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Abstract

The feasibility of using blade-mounted actuators for helicopter rotor control is inves-
tigated. A state space model of a helicopter rotor is developed by making several
simplifying assumptions that yield time-invariant dynamics. This is convenient for
control design, because transfer functions from control inputs to hub loads may be
obtained. The transfer functions allow conventional and blade-mounted actuation
methods to be compared for steady and multicyclic inputs. Furthermore, the model
relates blade lift and pitch to control inputs by general aerodynamic coefficients, so
that any blade-mounted actuator may be incorporated into the model.

The rotor model is semi-articulated with rigid blade flapping, but it is derived
so that flapwise bending can be included, if desired. The model incorporates elastic
blade torsion as well as rigid blade pitch, so that both controllable twist and full
blade feathering can be investigated. Simple linear aerodynamics are assumed with
a dynamic inflow model that can be used for both hover and forward flight.

Piezoelectric servoflap actuation is investigated for the H-34 research rotor, with
emphasis on higher harmonic vibration control. The servoflap is capable of suppress-
ing higher harmonic vibrations, and can be used to augment full blade feathering for
collective and cyclic control. The servoflap is able to provide 0.25 g of higher harmonic
vibration control with deflections on the order of ±5 deg. Piezoelectric actuation is
potentially feasible within this range.
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Notation

An attempt was made to use notation as consistent as possible with that of Johnson

[34]. Dimensionless quantities are normalized by the rotor radius R, the rotation rate

Qt, and/or the air density p, where possible.

a blade section lift-curve slope C1,

A rotor area, 7rR2 ; state matrix

A" rotor integral, see Appendix A

B state control matrix

B" rotor integral, see Appendix A

c blade chord; elastic matrix

Cd section drag coefficient, D/ pU2 (R) 2 c

c1 section lift coefficient, L/ pU2 (R) 2 c

c , section lift coefficient per angle of attack

ct,, section lift coefficient per servoflap deflection

cm section pitch moment coefficient, N/IpU2 (QR)2 c2

c,,, section pitch moment per servoflap deflection

C output matrix

CL roll moment coefficient, M,/pAR(QR) 2

CM pitch moment coefficient, M,/pAR(QR)2

CT thrust coefficient, T/pA(QR)2

CT/o- blade loading

Ck rotor integral, see Appendix A

d disturbance; piezoelectric coupling matrix;

length of moment arm for piezo-servoflap

d15  shear piezoelectric coupling coefficient

dsl transverse piezoelectric coupling coefficient

d33 longitudinal piezoelectric coupling coefficient

D electrical displacement tensor; section aerodynamic drag;

output control matrix

Dn rotor integral, see Appendix A

e flap hinge offset

E electric field tensor

E{-} expected value

E, coercive field



E" rotor integral, see Appendix A

f frequency [Hz]

F, section radial aerodynamic force

F section aerodynamic force parallel to disk plane

Fz section aerodynamic force normal to disk plane

F" rotor integral, see Appendix A

gmax maximum vibration level

G blade shear modulus; feedback gain matrix

G(s) plant transfer function

GJ torsional stiffness

G7 rotor integral, see Appendix A

H rotor drag force, positive rearward

H(s) compensator transfer function

Hg rotor integral, see Appendix A

Ib characteristic inertia of the rotor blade, fe mr2 dr

I, blade rotational inertia

Ip blade moment of inertia about the flapping hinge, fR m (r)dr

I normalized flapping inertia, Ip/Ib

le sectional pitch inertia of blade

Ie, pitch inertia of k th torsion mode

18 normalized pitch inertia of k th torsion mode, Ie, /Ib

j imaginary number, V C
J geometric moment of inertia; cost functional

J* optimal cost

J" rotor integral, see Appendix A

KO flapping hinge spring constant

Koe generalized stiffness of k th torsion mode

K" rotor integral, see Appendix A

L section aerodynamic lift; Lagrangian

L rotor integral, see Appendix A

m blade sectional mass

MF flapping moment of blade, positive upward

M, rotor hub roll moment, positive toward retreating blade

My rotor hub pitch moment, positive rearward



Mn rotor integral, see Appendix A

n discrete time index; lift coefficient of servoflap ct,
W normalized lift coefficient of servoflap, c,l/a

N number of blades

N blade torsion

Naero blade torsion due to aerodynamics

Nk blade torsion of the k th mode

p moment coefficient of servoflap, cm,
p normalized moment coefficient of servoflap, cm,/a

TP poling direction

q blade index

Q state weighting matrix

r rotor disk radial coordinate

: normalized radial coordinate, r/R

rl inboard servoflap location

r 2  outboard servoflap location

R rotor radius; control weighting matrix

s Laplace variable; compliance matrix

S strain tensor; vertical shear force at blade root

S(s) sensitivity transfer function

t time

T nondimensional time, T = f2t
T rotor period; stress tensor; rotor thrust, positive upward

T* kinetic coenergy of the rotor blade

T control response matrix

u control input

up velocity ratio of blade section, normal to disk plane

UR velocity ratio of blade section, in radial direction

UT velocity ratio of blade section, parallel to disk plane

U section resultant velocity ratio, 4 + U

v rotor induced velocity, positive downward through rotor disk

V helicopter velocity with respect to the air; potential energy

of the rotor blade; voltage across the piezoelectric

Voo velocity of the oncoming wind with re'spect to the helicopter, V, oo -V



W matrix of white gaussian process noise
a non-rotating coordinate positive aft; blade chordwise coordinate
x state vector

y non-rotating coordinate positive to the right
y output vector

1 discrete time delay operatorz

z vibration output; rotor coordinate, positive upward
z vector of vibration amplitudes

z vector of baseline vibration amplitudes

a blade section angle of attack

ad rotor disk angle with respect to helicopter velocity
as rotor shaft angle

/3 flapping angle, positive upward; impermittivity matrix
7 Lock number, pacR4 /Ib

Fj hub reaction matrices, see Appendix B
6 n,N blade summation operator
Aj dynamic matrices, see Appendix B

e permittivity matrix

71 servoflap angle

0 blade sectional pitch angle

Or blade root pitch angle

Ot blade tip pitch angle

0tw blade twist

Ok modal coordinate for the k th torsion mode
Oj generalized force of blade

A rotor inflow ratio, A1 + Ai

Ac vertical climb inflow ratio

Af free stream inflow ratio, (V sin ad + v)/R

Ai induced inflow ratio, v/QR

Aj aerodynamic matrices, see Appendix B

ip rotor advance ratio, V cos ada/R
vu blade flapping frequency

vp normalized blade flapping frequency, vu3/
(p(r) blade flapping fundamental mode shape, (r - e)



p

ad

O-Z

,j

,
w

wk

wk

Q

Subscripts

0

c

f

i

k

r

t

tw

s

Superscripts
n

collective

longitudinal cyclic

free stream

induced flow

torsional mode number

blade root

blade tip

elastic blade twist

lateral cyclic

exponent on r, see Appendix A

normalized by Ib

shape of the k th torsion mode

generalized coordinate of blade

air density

stress function; rotor solidity Nc/irR

standard deviation of disturbance

standard deviation of vibration

section inflow angle, tan-1(up/UT)

matrices to describe propeller moment, see Appendix B

azimuth angle of rotor blade

azimuth angle of qth rotor blade

matrices to describe root pitch actuation, see Appendix B

free-flapping frequency, KT_ /I,3

normalized free-flapping frequency, wol

frequency [rad/s]

nondimensional frequency w/Q

natural frequency of k th torsion mode

normalized natural frequency of k th torsion mode, wk/f1

rotor speed [rad/s]
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Chapter 1

Introduction

Helicopters may be subject to a significant amount of vibration due to self-induced

airloads resulting from blade vortex interaction. Vibration can reduce pilot and pas-

senger comfort, fatigue helicopter components, increase maintenance and operating

costs, and limit the effectiveness of sensitive electronics and instrumentation. Higher

harmonic control can reduce these vibrations by oscillating the blade lift several times

per rotor revolution to compensate for the periodic disturbances.

Although higher harmonic control can be achieved in the fixed frame through the

swashplate, blade-mounted actuation in the rotating frame can provide more control

degrees of freedom. As helicopter performance and vibration requirements tighten,

blade-mounted actuation may be desirable, or even essential.

Piezoelectric materials appear promising as blade-mounted actuators, because

they are electrically powered, solid state devices. Power can be delivered to the

rotating frame through an electrical slipring, which is much simpler than a hydraulic

slipring. Piezoelectric actuators may also be distributed, so that the sectional lift

along the blade can be tailored, and complex lift distributions may be obtained.

In addition, they have a high bandwidth, so that higher harmonic control can be

achieved.

In this research effort, the feasibility of a piezoelectric servoflap to perform higher

harmonic vibration control will be addressed. Conventional and higher harmonic

control will be reviewed, and an overview of strain actuation materials, including



piezoelectric ceramics, and some recent experiments involving the application of piezo-

ceramic materials to rotor blades will be presented. In addition, wind tunnel data

will be analyzed in order to identify typical helicopter vibration spectra, and to de-

termine the achievable degree of vibration reduction. Finally, a linear time-invariant

(LTI) state space rotor model will be derived in order to obtain transfer functions

from control inputs to hub loads.

The state space rotor model can be used as a design tool to size and position the

servoflap, and it will maintain a general form so that any actuation method may be

incorporated. The model will be used to determine the feasibility of the servoflap

to provide higher harmonic control, and the results will be compared with full blade

feathering for the same purpose. Finally, the servoflap deflection amplitudes required

for HHC should imply whether piezoelectric actuation is feasible for this purpose.

1.1 Helicopter Rotor Control

In a conventional helicopter thrust, pitch, and roll are provided by the main rotor.

Yaw moments, including those for torque balance, are provided by the tail rotor.

Many helicopters have systems which augment the conventional forces and moments.

Some helicopter designs include horizontal tail stabilizers, lifting surfaces, and even

turbojet thrusters in order to augment the forces and moments provided by the main

rotor. In this research effort only the loads, motions, and control of the main rotor

will be examined.

Rotor thrust can be controlled by either changing the rotational speed of the rotor

or changing the pitch of the blades. It takes a long time to change the rotational speed

of a rotor because it has considerable inertia. Generally, the rotational speed of the

rotor is kept constant by the engine controls, and only the pitch of the blades is

changed.

The collective pitch control provides a means of commanding the same pitch angle

to each rotor blade simultaneously. As collective pitch is increased, the lift on the

blades is increased, and therefore the thrust. Thrust is the primary force which



governs the motion of the helicopter. It is directed upward, normal to the rotor hub.

In order for the hovering helicopter to move longitudinally or laterally the thrust

vector must be tilted in that direction. This is achieved by the cyclic control. The

cyclic control produces a sinusoidal blade pitch at the rate of one cycle per rotor

revolution. The resulting sinusoidal variation in lift precesses the rotor, effectively

tilting the rotor disk. The corresponding tilt of the thrust vector creates a pitch

or roll moment, which rotates the aircraft. A large net change in thrust direction

accompanies the rotation of the aircraft, and produces horizontal motion.

During forward flight, a blade on the advancing side of the rotor (toward the

oncoming wind) will have a larger apparent airspeed than a blade on the retreating

side. This will produce more lift on one side of the rotor than the other. The

asymmetry produces an undesirable roll moment about the rotor hub. The condition

is trimmed by use of the lateral cyclic control. The pitch of the advancing blade is

reduced while the pitch of the retreating blade is increased, and the roll moment is

reduced.

Individual blade control can be used to automatically track the rotor blades.

Rotor blades are in track when the tip paths of all the blades coincide. Generally

blade tracking is done open-loop, prior to flight. The relative positions of the blades

are checked by flag, stroboscopic, or electronic methods [15, pg. 68]. If a blade is

riding high or low the corrective action (usually changing the blade pitch at the root,

or deflecting a trim tab on the blade) may be taken. If the rotor utilizes individual

blade control methods, the blades may be automatically tracked in flight, which

may lead to significant benefits. The Kaman Corporation performs automatic blade

tracking on some of their controllable twist rotors [45].

A distributed actuation system may prove to be very valuable in improving the

performance of helicopter rotors. By tailoring the lift distribution along each blade,

both radial and azimuthal variations in rotor thrust may be achieved. Optimal pres-

sure and inflow distributions about the rotor disk may lead to improved performance

and aerodynamic efficiency of the rotor.

The rotor blades are subject to cyclic loads, as well as higher harmonic vibration.



These loads may fatigue the blades as well as transmit vibration to the helicopter. A

closed-loop controller can be used to reduce, and in some instances eliminate, undue

blade stresses and hub vibration. Higher harmonic control will specifically be covered

in Section 1.3.

1.2 Rotor Control Methods

Collective and cyclic control of the main rotor is generally achieved by altering the

pitch angles of the rotor blades appropriately. Rotor control, however, may be

achieved by any method that significantly changes the lift characteristics of the blades.

Full blade feathering, by far the most common, is only one such method. Other meth-

ods of rotor control include controllable twist and circulation control.

The most common method of rotor control is by the use of a swashplate, where

the full blade is feathered according to pilot commands. There are many different

mechanisms that operate like the swashplate. The importance is not in the mechanics

of the system, but in the method of control. The motion of the system of blades is

commanded in the helicopter fixed frame through collective, longitudinal, and lateral

cyclic controls. The physical rotation of the rotor modulates the longitudinal and

lateral commands to produce cyclic, sinusoidally varying blade pitch angles.

Some experiments have employed individual blade control (IBC) in order to per-

form full blade feathering [27]. The blades are independently controlled, unlike swash-

plate systems, where the motion of the system of blades is controlled. Individual blade

control not only implies that commands are sent to each blade individually, but that

a feedback loop exists for each blade in the rotating frame. A complication arises

with IBC, because the actuators must now rotate with the blades. The actuators

can be subjected to large centrifugal forces, and the command signals must pass

from the fixed to the rotating frame. Individual blade control is possible through the

swashplate for a three-bladed rotor [26].

Some helicopters use servoflap mechanisms for rotor control, where trailing edge

flaps are used to change the lift characteristics of the rotor blades. A servoflap mech-



anism can be used for controlling the twist of a rotor blade, as well as for full blade

feathering. Although each blade has its own flap, servoflap systems do not necessarily

fall in the category of individual blade control. Servoflaps are often driven through

pitch links to a swashplate.

Servoflap systems usually operate in aileron reversal. The downward deflection of a

trailing edge flap will produce a moment about the airfoil, as well as some increment

in lift. The moment twists the airfoil so that the angle of attack is decreased. In

aileron reversal, the flap deflection will produce enough twist that the lift decrement

of the entire airfoil overcomes any increment in lift that flap alone would have added.

In a servoflap controllable twist rotor, aileron reversal is used to advantage. A low

power actuator can be used to produce a large variation in total blade lift.

A servoflap mechanism can also be used for full blade feathering. The Kaman

Seasprite helicopter uses such a system. The rotor blades are free to pitch but have

soft torsional springs at the blade root. The servoflap, rather than controlling the

twist of the blade, controls the pitch of the entire blade as a rigid body.

Circulation control rotors make use of the Coanda effect to vary the lift distri-

bution of the blades. The Coanda effect is the phenomenon whereby a fluid jet will

follow a boundary even though the boundary curves away from the fluid stream. Cir-

culation control rotors utilize this phenomenon by using tangential blowing to delay

separation from the rounded trailing edge of an airfoil. Circulation control airfoils

can often achieve high section lift coefficients, with relatively little increase in drag.

1.3 Higher Harmonic Rotor Control

1.3.1 Sources of Higher Harmonic Vibration

The lift developed on each rotor blade produces a strong vortex at the blade tip, as

well as weaker trailing and shed vorticity in the wake. In forward flight, an advancing

blade will encounter the vortices of the blade that preceded it. In a survey of all

the major wind tunnel and full scale flight tests from 1964 to 1983, Hooper [31]



determined that the vibratory airloading of helicopter rotors is almost entirely due

to blade vortex interaction. These effects create a significant amount of periodic

aerodynamic loading at the blade passage frequency (N/rev). The vibration that

the rotor blades encounter is transmitted to the helicopter through the rotor hub

and pitch links. These self-induced loads can be responsible for fatiguing the rotor

blades and airframe, acoustic noise, power losses, pilot and passenger discomfort, and

unacceptable vibration levels for sensitive electronics and instrumentation.

1.3.2 Helicopter Vibration Requirements

In the late 1970's, the Army completed two of its largest helicopter development

programs ever, the Utility Tactical Transport Aircraft System (UTTAS), and the

Advanced Attack Helicopter (AAH) Programs. These programs helped to identify

the problems and define the requirements for helicopter vibration. Three distinct

areas in which helicopter requirements are usually divided are human factors, struc-

tural integrity, and the functional adequacy of equipment installed in the helicopter.

Human factor considerations, however, represent the major concern of the contractor

during development because of the instantaneous feedback from pilots and passengers,

and the procurement activity in general [611.

The human body tends to attenuate vibration over 10 Hz, and acceptable vibration

levels increase continuously with increasing frequency. The critical frequency range

is usually between 4 and 8 Hz, where the human body's natural frequencies lie.

Generally, human factor specifications are in terms of "Fatigue After 8 Hours," which

means that working efficiency will be preserved up to 8 hours while operating at that

particular vibration level. For simplicity, most studies use a four-bladed helicopter

rotating at 300 RPM, so that the N/rev frequency is 4/rev at 20 Hz.

During the 1960's the requirements for helicopter vibration were specified in the

U.S. Military Specification MIL-H-8501A [30]. This document specified that heli-

copter vibration levels must be less than 0.15 g. The UTTAS/AAH programs low-

ered the military specification further, by requiring a vibration level of 0.05 g or

less at the pilot, copilot and passenger stations in steady speed conditions for vibra-



tion at the blade passage frequency N/rev. None of the contractors participating in

the UTTAS/AAH programs could meet the 0.05 g requirement without an excessive

weight penalty in vibration control devices. The requirement was raised to 0.10 g at

20 Hz, but 0.05 g was still required below 20 Hz.

A widely accepted standard for vibration exposure criteria is ISO-2631 [19], which

reflects the results of tests performed during 1964-1972. It has been approved by

nearly twenty nations, including the United States, and is the basis for the vibration

exposure criterion in Section 5.8.4 of U.S. Military Standard MIL-STD-1472D [32].

It shows that the UTTAS/AAH requirements were not strict enough between 4 and

8 Hz, too strict between 10 and 20 Hz, and completely unacceptable over 20 Hz, as

can be seen in Figure 1-1. The ISO-2631 curve is in terms of decreased proficiency

boundary. Exposure limits for health and safety reasons can be obtained by raising

the decreased proficiency boundary by a factor of 2. The reduced comfort boundary,

which is required in transportation vehicles for reading, writing, and eating, can be

obtained by dividing by a factor of 3.15.

At the AHS/NASA Rotorcraft Dynamics symposium in 1974, a panel meeting [74]

reported that vibration levels at 1/rev can become discomforting at 0.03 g, and the

levels of vibration perception can be an order of magnitude lower than that. Schrage

and Peskar [61] recommended a linear relation between acceleration and frequency

for maximum vibration levels, such as

gmax = .004f + .01 , (1.1)

where gmax is the acceleration level measured in g's, and f is frequency measured in

Hertz. This gives approximately 0.03 g at 1/rev (5 Hz), 0.05 g at 2/rev (10 Hz), and

0.09 g at 4/rev (20 Hz).

The panel [74] also reported that perfectly acceptable vibration levels at a par-

ticular frequency may become intolerable if more than one vibratory frequency is

present. This could have been the motivation for Gupta and Wood's recommenda-

tion of a flight spectrum approach to helicopter vibration specifications [21]. They
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Figure 1-1: Human factor vibration requirements (adapted from Figure 1 of
Schrage and Peskar [61]).

applied Miner's Rule for fatigue analysis of structural components to helicopter mis-

sion proficiency degradation. The proficiency curve of ISO-2631 replaced the typical

S-N endurance limit curve for a structural component, while the helicopter's primary

mission vibration spectrum was used in place of the typical load spectrum used for

fatigue analysis. Compassionately, "For each helicopter evaluated, the calculation is

carried out for that crew member with the most severe exposure."

The U.S. Army Tank Automotive Command (TACOM) conducted an extensive

amount of research on whole-body vibration [39]. They found that intolerance to

vibration was proportional to the relative motion occurring between various parts of

the body. Furthermore, doubling the amplitude of the vibration would more than

double the severity. This led to the deduction that "the severity of a vibration is

proportional to the rate at which the body is absorbing energy." TACOM measured

the vibration responses of 21 volunteer subjects, being average young males (28 years



of age) of approximately 150 pounds, in over 1400 hours of testing. They measured

the subjects vertical, lateral, and longitudinal power absorption, and found a large

peak in the absorbed power curve at approximately 4.5 Hz. They attributed this

vibration mode to the mass of the internal organs resonating with the diaphragm,

which acts as a spring.

Scientists at the U.S. Army Applied Technology Laboratory and NASA Langley

Research Center applied the TACOM method as well as the NASA Comfort Model

(included noise as well as vibration), to five U.S. Army helicopters: a Bell UH-1H

Iroquois; a Bell OH-58C Kiowa; a Bell AHIS modernized TOW Cobra; a Boeing

CH-47C Chinook; and a Sikorsky UH-60A Blackhawk [28]. Above 80 knots, only one

aircraft had levels below 0.09 watts. None of the helicopters could meet the specified

absorbed power level requirement of 0.02 watts.

The Air Force no longer uses MIL-H-8501A. It has been superseded by MIL-F-83300

[17], which was last revised in 1991. This document has a "necessary and proper

clause," which states, "throughout the Operational Flight Envelope, the aircraft shall

be free of objectionable shake, vibration, or roughness. In addition, throughout the

Operational Flight Envelope the aircraft shall not exhibit mechanical or aeroelastic

instabilities that degrade the flying qualities."

1.3.3 Overview of Vibration Suppression Technology

Decades of research have been devoted to reducing higher harmonic vibration in

helicopters. The attempts have taken various forms, ranging from passive isolation to

active rotor blade control. Good reviews of passive vibration reduction methods are

given by Reichert [57] and Loewy [40], while McCloud [43] includes multicyclic rotor

control methods as well. Some of these techniques will be addressed in the following

sections.

Vibration Isolation

Rotor vibration may be isolated from the helicopter airframe by active or passive

means. Although the vibratory aerodynamic loading persists, the transmission of



these loads to the rest of the helicopter are reduced. Some methods involve isolating

the entire rotor and transmission from the helicopter airframe, while others involve

isolating the pilot and passenger cabin.

The goal of vibration isolation concepts is to provide good low frequency isolation

with relatively small displacements. Quite often, nodalization concepts may be used.

Structural connections are made at beam nodes, where oscillating forces cannot be

transmitted. Bell Helicopters developed a nodal beam gearbox mounting system so

that the airframe was suspended from a beam connected to the gearbox [64]. The

points of connection were beam nodes when the system was vibrating in response

to rotor hub forces. The Kaman Corporation developed the Dynamic Anti-Resonant

Vibration Isolator (DAVI), where the rotor transmission was mounted to the fuselage

by special nodal isolator elements consisting of spring elements to which pendulums

were attached [16, 58]. Bell Helicopters and Messerschmitt-Bolkow-Blohm (MBB)

have experimented with systems that simplify the mechanics and improve the main-

tainability of such isolators. These systems include the Bell Liquid Inertia Vibration

Eliminator (LIVE) [25], and MBB's Hydraulic Antiresonance Isolator [7], which use

hydraulic plenums, rather than mechanical bearings.

MBB's Anti-Resonance Isolation System (ARIS) program applied both mechanical

and hydraulic pendulums with tuneable masses to the BK-117 helicopter [8]. Flight

tests as well as shake tests were performed on the helicopter. Vibration levels at the

blade passage frequency were cited as less than 0.15 g for the entire forward speed

range, and the isolation system weighed less than 1% of the maximum take-off weight

of the BK-117.

Boeing Helicopters had success with an integrated floor/fuselage isolation system

for the Model 234 Commercial Chinook [12]. The passenger floor as well as the fuel

tanks were isolated from the airframe by passive nodal isolators. Vibration in the

cabin could be lowered to 0.05 g on average.

Fuselage absorbers are another method of reducing helicopter airframe vibration.

Usually these systems provide vibration reduction in a local area only. They are often

mounted to the pilot seat, instrument panel, passenger cabin, or even fuel tanks. They



are often comprised of tuned mass pendulums like the vibration isolators, but simply

absorb the vibration without acting as structural connections.

Sikorsky developed a variable tune fixed frequency absorber for the S-76A [29], to

address the wide RPM range of that aircraft. An absorber was placed in the nose

of the commercial S-76A, and absorbers were placed in the nose and two overhead

cabin locations for the Army's Black Hawk helicopter. It proved to be a reliable,

inexpensive, and relatively weight efficient system.

Full isolation or absorption of a rotor vibration, requires isolators or absorbers in

all axes. Elimination of more than one vibratory frequency will require devices tuned

to each frequency. These systems may be heavier and more mechanically complicated

than active systems. If the mechanical or hydraulic pendulums are replaced by elec-

tromechanical devices, passive systems may be adapted to active ones. A single active

isolator can compensate for multi-frequency excitations without the need for several

tuned devices. Active devices, however, rely on sensors, power, and a closed-loop

control system in order to comprise an effective system. Therefore, weight, power,

complexity, and reliability must be traded off in the design of such systems.

Passive Blade Methods

It is important to establish a criterion or goal to be met in the effort to reduce vi-

bration. Isolating the rotor transmission or other structures from the fuselage, or

absorbing vibration in particular areas, may provide specific local vibration reduc-

tion, but it will not reduce vibration levels at the hub. Cyclic blade stressing and

material fatigue, acoustic noise, and power losses will still exist. In order to address

these phenomena, vibration suppression in the rotating frame is essential. Several

passive methods of rotor blade vibration suppression have been attempted, including

pendulum absorbers, bifilar absorbers, and aeroelastically tuned tabs. These methods

are discussed below, while active methods will be addressed in the following sections.

Hughes, Boeing, and MBB have all developed blade-mounted pendulum absorbers.

The pendulum absorbers are mounted at the blade root, and may relieve vertical or

inplane blade stresses, depending on their orientation. The absorbers rotate with the



rotor and the restoring force for the pendulum mass is provided by centrifugal force.

Therefore, the systems are self-tuning with rotor speed.

Vibration reduction efforts with the Hughes OH-6A helicopter led to a design

that incorporated two pendulum absorbers for each rotor blade [2]. The OH-6A is a

four-bladed helicopter, and it was determined that the primary source of the 4/rev

vibration that this helicopter experienced were the 3/rev and 5/rev vertical shear

forces that the blades were subjected to. Pendulum absorbers tuned to 3/rev and

5/rev were mounted to each blade root, and oriented to reduce the vertical vibration.

The blade-mounted pendulums were able to reduce the vibration in the cockpit by

50%, but could last only 300 to 600 service hours, after which excessive wear would

render them ineffective.

Boeing Helicopters developed a pendulum absorber system for its Model 347 four-

bladed tandem rotor helicopter [67]. A 41 pound vertical pendulum was mounted to

each of the helicopters eight blades. Experimental flight tests showed an 80 to 90%

reduction in vertical hub shears, and 50 to 75% reduction in airframe vibration, but

required an increase of gross weight by over 330 pounds.

A joint MBB-Boeing program used a combination of flap and lag pendulum ab-

sorbers to reduce vibration of the BO-105 helicopter in transition flight [18]. The

helicopter has vibration levels of 0.1 g to 0.2 g above 50 knots, 0.3 g to 0.5 g in

transition at 20 knots, and 0.5 g to 1.0 g in flares. The program used a system of

3/rev and 5/rev flap pendulums, with a 3/rev inplane pendulum. The combination

of inplane and flap pendulums was able to reduce vibration levels at all flight speeds,

and achieved a 50 to 80% reduction in transitional flight.

Sikorsky found that the principal source of vibration in its S-61 helicopter was

inplane hub forces, and only minimal reduction could be achieved by desensitizing

the coupled rotor transmission/airframe modes. A program was initiated to lower

the vibration levels of this helicopter by the use of bifilar pendulum absorbers to

counteract the 4/rev inplane rotor loads [50]. A reduction of vibration levels by

75% was achieved, resulting in cabin and cockpit levels of 0.1 g. The total vibration

absorber system weighed 156 pounds.



Bielawa [5] studied the design of a passive tuned tab, with the objective of creating

harmonic airloading of favorable amplitude and phase to cancel inherent blade motion.

The tab would be appended near the trailing edge by either a hinge or a flexure and

the spring rate would be tuned by proper selection of a mechanical spring or the

material elasticity. Analytical studies showed some modest reductions in inplane hub

shear, but increases in vertical hub loads.

Full Blade Feathering

Active control of the rotor blades is a potentially rewarding method of reducing higher

harmonic vibration. It may provide vibration reduction at the rotor hub without

the need for heavy pendulums that must be tuned to each vibratory frequency, or

absorbers that provide only passive local area reduction. Active control systems can

handle multi-frequency vibration, and are adaptable in flight. A popular method of

active rotor control is blade root actuation, in which the entire blade is feathered.

Boeing Helicopters, Hughes Helicopters, Sikorsky, Aerospatiale, NASA, and many

others have investigated full blade feathering of articulated rotors for higher harmonic

control.

Hughes Helicopters, the Army, and NASA completed a joint program in 1983,

which involved flight testing a four-bladed OH-6A light (2500 lb.) helicopter equipped

with full blade feathering HHC equipment [20, 75]. The flight test included both open

and closed-loop testing. Electrohydraulic actuators were used to control the swash-

plate, and provided approximately ±2 deg blade pitch. Open-loop testing involved

setting dials on electronic equipment inside the aircraft to minimize vibration. The

dials controlled collective, lateral cyclic, and longitudinal 4/rev actuation signals, in

both amplitude and phase. The best suppression of vibration was achieved with a

combination of lateral and collective control, where the lateral component was the

far more dominant. Vertical, lateral, and longitudinal accelerometer signals were fed

back for closed-loop control. A cautious adaptive control algorithm was used, and

provided close to 80% vibration reduction in most flight conditions. Vibration levels

were kept on the order of 0.05 g for steady flight conditions up to 100 knots, and for



30 deg bank turns at 80 knots. However, vibration levels rose to 0.1-0.3 g in 1.75 g

pullups at 80 knots (but still provided over a 50% reduction than with HHC off).

During 40 knot decelerations in flare to hover, the controller would sometimes go out

of phase, and exhibit mild divergence.

Higher harmonic control techniques were applied to a scale model BO-105, four-

bladed, hingeless, helicopter rotor at the DFVLR Institute for Flight Mechanics in

Braunschweig, F.R.G.[37]. The research effort involved determining the effect of 3,

4, and 5/rev control inputs to vibratory hub and blade loads. Three electrohydraulic

actuators were used to control the swashplate, providing up to ±1 deg blade pitch.

The actuators were able to provide excellent blade feathering accuracy to within

±0.012 deg amplitude and ±1.5 deg phase. Vibration level reductions on the order

of 30 to 80% were achieved on the hub loads with a combination of 3, 4, and 5/rev

open-loop controls.

After a decade of research effort, Boeing Helicopters concluded wind tunnel tests

that successfully demonstrated closed-loop HHC on an articulated, three-bladed rotor

in 1985. The model was a 1/6 scale, model CH-47D Chinook rotor [63]. Four electro-

hydraulic actuators were used to control the swashplate, providing ±3 deg of blade

pitch. A slider was used for collective control, while the hydraulic actuators provided

lateral and longitudinal cyclic trim, 3/rev higher harmonic control, and 2/rev per-

formance control. The feedback signals were a combination of harmonic components

from a load balance, as well as pitch link loads. Fixed gain, scheduled gain, and adap-

tive control algorithms were tested. Boeing found that the open-loop data response

was very linear in the ±3 deg range, and repeatable to very high accuracy, which they

attributed to the high precision of the actuators that they used. They were able to si-

multaneously suppress vertical and inplane 3/rev hub forces by 90%, continuously, as

the model was "flown" throughout a wide test envelope, including trimmed flight up

to 188 knots. It was found that fixed gain HHC methods were simple, fast, and pro-

vided adequate hub force suppression on the CH-47D. The secondary effects of HHC

on CH-47D rotor performance and fatigue loads were acceptable. Furthermore, 2/rev

control could improve rotor performance by amounts greater than any performance



loss which was measured due to HHC for vibration suppression.

A research program sponsored by the French Government Agencies which included

Aerospatiale, Giravions Dorand Industries, and Onera, led to the flight testing of a

closed-loop higher harmonic control system in 1985 [55]. The HHC system was flown

on a three-bladed, SA-349 Gazelle light helicopter up to 250 km/h. The program

included open-loop identification as well as closed-loop vibration suppression. The

electrohydraulic actuators that were used could provide ±1.7 deg of blade pitch,

but were limited to ±0.8 deg, due to large dynamic loads encountered during open-

loop testing. A stochastic adaptive regulator with vibration estimation was found

to work best. Vibration reductions of 80% were achieved on average, for steady and

accelerated flight, maneuvers, climbs, and descents. Vibration levels of 0.1 g were

attained.

Sikorsky flight demonstrated an HHC system on a four-bladed, medium size

(10,000 lb.) S-76 helicopter in 1985 [47, 69]. The flight tests were performed open-

loop, up to 150 knots. Electrohydraulic actuators provided ±1 deg blade pitch. Si-

multaneous vibration reduction at several locations in the cabin was achieved, by

properly tuning the actuator signals. Under 100 knots, vibration levels were reduced

from 0.3-0.5 g to around 0.1 g. Vibration levels increased rapidly with airspeed over

100 knots, due to the ±1 deg blade pitch limit. With larger higher harmonic blade

pitch angles, a 0.1 g vibration level could have been achieved, for flight conditions

over 100 knots. Larger HHC blade pitch angles, however, require increased hydraulic

fluid flow rates, a larger capacity pump, reservoir, and cooling system. Increasing the

maximum amplitude of the HHC system from ±1 deg to ±2 deg (which may have

been sufficient), would have amounted to an estimated 30% increase in HHC system

weight.

Circulation Control

Circulation control rotors most often utilize the "Coanda Effect," by using tangential

blowing to delay separation from the rounded trailing edge of an elliptically shaped

rotor blade. Blown airfoils can achieve high section lift coefficients without moving



the blade, and higher harmonic control can be achieved without any moving parts

other than the rotating blades.

The performance of a circulation control rotor is affected by variables such as

slot height-to-chord ratio, slot height-to-trailing edge radius ratio, Reynolds number

and Mach number, as well as jet flow pressure and velocity [73]. The advance of

circulation control technology is dependent upon the evolution of composite materials,

and advanced manufacturing technology. Circulation control rotor blades must often

incorporate thickness and camber taper, a thin full span slot located very near the

trailing edge, a hollow internal passage for airflow, structural integrity at high internal

airflow operating temperatures, and high torsional blade stiffness with conventional

blade bending stiffness.

The Naval Ship Research and Development Center [73] has directed the majority

of circulation control projects. Circulation control research has been performed by

NASA [73, 44], Giravions Dorand [44], Lockheed [76], Boeing [56], Kaman [35, 54], and

Sikorsky [71]. Tests of the first generation circulation control model were conducted

in 1971, under joint sponsorship of the Naval Air Systems Command and NASA [73].

The Higher Harmonic Circulation Control (HHCC) rotor model [73] demonstrated the

high lift capability, and efficiency of circulation control rotors, as well proving that

trimmed flight could be achieved without any moving parts other than the rotating

blades. The rotor was an 80 inch diameter, four-bladed circulation control rotor, with

elliptical shaped blades that used trailing edge tangential blowing. The trailing edge

blowing slot was near the 95% chord location and extended over 90% of each blade

length. The rotor had conventional collective control (set manually), but cyclic and

higher harmonic control was performed by blowing. Blowing control was achieved

by a system of cams located at the center of the rotor hub. The amplitude of cyclic

or higher harmonic control was controlled by raising or lowering the respective cam.

Phasing was achieved by turning a control rod, changing the azimuthal orientation

of the cam. As the hub rotated, nozzles leading to the blades would be opened or

closed, responding to the cams. Once the cams were properly set, the only moving

parts were the rotating blades. The first generation HHCC was able to demonstrate



rotor trim, lift augmentation, autorotation, and 2/rev performance control.

Giravions Dorand in Suresnes, France has built and tested several circulation

control jet-flap designs including the 40 ft diameter DH-2011 "Dorand Jet-Flap,"

built for the U.S. Army and NASA [44]. The rotor was tested several times at the

NASA Ames 40 x 80 ft wind tunnel. The rotor was two-bladed, with a teetering hub,

and blade coning offset hinges, but no feathering hinges. The rotor was driven and

controlled by a propulsive jet flap, which occupied the outer 30% of the blade radius.

Multicyclic 2, 3, and 4/rev were applied by a cam, while conventional collective and

cyclic control was provided by a swashplate. The 1971 tests demonstrated a 50%

reduction in stress and vibration levels, at advance ratios from 0.4 to 0.6.

Nonpropulsive circulation control jet flaps were studied for the U.S. Army Air

Mobility Research and Development Laboratory (USAAMRDL), and NASA Ames

Research Center, in 1974 [54]. Half span, nonpropulsive jet flaps were analytically

investigated for application to the Bell UH-1A rotor. The investigation included both

two-bladed and four-bladed versions with offset flapping hinges. The objective was

to eliminate transmitted root shears and study the effect on blade bending moments,

and total power. Conventional collective and cyclic controls were used for trim, while

2-11/rev jet flap oscillations were considered for multicyclic control. Elimination of

root shears was demonstrated for each rotor, and interestingly it took less power if the

jet-flap actuated blade operated in aileron reversal, than if it operated conventionally.

Under contract with the U.S. Naval Air Systems Command, the Kaman Corpo-

ration began the design, development, and testing of full scale circulation control

hardware in 1975 [35]. The contract culminated in the first flight of a full scale cir-

culation control rotor in 1979. The objective was to reduce the maintenance and

improve the reliability of helicopter rotors. Circulation control was used to elimi-

nate the many highly loaded, oscillating rotor components, reduce vibration levels

by multicyclic control, and improve payload/performance and heavy lift capability.

The XH-2/CCR was the first full scale application of circulation control technology

to rotary wing aircraft. It could not be flown over 26 knots, however, due to blade

stall (circulation control blowing was used for collective as well as cyclic control). The



Navy cancelled the program before flight tests of multicyclic circulation control could

be performed.

Perhaps the most likely candidate for multicyclic circulation control was the X-

wing rotor. The X-wing concept was to combine VTOL capability with efficient high

speed cruise, typical of fixed wing aircraft. The design incorporated a very stiff four-

bladed, hingeless rotor, with leading and trailing edge circulation control blowing.

A conventional collective system was combined with cyclic circulation control. The

X-wing would take-off, and hover like a helicopter, with the rotor in the "X" configu-

ration. The vehicle would then be operated as a fixed wing aircraft, with an expected

maximum speed of 400 knots. Leading edge blowing would be essential, because it

permits high lift in the reverse flow region. As the rotor is stopped, the reversed flow

region grows to the full length of the retreating blade.

The X-wing presented many challenges from a vibration standpoint. Since the

stopped rotor would have two forward swept wings, the blades had to be several

times stiffer than conventional rotors. This required very high bandwidth control.

In addition, a hingeless rotor transmits greater vibratory moments and shears to

the hub, than an articulated rotor. Furthermore, as the rotor is stopped the blade

passage frequency continuously decreases to zero, and is thus capable of exciting many

modes of the rotor/fuselage system. X-wing programs have been developed at Boeing

Helicopters [56], Lockheed [76], and Sikorsky [71], under direction of the Naval Ship

Research and Development Center and NASA.

The 1988 Sikorsky/United Technologies Research Center wind tunnel tests of the

X-wing rotor are of particular interest because of the extensive higher harmonic con-

trol research that was performed [71]. A 1/6 scale, 10 ft diameter rotor was tested

at normal rotor speed up to 175 knots, and at 150 knots for a range of steady rotor

speeds typical of conversion. A man-in-the-loop HHC and trim control system was

used to simultaneously reduce 4/rev rotor balance and rotor stand vibration, while

automatically maintaining rotor trim. The blowing control was achieved by a system

of 48 individually actuated butterfly valves located at the rotor hub, in two rings of

24 valves equally spaced in azimuth. The lower set was used for leading edge blow-



ing, while the upper set was used for trailing edge blowing. Eight receiving ducts

channelled the air to the leading or trailing edge of each of the four blades as the

system rotated. The receiver opening was as wide as two valve assemblies, so that

as it rotated, it was exposed to the open area of at least two valves at all times (the

NSRDC X-wing model had only eight azimuthal blowing locations, which they be-

lieve resulted in an unusually large amount of 8/rev vibration). The open-loop HHC

system achieved 70-95% reductions in fixed system vibration, keeping the vibration

level in the 0.05-0.10 g range. No conversions or closed-loop HHC algorithms were

flown.

Controllable Twist

Controlling the twist of a rotor blade is yet another method of achieving helicopter

rotor control. The most likely method of achieving blade twist is by the use of a ser-

voflap mechanism. Servoflap designs generally require less actuation power than root

pitch actuation, and have the advantage that they virtually eliminate the transmission

of large oscillating pitch link loads to the airframe.

Early research in servoflap controllable twist was performed by Carpenter and

Paulnock [9], and Payne [51]; however, the majority of current has been conducted

by the Kaman Corporation, with some testing performed at NASA/Ames Research

Center [45, 59, 70, 38]. Kaman has investigated using the servoflap for full blade

feathering as well as controllable twist, and has used it for collective, cyclic, and

multicyclic control, as well as automatic blade tracking. Two of Kaman's production

helicopters that use servoflaps are the SH-2 Seasprite, which has rigid blades with soft

torsional root springs, and servoflap controlled full blade feathering; and the K-1200

Synchropter which has dual two-bladed intermeshing rotors, teetering blades with no

feathering, and servoflap controllable twist.

Kaman concluded a wind tunnel investigation of multicyclic control on a 56 ft di-

ameter, four-bladed, controllable twist rotor in 1978 [45]. The wind tunnel tests were

conducted in the NASA-Ames 40 x 80 Foot Wind Tunnel, and sponsored by both

the U.S. Army and NASA. The rotor was fully articulated with a conventional pitch



horn to provide primary control. The rotor blades were soft in torsion, so that the

servoflap could be actuated collectively and cyclically to control the blade torsional

response. Cyclic servoflap deflection was performed by a swashplate, while multi-

cyclic control was introduced by electrohydraulic actuators in the rotating system.

Any combination of 2, 3, and 4/rev harmonic servoflap deflection, and phase could

be commanded. The maximum servoflap deflection was 6 dceg. The test envelope

included advance ratios from 0.22 to 0.33, shaft axis inclinations from -6 to -10 deg,

and root collective settings from 8 to 12 deg. Kaman concluded that flatwise bending

moments could be reduced by 22% to 30%, while control loads could be reduced by

83%.

1.3.4 Higher Harmonic Control Algorithms

The airloading of a rotor blade is essentially periodic, and can be decomposed as a the

sum of harmonics of the rotational frequency. For an N-bladed rotor, only vibration at

harmonics of the blade passage frequency, N/rev, will get transmitted to the fuselage.

The loading at other rotor harmonics will cancel, due to the net contribution of

the N blades [34, pg. 347]. The sources of N/rev airframe vibration include N/rev

vertical forces, as well as (N-1)/rev and (N+l)/rev inplane shears and moments. The

concept underlying HHC is that reduction of N/rev airframe vibration can be achieved

by changing the aerodynamic properties of the blades by oscillations at (N-1)/rev,

N/rev, and (N+l)/rev. Figure 1-2 illustrates the transmission of harmonics from the

rotating frame to the fixed frame, and vice versa.

Higher harmonic control can be achieved in either the fixed or rotating systems.

Fixed frame actuation is generally implemented through a swashplate. Cosine and

sine signals at the N/rev frequency are used to command collective, lateral cyclic, and

longitudinal cyclic controls in amplitude and phase. These commands are modulated

by the rotor rotation to produce (N-1)/rev, N/rev, and (N+1)/rev variations in blade

loading. If an actuation method is implemented in the rotating frame, then cosine

and sine signals at (N-1)/rev, N/rev, and (N+1)/rev are commanded explicitly.

Any combination of hub load, pitch link load, or fuselage vibration harmonics
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Figure 1-2: Transmission of harmonics.

can be used as feedback signals for higher harmonic control. The relationship be-

tween input harmonics and steady hub load harmonics are approximately linear, and

can therefore be described by a matrix of constant coefficients [62]. Likewise, the

relationship between hub load harmonics and fuselage harmonics are approximately

linear, and can also be described by a matrix of constant coefficients. Multiplication

of these matrices results in a constant coefficient control response matrix, T, which

relates Fourier coefficients of the N/rev input control harmonics to the N/rev output

vibration harmonics.

Discrete-Time Higher Harmonic Control Method

One of the earliest higher harmonic control algorithms, suggested by Shaw [62], as-

sumes knowledge of the control response matrix, T. A harmonic analysis of the

feedback variables is required at each step in the algorithm, in order to obtain the

sine and cosine components of the N/rev frequency. The N/rev components are then



multiplied by the inverted control response matrix, T-' , to produce N/rev swashplate

commands to reduce the measured loads. If the control response of the helicopter is

essentially quasisteady, the algorithm should produce deadbeat control, and eliminate

the N/rev vibration in a single step [24].

Using the quasisteady assumption, the sine and cosine components of the N/rev

vibration may be represented by

z = Tu + 10 , (1.2)

where z is a vector of vibration amplitudes, u the vector of N/rev swashplate con-

trol amplitudes, and L0 is the vector of uncontrolled vibration amplitudes at zero

swashplate deflection. The vibration levels, 1, are measured at each time step, and

a swashplate input, u, is adjusted to cancel the measured disturbance. The resulting

control law is

u(n + 1) = u(n) - T-z(n), (1.3)

where the index n denotes the time step. A block diagram of the discrete time higher

harmonic control algorithm is shown is Figure 1-3.

Fixed Gain and Scheduled Gain Algorithms

There are several philosophies concerning the control response matrix T. Some re-

searchers argue that it is fairly constant with flight conditions, and a fixed gain

controller is adequate [63], while others argue that it varies significantly with flight

condition and that real time identification will lead to the best controller [48]. These

drastically different viewpoints have led to a variety of HHC control methods includ-

ing a variety of fixed gain, scheduled gain, and adaptive controllers.

A fixed gain control algorithm is perhaps the most easily implemented algorithm.

Only a single control response matrix must be.identified, and gains are precomputed

off-line, therefore very little computational effort is required. Fixed gain algorithms,

however, cannot adapt to changing flight conditions and may provide suboptimal or

inadequate performance.



Helicopter
Dynamics

Figure 1-3: Block diagram of the discrete-time HHC algorithm (adapted from
Figure 3 of Hall and Wereley [24]).

A scheduled gain controller has the advantage of being able to accommodate

varying flight conditions. The control system, however, must be able to determine

the flight conditions, as well as store a large number of control response matrices.

These matrices must be identified prior to closed-loop operation. Scheduled gain

controllers must also be free of transients and instabilities when switching from one

library matrix to another.

Although the rotor flow field produces periodic disturbances, which cause the

dynamics of the rotor to be periodic, an LTI model of the helicopter may often be

used. Therefore, common modern control methods may be employed. One useful

approach is based upon the Linear-Quadratic-Gaussian (LQG) controller [41, pg.

223]. If the vibration is to be minimized without excessive control amplitudes, a



reasonable criterion to be minimized is a cost functional such as

J=li1m - t{z'Qz + u'Ru}dt, (1.4)tf - o tf f0

where tf is the time interval, Q is a state weighting matrix, and R is a control

weighting matrix. If the T matrix is known perfectly, a closed form solution may

be found which minimizes the cost functional. After solving the appropriate Ricatti

equation, the optimal control solution is simply a constant gain feedback control law

of the form

u = Go , (1.5)

where the feedback gain matrix is

G = -(TTQT + R)-'TTQ. (1.6)

The feedback gain G is precomputed off-line and stored as a function of flight con-

dition. The baseline vibration z_ can be determined from a simple linear Kalman

filter, with the filter gains also precomputed [20]. Even though the vibration may be

estimated, the algorithm is not adaptive because the vibration state appears linearly

in the control law, and the T matrix is not identified on-line.

Frequency Shaped Cost Functionals

The application of state feedback methods for vibration control is complicated by the

presence of all frequency components in the feedback states. A vibration minimiz-

ing controller can actually aggravate fuselage dynamics and blade structural modes.

Gupta and DuVal [23] proposed a method of dealing with this problem, by using

a tuned state feedback method. It is an application of the frequency shaped cost

functional extension of the Linear-Quadratic-Gaussian (LQG) proposed by Gupta

[22].

Frequency dependent penalties can be placed on both the states and the control

amplitudes in the formulation of the cost function to be minimized. The frequency



shaped cost functional has the form

/+ooJ = (zH(jw)Q(w)z(jW) + uH(jw)R(w)u(jw)} dw, (1.7)

where the superscript H refers to the Hermitian (complex conjugate transpose) of the

matrix. Note that the state weighting matrix, Q, and the control weighting matrix,

R, are frequency dependent.

The vibration to be eliminated can be passed through a second order undamped

filter tuned to resonate at the blade passage frequency, NQ. This filter has the form

G+((NS)= (1.8)
S2 + (NQ)2

The resonance of the filter makes the weighting function Q(w) very large at the

N/rev frequency. The filter states can be adjoined to the plant states to form an

augmented state vector, and the Linear-Quadratic-Regulator (LQR) solution will

yield the optimal feedback gains. The resulting system acts like a phase-locked loop,

since the control signal is 180 deg out of phase with the vibration at the filter's

resonant frequency. The control is able to lock onto the vibration phase and amplitude

without the need for harmonic analysis.

A controller with frequency shaped cost functionals was implemented on the Ro-

tor Systems Research Aircraft (RSRA) and tested in the NASA/Langley Transonic

Dynamics Wind Tunnel [14]. The design worked well for flight speeds at 5 knots,

40 knots and 120 knots. It should be capable of operation in maneuvering flight.

Adaptive Algorithms

Adaptive algorithms can accommodate varying flight conditions, without the need to

identify the flight conditions or store large numbers of matrices. The control response

matrix is identified on-line rather than precomputed. Generally a Kalman filter is

used to estimate the control response matrix, T, as well as the baseline vibration

level, zo.

If the vibration amplitude and control response matrix vary with flight conditions,



they can be represented by a random walk model

T(n + 1) = T(n) + W(n), (1.9)

and

z10(n + 1) = zo(n) + .o(n). (1.10)

The W(n) matrix and _0(n) vector are zero mean white gaussian process noise. The

optimal cost-to-go is obtained by performing an ensemble average over all time steps

n, for (n = 1, N). The optimal cost-to-go is

J* = min E [ Z T (n + 1)Qx(n + 1) + UT(n)Ru(n)] , (1.11)

where n is the time index, and E{.} denotes the expected value. Q is a state weighting

matrix, and R is a control weighting matrix as before. The difficulty in calculating

a solution is that the elements of the T matrix vary randomly, and the expectation

cannot be obtained exactly. A closed form solution does exist if equation (1.11) is

minimized for only one time step (N = 1). This is referred to as a one-step method.

Molusis et al. [48] review a number of adaptive control schemes including "caution"

and "probing." Adaptive algorithms tend to be much more complicated than fixed or

scheduled gain algorithms, and are usually computationally intensive. The estimates

can diverge and lead to instability in the algorithm, especially for rapidly maneuvering

flight.

Experimental Comparison of HHC Algorithms

An extensive evaluation of higher harmonic control concepts was performed by the

Army on an aeroelastically scaled rotor model in the NASA-Langley Transonic Dy-

namics Tunnel in 1981 [48]. The tests included six basic control concepts ranging in

sophistication from a full adaptive controller to a gain scheduled Linear-Quadratic-

Gaussian design. It was found that both deterministic and cautious adaptive con-

trollers were able to track and maintain low vibration levels for various advance ratios,



and the cautious controller could maintain low levels for rapidly maneuvering flight

conditions as well. The open and closed-loop properties of the control response ma-

trix revealed significant differences, which led to the conclusion that the elements of

the T matrix are dependent upon the higher harmonic controls themselves, and that

this could be the reason that the scheduled gain algorithms that were attempted, ex-

hibited very poor performance. No conclusions concerning scheduled gain algorithms

were made, since the problems were not fully understood.

During wind tunnel tests of a CH-47D Chinook model, Boeing Helicopters "flew"

several HHC control algorithms including fixed gain, scheduled gain, and adaptive

algorithms [63]. Up to 90% vibration reduction was achieved with a fixed gain algo-

rithm. The success of this algorithm was attributed to several reasons: 1) very precise

swashplate control; 2) a linear, and fairly constant, smoothly varying control response

matrix from 50 to 150 knots; 3) and accurate open-loop identification of the control

response matrix. The scheduled gain control algorithm also worked well, but did not

provide much advantage over the previously discussed fixed gain algorithm. A local

adaptive controller was also found to be successful in suppressing certain feedback

variables, but the T matrix tracking accuracy was low, and the matrix estimate would

diverge for some flight conditions. A global adaptive controller was found to be either

unstable or ineffective, and time did not permit a full evaluation.

An analytical simulation of fixed gain and adaptive control algorithms was per-

formed by Nygren and Schrage [49] using the Dynamic System Coupler (DYSCO)

Program, in an attempt to determine the adequacy of each for higher harmonic vi-

bration reduction. Their study concluded that fixed-gain and both global and local

adaptive controllers perform adequately in medium and high speed flight, but the

effectiveness is greatly reduced for all cases where the control response matrix is in-

correctly initialized. The adaptive regulators were able to quickly adapt to reduce

vibration when incorrectly initialized, and performed effectively throughout all ma-

neuvers tested. The fixed-gain regulator performed effectively provided that flight

conditions did not change by more than 20 knots.



1.4 Thesis Overview

The objective of this thesis is to determine the feasibility of blade-mounted actuation

(especially piezoelectric servoflap actuation) for helicopter rotor higher harmonic vi-

bration control and conventional rotor control. This is accomplished by developing a

state space model of the rotor by making several simplifying assumptions that yield

time-invariant dynamics. The model is then used to compute transfer functions from

control inputs to hub loads. Since the rotor model is time-invariant, the transfer func-

tions from actuator input to hub forces exist at each frequency, and hub responses

can be predicted for actuation at cyclic and multicyclic frequencies, as well as steady

state. Finally, the blade-mounted actuator is specified in terms of its lift coefficient

(c',) and moment coefficient (cm,), so that any actuation method may be modelled.

A trailing edge servoflap is included in the state space model for the H-34 research

rotor, in order to investigate blade-mounted actuation. The model is used to generate

transfer functions from servoflap deflection to hub loads, and the thrust response is

used to determine the ability of the servoflap to provide conventional and higher

harmonic control. The amplitude of servoflap deflections required for rotor control

will determine whether piezoelectric servoflap actuation is feasible.

In Chapter 2, helicopter vibration spectra are computed from wind tunnel data

provided by Boeing Helicopters [63]. Hall and Wereley [24] have suggested that the

vibration producing disturbances may be stochastic, rather than deterministic pro-

cesses, so that the correlation time of the disturbance and the velocity constant of the

higher harmonic controller will determine the achievable performance of HHC algo-

rithms. The wind tunnel data is analyzed in light of this methodology, to determine

the degree of higher harmonic vibration suppression that is possible, based on the

open-loop spectrum.

In Chapter 3, piezoelectric actuation is introduced, and the fundamentals of piezo-

electric operation are presented. In addition, three methods of piezoelectric actuation

for aerodynamic tailoring are reviewed that include bend/twist and extension/twist

coupled composite plates (Crawley and Lazarus [10]); directionally attached piezo-



electrics for rotor blade twist actuation (Barrett [4]); and piezoelectric servoflap ac-

tuation (Spangler and Hall [66]).

Chapter 4 contains the derivation of the rotor dynamics and the development

of the state space rotor model. Multiblade coordinates are used to describe the

dynamics of the rotor, and to represent the motions of the rotor disk. The blade

dynamics include a rigid pitch mode and elastic torsion modes, so that full blade

feathering and controllable twist can be studied. In addition, root pitch actuation

and blade-mounted actuation are incorporated in the model. Finally, linear section

aerodynamics are assumed with dynamic inflow.

Results of the state space model for the H-34 research rotor are presented in

Chapter 5. The transfer functions from servoflap inputs to hub loads are computed to

determine the servoflap deflection requirements for conventional and higher harmonic

control. The thrust responses that can be achieved with root pitch actuation and

servoflap actuation are compared, and parametric analyses are presented for blade

stiffness, servoflap size and placement, and advance ratio. Finally, the conclusions

are presented in Chapter 6.
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Chapter 2

Rotor Vibration Spectrum from

Wind Tunnel Data

Traditionally, higher harmonic disturbances were assumed to produce sinusoidal oscil-

lations at the blade passage frequency. Under this assumption the HHC methodology

of Shaw [62] should provide complete disturbance rejection. However, the results

from wind tunnel tests have shown, at most, a 90% reduction in vibration levels us-

ing higher harmonic control. Hall and Wereley [24] have suggested that vibration

producing disturbances may be stochastic rather than deterministic processes, which

could account for the discrepancy. If the vibrations have a stochastic nature, then

the correlation time of the disturbance, as well as the velocity constant of the HHC

controller, will play a major role in determining the achievable performance of HHC

algorithms. Hall and Wereley have developed a method of evaluating the perfor-

mance of HHC algorithms in terms of classical control theory, which allows for the

comparison of both continuous and discrete-time algorithms.

In light of the methodology developed by Hall and Wereley [24], helicopter rotor

wind tunnel data will be analyzed, in order to characterize the vibration spectrum,

and to determine the degree of possible reduction using HHC. The wind tunnel data

was obtained from Boeing Helicopters, and corresponds to the higher harmonic control

experiments described in Shaw et al. [63]. In this Chapter, the method developed by

Hall and Wereley will be discussed, the wind tunnel test will be described, and the



method of reducing the data will be covered. Finally, wind tunnel vibration spectra,

and the implication for the degree of HHC vibration reduction that is possible will

be presented.

2.1 HHC Disturbance Rejection Theory

The higher harmonic control methodology developed by Shaw [62] assumes knowledge

of the control response matrix T, which relates the Fourier coefficients of control

inputs to the Fourier coefficients of the vibratory hub loads. Whether the HHC

algorithms use fixed gain or adaptive controllers, the basic architecture of all HHC

algorithms resembles that of Shaw. The bandwidth of the controller is generally

assumed to be low enough that the plant dynamics are essentially quasisteady, and

a linear time periodic assumption can be made. Under the quasisteady assumption,

inversion of the control response matrix should produce deadbeat control, eliminating

the N/rev vibrations in a single step.

Hall and Wereley [24] have shown that HHC is fundamentally similar to the si-

nusoidal disturbance rejection techniques of classical control theory. In the classical

case, the goal is to reject constant or sinusoidal disturbances from the output of a lin-

ear time invariant (LTI) system. In HHC, the goal is to reject periodic disturbances

at the blade passage frequency, where the plant dynamics are linear time periodic

(LTP). The continuous-time HHC compensator has been shown to be analogous to

a narrow band disturbance rejection filter, when a linear time invariant assumption

has been made.

The LTI system can be represented by its transfer function G(s), and a compen-

sator H(s). The disturbance is assumed to act on the plant output, so that

z(t) = y(t) + d(t) , (2.1)

where z(t) is the output, d(t) is the disturbance, and y(t) is the plant output due

to the control input u(t). Therefore, the Laplace transform of the output may be



Figure 2-1: Block diagram of closed-loop compensation.

written as

z(s) = G(s)u(s) + d(s) . (2.2)

For the closed loop system, the feedback control has the form

u(s) = -H(s)z(s) . (2.3)

The resulting control system is illustrated in Figure 2-1. The goal of disturbance

rejection is to make the response in the output due to the disturbance small, in the

frequency range where the disturbance has considerable energy. In the single input

single output (SISO) case, the response of the output due to a disturbance, z(s)/d(s),

is given by the sensitivity S(s) where

1
S(s) = 1 (2.4)

1 + G(s)H(s)

The sensitivity can be made small in a particular frequency range by making G(s)H(s)

large in that range, but it is also important to choose H(s) so that the resulting closed

loop system is stable. In order to reject disturbances at a given frequency wo, a second

order oscillator with a natural frequency wo may be used. The resulting compensator
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Figure 2-2: Typical transfer function of a disturbance rejection compensator
centered about wo = 1.

is

cls + C2H(s)= c + (2.5)
s2 + 2

The coefficients, cl and c2, in the numerator of the transfer function determine the

location of the zero in the compensator, and must be chosen so that the open loop

transfer function has adequate gain and phase margins. These coefficients also govern

the width of the notch in the sensitivity transfer function. Figure 2-2 depicts the

typical shape of a narrowband compensator.

Hall and Wereley have shown that the discrete time higher harmonic compensator

depicted in Figure 1-3 can be implemented in continuous time with some slight mod-

ifications. By eliminating the sample and hold structure, and replacing the integral

over a rotor period by a continuous Laplace integrator l/s, the discrete-time higher

harmonic controller can be implemented in continuous-time. A direct comparison

between the discrete and continuous-time controller can be achieved if k = 1/T

Figure 2-3 illustrates the continuous-time higher harmonic controller.

For a single input/single output LTI system, the control u and the output y can

be decomposed into their cosine and sine components, and related by the control

response matrix T. The control to output relationship which was

y(s) = G(s)u(s) , (2.6)



Helicopter

Dynamics

Figure 2-3: Block diagram of the continuous-time HHC
from Figure 5 of Hall and Wereley [24]).

algorithm (adapted

now becomes

The control response matrix T may be written as

T = T TC,8
T T,, '

where the elements of the matrix are

TCc = T,, = Real {G(jNG)}

To, = -T, = Imag {G(jNG)} .

(2.7)

(2.8)

=T



The inverse of the control response matrix may be written as

T-1 
a b

-b a

where

Real {G(jN()}
G(jNQ) 2 (2.9)

b= Imag{G(jN()}b (2.10)G(jNQ) 12

Hall and Wereley have shown that the continuous-time compensator associated with

T - 1 , and the modulation/demodulation structure of Figure 2-3 is

2k(as - bNf)
H(s) = (Nf) 2  (2.11)

s2 + (NQ)2

This compensator has the same form as the compensator of equation (2.5), or a narrow

band filter centered around wo = NQ. Therefore, the HHC algorithm is analogous

to narrow band disturbance rejection in the classical sense. Since the poles of the

closed loop system are at s = -k + jN2, to first order in k, the gain k determines

the exponential decay rate of the system. Since k = 1/T, the settling time of the

closed loop system is T, so that k plays the same role in the rejection of sinusoidal

disturbances as the velocity constant does for constant disturbances. If the settling

time of the plant dynamics is not short with respect to T, then closed-loop control

may drive the system unstable.

Hall and Wereley modelled the disturbance as a random process with a power

spectral density centered about the N/rev frequency. The random nature of the

disturbances could be due to the instability of the blade tip vortices, atmospheric

turbulence, or the nonlinear dynamic behavior of the rotor. In fact, there is even

some evidence of chaotic behavior in helicopter vibrations [60]. With the current

approach, quantitative comparisons between different types of HHC algorithms can



be made in terms of the RMS vibration levels that remain after closing the loop.

Hall and Wereley used Gauss-Markov disturbance models with a power spectral

density of the form

Sdd(jW) = 1 1 , (2.12)
7 r2+(w+wo)2  -r2 +(W-wo) 2

and random walk disturbance models with a power spectral density of the form

2 (NR)2 + w2
Sdd(jW) = 2 (N2)2 w 2  (2.13)

7 (N)2 - w2}2

where r is the correlation time of the disturbance, and the spectrum is centered about

wo. The term ad is the standard deviation of the disturbance. Independent of the

form chosen for the spectrum, the ratio of closed-loop to open-loop RMS vibration

levels was found to be
-a - (2.14)

where ad is the open-loop RMS vibration level, c, is the closed-loop RMS vibration

level, k is the velocity constant of the HHC control system, and r is the correla-

tion time of the random disturbance. The vibration attenuation improves as the

correlation time or velocity constant increases. Slightly higher vibration levels were

calculated for the discrete-time case, where the RMS vibration level asymptotically

approaches
- 5 1 _1.291 (2.15)

- - . (2.15)

The frequency response magnitude for the compensator transfer function, H(jw),

and the sensitivity transfer function, S(jw), of a typical disturbance rejection com-

pensator appear in Figure 2-4, where the compensator is centered around w0 = 1.

Also, the power spectral density for a Gauss-Markov disturbance, Sdd(jw), appears

in Figure 2-6, along with the power spectral density of the output S ,,(jw). The
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output power spectral density is related to the disturbance power spectral density by

Sz,(jw) =1 S(jw) I2 Sdd(jW) , (2.16)

so that the compensator eliminates the disturbance centered around wo = 1. Figure

2-6 illustrates an exaggerated case where the correlation time of the disturbance is

r = 16 T. In this case, the small correlation time of the disturbance results in a

significant spectral width, as evident by the plot. The narrowband filter fails to

completely eliminate the disturbance, and a significant amount of power propagates

to the output.

The area under the power spectral density curve is the RMS vibration level, and

the ratio of closed-loop to open-loop RMS vibration level was given by equation

(2.14). For the correlation time r = 16 T, the ratio is 1/4, so that 25% of the RMS

vibration level remains. Since the ratio depends upon the square root of 1/kr, it is

very sensitive to the magnitude of the correlation time of the disturbance r, and limits

the achievable performance of the HHC controller. So, even if the correlation time is

as large as r = 100 T, the closed loop vibration level will be 10% of the open-loop

vibration level, resulting in only 90% vibration attenuation.

2.2 Wind Tunnel Tests

Helicopter wind tunnel data was obtained from higher harmonic control tests that

Boeing Helicopters concluded in 1985. The investigation is summarized in Reference

[63]. The rotor was a 1/6 scale, 10.5 ft diameter, fully articulated, 3-bladed model of

the CH-47D Chinook. The model was operated at a tip speed of 731 ft/sec, which

required a rotation rate of Q = 22.16 Hz.

Vibratory rotor loads were measured by a strain gage balance located directly

under the rotor hub. This balance measured the rotary hub loads and was not affected

by the inertial forces caused by swashplate oscillations. Although the model included

a second fixed frame balance, and the blades and pitch links were instrumented,



Table 2.1: Parameters for HHC wind tunnel test (provided by Boeing Heli-
copters).

Run Flight Shaft Advance Blade Control
Number Speed Angle Ratio Loading Law

V [knots]c a [deg] CT/C"

164.01 135 -5.50 0.310 0.106 open-loop

175.04 100 2.16 0.231 0.122 open-loop

179.03 60 1.06 0.138 0.139 open-loop

only vertical loads at the rotary hub balance were analyzed in this investigation.

Channel #3 corresponded to the vertical component of the rotary hub balance, and

was labelled "RAFBU1".

Only baseline runs were analyzed in order to identify the open-loop vibration spec-

trum. The runs were made at several advance ratios with fairly high blade loading.

Table 2.1 gives the parameters for the test runs that were analyzed.

2.3 Data Reduction

The vertical hub force was sampled at 900 ,/sec, and low-pass filtered to prevent

aliasing. The length of the time histories was 1460 samples, resulting in approximately

1.3 sec of data. Since the rotation rate of the rotor was 22-23 Hz, the runs contained

slightly more than 29 cycles of data.

The power spectra of the vibrations can be obtained by squaring the magnitude of

a Fast Fourier Transform (FFT) of the vibration 'ignals. The FFT is a computation-

ally efficient method of performing a discrete Fourier Transform (DFT), and requires

2n number of data samples. If the data sequence does not have a power of two length,

then the data is padded with zeros in order for it to fulfill this requirement. Although

zero padding may be necessary in order to perform a Fast Fourier Transform, it can

corrupt the data.

Experimental data is usually windowed, since the discrete Fourier transform as-

sumes a periodic extension of a finite length sequence. The windowing prevents sharp
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Figure 2-7: Hanning window with 1460 samples).

discontinuities in the time sequence of the data when it is periodically extended, and

it tends to smooth the discrete frequency components of the data. A Hanning window

weights the data highly near the middle of the sequence and only slightly near the

beginning and end of the sequence. Figure 2-7 illustrates a Hanning window which

is 1460 samples long, corresponding to the length of the hub force data from the

Boeing tests. Figure 2-8 illustrates the discrete time transform of the same Hanning

window. Multiplying the sampled data sequence by the Hanning window corresponds

to convolving the data spectrum by the discrete frequency spectrum of the Hanning

window. From Figure 2-8 we see that the discrete time transform of the Hanning win-

dow is 3 samples in width. Therefore, convolving the data by the Hanning spectrum

will tend to spread the data spectrum by a couple of samples.

We are primarily interested in the spreading of the helicopter vibration spectrum

due to a random disturbance, because the spectral width is related to the correlation

time of the disturbance. As mentioned earlier, this correlation time and the controller

time response are primarily responsible for determining the limits on vibration atten-

uation that is achievable using higher harmonic control algorithms. Since it is critical

not to corrupt the spectral width of the disturbance, the data was neither windowed

nor zero padded.

In order to get an accurate vibration spectrum, a data length corresponding to

an integer number, of rotor periods was selected, and a DFT was used instead of
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Figure 2-8: Partial discrete frequency transform of the Hanning window with
1460 samples.

an FFT. The exact rotor periods were obtained by examining the output of the

instrumented pitch angle of the rotor blade. This signal is was labelled "THETABL,"

and corresponded to Channel 10 of the Boeing data. Since the rotation rate of the

model was observed to vary, each run was analyzed separately. For each run, exactly

29 cycles of data were used; however, the variation in rotation rate resulted in varying

data sequence lengths. After the data sequence was truncated to the proper length for

29 cycles of data, any linear trends in the data were removed. The discrete Fourier

transform of the resulting sequence was taken, and the magnitude was squared in

order to obtain the power spectral density of the hub load vibration.

The power spectral density of the vibration a useful result, because the area

under the power spectral density curve represents the mean square vibration level

o2, or the energy in the vibration. The square root of this value is the root mean

square (RMS) vibration level o,. Since the vertical hub load has units of force, the

vertical acceleration levels in g's can be obtained by dividing the RMS vibration

level by the gross weight of the helicopter. Only relative values are presented in this

study, however, because the units on the vertical hub force signal and the method of

calibration were not available.



2.4 Data Analysis

The time history and power spectrum of the vertical hub force for each of the runs

listed in Table 2.1, appear in Figures 2-11 to 2-19. The time histories contain approx-

imately 29 cycles of data over a 1.3 sec interval. For Run 164.01, the blade loading

was moderate with CT/" = 0.106, but the advance ratio was high at i~ = 0.310. Run

175.04 had a higher blade loading with CT/0o = 0.122, and a lower advance ratio of

IL = 0.231. Finally, Run 179.03 was heavily loaded with CT/" = 0.139, but it had

a moderate advance ratio of t = 0.138. Each of the runs exhibited a large 1/rev

vibration component that could have been due to improper blade tracking.

The periodicity of the vibrations is evident by the impulsive nature of the power

spectrum plots. Spikes occur in the power spectrum at multiples of the rotation

rate, mQf. Since the rotor speed is approximately 22 Hz, the plots show impulses at

approximately 22, 44, 66 Hz, ... In general, the vibrations span only one frequency

sample, so that it is difficult to approximate the spectral width of the disturbance.

Unfortunately, knowledge of the spectral width is governed by the frequency spacing,

and thus the resolution of the discrete Fourier transform. In order to improve our

knowledge of the spectrum, a longer time sequence of data is required.

Due to the limitation imposed by the frequency resolution, the correlation time of

the disturbance, r, could not be well approximated. Therefore, the metric proposed

by Hall and Wereley in equation (2.14) that provides the ratio of closed-loop to open-

loop RMS vibration, could not be used. Instead, another approach was taken in order

to analyze this data. A disturbance rejection filter resembling the continuous-time

HHC compensator was applied directly to the data, in order to obtain the closed-

loop power spectrum from the open-loop spectrum. The ratio of the closed-loop to

open-loop power was then computed.

Since the rotor model was 3-bladed, the disturbance rejection filter was centered

around the blade passage frequency, 3Q (a 66-69 Hz). The filter had the form

20s
H(s) = , (2.17)

s2 + (3Q)2
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Figure 2-9: HHC filter transfer function H(jw) for 3/rev frequency.
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Figure 2-10: HHC filter sensitivity transfer function S(jw) for 3/rev frequency.

which was derived from equation (2.11) with k = 1/T, a = 1, and b = 0. A rep-

resentative HHC filter transfer function, and the corresponding sensitivity transfer

function appear in Figures 2-9 and 2-10 respectively. The actual filters differed for

each run to match the rotation rate Qt.

The closed-loop power spectrum was obtained by multiplying the open-loop spec-

trum by the squared magnitude of the sensitivity transfer function I S(jw) 12 at each

frequency, so that

S.,(jw) =1 S(jw) 12 Sdd(jw) . (2.18)

The area under each curve was obtained, with the ratio of the two being a2/-2. The

square root of this value gives the ratio of closed-loop to open-loop RMS vibration

levels, c/r ad. Since the vibration spectrum contained impulses at nearly all multiples



Table 2.2: Vibration reduction results.

Run Advance Blade C.L./O.L. Vibration
Number Ratio Loading RMS Ratio Reduction

T CT/" /a0-d % RMS

164.01 0.310 0.106 0.287 71.3

175.04 0.231 0.122 0.066 93.4

179.03 0.139 0.139 0.179 82.1

of the rotation rate 0, but the filter was only applied at the blade passage frequency

3Q, it was only fair to compare the vibration ratio in that vicinity. The range was

taken to be NS - f2/2 to Nf + f/2, or 2.5Q to 3.5Q . The results for each of the

runs is given in Table 2.2.

The runs exhibited 70% to 90% reduction in RMS vibration levels, in general.

Incomplete disturbance rejection resulted from the level of wideband noise in the

vibration, rather than from the spectral spreading suggested by Hall and Wereley

[24]. Although spectral spreading may put limitations on vibration reduction, the

level of inherent vibration noise in the system may imply an even greater restriction.

Run 175.04 was the most impulsive at 3/rev, and therefore exhibited the greatest

percentage of vibration reduction when the filter was applied. On the other hand,

Run 164.01 had only a slight peak, but a significant spectral width at 3/rev, and

exhibited the least vibration reduction, as would be expected. Although Run 164.01

exhibited a smaller percentage reduction in RMS vibration level than the other runs,

it also had the least open-loop power to begin with. As mentioned in Chapter 1, the

percentage of RMS reduction is valuable in terms of comparing HHC controllers, but

the final RMS acceleration level is important, because it indicates the ride quality of

the helicopter in terms of vibration exposure.
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Figure 2-11: Vertical hub force time history for Run 164.01.
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Figure 2-12: Vertical hub force power spectrum for Run 164.01.
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Figure 2-13: Open-loop vs. closed-loop power spectrum for Run 164.01, with
71.3% RMS reduction in the 3/rev range.
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Figure 2-14: Vertical hub force time history for Run 175.04.
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Figure 2-15: Vertical hub force power spectrum for Run 175.04.
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Figure 2-16: Open-loop vs. closed-loop power spectrum for Run 175.04, with
93.4% RMS reduction in the 3/rev range.
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Figure 2-18: Vertical hub force power spectrum for Run 179.03.
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Figure 2-19: Open-loop vs. closed-loop power spectrum for Run 179.03, with
82.1% RMS reduction in the 3/rev range.
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Chapter 3

Blade-Mounted Piezoelectric

Actuation

Blade-mounted actuation has several advantages over fixed frame actuation. It can

provide individual blade control for rotors with any number of blades, the degrees of

freedom are not limited by the swashplate system, and a distributed actuation system

is possible. This could be essential to simultaneously reducing vibration levels and

required power.

Unfortunately, rotating frame actuation poses problems of its own. The actuators

will require a relatively high bandwidth for higher harmonic control. Power must

be supplied to actuators in the rotating frame, sensor signals may need to return

to the fixed frame, and both actuators and sensors will be subjected to centrifugal

accelerations on the order of hundreds of g's. Electrohydraulic actuation, by far the

most common method for helicopter control, may not be feasible in the rotating frame.

Not only will the hydraulic fluid have to be transmitted from the fixed frame to the

rotating frame, but centrifugal accelerations will act on the fluid as well. Furthermore,

hydraulic actuators have a relatively low bandwidth for a given mass. The inherently

massive parts required for electric motors or solenoids may also make them infeasible

because of high centrifugal accelerations.

A certain class of materials, known as piezoelectrics, may be well suited for the

blade-mounted actuation problem. Piezoelectrics have several advantages over con-



ventional electrohydraulic actuators. They are electrically operated, so that actuation

power may be transmitted from the fixed frame to the rotating frame through an elec-

trical slipring. Electrical sliprings tend to be much simpler and more reliable than

hydraulic sliprings. In addition, piezoelectric actuators may be segmented to pro-

duce distributed lift over the rotor blades. Tailoring the lift distribution of the rotor

blades with radius and azimuth may provide significant performance improvement,

and segmentation can provide redundancy to the actuation method. Furthermore,

piezoelectric actuators are solid state mechanisms, so they are more robust with re-

spect to the large centrifugal loads that are inherent in rotor dynamics. Finally, they

have a very high bandwidth, so that multicyclic control for performance improvement

and higher harmonic control is possible. In this chapter strain actuation materials and

specifically piezoelectric ceramics will be reviewed, and recent experiments involving

the application of piezoelectrics for rotor blade actuation will be discussed.

3.1 Strain Actuation Materials

Strain actuation materials can provide a means of controlling structural deformations

by regulating the induced strain on the structure. Unlike other actuation methods,

strain actuation materials are often bonded or embedded into a structure and may act

as an integral part of the structure. They have the advantage of directly influencing

the strains, curvatures, and strain energy of the structure.

Structural control can be achieved by changing physical material properties such

as size or stiffness, and are commonly regulated either electrically, thermally, or mag-

netically. Piezoelectrics and electrostrictives have electrically controlled size and

stiffness. Thermoelastic or shape-memory alloys are controlled thermally, whereas

magnetostrictives are magnetically controlled [3].

By far the most common type of strain actuation material is the piezoelectric. It

converts electrical energy to mechanical energy and vice-versa. The electric charge

generated is proportional to the imposed stress, and conversely the actuation strain

is proportional to the applied electric field. Therefore, piezoelectrics can be used as



sensors as well as actuators.

Although less research has been done with electrostrictives and magnetostric-

tives than piezoelectrics, electrostrictives may lead to more effective actuators [68].

Electrostrictive materials produce a strain proportional to the square of the applied

electric field, so they have the potential for very high strains. Unfortunately, they ex-

hibit some undesirable temperature dependent characteristics [11]. Lead magnesium

niobate, or PMN, is a commonly used material with electrostrictive properties.

Shape-memory alloys such as Nitinol, a nickel-titanium alloy, have temperature

dependent strain characteristics, and can produce very high strains, but are limited in

bandwidth. They require heating and cooling to operate, so they can be susceptible

to ambient changes, or other thermal intrusions. They may be more appropriate for

quasisteady operation, due to limitations in heat dissipation.

3.2 Piezoelectric Theory

Certain natural crystalline structures develop an electric potential when subjected to

a mechanical stress. Conversely, the same crystals exhibit a structural deformation

when placed in an electric field. The most common of these natural piezoelectric

crystals is quartz. The ions of the crystal will displace under the influence of an

electric field. Likewise, stressing the material will displace the ions, and produce an

electric charge.

Common polycrystalline ceramics may be polarized during manufacture to give

them some piezoelectric characteristics of their own. Although the degree of piezoelec-

tricity is not that of natural crystals such as quartz, the abundance of such ceramic

materials make them very practical. Polycrystalline ceramics have domains of crys-

talline nature that are randomly oriented throughout the material. If a strong electric

field is applied to the material during manufacture, the individual domains may be

reoriented, giving the material a net piezoelectric polarization.

The characteristics of a piezoelectric material can be modeled in several ways,

depending on the'application at hand. A macromechanical model is most often used



when studying the strain induced by the piezoelectric on a structure [3]. It is a

simplified linearization of the piezoelectric characteristics, which includes electrical

and mechanical relations.

The macromechanical model represents the behavior of a piezoelectric through

material variables such as stress T, strain S, electric field E, and electric displacement

D. Stress and strain are second order tensors that characterize the elastic behavior

of the material, whereas electric field and displacement are first order tensors that

characterize the electrical behavior. The electric displacement can be thought of as

a directional vector representing the charge density on the material.

For nonpiezoelectric materials stress and strain are often related by an elastic

matrix c, or its inverse, the compliance matrix s. The mechanical behavior of a

material may be represented as either

T = cS, (3.1)

or

S = sT . (3.2)

The electrical properties of a nonpiezoelectric material may be related by its permit-

tivity matrix e, or its inverse, the impermittivity matrix /. The electrical behavior

may be represented as either

D = eE , (3.3)

or

E = 3D . (3.4)

Piezoelectrics have constants which couple the mechanical and electrical properties

of the material. These constants are usually expressed in a matrix form as d, so that

the coupled mechanical and electrical material relations are

S = sET + dtE (3.5)

D = dT + ETE , (3.6)



where the subscript t indicates a transpose. Generally the compliances and permit-

tivities have superscripts that denote the measurement conditions. A superscript

T indicates constant or zero stress, S indicates constant strain or a mechanically

clamped condition, E indicates constant electric field or a short circuit condition,

and D indicates constant electric displacement or an open circuit condition.

A piezoelectric ceramic begins as a completely isotropic material, with randomly

oriented crystal domains. In order to pole the ceramic, a strong electric field is ap-

plied which reorients the crystal dipoles in a common direction, the poling direction.

The material becomes transversely isotropic, with material properties identical in di-

rections perpendicular to the poling direction. Piezoelectrics are ideally transversely

isotropic with respect to electrical, mechanical and piezoelectric properties. By con-

vention, the X3 Cartesian direction denotes the poling direction, so that the material

properties are identical in the plane spanned by the xz and X2 directions. Generally,

the xz and X2 directions are oriented so that they align with the principal physical

axes of the ceramic specimen. A very high electric field is required to pole the ce-

ramic, and this is most easily accomplished

piezoceramic film or wafer will most likely be
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where the stresses and strains are denoted using matrix notation. Note that for



a transversely isotropic material,

S66 = 2(sii - 912) (3.7)

Therefore, only 10 independent constants are required to characterize the behavior

of piezoelectrics (5 compliances, 2 dielectric constants, and 3 piezoelectric coupling

terms).

Since the dielectric matrix, eT, is diagonal, there is no coupling between dielec-

tric properties in different directions. In addition, piezoceramics exhibit no behavior

analogous to shear coupling. Therefore, only three piezoelectric coupling coefficients

are required to characterize a piezoelectric ceramic, d33 , d31 , and d15 . By convention,

the first subscript of the piezoelectric coefficient denotes the electrical variable, while

the second coefficient denotes the mechanical variable. The coefficients are commonly

referred to as the longitudinal, transverse, and shear piezoelectric coefficients respec-

tively, because of the strain behavior that they influence. Likewise, the modes of

operation are commonly referred to as longitudinal, transverse, and shear.

The method of applying an electric field parallel to the poling direction is often

referred to as E3 operation, because the electric field is parallel to the X3 direction. An

E3 field induces both longitudinal and transverse strain as illustrated in Figure 3-1.

The Es field will cause the piezoceramic to strain in the z 3 direction, with the strain

proportional to d33 . If E3 is in the direction of poling, then the piezoceramic will

expand in that direction (the X3 direction). If E3 opposes the poling direction, then

the piezoceramic will contract in the X3 direction. This is commonly referred to as

longitudinal operation. The strain in the X3 direction, in the absence of mechanically

applied stresses is

S 3 = d33E3 , (3.8)

which is positive when E3 is in the direction of poling.

Transverse operation also uses the E3 field, but the actuation strain is in the xl

direction. An E3 field will create not only a strain in the z 3 direction proportional to

d 33 , but will also create a strain in the x1 direction proportional to d31 . The coefficient



Figure 3-1: Longitudinal/transverse piezoelectric operation.

d31 is generally negative, because it arises due to strain in the x3 direction and the

resulting Poisson effect in the zl and z 2 directions. The strain in the x1 direction, in

the absence of mechanically applied stresses, is

S1 = d31E3 . (3.9)

Longitudinal and transverse operation of a piezoceramic is illustrated in Figure 3-1.

Shear operation makes use of an electric field perpendicular to the poling direction

to create a shear strain in the piezoceramic material. The shear mode of operation

is illustrated in Figure 3-2. If poling is in the X3 direction (by convention), then an

electric field in the zl direction will shear the material proportional to d15 . The shear

strain is

S5 = d15Es . (3.10)

Although the value of d15 is usually greater than d33 or d31 , the shear mode is seldom

used. It is difficult to induce a large net displacement, because very large voltages

are required to apply the field.

A strong electric field which opposes the poling direction can degrade the original

polarization or even reverse the polarization of a piezoelectric material. The minimum

field strength required to depole the piezoceramic is known as the coercive field,

Ec. Higher fields may be applied in the poling direction; however, fields several

times stronger than Ec in the poling direction can cause electrical breakdown, and
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Figure 3-2: Shear piezoelectric operation.

discharge arcing either through the material or around the edges of the piezoceramic.

It is common to put a limit on voltage amplifiers that drive piezoelectric devices, so

that only a fraction of the coercive field strength can be obtained against the poling

direction, while only a fraction of the breakdown field strength can be obtained in

the poling direction.

Some of the early applications of piezoelectric ceramics used barium titanate

(BaTiO3 ). In the majority of current applications lead zirconate titanate (PZT)

is used. Typical strains for PZT are about 200-300 microstrain. The maximum

strain available from a piezoceramic material is limited by the maximum allowable

electric field, where the coercive field limits the field that can be applied against the

poling direction, and the electrical breakdown field limits the electric field that can

be applied in the poling direction.

Piezoceramics can achieve relatively high stresses, but only very small displace-

ments (on the order of microstrain). Increasing the size and thickness of the piezoce-

ramic will increase the total strain displacement, but the voltages required to produce

the electric field can quickly become infeasible. However, the displacements can be

amplified by using a stack of piezoceramics. A stack can increase the total displace-

ment, without requiring an increase in field strength. The individual piezoceramics

retain their original properties, and require the same field strengths as if they were

operating independently. Electrodes may be placed between the stacked piezoceram-

ics with adequate insulation, and the system may be wired for either series or parallel



Figure 3-3: Piezoelectric bender wired for series operation.

operation. Piezoceramics stacks can be designed to utilize either the d33 or d15 effects.

Piezoceramics can also amplify displacement by transforming small strains to rela-

tively large transverse displacements. If piezoceramics are bonded to two surfaces of a

thin beam, the da3 effect may be utilized to actuate the structure. If one piezoceramic

is extended while the other is contracted, bending can be induced in the structure.

If the thickness of the beam is made very small, the resulting actuator is called a

bimorph or a bender. Generally, one end of the bender is clamped while the other is

used for the actuation displacement. Benders mechanically transform small strains

to relatively large transverse displacements.

Benders may be wired for series or parallel operation with a common electrode

to apply the voltage. In series operation the common electrode is left electrically

floating, while the voltage potential is applied across the electrodes on the exterior

piezoceramic surfaces, as in Figure 3-3. In parallel operation the common electrode

is grounded, while a positive voltage is applied to both of the exterior electrodes, as

in Figure 3-4. (Both configurations have the same maximum field and strain levels,

which is determined by the coercive field of the piezoceramic.)

Piezoceramics have a critical temperature, the Curie temperature, above which

they completely lose their piezoelectricity. Near the Curie temperature, a piezoce-

ramic will depole with a field much less than the coercive field. Piezoceramics should

be operated well below this temperature. The Curie temperature for PZT ceramics

is about 360 0C (680'F).

Piezoceramic materials are generally very strong in compression, but weak in ten-

sion. The tensile strength of PZT is in the range of 21-35 MPa (3000-5000 psi).



V

P tE

Figure 3-4: Piezoelectric bender wired for parallel operation.

Although stronger in compression, compressive stress levels of 56 MPa (8000 psi)

can degrade piezoelectric properties or even depole the material. If a piezoceramic

material becomes depoled, it is convenient to have a way of repoling it. This can usu-

ally be accomplished by using the same electrodes that are used for actuation. If the

piezoceramic is subjected to a field larger than the coercive field (about 1200 V/mm),

the field can repole the material.

Although the behavior of piezoceramic materials is approximately linear for small

field strains, the assumption that the piezoelectric strain coefficients are constants,

can lead to errors in practice. In general, the piezoelectric strain coefficients vary with

operating conditions, resulting in nonlinear behavior of the piezoceramic. Commonly

encountered nonlinearities include strain rate dependence, hysteresis, and creep [3].

3.3 Piezoelectric Actuation of Rotor Blade Twist

Helicopter rotor control may be achieved by controlling the twist of the rotor blades,

as discussed in Section 1.2. Controllable twist rotors have traditionally employed

swashplate driven servoflap mechanisms that produce aerodynamic moments that

twist the rotor blades. Several methods of active twist control of an airfoil through

the use of piezoelectrics will be discussed in this section.

Lazarus and Crawley [10] have used piezoelectric ceramics to induce strain in

isotropic and anisotropic plates . Piezoelectric ceramics were attached to a bend/twist



or extension/twist coupled composite plates, and piezoelectric strain was used to

actuate the plates. When the respective plates were actuated for bending or extension

the plates would also twist due to the material coupling, and the angle of attack would

change. Lazarus was able to demonstrate closed-loop control of an active twist plate

in the wind tunnel [36].

Although this method may prove useful for some airfoil applications, it is proba-

bly infeasible for a rotor blade. Since rotor blades tend to be relatively thin airfoils

with very high aspect ratios, they are generally rather soft in flapwise bending. For

a bend/twist coupled blade, large flapwise bending deflections would introduce large

twist deflections as well. In addition, the longitudinal bending of a plate or wing

is usually coupled with the transverse bending. Thus, a change in camber usually

accompanies bending actuation. The highly coupled torsion, longitudinal, and trans-

verse bending characteristics of such a method makes it undesirable for active blade

control. Likewise, large centrifugal accelerations may make extension/twist coupling

undesirable.

Barrett [4] developed the concept of directionally attached piezoelectric (DAP)

crystals, with the objective of actively and independently changing the bending and

twist distributions of a rotor blade. The directionally attached piezoelectric actuators

(DAPs) were used to demonstrate active twist and bending of a rotor blade, with

±2 deg of twist achieved, and tip flapping deflections reduced to 1-4% of their original

levels.

Directional attachment effectively reduces the transverse stiffness of the actuator

element, while maintaining its longitudinal stiffness. In this manner, an isotropic

actuator element emulates an anisotropic one, and bending and twist deflections are

essentially decoupled. Directional attachment of a piezoelectric can be achieved in

three ways: partial attachment; shear lag; or some combination of these two [4]. The

partial attachment and transverse shear lag methods are illustrated in Figures 3-5

and 3-6.

Barrett showed that an aluminum beam specimen could be torsionally actuated

with directionally attached piezoelectrics, without any bending/twist coupling. Lead
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Figure 3-5: Partial attachment of a DAP (adapted from Figure 1 of Barrett
[4].)
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Figure 3-6: Transverse shear lag of a DAP (adapted from Figure 1 of Barrett

[4].)

zirconate titanate (PZT) G-1195 was used for the DAPs, while aluminum 2024-T3

was used for the beam. The beam specimen had DAPs attached at 45 deg angles

with the length of the specimen on the top and bottom surfaces. An illustration

of the beam specimen appears in Figure 3-7. The DAPs on the top were attached

at +45 deg, while the ones on the bottom were attached at -45 deg. Simultaneous

actuation in extension or contraction produced torsional deflections that were slightly

extension/twist coupled. Aligning the DAPs at [+45/ + 45] deg, rather than at

[+45/ - 45] deg, would have produced a specimen that was bend/twist coupled rather

than extension/twist coupled.

Barrett also applied directionally attached piezoactuators to a rotor blade model
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Figure 3-7: DAP beam actuated for twist (adapted from Figure 5 of Barrett
[4].)

to actuate it in bending and twist. The blade stiffness target value was that of a

1/8 scale rotor model from the Integrated Technology Rotor (ITR) program [33],

and the rotor blade section was modified from a NACA 0012 airfoil section. The

airfoil foam core was machined flat from 5% to 30% chord location to accommodate

the piezoelectric crystals. The placement of the DAPs to the rotor blade section is

illustrated in Figure 3-8. Each side of the blade contained 12 piezoelectric crystal

banks of 5 crystals each, and the crystal banks were wired for optimal actuation of

the first torsion mode. The flap and torsional stiffnesses were significantly higher than

the Froude scaled target values, but the distributed mass and chordwise stiffness were

close to the target values.

Vibration testing in flap and torsion was also conducted. The blade exhibited

torsional tip deflections as high as ±2.0 deg, for first mode actuation at the resonant

frequency. However, the torsional tip deflections were less than ±0.1 deg for static

actuation. Flapping vibration suppression was successfully achieved by feeding back

an accelerometer signal from the blade tip, to the DAPs. With feedback engaged, the

tip deflections were reduced to less than 4% of their original values for the open loop

case, for vibration frequencies less than the first flap frequency.

Barrett [4] has shown that directionally attached piezoelectric (DAP) crystals

can be used to actuate a rotor blade in twist and bending independently, and that

they can be used to suppress some vibrations. DAPs generally cannot induce large

twist deflections in rotor blades at low frequencies. Barrett's results show tip twist



Figure 3-8: DAP rotor blade section (adapted from Figure 9 of Barrett [4].)

responses near the first torsional mode of nearly 2 deg. However, this may be a

result of operating near structural resonance, rather than due to the authority of the

actuation scheme. In reality, the rotor blade torsional response will be well damped

by aerodynamic effects. The N/rev response will probably be on the order of 0.1 deg,

depending upon the real aerodynamic damping. Since higher harmonic control will

require blade twists more than an order of magnitude higher than this level, DAP

actuation for this purpose seems unlikely.

3.4 Piezoelectric Servoflap

Another blade-mounted piezoelectric actuation concept employs piezoceramics to ac-

tuate a rotor blade trailing edge flap. Since servoflap controlled blades can require

flap deflections up to 10 deg, and piezoceramics are usually small strain, large force

devices, mechanical advantage must be used to get larger displacements out of the

piezoactuators. Naturally, conservation of energy dictates the trade-off between force

and displacement in the piezoceramic. As discussed in Section 3.2, piezoceramic dis-

placements can be amplified by applying them to two surfaces of a thin plate. By
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Figure 3-9: Cross section of piezoelectric servoflap mechanism (adapted from
Figure 1 of Spangler and Hall [66].)

differentially operating the piezoceramics in extension and contraction, the plate will

bend in response to the differential strain induced upon it.

Spangler and Hall [65] have used such a bending device to actuate a rotor blade

trailing edge flap. One end of a thin piezoelectric beam was mounted near the spar

of the rotor blade section. The other end was attached to a hinge mounted to the

servoflap so that a tip deflection, resulting from beam bending, would produce a

servoflap deflection. An illustration of the general blade section setup is given in

Figure 3-9.

Spangler and Hall [66] developed a 1/5 scale wind tunnel test model based upon

the CH-47D rotor blade. The full scale blade has a 2.5 ft chord, and a 30 ft span,

with a 12% thick Boeing VR-7 airfoil section, and rotates at 225 rpm. Aeroelastic

scaling laws were derived to maintain dynamic similarity between the full scale rotor

parameters and the wind tunnel model parameters. The wind tunnel capability and

the size of commercially available piezoceramics governed the length scale and velocity

scale respectively. The length and velocity scales were L = 1/5 and U = 1/10

respectively.

The piezoceramic material that was used was lead zirconate titanate (PZT) type

G-1195, and it was determined that a maximum strain of 150 microstrain could be

obtained with this material. The piezoceramic bender length was constrained to the



length of the semichord, due to the geometric constraints of the airfoil. The actual

airfoil test section had a span of one foot, so that seven 1.5 inch wide piezoceramics

could be used to actuate the trailing edge flap. The piezoceramic benders were 1.5 in

x 2.5 in x 0.021 in. The design velocity was the 1/10 scaled tip speed of the full scale

rotor, or 70.8 ft/s. Spangler and Hall [66] found that optimum efficiency is obtained

when the moment arm length d is chosen to impedance match the piezoceramic energy

with the work done on the airstream. The scale values resulted in an optimal moment

arm length of d = 0.085 in.

The airfoil section was rigidly mounted to the wind tunnel at the 1/4 chord, so

that the only degree of freedom was the flap angle, 97. Near the design flight speed

a peak-to-peak flap angle of 12 deg was attainable for the design field at 4 Hz. The

4 Hz frequency corresponds to the N/rev frequency, which is 11.25 Hz in the full

scale. Spangler and Hall [66] have shown through energy arguments that the desired

deflections could be achieved in the full scale with piezoceramics that are several

times thicker than current off-the-shelf sizes.

Lift and moment coefficients were measured for a tunnel velocity near the design

point speed, for various electric field strengths. At 4 Hz, the peak-to-peak change in

lift coefficient due to the flap angle was about 0.10, while the peak-to-peak change

in moment coefficient was about -0.06. These results were much lower than values

derived from theory, and the deficiency was believed to have been the result of a

sizeable boundary layer due to low Reynolds number flow.

Piezoelectric servoflap actuation has been demonstrated on a wind tunnel model

and seems potentially feasible in the full scale. Since relatively high flap response

amplitudes can be achieved, independent of the structure's dynamic properties (i.e.

structural resonance is not required to achieve high amplitudes), the actuation method

should work for real flight conditions. Flap deflections on the order of 10 deg should

be attainable in full scale. Advances in piezoceramic materials could provide even

greater performance.

Although piezoelectric actuation of a servoflap is potentially feasible, the ability

of such an actuation method to achieve higher harmonic vibration control must be



determined. An analytical rotor model will be derived in Chapter 4 that will include

the effect of a servoflap, so that transfer functions from servoflap inputs to hub loads

can be calculated to determine the feasibility of servoflap actuation for HHC. Based

on the results of Spangler and Hall [66], servoflap deflections up to 10 deg will be

assumed to be obtainable using piezoelectric actuation.
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Chapter 4

State Space Rotor Model

Derivation

In this Chapter, a state space model of rotor dynamics is derived, so that transfer

functions from control inputs to hub loads can be obtained. Since we are interested

in piezoelectric servoflap actuation, the effect of a servoflap will be included in this

model. The transfer functions from servoflap inputs to hub loads will be used to

determine the ability of a servoflap mechanism to provide higher harmonic control.

In addition, the amount of servoflap deflection required for HHC can be determined,

which will have implications on the piezoelectric actuation of these devices. Finally,

the continuous transfer functions obtained from this model should provide valuable

insight into the design of control systems for higher harmonic vibration suppression.

The equations of motion governing the structural dynamics of the rotor blade

can be derived independently of the aerodynamics which force the system. This will

be done in order to simplify the derivation. Multiblade coordinates can be used to

describe the degrees of freedom of the rotor, and represent modes of the rotor disk.

They provide a convenient description of the rotor motion and steady hub loads, in

the fixed frame. The model will be expressed in state space form so that the transfer

functions may be easily calculated, and linear control techniques may be applied.

For simplicity, the rotor will be articulated, with rigid blade flapping, but no blade

bending. The mathematical derivation will be general enough that any number of



torsional modes may be included, but one or two modes should be sufficient. Linear

aerodynamics will also be assumed so that the blade motions and rotor inflow will

appear as perturbations in angle of attack. In addition, the simple inflow model

developed by Pitt and Peters [53] will be used.

4.1 Multiblade Coordinates

In this Section, the mathematics required to develop the rotor equations of motion are

described, especially those associated with the transformation between the rotating

and fixed reference frames. In particular, multiblade coordinates are used to represent

the blade deflections. One of the difficulties in deriving the transfer functions of a rotor

from swashplate (or servoflap) inputs, which are in the fixed frame, to acceleration or

force is that the rotor, where all the forces are generated, is rotating. Therefore, the

equations of motion in general are time-varying. Since transfer functions exist only

for linear time-invariant systems, this implies that rotors should not have a transfer

function. It turns out, however, that the response of a rotor is time-invariant, or nearly

so, especially for a rotor with a large number of blades. In this context, "large" may

mean four or even three blades. Multiblade coordinates are particularly useful for

describing the dynamics of the rotor in this case, because the resulting blade degrees

of freedom are in the fixed frame.

Helicopter blade dynamics can be expressed either in the fixed (vehicle) frame,

or in the rotating (rotor) frame. In some respects, it is easier to derive the blade

equations of motion in rotating frame, because the aerodynamic forces are more

easily represented there. However, because vehicle loads, swashplate control inputs,

and wind gusts are all represented in the fixed frame, it is helpful to represent the

rotor dynamics and hub loads in terms of the fixed frame as well. Therefore, a

transformation from the rotating frame to the fixed frame is required.

To begin, each blade is given an integer index, q. The blade index is in the range

1 < q < N, and the reference blade has the index q = 1. The azimuthal location of



any blade may be written as

27
S= + (q- 1) (4.1)

where 4 is the azimuth of the reference blade. Figure 4-1 illustrates the rotor blade

azimuth angle 4, with respect to the forward flight velocity of the helicopter. If

nondimensional time is used, then

Oq = T + (q - 1)AT, (4.2)

where AT = AO = 27r/N, the azimuthal spacing between blades. The rotor period

is T = 27r/Q, or in nondimensional time T = 27. The blade passage period is

Tb = 27r/Ne, or Tb = 27/N.

The equations of motion of a single blade can be derived in the rotating frame, and

expressed as a function of azimuth 4. If 'bq is substituted for 0, then the equations

can represent the motion of several identical blades. The coefficients in the equations

of motion may be expressed in terms of multiblade coordinates, and products of sines

or cosines can be expanded to the sum of sines and cosines by equations (4.13)-

(4.15). Groups of terms containing the factors 1, cos(O), sin(4), ... may be collected

and individually set equal to zero, to give N equations of motion for the fixed frame

harmonics, for each equation of motion of the rotor blade. The fixed frame equations

of motion expressed in multiblade coordinates will represent the modal dynamics of

a rotor disk containing N blades.

Fourier series may be used to represent the blade motions, if they are assumed to be

periodic. Any periodic function, such as the blade flap angle P(4), has a fundamental

dimensionless period of 2x, and may be represented as a linear combination of cosine

and sine functions with the same fundamental period. For example, 3 may be written

as

0(0) = Oo + 01, cos(4) + 01, sin(') + 02c cos(24) + 02, sin(2€) + .... (4.3)
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Figure 4-1: Rotor blade azimuth angle 0b, and blade indices.

The Fourier coefficients may be evaluated from integrals of 0(0b) as

1£ =
0= - (V)d ;, (4.4)

1 o2'

nc = -I (I() cos(n)d , (4.5)

1 f2o-
n = - f (3() sin(nb)db . (4.6)

The Fourier series linearly transforms a continuous periodic function /3(), to an

infinite set of constant coefficients (, /31c, ls, /2c, /2S, ... ). Generally, only the

S= 00



lowest few harmonics have significant magnitude, so that the continuous function may

be described by a small set of Fourier coefficients.

The discrete Fourier series (DFS) is similar to the continuous Fourier series, except

that the discrete Fourier series fits a periodic function at several discrete points,

and therefore requires a finite set of coefficients. For the helicopter rotor, these

points are the azimuthal blade locations. Multiblade coordinates use the N lowest

Fourier coefficients to transform rotor blade degrees of freedom in the rotating frame,

to rotor disk degrees of freedom in the fixed frame. The total number of degrees

of freedom are maintained, because there is a degree of freedom for each of the N

blades and multiblade coordinates use N Fourier coefficients to represent the rotor

disk. For example, the flap angles of the rotor blades are /1, 32,... /N. The blade

angles get transformed by the discrete Fourier series to the fixed frame coefficients

P0o, /1c, 1s, ... /d, which represent flapping modes of the rotor disk. The fixed frame

coefficients are

1N
0o 0= (4.7)

q=1

2 N
One = N E (Oq# sn) cos(n ), (4.8)

q=1

2 N

Pns = N 3(0q) sin(nOq) , (4.9)
q=1

1N

IO = 0 q3(bq)(-1) q . (4.10)
q=1

The coefficients o0, On,, On,, and Pd are the multiblade coordinates. Note that the

differential term ad only exists when there is an even number of blades. So for a

4-bladed rotor,

0, = 3o + $1i cos(Oq) + 31, sin(4q) + Od(-1) , (4.11)



whereas for a 5-bladed rotor,

, = Oo + 3i cos(',) + 0s sin(4,O) + /2, Cos('q) + 02, sin(,q) . (4.12)

The coefficient /0 is the coning degree of freedom, and /13 , and /1, are the longitudinal

and lateral tip-path-plane-tilt degrees of freedom, respectively. The remaining degrees

of freedom are reactionless modes, since they involve no net force or moment on the

rotor hub.

The equations of motion governing rotor blade dynamics inherently include terms

that contain the product of trigonometric functions. The following rules can be helpful

in expanding the product of sines and cosines, to the sum of sines and cosines:

1 1
cos(a') cos(b4) = - cos((a + b)O) + - cos((a - b)0) , (4.13)

2 2
1 1

sin(a4) cos(b@) = - sin((a + b)0) + - sin((a - b)) , (4.14)
2 2
1 1

sin(a?) sin(bo) = - cos((a - b)0) - - cos((a + b)0) . (4.15)
2 2

In order to determine hub reaction loads, the force contributed by each blade must

be included. This implies that the equations of motion for the rotor disk include the

summation of trigonometric terms of the form

1 N
V~ cos(nb,) = 86,N cos(nb) , (4.16)
q=1

and

Ssin(nq) = 6,,N sin(n 1 ) . (4.17)
q=

With this notation, 8 ,,N = 1 if n is an integer multiple of the number of blades N,

and 8 n,N = 0 otherwise.

A rotor with an even number of blades will include differential modes containing

the factor (- 1 )q [34, pg. 358], and summations similar to those of equations (4.16)

and (4.17) are generally required. For the purpose of this research, however, we will

retain only the first three multiblade coordinates, o0, 0c, and 0,. Therefore, the



summations that include differential terms will not be necessary. The multiblade

coordinate expansion of the flapping angle will be limited to

0(0) = Oo + Oc cos + 3 , sin , (4.18)

with only the first three terms are retained. This is a reasonable approximation if

the rotor has three or more blades. The dynamics of the hovering rotor become time-

invariant, and higher coefficients produce reactionless terms which contribute no net

force or moment on the rotor hub.

The blade section airloads are proportional (F + y sin ?)2, and will discussed in

Section 4.5. In forward flight these airloads are cyclic, and will modulate the N/rev

terms. If the rotor has four or more blades this effect will still produce nearly time-

invariant dynamics. If the rotor has three blades, the N/rev terms that influence the

steady hub loads are proportional to )2 . Since the advance ratio is on the order of

= .1, the effects are very small and can be neglected. Therefore, the three degree

of freedom multiblade coordinate representation is reasonable, and produces nearly

time-invariant dynamics even in forward flight. The approximation is valid for rotors

with three or more blades, and improves with increasing blade number and decreasing

advance ratio.

With the three degree of freedom multiblade coordinate approximation, all inputs,

outputs, and state variables will contain terms with factors 1, cos O, and sin 0. There-

fore, the rotor controls will be in terms of collective and cyclic inputs. The hub load

outputs will be the thrust, pitch moment, and roll moment, and any internal state

variables will have collective and cyclic components. For example, the flapping angle

3 will be in terms of the coning angle (0), longitudinal tip-path-plane-tilt (0c), and

the lateral tip-path-plane-tilt (0,). Summation operators will be used to transform

generalized forces on the blades to forces on the rotor disk modes. The operators are

1 N

() = E (-q=1 (.19)
q=1



2 N

(-= E( ) cos(Oq) , (4.20)
q=1

2 N

(.) = - E(.) sin(O). (4.21)
q=1

In summary, several assumptions have been made that will lead to simple, linear

time-invariant (LTI) rotor dynamics, which will be expressed in a constant coefficient

state space model. The blade dynamics are periodic with a nondimensional period

of 27r. The blades are identical, so that the nondimensional blade passage period

is 27r/N. Only the first three multiblade coordinates will be retained, since they

dominate the response. Finally, the rotor will be assumed to have three or more

blades so that the dynamics and airloads are nearly time-invariant.

In the remainder of this Chapter the equations of motion of the rotor blade will

be derived. The degrees of freedom will be transformed to multiblade coordinates

in order to describe the dynamics of the rotor disk modes. Finally, the equations of

motion will be formulated in state space matrix form.

4.2 Rotor Model Characteristics

The rotor model has been developed in terms of nondimensional quantities, so that

general rotor configurations can be analyzed without the need to specify dimensions.

The rotor properties have been normalized by the rotor radius R, the rotor speed

Qi, and density of air p where appropriate. Relevant rotor properties include the

geometry of the blade and servoflap, blade inertias and stiffnesses, and the lift and

moment coefficients for the rotor blade and servoflap.

The rotor blade was assumed to have constant structural and aerodynamic proper-

ties along its span in order to simplify the solution. This assumption gives orthogonal

natural mode solutions. Since they are uncorrelated, the modal dynamics are uncou-

pled and a relatively simple model results. This assumption is not essential to the

model. The rotor blade properties can vary with span, or even be lumped if one is

willing to do more work. However, constant blade properties should be sufficient in



Figure 4-2: Rotor blade geometry (side view).

order to determine the feasibility of the servoflap concept, and will simplify the model

as well as the analysis.

The important parameters required in order to specify the geometry of the rotor

are the chord length (c), and the flapping hinge offset (e). The servoflap spans the

inboard radial location r = rl to the outboard radial location r = r2 . The geometry

of the rotor blade is illustrated in Figure 4-2. Each of these lengths may be normalized

by the rotor radius R, to give c, e, r1, and F2.

The mass and stiffness of the blade are not explicitly required, rather they are

implicitly derived from the flapping inertia I, the pitch inertia 1e, and the first

torsional frequency of the rotor blade. To nondimensionalize the inertias, we define

the characteristic inertia of the rotor blade

Ib = emr 2 dr, (4.22)

where m is the sectional mass of the blade. The flapping inertia Ip, and the torsional

modal inertias le, are nondimensionalized by b, so that I = 1,3/Ib, and Iq = lek/lb.

The inertia Ib is also used to define the Lock number, the nondimensional parameter



that relates aerodynamic to inertial forces. The Lock number is

pacR4
p7 = 4  (4.23)

Ib

Nondimensional time was used, where 7 = t ' = . Therefore, frequencies are normal-

ized by the rotor speed Qf. For example, the nondimensional first torsional frequency

of the rotor blade is Z1 = wl/Q, while the flapping frequency of the rotor blade is

The center of gravity (C.G.), aerodynamic center (A.C.), and elastic axis (E.A.)

were assumed to coincide with the pitch axis of the blade at the 1/4 chord, to further

simplify the model. This implies that the in vacuo flapping and torsion of the blade are

uncoupled, because the center of gravity and elastic axis are coincident. Furthermore,

the lift force will not twist the blade, because the aerodynamic center and elastic axis

coincide. In addition, a symmetric airfoil section was assumed, which exhibits no

aerodynamic moment about its 1/4 chord.

Although blade sectional lift is generally a complicated function of angle of at-

tack, Mach number, and Reynolds number, a linear approximation can be made that

characterizes the lift curve on the outboard region of the blade, where most of the lift

occurs. Sectional blade lift was assumed to be proportional to the angle of attack of

the blade a, with a constant lift curve slope c1, = a. Linear approximations were also

made for the increment in lift and moment about the 1/4 chord, due to the servoflap.

The increment in lift is proportional to the servoflap angle 7, and a constant lift

curve slope cl, = n. The moment is proportional to 7, and the constant cm, = p. The

aerodynamic properties of the rotor blade and servoflap are determined exclusively

by the constants a, n, and p .

The blade degrees of freedom are the flapping angle 3, and the torsional modal

coordinates 9 k, where k is the mode number. The moments were nondimensionalized

by IbQ2, so that the nondimensional flapping and twist moments are

MF = , (4.24)
MF-i62,



and

= , (4.25)

respectively. The inputs to the model are the root pitch angle 0,, and the servoflap

angle q. Finally, the outputs of interest are the thrust, pitch, and roll coefficients,

which are CT, CM, and CL, respectively.

4.3 Blade Torsional Modal Analysis

The derivation of the aeroelastic equations of motion for the helicopter rotor can be

broken down into two parts, the in vacuo blade dynamics, and the aerodynamics.

The in vacuo blade dynamics include only inertial and elastic effects, with the rotor

effectively operating in a vacuum. The aerodynamics of the rotor can be formulated

independently, and treated as functions which force the blade dynamics. The homo-

geneous solution of the partial differential equation which governs the free torsional

motion of the rotor blade corresponds to the in vacuo solution and will be derived in

this Section. The aerodynamics that force the structural response will be formulated

separately in Section 4.5.

The partial differential equation that governs the free torsional motion of the rotor

blade is
028 02 0

le - GJ- = 0, (4.26)
at2  ar2

where 0 is the pitch angle of the rotor blade section, 1 is the sectional moment of

inertia about the pitch axis, and GJ is the torsional stiffness of the section. The

moment of inertia le and the torsional stiffness GJ are assumed to be constant along

the length of the span for simplicity, although this assumption is easily relaxed. A

logical trial solution for the elastic twist of the blade is one that separates variables,

such as

t,,(r, t) = (r) sin (wt) , (4.27)

where OSt, is the elastic twist of the rotor blade. This solution may be substituted



into the governing differential equation to give

(GJ\ 82 0(r)- w2(r) - a) =0 . (4.28)

Since the rotor has a hinge offset of length e, the blade is torsionally clamped at the

root r = e, while it is free at the tip r = R. The boundary conditions are

tw(r, t) r=e = 0 , (4.29)

and
e0tw(r, t)

GJ Or = 0. (4.30)

So the elastic twist is zero at the blade root, while the moment is zero at the blade

tip. In order to satisfy these boundary conditions the mode shape e(r) must have

the form

(r) = sin r(2k- 1) (r - e) (4.31)
r 2(R - e)

or if written in terms of the normalized radius 7,

(' (F) = S (r(2k - 1) )) (4.32)
S2(1-e)

The corresponding modal frequencies are

W r(2k - 1) GJ
S2(1 -) R2  (4.33)

The rotor model is derived so that full blade feathering by root pitch actuation or

controllable twist through servoflap actuation can be investigated. The pitch of the

rotor blade includes the contribution of feathering as well as elastic deformation, and

can be expressed as a combination of the two. The structural response will be that

of a system with moving supports [46, pg. 299], where full feathering of the rotor

blade may excite the elastic twist modes of the blade. The torsion equations may be

solved by assuming that the pitch of the blade is a linear combination of a rigid-body



translation ,r, and the elastic deformation Otw, so that

9(r, t) = 9,(t) + tw(r, t) . (4.34)

Substitution of 0(r, t) into the governing differential equation (4.26) yields

0 2 0  02 tw28t
Sa r e t- GJ r 0. (4.35)

at2 at2 ar2

The moment due to rigid-body inertia may be brought to the right hand side of the

equation, where it appears as a forcing, so that

I t2 GJ "2 =N. (4.36)
Ot2 ar2

In general, the torsional moment N will depend on aerodynamic forces as well as

inertial forces, so that

N = Njr + Naero, (4.37)

where Naero is due to aerodynamic forces, and the inertial force is

Nj, = -I~ . (4.38)

The partial differential equation (4.36) may be decomposed into modal coordinates

by integrating each term in the equation over the mode shape. A single differential

equation for each mode k may be obtained, in terms of the k th modal mass, stiffness,

and force which are

Iok = R 9 (r)Ie'a (r)dr , (4.39)

K 0 (dr , (4.40)

Nk =JR$ekrNdr , (4.41)

respectively. If the mode shapes are not orthogonal (which is generally the case for



an assumed mode solution), then the dynamics will be expressed by a coupled matrix

differential equation. Cross coupling terms of the form

Iokj = R &k(r)Io_,(r)dr , (4.42)

Kok (r)GJ (r)dr , (4.43)

will be required for the mass and stiffness matrices, respectively.

The k th modal frequency is wk, where wk = K/19k. Therefore, the k th tor-

sional modal mass and stiffness for the rotor blade are

ek le , (4.44)

and

Kok = (2k - 1)2 7 _ GJ , (4.45)
8(1 - e)

respectively. For the remainder of this derivation the torsional dynamics will be

formulated in a general manner, so that any number of torsional modes may be

included in the model. The first torsional frequency of rotor blades are typically 3Q-

60, which places the second torsional frequency at 9Q-180. Since we will generally

be dealing with rotors that have 3-5 blades, and the NQ2 responses are of interest

for higher harmonic control, the first torsional mode should dominate the response at

NQ. Therefore, the inclusion of one or two torsional modes should be sufficient for

this model.

4.4 In Vacuo Blade Dynamics

The in vacuo blade dynamics contain only inertial and elastic effects, and will be de-

rived in this Section. The aerodynamics force the structural response of the rotor and

are formulated in Section 4.5. Once the blade equations of motion are derived, they

will be transformed into multiblade coordinates so that they represent the dynamics

of several rotor disk modes.



Although an arbitrary number of torsional modes may be included in the model,

rigid blade flapping without blade bending was assumed. Flapwise bending could be

included in the model, but the effects are expected to be minor for an articulated

rotor. The effect of gravity on the blade dynamics was also neglected, because the

centrifugal accelerations governing the blade motions are higher than gravitational

accelerations by several orders of magnitude.

In the remainder of this report, the elastic twist coordinates will be expressed

as Ok, in order to simplify the notation. The mode number can take on integer

values k = 1, 2,... , and an expression that includes the mode number k implies a

summation over the number of modes used in the model.

The method of Lagrange was used to obtain the equations of motion of the rotor

blade [46, pg. 471, which follows directly from energy arguments. The kinetic and

potential energies of the rotor blade are given by

1 1 1
T* =I + - 1I 2 + 1 I ,0k  (4.46)

and
1 1

V = -KPP 2 + K,02 (4.47)
2 2

respectively, where the general form of the torsional mode has been used. The La-

grangian is

L = T* - V (4.48)

1 1 1 1 1
= Ip + l, 2 lKpP 2+ 1I, 2 Ke ,a . (4.49)

The blade moment of inertia about the flapping hinge, Ip, is given by

I = m(r - e) 2dr , (4.50)

and can be substituted into the Lagrangian of equation (4.49). The blade moment of



inertia about the rotor shaft, I,, is given by

I, = m (e + (r - e) cos(0)) 2 dr (4.51)

and can also be substituted into the Lagrangian. For small angles, a second order

approximation may be used, so that cos /3 (1 - 32/2) and cos2 / (1 - /2). Since

constant energy terms in the Lagrange expression may be ignored, and the rotation

rate 2 is constant, only varying terms of I need to be retained. The blade moment

of inertia about the rotor shaft I, may be rewritten as

S= const -2 [I + jme(r - e)dr , (4.52)

where the constant term may be ignored. Since there are no energy terms in the

Lagrangian that contain both / and Ok, the equations of motion for the flapping and

twisting of the blade will be uncoupled. Lagrange equations may be written for the

blade generalized coordinates Ej, where Ej includes / and Ok . If the generalized

forces are j, then the Lagrange equations may be written as

d OL OL
( -) = j - . (4.53)

The generalized forces are the flap moment MF, and the twist moment N due to

aerodynamic and control forces on the blade. The Lagrange equations for the twist

and flapping dynamics of the rotor blade may be independently written as

Ik~ k + K eOk = Nk , (4.54)

and

10 + (I2 + K + 2 me(r - e)dr) 3 = MF, (4.55)

respectively. When time is nondimensionalized by the rotor speed, so that 7 = Qt,

then equations (4.55) and (4.54) may be divided by Ib22 to give the nondimensional



equations of motion
Nk

Ikk + k k = , (4.56)

and

I + If ' -M (4.57)

The term 7k is the nondimensional torsional frequency of the k th mode, given by

wk- ek (4.58)

The term 'ip is the nondimensional flapping frequency, which is obtained from

K3 fE me(r - e)dr
Q2 =1+ + (4.59)

'2I3 I

Note that centrifugal forces contribute a restoring force to the blade flapping motion.

Without a flapping spring K3 or a flap hinge offset e, the blade will flap at the rotor

speed RS. However, the presence of either a flapping spring or a hinge offset will

increase the flapping frequency.

The equations of motion that represent the dynamics of the rotor disk may be

derived by following the method outlined in Section 4.1 . The flapping angle / and

its first two time derivatives with respect to 7, can be written in terms of multiblade

coordinates as

0 = Oo + 0 cos b + 3, sin i , (4.60)

= o + ~ cos + , sin - P sin o + S, cos , (4.61)

/ = o + c cos 0 + , sin 4 - 2fl sin 0 + 2 , cos 4 - Oc cos 0 - 3, sin . (4.62)

The k th torsional modal coordinate and its derivatives can also be written in multi-

blade coordinates as

Ok = Ok,0 + 9 k,c COS 0 + 9 k,s sin 4 , (4.63)

k = 9 k,0 ' 6 k,c COs 4 + Ok,, sin ' - k,c sin k + Ok,, cos 4 , (4.64)



Ok = 9 k,o + 9 k,c COS 4 + 9ik,s sin ' - 29 k,c sin 4 + 2 9 k, cos COS - Ok,c COS '

- 0k, sin '. (4.65)

If the degrees of freedom in the flapping and pitch equations of motion are expressed

in terms of multiblade coordinates, and the collective and cyclic summation operators

()o , () c, and (.), , of equations (4.19)-(4.21) are applied to the blade equations of

motion, then the equations of motion for collective and cyclic rotor disk modes can

be obtained. The equations of motion for the flapping and twist motion of the rotor

disk in multiblade coordinates are

1 o0 0 0, 0
I 1 ~c +I 0 0 2 C

1 /3 -2 0 )2

0 J0 (VF)o

+ ( 1) = (MF)c , (4.66)

( - 1) (Mf)s

and

1 0k,O 0 k,1
I* 1 Ok,c + I* 0 0 2 Ok,c

k,s 020 0 k,s

+1 (- 1) Ok,c (7k)c 7 (4.67)
(7 1) j k,s (Tk)s

in terms of the nondimensional blade inertias, and frequencies. The flapping moment

MF is derived solely from aerodynamic forces; however, the twist moment N includes

contributions from root pitch actuation and a propeller moment, as well as aerody-

namics. These effects will be discussed before the aerodynamics are formulated.
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Full blade feathering can excite the elastic twist modes of the rotor blade through

the D'Alembert inertial force resulting from the pitch motion. The torsion due to

root pitch actuation is

Nj = -I r (4.68)

Integrating this moment over the torsional mode shape gives the modal force due to

root pitch actuation, which is

N-k = -IA fj~ (r)dr . (4.69)

Dividing Njk by Ibf 2 results in the nondimensional moment

N;k I= J (k(I)d' . (4.70)

Appendix A uses a convenient notation to define common rotor integrals used in this

derivation. The integral in equation (4.70) may be expressed as GO, by using the

definitions of Appendix A. The pitch acceleration jr may be obtained by expressing

Or in multiblade coordinates and differentiating twice with respect to nondimensional

time T. The pitch angle and angular acceleration are

Or = Or,O + Or,c Cos + Or,, sin , (4.71)

Iir = 9, + , cos + r, sin 2/' - 29 r,c sin 2 + 29 r,, cos ' - Or,c cos /

- Or,, sin 2 . (4.72)

So, the torsional moment due to root pitch actuation may be written in matrix form as

(Njk)O 1 0 0 9r, 0 0 0 ro

(Nik)c = k-IG i 1 r,c 0 2 r,c

(0k)s 0 01 k,, 0 -2 0 Os

101



(Cross Sectional View)

(Top View) dm 2v'r2 + 2

Figure 4-3: Origin of the propeller moment (adapted from Figure 9-5 of John-
son [34]).

0 0 0 Or,O
0 0 - 1 Or,s

In the same way that centrifugal forces create a restoring moment for the blade

flapping dynamics, they also create a restoring moment for the blade torsional dy-

namics. This restoring moment is usually referred to as a propeller moment, and is

proportional to the pitch angle of the airfoil. The effect of the propeller moment was

left out of the energy expression (4.49) of the previous Section, so that it could be

treated separately here. Although its origin is subtle, the propeller moment tends to

stiffen the rotor blade and deserves particular attention.

A rotor blade section at a pitch angle 0 will experience a moment about its feath-

ering axis due to centrifugal force [34, pg. 406]. For a blade mass element dinm, the

centrifugal force acts on a line through the center of rotation, as illustrated in Figure

4-3. If the blade mass element is a distance x behind the feathering axis there is then

a chordwise component of this centrifugal force equal to Xz~2dm. When the blade is

pitched up by an angle 0, this chordwise force acts on a line a distance zx below the

feathering axis. If the mass element is forward of the feathering axis, the centrifugal

force component is directed forward and acts on a line above the feathering axis.
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Therefore, the propeller moment opposes the pitch motion of the blade and provides

a restoring force. The effect of the propeller moment is a torsional stiffening of the

rotor blade.

Figure 4-3 illustrates the moment about the feathering axis, developed by an

element of mass dm due to the propeller moment. The sectional propeller moment

can be approximated by assuming small pitch angles and integrating over the blade

chord. This gives

No  f - (x0)(x'dm) -Q'le9, (4.74)

where dm is the chordwise mass at a distance x behind the feathering axis. The pro-

peller moment provides a constant moment about the feathering axis which "stiffens"

the elastic twist modes of the rotor blade. Integration of the propeller moment over

a mode shape gives the modal force due to the propeller moment

Neok = Ok () - Q 2'J9)k () k . (4.75)

If No k is normalized by IbQ2 and the integrals of Appendix A are used, the resulting

nondimensional propeller moment is

Nek = -IGO r - I;HO0k . (4.76)

The root pitch angle Or, and the torsional modal coordinate Ok were expressed in

multiblade coordinates, and substituted into equation (4.76). Once again the collec-

tive and cyclic summation operators were applied, in order to obtain the effect of

propeller moment on the torsion mode k in multiblade coordinates. The forcing due

to the propeller moment is

( o k)c = -IG 0 1 0 Or,c -IHko 0 1 0 Ok,c (4.77)

(ek)s 0 0 1 Or,, O 0 1 Ok,(To ~[ 10] jL.: 51 1?[J :j (7)
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The matrices governing the in vacuo dynamics of the rotor blade, including the

effect of propeller moment and root pitch actuation, have been derived. The equations

of motion have been transformed into multiblade coordinates, so that they describe

the collective and cyclic modes of the rotor disk, in the fixed frame. Likewise, the

matrices governing the aerodynamics of the rotor will be formulated in the next

Section. The aerodynamics will be combined with the structural dynamics, in order

to obtain a state space model describing the complete dynamics of the rotor disk.

4.5 Aerodynamics

The hub plane is defined as the reference plane normal to the rotor shaft, and ad is

the rotor disk plane angle of attack with respect to V, the helicopter velocity. The

helicopter velocity may be decomposed into two components, one parallel to the disk

plane and one normal to the disk plane. The velocities can be nondimensionalized by

the rotor blade tip speed QR . The nondimensional component parallel to the disk

plane is the advance ratio
V cos ad

U = (4.78)LR

The nondimensional component normal to the disk plane is the free stream inflow

ratio
V sin adA = sin (4.79)

OR

The total inflow is the free stream inflow plus the induced inflow (Ai), so that

A = Af + Ai , (4.80)

where the induced inflow is the rotor induced velocity divided by QR.

Although the inflow is generally a complicated function of radius and azimuth, a

linear approximation can provide adequate results [34], [52], [53]. The linear approx-

imation,

A = Ao + AF cos VY + A,F sin , , (4.81)
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UTUT

(Cross Sectional View)

(Top View)

Figure 4-4: Aerodynamics of the rotor blade (adapted from Figures 5-11 and
5-12 of Johnson [34]).

was used for the purpose of this research with simple dynamics developed by Pitt and

Peters [53]. It will be discussed in more detail in Section 4.7.

The nondimensional rotating frame velocity components are UT, uR, and up, which

are illustrated in Figure 4-4. The term UT is the tangential velocity, UR is the radial

velocity, and up is the normal velocity. In forward flight these velocity components

are

UT = + ,a sin k , (4.82)

UR = jt cos , (4.83)

up = A + (F -e ) + p3 cos , (4.84)

which are functions of the rotor blade azimuth -0. The sectional radius has been

normalized by R, so that " = r/R. A flap hinge offset of length e has been assumed,

and it is also normalized by R, so that E = e/R. Figure 4-4 also illustrates the respec-

tive angles of the rotor blade aerodynamics. The lift and drag sectional aerodynamic
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forces on a blade are
1 2

L = -pcU'(QR)'c , (4.85)
2

and
1

D = -IpcU2 (R) 2Cd, (4.86)
2

respectively, where U = U + u, ci is the sectional lift coefficient, and cd is the

sectional drag coefficient. The angle of attack is a = 0 - q, where 0 is the inflow

angle of the section. The vertical force on a sectional element of the rotor blade is

Fz = L cos 4 - D sin 4, (4.87)

which can be simplified if small angle approximations are made. If A, 3, €, and 0 are

small, then Up/UT and a will also be small. Thus, 4 ? up/UT, a 0, 9 - Up/UT, and

U2 d 4. With the small angle approximations Fz x L, so we have

1
Fz - pcU (R) 2 ct . (4.88)

2

The sectional lift coefficient is generally a complicated function of section geometry,

angle of attack, Mach number, and Reynolds number, among other things. In this

model, however, ct will be approximated by a linear combination of angle of attack

a, and servoflap deflection 77, so that

ct = c, a + cl,,,7 . (4.89)

The lift curves are assumed to be linear, with the constant slopes ct, = a, and

ct, = n. The contribution due to the servoflap is nonzero only from F = 71 to T = 72,

the spanwise extent of the servoflap. Outside of this range ct, = 0 . The sectional

pitch is a combination of the root pitch angle and the elastic twist of the blade, so

that the sectional angle of attack is

a = Or + Ok - Up/UT . (4.90)
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Since the generalized coordinates for the rotor model are the flapping angle 3 and

the torsional modes 9 k, the generalized forces are the flapping moment M and the

modal torsion Nk. The airfoil is assumed to be symmetric with cm, = 0, and the

aerodynamic center and elastic axis of the airfoil coincide, so that the only aerody-

namic force that twists the blade is due to the servoflap. The moments will be derived

in terms of the aerodynamic forces on the blade, and multiblade coordinates will be

used to express the influence of the moments on the three rotor disk modes.

The sectional lift along the blade produces a moment about the flapping hinge

with moment arm (r - e). The total flapping moment may be obtained by integrating

the sectional lift over the moment arm. This gives

MF = R(r - e)Ldr. (4.91)

Nondimensionalizing MF by IbQ2 gives

MF 11 2 1 (4.92)
= Q 7 -2 de, U Ta r- -td, (4.92)- T

where y is the Lock number, 7 is the servoflap deflection, and T is the lift coefficient

of the servoflap divided by the lift curve slope of the airfoil a. The angle of attack in

equation (4.92) can be expanded to give

a(r) = 0, + tw - (4.93)
UT

= r + Otw- 1 (A + pp cos + () - f) . (4.94)
UT

Note that pitch, flapping, and downwash affect the apparent angle of attack of the

blade, and therefore the lift. The nondimensional flapping moment has contributions

due to the servoflap deflection and each variation in angle of attack, so that

MF = M, + Mo0 + M + M + M + M, . (4.95)

The angle of attack expansion of equation (4.94) may be substituted into the flapping
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moment equation (4.92), to give the components of the flapping moment

Mek, = ( - f)u~~ , (4.96)

2

M = - F7 - )uT~A()d, , (4.98)

- = - (4.99)

= - -(J - T)(p(F()uTdF , (4.100)

72 1
M = (7- F)VU2dr9 (4.101)

where Zp(7) represents the mode shapes of the blade flapping. Only rigid flapping is

assumed in the current model, so that (p(F) = (7-T). Note that M, is integrated over

the servoflap, from i to 72 . The linear inflow approximation, A = A0 + AjF cos , +

A, F sin, , and the velocity component UT = F + t sin 0 may be substituted into

the flapping moment components and expanded. Finally, substitution of the rotor

integrals of Appendix A into the moment integral expansions yields

Me, = [j2 + 21LJ' sin ?P + /L2 J sin2 ] 8Or , (4.102)
2

Mok = 7 [Mk + 21LMk sin + y2 M0 sin 2 b] 9 k (4.103)

M = _7 [J1 + tJ0o sin 0] Ao
2

- [j2 + fJ' sin b] (Ac cos b + A, sin s) , (4.104)

M = L cos 0 + j2L 0 cos 0 sin ] 0 (4.105)
2

M = - [K 1 + YKo sin b] , (4.106)
2

7M = 7 [7B' + 27yB'1 sin + 7F'B ° sin2 ] .77 (4.107)

Multiblade coordinates may be used in the flapping moment expressions, while the

collective and cyclic summation operators are applied. The resulting aerodynamic

flapping moments in multiblade coordinates are
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(MF)o 0(MF)c = 7 (- L)

(M) 0

(IyK - uL')l
0

(K -1 2 Lo )

0 ro
(-K I 2LO)

0 Os

(- K)
+7 0

(-! °Ko )

0

(-0K')
0

(-IpKo)

0 1c
(-IKI) 4

+ 2JO + J 2 )4 2 i

+7 0

(,lJ)

'-[ (LMk +
(/Ky

J(-IJl)
+7 0

(_iaJo)

0

(-IJ 2 )
0

(17t2 Bo + B2)
+7 0PCLBx)

0
(1. 2JO + j 2 )
8 2

0

) 0

0
(11t2MO10 + 1.4j

8

(J P) I {o0 Ac

(!yT. 2 BO + 17EB 2)

0
81--
( '2 ° n

0

(3 2JO + 1 J 2 )8 2 /

(12YMk1)

0

(3 p 2 MkO + Mk2)

(~,B)
0

( 7T2 BO + !B 2 )8 2~2B

The torsional moment due to aerodynamic forces was referred to as Naero, in
Section 4.4. This moment has components due to both servoflap deflection and aero-
dynamic damping. The generalized force for the torsional mode k due to these aero-
dynamics may be calculated by integrating Naero over the torsional mode shape. The
moment corresponding to the torsional mode k is

Taerok = Nk + Nek (4.109)
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where N, k is the moment due to servoflap deflection, and 1O k is aerodynamic damp-

ing. Deflecting the servoflap produces a moment about the rotor blade

F2 1
N, k = J7 2e ,(T)u7dF . (4.110)

Aerodynamic forces are primarily responsible for damping the torsional motion of the

rotor blade, and tend to dominate structural damping. If quasi-steady aerodynamics

are assumed, and the elastic axis coincides with the quarter chord, the equations of

motion for the torsional dynamics will include a damping term [6, pg. 279] of the

form

SNok = -J "kF)UTd9k . (4.111)

When the tangential velocity is expanded as uT = F+ y sin b in equations (4.110) and

(4.111), the moments can be expressed in terms of the rotor integrals of Appendix A,

to give

Nik= c [C + 2[LC' sin 0 + 1 Cr sin2 ] 7, (4.112)

Nk - H16 [ + H sin ] k. (4.113)

Once again, multiblade coordinates are used for the degrees of freedom 7 and Ok, and

the collective and cyclic summation operators are applied to equations (4.112) and

(4.113). The torsional moments in multiblade coordinates are

(Naerok)o 0 ( p. HiLH) 0 9 kO
(Naero k)c = 0 0 (-H'H ) 0]k,

(Naerok)s 0 ( 2H) 0 0k,
16 2 0

+ 7 0 ( 0 H) 0 0k,

( H ) 0 (-
2
H)

16 6 H
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CM

CL

Figure 4-5: Rotor disk coordinates and direction of hub loads.

0
(~p-tC2 + 1PC )

0

0

(apcy Ck + pcC2)
r7Ce (4.114)

7s

4.6 Hub Reactions

The hub reactions of interest in this model are T, M,, and My, the thrust, roll

moment, and pitch moment respectively. Helicopter axes are usually oriented with

the z axis pointing upward, the x axis pointing rearward, and the y axis pointing

starboard. The thrust force is defined as positive in the upward direction normal to

the disk plane (in the z direction). The roll moment is positive toward the retreating

side (about the x axis), and the pitch moment is positive "nose up" (about the y

axis). The fixed frame vehicle axes and hub loads appear in Figure 4-5.

The forces and moments on individual blades in the rotating frame appear as hub

111
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loads in the fixed frame. The vertical shear force S and flapping hinge moment MB

are primarily responsible for the body forces of interest, namely T, M., and M,. The

root moment, Mp, results from the flapping angle of the rotor blade. For a rotor blade

with a flap hinge, this moment will be nonzero only if the configuration includes a

hinge spring. The root flap moment is then

M3 = KPP , (4.115)

where K3 is the spring constant of the flapping hinge.

The vertical shear force at the blade root S is the integral of the vertical force

acting along the blade, where the vertical force is composed of the section aerodynamic

lift acting upward and the section inertia force acting downward. The vertical shear

force is therefore

S= RFdr - Rmidr. (4.116)

For a blade with a flap hinge offset of length e, the sectional vertical acceleration is

i (r - e)3 . (4.117)

The first integral in the expression for S is due to aerodynamic forces on the blade.

Assuming small angles, the vertical force F, on the blade is approximately the sec-

tional lift L. The second integral is a result of the blade flapping inertia. If the

vertical acceleration i from equation (4.117) is substituted into equation (4.116), and

L is substituted for F,, then the vertical shear force becomes

= -pcuT(R)'2cdr - m(r - e)dr . (4.118)

The resultant force is normalized by pA(QR)', so that S = S/pA(OR)'. The normal-

ized shear force may be written in terms of the nondimensional radius F as

a 11 Ul + 7u Jo
'3 h U + - - , - . (4.119)

N 2 N S-JUcx72 N yD2
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The shear force has components due to the sectional angle of attack defined in equa-

tion (4.94), as well as the servoflap angle, and blade inertia. Therefore, the vertical

shear force may be written as

S = So, + So, + S + S + S + S + S ,, (4.120)

where the components of the vertical shear force are

N-a= o f' 2  ' r
o af' 1 2

1
SUT A(r)dr,

2

3 J (a 1 ,Sp - - (F)u(1 coS 0)dS ,N 7.2 '
1
2

S 7= Nu dj i .T

By substituting the integrals of Appendix A, the vertical shear forces can be written

e, =2 [D2 + 21LD' sin + p 2 DO sin2 4] r,
2N

e, k= + 21GL sin ~ s + Gin ' k,

2- [D' + iDO sin 1]2 a

2N [D' + pD' sin 4] (A, cos 4 + A sin) ,

S= a [IF1 cos 4 + p Fo cos 4 sin 4] 3,
ora

4 = - [E + pEo sin] ,

, = [WA' + 2WtyAl sin 4 + W12AO sin' ] .
2N
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(4.129)
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The rotor thrust is calculated by summing the vertical shear forces of each blade,

so that
N

T= Sq, (4.135)
q=1

where Sq is the shear contribution from the q th blade. Nondimensionalizing the

thrust by pA(fR)2 gives the thrust coefficient

T N
CT = A R, = N(q)o . (4.136)

pA(R) q=1

The thrust coefficient written in terms of the shear components and the collective

summation operator is

CT = N ((3,)o + (0)o + (3)O + (,)0 + ( )0 + (3)o + (~)o) . (4.137)

The moment on the rotor hub produced by a blade has two components, one due

to the hinge moment M, and the other produced by the vertical shear force acting

at a distance e away from the hub center. Therefore, the hub moment due to the q th

blade is

Mq = (M 3 + e S), (4.138)

The contributions of the hinge moment and vertical shear to the hub moment are

depicted in Figure 4-6. The moment may be nondimensionalized by pAR(QR)2 , so

that

M 3 + eS

CM - pAR(2R) 2

Ny (I2) +t (4.139)

If (KO/IbQ2) is expressed in terms of the nondimensional free-flapping frequency 7-p,

and equation (4.120) is substituted for 3 in equation (4.139), then the expression

114



M

Mq= M+ eS

Figure 4-6: Hub moment due to vertical shear force and hinge moment.

becomes

c, ( ) + (T +  + + S' + s4 + 4 + ). (4.140)

The components in the My and M directions are

(CM,)y = -CM, cos €q , (4.141)

and

(CMq) = CM, sin ,q, (4.142)

respectively. These give the contribution to the pitch and roll coefficients due to the

q th blade. If the contributions of each blade are summed, then the pitch and roll

coefficients are
N

CM = j -CM, cos q -N(CM,) , (4.143)
q=1

and
N

CL = CM, sin ,q = N(CM,), , (4.144)
q=1

respectively. The pitch and roll coefficients written in terms of the shear components
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and cyclic summation operators are

q=1 (

1
- I19N

2 ((39,)C + (-ok)c + (A)c + (~i3)C

+(~) + (S4)c + (9)) c, (4.146)

and

q=1

=2a 

0(,q) + 7q) sin oq

1
0S + I FN S.

(4.147)

+ (7o)s3 + ()s $ (

+(3)S + (3)S + (30) (4.148)

Once again the degrees of freedom can be expressed in multiblade coordinates for the
collective and cyclic rotor disk modes. The thrust, pitch, and roll coefficients written
in matrix form are

o (4tE - pF')
(ITFI) (-1 (z'5 I - -2 )

0 (-E' - 2 Fo)

0

4-)
"ieE-

(-+EO)

(-E1)

0

(-E' + 2 FO
W!EP - 2 D2o

o ]
(1j

2 02) o

2 -YD
2 J
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+ q) cos b, (4.145)

0a

CT

CM

CL

+ oa

+ ca

(-IE1)
0

(--TE ° )

jo

0

0

:720 YI



( 1.DO + 1D 2)

+ o'a 0

(ITILD)

(1 2 GO + 1G2)
+ a 0

1- 1)

(-Dl

0

(-ITD 0 )

0

(1- 2)
0

(. 2 A0O + 1A 2 )
0

(1nT)

0

(-.-e2DO - "D 2 )

0

0

0_L-j -2 G2)

0

( 1 ) 1 }(2D ) 0r,o

0 9r,c

( 2 Do + 1D2) J Or,s

(11G) ]
0

16 kG + G1- J

{ k,o

0ic,s

(-41DI) Ao

0 Ac

(- ED 2) As

0

(- ,-n 2AO - 1-A 2 )

0

(p/LA)
0

(3 - 2 Ao + 1 A2 )16 4LAO e

4.7 Inflow Dynamics

The inflow dynamics to be used in this model are based on that of Pitt and Peters

[53]. It is a linear unsteady theory derived from actuator disk theory, that relates

transient rotor loads to induced flow field response. The induced flow is expressed as

A = Ao + Aj" cos 0 + A,8 sinO , (4.150)

where Xo, Ac, and A, are the magnitudes of the uniform, fore-to-aft, and side-to-side

variations in induced flow, respectively. The induced flow distributions are related to

the perturbations in thrust, pitch moment, and, roll moment by the linear first-order

relation

117

+ oa

+ eoa
770
77s

(4.149)



-11M {Ac + [L] Ac CM } (4.151)

where the x-axis is positive aft, the y-axis is positive starboard, and the z-axis is

positive upward. (Note that the order and orientation of these loads differ slightly

from that of Pitt and Peters.) The L and M matrices have been solved in closed form

in Reference [53]. With appropriate modifications for the new orientation, the L and

M matrices are

1 15 r 1 -sina 0
2 64 Vl+sinad

LS = 1 -s 0 1 (4.152)L] [ 15 -sina -4sina 064 V l+sinad l+sinad
0 0 4

1 +sin ad

128 o o

[M] = [ 0 -r1 01, (4.153)

00 16

respectively, where ad is the angle of the rotor disk with respect to the free stream

velocity. The mass flow parameter for the steady lift case is

P + (Af + Ai)(Af + 2Ai) (4.154)
t 2vp (A + A(4.154))2

If the helicopter is in axial flight, the induced inflow ratio may be approximated by

momentum theory [34, pg. 52] as

Ai = +  ()2 + T (4.155)
2 2 2

where A, is the vertical climb velocity. Note that in hover, Ac = 0, and

Ai = C (4.156)
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If the helicopter is flying at some angle of incidence, then the induced inflow velocity

is governed by the equations
CT

Ai = 
2= tan d ,

A = /i tan ad + Aj,

and

(4.157)

(4.158)

which may be solved iteratively. If an initial inflow is assumed, so that

(4.159)A = 1 tan ad + CT
2 /2 + 2

the solution will converge after several iterations [34, pg. 61]. Pitt and Peters have

shown that in axial flight, the inflow gains are identical to those obtained from simple

momentum theory, and are independent of the radial lift distribution. Furthermore,

the three degree of freedom dynamic inflow model is usually adequate for rotary wing

dynamics.

4.8 State Space Model

The matrices governing the dynamics of the helicopter rotor and the resultant forces

of interest were derived in Sections 4.4, 4.5, and 4.6. These matrices have been la-

beled in Appendix B for convenience. In addition, defining the following vectors will

simplify the notation of the state space model:

A_= { co }0

A,

The equations of motion

Or,oo= {r,c I

Or,

77 = 77e ,

7s 1

derived in the previous Sections may be rewritten using the

I ,

I}

Ok,O

9 k,

9k,s

CT

CM

CL

(4.160)
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new notation, and are easily manipulated. The flapping dynamics become

A3+ 2 + A$ l = A l A2 + A3 -O+ A4k k A5 A6 ,

or equivalently,

3= a, (A, - A0) + as (A 2 - a,) + A A3 + A-1 A4k

+AA' AsA + A'A6 .

The torsion equation is

A6k& + A5k& + A4k k = llkOr + 2klk + 'lkO + X2k.r + T3ki

+A7k-# + AskO + A9k7

(4.161)

(4.162)

(4.163)

or equivalently,

= lk k+ ) + a-1~I2k, + a6k13k 6k + 2k+ A7k - 4k)O

+AL k (A8k - A5k)Sk + A 9k (4.164)

The inflow dynamics are

(4.165)

or equivalently,

A = -M -1L-A + M-'C . (4.166)

Finally, the hub reactions are

CT

CM

CL

= ri + r O + r O + rl + k k + r 6A + r 7? (4.167)

Equation (4.162) can be substituted for 3 in the hub reaction expression to give
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CT
CM = (r + JA '(A, - A) + (2 + F3 A 1 (A 2 - A2 ))

CL

+ (r 4 + rA-'As) o + (r,, + 3A ) + 4k 6 + 3A1A 5)

+ (r 7 + r3A3' 6) A . (4.168)

The governing equations of motion for the rotor disk may now be written in state

space matrix form. The rotor degrees of freedom are the state variables, while the

root pitch actuation and servoflap actuation are control inputs, and the hub reactions

serve as inputs to the inflow dynamics. The state space equations for the dynamics

of the rotor disk modes and the corresponding hub loads appear in Tables 4.1 and

4.2. The state vector x and the control vector u are defined as

_ = 0 r u - r/ (4.169)

so that the state space equations representing the dynamics of the rotor disk have

the familiar form

x = Ax + Bu

y = Cx + Du. (4.170)

The aerodynamic rotor loads serve as inputs to the inflow model, and the aerody-

namic loop can be closed by selecting a G and F matrix, so that

u = Gy + F, (4.171)

where E includes only the pitch and servoflap controls. This may be accomplished by
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Table 4.1: State space equation for the dynamics of the rotor disk modes, _ = Ax + Bu .

0 I

A3'(A, - A,) A3 (A 2 - A 2 )

0 0

0 0

0 o

0 0

O 0

0 0 0 0

1A3  0 A31A 4k 0

0 I 0 0

0 0 0 0

o 0 0 I

Ag1(i1k + @l1k) A61 A2k a k + 7k - A4k) A 6 kl(A 8 k - A5k)

0 0 0 0

0

0

0

I

0

A013k

0

0

A 3 
1A6

0

0

0

Ao A9 k

0

0

0

0

0

0

0

M-Io

iI
C1
C1l

)3

qr

A

)3

Or

Or

k

Ak
A

0

0

0

0

0

-M-'L-1



Table 4.2: State space equation for the hub loads, y = Cx + Du.
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choosing 0 1 0-
G= 0 , and F= [0 I . (4.172)

Closing the aerodynamic loop gives

_ = (A + BGC)x + (BGDF + BF)f

y = Cx + (DF)i , (4.173)

where the new control vector is

U = { },7 (4.174)

If new state space matrices are defined, so that

A = (A + BGC), (4.175)

B = (BGDF + BF) , (4.176)

C =C, (4.177)

D = DF, (4.178)

then the equations simplify to

= A + Bt

y = C + i. (4.179)

Therefore, the dynamics of the rotor disk modes can be expressed in state space

matrix form, where multiblade coordinates are used for the state variables, control

inputs, and hub load outputs. The dynamics include both structural and aerodynamic

effects. The inputs to the model are the root pitch accelerations r,O , r,e , r,s and
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the collective and cyclic servoflap inputs 770 , l 7, and 7m, . The outputs of the model

are the thrust, pitch and roll coefficients, CT, CM and CL respectively.

The collective and cyclic root pitch controls 9 r,O , Or,c and 0r,, may be twice dif-

ferentiated in order to obtain the pitch accelerations. In addition, the state output

matrix C and control output matrix D may be suitably modified to obtain other

outputs from the state space model. Finally, closed-loop control techniques that are

applicable to linear systems may be investigated.

In the next Chapter, the state space model will be exercised in order to determine

the effect of root pitch control and servoflap actuation on higher harmonic loads, and

a comparison of servoflap deflections and root pitch amplitudes that are required for

higher harmonic control will be made. The servoflap amplitudes required for higher

harmonic control should indicate the feasibility of piezoelectric actuation for that

purpose.
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Chapter 5

State Space Rotor Model Results

In order to validate the state space model derived in the previous chapter, initial

results were compared with those of the C-60 aeroelastic rotor analysis program ob-

tained from Boeing Helicopters. The dynamic response of the blades and rotor thrust

were compared for a generic rotor with typical nondimensional parameters taken

from Johnson [34]. A final analysis was performed for the H-34 research rotor to

determine the effectiveness of servoflap actuation as well as root pitch actuation for

conventional collective control and higher harmonic control. The analysis includes

the effect of blade torsional stiffness, advance ratio, and spanwise servoflap size and

placement. The state space rotor model was coded in Matlab [42], and run on a

DEC-3100 workstation.

5.1 C-60 Aeroelastic Rotor Analysis Program

The C-60 aeroelastic rotor analysis program was originally formulated in the 1960's

by the Boeing Helicopter Company. It has been continuously developed since then to

reflect improvements in computer hardware and helicopter theory. The C-60 program

can be used to calculate rotor trim, rotor performance, blade loads and motions,

control system loads, fixed and rotating hub loads, and fuselage vibrations. Airloads

are calculated in the time domain with azimuthal increments as small as 1 deg,

while the dynamic response is obtained using a Fourier series representation with
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the transfer matrix method. The solution is limited to steady flight condition and

constant rotation rate. Nonlinearities and weak couplings are taken into account

through an iterative manner.

The blade is modelled as a lumped mass system with up to 50 discrete masses,

with aerodynamic loads which may act on up to 40 of the masses. The aerodynamic

loads are calculated via a modified lifting line theory with airfoil tables that account

for the static two-dimensional effects of airfoil section geometry. The aerodynamic

tables are corrected to account for three dimensional flow, unsteady aerodynamics,

tab deflections, Reynolds number, Mach relief and stall. The flow field can include

uniform or nonuniform downwash with discrete blade-vortex interactions.

The original C-60 program was modified by Boeing to include the effect of a

trailing edge servoflap, for this research effort. This was accomplished by including

aerodynamic tables for the increments in lift, drag and moment due to the servoflap.

In all other respects, the C-60 model was simplified in order to validate the state space

rotor model. The aerodynamics were simplified to incorporate a constant lift curve

slope, and no downwash. Elastic bending was eliminated to provide only rigid flapping

in the out of plane direction, but elastic torsion was included. The center of mass,

aerodynamic center, and elastic axis were specified to coincide, and no pitch/flap

coupling was included.

5.2 Validation of the State Space Rotor Model

Using the C-60 aeroelastic rotor analysis program, the state space rotor model was

validated for a generic rotor with typical rotor parameters taken from Johnson [34].

The generic rotor was a 4-bladed semi-articulated rotor model, with rigid blade flap-

ping (no flapwise bending) and no lag motion. The normalized flap hinge offset was

j = 0.05. The first two torsion modes were included in the generic rotor model, as

well as a rigid pitch mode. The modal frequency for the first torsion was i1 = 4.50,

placing the second torsion at 72 = 13.50. Both root pitch actuation and servoflap

actuation were incorporated into the model. The servoflap was centered about the
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75% spanwise location, and was sized to 20% of the blade span, and 20% of the blade

chord. Linear aerodynamics were assumed, with a constant lift curve slope C1, = a, a

constant servoflap lift increment C1, = n, and a constant moment increment C,, = p

about the 1/4 chord. Typical aerodynamic values were taken for a NACA-0012 airfoil

section. Since the state space model and C-60 program do not incorporate the same

inflow model, the inflow was assumed to be zero for the purpose of comparison.

The discrete mass model of the C-60 rotor program was tailored to have constant

spanwise properties (i.e., identical properties for each of the discrete masses), and

approximately the same characteristics as the state space model. Nineteen discrete

masses and a flapping hinge, each spanning 5% of the total blade span, were assumed.

A comparison of the state space model properties and the C-60 properties appear in

Table 5.1.

Note that the C-60 model has 19 elastic torsion modes, because it has 19 discrete

masses; however, the state space model includes only the first two elastic torsion

modes. The differences in dynamic blade response should be rather small, since the

N/rev response will generally be dominated by the first mode. Torsionally soft blades

may require an additional mode in order to obtain an accurate structural response,

but the blade loading is insensitive to small differences in blade twist that accompany

the inclusion of additional torsion modes. Although the first torsional frequency of

the two models is the same, the inertias vary slightly due to discretization. Since the

emphasis of higher harmonic control is at the N/rev frequency, the inclusion of two

torsion modes is sufficient.

Since the C-60 program uses the transfer matrix method, the rotor response can

only be obtained for frequencies at multiples of the blade passage frequency, including

steady state. Furthermore, C-60 retains only 10 harmonics, so the frequency response

magnitudes can only be obtained for three points, namely 0/rev, 4/rev and 8/rev.

The state space model can generate continuous transfer functions over all frequencies

and thereby provide more information about the rotor dynamics.

Initially, the dynamic response of the blades and rotor thrust for the two models

were compared for a case that only included elastic twist. Since structural or aero-
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Table 5.1: Parameter comparison of the state space model and C-60 program
for the generic rotor.

Properties State Space Model C-60 Model

Rotor Type semi-articulated; semi-articulated;
flapping, no lagging flapping, no lagging

Flapping rigid flapping, no bending rigid flapping, no bending

Blade Model continuous; discrete mass;
constant properties 19 identical masses

Torsion 2 elastic modes 19 elastic modes

Nondimensional
Parameters

N

c

f

72

a

n7

p

I

Ky

I;z1*

02

0"

CT/U

4

0.0800

0.0500

0.650

0.850

5.73

3.84

-0.688

0.857

0.00

0.000674

0.000320

0.000320

4.50

13.50

8.00

0.102

0.100

4

0.0800

0.0500

0.650

0.850

5.73

3.84

-0.688

0.857

0.00

0.000640

0.000321

0.000325

4.50

13.47

8.00

0.102

0.100
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dynamic damping on the torsional modes normally introduces phase that obscures

the results, the two models were compared for cases without damping. The flapping

degree of freedom was constrained, and a uniform (zero) inflow was prescribed. Table

5.2 is a comparison of blade twist and rotor thrust for the state space model and the

C-60 program. Very good agreement was observed between the two models, which

can be seen in the table.

Differences in the dynamic responses shown in Table 5.2 occur at 4 and 8/rev in

general. Some discrepancy is likely at 4/rev, because the 4/rev frequency is very close

to the first torsional resonance. The undamped resonance near 4/rev also accounts

for the large blade tip deflection at this frequency. Normally, the response will be

much smaller due to aerodynamic damping. Some discrepancy between the dynamic

response of the two models is also likely at 8/rev, because higher torsion modes begin

to influence the response.

A case that included only flapping motion was also run in order to check the

flapping response. For the case with only flapping motion, the blade was allowed to

flap freely, while the elastic torsion motion was constrained. Once again, the inflow

was prescribed to be zero. Table 5.3 is a comparison of the flapping angle and rotor

thrust response for the state space model and the C-60 program. Excellent agreement

was also observed for this case. In fact, the results appear identical to three significant

digits as shown in the table.

The generic rotor and the results of the constrained model that are shown in Tables

5.2 and 5.3, were only used to compare the blade structural response and rotor thrust

response for the state space model and C-60 program. Since the blade motions have

been constrained, and neither aerodynamic damping nor dynamic inflow has been

included, the results shown in Tables 5.2 and 5.3 only apply to these very restricted

cases.

Since the state space model includes the assumption that the twist and flap motion

of the blades are uncoupled, independent verification of these dynamics should be

adequate in order to validate the model. The motions, however, will be coupled by

gyroscopic effects and aerodynamic forces in forward flight. Time did not permit a
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Table 5.2: Comparison of blade twist and rotor thrust for the state space
model and C-60 program for the generic rotor (elastic torsion
only).

State Space Model C-60 Model

Actuation Frequency Tip Pitch Thrust Tip Pitch Thrust
Method x[t Ot,o oi rl CTI0, / ,o IA /o-

0 0.94 0.0158 0.94 0.0157
Root Pitch 8r,0 4 4.60 0.0693 4.60 0.0691

8 -1.10 -0.0117 -0.80 -0.0117
0 -0.61 -0.0049 -0.59 -0.0048

Servoflap 0o 4 -2.40 -0.0308 -2.47 -0.0322
8 0.25 0.0078 0.22 0.0080

Table 5.3: Comparison of flapping angle and rotor thrust for the state space
model and C-60 program for the generic rotor (flapping motion
only).

State Space Model C-60 Model

Actuation Frequency Flapping Thrust Flapping Thrust
Method x o dgJ ACT/I 0 deg CT/ a d

0 1.01 0.0167 1.01 0.0167
Root Pitch 8r,0 4 0.07 0.0030 0.07 0.0030

8 0.02 0.0021 0.02 0.0021
0 0.23 0.0038 0.23 0.0038

Servoflap q70 4 0.02 0.0007 0.02 0.0007
8 0.00 0.0005 0.00 0.0005

full comparison of the coupled dynamics of the rotor for the state space model and the

C-60 model, due to the enormous amount of computation time and hardware memory

required to run the C-60 program. Nevertheless, independent analysis of the state

space model for coupled dynamics gave predictable results, and we have no reason

to doubt the validity of the model. The complete state space rotor model including

flapping and twist dynamics will be exercised for the H-34 research rotor in the next

section.
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5.3 Results for the H-34 Research Rotor

The H-34 rotor is a fairly generic 4-bladed rotor model that has been used extensively

by NASA and independent rotorcraft manufacturers for wind tunnel rotor research. It

has been the subject of many experimental rotorcraft research projects [45, 59, 70, 38]

and is well known. Due to its simplicity and familiarity, the H-34 was also used as

the prototype for this investigation.

The H-34 rotor blades have a rectangular planform, but do not have constant

mass or inertia properties. In order to obtain similar dynamic characteristics, the

nondimensional flapping inertia If, the first torsional inertia I,*, and the first torsion

frequency 71 were chosen to match those of the discrete mass model provided by

Boeing. A comparison of the state space model parameters and the C-60 model

parameters for the baseline H-34 rotor appear in Table 5.3.

Although the flapping inertia, first torsional inertia, and first torsion frequency

are well matched, there are discrepancies in the torsion frequencies and pitch inertias

of the blade for other modes. The discrepancies result from the variation in spanwise

mass, inertia, and stiffness of the blade, as well as the discretization in general.

Although some differences exist, the state space model should provide an adequate

approximation to the blade response, because the state space parameters were chosen

to match the dynamics of the flapping mode and first torsion mode of the rotor blades,

and the first torsion mode dominates the twist response below the N/rev frequency.

The effectiveness of a trailing edge flap can be significantly reduced by the airfoil's

boundary layer, especially for flaps with small flap-to-chord ratios, and for small flap

displacements 77. In addition, the flap effectiveness can also be influenced by the local

angle of attack of the airfoil a. For this reason, the aerodynamic coefficients ct,, c 1, ,

and cm,, were obtained from the 2-dimensional panel code XFOIL [13], which includes

the effects of viscosity. The coefficients were obtained for a NACA-0012 airfoil with a

20% flap-to-chord ratio. The 75% radial location was used to obtain a characteristic

design point speed, yielding a Reynolds number of 4.08 x 10'.

Due to three-dimensional flow effects, blade loading must drop to zero over a finite
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Table 5.4: Parameter comparison of the continuous and discrete mass models
for the baseline H-34 rotor.

Properties Continuous Model Discrete Mass Model
Rotor Type semi-articulated; flapping, semi-articulated; flapping,

no lagging no lagging

Airfoil Shape NACA-0012 NACA-0012

Blade Model continuous; constant properties discrete mass; 25 masses

Flapping rigid flapping, no bending rigid flapping, no bending
Torsion 2 elastic modes 25 elastic modes

Dimensional Parameters

Rotor Radius, R 28.0 ft 28.0 ft

Rotor Speed, t 222 RPM 222 RPM
Gross Weight, W 11,500 lbs 11,500 lbs
Air Density, p 0.00220 slug/ft3 0.00220 slug/ft3

Nondimensional
Parameters

N

T2

a

n

p

I;

162

U72

CT

Cr/TO

4

0.0488

0.0357

0.70

0.90

6.30

3.15

-0.517

0.893

0.00

0.000278

0.000134

0.000134

7.65

22.94

8.11

0.0621

0.00502

0.0808

4

0.0488

0.0357

0.70

0.90

6.30

3.15

-0.517

0.893

0.00

0.000378

0.000134

0.000329

7.65

22.99

8.11

0.0621

0.00502

0.0808
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distance near the blade tips, resulting in so-called tip loss [34, pg. 59]. One way to

approximate the tip loss is to assume that the blade elements outboard of the radial

station F = B have profile drag but produce no lift. A simple approximation proposed

by Wheatley [72] suggests

B = (5.1)
2

or that the outer half-chord length of the blade span produces no lift. Tip loss values

are typically in the range B = 0.96 to 0.98, and Wheatley's approximation gives

B = 0.9756 for the H-34 rotor. Tip loss can affect rotor thrust by as much as a factor

of B4 , and for the H-34 rotor B4 = 0.9059. This implies that tip loss may reduce

H-34 rotor thrust by as much as 10%.

Rotor blade tip speeds can approach Mach 1, so that compressibility effects are

of particular importance. The compressibility of air can influence both rotor perfor-

mance and blade motions. It increases the lift curve slope with Mach number, and

sharply increases drag and pitching moment above a critical Mach number. The only

practical means of accounting for the compressibility effects in detail is to use airfoil

data that has been tabulated as a function of Mach number. Since the state space

model used in this investigation approximates linear aerodynamics with constant lift

curve and moment slopes, compressibility effects were not taken into account in this

analysis for simplicity.

Furthermore, a detailed analysis of various flap/chord ratios is beyond the scope of

this research, because it would entail tabulated lift and moment coefficients for several

flap/chord ratios as a function of Mach number, local angle of attack and Reynolds

number. Such an analysis may be more suitable for the C-60 aeroelastic rotor analysis

program, because it already contains this information in a tabulated form. In the

state space model the effect of the servoflap is specified by constant lift and moment

coefficients. Any geometries or aerodynamics that can be approximately described

by these constants can be included in the state space model. In this investigation the

coefficients were estimated using XFOIL for a flap/chord ratio of 20%, with viscosity

effects included. A 20% flap/chord ratio reflects a reasonable servoflap size, and
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piezoelectric actuation of a servoflap this size should be achievable considering the

impedance matching arguments provided by Spangler and Hall [66].

Servoflap effectiveness should improve as the flap is placed closer to the blade tip,

since sectional lift increases with radius. In this investigation however, the 90% span

location was considered as an upper limit on servoflap placement, because tip loss,

Mach effects, and mechanical complexity may limit the proximity of the servoflap to

the blade tip in practice. Initially a 20% flap/span ratio was used, and the servoflap

was placed from the 70% to 90% blade radius.

The simple dynamic inflow model of Pitt and Peters [53] was used in this investi-

gation. Dynamic inflow will tend to reduce the steady thrust developed by the rotor,

because the lift developed by the rotor blades induces a net inflow through the rotor

disk. The inflow tends to decrease the apparent angle of attack of the blades, and

therefore decreases lift. Since the air itself has inertia, the inflow takes time to re-

spond to the change in rotor thrust. Therefore, dynamic inflow has less effect on rotor

thrust for high frequency cycling of blade lift. In Figure 5-1, rotor thrust response

due to collective pitch actuation is plotted for several advance ratios. The twist and

flapping motion of the blades has been constrained, so that the only dynamics are due

to inflow. The thrust response is plotted versus nondimensional frequency 7 = w/Q,

and the 4/rev frequency has been indicated by a vertical line.

Figure 5-1 shows that dynamic inflow reduces the steady thrust response for the

rotor in hover as well as in forward flight. In hover, the steady thrust response is

reduced by 30%, while in forward flight the response may be reduced by as much as

70% due to inflow dynamics. Interestingly, a minimum in steady thrust occurs for an

advance ratio of p 0.11. The steady thrust response continuously decreases with

advance ratio from z = 0.0 to 0.11, and then increases. The effect results from the

interaction of blade lift and induced flow, and the coupling of collective and lateral

cyclic disk modes in forward flight. Although the effect of inflow is small at 4/rev, the

inflow dynamics should be included in the state space model in order to get accurate

steady thrust responses. The inflow dynamics also add phase in the system, but the

effect is minor. At the 4/rev frequency the phase lead amounts to only 3 deg.
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A well-designed rotor should have baseline vibration acceleration levels below

0.25 g, at the blade passage frequency. In this study we will assume that 0.25 g is

adequate for higher harmonic vibration control, and we will use this number as a

goal for servoflap actuation. A good measure of the vibration control authority is the

incremental blade loading ACT/co provided by the controls. Since the total CT/o" for

a hovering rotor corresponds to 1.0 g, the ratio of ACT/c to CT/cO needs to be about

0.25, in order to get 0.25 g of vibration control authority.

The effect of aerodynamic controls on the pitch and roll moments, ACM/co and

ACL/o, can also influence the amount of higher harmonic vibration control authority,

through inplane hub forces and moments. However, the requirements are less general,
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and are highly dependent on the particular rotor configuration and the amount of

inherent inplane vibration that the design exhibits. Therefore, only the incremental

blade loading ACT/ will be used to measure the effectiveness of servoflap designs

for higher harmonic vibration reduction in this study.

Results of the state space model for the baseline H-34 rotor in hover appear in

Table 5.5. The table includes the magnitude response for the coning angle (0o), the

collective tip pitch response (0t,o), the increment in blade loading (ACT/O-), and the

thrust increment in g's (AT), for collective root pitch actuation (Or,0) and servoflap

actuation (q0o). The rotor dynamics include the flapping mode, two elastic torsion

modes, and the Pitt and Peters inflow model. The frequency for the first torsion

mode is i1 = 7.65, while the second is at 72 = 22.95. The servoflap is located from

F1 = 0.70 to 72 = 0.90.

The H-34 rotor has a blade loading in hover of CT/- = 0.0808. Since this cor-

responds to 1.0 g, the lift increment in the last column of Table 5.5 was computed

by dividing ACT/a by CT/-, yielding the thrust increment AT in units of g/deg.

Although 10 deg of collective pitch can provide a thrust of 1.5 g, collective control is

not possible with servoflap actuation for the baseline H-34 rotor.

If acceleration levels on the order of 0.25 g are required for higher harmonic vibra-

tion control, then the actuation method must provide a thrust increment of at least

ACT/O = 0.0202. Higher harmonic vibration control can be achieved with collective

root pitch amplitudes of 4.0 deg; however, HHC through servoflap actuation does not

seem possible for the baseline H-34 rotor. If a maximum servoflap deflection of 10 deg

is assumed, then only 0.06 g is achievable for servoflap HHC. This result is not surpris-

ing, because the baseline H-34 rotor blades are very stiff in torsion. The first torsion

frequency of the H-34 rotor blades are 7.65Q, whereas first torsional frequencies of

most rotor blades are between 3M and 6M.

Since even the torsionally stiff baseline H-34 rotor blade operates in aileron rever-

sal, softening the blade should improve the servoflap authority. This was accomplished

by lowering the first torsional frequency of the H-34 blade from 7.650f to 4.50Q, a

typical value for moderately stiff blades. This subsequently put the second torsion
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Table 5.5: Flapping angle, tip pitch, blade loading, and thrust responses for
the baseline H-34 rotor with torsionally stiff blades (71 = 7.65).

Actuation Frequency I o I IOt,o I I ACT/O" I I AT I
Method x R deg deg1

deg deg deg deg

0 0.71 0.98 0.0121 0.150
Root Pitch 0r,0 4 0.10 1.40 0.0050 0.062

8 0.05 3.16 0.0094 0.116
0 0.02 0.26 0.0004 0.004

Servoflap 770 4 0.01 0.34 0.0005 0.006
8 0.01 0.58 0.0020 0.025

Flapping angle, tip pitch, blade loading, and thrust responses for
the baseline H-34 rotor with moderately stiff blades (71 = 4.50).

Actuation Frequency Io i t,o I ACT/O I I AT I

Method x [ deg [eg] [
deg deg deg deg

0 0.69 0.94 0.0117 0.144
Root Pitch Or,O 4 0.13 2.00 0.0073 0.091

8 0.01 1.00 0.0035 0.043
0 0.33 0.74 0.0053 0.065

Servoflap 77o 4 0.07 1.12 0.0041 0.051
8 0.01 0.25 0.0014 0.017

Table 5.7: Flapping angle, tip pitch, blade loading, and thrust responses for
the baseline H-34 rotor with torsionally soft blades (Ui = 2.50).

Actuation Frequency I0o I 1 St,o T I AClo I I AT I

Method x f deg _ deg [_deg deg deg deg

0 0.61 0.83 0.0104 0.129
Root Pitch 0r,o 4 0.07 1.00 0.0036 0.044

8 0.00 0.79 0.0041 0.050
0 1.29 2.20 0.0201 0.249

Servoflap qo 4 0.07 0.91 0.0041 0.051
8 0.01 0.63 0.0030 0.038
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frequency at 13.501.

Table 5.6 lists results for the H-34 rotor with moderately stiff blades (Z1 = 4.50).

Softening the blade reduced the steady thrust provided by the collective pitch by

only about 3%, while it increased the collective servoflap authority by an order of

magnitude. A collective pitch input of 10 deg can still provide 1.44 g of steady thrust,

while a collective servoflap input of 10 deg can provide up to 0.65 g. Although the

servoflap alone cannot provide collective control, it can certainly be used to augment

the primary collective and overcome any loss in thrust incurred by softening the blade.

The H-34 rotor with moderately stiff blades can achieve higher harmonic vibration

control with root pitch actuation or servoflap actuation. A collective root pitch input

of 2.8 deg is capable of providing 0.25 g for higher harmonic vibration suppression,

while a servoflap input of 4.9 deg can achieve the same level. A maximum servoflap

deflection of 10 deg can provide up to 0.51 g for HHC.

The Kaman Controllable Twist Rotor (CTR) mentioned in Section 1.3.3 was also

based on the H-34 rotor design. Although a conventional pitch horn and swashplate

were used to provide primary control, the blade was made very soft in torsion so

that the servoflap could be actuated collectively and cyclically to control the blade

torsional response. The blade first torsion frequency was placed between 2M and 3Q

in order to insure adequate twisting response to servoflap deflection [59].

Results for the H-34 rotor with torsionally soft blades similar to the Kaman CTR

rotor blades are presented in Table 5.7. The first torsion frequency was placed at

J1 = 2.50, resulting in a second torsion frequency at 72 = 7.50. Collective control

can now be achieved by either root pitch or servoflap actuation. A collective root

pitch input of 10 deg can provide 1.29 g of steady thrust, with a reduction of 14%

from the rotor with torsionally stiff blades. A collective servoflap input of 10 deg is no

longer realistic, because it would result in a tip pitch of over 22.0 deg. A more realistic

servoflap input of 6 deg produces only 13.2 deg of tip twist, and provides nearly 1.5 g

of steady thrust. Although collective root pitch authority has been reduced by about

14%, a combination of root pitch actuation and servoflap actuation can still provide

more than 2 g of vertical thrust.
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With torsionally soft blades, the H-34 rotor will require 5.6 deg of collective root

pitch for 0.25 g of higher harmonic vibration control. Servoflap actuation will require a

4.9 deg deflection in order to obtain 0.25 g for HHC. Although softening the H-34 rotor

blade from 71 = 2.50 to 4.50 dramatically increases the steady thrust provided by the

servoflap, it does not improve the servoflap's authority to provide higher harmonic

control. This may be understood by examining the frequency response plots obtained

from the state space model.

The frequency response from collective root pitch input to thrust has been plotted

in Figure 5-2 for the various blade torsional stiffnesses. Once again, the thrust re-

sponse has been plotted versus the normalized frequency U, and the 4/rev frequency

has been marked by a vertical line. Resonant peaks can be seen in the thrust response

corresponding to the flapping mode and the first two torsion modes. For example,

the torsionally stiff blade has peaks near 7 = 1.0 due to the flapping mode, 7 = 7.65

due to the first torsion mode, and Z = 22.95 due to the second torsion mode. As the

torsion frequency decreases the damping ratio increases, so that the magnitude of the

torsion peaks tend to decrease with frequency as observed in Figure 5-2. Note that

the torsionally soft blade has a first torsion frequency at Z = 2.50, but the resonance

is almost critically damped by aerodynamics and the thrust response is completely

dominated by the flapping mode.

Figure 5-2 also shows that the static thrust response is slightly decreased by

softening the blade. As the rotor blade is softened, the total blade pitch will decrease

due to the propeller moment produced by centrifugal forces. Although blade pitch

will be most reduced outboard, where the majority of lift is developed, the effect is

small and may be overcome by augmenting the primary collective control with the

servoflap. Softening the blade from 71 = 7.65 to 2.50 results in only a 14% decrease

in the steady thrust provided by the conventional collective.

Higher harmonic vibration control that employs collective pitch cycling may be

best achieved by the rotor with moderately stiff blades. At the blade passage fre-

quency the thrust response for the moderately stiff blades is higher than for the stiff

or soft blades, as observed in Figure 5-2. Although the pitch motion of the blade is
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The effect of blade torsional stiffness on the thrust response of
the hovering H-34 rotor due to collective pitch actuation.

well damped by aerodynamics, the proximity of the first torsion mode to the 4/rev

frequency provides a significant benefit. In such cases were resonance occurs near

the N/rev frequency, the degree of aerodynamic damping on the mode can have a

significant impact on the magnitude of the thrust response for HHC.

The frequency response from collective servoflap input to thrust has been plotted

in Figure 5-3 for the various torsional stiffnesses. Once again the thrust response

has been plotted versus normalized frequency Z, and the 4/rev frequency has been

marked by a vertical line. Peaks occur in the thrust response near the frequencies of

the flapping mode, and first two torsion modes.

Figure 5-3 shows that for each of the blade stiffnesses the thrust response produced

by a static servoflap deflection is 180 deg out of phase. Therefore, even the rotor with
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The effect of blade torsional stiffness on the thrust response of
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torsionally stiff blades (U1 = 7.65) operates in aileron reversal. In fact, the boundary

for aileron reversal is U, a 8.2. The servoflap will operate in aileron reversal for

blades softer than U1 = 8.2, while it will operate conventionally for blades stiffer

than U, = 8.2. Naturally, this boundary is dependent on blade stiffness, rotor speed,

servoflap size and placement, and the lift and moment coefficients.

Figure 5-3 shows that the thrust response for a static servoflap input dramatically

increases as the blade torsional stiffness decreases. Since the rotor with torsionally

stiff blades operates near the aileron reversal boundary, very little lift is produced by

deflecting the servoflap. However, as the blade is softened the moment provided by

the servoflap produces more blade twist, thereby increasing thrust. Static servoflap

actuation of the rotor with torsionally soft blades (Z1 = 2.50) produces thrust nearly
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an order of magnitude higher than the thrust produced by the rotor with moderately

stiff blades, and thrust two orders of magnitude higher than that for the rotor with

torsionally stiff blades.

The ability of the servoflap to produce higher harmonic vibration control is also

increased as the blade torsion frequency is lowered. This can be observed by exam-

ining the magnitude of the thrust responses at the 4/rev frequency in Figure 5-3. As

the first torsional frequency of the blade is lowered from 71 = 7.65 to 4.50, the mag-

nitude of the thrust response increases by nearly 7.2 times. Interestingly however,

as the blade torsion frequency is continually decreased from 71 = 4.50 to 2.0, the

magnitude of the thrust response at 4/rev remains almost constant. Therefore, little

benefit is obtained for servoflap higher harmonic control by softening the blade lower

than 71 e 4.50.

At the blade passage frequency, 4/rev, servoflap actuation has adequate phase

characteristics for all blade stiffnesses. The phase ranges from 0 deg for stiff blades,

to -90 deg for soft blades. Conventional root actuation, however, can have poor

phase characteristics at the 4/rev frequency for torsionally stiff blades, but the phase

improves as the blade is softened. The phase for conventional root actuation ranges

from -180 deg for stiff blades, to -270 deg for soft blades at the 4/rev frequency.

The rotor with moderately stiff blades (71 = 4.50) will be used for the remainder

of this investigation, since it is typical for conventional helicopters, and little benefit

is gained by lowering the stiffness below 4.50 for servoflap higher harmonic control.

Table 5.8 shows the effect of various spanwise servoflap sizes and locations on rotor

thrust for the rotor with moderately stiff blades. The flap size and the inboard and

outboard servoflap radial locations have been nondimensionalized by the rotor radius.

The inboard and outboard locations are given by F, and T2 respectively. The flap size

is given by Fflp, which is the spanwise length of the flap divided by the rotor radius,

or equivalently 72 - F1. The increment in blade loading ACT/o due to a servoflap

deflection is given at steady state (0/rev), and at the blade passage frequency (4/rev).

In addition, thrust is expressed in g's per degree of servoflap deflection.

A 20% servoflap was placed at several outboard radial locations. Not surprisingly,
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Table 5.8: The effect of spanwise servoflap size and placement on the thrust
response of the H-34 rotor in hover, for collective servoflap actu-
ation.

Servoflap Static Response 0/rev HHC Response 4/rev

Loading Thrust Loading Thrust

0.20 0.55 0.75 0.0028 0.035 0.0026 0.032

" 0.60 0.80 0.0036 0.044 0.0031 0.038

" 0.65 0.85 0.0044 0.054 0.0036 0.044

" 0.70 0.90 0.0053 0.065 0.0041 0.051

0.10 0.80 0.90 0.0031 0.038 0.0023 0.029

0.15 0.75 0.90 0.0043 0.053 0.0033 0.040

0.20 0.70 0.90 0.0053 0.065 0.0041 0.051

0.25 0.65 0.90 0.0061 0.075 0.0048 0.060

0.30 0.60 0.90 0.0067 0.083 0.0054 0.066

0.40 0.50 0.90 0.0075 0.092 0.0062 0.077

0.50 0.40 0.90 0.0078 0.097 0.0067 0.083

0.60 0.30 0.90 0.0079 0.098 0.0070 0.087

blade loading increases with the servoflap's radial location. As mentioned earlier, it

might not be feasible to put the outboard servoflap location past about 72 = 0.9,

so the baseline H-34 rotor has a 20% servoflap located from F1 = 0.70 to 72 = 0.90.

This servoflap configuration can provide 0.25 g at 4/rev with a servoflap deflection of

'q0 = 4.9 deg, for the rotor with moderately stiff blades.

Since it is apparent that the servoflap should be placed as far outboard as prac-

tically feasible, the maximum outboard location F 2 = 0.90 was held constant while

several servoflap sizes were investigated. Certainly increasing the servoflap size will

improve the thrust response; however, the presence of a servoflap inboard of F = 0.50

was found to add very little to the incremental blade loading ACT/c-, as indicated by
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the table. This is not surprising, because the sectional blade lift is proportional to the

square of the radius. Although a 20% servoflap located from F1 = 0.70 to 72 = 0.90

should be adequate for HHC, a 40% spanwise flap can improve the thrust response

by almost 50%; however, increasing the servoflap span any larger will add little to

the thrust.

The effect of advance ratio on the thrust response of the H-34 rotor with moder-

ately stiff blades was examined for root pitch actuation and servoflap actuation. A

rotor disk angle of cd = 0 was prescribed, which corresponds to the rotor in edge-

wise forward flight. Responses for the baseline H-34 rotor were examined for advance

ratios from 0.0 to 0.3.

The effect of advance ratio on the thrust response due to collective pitch is sum-

marized in Figure 5-4 and Table 5.9. The data suggests that advance ratio has very

little effect on the thrust response due to higher harmonic pitch cycling at 4/rev. In

fact, the thrust response at 4/rev decreases by less than 10% as the advance ratio

is increased from 0.0 to 0.3; however, the steady response at 0/rev can decrease by

more than 55% with advance ratio.

In the low frequency range the variation in thrust response due to advance ratio is

primarily governed by the inflow dynamics. In the absence of inflow, the steady thrust

response due to collective pitch will increase slightly with advance ratio; however, with

the Pitt and Peters' dynamic inflow model [53] the steady thrust response exhibits a

minimum for ~ 0.11. Although the thrust response at 4/rev reduces only slightly

with advance ratio, the steady response may vary significantly.

The effect of advance ratio on the thrust response due to servoflap actuation is

summarized in Figure 5-5 and Table 5.10. This data suggests that advance ratio also

has very little effect on the thrust response due servoflap actuation at 4/rev. The

thrust response increases by only 6% as the advance ratio is increased from 0.0 to 0.3.

Once again, the steady thrust response exhibits a minimum at ti 0.11. This is

not surprising, because the same inflow mechanism that produces this effect for pitch

actuation produces the effect for servoflap actuation. The steady thrust response for

servoflap actuation may increase or decrease by as much as 50% with advance ratio.
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Ratio Loading Thrust Loading Thrust

T/0.00 0.0117 0.144 IT/l 0.0073 0.091

0.00 0.0117 0.144 0.0073 0.091

0.05 0.0089 0.110 0.0073 0.090

0.10 0.0053 0.066 0.0072 0.090

0.15 0.0062 0.077 0.0071 0.088

0.20 0.0085 0.105 0.0070 0.086

0.25 0.0107 0.133 0.0068 0.084

0.30 0.0128 0.159 0.0066 0.081

Table 5.9:
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Figure 5-5: The effect of advance ratio on thrust response due to collective
servoflap actuation for the H-34 rotor in edgewise forward flight.

Table 5.10: The effect of advance ratio on thrust response due to collective
servoflap actuation for the H-34 rotor in edgewise forward flight.
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Note that the thrust response at 4/rev increases slightly with advance ratio, while

the steady response may vary significantly.

The phase for the rotor thrust responses (ACT/o)/or,o, and (ACT/)/o is fairly

insensitive to advance ratio, and therefore was not plotted. The magnitudes for both

the (ACT/O)/Or,o and (ACT//)/o responses increase at the 1/rev frequency. This is

expected since collective and cyclic airloads and blade motions are coupled in forward

flight.

In this chapter the state space model has been validated using the C-60 aeroelastic

rotor analysis program obtained from Boeing Helicopters. The state space model has

been exercised for the H-34 research rotor, and parametric analyses have been per-

formed for various blade stiffnesses, servoflap sizes and locations, and advance ratios.

Results from the state space model show that servoflap actuation can provide thrust

amplitudes that are in the range necessary for higher harmonic vibration control.
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Chapter 6

Conclusions

6.1 Review of the State Space Model Results

The state space model has been validated for a generic rotor model by comparing blade

responses and rotor thrust responses with the results of the C-60 aeroelastic rotor

analysis program. The twist dynamics of the rotor blade were adequately represented

by including only two torsion modes in the state space model. The responses matched

well for independent verification of blade dynamics for twist and flapping motion.

Although the blade dynamics are coupled by aerodynamic effects, there is no reason

to doubt the validity of the model for coupled dynamics in forward flight.

The Pitt and Peters' inflow model was found to reduce the steady thrust response

due to collective pitch by 30% for the H-34 rotor in hover, while a 70% reduction

may be observed in forward flight. The steady thrust exhibits a minimum for an

advance ratio of [t - 0.11, due to the inflow dynamics. Although the inflow dynamics

effect the thrust response only slightly at the blade passage frequency, dynamic inflow

should be included in the state space model in order to get accurate steady thrust

responses.

As expected, softening the rotor blade in torsion reduces the steady thrust due to

collective pitch, while it increases the steady thrust due to servoflap actuation. The

soft blade is more responsive to moments that twist the blade. The propeller moment

tends to adversely twist the blade for collective pitch, while the servoflap favorably
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twists the blade in aileron reversal. A blade with the first torsion frequency near

the blade passage frequency was found to give the best higher harmonic response for

collective pitch actuation. Even though the blade pitch motion is well damped by

aerodynamics, the proximity of the torsion resonance to the N/rev frequency can be

beneficial. Improvements in servoflap higher harmonic control were also observed by

softening the rotor blade; however, softening the blade below 71 = 4.50 was found to

contribute very little to the thrust response at N/rev, and in some cases reduced the

response.

The thrust response of the rotor increases with the size of the servoflap and its

radial location. Inboard of the 50% span location the servoflap adds little to the

thrust response of the rotor. A servoflap located from F1 = 0.70 to 72 = 0.90 should

be adequate for higher harmonic rotor control; however, a servoflap located from

71 = 0.50 to 7 2 = 0.90 can increase the thrust response by as much as 50%. The

exact servoflap size will depend on the particular rotor design.

A 20% servoflap located from F1 = 0.70 to 7 2 = 0.90, can provide adequate higher

harmonic control authority for a rotor with moderately stiff blades (l = 4.50). A

servoflap deflection of 4.9 deg can achieve 0.25 g of higher harmonic vibration control,

while a collective pitch of 2.8 deg can achieve the same level. A maximum servoflap

deflection of 10 deg may provide up to 0.51 g for HHC. The thrust response can be

increased by increasing the span of the servoflap. Even with tip loss as high as 10%,

servoflap higher harmonic control should be possible. Although servoflap actuation

cannot provide enough steady thrust for collective control of the rotor with moderately

stiff blades, it may be used to augment primary collective pitch. If the blades are

softened to 71 = 2.50, collective control can be achieved with the servoflap.

The rotor thrust response was found to be fairly insensitive to advance ratio at the

blade passage frequency (N/rev). The thrust response from collective pitch decreases

by less than 10% at the 4/rev frequency, while the response due to servoflap input

can actually increase by 6%. The steady thrust response, however, varies significantly

with advance ratio and exhibits a minimum at -~ 0.11, due to inflow dynamics. The

steady thrust response due to collective pitch and servoflap actuation can vary by as
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much as 50% with advance ratio. Although this affects steady rotor thrust, it does

not restrict servoflap actuation for higher harmonic control.

The results of the state space model indicate that servoflap deflections of 4.9 deg

are required for higher harmonic control of the H-34 rotor. Spangler and Hall [66]

have successfully demonstrated servoflap deflections on the order of 10 deg for a wind

tunnel test article, and have shown through energy arguments that similar results

should be achievable in the full scale. Given the results of Spangler and Hall, the

state space model shows that piezoelectric servoflap actuation is potentially feasible

for higher harmonic rotor control.

6.2 Recommendations for Future Research

The state space model derived in this thesis has been found to be a powerful tool in

determining transfer functions from root pitch and servoflap inputs to hub loads. It

can be used to predict hub loads for collective, cyclic, and multicyclic control for a

variety of actuation methods. It is ideal for rotor design and for performing parametric

analyses, because it provides continuous transfer functions, rather than responses at

a few discrete frequencies. It might be used most effectively in conjunction with the

C-60 aeroelastic rotor program. The state space model can provide a first cut design

solution very quickly, with the detailed analysis of a particular design solved by the

C-60 program.

The state space model can be enhanced in order to evaluate more complicated

rotor designs. Presently, the model assumes that the blades have constant mass and

inertia properties. This assumption simplifies the model, because the solutions to

the blade structural dynamics are expressed in terms of natural modes rather than

assumed modes. Since the natural modes are orthogonal functions, there is no cou-

pling between the modes and the equations of motion simplify. Separate aerodynamic

and structural blade integrals could be included, however, so that the blade can have

lumped structural and aerodynamic properties rather than continuous ones. Root

cutout and tip loss could be incorporated, as well as radially varying aerodynamic
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properties. The mode shapes and modal frequencies can be computed from a lumped

mass model, and the aerodynamic and structural integrals can be integrated numer-

ically using these mode shapes. The modes will be correlated, so that the modal

dynamics couple, and the state space matrices are no longer be sparse, but the model

derivation remains the same.

Other features may also be included. Bending modes, and additional torsion

modes may be added. An independent aerodynamic center, elastic axis, and center of

gravity can be specified, and a 63 pitch/flap coupling term could be included. Since

the current model specifies the servoflap actuation in terms of the increment in lift and

moment slope only, perhaps the actual dynamics of the flap mechanism and actuator

can be included in the model as well. Work is underway at M.I.T. to enhance the

state space model.

Although the servoflap deflections obtained by Spangler and Hall for the scaled test

article should be achievable in the full scale, demonstration is required. Eventually,

piezoelectric actuation should be demonstrated on a full scale test article to prove the

concept, and to investigate the practical engineering implications of dealing with these

advanced materials on such a large scale. Concurrent research is being performed at

M.I.T. to further demonstrate this method on a scale model.

In summary, the state space model derived in this study has been validated using

existing software, and has been shown to be a valuable tool for rotor design and

parametric analyses. The state space model provides continuous transfer functions

from control inputs to hub loads, and therefore presents more intuitive information

than simulations employing the transfer matrix method. The results of the state

space model indicate that servoflap deflections required for higher harmonic control

are in the range of those provided by piezoelectric actuation.
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Appendix A

Rotor Blade Integrals

A convenient notation is defined to express common rotor blade integrals that are

required in Chapter 4. The section radial location is nondimensionalized by the rotor

radius R, so that the flapping hinge offset is located at - = T, while the blade tip

is at F = 1. The servoflap spans F = 7T to 2. The function cOk(V) corresponds to

the torsional mode shape of the k th mode. The function p(7) corresponds to the

flapping mode shape in general. In this investigation only rigid flapping was assumed,

so that ,p(F) = (F - 7). The prime on ('(F) indicates differential with respect to F.

The rotor blade integrals are as follows:

A = j2;'
11

n = 2 (_T)Fd

G" = l(i"EB= Jr
H 11 . )'
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Appendix B

Matrices for Rotor Dynamics

The matrices that comprise the governing equations of motion of the helicopter rotor

and the resultant forces of interest were derived in Chapter 4. The matrices govern-

ing the dynamics of a helicopter rotor were derived in Section 4.4. The aerodynamic

matrices were derived in Section 4.5, and the hub reactions were derived in Section

4.6. The matrices are labelled here for convenience.

Blade Dynamics:

(T - 1)

2

(-

0

0
-2

0

, A2=I 0
1 j .0

)
I 5k

( - 1)

0

I 0
O0I

I,
0

0

-2

A3 = 1

0O

2 A6k= I 6

01

Propeller Moment:

41'k = -I;Gk 1

1J
, 2k = -I[;H 1

1
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Root Pitch Actuation:

0

lk = iGk 1 ,
1J

"'2k = IqG

S00
0 0

02

Aerodynamic Forces:

A,= -

A2 = 7

A3 = 7

0 ( IKO --tL')
AL') 0

0 (K1 -

lK) 0 (-

0 (-!K') 0

jKO) 0 (-!1

( 11 2J0 + J72)

0

z

0

(.t Jo + J 2)

0

-K
1  2Lo)

0

0
(,,T2J + 7J 2 )
81 2"

( 2 Mlk + jMk)
0

(zM )

0

( My + (M)
0

0

( l 2Mk + jM2)8 2

As = 7 0A5  0

(- 1 J)

(Ii W 2 Bo + WB2 )
0(wpBO)

0
(Ii/L 2BO + !WB2 )

0
0 ]

(2OI 2 BO + 1-B 2 )
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Hub Reactions:
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