.34)

where ¢ and f are now known and X can be found from tan x = (l—noz)%ianw.
Thus the final spheroidal coordinate ¢ can be found from (7.34)

From Figure 6.1 it is clear that x may vary quite rapidly as the
satellite passes over or near a pole. We can avoid such difficult
calculations, however, by expressing the position of the satellite in
rectangular coordinates. The relations between rectangular and spheroidal
coordinates are given by (2.1) and (2.2). From (7.34) it is clear that ¢

may be expressed as

=0 + Kx (7.35)

where

Q" = B3 + a3(a22-a32)‘§h0[33¢ + %g'noznz'ksinZw]
B 4
- 02a3(201) [A3f + Z Az

3 sinjf] (7.36)
J=1
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which is well-behaved near the poles and xx is that part of ¢ which varies

rapidly near the poles. By definition ng is positive so that we may write
k = |k| sgn aj (7.37)
and thus find

k2= a32(ap2-a32) 'ng2(1-ng2) " (1-n,"%) "} (7.38)

032 no2 r122

" (02%=a3%)(ng%+ny%-1-ng?n,?)

(7.39)

Substituting for ng?ny? and ng? + ny2 from (4.3) and (4.2) respectively
we find

2 _

k¢ =1 (7.4%0)
so that

K = sgnag = %1 (7.41)

for direct or retrograde motion, respectively, so that ¢ will either

always increase or always decrease. Thus
¢ = Q" + xsgn aj (7.%2)

From the relation tan y = (l—noz)%'tan y and the requirement that i and

Y are always positive, we find

(l-noz)%'sinw (7.43)
Y1-np? sinZy

siny =

COSdJ (T.hh)
v’l—no2 sinZy

cosy

so that
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cosy + iv’l—no2 siny (7.45)
v’l—no2 sinZy

exp iy =
If we insert (7.45) and (7.42) into (2.1) using the relation
sgnua(l—ngz)é>= sgnaz|cosI| = cosI we find

X + iY = (p2+cz)%'[cosw + icosI siny] exp iQ” (7.46)
or separately

= (p2+ cz)&Tcosw cos” - cosI siny sinQ”] (7.47)

>
|

and

= (p2+c2)&TcosI siny cos” + sinf” cosy] (7.48)

(a5
|

also from (2.2)
Z = pn (7.49)

These expressions for X, Y, and Z cover all cases and do not involve
calculating ¢. Thus they contain no singularities or rapidly varying
quantities, causing no trouble for polar or nearly polar trajectories.

For a strictly polar trajectory cos I =+ 0, a3 + 0, so that 2° = B3 and
X + iY = (pz+c2)%'cosw exp iB3 (7.50)

If we did want to calculate ¢ for a nearly polar trajectory, it

would be best calculated by

cosy + ilcosI| siny (7.51)

Ycos?y + cos?I sin?y

exp ix =

and (7.36). Using (7.51) for x avoids the difference of two nearly equal

terms in the denominator.
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7.4 The Velocity Components

Differentiating (7.46) with respect to time yields
X + 1Y = [98— + i0°)(x+iY) +
pZ+c

(p2+c2)&(—sinw + icosI cosy)y exp iR~ (7.52)

or separsately

X = E%I%?‘X - Y0+ (p2+cz)%Y-sinw cosQ” - cosI cosy sinQ”)y
(7.53)

e

. e .
E%I%Y'Y + XQ° + (02+02)%Y-Sin¢ sinQ” + cosI cosy cosQ”)y
(7.54)

Then from (7.49) we obtain

Z = pn+ pon=pn+ ngo cosy ¥ (7.55)

Clearly, the three velocity components sasre well-behaved for all trajectories.

To find p we first combine equations (10.1) and (13.1) of Vinti [1] to get

39S _  2(p%+c?n?)

38 = S (pZeal) £ (7.56)

where S is the Hamilton-Jacobi function and

= B
g = c (7057)
Then from equation (53.1) of Vinti [1] we find
3 _ +/F(p)
3 = (B (1.58)

Combining (7.56), (7.57), and (7.58) yields

= %;gi%zgzy (7.59)

De
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If we take F(p) in the form of (3.11) and insert p; = a(e-1), p, = -a(e+l),

and p = a(e cosh H-1) we find
F(p) = 2a;(aesinhH)2 (p2+Ap+B) (7.60)

Since 6 = ge sinhH H and H > O for all t, sinhH 2 O accordingly
as p 2 O, respectively. The t|sinhH| resulting from (7.59) and (7.60)

thus reduces to sinhH and thus

) y *
s (2a1) aes%sgfigi;?p+B) (7.61)

We then proceed to find n by a similar method.

Combining equations (13.2) and (10.2) of Vinti [1] yields

3s _ p2+c?n? -
e ol-zzn n (7.62)

But from (53.2) of the same paper

a8 _ /&
== ] (7.63)
so that
o_ VGzn’
U s (7.64)

If we use G(n) in the form of (3.40) and insert n = ngsiny and

N

n?= - il , there results
n2
G(n) = (ag2-a32)(1+n2sin?y)cos?y (7.65)

Substituting (7.65) for G(n) in (7.6L4) results in

. (azz—ugz)%(l+nzsin2¢)%bosw (7.66)
n = 0Z¥cZnZ
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The *|cosy| resulting from (7.64) becomes cosy, since cosy 2 O
accordingly as 5 20, respectively. Then, since ﬁ = nocosw@ we can solve

for @ as

n - (agz—agz)%11+n2sin2w)%' (7.67)
ngcosy ng(p“+c4n?) o7

V=
To find Q° we differentiate (7.36). Thus

¢ - - .
0 = az(ay?-a3?) J"'no[Bg + %g no2ny *cos2y]y

L
- c2a3(2a1)-% [Ag + Z JAaj cosjf]i.‘ (7.68)
J:

To solve for f we differentiate the relation p = p(l+ecosf)—l. Solving

for % we find

= P2 (7.69)

pfesinf

Using the anomaly connection (7.2) to substitute for sinf yields

s 5 veZ 1

t= psinhH e (7.70)
Finally substituting for o from (7.61)

. a T Y2 3

f = are -l (QGJ) (D +AQ+B) (7071)

p(pc+cin?)
Thus equations (7.53), (7.54), (7.55), (7.61), (7.66), (7.67), (7.68),
and (7.71) form a complete algorithm for the velocity vector in X, Y, Z,

space.

7.5 Determining the B's From an Initial State Vector

Up to this point we have merely assumed the B's to be known constants
without specifying how they might be calculated. In this section,
therefore, we consider determining the values of the B's given an initial

statF vector of the satellite.
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We have seen previously that from this initial state vector the a's
can be calculated according to equations (3.8), (3.9), and (3.10).
Using these values of the a's we can then calculate the orbital elements
ag, ep, and ig from equations (3.3), (3.4), and (3.5). This allows us
to calculate values for the set of orbital elements a, e, and ng = sinl
from equations (3.33), (3.36), and (3.48). We can determine the initial
values of the anomalies H and f from the equation, p; = a(ez-l)/(l+ecosfi),
and the anomaly connections (viz. equation (7.5)). The initial values of
Y and ¥ can be calculasted from ni = nosimpi and tanxi = (l—noz)%%anwi.
We now have sufficient information to evaluate all the terms in the Ki-
netic equations (7.6), (7.7), and (7.34), excluding the 8's. Thus we can
solve for the B8's numerically from these three Kinetic equations. Note
that for nearly polar orbits, where our calculation of Xy depends on the
difference of two nearly equal numbers, X5 would be better calculated by
(7.5.)

In summary, we have seen that the B's like the a's, can be determined
from an initial state vector.

7.6 Solution of the Kinetic Equations as ¢ Approaches Zero

Setting ¢ = 0 in the Kinetic equations (7.6), (7.7), and (7.3k4)
should reduce them to the case of simple Keplerian hyperbolic motion. 1In
this manner we can not only provide a rough check on our results, but
also obtain some insight into what the constants B;, Ry, and B3 represent.

Dropping all terms of order k or higher in (7.6), (7.7), and (7.3h4)

results in

t + B} = —=— (esinhH-1) (7.72)

201
_(Qal)—}-Vez—l

N

f + no(azz-a32)_%.w (7.73)

Bafap =
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¢ = By + aa(a22~a32)_é'—-ﬂﬂ—-x (7.74)
Vl—noz

But for ¢ = O we know a = ag, € = eg, and I = iy so that

u
20y > = (7.75)
n = sinI siny + sin® (7.76)
(azz-a32)%-+ 0y sinI (7.77)

Using these relations in (7.72), (7.73), and (7.74) we reduce the

Kinetic equations to

3

t + By = (ﬁ——)‘}(esinhﬁ-ﬂ) (7.78)
-1 .

B = v - £ =sin (32 _ ¢ (7.79)

¢ = B3 + x = B3 + sin-l(zgﬁ%) (7.80)

The corresponding Keplerian relations are

3
t-1= (ﬁ'—-—)é-(esinhH—H) (7.81)
w=y-f = sin”! (EEEQ) -1 (7.82)
sinI ‘
p=0+x=0+sin (2222 (7.83)

These angles are defined in Figure T.1l.
Upon comparing the reduced Kinetic equations (7.78), (7.79), and
(7.80), to the corresponding Keplerian relations, it is apparent that to

agree identically we must have

-B; * t = time of perigee passage (7.84)
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argument of perigee (7.85)

Bo > w

B3 + Q = longitude of the node (7.86)

as ¢ goes to zero. We have also seen that f, I, and x reduce to the
true anomaly, inclination, and projection of the argument of latitude

onto the equator, respectively, as ¢ goes to zero.
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CHAPTER 8

ASYMPTOTIC MOTION

In this section we consider the analytic determination of one of the
asymptotes of the spheroidal "hyperbola," either incoming or outgoing,
given the other asymptote. Such a solution would find application in
calculating swingby maneuvers about an oblate body. Thus given a desired
outgoing asymptote, for example, we could determine the necessary incom-
ing conditions.

The incoming asymptote is defined by p + r =+ =, t + -, while the
outgoing asymptote is defined by p = r + ®, t > ». From (2.2), these
conditions imply n + sin® on the asymptotes. Setting p + « in (7.61),

(7.66), (7.67), (7.68), and (7.71) results in

p>r (eal)’f (8.1)
n+0 (8.2)
v+ 0 (8.3)
£f+0 (8.4)
Q"+ 0 (8.5)

Note that these equations are true on both asymptotes. Inserting (8.1)

through (8.5) into (7.53), (7.54), and (7.55) we find
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X = (8.6)
Y »-‘I{i (8.7)
% > | (8.8)
But by (7.47) and (7.48)
X + r(cosy cosQ” - cosI siny sinQ”) (8.9)
Y + r(cosI siny cosf” + sinQ” cosy) (8.10)
Substituting (8.9) and (8.10) into (8.6) and (8.7) and using
n = sinI siny in (8.8) yields
X -+ r(cos¥ cosQ” - cosI siny sinf”) (8.11)
Y + r(cosI siny cosQ” + sinQ” cosy) (8.12)
Z + r sinI siny (8.13)

Given a state vector on an asymptote we can most easily calculate

- the a's using the modified forms of (3.8), (3.9), and (3.10)

o . . .2
a) = %‘riz = %(XZ +Y2+17) (8.1k)
= v Y = 2 2)(¥24v2 %’
a3 = X, ¥, - Y, X, = [(r_, oy ) (X2+4Y2)] (8.15)
5 . 2 2 2,2 2
ap2 = [T3{Zg-rgn,)1" + as® - 2aye®n;*(1-n %) (8.16)
(1-n,%)

= (X2 + Y2+ 22)(r. 2+r 2 +r 2)-c272
ax ay az

where ii_+ §1_+ ﬁgiis now the hyperbolic excess velocity vector and

r =r i+ r J+r k is the vector from the origin to the aiming point,
~-8, ax-— ay az—
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i.e. the point on the extension of the as&mptote closest to the origin.
With these values of the a's we can then determine the orbital elements
ap, €9, ig, and the elements a, e, I using the method of the previous
section. Then equations (8.11), (8.12), and (8.13) allow us to find vy
and Q‘i. Since r and I will be the same for both asymptotes, the
problem of determining one asymptote given the other reduces to the
problem of determining the AQ” and Ay caused by a swingby of the oblate

body. Here we have defined

=y, + AP (8.17)
Q° =Q°, + AQ” (8.18)

To solve for AR” and Ay we first consider the outgoing asymptote.

Setting t + « in (7.11) yields

Hy = o (8.19)

and thus by (7.13)

= -l Ly ¢
fogut = ©O8 (- e) = f, (8.20)
Inserting this value of fg into (7.1k) results in
2 2'}
_ (0p%-03%)% (B2 -+
V0out noB [m2 + (20y) Agfa] (8.21)
Then by (7.22)
. -2byHy _ -2by 1
H" = Ty = i =0 (8.22)
out ae e"0 ae 4 g? 2? .

so that by (7.21)
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Hy =0 (8.23)

Proceeding similarly with the remaining equations of Section 7.2 we find

flout =0 (8.24)
2
-1 n . -1 -
wlout = -By 5 51n2¢00ut + By (20.1) &.
(azz—agz)%- . . 6
oo [Az1sinf  + A2251n2fa] (8.26)
Ha e = O (8.27)
fzout =0 (8.28)
2 N
_n -l n 3m .
wzout =By (- ﬂ”'wlout c052w°out * 32 Sln2w°out
l’ Rt L ad -
- %%6' sinbyo_ ) + B2 o l(uzz—aaz)'}(%l) %
[A23sin3fgout + Azusinhfoout] (8.29)
Thus
2 2 '&'
- o (0p%-a3?)
wout lpoout * wlout * l‘)Zcu’c Bang [82/02

(2a1)—%(A2f'a + Az1sinf_ + Appsin2f, + Ap3sin3f,

+
. -1 n? n2
+ Ajysinbfy)] + By [- g sin2bo_ . - 1 V1 COS2Wo .
3n* 3n* .
* 35 sin2yo_ . - 558 51nh¢oout] (8.30)
and by (7.36)
Q° = By + a3(oy2-a 2)—%—n [Bay + §—~n 2p,7" sin2y ]
out 3 3172 3 0123%ut 32 0 72 out

- c2a3(2a1)—&TA3fa + A31sinf, + Agpsin2f, + Az3sin3f,

+ Agysinkf,] (8.31)
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Proceeding now to the incoming asymptote we set t + -= in (7.11),

resulting in

so that by (7.13)

£05, = cos™! (- %-) (8.33)

Since foin cannot equal foout we must have

foin = ~Togut = T4 (8.34)

Clearly equations (8.21) through (8.31) can be applied just as well to

1" 1A

the incoming asymptote if we replace all "out'" subscripts by "in" sub-
scripts and substitute —fa for fa. Performing the above replacements in

(8.30) and then subtracting the result from (8.30) yields

_ v = 2(ap2-032)¥(20))F [A2f,
out in noBs

) . . . . . .
+ Az1sinf_ + Azpsin2f + Ap3sin3f, A2g51nhfa]

-1 n2 . n2 . n2
+ By [- L sin(2yg+2Ayg) + 5 sin2yg - E“‘(lpl"’Alpl)COS(z\UQ"‘eA\bQ)

2 Y 4
+ ﬁ-— ¥)cos2yg + -212‘—- sin(2yg+28¥y ) - %52‘-— sin2¢y

3n* 3n*
- 538-s1n(h¢0+hAwo) *+ 55g sinbyg] (8.35)

where we have dropped the in-out subscripts in favor of letting the incom-
ing conditions be represented by yg, ¥;, and the outgoing conditions by
Yo + A¥g, ¥y + AY;. If in (8.35) we expand the sin(a+b) and cos(a+b)

terms and substitute sin nygy = sin nwin—nwlcos nwin and cos nyg = cos nwin

+ nysin ny, e find that, to order J,2, (8.35) becomes
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- I .
Ay = 2(a22-a32)512a1 ) JZ'no B, [Azfa + Az)sinf
+ . .
+ Azzsin’ét‘a A23s1n3fa + A2g51nhfa]

a2 2
+B, 1[—%-(sin2(win+Awg) - sin2¢in) - %"'A¢10082(¢in+AW0)

3n"

3n* R
+ §§—(sin2(win+Awo) - 31n2win)- 55

sinh(win+Awo)— sinhwin)]

(8.36)

where uﬁn can be determined from the incoming asymptote as discussed
earlier in this section. If in (8.21) we replace f, by -f,_, change the
subscripts to "in", and subtract the result from the original equation,

we find

Avg = 2A2(a22-a32)%12a1)—%'fa (8.37)

noBa

Performing the same operations on (8.26) and keeping only first order
terms results in

- 2
AY; = =B, 1 %-[sin2(win+AwO) - Sin?win]

+232-lno_1(2a1)—51022-032)%-[AZISinfa + Azzsin2fa] (8.38)

Thus since fa and win can be found for the incoming asymptote, we can
then calculate Ayg, Ay, and finally Ay from (8.37), (8.38), and (8.36)

respectively. Then, by (8.31), AQ” can be determined from
AQ” = a3(a22-a32)‘5'n0[B3A¢ + §—-noznz'“(sine(w. +AY)
32 in
- e o2 -3 .
s1n2¢in)] ctaz(20;) 2[A3fa + Ajysinf

+ Azpsin2f_ + Ag3sin3f + A3qsinhfa] (8.39)

Having then determined wout = win + AY and Q’out = Q’in + AQ” we can

then proceed to calculate the outgoing velocity component and thus the

outgoing asymptote, from (8.11), (8.12), and (8.13).
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Notice that equations (8.36), (8.37), (8.38), and (8.39) can be used
equally well to find the incoming asymptote if given the outgoing
asymptote. In this case we merely replace fa by -fa and win by wout

- Ayg. The resulting Ay and AQ” will be such that win =y + Ay and

out

Q°, =Q° + AQ”.
in out
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CHAPTER 9

THE "PARABOLIC" TRAJECTORY

9.1 Definition and Problem Formulation

In this section we consider the special case of trajectories
wvhich have oy = 0. These trajectories are the analog of parabolic

motion in the Keplerian formulation. Setting a; = 0 in (2.6) we find
F(p) = c2a3? + (p2+c?)(k+2up) (9.1)

to have F(p) = O we must have k + 2up = -c2a32(pz+c2)-1, or for K = 0

2,.2
p3 + pe? + - =0 (9.2)

which will have one negative real root, which we will label p;, and two
imaginary roots. For k = 0 we can see from (9.1) that the slope of F(p)
will always be positive. Also from (9.1) it is clear that increasing k
from zero allows p; to be even more negative, while decreasing k from
zero forces p) to increase, finally becoming positive. The critical

value of k at which this transition occurs is seen to be

k - a32 (9.3)

crit

From the above information we can sketch F(p) as in Figure 9.1.
For physically realizable motion we must have F(p) > 0, so that for

perigee, p;, to be positive k must be negative and greater in magnitude



ok

F(»)

FIGURE 9.1 F(.,P) Versus f for o(y=0
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than a32. Thus, as before, we can define
k= a2 (9.4)
where

a22 a32 (9-5)

Setting @) = 0 in (2.20) results in
G(n) = - a3? + (1-n?)a,? (9.6)

If tng are the roots of G(n) = O then

*

2 2
arl-a
ng = L-z*gza-l (9.7)
According to (9.5) both roots are real. Then, since G(n) = - for
n=oorn=-»ywe can sketch G(n) as in Figure 9.2. The motion again

takes place between -ng and +ng.

9.2 The Orbital Elements

According to (3.3), (3.4), and (3.5) the orbital elements ag, ey,

and ip become

ag + @ (9.8)

eg * 1 (9.9)

ig = cos M as/ap) (9.10)
and by (3.7)

py = %2- (9.11)

Note that these are the same values we would obtain from setting a; = -0
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G
allowable
motion
%0 + 7lo

FIGURE 9.2 G(n) Versus 7¢ for °<1=O
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in the corresponding orbital element definitions for the bounded case.
(vinti [2] equations (3.3), (3.4), and (3.5).) Inserting (9.4) in (9.1)

results in

F(p) = c?a3? + (p2+c?)(-ay2+2up) (9.12)
If we put F(p) in the form

F(p) = 2u(p-p))(p2+Ap+B) (9.13)

we find, upon comparing coefficients of p in (9.12) and (9.13)

ap? = 2u(p1-A) = upg (9.1L)
¢2 =B -pA (9.15)
c?(0p?-032) = 2up;B (9.16)

With kg and y defined as before we then seek a series solution of

the form
p1 = Z bln kon (9.17)
n=0
A= Z b2n kon (9'18)
n=0
B= ] b3 ko™ (9.19)
n=0

Inserting (9.17), (9.18), and (9.19) into (9.14), (9.15), and (9.16) and

solving for the bi we find to order k¢?

J

P = %Q- [1 - 4y2ky + 16y2kg2(1-2y2)] (9.20)

A = -2poy?kol[1 - Lkg(1-2y2)] (9.21)
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B = pg2(1-y2) ko1 + Ly2k,] (9.22)

For nearly equatorial trajectories (9.13) will have three positive real
roots. Note that (9.21) and (9.22) correspond exactly to the A and B
equations for the bounded case (Vinti [2] equations (3.19) and (3.20))
with x = (l-eoz)%.= 0. They also correspond exactly to (3.25) and
(3.26) of the present paper with x = (eg?-1) = 0.

Since ag + « for "parabolic" motion we find it more convenient to
choose as orbital elements pg, eg, and ig. The elements p, e, and I are

then defined by

P = 2p) (9.23)
np = sinI (9.24)
e=ey=1 (9.25)

Combining (9.20) with (9.23) results in
p/pg = 1 - by?ky + 16y2ko2(1-2y2) + ... (9.26)

and from (9.7) and (9.10)
2_ .2\
ng = sinl = {op®-03%)7 _ sinig (9.27)
a2
Thus the elements I and iy are identical for this case. Equations (9.25),
(9.26), and (9.27), which define the relationship between the two sets of
orbital elements, can be obtained alternately from the corresponding
bounded (Vinti [2]): (3.32), (3.26), and (3.40)) or unbounded (present
paper: (3.39), (3.34), and (3.48)) relations by considering the limiting

case eg = 1. Having shown that the'parabolic" orbital elements pg, eg,

ig, or p, e, I can be derived as the limiting case of either the bounded
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or unbounded equations, we can now proceed to obtain the values of the
p and n integrals for the case o} = 0 from those previously derived for
the cases ay < 0 or a) > 0. The next two subsections are devoted to
showing that the two sets of '"parabolic" equations of motion so derived
are identical.

9.3 The "Parabolic" Solution as Derived From the Unbounded Solution

In this subsection we seek to determine the "parabolic" p and n
integrals, and thus the Kinetic equations, as the limiting case, a; -+ 0,
of our results for unbounded motion. From (5.45) and the definition of

ag we find

Ry = (3-0-) [b}H - aH + aesinhH + A f + Aj;sinf + Aj,sin2f]  (9.28)

2

However, substituting x eg2-1 = 0 into (3.33) we find that a = ag

so that (9.28) can be rewritten as

Ry = (}5)’} L [b)H - aH + aesinnH]; +

[Alf
VeZ21 ec-1
+ Ajpsinf + Aj,sin2f] (9.29)

Consider first the term in brackets with the subscript 1. From the

anomaly relation (7.4) we have

Ye?-1 sinf
sinhf = SCcost (7.4)
and so
. -1 Ye?-1 sinf
H = sinh Trecost (9.30)

. R Lo -1,
However, the series expansion of sinh is
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3u

sinh™'u = u - Er— it (9.31)
so that (9.30) may be rewritten as
= (o2_7)¥ [_sinf 1 (e2-1)sindf |
= (e*-1)7 [ l+ecost ~ 6 (1l+ecosf)d ] (9.32)
If we then write the subscripted bracket term in the form
By} 2_ - vy = % 2_ ~+by _ H__, esinhHl
(u) (e 1) [ ]1 (N ) (e l) [p H (ez_l) (e l)]
(9.33)
and insert into it (9.3) and (7.4) for H and sinhH, respectively, we find
3 .
DY 2_ -+ . - p3\¥ vg sinf 1 (e2-1)sin3r
(u) (e*=1)"% [... ) (u ) [é [l+ecosf 3'—i1333§?73—
sinf sin3f (9.34)
* Te+D)(1+ecost) 3'§l+ecosf53 )
= (P._a.)é' [P.l.t £+.J;t i'l';'ta.n&f'] (9.35)
'\ p ‘Aot otangz Ty 2 :
in the limit as e » 1. With this result we can rewrite (9.29) as
1=y D 2 2 6 2 1
+ Ayy”sinf + A}, sin2f] (9.36)
where by the use of (5.39), (5.43), and (5.44) we have defined
. pt bo\n
A) nzz (27 B () T ,(0) (9.37)
- 3 2 Y
A = -2b1b + b .38
11 Ifi)‘fi( 1b2°p + by*) (9.38)

. _ 3by"
h2” = 350w (9.

39)
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Again using the fact that a = ap in the limit, we can write (5.5T)

in the form

4
[A2f + ] Ay, sinjf] (9.k0)
TT L e

R, = (B

or, dividing the coefficients by veZ-1 and taking the limit as e =+ 1

L
Ry, = (P-)’} A+ ) AZ‘J sinjf)] (9.41)
U 3=1

where, with the use of (5.51) and (5.53) through (5.56)

. -1v b
A7 = I (%P () T (0) (9.42)
n=0
2 2 2 4
e R # PAgae 4 B2 02 (9.13)
App- = BaZsb2? 9 bibp? | 21 bpt (9.144)
22 8p "8 o 32 p :
. b1b,2 | bt
Ro3” = 44—+ gis (9.45)
Y
Ayy” = g’%—,—s (9.46)

In a similar fashion the R3 integral (5.102) becomes

L
R3 = (R)%[Ag‘f + ) Az,” sinjf] (9.47)
u =R

J

where from (5.96) through (5.101)

m=0
- 2 2
A3 =p 3 (2 + %2_%1._ 7(%%2‘* %2)] (9.49)

_ 2 2
A32’=p3 {i‘*‘%gl-’g‘(g +§2‘)] (9.50)



102

._Db 1 ,by?

A3z~ = 1opF ~ 553'(§2~'+ c?) (9.51)
. 1 ,b% .,

A3, " = - 5553‘( 5 +c4) (9.52)

In evaluating the n integrals we first note that setting x2z e02—l

= 0 in (3.51) results in
n2= -ng2/ny2 = 0 (9.53)

for the "parsbola." Inserting (9.53) and (9.7) into (6.43) and (6.L8)

results in

sin2y) exact (9.5h)

=

2
N1=22—%3—(%-
Similarly (6.51) and (6.53) become

N, = Ef exact (9.55)

To calculate N3 we note, in addition, that from (3.50) nz_z = 0 for the

"parabola," so that (6.87) becomes

N3 =-§; exact (9.56)

It is interesting to notice that all the n integrals are exact. Substitut-

ing these integrals into the Kinetic equations (2.18) results in

3
tom = @I 4D el v Lol e nyr

2 2
2
+ z AIJ‘ sinjf + periodic terms 0(¥)]
=1
2 2
+ cziﬁzaigi—l-[g-- %-sian] (9.5T)
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L
By = —az(ﬁdi-[Az'f + ) Ay, ’sinjf + periodic terms O(k3)]+y
=1 (9.58)
} L
$ - B3 = —c203(E) (A3°f + ) Aaj’ sinjf + periodic terms 0(k3)]+x
J=1

(9.59)

Setting ¢ + 0 in the above Kinetic equations and comparing to the
corresponding Keplerian equations provides one method of checking our
solution. Thus dropping all terms of O(k) or higher from (9.57), (9.58),

and (9.59) we find

3
t + B = (:5)% (-;- tan-g- + % tansg) (9.60)
-1 i
B =¥ - £=sin” (H2Y _ ¢ (9.61)
6 - B3 =x=sin ' (2229 (9.62)

which are indeed the Keplerian equations of motion for the parabolic:

trajectory.

9.4 The "Parabolic" Solution as Derived From the Bounded Solution

In this subsection we will show that the '"parabolic" solution
obtained as the limiting case of Vinti's [2] bounded spheroidal solution
is identical to the "parabolic" solution derived in the previous sub-
section. This, of course, must be the case if both the solutions for the
bounded and unbounded cases are to be correct. Since we have previously
shown that the orbital elements p, e, i and pgy, eg, ig have the same
value in the limit of "parabolic" motion whether derived from the bounded
or unbounded case, we can retain the notation found in Vinti's equations
without ambiguity. Furthermore, since Vinti's variable v is defined
exactly the same as f in the present paper, we may make the substitution

v + f in Vinti's equations.
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From V(5.30)* and V(3.3) the R} integral becomes

Ry = (ﬁQJQTblE + aE - aesinE +A)f + Aj;sinf + Aj,sin2f] (9.63)

Dividing V(3.26) by V(3.28) yields
a__ p/Po
ag (1-e?)/(1-eg?)

_ 1+ 2kgy?(x2-2)+kq2y2(3x"-2x"y2_16x2+2kx2y2+16-32y2)
T 1+ koy?(3x2-1)+kZyZ (5x*-2x"*y2-20x2+28x 2y Z+16-32y2 )

(9.6k4)
Setting x? = l—eo2 = 0 in the above relation yields
a = ag (9.65)
for the "parabola." Using this fact we can rewrite (9.63) as

R) = (ﬁ)ﬁ'(l—ez)—&TblE + aF - aesinE + A)f + Aj;sinf + A),sin2f]

(9.66)
If we then solve V(8.1a) and V(8.16) for sinE we find
sinE = (i;zzgiiinf (9.67)
or, equivalently
e
where sin—lu may be written as the series expansion
sin"lu = u + %i + %%i PR (9.69)

If we insert (9.67) and (9.68) into (9.66), using the above series

* 3
Equations preceeded by a V indicate their origin in Vinti [2].
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-1
expansion for sin =, perform the indicated division by (l-ez)%; and then

take the limit as e + 1 we find that R; reduces to

f 3f

- (Byr L, L f,.2 -
Ry (u) [(p +35) tanz + Z tands + A °f
+ Ajp”sinf + Ajp”“sin2f] (9.70)
where
,_m boyn
A = Z (GB7 P, (1) Ry ,(0) (9.71)

n=2

and A1y~ and Ajp” are identical to the coefficients derived previously
and given in (9.38) and (9.39). Further investigation reveals the fact
that Rn(O) = Tn(O), so that (9.70) and (9.37) are identical. A
comparison of (9.36) and (9.70) then shows the R; derived from Vinti's
equations to be the same as the R; derived previously from the unbounded
case.

From V(5.35) the R, integral may be expressed as

it
) Az, sinjf] (9.72)

%

and then setting e - 1,

Ry = (P-)% (l—ez)—% [A,f +
! 3

which, upon dividing the coefficients by (1-e2)
reduces immediately to equations (9.41) through (9.46) of the previous
subsection. Thus the R, integrals as obtained from the limiting cases of
the two solutions are identical.

The R3 may be written from V(5.60) as

L

Ry = (EJ&-(l—ez)-&'[Agf + ) A3j sinjf] (9.73)

J

The same manipulations used in reducing Ry allow us to reduce R3 to
equations (9.18) through (9.52) of the previous subsection. Thus, in the

limit of "parabolic" motion, the R3 integrals are identical.
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In finding the limiting values of the n integrals we first note that

for x2 = (1-e2) = 0 (3.42) and (3.43) become
a2 = (ng/np)2 = 0 = np~2 (9.74)

Using the above relation along with (9.7) in Vinti's N;, N,, and Nj
integrals (V(6.38) through V(6.41) and V(6.64), V(6.65), and V(6.70))
permits us to reduce them to the same n integrals obtained previously
((9.54), (9.55), and (9.56)) from the unbounded case.

We have thus shown that, for the spheroidal problem, the solutions
for bounded motion proposed by Vinti [2] and the unbounded motion given
in the present paper reduce to the same 'parabolic" solution, as given by

(9.57), (9.58), and (9.59), in the limiting case a; = O.
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CHAPTER 10

SUMMARY: ALGORITHM FOR SATELLITE POSITION AND VELOCITY

In this section we summarize the results of previous chapters by
presenting an algorithm for caelculating the position and velocity vectors
of a satellite on an unbounded trajectory using the spheroidal method of
solution. We assume that the constants u, res and Jj, which characterize
the gravitating body, are given and, in addition, the spheroidal orbital
elements a, e, I, B}, By, and B3 are known. This case is entirely general
since we have seen in section 7.5 how one could calculate these elements

from a set of initial conditions. Thus with u, r.s J,, a, €, I, By, B2,

2

and B3 known we compute once for each trajectory

e? = riJz (2.4)
ng =sin I (L.4)
p = a(e?-1) >0 (3.32)
D = (ap+c2)(ap+c?nf) + 4a2c2nj (10.1)
N = (ap+c?)(ap+c?nf) + Lha?c? (10.2)
A = -2ac?(1-n§ )(ap+c?n§ )/D <O (4.1k)
B = ¢2nfN/D >0 (4.15)
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2
- c“D
nzz— = apN <0
bl = -A/2
by = B% >0
ag = a+ A/2=a-Db] <a
2
po = [c (1-n§) + apN/D]/ag
ap = (Pou)&
2
a3 = agcosI(l + ¢’nf )%
agpo
n? = -ngnz2 > 0
2
- 1-
0.2 = (a%-ag )é-/no = az[l_..c._.g_—nﬁ) ]&-
agpo
A =b1/b2

Legendre Polynomials are found from

Po(r) =.1

Py(x) = A

and for m>1

Pm(A) = [(2m-l)kPm_l(X) - (m—l)Pm_g(A)]/m

x2 = e2-1

The polynomials Tm(x) are found from

To(x) =1

(4.20)

(5.5)

(5.6)

(L.5)

(4.17)

(3.7)

(4.18)

(6.7)

(10.3)

(5.7)

(10.4)

(10.5)

(10.6)

(10.7)
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TI(X) =1

and for m>1
Tm(x) = [(2m-l)Tm_l(x) + (m—l)szm_g(x)]/m
Ay = px Z (p ) Pn(A)Tn_Q(X)

2

222,,
zo (p ) B (AT (x)

A, = X
P
Dp =1
D) = bl/p
for n>1
b =- (9 _+ @)r()
n p’ n-2 P’ n
then
(-]
X
A3 = 13 zo DpTmso(x)

Bf = -B; = 1/2 -3n%/16 + 15n*/128
B, = 1 - n?2/4 + 9n*/6k

(2m)1 ™1 n2%(on)t

2 m! n=1

<
=

1
n
P
=

Bj

U -pm
1 - (1-n%) < - Z YpuN2
m=2

A;p =(3ex/bp3)(-2b,bsp + b3)

(10.8)

(5.3k)

(5.39)

(5.51)

(10.9)

(10.10)

(5.94)

(5.96)

(6.148)

(6.53)

(6.83)

(6.82)

(5.34)
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Ay, = 3xbje?/32p3 (5.L4)
hpy = Xty A8 Bt o Bhasen)) (5.53)
Byp = %2 [ 3’%;%’3— 9—%%}’;3 + e (3ve2/2) ] (5.54)
A23=—’§—§3 [ ‘P-I‘,%’Ewgéh ] (5.55)
hy = 222 (5.56)
M= 5502+ D) - &y 0 G) (b 3ed)] (5.98)
Mo =5 L+ D L (B nd o) (5.99)
A3z = %3 ( %%3 - —3-;-:(-2-5 + ¢2)] (5.100)
A3y =~ 5%5( -;-’5 +c2) (5.101)
2y = (2a1)"} = ( %0)% (10.11)

Then for each time t at which the satellite's position and velocity are
desired we calculate

solve for Hg:

t + B} = zjale sinh Hg - Hyp) (7.11)
then
fg = 2 tan! [(S:ld%'tanh (Hg/2)] (7.13)

e-1
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Yo = %i [ Bz/az + 21A5T }

_[{c?nf/z;03) (-Biyg +isin 2yg) -biHp - Ay fg]
ale cosh Hy -1)

H; = H{ [1 - H{e sinh Hp/2(e cosh Hg - 1)]

- + +
£, = 2 tan ! [(3-}-)% tanh (Rofi1y) fo

e-1 2
n?sin Y9 Z109 . .
v = - B, + —%;2 [ Axfy + Ay; sin £ + Ayy sin2fg]
: . c?nf .

H, = [ -bjH; - Ajf] - Ajpsinfy - Ajpsin2fy + ;IEE ( -Biy;

2 2
+ 4y, cos2yg - %-siano + %E-sinhwo)]/a(e cosh Hg-1)
H=Hy + H + Hp
= 2 tan ! [(E;%J%'tanh H/2] -fg -f,

f=fg+f +1

A.,
Yo = B21 (—m~w1cos2w0 + 22 sin2yy - 256 =—ginby,)

+ aéleEI ( Apf, + Apfjcosfy + App2f cos2fy

+ Ap3sin3fy + Ajysinkfy)

<
1}

Yo + Ui+ Y2

ale cosh H - 1)

©
n

(7.14)

(7.22)

(7.21)

(7.23)

(7.24)

(7.29)

(10.12)

(7.30)

(10.13)

(1.32)

(10.1L4)

(5.16)



112
n = ngsin y (6.4)

. 3 ., -
Q7 = B3 + %g ( Bay + §§ﬂ6n2“sin2w)

N (7.36)

- c?a3z) ( Asf + ) Agysin jf )
J=1

The components of the position vector are given by

X = (p2 + cz)é'[ cosycos” - cosIsinysinQ” ] (7.47)
Y = (p? + 02)%'[ cosIsinycosQ” + sinf“cosy ] (7.48)
7 = pn (7.49)

The components of the velocity vector are found from

ax (p2 + Ap + B)%

feom (7T I (7.1
; = pzeésinf/p (7.69)
& = a3 ( 1 +n?sin?y )é'/(p2 + ¢?n2) (7.67)
. 3 . L .

Q" = =3 (B3 + 27 nfnz%cos2y )y - c2azz (A3 + ) JAs,cosjf)f (7.68)

an 16 j=1 J

i = E%:%gX—Yé’+(p2+c2)%Y-sinwcosQ‘-cosIcoswsinQ‘)& (7.53)
Y = Eg:%Y-Y +XQ° + (p2+c2)%K—sinwsinﬂ’+cosIcoswcosQ‘)é (7.54)
é = ;n + nopcosw‘é (7.55)
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This completes the algorithm for determining, at any time t, the
position and velocity vector of a satellite on an unbounded trajectory.
The next chapter deals with a computer program which compares the results

obtained from this algorithm to ordinary Keplerian hyperbolic motion.
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CHAPTER 11

NUMERICAL COMPARISON OF THE ORBITS, WITH AND WITHOUT

OBLATENESS, FOR GIVEN INITIAL CONDITIONS

In the previous chapter we summarized the algorithm that one would
use to calculate the time history of the position and velocity vectors
for a satellite on an unbounded trajectory given the oblateness param-
eter J; of the gravitating body and the spheroidal orbital elements, a,
e, I, B1, By, and B3. Using the state vector calculated for t = 0, we
can then rework the problem for J, = O by the application of simple
conic formulae. We thus calculate the Keplerian orbital elements ass
s Is, T, W, 0* and the time history of the trajectory the satellite
would traverse if the Earth were a perfect sphere. I will refer to this
latter trajectory as the Keplerian or spherical trajectory. A flow
chart for the process is shown in Figure 11.1

In this manner we can compare the trajectories for an oblate and a
spherical planet for the same initial conditions and determine the magni-
tude of the deviations as functions of the energy, perigee distance, and
inclination of the trajectory. At this point let us derive a set of

Keplerian relations suitable for the numerical examples to be considered.

*
T = time of perigee passage
w = argument of perigee
Q = longitude of ascending node or, if there is only a descending node,

longitude of descending node -180°.



115

FIGURE 11.1

TRAJECTORY COMPARISON FLOW CHART

Given
spheroidal method
a, e, I, B1, B2, B3 A’}_‘_(t)g X(t)

spheroidal
method

r(0), v(0) common initial conditions

spherical
method

spherical method

¥

&, e, IS, T, w, 9 gs(t), gs(t)
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11.1 The Keplerian Trajectory From an Initial State Vector

In this section we assume that rgp and vg, the initial position and
velocity, vectors are given and should like to determine the spherical
(i.e. J2 = 0) orbital elements as es, Is’ 7, w, and Q as well as the
time history of the trajectory. Battin [8] has been used as a reference
in the following derivations.

We can find the element ag from the energy equation as

2
= (Yo© _ 2y
& ( ” ro) (11.1)

which is greater than zero for hyperbolic motion. We then find the

angular momentum from
A =rge x¥o (11.2)
which allows us to obtain the eccentricity from

2
e 2=1+ h? (11.3)
s e

We then solve for the inclination by dotting a unit vector in the h

direction with a unit vector in the z direction.

|

= ;Z) (11.%)

I = cos™ ! (
s

We then calculate the unit vector in the direction of perigee

p e_a ro =

1= (4 Iyrg - = rg - wo)w (11.5)
S S ues

and the unit vector along the line of nodes

U

(11.6)

-—
=

= |

i
-n

A
IX
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The longitude of the node and argument of perigee are then

RS DI

Q = cos (i i) (11.7)
S VP

w = cos (i i) (11.8)

The initial value of the true anomaly is

f 'r'l—ro'Vo
Sp -1, -1 - =
5~z tan g (11.9)
- -}
ro

which allows us to calculate the initial value of the hyperbolic anomaly

f
_ -1 re=1yd “sg
HSO = 2tanh [(e+1) tan — ] (11.10)

Since the initial time is tg = O we finally solve for the time of

perigee passage from Kepler's equation

3
a
= (=8 - i
T =( : )(HSo e, sinh HSO) (11.11)

Having thus found the spherical orbital elements we then calculate the
position and velocity vectors for each time t from the following set of

equations. First,we obtain Hs as a solution of the Kepler equation
u % _ ) _
(Egg—é (t-1) = e, sinh H, - H_ (11.12)
and then the position and velocity vectors can be found directly from
Battin [8] as

a
- [ - -
r(t) = [1 - [cosh(H_-Hgo) lﬂ rp

h(Hg-Hg ) - (Hg-Hq )
* [:t i T :]vo (11.13)
(“*3?

&g
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sinh(Hg-H o) ro
s

a
+ LI - ?i [cosh(Hg-Ho) - li]xp (11.1k)
- s
This completes the algorithm for finding the spherical orbital
elements and state vector given an initial position and velocity vector.

11.2 The Computer Program

In order to compare results derived from the spheroidal method with
results of the ordinary Keplerian equations a computer program, embodying
the flow chart of Figure 11.1, was written in Fortran IV computer lan-
guage for use on the IBM 360 machine. The program, which is shown in
Appendix E, accepts values of the oblateness parameter J, and the
spheroidal orbital elements a, e, I, 83, B2, and B3 as input. Using the
spheroidal algorithm summarized in Chapter 10 it then computes the
position and velocity vectors and the spheroidal true anomaly and
spheroidal hyperbolic anomaly for the desired values of time. The num-
ber of time steps required as well as the amount of the time step are
specified as inputs to the program. On the basis of the initial position
and velocity vectors thus calculated the program then determines the
Keplerian orbital elements and the spherical position and velocity vec-
tors for the same values of time using the algorithm derived in the
previous section. Notice that the spherical algorithm is invalid for
inclinations close to 0 or 180° since the orbital elements w and Q lose
their meaning. The spheroidal portion of the program, however, is valid
for all inclinations.

It is appropriate at this time to explain certain details of the
actual numerical computation performed by the program. The physical

units utilized are those of the canonical Vanguard system. In this
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system the unit of length is the equatorial radius of the Earth (taken
to be 6378.388 kilometers) and the gravitational constant G is taken to
be unity. The value of the Vanguard unit of time is found to be 806.832
seconds and u, the product of the gravitational constant and the Earth's
mass, is unity.

For the purpose of this thesis arithmetic calculation was performed
in the single-precision mode, since higher numerical accuracy was
unwarranted to show the effects of oblateness (to be justified in the
following section). Only minor program changes are required to utilize
the double-precision mode and thus obtain more accurate results.

Both the spheroidal algorithm and the spherical algorithm involved
the solution of a Kepler-type equation. The iterative sequence found in
statements 141 ff. and 242 ff. of the program in Appendix E was quite
sufficient for my purposes. A flow chart of this routine is shown in
Figure 11.2. M represents the "mean anomaly" and H the "hyperbolic
anomaly."

Using the method depicted in Figure 11.2 and single-precision values
for the cosh and sinh functions AH was found to converge quite rapidly
(within ten cycles for all cases tested) to a limiting value well below
the required 10-6. Once AH had reached this limiting value further
iterations could not decrease it. Thus the program allows 20 cycles for
AH to become less that 10_6, after which it prints out a warning and
proceeds with the calculations using the most recent value for H. The
twenty cycle limit was never exceeded in any of the many trajectory
calculations performed by the author.

The calculation of the spheroidal coefficients Aj, Az, and A3 involv-
ing convergent infinite series was also done by an iterative procedure.

As soon as the ratio of the nth term of the series to the sum of the
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FIGURE 11.2

FLOW CHART FOR SOLUTION OF KEPLER-TYPE EQUATION

start
el > 2 yes
1no
H=M H = sgnM(1n E%Ml)
— M” = esinhH-H
AH = (M-M“)/(ecoshH-1)
yes end
AH < 0.000001 -+ H = H + AH final value
of H
lno
yes
|au| > |H] I
no AH = s?nAH|H|

— H = H + AH <
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previous n-1 terms is less than 10"7 we consider the calculation complete.
Convergence of the series is normally so rapid that if the criterion has
not been met by the 10th term, the program prints out a warning and
proceeds with the calculation using the most recent value of the
coefficient.

113 Results of the Computer Comparison

The following six pages are samples of computer output for several
unbounded trajectories. The value of Jy used is that of the Earth and
R and V are the magnitudes of the position and velocity vectors,
respectively. The subscripts X, Y, and Z indicate components of the
vectors along the X, Y, and Z axes. The H and F are the hyperbolic and
true anomalies, respectively. An asterisk following an H or F indicates
an anomaly is defined by spheroidal coordinates, otherwise the spher-
oidal and spherical results mey be compared directly.

Since the deviations between the spheroidal and spherical trajectories
are considerable, it would appear that the single-precision mode of
computation is justified for the accuracy required in this analysis.

One might well ask, however, just how much of the observed deviation is
due to computer roundoff or truncation error in the two different schemes
of computation. In order to answer this question the program was run for
a number of different trajectories (including the six example trajecto-
ries of the text) with the oblateness parameter J, set equal to zero.

If all calculations were performed perfectly, i.e. no roundoff or
truncation error, we would expect the spheroidal and spherical traject-
ories to be identical. The deviations observed in this case, which can
be taken as an indication of roundoff and truncation error, in no case
exceeded 3 percent of their value for the J, or Earth and were, in fact,

of the opposite sign. Thus the deviation of the spheroidal trajectory
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TRAJECTORY NUMBER 1

J2= 0.00108228
A=1,1000
BETA1=0.0000

GIVEN
1=0.3490
BETA3=0.5240

E=2.0000
BETA2=0.5240

SPHEROIDAL SOLUTIGN

TIME RX RY RZ R H*
VX vy vi v F*
0.0 0.566089 0.924758 0.188184 1.100475 -0.,000003
-1.387759 0.749889 0.489112 1.651495 -0.000005
3.0 -3.395325 1.513356 1.094563 3.875118 1.456193
-1.173351 0.019983 0.219765 1.193920 1.645056
6.0 -6.738613 1.509605 1.701618  7.112193 1.991857
-1.074125 -0.012813 0.191375 1.091115 1.842113
9.0 -9.,895065 1.458208 2259665 10.,254010 2324736
-1.034828 -0.020096 0.181930 1.050890 1.916740
12,0 -12.964940 1.393302 2.797706 13.336350 24568589
-1.,013591 -0.022801 0.177214 1.029218 1.956570

SPHERICAL SOLUTION

THE SPHERICAL ELEMENTS ARE

AS= 0,10988500E OLlES= 0.20014740E 01 IS= 0.34903580E 00
OMGA= 0.52437630FE 00 W= 0.52368600E 00TAU= 0.47857000E-04
TIME RX Ry RZ R H

VX vy vz v F
0.0 0.566089 0.924758 0.188184 1.100475 -0.000041
-1.387759 0. 749889 0.489112 1.651495 -0.,000072
3.0 -3.395430 1.514508 1.095820 3.876016 1.456511
-1.173496 0.020446 0.220269 1.194164 1.644723
6.0 -6.739287 1.512132 1.704369 7.114026 1.992273
-1.074340 -0.012361 0.191866 1.091407 1.841753
9.0 -9.896434 1. 462075 2.263873 10.256800 2.325204
-1.035069 -0.019653 0.182413 1.051203 1.916367
12.0 -12.967060 1.398487 2.803353 13.340140 2.569081
-1.,013847 -0.022364 0.,177692 1.029543 1.956187
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TRAJECTORY NUMBER

2

J2= 0.00108228

A=1,1000
BETA1=0.0000

E=2.0000

BETA2=0.5240

1=0,7850

BETA3=0.5240

SPHEROIDAL SOLUTIOCN

TIME RX RY RZ R H%
VX vy vZ v Fx
0.0 0.630098 0. 814009 0.388986 1.100429 -0.000012
-1.221494 0.462048 1.010767 1.651418 -0.000020
3.0 -3.,022916 0.869859 2.,262918 3.874980 1.456170
-1,098582 -0.109111 0.454493 1.193880 1.645044
6.0 -6.159676 0.509516 3.518383 7.111976 1.991831
-1.009013 -0.,125223 0.395792 1.091072 1.842107
9.0 -9.126260 0.130345 4,672523 10.253680 2.324707
-0.972926 -0.126955 0.376263 1.050845 1.916736
12.0 -12.,013070 -0.250594 5.785276 13.335890 20568548
-0.,953292 -0.126889 0.366510 1.029172 1.956566

SPHERICAL SOLUTION

THE SPHERICAL ELEMENTS ARE

AS= 0.10992500E OlES= 0.20010660E 01 IS= 0.78505620E 00
OMGA= 0.52428190E 00 W= 0.52398870E O00TAU= 0.20632300E-03
TIME RX RY RZ R H

VX vy vi v F
0.0 0,.630098 0.814009 0.388986 1.100429 -0.000175
-1.221494% 0.462048 1.010767 1.651418 -0.000310
3.0 -3.022852 0.869202 2.264124 3.875486 1.456303
~1.098558 -0.109358 0.454950 1. 194055 1.644755
6.0 -6+159600 0.508173 3.520961 7113091 1.992039
-1.009025 -0.125444 0.396245 1.091272 1.841820
9.0 -9.,126246 0.128342 4.676439 10.255430 2.324953
-0.972956 -0.127169 0.376709 1.051059 1.916447
12.0 -12.C13170 -0.253214 5.790545 13.338310 2.568818
-0.953333 -0.127097 0.366954 1.029394 1.956275
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TRAJECTORY NUMBER 3

J2= 0.00108228
A=1.1000
BETA1=0.,0000

GIVEN
I=1.2220
BETA3=0,5240

E=2.0000
BETA2=0.5240

SPHEROIDAL SOLUTION

TIME RX RY RZ R H%
VX vy vi v F*
0.0 0.730835 0.639702 0.517206 1.100382 -0.000021
-0.959983 0.009388 1.343605 1.651341 -0.000036
3.0 -2.436705 -0.143623 3.009354 3.874837 1.456146
-0.980796 -0.312648 0.604602 1.193839 1.645032
6.0 -5.248076 -1.066208 4,679511 T.111744 1.991803
-0.906431 -0.302474 0.526534 1.091029 1.842099
9.0 -7.915515 -1,962250 6.,214892 10.253320 2.324676
-0.875401 -0.295460 0.500555 1.050798 1,916729
12.0 -10.513910 -2.841522 7.695239 13.335410 2.568515
-0.858291 -0.291026 0+487581 1.029122 1,956561

SPHERICAL SOLUTION

THE SPHERICAL ELEMENTS ARE

AS= 0,10996510FE 01ES= 0.20006610E 01 I1S= 0.12220350E 01
OMGA= 0.52413610E 00 W= 0.52429810€ 00TAU= 0.36519970£-03
TIME RX ~ RY R R H

VX LA vz v F
0.0 0.730835 0.639702 0.517206 1.100382 -0.000316
-N.959983 0.009388 1.343605 1.651341 -0.000548
3.0 -2.437115 -0.144968 3,009115 3.874960 1.456094
-0.980871 -0.313140 0.604440 1.193947 1.644787
6.0 =-5.248691 -1.,068955 4.678831 Te112162 1.991803
-0,906495 -0.302927 0.526393 1.091140 1.841887
9,0 -7.,916330 -1.966333 6.,213802 10.254070 2.324700
-0.875468 -0.295898 0.500424 1.050915 1.916527
12,0 -10.514920 -2.846901 7.693762 13.336500 2.568555
-0.,858361 -0.291456 0.487456 1.029243 1.956363
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TRAJECTORY NUMBER 4

GIVEN J2= 0.00108228

BETA1=0.0000

1=0.7850
BETA3=0,5240

E=2.0000
BETA2=0.5240

SPHERCIDAL SOLUTION

TIME RX RY RZ R H*
VX vy vZ v F%
0.0 0.601483 0.777045 0.371301 1.050449 -0.000013
-1,250238 0.472894% 1.034563 1.690279 -0.000022
3,0 -3,111749 0, 807484 2.253247 3.925828 1.507944
-1.113500 -0.114662 0.457108 1.209121 1,669758
6.0 =6,295903 0,434515 3,521371 7.226840 2.048168
-1.025612 -0.128701 0. 401046 1.108728 1.856736
9.0 -9,313935 0.045717 4,692794 10.429460 2.383293
-0.990537 -0.129982 0.382412 1.069718 1,927282
12.0 -12.,254580 -0,344045 5.824722 13,572780 2.628592
-0,971516 =-0.,129762 0.373100 1.048754 1.964874

SPHERICAL SOLUTION

THE SPHERICAL ELEMENTS ARE

AS= 0,10492100FE 01ES= 0.,20011770E 01 IS= 0.78506150E 00
OMGA= 0,52430930F 00 W= 0,52399180F 00TAU= 0,21146880E-03
TIME RX RY RZ R H

vX vy Vi v F
0.0 0.601483 0.777045 0.371301 1.050449 -0.000197
-1.250238 0.472894 1.034563 1.690279 -0.000340
3.0 -3.111678 0.806755 20254622 3.926412 1.508100
-1.113479 -0.114930 0.457627 1.209324 1.669440
6.0 =-6,295843 N.433022 3.,524283 7.228118 2.048406
-1.025631 -0.128944 0.401555 1.108959 1.856420
9.0 -9.313970 0.043499 4.697219 10.431470 2.383573
-0.990576 -0,130217 0.382916 1.069963 1.926964
12,0 -12.,254740 -0.346939 5.830664 13.575550 2.628898
-0.971567 -0.129991 0.373602 1.049007 1.964554%
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TRAJECTORY NUMBER 5

GIVEN J2= 0.00108228
A=2,2000

BETA1=0.0000

I=0.7850
BETA3=0.5240

E=1.5000
BETA2=0.5240

SPHEROIDAL SOLUTION

TIME RX RY RZ R H%
VX vy vz v Fx
0.0 0.630104 0.814000 0.388996 1.100428 -0.000009
-1.115030 0.421767 0.922701 1.507500 -0.000020
6.0 -5.343512 -0,025309 2.,647197 5.963336 1.555257
-0.831162 -0.223529 0.221752 0.888802 1,938237
12.0 -10.029410 -1.350449 3.841183 10.824390 2.049596
-0.746901 -0.217564 0.184822 0.799597 2.091274
18,0 -14,399210 -2,638868 4.,909046 15.440190 2.360538
-0.713591 -0.212266 0172768 0.764276 2.,150681
24,0 -18.621550 -3,901099 5.925914 19.927270 2.590429
=0.695401 -0.208695 0.166772 0.744949 2.182991

SPHERICAL SOLUTION

THE SPHERICAL ELEMENTS ARE

AS= 0.21974100E 01ES= 0.15007840E 01 IS= 0.78507830E 00
OMGA= 0.52427880E 00 W= 0.52402680E 00TAU= 0.24921790E-03
TIME RX RY R R H

VX vy vi v F
0.0 0.630104 0.814000 0.388996 1.100428 -0.000153
-1.115030 0.421767 0.922701 1.507500 -~-0.000341
6.0 -5.343531 -0.026653 2.650151 5.964672 1.555812
-0.831221 -0.223736 0.222274 0.889040 1.937881
12,0 -10,029990 -1.352983 3,847201 10.827380 2.050305
-0.747020 -0.,217755 0.185325 0.799876 2.090891
18,0 -14.,400590 -2.642560 4.,918029 15.444970 2.3€1329
-0.713737 -0.212454 0.173260 0.764576 2.150282
24,0 -18.623870 -3,905912 5937845 19.933940 2.591276
-0.695562 -0,208882 0.167259 0.745261 2.182581
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TRAJECTORY NUMBER 6

GIVEN J2= 0,00108228
A=0,5500 E=3.0000 I=0,7850
BETA1=0.0000 BETA2=0+5240 BETA3=0.5240

SPHEROIDAL SOLUTION

TIME RX RY RZ R H*
VX vy vz v Fx%

C.0 0.630090 0.814021 0.388974 1.100429 -0,000014
-1,410536 0.533570 1.167149 1,906972 -0.000029

3.0 -3.596646 1.244234 2.873891 4.,768986 1.838666
-1.321800 0.044549 0.699152 1.495978 1.596584

6.0 -T7.463285 1.350074 4,897921 9.028451 2.444382
-1.266719 0.030250 0.659249 1.428320 1.742521

9.0 -11.,228040 1.435085 6.853011 13.232240 2.812149
-1.245694 0.027011 0.645939 1.403466 1.795166

12,0 -14.946950 1.513955 8.779881 17.400840 3,077891
-1,234573 0.025737 0.639280 1.390507 1.822491

SPHERICAL SOLUTION

THE SPHERICAL ELEMENTS ARE
AS= 0.5497317CE 00ES= 0.30017540E 01 IS= 0.78502850E 00
OMGA= 0,52428810E D0 W= 0.52396020E O00TAU= 0,16015890£-23

TIME RX RY RZ R H
VX vY vz v F

0.0 0.630090 0.814021 0.388974 1.100429 -0.000196
-1.410536 0.533570 1.167149 1.906972 -0.000278

3.0 -3,.596594 1.243654 2.874928 4.769419 1.838610
-1.321776 0.044329 0.699535 1.496130 1.596347

6.0 -T.463190 1.348841 4, 900095 9.029368 20444357
-1.266710 0.030039 0.659629 1.428483 1.742301

9.0 -11.227930 1. 433243 6.856337 13.233670 2.812138
-1.245693 0.026806 0.646319 1.403637 1.,794950

12.0 -14.946850 1.511510 8.784347 17.402800 3.077888
-1.234576 0.025535 0.639658 1.390679 1,822278
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from the Keplerian trajectory as calculated by the program is conserva-
tive and can be assumed to be accurate to about 3 parts in 100. For
more critical investigations higher accuracy can be obtained, of course,
by using higher precision computation.

Let us now turn our attention to the magnitude of the deviation
caused by the oblateness as a function of the orbital geometry. Since
we have assumed the Earth to be axially symmetric we expect the amount
of deviation caused by J, to depend most heavily on the inclination,
energy, and p-perigee distance of the trajectory. The closer the
inclination to 0 or 180° the larger should be the effect of the oblate-
ness. Low energy trajectories, since they spend more time close to the
oblate planet, should be affected more than high energy trajectories.
Similarly, a trajectory with a low p-perigee (recall (p; = a(e-1)),
should be affected more than a trajectory which does not pass so close
to the planet (other factors being equal). To test these contentions
the twelve trajectories shown in Table 11.1 (six of which were shown
earlier as examples) were used as input to the computer program. For
all twelve cases 8], B, and B3 were taken to be 0, 0.542, and 0.5L42
respectively. Figures 11.3 through 11.6 show the position and velocity
deviations from the spherical trajectory as functions of time for these
twelve cases. Position deviation was calculated as r

spherical ~

and velocity deviation as v Note

Tspheroidal spherical ~ 'spheroidal’

that the velocity deviation curves approach an asymptote as the satellite
approaches asymptotic motion.

We first note that within each of the four trajectory classifications
increasing the inclination decreases the amount of the deviations.
Comparing trajectory 1A to 3A, 1B to éB, and 1C to 3C it is clear that for

the same inclination and p-perigee decreasing the energy of the orbit
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TABLE 11.1

USED TO COMPARE THE EFFECTS OF Jp

Number a e I Classification
1A 1.1 2.0 0.349
1B " " 0.785 "standard" trajectory
1C " " 1.222
2A 1.05 2.0 0.3k49
2B " " 0.785 lower p-perigee, but higher energy
2C " " 1.222
3A 2.2 1.5 0.3k9
3B " " 0.785 lower energy, same p-perigee
3C " " 1.222
LA .55 3.0 0.349
LB " " 0.785 higher energy, same p-perigee
o) " " 1.222
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FIGURE 11,3 Position Deviation from a
Keplerian Hyperbolic Tra jectory
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FIGURE 11,4 Pesition Deviation from a
Keplerian Hyperbolie Trajectory
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FIGURE 11,5 Velocity Deviation from a

Keplerian Hyperbolic Trajectory
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FIGURE 11,6 Velocity Deviation from a

Keplerian Hyperbolic Trajectory
k50 T T T T 1

75

g

( x 10~5 VANGUARD UNITS)

8

150

VELOCITY DEVIATION

(£

1
0 1 ul

3 é 9 12 15
TIME (VANGUARD UNITS) ;




13L

increases the deviations. Conversely comparing 1A to 4A, 1B to LB, and
1C to 4C, we find that the higher energy orbit has smaller deviations.

To determine the effect of p-perigee distance on the amount of deviation
we compare 1A to 2A, 1B to 2B, and 1C to 2C. Note that even though the
class 2 trajectories have a slightly higher energy, their lower p-perigee
distances cause.them to have higher deviations than the corresponding
"standard" trajectories. We have thus numerically confirmed the follow-
ing three points

1. Increasing the inclination (toward 90 degrees) decreases
the effect of J,.

2. Increasing the energy of the trajectory decreases the
effect of Jjp.

3. Increasing the p-perigee distance decreases the effect of Jj.

Several trajectories with perigees well within the Earth were put on
the computer to test the convergence of the involved series. According
to the investigation conducted at the end of Chapter 3 we expect diffi-
culty with the series as p-perigee, p;, approaches ¢ (c = 0.0325 for
Earth). Indeed, when p; was decreased to 0.1 the coefficients A; and A3
failed to converge rapidly enough to satisfy the criterion of the program.
As expected, the effect of J, on these low-perigee trajectories was quite
marked. For p; = 0.3 (where all the series still converged) differences
between the spherical and spheroidal results in the second significant

figure were quite common.
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CHAPTER 12

CONCLUSION

12.1 Applications and Advantages of the Spheroidal Solution for

Unbounded Orbits

We have seen that the spheroidal method provides a means of calculat-
ing accurately the trajectory of an unbounded satellite for cases where
the oblateness of the gravitating body is the most important force,
other than the normal inverse-square force, acting on the satellite. In
cases where forces arising from atmospheric drag, electromagnetic fields,
or other bodies must be accounted for, the spheroidal method yields an
accurate reference orbit upon which perturbation techniques may be used.
Actual computation with the spheroidal method is rapid and no difficul-
ties are encountered with poles or inclinations.

The scope of problems to which the spheroidal method may be applied
is, however, limited by the convergence of the series involved. For
trajectories whose extensions pass too close to the center of the Farth,
i.e. within the small limiting surface derived in Chapter 3, we cannot
be certain that the series used in the solution will converge. DBecause
of the rather small size of this zone and the physical rarity of unbounded
trajectories whose extensions might pass through it, the applicability of
the spheroidal method is not significantly limited.

Cases in which the spheroidal solution for unbounded orbits could

be fruitfully applied are quite numerous. Some examples are listed below.
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1l. Calculating escape trajectories for orbiting space vehicles.

2. Determining the paths of incoming meteors.

3. Finding the required incoming asymptote to achieve a desired
outgoing asymptote (or vice-versa) on a swingby of an oblate

planet.

4. Calculating incoming trajectories to an oblate destination
planet.

12.2 Areas for Future Research

There are several areas of spheroidal theory toward which future
research effort should be devoted. One of these is the comparison of
the effects of J, predicted by the present solution for unbounded motion
to effects predicted by other methods of analysis. Hori [9] has devel-
oped a solution using the Von Ziepel approach which includes the first
order perturbation of the oblateness of the Earth on a satellite in
hyperbolic motion. Sauer [10] uses the variation of orbital elements
approach to obtain expressions for the perturbation of each orbital
element in terms of the values of other elements and J,. The differences
in the forms of the final results as obtained by each of the three
methods make analytical comparisons between them difficult. For this
reason the application of the three methods to a set of numerical data
is perhaps the easiest way to compare them.

The solution for unbounded orbits presented in the present paper is
for a gravitational potential which includes all of the second zonal
harmonic and more than half of the fourth zonal harmonic. Vinti [11, 12],
however, has developed a form for the potential in spheroidal coordinates
which allows for the inclusion of the third zonal harmonic J3 as well and
has extended his spheroidal solution for bounded orbits accordingly. A
similar extension for the present unbounded case would be valuable to

spheroidal theory.
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In addition to the research indicated above some effort should be
applied toward combining Vinti's spheroidal solution for bounded orbits
[2] with the present solution for unbounded orbits. The determination
of such a universally applicable solution should be facilitated by the
many similarities of the two cases and the work done in Chapter 9. Here
it was shown that solutions for both the unbounded and bounded cases

reduced to the same "parabolic' trajectory.
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APPENDIX A

SERIES SOLUTION FOR A, B, pi+p2, P1P2

From equations 3.12 through 3.18 we have

P1 *+ p2 - A= -2a (A.1)
B+ p1p2 - (p1#p2)A=c? - ap =kp2-ap (A.2)
(p1+p2)B = p1poA = -2aoc2 = -2aop§k° (A.3)
p1poB = —aopoczsinzi° = —aopgko(l-yz) (A. L)

We then assume series solutions in the form of (3.19) through (3.22)

p1 *+ 0y = ] by Ky (3.19)
n=0
p1p2 = | by Ky (3.20)
n=0
oo
- n
A= ] b3 k (3.21)
n=0
P n
B= [ by Kk (3.22)
n=0

Inserting (3.19) through (3.22) into (A.1) through (A.4) and equating

coefficients of like powers of ko we find

b30 = blo + 28.0
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by = b3n for n>0

n
by by, = O

ba1by, + by by = -a p3(1-y?)

(bpby) =0 for n>1 (A.5)
b2, = b1(by 28 ) = -ap

byy + by - by b3y - biyby = p

[}

bqn + b2n - (blbg)n 0

(blbq)n - (bzbg)n 0 for n>1

!
o

blobqo - b20b3° =

by byy + D1iby - bz b3y - b2ib3 = -2a°p§

Since for the Keplerian case (c=0) we know A=B=0, we choose
b3 =by =0 in the present case. Solution of the equations (A.5) is then

straight forward and yields (in the order in which they may be determined)

o’
N
1}
]
o
e

by = aopoyz(h+x2) (A.6)



1ko
by = -2poy?
byy = x2(1-y2)(L4+x2) agpoy?
b3y = 2pg(2x2y2-3x2y"-8y+hy?)
by2 = bj32
bpz = -lagpo(3x2y2-5x2y -8y +hyZegxy2-pxty*)

Equations (3.23) through (3.26) of the text then follow.
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APPENDIX B

RANGE OF VALIDITY OF LEGENDRE EXPANSION

According to Hobson [4] we may use

(1 - 2xh + h2)‘% = ) h2%Pn(1) (B.1)
h=0

as long as h <1l and X <1, or for A > 1 if
h < - (xz-l)'} (B.2)

By the definitions of b; and b, and equations (4.22) and (4.23) we see

that to first order

1]

b; = kp cos?I (B.3)

14

b, kJ[ psinI (B.}4)

Case 1 X < 1

To have A < 1 we must have

b = k% cos?I csel < 1
by

or equivalently
tan?I + tanI > k

or
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2tan?I > (1+hk)Jf -1
to order k this becomes

tan’r >k
from Vinti [2] this occurs provided

I <1 <18°-1 (B.5)

c I +3
where

o) t
I, =1 5k (B.6)

In this case we require

o’

2 . k sinI|

— <
p p 1

h =

this will occur at all points along the trajectory provided it occurs at

p-perigee, thus we ask

k%ig lsinI ] <1

Pl
or
p1 > k%a |sinI |
or
a(e-1) > k¥ a(ec1)(e+1) lsin |
or

k%(e-ﬁ-l) lsinI | <1

or
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% (e+1) |sinI| <1
or
p1 > c|sinI] (B.7)

Case 2 A > 1

In this region we require
h <A - (Az-l)J‘* (B.2)

but

= Ah

>l
Sk
>l

so that (B.2) is satisfied if and only if

-:—L < A2 - A(A2-1)Jf = g(a) (B.8)

but Vinti [3] shows that for A > 1

%-< g()) <1 (B.9)

so the condition

cE

1
<3 (B.10)

is sufficient to satisfy (B.2). The above equation will be satisfied at
all points in the trajectory provided it is satisfied at p-perigee. Thus

we require

(B.11)

2l
A
N
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from (L.1k)

2 2 2, 2
_ ac“(1-ng®) (ap+c?ng?)
by = (ap+c?) (aptcng?) + haZcZng? (B.12)
so that
by . ac?(1-ng?) (ap+c?ng?) - ac?cos?I (B.13)
p1  p1(ap+c?)(ap+c?ng®) ~ pi(ap+c?) )
so it will be sufficient to have
2 2
?—?-c-b-f—‘-’f’i < (ap+c?) (B.1b)
or
2 2 2
2c7cos’I c® 1
pp) ap
or
2 2 2
2ccos’I - c®(e-1) 1
JLD
or
p1%(e+1l) > 2¢2co0s?I - c2(e-1) (B.15)

There will be no trouble satisfying this for e > 3. The worst case

occurs for the "parabola" where e = 1. Here (B.15) becomes
p; > c|eosI|, for e=1 (B.16)

Conditions (B.7) and (B.16) are, at worst, no more restrictive than
the limitations discussed at the end of Chapter 3. Thus for all trajec-
tories whose extensions do not pass within the surface of Figure 3.1 we

may certainly replace (1—2An+h2)H% by the Legendre Polynomial series.
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APPENDIX C

INVESTIGATION OF THE CONVERGENCE OF S,

We should like to investigate the convergence of the series involved

in the evaluation of R)

f

S, = (Eé) (Pgom P o(A) é (1+ecost)™ af (5.24)

Z

m=0

clearly since cosf never exceeds 1 we can say

0

£
B 5:(9%02 ) (22)m Pm+2(x) é (1+e)™ ar

m=0 P
< (82" 12,00 el s (c.1)

Case 1: X <1

For this case

[P (M)] <1 (c.2)
so that

|Sll‘§»(2§02f mZO [ (;tll " (c.3)
If the ratio

= 22(e41) (C.h)

P
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then the summation of (C.3) can be considered an infinite geometric

progression with first term of 1 and a ratio r;. In this case we would

have
v ba(ite)m _ 1
ZO [ p ] 1—:*5*Te+l) (c.5)
D
and so
(22)” ¢
8] ¢ —F—— (c.6)
1l - bz(e+l)
P

Consequently we should like to know the conditions under which (C.k4) is

true. Substituting by = k% psinl into (C.k4) we are thus requiring

¥

lk ) si;I (e+l)l <1

or

c|sinI| (e+1)
py(e+l)

<1

p1 > c|sinI] (c.T)

Case 2: XA > 1

According to Vinti [3] we can write for this case

P (A) = %— (j)" [x + ()\2—1)% cosx]? ax (c.8)

where x is a dummy variable. Then

0
(P%0n Pn(l) = %‘f[blp-l + p-l(blz-bzz)i'cosx]n dx (c.9)
0

so that
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bayn < [P, b1y \-2yFm  (2byyn
I p) Pn(x)l <[ st o (1-279)217 < ( S ) (c.10)

since we are now considering A > 1. Thus S; becomes

o £
Is;] < J (221" [ (1+ecosr)™ 2 ar
" n=2 p 0

again since cosf cannot exceed 1

Is;] < £ (22102 ) (2oaletl)ym (c.11)
I D

If we now define the ratio

2 EgﬂlLigill- (c.12)

then the summation of (C.11) can be considered an infinite geometric

progression of sum

o0
m 1 1
] rg == (c.13)
=0 1-r; 2b]£e+l)

as long as we require that

ry = 2b1(1+e) _2by 1 (C.14)
D P1
or
b1 (1
T (c.15)

but this is the same condition we were required to satisfy in order to

1 —2)

replace (1+Ap— +B, “%'by the Legendre series ) n" Pn(A). In Appendix

n=0
B we saw that this condition reduced to

p1%(e+l) > 2c2cos2I - c2(e-1) (c.16)
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so that for e >

3, the series always converges.

Thus comparing (C.T) and (C.1€) to the results of Appendix B we see
that the requirements for S; to converge are identical to the requirements
on p) in order that (1+Ao-l+Bp-2)-%'be the generating function for the
Legendre polynomials.

For a trajectory which does not hit the Earth, the series converges

faster than a geometric series of ratio

c —-9—..-_— '_v.]..'.....
o1—re T2 30 (c.17)
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APPENDIX D
£ m
INVESTIGATION OF f (f) = | (1+ecost)” df
0

In determining the R} integral we found it necessary to evaluate

il
| (1+ecosx)™ ax (D.1)
0

i

fm(f)

where x is a dummy variable. We also define

gm(f) -32'7 fm(21r)f (D.2)

We should first like to prove that fm(f)—gm( f) is an odd function of f.

Noting that

-f
£ (-f) = [ (1+ecosx)™ ax
bl
0
if in the above equation we replace x = -y, then dx = -dy, cosx = cosy,

and the limits of integration become O = f. Thus
f

£ (-£) = - é (1+ecosy)™ ay = -£ (£) (D.3)

Therefore fm(f) is an odd function. By its definition g is an odd

function since

g (-f) = 2= £ (21)(-f) = -g_(f) (D.4)

As a consequence of (D.3) and (D.4) the function fm(f)—gm(f) must be odd.
To find the period of fm(f)-gm(f) we first note
2n 2n+f

fh(f+2w) = [ (1+ecosx)™ dax + [ (1+ecosx
0 2

™ ax (D.5)
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If, in the second of these integrals we replace x = y+2m, then dx = dy,

cosx = cosy, and the limits of integration become O -+ f so that (D.5)

becomes
a2n n f
fm(f+2ﬂ) = [ (l+ecosx)” dx + / (1+ecosy)™ dy
0 0
so that
gm(f+2n) = fm(2w) + gn(f) (D.6)
we also note that
g (£+2m) = -127 £ (2n)(g+2n) = g (£) + £ _(2n) (D.7)
Thus by (D.6) and (D.T)
f (f+om) - g (f+21) = £ (f) - g (f) (D.8)

So that gm(f) - gm(f) has been established to be odd and of period 2.

Then we see that

ﬂ 2n
fm(2ﬂ) = f (1+ecosx)™ dx + f (1+ecosx)™ ax
0 w
If in the second integral we set x = 27~-y, so that dx = -dy, cosx = -cosy

and the limits of integration become w + O

L

0
£ (2n) = g (1+ecosx)™ ax - { (1+ecosy)™ dy = 2 £_(n) (D.9)

Using (D.9) we can write
g (£) =L ¢ (m) (D.10)
m T m

Then since fm(f)—gm(f) is odd of period 2w
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£,(8) = T £.(n) =

il ~18

c_, sinjf (D.11)
=1 ™
or equivalently
f n P m m m
£ (£) = [ (l+ecosf)” af = = [ (1l+ecost)™ af + ) c_.sinjf (D.12)
n 0 L mj

J=1

The fourier series in (D.12) terminates at J = m, because the

integrand of (D.1) may be expressed as a trigonometric polynomial in

cosjx, with j < m.



152

APPENDIX E

THE COMPUTER PROGRAM

The following Fortran IV computer program was run as problem number
M6973 at the MIT Computation Center to generate data used in the text on
the comparison between the spheroidal solution and a normal Keplerian
trajectory. Inputs to the program are the oblateness parameter of the
gravitating body (J2), the spheroidal orbital elements (a, e, I, By, B2,
B3), the number of time steps N for which the state vector is desired,
the amount DT of each time step, and the number of different trajectories
NTRAJ included in the data. Output is as shown in Chapter 11; formatting
allows cutting to standard 8 %-by 11 sheets. Units are assumed to be
those of the canonical Vanguard system discussed in the text.

It may be of some value to note that the six example trajectories
of Chapter 11 required a total of 4.3 seconds execution time on the IBM 360.
The small computation time required for such a large increase in accuracy

is one of the main advantages of the spheroidal method.
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EXPLANATION OF PARAMETERS

Parameters used in the computer programs are related to the param-

eters used in the text as follows:

Input Parameters

c2 = c2 = J2

N = number of time steps
DT = amount of each time step
NTRAJ = number of different trajectories to be computed

A, E, I, BETAl, BETA2, BETA3 = spheroidal orbital elements

Other Parameters

NUO = ng PL(N) = P~ Legendre polynomials
NU®2= ng? T(N) = T_

X2 = x2 = e2-1 D(N) = D_

NU22 = ny? GN =y,

BSl = b, TIME = t

BS2 = b, HO = Hy, ete.
A0 = ag FO = fy, ete.
PO = pg PSIO = yg, ete.
N2 = n? NU = n

Al = A;, ete RX = X, etc
All = A;,, etc. VX = i, ete
BI1P = By~ FDT = f

B2 = By, etc. RHODT =

OMGA = Q PSIDT = §
W=uw OMGADT = Q ~

ROX = roy» ete. OMGAP = @~
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HYP,KP=29,TIME=4,PAGES=100
3 e sk ok o 3% sk 3 o s e o o 3k ke ok e ok ok ok s 3k sk o 3Kk ok e ok 3ok sk e o s e ok e e e afe e ok ol s Aol ok ok ok ok kol ok o ok ok kK ok
THIS PROGRAM ACCEPTS VALUES FOR THE SPHEROIDAL ORBITAL ELEMENTS-
(A,E,1,BETA1,BETA2,BETA3) AND A VALUE OF J2. FROM THIS IT COMPUTES,
USING THE SPHEROIDAL SOLN, THE STATE VECTOR {RX,RY,RZ,VX,VY,VZ),
THE MAGNITUDE OF THE POSITION AND VELOCITY VECTORS (R,V},
AND THE VALUES OF THE SPHEROIDAL ANOMALIES (Hk,F*), AS FUNCTIONS
DF TIME. THEN, ON THE BASIS OF THE POS AND VEL VECTORS AT
TIME=ZERO, IT COMPUTES, USING THE SPHERICAL SOLN, THE SPHERICAL
ORBITAL ELEMENTS (AS,ES,IS,0MGA=LONG OF NODE,W=ARG OF PER,TAU),
THE STATE VECTOR, THE MAGN OF THE POS AND VEL VECTORS, AND THE
VALUES OF THE SPHERTICAL ANOMALIES (H,F), AS FUNCTIOS OF TIME.
LIMITATIONS....GOOD ONLY FOR UNBOUND TRAJECTORIES AND
INCLINATIONS NOT TOO CLOSE TO O OR 180 DEGREES

PHYSICAL UNITS EMPLOYED ARE THOSE OF THE CANONICAL VANGUARD SYSTEM

UNIT OF LENGTH=EQUATORIAL RADIUS= 6378.388 KILOMETERS

UNIT OF TIME= 806,832 SECONDS

MU= 1
e e e 3 3k 3k sfe s e ok e e o ofe afe 3k ol o 3 s 3 e 3 e sk o e sk 3k sk s sk s o ok e afe e 3l sk e s sk e akk sk e e ok 3 o v o ok ok e ook ok o ok
DIMENSION PL{11},T(11),D(9)
REAL T,NUOyNUO2,NF 4NU22,N2,LAMB,M,MN,H
REAL HOyH1P,H1,H2 sNU,OMGAP , OMGADT
REAL HX¢HY yHZ yNUM4, TS NUML, IZXoTZY, 122, INX, INY,OMGA,HO
REAL NUM2,HYP 4 NUMS5,NUM6E , NUMT 5 NUMS
FORMAT (6F10.4)
FORMAT (E13,5,13,F6.3)
FORMAT (* Al DID NOT CONVERGE®)
FORMAT (' A2 DID NOT CONVERGE®)
FORMAT (* A3 DID NOT CONVERGE?)
FORMAT (* **%xKEPLER EQUATION TONK 20 CYCLESk*k%7)
FORMAT (13)
FORMAT (//36X,*TRAJECTORY NUMBER *,12)
FORMAT (36X420(1H_))
FORMAT (/16X,*GIVEN J2=',F11,8)
FORMAT (24X YA=" yF6.4yTX 9 E="yFbobyTXy 'T=?,F6,4)
FORMAT (20X *BETAL="4F6.4 43X, *BETA2=Y,F6,493Xy 'BETA3=Y,F6.4/)
FORMAT (36X,*SPHEROIDAL SOLUTION?)
FORMAT (36X,19(1H_))
FORMAT ( /16Xy TIMEY 45Xy RX? 39Xy *RY?® 49Xy 'RZT gOX 4Ry 10X, VH*T)
FORMAT (25X, " VX' 39Xy *VY® yIX o tVZ? ,9X 4"V, 10X, VF%?)
FORMAT (16X,60(1H_))
FORMAT (16XyF4.1,5(1X,F10.6))
FORMAT (20X45(1X4F10.6)/)
FORMAT (37X, 'SPHERICAL SOLUTION')
FORMAT (37X,18(1H_))
FORMAT (/16X,*THE SPHERICAL ELEMENTS ARE")
FORMAT (18X, *"AS=9%,E16.8,"ES=",E16.8,* 1S=9,E16.8)
FORMAT (16X ,'0OMGA='yE16.8,* W="yE16.8, 'TAU=" ,E16.8)
FORMAT (/16X *TIME® 35Xy TRX® 39Xy *RY® 49Xy 'RZT 49Xy 'R 410X 4 H? )
FORMAT (25X PVX® 39X, SVY 140X, PVZT,9X o'V s 10X, F )
READ (5,321) NTRAJ
DO 999 NTRA=1,NTRAJ

START OF SPHEROIDAL SOLUTION

READ (5,300) A,E,I,BETAL1,BETA2,BETA3
READ (5,301) C2,N,DT
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WRITE (64350) NTRA

WRITE {6,351)

WRITE (64352) C2

WRITE (64353) A,E,I

WRITE (6,4354) BETA1,BETA2,BETA3

WRITE (64355)

WRITE (6,4356)

WRITE (64357)

WRITE (6,358)

WRITE {6,359)

NUO=SIN(I)

NUO2=NUO **2

X2=£%%*2-1,0

X=SQRT(Xx2)

P=A%X2
DF=(A%P4+C2)*{A*P+C2%NUO2) +4 ., 0% (A%%2 ) %C2%NUO2
NF=(A*XP+C2) *(A*P+C2%NU02 ) +4, 0% (A%%2) %C 2
AF=(-2,0%A%C2* (1,0-NUO2 ) *(A*P+C2*NUO2)) /DF
BF=C2*NUO2*NF /DF

NU22=-{C2%DF) / (A%P%NF)

BS1=-AF/2.0
BS2=SQRT{(BF)
A0=A-BS1

PO=(C2%(1.0-NUC?) +A%P%NF /DF) /AD
ALPHA2=SQRT (PO)
ALPHA3=ALPHA2*COS( 1) *SQRT(1.0+C2*NUO2/(AO%*PO))
N2=ABS(NUO2%NU22)
P2=P¥%2
P3=p%*3
P4=Px*4
ALPH2 =ALPHA2*SQRT(1,0-C2%(1.0-NUO2) /(AO*PO))
LAMB=8S1/8S2

CALCULATION OF LEGENDRE POLYNOMIALS,PL(N)
PL(1)=1.0
PL{2)=LAMB
DO 401 K=3,11
J=K-1
PLIK)={(2%J-1)*LAMB*PL(K=1)~{J-1)*PL(K=2))/J
CONTINUE

CALCULATION OF POLYNOMIALS, T(N)
T(1)=1.0
T(2)=1.0
T13)=(3,0+X2)/2.0
DO 402 K=4,11
J=K-1
TIK) = {2%J-1 ) *T(K=1)+ (J-1) *X2%T(K=2))/J
CONTINUE
12=BS2/P
73=C2/(P**2)

CALCULATINN OF Al
AL=PAX%(72%%2)%PL(3)
DO 403 J=3,10
DAL=P#X*(Z22%% ) *PL{J+]1)*T(J=1)
Al=A1+DA1
IF (ABS{DA1/Al) .LT. .0000001) GO TO 404
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8R 403 CONTINUE
89 WRITE (6,4307)
90 404 CONTINUE
C CALCULATION OF A2
91 A2=X/P
92 N0 405 J=1,10
93 DA2=(X/P)*(Z2%%J)*PL(JI+1)*T(J+1)
94 A2=A2+DA2
95 IF (ABS(DA2/A2) .LT. .0000001) GO TO 406
96 405 CONTINUE
97 WRITE (6,308)
98 406 CONTINUE
C CALCULATION OF D(N)
99 D(1)=1.0
100 D(2)=22%LAMB
101 FAC=Z2
102 DO 407 K=3,9
103 FAC=72%FAC
104 D{K)==Z3%D(K=-2)+PL(K)*FAC
105 407 CONTINUE
C CALCULATION OF A3
106 A3=X*T({3)/P3
107 DO 408 K=?,9
1n8 DA3=X*D(K)*T{K+2)/P3
109 A3=A3+DA3
110 IF {ABS{DA3/A3) .LT. .00N0NN1) GO TN 409
111 408 CONTINUE
112 WRITE (6,309)
113 409 CONTINUE
c CALCULATION OF Bl PRIME AND B2
114 B1P=,5-3,0%N2/16.0+15.0%N2%%2/128,0
115 B2=1.0-N2/4.0+9,0%N2%%2 /64,0
C CALCULATION OF THE GAMMAS AND B3
116 G2=3,0%NU02/16.0
117 G3=5,0%(3.0%NU02/4.0+1.N)1*%U02/32,0
118 G4=35.0%((5.,0%NU02/8.0+.75)*NU0O?+1,.0)*NUD2/256.0
119 G5=63,0%(((35,0%NU02/64.0+5.0/8.0)%NU02+,75)*NUO2+1.,0)*NUJC2/512,0
120 B3=1.0-1.0/SQRT{1.0-NU2?)-G2%XNU22%*2=G3IkNU22%**3-G4*NU2 2% *4~G5%
1NU22%%5
C CALCULATION OF THE A(1J)
121 BF2=BF*%2
122 BS12=8S1 %*%2
123 E2=E%*x%x2
124 All=(,75%X*E/P3 )% (-2,0%BS1*%BF%xP+BF2)
125 A12=3,0%X*BF2%E2/(32,0%P3)
126 A21=( X*E/P)*{BS1/P+(3,0%BS12-BF)/P2-4,5%BS1*RF*{1.0+E2/4.0)/P3
143,0%BF2%(4,043,0%E2)/(8,0%P4))
127 A22=(X*E2/P)*{(3.0%BS12-8BF)/(8.0%P2)-9,C*BS1*BF/(8,0%P3)
143,0%BF2%(3.0+E2/2.0)/(16.0%P4))
128 A23=( X*E2*E/(8.0%P4) ) *(-BS1*BF+8F2/P)
129 A24=3 ,0%BF2%E2%%2/(256,0%P3%P2)
130 I5={BF/2.0+C2) /P2
131 E3=E**3
132 E4=E2%%2

133 A31=(X*E/P3)*{2.0+BS1*(3.0 .+.75%E2)/P-15%(4,0+3,0%E2))
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453
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452

455
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£32=(X/P3)%(E2/4.,04BS1*,T5%E2/P-15%(1.5*E24E4/4,0))
A33=(X/P3)*(BS1*E3/(12.0%P)-Z5%E3/3%,0)
A34=(X/P3)%(-15%E4/32.0)
Z1=SQRT(A0Q)
TIME=0,0
CALCULATICNS FOR EACH TIME STEP
DO 498 L=1,N
M=(TIME+BETAL)/{Z1*A)
SOLVING KEPLERS EQUATION
INDEX=0
IF (ABS(M) .GT. 1.0) GO TO 452
HO=M
MN=E*SINH(HO)-HO
INDEX=INDEX+1
DELT=(M-MN) /{E*COSH({HO)-1.0)
IF (ABS(DELT) .LT. .000001) GO TN 454
IF {INDEX .GT. 20) GO TO 457
IF (ABS(DELT) .GT. ABS(HO)) GO TO 455
HO=HC+DELT
GO TD 453
Z=ALDOG(ABS({M)*2,0/FE)
HO=SIGNI(Z,M)
GO TO 453
DELT=DELT*ABS (H0) /ABS{DELT)}
GO TO 456
WRITE (6,310}
HO=HO +DELT
FO=2,0*%ATAN(SQRT((E+1.0)/(E-1.0))*TANH(HO/2.0))
PSIO=ALPH2*(BETA2/ALPHA2+Z1%A2%F0)/B2
H1P={ (C2*NUO2) *{-B1P*PS[0+,25%SIN{2,0%PSTI0))/{Z1*ALPH2)
1-BS1*HO-AL1*FO)/(A*(EXCOSH(HON)-1,0))
HLI=H1P*{1,0-H1P*EXSINHI(HO)/{2,0%( EXCOSH(HO)-1.0)))
F1=2.0*%ATAN{SQRT({E+1.0)/(E~1.0) }*TANH((HO+H1)/2.0))-FO
PSI1=-N2*SIN{2.0%PSIO)/(8.0%B2)+{Z1*xALPH2/B2)*(A2*F1+A?1%SIN{FO)
1+A22*%SIN{(2.0%F0))
H2=(-BS1*H1-A1%F1-A11*SIN(FO)-A12%SIN(2,0%FO)+{C2%NUC2)/(Z1*ALPH?2)
1%(-B1P*PST1+PST1*COS(2.,0%PS10)/2.0-N2*SIN(2,C*PSI0) /8.0
1+N2*SIN{4.0*%PSI0)/64.0)) /{AX{E*COSH(HO)-1.0))
H=HO+H1+H2
F=2,0%ATAN(SQRT((E+1.0)/(E-1.0))1*TANH(H/2.0))
F2=F-FO0-F1
PSI2=(-N2*PST1*COS(2.0%PSI0)/4.,0¢3,0%{N2%*%2)*SIN{2.0%PSIC) /32,0
1-3.0% (N2*%*2 ) *SIN(4,0%PSI0) /256 O0+ALPH2*Z1#{A2*F2+A21%F1*CNS(FO)
14A22%2 ,0%F1*COS(2,0*%F0)+A23%SIN(3,0%FO)+A24%SIN(4.0%F0))) /B2
PSI=PSIO+PSI1+PSI2
RHO=AX(E*COSH{H)-1,0)
NU=NUO*SIN(PSI)
26=A31*SIN(F)+A32%*SIN(2.0%F) +A33*%SIN(3,0%F)+A34*SIN(4,0%F)
OMGAP=BETA3+ALPHA3/ALPH2*(B3%PSI+3.0%NUO2*(NU22*%%2)*SIN{2,0%*
1PSIV/32.0)-C2%ALPHA3XZ1%(A3*F+76)
THE POSITION AND VELOCITY VECTORS
RX=SQRT(RHO**2+C2)*{ COS{PSI)*COS(OMGAP)
1-COS{II*SIN{PSI)*SIN{OMGAP})
RY=SQRT(RHO**2+C2 ) *(COS{I)*SIN(PSI}*COS(OMGAP)
1+SIN{NMGAP) *COS(PSI))
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RZ=RHO*NU
FDT:A*X*SQRt(RHn**2+AF*RHﬂ+BF)/(RHQ*ZI*(RHD**2+C2*(NU**Z))’
RHODT=(RHO**2) *E*SIN(F)%FDT/P
PSIDT=ALPH2*SQRT(I.O*NZ*(SIN(PSI))**2’/(RHO**?+C2*(N”**2))
Z7=A31%COS(F)+2,0%A32%CNS(2.0%F)+3,0%A33%COS(3 ,D%F)
144,0%A34%C0OS{4.0%F)
OMGADT=ALPHA3*PSIDT/ALPH2*(B3+3,0%NIJO2*(NU22%%2) %
1COS12.0%PST)/16.0)~C2*%ALPHA3XZ1%(A34Z7)%*FDT
VX=RH0*RHODT*RX/(RHﬂ**?*CZ’—GMGADT*RY+SQRT(RHO**?*C7)*(—SIN(PSI’
1¥COS(OMGAP)—COSCI)*CNS(PSTI®SIN(OMGAP) ) *PSIDT
VY=RHn*RHODT*RY/(RHﬂ**Z*CZ’+UMGADT*RX+SQRT(RHU**Z*C’)*(-SYN(Pglﬁ
1*STN(OMGAP ) +COS{I)*COS({PST)*COS{OMGAP) )} *PSIDT
VZ=RHODT*NU+NUC*RHO*COS{PST)*PSIDT
R=SQRT{RX*%24RYXX24+R 7 %*%*2)
V=SQRT{VXXX 2+ VY kD 4YZ k%)

IF (L .GT. 1) GNP TO 459

RNOX=RX

ROAY=RY

RNZ=R2

viX=VX

vny=vy

vnz=v2

CONTINUE

WRITE (6,360) TIME,LRXyRY RZ4RyH

WRITE (64361) VX4VY4VZ,V,F

TIME=TIME+DT

CONTINUE

CALCULATINON OF SPHERICAL ELEMENTS
BEWARE OF I=0 IN CALC OF OMGA AND W

WRITE (6,362)

WRITE (64363)

WRITF (6,364)

RO=SQRT{ROX*%24ROY*X%2 4R 2% %))
VO?2=VOX%%k24+VOY%k%D +\Y()7 %%

VN=SQRT(VN2)

AS=1,0/(V02~2.C/RN)

HX=RQY*V0OZ-ROZ*VQY

HY=ROZ*VOX-ROX*VNZ7

HZ=ROX*YQY-ROY*%VQOX

H=SQRT{HX%* 24 HY* %2+ HZ %% D)
NUM4=ROX*VOX+ROY*VOY+R0OZ*V0?Z
ES=SQRT{(H%%2/R0O~1,0)%%24+( HXNUM4L /RO ) %*2)
IS=ARCOS{HZ/H)

NUM1=(1,0/AS+1.0/ROV/ES

NUM2=NUM4 /ES

IZX=NUM1 %R0 X~-NUM?%*V0OX

I ZY=NUM] %ROY~NUM2%VyQY

IZ2Z=NUM1%R07-NUM2*y(NZ

INX==HY/SQRT(HX*%2+HY ®%2)

INY=HX/SQRT(HX%%2 +HY %%2)

OMGA=ARCOS( INX)

Z=INX*XTZX+INY*]IZY

IF (ABS{2) .GE. 1.0) GO TD 207

W=ARCDS(Z)

GO TO 208
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W=0.0
FO=ATAN{H¥NUM4/ (H*%2-R 0} )
X=SQRT(ES*%*2-1 ,0)*SIN{FO)/{1.0+ES*COS(F0O))
Y=X+SQRT(X*%2+1,0)
HO=ALCG(Y)
TAU=SQRT (AS *%3 )% { HO-ES*SINH(HO))
TIME=0.0
WRITFE (6,4365) AS,ES,IS
WRITE (6,366) OMGA,W, TAU
WRITE (64367)
WRITE (6,368)
WPITE (6,359)
WRITE (6436C) TIME,RCOX,ROY,R0OZ,RO,HN
WRITE (64361) VOX,vDY,VNZ,V0,FQ
CALCULATION OF R AND V FOR ANY T
DO 201 J=2,N
TIME=TIME+DT
SOLVING KEPLERS EQUATINN
INDEX=0
M=(TIME-TAU)/SQRT(AS*%3)
IF (ABS{M) .GT. 1.0) GO TN 202
HYP=M
MN=ES®*SINH(HYP )-HYP
INDEX=INDEX+1
DELT={(M-MN)/(ES*CNSH(HYP)-1.0)
IF (ABS(DELT) .LT. .000001) GO TO 204
IF (INDEX .GT. 20) GO TN 217
IF (ABS(DELT) .GT. ARS{HYP)) GO TN 205
HYP=HYP+DELT
GO TO 203
Z=ALOG{ABS(M)*2,0/ES)
HYP=SIGN(Z,M)
GO To 203
DELT=DELT*ABS(HYP)/ABS(NELT)
GN 10 206
WRITE {(6,310)
HYP=HYP+DELT
NUMG=1,C0-AS*(COSHIHYP-HN)-1,0) /RN
NUM6=TIME-(SINH(HYYP-HNI-(HYP-HQO) ) *SQRT(AS**x3)
RX=NUMS%RNX+NUM6 *VOX
RY=NUMS*ROY +NUMeXVQOY
RZ=NUMS*ROZ+NUMEXV]7
R=SQRT (RX* Xk 24RY%E%2 4RI %*D )
NUM7=—SQRT(AS) *SINH{HYP-HD)/(R*R(O)
NUMB=1,0-AS*(CNSH{HYP-HDO)-1.0)/R
VX=NUMT*RNOX+NUMBXVOX
VY=NUMT*ROY+NUM8 *VvQOY
VZ=NUMT%*R0OZ +NUME*VOZ
V=SQRTIVXXk*24 VY*%24V7Z%%2)
F=2,0%ATAN{SQRT{(FS+1.0)/(ES-1.0))*TANH(HYP/2,0))
WRITE (6,360) TIME,RX,RY,RZ,R,yHYP
WRITE (6,361) VXeVYyVZ,4V,F
CONTINUF
CONTINUE
RETURN
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