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Introduction

At present there are several devices which, although
not necessary to engineering advancement, would find much
use in the engineering field. One such device is an instru-
ment to measure angular acceleration. One possible use of
angular accelerometers is in the routine testing of motors;
some simple acceleration curve---starting of the unloaded
motor, for éxample---could be the test. Any serious defect
in the winding, alignment, or magnetic circuit could be
readily detected by comparison of the acceleration charac-
teristie of the motor being tested with some standard
acceleration characteristic. Other uses to which angular
accelerometers could be put are: determining the accelera-
tions in existing machines to serve as a guide for designs
of future machines, and checking theoretical calculations
of transient torques by actual measurement of the accelera-
tions they produce.

In general, three methods can be used to measure angular
acceleration. The oldest and most fundamental method is
that used in retardastion runs and in stroboscopic deter-
mination of acceleration. Here either the change in angular
displacement or the change in angular velocity occurring
within a known time interval is measured. The chief advan-
tage of this method is the simplicity of the apparatus
necessary, and the chief disadvantage is the low accuracy
produced by the necessary numerical differentiation.

A second method of measurement of angular acceleration
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is that of measuring the torgue necessary to accelerate a
mass having a known moment of inertia and determining the
acceleration from the relation between torque, moment of
inertia, and angular acceleration. The application of this
principle requires more complicated apparatus than the first
method, but its chief disadvantage is that all applicable
methods of measuring torque require relative motion between
parts of the accelerometer. If the torque is measured by
means of a torsion meter or a strain gage, the necessary
motion is so great that springs and masses producing a low
natural frequency of mechanical vibration must be used.
Angular accelerometers depending solely upon this principle
have been builtl’g. They consisted of a number of elec-
trically insulated discs mounted on a rigid shaft; the discs
were free to rotate on the shaft but were normally held by
springs so that electricael contacts between the shaft and
the discs were open. When the acceleration of the shaft
became high enough to make the torque produced by accelerat-
ing one of the discs greater than the torque produced by the
spring, the contact on that particular disc would close.
The exact instant at which each of the contacts closed was
recorded by means of an oscillograph.

The third method of measuring acceleration is that of
measuring a variable which, because of the physical arrange-

ment of the apparatus, is a function of the angular accelera-

1. See bibliography for numbered references.



tion of some part of the apparatus. This principle may
or may not involve one of the preceding methods. Omne of
the earliest applications of this method was made in 1927 1 .
Two coils and their associated magnetic circuits were rotated
by a shaft whose acceleration was to be measured. The mag-
netic circuits were so airanged that tangential motion of
messes of iron mounted on springs varied the lengths of air-
gaps in the circuits. When the shaft was accelerated, the
iron masses shifted their positions by distorting the springs,
and the lengths of the air-gaps were changed. By measuring
the currents flowing through the coils when an alternating
voltage was impressed upon them, the change in the air-gaps
could be determined. As the constants of the springs and the
moment of inertia of the masses were known, the relation
between acceleration and deflection could be determined.

The preceding method depends upon the relation between
torque, moment of inertia, and anguler acceleration, and
has the undesirable charscteristics mentioned in connection
with torsion meters. Another method, which is independent
of this relation, has been used in England 4 .nd has received
some attention at M. I. T. 5,6,7,8 If the armature of a
gseparately-excited d-c generstor, having negligible ripple
voltage and internal resistance, is rotated, the generated
voltage is vroportional to the angular velocity of the rotor.
If a condenser is connected to armature terminals, the current

flowing into the condenser is proportional to the time rate

of change of terminal voltage, which in turn is proportional



to’the time rate of change of rotor angular veloeity, or
angular acceleration. The condenser current snd armeture
voltage can be measured by means of an oscillograph, end
the angular acceleration and velocity determined. If the
angular acceleration is high, the current will be great
enough to actuate the oscillograph directly. A vacuum~
tube amplifier can be used to measure low accelerations.

In the application of this method the generator shaft
must be rigidly coupled to the shaft whose acceleration is
to be measured; hence, the disadvantages of low natural
frequency of mechanical vibration and damping do not
appear. The generator can be made small in size and
light in weight, and consequently, it can be moved easily
from one machine to another.

As the d-c¢ generator type of accelerometer has the
advantage of being capable of measuring a wide range of
accelerations, and of producing a continuous record through-
out a transient process, this type of accelerometer was

chosen to be used in this thesis.



Theory

Assume a separately-excited, d-c generator with negli-
gible internal resistance and ripple voltage connected as
shown in Fig. 1. As the generator is separately excited,
the generated voltage e will
be proportional to the angu-

lar velocity w of the rotor,

or i
W= ke ———eem= (1) RS C==

The voltage will produce a

deflection of element A, and el A BD

the angular velocity can be

determined from +this deflec-

Fig. 1
tion. The current i flowing
to the condenser ¢ will be
R R (2)
Differentiating (1) with respeet to time,
dw _ X de
at ~— *dT® .

Solving (2) for %% and substituting, the asngular

acceleration becomes

a — 4w

The current i can be determined from the deflection of

element B.



wheh measuring acceleration by the d-¢ generator
method the most important step is obtaining & generator
having iow ripple voltage. Calculetions of the rates
of change of voltare during ordinary transiemts show
that the ripple voltage should be less than 0.1% of
the average generated voltage, if the current charging
s condenser is to have a negligible ripple. To reduce
the ripple to this low value a generator of special
construction is necessary. It has been shown by previous

516 ihat the grain direction in the steel

research
laminations of rotors of the customary construction pro-
duces appreciable ripple, even if the laminations are
carefully stacked in such a fashion as to produce equal
magnetic reluetance through the rotor iron along all
diameters. Hence, a rotor of non-magnetic material is
desirable., Other factors which help keep ripple low
are: a large number of commutator segments, a small
number of poles, high ratio of pole arec to pole pitech, and
good contaect between commutator and brushes. <rhe current
carried by the armature of this type of generator is too
low to produce any shift in the field, and consequently the
problem of commutation does not appear.

By meking the rotor of fabric-base bakelite, the possi-
bility of ripple produced by grain direction was eliminated,

and at the same time the construction of a laminated arma-
ture was avoided. The field structure was made with four

poles, as this was the minimum number which made a simple



arrangement of armature conductors possible. The ratio

of pole arc to pole piteh was approximately one to two;

higher values increased field leakage flux to a prohibi-
tive value. The commutator was made of copper, and the

brushes which finally proved successful were of copper-

graphite. This brush-commutator combination produced a

much lower brush drop than would have existed if carbon

brushes had been used.

When measuring transient accelerations, which alter
megnitudes rapidly, it is necessary that the rotor of the
generator have a natural frequency of mechanical vibration
well above the frequency of the acceleration fluctuations.
If the two are approximately equal, the‘value of accelera-
tion obtained from the measurement will be much larger
than the actual acceleration of the shaft driving the
accelerometer. Itwas not expected that accelerations
alternating at frequencies over 60 cps would be measured;
so a natural frequency of approximately 100 e¢ps or more
was considered acceptable. To obtain this natural fre-
quency a comparatbtively heavy shaft was necessary.

The congstants of the circuit in which the current
ig measured are also quite important. The condenser, of
course, must have little leakage current at the voltage
impressed upon it. The time constant of the measuring
eircuit should be as low as practicable. If there were
no resistance in either the armature or the oscillograph
element, any acceleration could be measured, regardless

of the value of the normal voltage of the generator, by

using the proper capacitance. However, the armature and



oscillograph element have a finite resistance, and hence
the measuring cireuit has a finite time-constant. If the
time-constant of this resistance-capacitance circuit is
large, much error will occur in the measurement of
rapidly fluctuveting accelerations, because of the time
required to charge the condenser through the resistance.
For this reason the normal voltage of the generator should
be high (to permit the use of small capacitance), and the
armgture resistance should be low. In the case of g
generator having no iron in the rotor the problem of a
low time-constant is particularly important, because the
long air gaps limit the flux, making the generated ¥oltage
per turn of armature conductors much lower than is usual
for machines with iron rotors.

The generator constructed was wave-wound and designed
to have a terminal voltage of 10 volts at a speed of
1800 rpm. The armature winding was designed to have approx-
imately 3.5 ohms resistance, which would produce aprroximate-
ly 7 per cent voltage drop when the output current was 0.2
amperes (enough current to produce approximately 0.7 inch
deflection simultaneously on each of two standard oscillo-

graph elements.)
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Construction

In order to make the air-gaps short and to simplify
mechanical construction, a disc type of rotor was used.
The commutator was built as an integral part of the
rotor, the segments being mounted around the armature
periphery. The individual segments were fitted into
glots in the rotor, and held in place by bakelite rings,
as is shown in Fig. 2. Commutator segments were made
by cutting piecem of the proper length from a copper
bar, which had been slotted on two opposite sides. Con~-
tacts between the commutator segments and the windings
were made by short wires soldered to the segments and
passing through radial grooves in the bakelite rings.

The armature windings were held on the disc by
passing the wires through holes in the disc at every
point at which a conductor changed its direction, and
by giving the windings and the disc a thick coat of cement.
The holes through which the windings passed were drilled
on a drill press, equal spacing between holes being
obtained by the use of a dividing head. Winding the
armature proved to be quite a task. In order to keep the
dise as rigid as possible, small holes were made, and hence
wire with thin insulation had to be used. Drawing the
wire through the holes tended to break the insulation and

short circuit some of the turns. The complete rotor is
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is shown in rig. 3.

The field structure (see Fig. 4) was made by the
Electricel Engineering Deparitment. The only point
worthy of mention in the field structure is that the
pole shoesg were prevented from rotating, with respeect to
the end plates, by pins through the pole shoes and other
pins through the end plates.

‘'he brush structure can be seen in wrig. 5. Four rec-
tangular brushes, each wide
enough to ecover two commu-
tator segments, were used.
The brush-holders were box-
shaped, end the brushes were
pushed radially ageinst the
commutator by helical

springs.

Fig. b
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Experiments and Results

The voltage of the generator was approximately 15 volts
for the normal field current and rated speed. This was
50 per cent higher than was expected. ‘he frequency com-
ponents of the generator ripple voltage were measured by the
use of a General Radio wave snalizer, and it was found that
the ripple voltage was approximately 0.2 per cent of the
average voltage, the ripple having its rms value. <+1he per
cent ripple was independent of speed and field excitation,
and the largest component of ripple had a freguency of
four times the rotor speed in rps. Hence, the ripple must
have been produced either by some lack of symmetry in the
rotor winding or by successive changes in the length of the
alr gap produced by bending of the end plates. It is the
personal opinion of the author that this ripple was pro-
duced chiefly by a slight eccentricity of the rotor disec.
The effect of eccentricity would be to induce higher volt-
age in the conductors farther from the center of rotation
because of their higher speed. This higher voltage would
oceur each time the ecceniric section passed a pole, thus
producing the observed frequency.

The ripple produced by the commutator was found to
be approximately 0.02 per cent, which was not excessive.
Experiments proved, however, that if the current output
became high when the commutator was dirty or coated with

oxide, the changing contact resistance between commutator
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and brushes produced high-frequency ripple. This ripple
could be greatly reduced by sanding the commutator.

A flexible coupling was used at first, but was later
replaced by a rigid coupling. In measuring rapidly chang-
ing accelerations i1t was found that if the flexible coupling
were used, the acceleration curves cbtained were inconsisg-
tent. The rigid couplings used consisted of collars which
fitted over the two shafts, and were provided with set-
gsecrews to prevent relative rotation between the shafts.

As a test of the accelerometer , the accelerations
of two motors during starting and during full-speed reversal
were measured. Typieal oscillograms of these processes
are shown in Figures 6 to 9, ineclusive. wigures 6 and 7
are from a one-tenth horse-power, d-c shunt motor, and
Figures 8 end 9 are for a 15 kw, three phase induetion
motor. The flexible coupling was used in taking the
oscillogram shown in rige. 6. Rigid couplings were used in
taking the others. Accelergtion curves of the d-¢ motor
showed more inconsictency than those of the induction
motor. This effect was probably produced by the commutator
of the d-c machine.

As there was no standard from which the accelerometer
could be calibrated, some other method had to be devised
to check the extent of error in the acceleration messure-

ments. The check selected depended upon the relation

b2

j& at = W2_Wl

t1
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where
a = instantaneoug asccelerstion

Wo - Wy = change in angular velocity

t = time

t2 - tl = time required to produce the change in
angular velocity.

The integral was obtained by measuring the area between the

acceleration curve and the zero acceleration.axis with a

planimeter.

The errors in the change in speed as obtained from the areca

measurements are given in Table I.

Table I
t: Actual Change

Fig Process Motor tadt in speed Brror
1
Line 1710 hp,d-c 1410 rpm 1340 rpm .5.2%
6 Start Shunt
Full 1/10 hp,d-c
7 Speed Shunt 2750 rpm 2620 rpm 4, 9%
Reversal
Line 15 kw,
8 Start Three-phase 1820 rpm 1790 rpm 2e2%
Induction
Full 15 kw,
9 Speed Three-phase 3840 rpm 3420 rpm 6,6%

Reversal Induction

This method of measuring error does not give values of
error for the instantaneous values of aceceleration, but is

more or less an average error for the complete transient proc-

e8s.
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It was thought that the comparison of calculated and
measured accelerations during some transient condition of
electrical machinery would be a valuable test of the per-
formance of the accelerometer. The transient selected was
that occurring immediately after all of the lines feeding
a three-phase induction motor are short-circuited, the
short-eireuit occurring while the motor was unlosaded.
Reactors were placed in the lines feeding the motor, as
shown in rig. 10, to limit the
line currents. “The effect of
these reactors upon the tran-

sient was to decrease the motor

current and torque slightly.

If the windage and fric-
tion of the motor are neglected, [:jffiff%?
the torque T, moment of inertia

J, and angular acceleration a,

Fig. 10
of the rotor will have the relation

o<l

The aprroximate expression for acceleration following
short-circuit of the terminals of a three-phase induction

motor is derived in Appendix II, and is

K, 2

9Pr. I ke
a=0,738 dn o 7 n__ (1-cos nt)
43 aT* ‘fnz

T2

2
+ = sin nt
':r'l?z* x) ,
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where the symbols snd their values for the 15 kw, 220 volt,
three-phase, 1800 rpm induction motor used in the test are:
& = acceleration in radians per sec per sec
P = number of poles = 4
moment of inertia of rotor in

1b - £t° = 15.75

]

g = acceleration due to gravity
=32.2 £t per sec per sec
n = rotor speed in electrical radians

per sec = 371

ry = stator resistance in ohms = 0,0492
Ts = rotor resistance in ohms = 0.0851
Ly = stator inductance in henrys = 0.0142
Lo = rotor inductance in henrys = 0.022
k=Il > T2 _ 5.4

I Lp

M = mutual inductance between stator
and rotor in henrys = 00,0167

u? o
d-—-l'— rl.rg - 0167

oubstituting these values in the equation for accelera-

tion,
a = [58.3 - 58,3 cos371lt + 649 Sinv87l§] é:-66.8t

radians per sec per sec.
The acceleration was measured; the oscillogram is
shown in Fig. 11, The ripple, which was guite regular
both before and after the transient occurred, was sub-

tracted from the transient acceleration, and the measured
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Acceleration ,
= eoz in

Zero " tator Current
Curren 707 AW'P'#‘--
Fig. 11

scceleration plotted with the calevlated acceleration in
rig., 12.

As can be seen from rig. 12, the agreement between
calculated and measured eccelerations was very poor. shis
lack of agreement was procuced by mechanical vibrations of
the rotor itself., The reasons for the aprarently random
nature of the measured acceleration were the non-uniform
demping of mechanical oscillations and the number of fre-
guencies with which the various parts of the disc can
vibrate. BIach part of the rotor has a spring constant and
e moment of inertia. The interaction of these parts after
a sudden impulse is applied produces & motion having a
large number of frequency components.

As mentioned before, a natural frequency of mechanical
vibration of the rotor of over 100 cps was considered high

enovgh. ror the measurement of rapidly damped 60 crs



Liy o]

td oy

j i1y D i
ago
>

Tgo
ogt
L O R

I

RATIC

L

04

2

IE + PHAS
H.

o




26

oscillations, however, a natural frequency of at least
500 cps is mnecessary. ‘the initial shaft of the accel-
erometer was replaced with a heavier one in an effort to
raise the natural frequency. +‘he second shaft made the
natural frequency ot the rotor, when considered as an
inertia at the end of a spring, well above 1000 cps.

As the lowest frequency obsecrved in the oscillogram

shown in Fig. 11 was approximately 140 cps, the vibra-
tion was evidently not aue entirely to the shaft.
ynsuccessful attempts were made t0 measure the natural
frequency of mechanical vibration directly. 1o obtain an
approximate value of the natural frequency, the spring
constant of the rotor was measured by holding the shaft
rigidly in a latne and applying a force tangentially to
the armasure dise. <1he moment of inertia of the outer
part of the disec was caidculated and the natural freqvency
computed. 41he frequency found by this method wes approx-
imately 240 eps. +this value is nigher than the actual
natural frequency because of several reasons: The moment
of inertia of the windings and cement was neglected;

the mass distributed in the dise would tend to lower the
natural frequeney of the disc; the long shaft of the motor
would lower the spring constant to a value below that
measured. The effect of having the end of the shaft con-
nected to a rotor with finite inertia would be to lower
the natural frequency, but because of the large inertia of

the rotor of the motor, compared with the inertia of the
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“rotor of the accelerometer, the natural frequency would be
approximately the same as it would be if the rotor of the

motor were infinite.
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Conclusions

The angular accelerometer as it now stands will meas-
ure accelerations of over 100 radians per second per second
with less than eight per cent error if the acceleration has
no very sudden changes in magnitude. The accelerometer is
unable to measure rapidly changing accelerations because

of its low natural frequency of mechanical vibration.
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-- Suggestions for further study --

The development of an angular accelerometer which will
measure accelerations of the type produced by an inductive
motor immediately after short circuit should be an interest-
ing problem. If a continuous record of the acceleration is
'to be obtained, the d-c¢ generator type of accelerometer will
probably give the best results because it is the only type
of accelerometer which gives a continuous record and does
not have an inherently low natural frequency of vibration.
The lowest natural frequency of the rotor should be at
least 500 cps. As the natural frequency of a massless disc
having a heavy rim varies directly as the square-root of
the dise thickness (See calculations of natural frequency
in Appendix I.), a thick dise does not help much. The
only practical way of increasing the natural frequency of
the dise is to make the disc with a larger diameter than
was used in this thests, and to couple the dise to the shaft
at a distance of three or four inches from the center of
the shaft. The shaft, of coursé, should have enough rigid-
ity to keep the natural frequency of the rotor high, and
should be coupled to the shaft of the motor whose accelera-

tion is to be measured as rigidly as is practicable.
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APPENDIX I

Design

Dimensions of disc

Assume: number of conductors = 195
number of commutator segments = 195
conductors are of no.28 double~gilk-covered wire

connections as shown in wiring diagram

Segment  Segment
Neo. | Neo. 2

124

Segment 99

WIRING DIAGRAM
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Number of wires passing through each hole = 4.

Necessary hole dismeter = p(1+ V2),

where b = wire diameter = 0,0166 in.

Hole diameter = 0,0166(1 + 1.414) = 0,0355 in.

Angle between holes = 288 - 1.85 deg.

Assume inner circle of holes drilled on a circle of 2 1/8 in.
radius.

Distance between hole centers = 2(2.125) sin (0.5)(1.85)

= 0,0686 in.

width of material between holes = 0.0686-0.0355

= 0,0331 in.

With 2 1/8 in. radius for the smaller cirecle of holes, the
role shoe will fit between the end conduetors of the coils if
the radial width of pole shoes is one in. and the outer circle
of holes has & radius of 3 9/16 in. Let the inside diameter
of the ring holding the commutator be 1/4 in. greater than
the diameter of the outer circle of holes, and let the ring
holding the commutator be 1/2 in. wide.

Outside diameter of dise = 2(3.563) + 0.125 + 2(0.5)

= 8.25 in. '

Alr-gap mmf

Inside radius of pole shoe = 2 3/16 in. = r,.
Outside radius of pole shoe = 3 3/16 in. = r,.
Assume pole arc = 6 = 52 deg.

Area of pole shoe = 323 m(ri-r% )

= 225 7 [(5.188)*~ (2.188)]
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= 2.45 sq in.
= 15.8 sq cn.
Let 10 volts = generated voltage..

Assume four Poles, wave winding, and 1800 rpm.

8
¢ = 69 gg ;10) , where

¢ = flux per pole

n speed in rpm

]

z = total number of armature conductors

i

P number of poles

a = number of armature parallels.

g - 60(2)(10)(10)°
1800(4)(195)

= 85,300 lines per pole.

Air-gap flux density = -8—5]1:%9%

= 5,400 gauss
Let air-gap length = 0,25 in.
= 0,635 cm.
Alr-gap mmf = %—%—F s Where
= flux density in gauss
1l = sir-gap length in cm.

_ _ 5,400 (0.635)
Air-gap mmf 2 5AT

= 2,720 amp turns.

Leakage flux

Assume the dimensions given in the diagrem and that the

leekage is from parallel surfaces as indicated by the dotted
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lines. ILet the total mmf of the field be absorbed in the
air-gap.

Let: pole shoe thickness = h_ = 0,375 in.

s
pole piece length = hpl= l.5 in.
Using the leakage flux formulas from "Machine Design“ by

Ac Bo more—!

1}

g

flux between inner pole-shoe surfaces

lihg
2(3.2)(2X) —5T » Where
X = amp turns per pole
= 1260 amp turuns

2(3.2)(2720) iiQégﬁ%Zél

=
m
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3,820 lines per pole

i

= flux between lateral pole surfaces
= mB

8415 X hgln EH -3
=8,15(1360)(0.375) 1n [1 %

=4,780 lines per pole.

=
P
)

@; =flux between imner pole piece surfaces

hpl
=3.2(2X) "'55‘2'
= (1)t1.5)
5.2\2720),._2..7_1_.
=4810 lines per pole
¢4. = flux between lateral pole piece surfaces

. +———-2
408h_p$.ln ik 2})5

4,08(1,5)41360) 1n [11- %7’17
3,770
rotal leakage flux

Jo=fFrt fotdst s

=17,180 lines per pole,

lux densities

rotal flux per pole = ¢ + ¢l_
= 85,300 + 17,180
=102,480 Lines.

vrogss-sectional ares of pole piece =l.T_§_‘2-_)_.

=0,785 gq in.

role piece flux density = __75;_102 ?_g_g

= 130,600 lines per sq. in.

This is too high for colLd-rolled steel; hence Norway iron
should be used.

Pole shoe flux = ¢ + ¢l + ¢2
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= 93,900 lines
Pole shoe erogss-sectional area = 1(0.375)
= 0,375 sq in.

Maximum pole shoe flux density = 2359205)

= 185,000 lines per sq in.
Assume that the flux in the end plates is evenly distributed
in g radial direction around the pole pieces.
Area crossed by end-plate flux = Tr(1)(.25)
= 0,785 gq in.

End-plate flux density =,102$480

= 130,600 lines per sq in.
This is a high value of flux density, dbut it falls off
rapidly as the flux distributes itself in the plates.

Field winding

Mmf required per air-gap = 2,720 amp turns.
Assume 360 turns per coil and two coils per air-gap.
Turns per gap = 2(360) = 720 turns.
Field current = 24024 = 3,78 amp.
Cross-section area of no. 20 wire = 0.000805 sq in.

Current density in field winding = th"’g

i\

4,700 amp per sq in.
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Generator voltage regulation

From measurement, the length of wire per conductor is 11l.1 in.
Resistance of no. 28 copper wire = 0,06617 ohms per ft.
Total resistance of armature winding

— 195(11.1)(.06617)
12

=12.45 ohms,.
Registance of rotor when connected in

two parallels = 12i45

3.11 ohms.
With 0.2 amp current, voltage drop = (0.2)(3.11l)
= 0,622 volts.
Voltage regulation = 0:62(100)
go regul —

Rotor stresses
]
NI I
ol
o
‘mN E
‘3
Ill ‘I;

COMMUTATOR SEGMENT



37

Dengity of copper = 0.318 1b per cu in.
Mass of one commutator bar

= 0.318(.0625) [30.25)(0.25) - 2(.0625)(.09589
=0.00122 1b.

Centrifugal force on one commutstor bar is

2

£=Mrw , wWhere

g
f =force in 1b

r = distance from center of gravity to center of
rotation in £t
w =angular velocity in radians per second
g =gravitational accelerstion
=32.2 £t per sec per sec.

When the rotor speed is 1800 rpm,

£ - 0.,00122 (4/12) (189)%
32.2

= 0.45 1b.
The total hoop temsion in the rings holding the commutator
can be found from the breadth - factor formula used in a-c
machinery analysis. The total tension becomes

Tl=f n_§_i_£l__;__

Th ©
n sin
2
.. nbé
=f 8in 2= , where
sin qg_

© = angle between bars

n = number of commutator bars in one hglf
of the dise

=97,
97(1,.85)
Ty =0.45 8in 2

sin _ 1035
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= 27.8 1h.
A = cross-sectional area of both rings
= 2 [(0.125)(0.5) - (.0938)(.0625)]
= 0,1132 sq in.
W = weight of one-half of both rings
= T r A D, where
r = mean radius of rings
= 3.875 in.
D = density of bakelite

1}

0.05 1b per cu in.
/S W= T(3.,875)(0,113)(0,05)
= 0,685 1b.

Tz = hoop tension in rings due to their own mass

2Wrw2
23

2(0.0687)(0.12)(189)%
3T.2

I}

= 5.82 1b.
Total ring tension =T
=T + Ip
= 33.62 1lb.

Stress in rings = I

= 297 1lb, per sq in.
Tensile strength of bgkelite = 5,500 1b per sq in.
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See Fig., 2 for dimensions of the disc and rings.

Moment of inertis of a wide ring is

7= Tt D(B% - a%)
2 » wWhere

t = thickness of disc
D = density of material

A = inside radius of hoop
B = outside radius of hoop

Moment of inertia of disc, from inside cirecle of holes

to the rim =
Ip = TL120)0.08) [(4 126)% - (2.125)4]

T 2.64 1b in.2

Moment inertia of the two rings =

I = 'rr(z)(.lgm(.os) [(a.125)4- (5.525)‘9

=2.29 1b in.%
Moment of inertia of the commutator =
de=n T2 M, where
n = number of commutgtor segments
r = radius to the center of gravity of a segment
M = mass of one segment
J, = (195)(4)2 (0.00122)
= 3,81 1b in.?
Moment of inertia of disc, commutator, and rings =
J = dp+ Jy +J,
= 8,72 1b in.?
Assume acceleration is ten times as large as that necessary

to bring the rotor speed up to 1800 rpm in one sec, or
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a = 1890 radians per sec per sec:

Torque = T =94 2
g

— 8.74(1890)
B2.2

= 513 lb-in.

Shearing force at smaller circle of holes =

/Matertal remaining after holes are drilled
=(0.125)(195)(0.0331)
=0.806 sq in.
241

h
Shearing stress =m

=299 1b per sqg in.
Strength of bekelite in shear = 13,000 1b per sq in.

Natural frequency of mechanical vibration

Moment of inertia of thg complete disec
. . L
= {0:1250€0.00) T [, 125)4 - (0.375)4]

=2,83 1b in.?

mMoment of inertia of the armature disc

I T T

=8.93 1b in.2

R

Moment of inertia of the brass discs holding the bakelite
dise = (0.5)(0.125)(0.318)( T)(1.5)%
=  0.316 1b in.Z2
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Moment of inertia of complete armature

Jy = 8,93 + 0.316

=9.246 1b in.?
Spring constent of & round shaft

K
8 = Erl , Where

G = shear modulus
=12 (10)6 for steel
I = polar moment of inertia of eross-section
area of the shaft
L = shaft length.
For the first shaft, whieh had a dismeter of 3/8 in,
I =(0.5) T (.375)%
= 0,030 in.%

L =2 in.
X = 12(10%6 (0.03)

=1.8 (lO)5 1v in. per radian.
Natural frequency of the &/8 in. shaft and the disec

S § /8 Kg1
2m JA

S 1 (1.8)(10)5%(32.2)(12)
21T « 206
437 eps:

For the second shaft, which had a diameter of 3/4 in,
I = (0.5)( 7 )(0.75)%
0.495 in.%

i

i

L = 205 ino
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6
Kgo = 12(10%.!(50.495)

=2.38(10)6 1b in per radian.

Natural frequency - _1 \[15.58)(10)6(32.2)(12)
. 2T 9.246

=1,590 cps.

It can be shown that the spring constant of a mass-
less disc having chickness t, outside radius b, end inside

redius a, and made of material having a shear modulus of

G is
= QﬂyG

af B2

X

For bakelite, G is approximately 214,000 1b per sq in.

29 find the spring constant of the disc used in the
accelerometer, the disec must be considered as three sec-
tions. For the portion between the holding bolts and the
inner circle of holes

t = 0.125
1.00 in,

)

&
b = 2,125 in.
47 (0,125)2(214,000)

1 1
T -‘ 2 IEE

422,000 1b-in. per radian.

Ky

For the portion between the inner circle of holes and the

outside edge,
t = 0,125
a = 2,125
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b = 4,125

K, = & Ui(0-125)(2141000)
2.125 = 4125
1,950,000 1b in. per radian.

Assume that the material between the holes of the inmer
circle of holes is rectangular and of width equal to the
minimum distance between holes'and of length equal to the
dismeter of the holes. It can be shown that under these
agsunptions the spring constant of the material between

holes becomes

G ﬁ r (%'W r-nd) , where
N

G = shear modulus = 214,000 1b per sg in.

K =

t = disc thickness = 0.125 in.
r = radius of circle of holes = 2.125 in.
n = number of holes = 195
D = diameter of holes = 0,0355 in.
Substituting in the formula,
K@’: 1.03 x 107 1b in. per radian.

The spring constant of the complete disc becomes
o 1
Kr—

T 1 1
+ =t
R

1

3 R N |
Z.35(10) ¥ T.95(10) ' T.03(10)
= 3,41(10)% 1b - in. per radien.

Natural frequency of the disc alone
=1 T
= 7

1 ”d5j41(10)5(52'2)(12)
- 2T 72

= 236:cps.
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AFPPENDIX II

Torque developed by a short-circuited three-phase induction

motor

It can'be shown that the force between two eleetric
circuits which have constant self inductances and s
mutual induqtance which is a function of displacement

between circuits is

Fy, = 1,1y %% » Where
F 1is the force
i1a and igjare the currents in the two circuits
M is the mutual inductance between circuits when
the displacement is x.
If this force acts on a rotor coil at a distance R from

the center of rotation, the torque produced is
T= g ig id%§ » Where © is the electrical angular

displacement between coils and P is the number of poles.
In a wouwnd-rotor, three-phase induction motor the

coil arrangement will be as shown in the diagram on the

next page. Assume that the mutual inductance between coils

varies as the cosine of the electrical angle between coils.
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a Stator

| . e
k—o 4 —] p——

e,

The mutual inductances between coils become
. -ie
Mgg = M cos © =% [E"s-r £
_er J' —-9-—-..2._!2—
(6 +%%) =’E’[[£J(e 5 4 et 57

Mge = M cos
J(-6-41)

/(e+ L) +
M,pr = M cos (6 +4f) =%[f'/(6 3} 'f’f
My = M cos (8 ~37) =%[[J(9 3}+Z +3aj

Myo = M cos (6 ) :%[EJ-(9)+ C’j(—i)]
Mpp = M cos (8 +&F) :%[EJ'(eqf%E)_r 6J'(,9ﬁ2317
Mpq = M cos (6 —*#F) = %t[’gj(e_%@_f ZJ-(_M%I
M,, = M cos (6—2%) = %[ZJ(Q—%B]+ Zj(*gjf%ﬂj
M,p = M cos (8 ) = %[gj6+ZJ'(~€)]

The currents can be resolved into components which rotate

in opposite directions. If this is done, the currents

become (

i =i+ i
a B,—j%gtz J’-%I
ib: ia'f —flazé
L1 98 j4E
c= la‘,f +laz£
ld_:: id, 1(12

_JaZ Jj &I
ig =1g & %#ig, &~

. R J
lp~ig€ #1q,¢
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The total torque will be

_P aM

T=% :Eés ir B~ .

Substituting the values of current and mutual inductance
and collecting terms; the total torque becomes

~—

T= § 2PN [ia’_id‘ngje—ia' ia, £

The voltage equations for coil 4 4f the rotor, in
operational form, are

(rg +DIg P) 1a, + MU Dlig £ ) = ©

(rq + Iq ») ia, + ¥ p(is,’%) =0
rg and Ly are the phase rotor resistance and self inductance

Jjé -Je
respectively. The operators ¢ and é: are introduced

—

y Where

to produce the proper phase relation between stator and

rotor voltages. Solving for the stator currents,

~I
1a' -— (rg ;_Ld)iﬁv

-1
(rqg »~ + Lalia,

ig, = -~
a, ija

Substituting @hese expressions in the equation for torgue,
- 9 l . id_, id
Pe g e [ 10,70 -1

It has been shownll that the rotor currents flowing
immediately after three-phase short-circuit of an induction
is

1 . {4
ig = f2 2n £ [cos(nt+6) ~ cos ?] » where
o
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I — rms no load stator current

& = leakage factor = 1 — TiTs

mutual inductance per phase between

=
0

stator and rotor coils

L, = gelf inductance per phase of stator

winding

Lz = self inductance per phase of rotor
winding

k¥ - Ta
I

Ty < stator resistance per phase

n = rotor velocity in electrical radians per
second.

Resolving the current into vectors which rotate in opposite

directions,
ig ._ In ¥t In (E‘J’?‘Q -# {'1}1 (£ +4n)C
t==-Fmz ¢ Tzt ‘f + 715 & )
Hence,
3 T -k -(A - /p)E
I An —Z-gt«# [*(%uh)t:(
d, = e
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_ _sc _(fe~snje

id.l - Il 6 + If

P " 712 K —k
A f‘rjn
-a¢ -(L+in)t

i, _ I, £’ i

T k - _ *
i i

Substituting these values in the equation for torgque,

2
T = —— ¥, (1-cos nt)
ot
z Lﬂt
n - 7
+ ) sin nt | ¢
s\r:t 2 ‘

If the motor is not loaded and if friction and
if friction and windage are neglected, the torque is

0.738 T = -g- a , Where

T =torque in the units of the above equation
if current is in amperes and resistance is:in
ohms and inductance is in henrys.
J = moment of inertia of rotor in lb-ft.
g = rotor acceleration in radians per sec.
g = gravitational acceleration in ft per sec.
Solving for a and substituting the expression for torque,

the acceleration Eecomes

0.738(9) g P rg In n
a - T S (1—cos nt)
F:1tn
. Zhe
n sin nt | § d

T d—l-"‘n
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