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Abstract

We find necessary and sufficient conditions for the stability of all work-conserving
policies for multiclass fluid queueing networks with two stations. Furthermore, we find
new sufficient conditions for the stability of multiclass queueing networks involving any
number of stations and conjecture that these conditions are also necessary. Previous
research had identified sufficient conditions through the use of a particular class (mono-
tone piecewise linear convex) potential functions. We show that for two-station systems

it is not possible for this class of potential function to give the new (sharp) conditions.

1 Introduction

The problem of establishing conditions under which a multiclass queueing network is stable
under a particular policy has attracted a lot of attention in recent years. It is known that for
single class (Borovkov [1], Sigman [16], Meyn and Down [14]) and multiclass acyclic queueing

networks a necessary and sufficient condition for stability of all work-conserving policies is

*Dimitris Bertsimas, Sloan School of Management and Operations Research Center, MIT, Cambridge,
MA 02139. Research partially supported by a Presidential Young Investigator Award DDM-9158118 with

matching funds from Draper Laboratory.
'David Gamarnik, Operations Research Center, MIT, Cambridge, MA 02139. Research partially sup-

ported by the ARO under grant DAAL-03-92-G-0115 and by the NSF under grant DDM-9158118.
‘Laboratory for Information and Decision Sciences and Operations Research Center, MIT, Cambridge,

MA 02139. Research partially supported by the ARO under grant DAAL-03-92-G-0115.






that the traffic intensity at each station of the network is less than one. For multiclass
networks with feedback, Kumar and Seidman [11] (see also Lu and Kumar [12] and Rybko
and Stolyar [15]) have identified particular priority policies that lead to instability even if the
traffic intensity at each station of the network is less than one. More surprisingly, Bramson
[2] has shown that these instability phenomena are present even for the standard FIFO
policy. It is therefore, a rather interesting problem to identify the right set of necessary and
sufficient conditions for stability of multiclass queueing networks.

In recent years researchers have identified progressively sharper sufficient conditions for
stability of all work-conserving policies through the use of Lyapunov functions. Kumar and
Meyn [10] used quadratic potential functions, while Botvich and Zamyatin [3], Dai and Weiss
[7], and Down and Meyn [8] used piecewise linear convex potential functions. In all cases, it
was established that a multiclass network is stable if certain linear programming problems
are bounded. To the best of our knowledge the sharpest such conditions are those of [7] and
[8] obtained through the use of piecewise linear convex potential functions. For some specific
examples (for example in [3]), the conditions obtained are indeed sharp. In general, however,
the problem of establishing the exact stability region, i.e., sharp necessary and sufficient
conditions for stability, is open. Furthermore, it is not known whether the potential function
method with piecewise linear convex functions (or with any convex potential function) has
the power of establishing the exact stability region. Finally, Chen and Zhang [5] have
found some sufficient (but not necessary) conditions for the stability of multiclass queueing
networks under FIFO.

Dai [6] and Meyn [13] have shown that a stochastic multiclass network is stable if and
only if the associated fluid limit (a deterministic network) is stable. For this reason, while
this paper concentrates on deterministic fluid models, there are immediate ramifications of
our results for the case of stochastic models.

The contributions of this paper can be summarized as follows:

1. We find, in Section 3, the exact stability region for two-station multiclass networks by

a method that looks at the detailed structure of possible trajectories. The stability



condition is expressed in terms of a linear program.

2. We find, in Section 4, new sufficient conditions for multiclass networks with more than
two stations that we believe to be necessary, although we were unable to establish
necessity. The conditions are again expressed in terms of a linear program. Unfortu-
nately, the number of variables involved increases exponentially with the number of

stations, but we believe that this is unavoidable.

3. We fully characterize, in Section 5, the power of the potential function method based
on piecewise linear monotone convex functions, for the two—station case. In partic-
ular, we show that one never need consider potential functions involving more than
two linear pieces. We also derive a linear program that searches for such potential
functions. We further show that this class of potential functions cannot find the exact

stability region, thus establishing certain intrinsic limitations of earlier approaches.

2 Notation

We introduce a fluid model (a,u, P,C) consisting of n classes Cy,...,Cy and J service
stations 1,...,J as follows. Each class is served at a particular station. Let o; be the set of
classes that are served in station j. The external arrival rate for class i is &; and the service
rate is y;. Let @ = (a1, ...a,) and g = (1, ..., 4n)’. After service completion a fraction p;;
of class i customers becomes of class j and a fraction 1 — 3. p;; exits the system. Let P be
the substochastic matrix P = (P;;)1<i,j<n- Finally, we define the J x n matrix C as follows:
¢jk = 1 if class k is served at station j and ¢jx = 0 otherwise. We let M = diag{u,, ..., un}
and assume that the matrix P has spectral radius less that one.

Any scheduling policy can be described in terms of the variables 7% (t) defined as the
amount of time class k is being served in the interval [0,], and Qk(t) defined as the queue
length for class k at time t. We let T(¢) = (T1(2), ..., Tn(t)) and Q(2) = (Q1(2), ..., Qn(2))".
Throughout the paper we call Q(t) the trajectory of the fluid process under the allocation
process T'(t). Given the initial condition Q(0), the dynamics of the queue length process



are as follows:
n
Q1) = Qr(0) + axt + Y wiTi()pix — ukTi(1) 20, k=1,...,n,
=1
or in matrix form:

Q1) =Q(0)+at + [P — IIMT(t) > 0.

We assume that the allocation process satisfies the following conditions:

1. T(0) =0,

2.(Feasibility) For any ¢, > ¢; > 0 and any station i:
Y [Te(tz) — Te(tr)] < t2 — a, (1)
keo;

and Ti(t) is nondecreasing.

3. (Work-conservation) If for all ¢ € [t1,t,] we have 3", Q(t) > 0 for some station i,

then

Y [T(t2) = Ti(t)] = t2 — 1. (2)

k€o;

Any scheduling policy satisfying all the above properties is called a (feasible) work-conserving
policy.

An alternative characterization of the above requirements is to introduce for any station
i, the cumulative idling process:

Uit) =t — > Ti(2).
k€o;
The feasibility condition (1) then requires that U;(t) be nonnegative and nondecreasing,
while the work-conservation condition is rewritten as follows: if for all ¢ € [t;,¢;] we have
Y keo; @k(t) > 0, then
Ui(t1) = Ui(t2)- (3)

Following Chen [4], a fluid network (o, 4, P, C) is said to be stable for all work-conserving
policies if for every work-conserving allocation process T'(t) and every initial condition Q(0),

there exists a finite time ¢y such that Q(¢o) = 0.



A necessary condition for stability (see Chen [4]) is that the traffic intensity vector p
defined by p = CM ™[I — P'|"'a, satisfies

p<e, (4)

where e = (1,...,1)’". As mentioned in the introduction, for general multiclass networks with
feedback, this condition is not sufficient. Our goal in the next section is to establish necessary
and sufficient conditions for the stability of a multiclass fluid network with two stations,
given that p < e. In preparation for this analysis, we introduce some useful notation.
We refer to Q(t) € R} as the state of the system at time ¢ > 0. We partition the set
% — {0} of nonzero states into the following finite family of subspaces. For any non-empty
set of service stations S C {1,2,...,J}, we let
Rs={z€R}:Vi€S, Y z>0,andVi¢g S, Y =z =0},
keo; keo;
i.e., Rg corresponds to states for which all stations in S are busy, while all other stations

have empty buffers.

3 Stability conditions for multiclass two-station fluid net-

works

In this section we establish necessary and sufficient conditions for stability, for the case
where J = 2, i.e., for multiclass networks with two stations. Throughout this section, we
assume that p < e because otherwise the stability problem is trivial.

We denote by R;, R; and R;; the subspaces corresponding to S = {1},{2},{1,2},
respectively, as defined at the end of Section 2. In particular, for Q € R; station 2 has no
customers, for @ € R, station 1 has no customers, while for @ € R;; both stations have
customers in queue. The proposition that follows states that a trajectory can be broken

down into subtrajectories of four different types.
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Figure 1: The times ¢; for a typical trajectory.

Proposition 1 Consider a stable work-conserving trajectory Q(t) and let T be the smallest
time such that Q(T) = 0. There ezists a (finite or infinite) nondecreasing sequence t; such
that sup;t; = T and such that for all times less than T the following hold:

Q(tam+1) € Ry and fort € [tym41,t4m42], Q(t) € Ry U Ryy;

Q(tam+2) € Ry and fort € (t4m42,tam+3), Q(t) € Ria;

Q(tam+3) € Rz and fort € [tam+3,tam+4], Q(t) € R2U Ry2;

Q(tam+4) € Ry and fort € (tam+44,tam+s), Q(t) € Rya.

Proof: This is a simple consequence of the fact that starting in R;, the system can get to
R3 only by first going through R;2, and vice versa; see Figure 1. In particular, once t4m+1
has been defined, we may let tym43 = min{t > tym41 | Q(t) € Ry} and tym42 = max{t <
tam+3s | Q(t) € Ri}. [In case Q(t) never enters R, after time ¢4,,41, then the preceding
definition of t4,43 is inapplicable; however, in this case, the system gets to Q(T) = 0
without ever leaving R; U Rj;. Thus, [t4m+1,7) can be taken as the last interval] Having

thus defined #4543, the times t4,,14 and t4,4+5 are defined similarly. O



3.1 Bounds for the strong busy period of stable work-conserving policies

In this subsection we find an upper bound on the time that stable work-conserving policies
take to empty the fluid network starting with an initial condition Q(0). This time is usually
called the strong busy period. This result is of independent interest, as it contributes to our
understanding of the performance of the network; it is also the key to our stability analysis

in the next subsection.

Proposition 2 Consider a stable work-conserving policy T(t) starting with initial condition
Q(0) #0. Let T be the smallest time such that Q(T) = 0. Then, T is bounded above by the
optimal value of the following linear program to be called LP[Q(0)]:

4
maximize Z T;

1=1
subject to
Tl= ZTkla TIZ ZTI})
k€oy k€o2
T, = ZTZ, T = ZT,?,
k€ay k€os
T32 ZTI?’ T3= ZTl?ﬁ
k€oy k€oa
T4= ZT:, T4= 27’21
k€oy k€a2
Vke€o;:
n
axTy + Y pivik T} — we Tk = 0,
=1
n
ax Ty + Y pipikT? — weTE 2 0,
i=1
n
arTa+ Y w3 — Ty <0,
i=1
Vke o :

n
arTs + Y pipix TP — uiTip = 0,

i=1



n
Ty + Y wipae T — T} > 0,

i=1

n
ar Ty + Y pipakT? — meTE <0,

=1
Vke{l,...,n}:
4 n 4 4
ar Y T+ pipix 3T — pr Y_T) = —Qx(0), (3)
7=1 =1 =1 J=1
T; >0, Ti >0.

Proof: Consider a stable work conserving policy with initial condition @(0) # 0. Without
loss of generality, we only provide the proof for the case Q(0) € R;; the proof for the other

cases is essentially identical. Let ¢; = 0 and let the times ¢; be as in the statement of

Proposition 1. For j = 1,...,4 we introduce the following variables:
e o]
Tj= D (tamtit1 — tames) (6)
m=0 .
and
. o0
T} = 3 (Tltamsi41) — Tiltamss)). (7
m=0

Intuitively, 77 is the total amount of time the trajectory spends in R; as well as in excursions
from R; into R;; and back into R;; T3 is the total amount of time the trajectory spends in
R;2 coming from R; and going to R; T3 is the total amount of time the trajectory spends
in Ry as well as in excursions from R; into Rj2 and back into R; finally, 74 is the total
amount of time the trajectory spends in R;; coming from R; and going to R;. Clearly
T; > 0 and the first time that Q(¢) becomes zero is given by T'= T} + 7> + T3 + T4. Note
that for every class k, T¢, T2, T2 and Tf is the total work allocated to class k, during the
time intervals that enter in the definitions of Ty, T3, T3, Ty, respectively.

For all t € [t4m+1,%am+2], We have Q(t) € Ry U Ry3, and therefore 3., Qi(t) > 0.
Because the policy is work-conserving,

tim42 — tam41 = Z (Te(tam+2) — Te(tam+1))- (8)
k€ay



By summing over m > 0 we obtain that
Ti=) T
keo
which simply expresses the work conservation in station 1, while the trajectory is in Ry URy2
(station 1 busy). Similarly, work conservation for station 2, while the trajectory is in RoUR12
(station 2 busy) leads to

Ts= ) T3.
k€oa

Moreover, for t € (t4m+2,tam+3)U(tam+4,t4m+5), we have Q(¢) € Ri2, and work conservation
for both stations leads to
T, = IE: T = :Z: T2, Ty= j{: T = :Z: T3
k€oq k€o2 k€o,y k€o
For every station j, we have
Y (Taltisr) — Ta(t:)) < tigr — i,
keo;

leading to
1> Y Th T3> ) TP

k€o2 k€o
By definition of the times t;, we have Q(t4m+1) € Ry and Q(¢4m+2) € Ry. Thus, for all

k € o2 we have
Qk(tam+1) = Qi(tam42) =0,

which leads to

ak(tamta—tams1)+ D HiPik(Ti(tam+2)—Ti(tam+1))— bk (Ti(tam+2) =Tk (tam+1)) = 0, k € 0.

=1
Summing over all m > 0, we obtain
n
axTy + Z#ipekTgl - T =0, k€os.
=1

Similarly, for k& € o, we have Qi(t4m+3) = Qx(tam+4) = 0, which yields

ak(tamsa—tamss)+ ) piDik(Ti(tam+a)—Ti(tam+3))— e (Ti(tam+4)—Tk(tam+3)) = 0, k € 01,

=1



and leads to

n
axT3 + Z#ipikT,-s —wT2=0, k€a.

=1

Since Q(t4m+2) € Ry and Q(t4m+3) € Ry, we obtain

0= E Qi(tam+2) < Z Qr(tam+3)

k€oz k€or
and

0= Z Qk(tam+3) < E Qr(tam+2),

k€oy keay
which implies that for all k& € 02, Qk(t4m+3) — Qk(tam+2) > 0, leading to

n
ak(tam+3—tam+2)+ D wiPik(Ti(tam+3)—Ti(tam+2))— ik (Te(tam+3) — Tk (tam+2)) > 0, k € 02,

i=1

Summing over all m > 0, we obtain

n
Ty + Y pipikT? — pTE > 0, k € 0.

=1

Similarly, for all k € o1, Qk(t4m+3) — Qk(tam+2) < 0, leading to

ak(tam+3—tam+2)+ D wiPik(Ti(tam+3)—Ti(tam+2)) = (Tk(tam+3)—Tk (tam+2)) < 0, k € o1,

i=1
and therefore,

n
ax Ty + Y wipikT? — wkTE <0, k € 0y.

=1

Finally, since Q(t4m+4) € Rz and Q(t4m+5) € R1, we obtain:

n
ak(tamss—tamsa) + D piPik(Titam+5) = Ti(tamsa)) — bk (Te(tam5)—Tk(tam+4)) 2 0, k € 03,

i=1
k (tam+s—tam+4)+ D wiPik(Ti(tam+5)—Ti(tam+4))— bk (Te(tam+5)—Tk(tam+4)) < 0, k € 0,

=1

leading respectively to

n
T+ Y ppnT? — i TE 2 0, k € o,

=1

10



n
arTy+ ) pivieT? — mi T3 <0, k € o2

=1

Recall that T' = E;=1 T;. Then, from the dynamics of the network

n 4 . 4 .
Qu(T) = Qr(0) + T+ pipir D T) — i 3 T}
=1

1=1 7=1 7

Since Q(T') = 0, we obtain

n 4 . 4 .
T+ wipix 3 T7 — e DT = —Qi(0), k=1,...,n.

i=1 j=1 j=1
We have shown that all of the constraints of the linear program LP[Q(0)] must be
satisfied. It follows that 7" must be bounded above by the value of that linear program. O

The linear program LP[Q(0)] gives an upper bound on the strong busy period of all
stable work-conserving policies. Similarly, if we minimize 7., 7; we find a lower bound on
the time it takes for the network to empty using a work-conserving policy starting from an
initial condition @Q(0). The lower bound is particularly interesting as it gives information

on the best possible performance.

3.2 Sufficient conditions for stability

In this subsection, we derive sufficient conditions for stability of the fluid network. These
sufficient conditions involve the linear program LP[0] which is defined exactly as the linear
program LP[Q(0)] of the preceding subsection, except that the right—hand side variables

Qx(0) in the constraints (5) are set to zero.

Theorem 1 (Sufficient Conditions for stability) Consider the following set of linear

inequalities in 4(n + 1) variables

Tl= ZTI:) TIZ ZTls (9)
k€o,y k€oz

T,=)Y T2 T=) T%, (10)
k€o, k€o2

11



TSZZTksi T3=ZTI?1 (11)

k€ay k€oz
Ty= )Y T Ta= > T4, (12)
k€oy k€oa
Vk€oy:
Ty + Y pipa T} — miT} =0, (13)
i=1 :
ar Ty + Y pipirnTE — uiTE > 0, (14)
i=1
o Ty + Y pipaT? — miTi <0, (15)
i=1
Vkeo;:
axTs+ Y pipieT? — wk TR = 0, (16)
=1
o Ty + ) pivicT? — meT4 2 0, (17)
i=1
axTy+ Y pipak T — mkTE <0, (18)
i=1
Vke{l,...,n}:
4 n 4 . 4 .
ar Y T+ Y pipie T — e »_T) =0, (19)
1=1 i=1 j=1 i=1
T; >0, T{ >0,

to be referred to as LP[0]. If LP[0] has has zero as the only feasible solution, then the

maulticlass fluid network (o, p, P,C) is stable for all work-conserving policies.

Proof: Let us assume that zero is the only feasible solution of LP[0]. Let us also assume
that there exists an initial condition @Q(0) # 0 and a work-conserving policy such that Q(¢)
never becomes zero. We will derive a contradiction.

Recall that the constraints in LP[0] and in LP[Q(0)] are the same except that the right
hand-side in (5) is changed from —Q(0) to zero. Using linear programming theory and
since 0 is the only feasible solution of LP[0], it follows that the feasible set of LP[Q(0)] is
bounded. Let Z be the optimal value of the objective function in LP[Q(0)], which is finite.

12



Let us now consider the unstable policy starting from @Q(0). Let us follow this policy
up to time Z; from then on, let us switch to some stable work-conserving policy (under our
standing assumption that p < e, it is known that such a policy exists.) We then obtain
a work-conserving policy that, starting from Q(0), eventually leads the state to zero, say
at some time 7. By construction 7' > Z. On the other hand, Proposition 2 asserts that

T < Z. This is a contradiction and the proof is complete. (]

3.3 Necessary conditions for stability

In this section we show that the conditions of Theorem 1 are also necessary. In particular,
we show that if the linear program L P[0] has a nonzero solution (Tj,T,f ), i=1,...,4 k=
1,...,n, then there exists a work-conserving policy and an initial condition Q(0) # 0, such
that for some time 7 > 0, Q(r) = Q(0). By repeating the same policy each time that the
state Q(0) is revisited, the system never empties and therefore the fluid network is unstable.

In preparation of the instability theorem we prove the following proposition.

Proposition 3 If(Tj,T,f), j=1,...,4, k=1,...,n, is a nonzero solution of LP[0], then
T; >0 forallj=1,... /4.

Proof
Suppose Ty = 0. Then from (9) 7} = 0 for all k = 1,...,n and therefore, from (19) we

obtain for all k =1,...,n,

n
(T +Ta+Ta) + Y pipin(TP+ TP+ T — (TR + T2+ T = 0

1=1

or in matrix form, with 77 = (le, T,
(T + T+ Ty)+ [P -IIM[T2+ T3+ T% =0

Multiplying both sides from the left by CM~![I — P']™! we obtain

(p1_1) (T4 Tt T+ (Tz +T3+T4—Zkeal(TE+TE+T£))
2 3 4
pa—1 T2+ Ts + Ta — Sieo, (TR + T + TF)

13



But from (10), (11) and (12) we obtain
T+T+Ta= Y (TZ+ T2+ TP).
k€os
Since T3 + T3 + T4 > 0, we obtain that p2 = 1, a contradiction. A similar argument shows
that 73 > 0.
Suppose now that T3 = 0. From (10), T2 = (T%, ..., T2) = 0, while from (13), (15), and
(19), we obtain that
akTs + Y wipiT? — TR > 0, k€a;.
=1
iFrom (16) we obtain
axTs+ Y pwipal? — IR =0, k€oy.
=1

Combining these two equations in matrix form, we obtain
oTs + [P = IIMT3 > 0.
Multiplying both sides of the inequality by CM~![I — P/]"!, we obtain
-1 T3—-3% T3
p2—1 T3~ Lreo, Tt
Since from (11), T3 = ¥ ¢,, T¢ and T3 > 0, we obtain that p; = 1, a contradiction. By a
similar argument T > 0. o
We next prove that the condition of Theorem 1 is also necessary.

Theorem 2 (Necessary Conditions for stability) If the linear program LP[0] has a
nonzero solution, then there erists a work-conserving policy under which the multiclass

fluid network (a, p, P,C) is unsiable.

Proof:
Let (T;,T7) be a nonzero solution of the linear program LP[0]. We will construct an

initial condition Q(0) € R; and a work-conserving policy, such that for some time 7 > 0,

14



Q(7) = Q(0). It will follow that there exists a work-conserving policy under which the
system never empties and therefore the fluid network is unstable.

Let
Qx(0) = —(ex T2 + Y _ pivae T? — i TR), k€ oy

i=1

and

Qk(O)ZO, ’C€0’2.

Constraint (18) guarantees that Q(0) > 0. We next show that Y., Q«(0) > 0, ie.,
Q(0) € R;. If Q(0) = 0, then, for all k € o,

n
axTa+ ) pipaeT? — wTE =0
1=1
Moreover, from (14) for all k € o5
n
;T + Y pipix T — wiTE > 0.
=1

In matrix form, with 7% = (T},..., T}Y, the previous equations become
oy + [P = I)MT? > 0.

Multiplying by CM~[I — P|71, we obtain

-1 T = Ykeo, IF

( )T2 + ( k€oy Tk >0

p2—1 Tz—ZkGaszz
From (10), we have T = 3¢, T? = Y ieo, T2 From Proposition 3, T3 > 0, s0 p1,p2 > 1,
a contradiction and therefore, Q(0) # 0.

We next construct the following allocation process for k= 1,...,n:
q%Tkz te [O,Tzl;
- T + SR TE t€ (T2, Ts +Tal;
k() =
T} + T + ==L te(To+ T, To+Ts + Ty);

TR+ TP+ T+ o570 0T] te B+ DB+ T, T+ T+ Tu+ Tl

We show that the above allocation process is both feasible and work-conserving,.

15



We first consider the first interval [0,7;]. By the dynamics of the fluid network for this

allocation process and starting from the initial condition given above we obtain
Q(T2) =0, k €0y

n
Qu(T2) = axTe + Y pipix T — ik TE 2 0, k € 0.

i=1

We next show that

Y Qu(T) >0,

k€eoq
so Q(T2) € R;. If we assume that

n
Ty + Y pivaT? — T =0, k € oy,

i=1

then from (13) and (19) we obtain that

n
ak(Ts+Ta) + Y pivin(TP + T — mi(TE + TE) =0, k € oy
t=1
Also from (16) and (17) we obtain that
ap(T3+Ty) + Y pivin(T + TY) — (T2 + TE) 20, k€ or.
1=1

Written in matrix from, the two previous relations become
(T3 +Ty) + [P - IM(T? +T*) > 0.

Multiplying by CM 1[I — P']~1, we obtain

-1 B+ Ty — Theo, (TR + T})
( )(T3+T4)+( ken ’; ’;)ZQ
p2—1 T+ Ty — Yeo, (TR + Ti)

Since T3 + Ty = Yie,,(T2 + T¢) and T3 + T4 > 0, we obtain p > 1, a contradiction.

Therefore, 3" i¢,, Qc(T2) > 0.

Since the allocation process is linear, we obtain:

Vie[0,T2], Q) >0,

16



and

vt € (0, T3), Q(t) € Ryz,

i.e., the allocation process is feasible. We next show that it is also work-conserving. From
(10)

t 1
t= E —T2 = Z —T2
k€oy T2 k€oa T2

or equivalently

Vit € [0,T2] : Uy(t) = Uax(t) = U1(0) = U2(0) =0,

and the process is indeed work-conserving.

In the interval (T3, T3 + T3], we prove similarly that for & € o2 we have Qx(T2 +713) > 0
and Y ie,, Qe(T2 + T3) > 0. Therefore, Q(T; + T3) € Rz, and since Q(T3) € Ry, we obtain
by linearity that

Vi € [T2,T; + T3], Q(t) € R,.

Work-conservation is shown similarly.
Similarly, we show that in the interval t € (T2 + 15,72 + T35 + 14, Q(t) € Ri2 and in the
interval ¢t € [To+ T3+ T4, T+ T3+ T4+ Th], Q(t) € Ry, while the process is work-conserving.
In addition, because of (19), Q(T1 + T2 + T5 + T4) = Q(0). It follows that the fluid

network never empties for this work-conserving feasible policy, and is unstable. O

The necessity proof has identified a particular way that an unstable work-conserving
trajectory materializes, leading to some insight as to how instability may be reached. In
particular, we have shown that if there exists an unstable trajectory, then there exists a
periodic trajectory with a particular structure.

Combining Theorems 1 and 2 we obtain the main theorem of this section.

Theorem 3 A two-station multiclass fluid network (a, p, P,C) is stable for all work con-
serving policies if and only if the load condition p < e holds and the linear program L P[0]

has zero as the only feasible solution.
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3.4 A special case

To illustrate the use (as well as the power) of Theorem 3 we prove that a two-station fluid
network, in which one of the two stations has only one class, is stable provided that the
load condition (4) is satisfied. This generalizes previous results obtained by Kumar [9] and

Meyn and Down [8] for a three—class two-station network.

Theorem 4 A fluid network satisfying the load condition p < e with two stations and such

that only one class is served by station 2 (62| = 1) is stable.

Proof: We show that the corresponding linear program LP[0] cannot have a nonzero
solution. For the purposes of contradiction suppose that (Tj,T,{ ) is a nonzero solution to
LP|[0]. Let o2 = {I}. We distinguish two cases:
Case 1: oqT3 + Y1y pipaT? — /T3 > 0.
iFrom (186):

oy T3 + Z pipir T2 — m T2 = 0, Vk € 01.

i=1

We combine the previous relations in matrix form as follows:
oT3+ [P = IIMT® > 0.

We multiply both sides by CM 1[I — P']~! to obtain:

1 Ty Ty T
(Pl )T3+(3 Y keo, k)ZO.
p2—1 T-T

But from (11) we obtain 73 = 7;® and from Proposition 3, we obtain 73 > 0, leading to
p2 =1, a contradiction.
Case 2 : T3+ X0, wipaT? — wT} < 0.
iFrom (19), we obtain
n
a(Ty+ T +To) + Y ppa(T3 + T+ TF) = w(TF + T +T7) 2 0.
=1
Moreover, from (16) and (19) we obtain

ar(Ta+Ti+To) + ) pivie( T+ T} + T?) — in (T + Th + T3) =0, k€ oy,

i=1
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which, in matrix form, becomes
(Tu+Ti+ )+ [P = IIM(T* + T +T%) > 0.

Multiplying both sides by CM~}[I — P']~! we obtain:
p1—1 Ty+ T+ T — Cheo, (TR + TR+ TF)
( )(T4+T1+T2)+( 614 ¢ L 20
p2—1 Li+Th+T - (' +T, +T)

iFrom (9), (10), and (12)we obtain

Ti+Ti+Ta= Y (TR + T +T7),
k€oy

and since Ty + 177 + T3 > 0, then p; = 1, a contradiction. o

4 Sufficient stability conditions for a general multiclass fluid

network

In this section we generalize the technique from the previous section to derive new sufficient
conditions for stability of a general multiclass fluid network involving an arbitrary number
J of stations.

Let us describe our approach in general terms. Recall that for any S C {1,...,J}, we
have defined Rg (cf. Section 2) as the set of all states @ for which all stations in S (resp.,
not in S) have a positive (resp., zero) number of customers. Consider an arbitrary work-
conserving trajectory. As long as Q(t) # 0 this trajectory will be visiting the subspaces Rg,
S c {1,...,J} in some arbitrary fashion. At any given point in time, the trajectory will be
inside some Rg coming from some Ry and going to some Ry and we think of each possible
triple (U, S, V) as a different type of behavior. Accordingly, we will partition the time axis
into intervals such that during each interval the system exhibits the same type of behavior.

We now continue with a more formal development. Let T be the time that the system
empties. (We let 7' = oo if the system never empties.) Then, it is easily shown (a formal

proof is omitted) that there exists a countable collection of disjoint intervals (t.,t,) such
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that:

(a) within each such interval, Q(¢) stays inside the same subspace Rs;

(b) these are maximal intervals with the property (a); formally, for every ¢ > 0 there exist
t € (t, —€,t,) and ¥’ € (t,,t], + ¢€) such that Q(t) ¢ Rs and Q(¢') ¢ Rs.

(c) these intervals together with their endpoints cover the entire interval [0, 77]; in particular,
the total length of these intervals is equal to T'.

Let us focus on a typical such interval (¢,,t.) and let S be such that Q(t) € Rs for all
t € (tr,t.). We now need to define the subspace Ry that the state is coming from at the
beginning of the interval. If Q(¢,) € Ry for some U # S, this is easy, and we say that the
state is “coming” from Ry. If on the other hand, Q(¢,) € Rs, we need to look at Q(t) for
times slightly less than ¢,. Let us choose some U so that for every ¢ > 0, Q(¢) visits Ry
during the time interval (¢, — ¢,t,). (Note that the choice of U need not be unique.) We
will again say that the state is “coming” from Ry.

Suppose that the state is coming from Ry. We consider in some more detail the two
different possibilities.

(a) If Q(¢,) € Rg, then every station j € S has a positive number of customers at time ¢,.
By continuity, this is also true just before ¢, and we conclude that U D S.

(b) If Q(¢,) € Ry, then every station j € U has a positive number of customers at time ¢,.
By continuity, this is also true just after ¢, and we conclude that U C S.

The situation for the right endpoint ¢, of an interval is entirely similar. We can define
some V such that Q(¢) is “going to” Ry. If Q(t.) € S, we must have V O S; if Q(¢,) € Ry,
we must have V C S.

Having determined for each interval where it is coming from and where it is going to,
we can now assign to each interval a “type” (U, S, V). According to our earlier discussion,
for any possible type, we must have either U C Sor U D S, and either V.C Sor V DO S.
We refer to these as admissible types.

For any given trajectory and for any admissible type (U, S,V), we define the variable

Tg’v as the sum of the lengths of all intervals of type (U, S, V); intuitively, this is the total
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time the trajectory spends in Rg coming form Ry and going to Ry. Let Tg 'kV be the total
work allocated to class & during all intervals of type (U, S, V).

Note that the number of variables that we have introduced increases exponentially with
the number of stations, because there are 2/ — 1 choices for each subset U, S,V. A more

precise estimate follows:

Proposition 4 The total number of variables Tg Vs

ZJ? (;i,) (2™ —2)2™ —3) + (277™ - 1)(27 ™™ - 2) + 2(2™ — 2)(27 ™ - 1)] = O(57).

m=1

Proof For |S| = m, there are the following cases:

a) U C S and V C S and therefore there are (2™ — 2)(2™ — 3) choices for two nonempty
subsets of S which are not S,

b) S C U and S C V and therefore there are (27-™ —1)(2/~™ —2) choices for two nonempty
supersets of S which are not S,

) UCSCVorUcCSCYV and therefore there are 2(2™ — 2)(2/~™ — 1) choices for one

subset (which is not S and not empty) and one superset of S which is not S. a

Note that in total we have defined O(n5”) variables Tg’kv.
Proceeding as in the two-station case, we first show the following upper bound on the

duration of the strong busy period.

Proposition 5 Consider a stable work-conserving policy T(t) starting with initial condition
Q(0) # 0. Let T be the smallest time such that Q(T) = 0. Then, T is bounded above by the
optimal value in the following linear program to be called G[Q(0)]:

maximize Z Tg v

(S,;U,V)
subject to
sy =Tg", i€S, (20)
k€o;
v v
S, S S 3¢S, (21)
k€ao;



forig¢ S, keo;:

n
akTé"" + Z #iPikTg }V - ukTéf;}’ =0, (22)
1=1
VieSnUnVe, ke€o;:
Ty + 3 wpaTsy — mTey =0, (23)
=1
YieSNnUsnNV, keo;:
n
akTg’V + Z u;p;kTg,;-V - kaé’,’kV >0, (24)
1=1
VieSNnUNVe ke€o;:
o TeV + > #ip.'kTg,;V — ukTéf',}’ <0, (25)
=1
Vke{1,...,n}:
ar Y, TS+ Y pwn Y Tsp -
(S.UV) i=1 (S,UV)
- Y, Tsi =—Qk(0), (26)
(S.UV)

1% 20, T8 20

Proof: Consider an arbitrary stable work-conserving policy and define the variables Tg ;CV
and Tg "V as in the discussion earlier in this section. Since the policy is stable, all of these
are finite.

Equality (20) expresses work-conservation for all stations i € S. Inequality (21) ex-
presses the fact that the cumulative idleness for all stations i ¢ S should be nondecreasing.

Consider an interval (¢,,t;) of type (U, S,V). We then have the following relations:

> Qul(tr)=0,ieU*

k€o;
Z Qk(tr) 2 0) ieU
k€o;
Z Qk(t:') =0,:€ ve
k€o;
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> Q) 20, i€V

k€o;
Therefore, for i € SNU NV, Qr(t.) — Qk(t,) > 0. Writing the dynamics explicitly and

summing over r we obtain (24). Relations (22), (23) and (25) follow an entirely similar
logic. Finally, (26) expresses the fact that at time T = 3y 5 v) Tg ,kv, the network empties.

Maximizing this expression gives an upper bound on the time to empty the network. O

Remark: It is interesting to compare the constraints in G[Q(0)] with the constraints
that we derived earlier for the two—station case. Note that G[Q(0] does not contain any
constraints analogous to (22), (23), (24) and (25) for the case i € SNU N V. It can be
checked that in the context of LP[Q(0)], this corresponds to the fact that for k& € o, we do
not have any constraints involving the variables 7 and 7} and, for that for k € o2, we do
not have any constraints involving the variables 73 and T2.

There is one minor discrepancy between the development in Section 3 and the develop-
ment here, which is worth noting. In Section 3, we did not use different variables for the
two interval types (Ry, Ri2, R1) and (Ri2, R1, Ri2); in particular, any interval of the form
[tam+1,t4m+2] consist in general of an interval of type (R;2, R1, Ry2) followed by a nonnega-
tive number of intervals of type (R;, Ry2, R1). Even though these are two different interval
types, we only introduced in Section 3 a single set of variables, namely the variables T}}.
There is a fundamental reason why the discrepancy between these two lines of development
is immaterial: it can be easily shown that if a feasible work-conserving trajectory Q(-) has
an interval (t,,t.) of type (R1, R12, R1), then there exists another feasible work-conserving
trajectory Q(-) with the following properties: (a) the two trajectories agree outside (2,,1.);
(b) Q(t) € Ry for all t € (t,,t)). By proceeding in this fashion, all intervals of type
(R1, Ry2, Ry) can be eliminated, and this is done without affecting the stability properties
of a trajectory.

The above outlined argument can be easily generalized to the multi-station case. In
particular, it can be shown that we may ignore all types (U,S,U) with S D U. On the
other hand, types (U, S,U) with S C U cannot be eliminated.
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We conclude this section by stating the sufficient conditions for stability.

Theorem 5 (Sufficient Conditions for stability) Suppose that the load condition (4)
holds. Consider the linear program G[0] obtained by setting Q(0)=0 in G[Q(0)]. If G[0]
has zero as the only feasible solution, then the multiclass network (a,pu, P,C) is stable for

all work-conserving policies.

Proof: The argument is identical with the proof of Theorem 1. o

5 On the power of convex potential functions

It is well known that a multiclass fluid network is stable under all work conserving policies
if and only if there exists some potential (Lyapunov) function which decreases along all
possible trajectories. An example of such a potential function is the maximum (over all
work conserving policies) of the time it takes for the system to empty. However, in order
to prove that a system is stable, one needs to explicitly construct such a potential function,
and this can be quite difficult. One possibility that has been investigated in the recent past
is to restrict to a class of convex potential functions (quadratic or piecewise linear) and to
use linear programming or other techniques in order to identify a suitable potential function
within such a class (Kumar and Meyn [10], Botvich and Zamyatin [3], Dai and Weiss [7],
Down and Meyn [8]).

The above approach begs the question of whether convex potential functions have the
power to establish (sharp) necessary and sufficient conditions for stability. In other words,
is it true that whenever a system is stable under all work conserving policies, there exists
a convex Lyapunov function that testifies to this? In this section we show that this is not
possible, i.e., the approach through monotone convex potential functions has limitations.
In particular we find necessary and sufficient conditions for the existence of piecewise linear
monotone convex potential function for multiclass fluid networks with two stations and
provide an example of a stable network for which these conditions do not hold, and thus

no monotone convex piecewise linear potential function exists. As any monotone convex
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potential function can be approximated arbitrarily closely by a piecewise linear monotone
convex potential function, the limitation of the method follows.

Our general approach in this section is the following. We consider only two-station
systems and focus on monotone piecewise linear convex potential functions (MPLCPF).
We show that if a MPLCPF exists that establishes stability, then there also exists one
that consists of only two linear pieces. We then find necessary and sufficient conditions
for the existence of a MPLCPF with two pieces that establishes stability. As any convex
potential function can be approximated by a MPLCPF, these conditions can be interpreted
as necessary and sufficient conditions for the existence of any monotone convex potential
function that establishes stability.

We start our development with a definition.

Definition 1 A function ® : R} — R, is called a monotone piecewise linear convez po-
tential function (MPLCPF) if:

(a) There erist nonnegative vectors L1,..., Ly such that

®(z) = max Lz, Yz >0,

<i<

(b) for any feasible work-conserving trajectory Q(t),
d
whenever the derivative is defined.

It is easily checked that if a MPLCPF exists, then the fluid network is stable. We will
now proceed to develop necessary and sufficient conditions for the existence of a MPLCPF
for a two-station multiclass fluid network. Our first step is to prove that each one of the

vectors L; in the formula for & must satisfy a set of linear inequalities.
Proposition 6 Suppose that ®(z) = max;=1,. n Liz is a MPLCPF. Then,

o+ [P —1IMe;;) < -1, Vi€ oy, j € 0g, (27)
where e;; is a vector whose ith and jth components are 1 and all other components are zero.
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Proof
We assume, without any loss of generality, that for each k € {1,..., N}, there exists some
zo > 0 such that
Lizo > max Lizo.
(Otherwise, we would have
o(z) = max Lz,

for all ¢ > 0, and Lj could be ignored altogether from our subsequent development.)
Furthermore, by possibly scaling zo and by using the continuity of linear functions, we can

also assume that zo > 0. Using continuity once more, we also have

®(y) = Lyy, (28)

for all y in a small enough neighborhood of zo.
Let U = (U1, ...,Un) € RY be any vector satisfying:

Yui=) Ui=1 (29)
i€0y j€02
For small ¢ > 0, we consider the allocation process T'(t) = Ut. Let us show that for small
t, this creates a feasible work-conserving trajectory Q(t), starting from the initial state
Q(0) = zo > 0. Since zo > 0, then for small ¢ > 0 we must also have Q(¢) > 0 and the

trajectory is feasible. The trajectory is also work-conserving since the total utilization at

each station is equal to 1. Since ®(z) is a potential function, we have
2 5(Q(t)limo < 1
dt ==

For small ¢ > 0 we have that Q(t) is close to z¢ so by (28)

V(Q(1))e=0 = L.

But
d
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Therefore,
L HQlkmo = VU@ im0 @(Dleco = Lilex+ [P~ IMU) < 1.

The latter inequality must be true for any U satisfying (29). In particular it should be
satisfied for

U=e;=(0,0,...,1,0,...,0,1,0,...,0),

where the ones appear in positions ¢ and j. Applying the previous inequality with U = ¢;;

yields (27). o

The constraints (27) have been derived by considering allocations T'(¢) = Ut correspond-
ing to both stations being busy. We now derive other constraints by considering situations
in which one of the stations may be underutilized while the other is busy. We start by
defining two polyhedra P, and P,. Intuitively, P, is the set of all allocation vectors under
which station 1 is busy while station 2 is possibly underutilized and maintains its queues
at a constant (zero) level. We let

Po={U = (U, U 1= Y Ui 2 Y Ujs aj+ Y wipiiUi—p;U; = 0, Vj € 095 U; > 0.}
=1

i€0; J€o2

(30)

Po={V=(V, s V)l 1= YV, > 3 Vis a4+ Y pipaVi— Vi = 0, VI € 045 Vi > 0}
Jj€o2 1€oy =1

(31)

Let UY,U?,...,U", and V! V2 ...,V be the set of extreme points of the polyhedra P,

and P; respectively.

Proposition 7 (a) Suppose that there ezists some zo € Ry such that Ly = ®(y) for all
Y € Ry in some neighborhood of zo. Then,

Li(a+[P-IIMUY< -1, i=1,...,r. (32)

(b) Suppose that there erists some o € Ry such that L) y = ®(y) for all y € Ry in some
m
neighborhood of zo. Then,

Li(a+[P-IIMV))< -1, j=1,...,s. (33)
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Proof: For any vector U € P consider the allocation process T'(t) = Ut. It is easily checked
that for small ¢ > 0 and given the initial state Q(0) = zo € R;, this allocation creates a
feasible work-conserving trajectory @Q(t). In particular, for ¢ € o1, we have Q;i(¢t) > 0, by
continuity. Also, for j € o3, the condition a; + Y7 ; pipi;U; — p;U; = 0 in the definition
of Py implies that Q;(t) = 0. Finally, this allocation is clearly work-conserving because the
total utilization of station 1 is 1.

Since we have a feasible work-conserving trajectory, we must have

L(Q)keo < ~1.

For small ¢, we have that Q(?) is close to zg, so

(Q(2)) = LiQ(2).
Therefore,
T QU)l=0 = Lo+ [P~ IMU) < -1,

for all U € P;. Applying the previous inequality for all the extreme points U’ of P; we
obtain (32). A similar argument yields (33). o
We now define

Ay ={L € {L,y,...,Ln}| L satisfies (32)},
Ay ={L€{Ly,...,Ln}| L satisfies (33)}.

We now prove the following:

Proposition 8 (a} The sets Ay and A, are nonempty.
(b) There holds

Lz < max L'z, Ve € Ry, j € Ag, (34)
Liz < max L'z, Ve € Ry, j€EA;. (35)

Proof: Consider R, which is a set of dimension |oy|. Consider some k and the set of points

z € R, for which L{z = ®(z). This set is a polyhedron. Since the polyhedra corresponding
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to the different choices of k¥ must cover the set Ry, it follows that at leést one of these
polyhedra contains a (relatively) open subset of R;. With such a &, we have L,y = ®(z)
on some (relatively) open subset of R; and using the preceding proposition, we obtain that
k satisfies (32) and A; is nonempty. The proof for A; is similar.

(b) Suppose, to derive a contradiction, that there exists .some j € A2 and some z € R;
such that L’z > maxpea, L'z. In particular, we have L; ¢ A;. Consequently, there exists
an open set in R; on which the maximum in the definition of ® is attained by some L,, ¢ A;.
But this is a contradiction to the preceding proposition. o

In the proof to follow, we will also make use of the following result:

Proposition 9 Let there be given some vectors L,Ly,...,L,. Then, the condition

L'z < gax Liz, Vz > 0,
<i<p

holds if and only if there exist 0y,...,0, > 0 such that
Z 0; =1
1<i<p

and

L< )] 6L,
1<i<p

where the last inequality is meant to hold componentwise.

Proof: This is a simple application of linear programming duality. O

We are now ready to state the first result of this section, which provides necessary

conditions for the existence of MPLCPF.

Theorem 6 Consider a two-station multiclass fluid network and suppose that ®(z) =
maxi<k<N L3z is a MPLCPF. Then, there ezists a vector M € R7 satisfying (27) and
(32) and a vector N € R}, satisfying (27) and (33), such that:

M(i) > N(i), Vi€ 61, and N(§) > M(j), Vj € oa. (36)
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Proof Let A; = {My,..., M} and Ay = {MNy,...,N,}, ie., My,...,M; are the vectors L in
the formula defining ®(z), which satisfy (27) and (32), and Ny, ..., N, are the vectors L,
which satisfy (27) and (33).

We now use Proposition 8, as well as Proposition 9 to obtain an equivalent condition.

We conclude that for each k = 1,2,...,r we can find A¥, .., A\F >0, Y¢_, A\F = 1 such that:

t
Nk(i) < Z/\le(i), Vi€ oy (37)
I=1
and for each | = 1,2, ...,¢, we can find ¢}, ...,0! > 0, %, 02 = 1, such that:
My(§) < Y 0LN.(4), Vi€ o (38)
k=1

Let a = (ay,...,a:) and b= (by,...,5,) be two nonnegative vectors satisfying:

t T
Zal 2 17 Zbk 21
=1 k=1

Consider ,
M= Z M,
=1
and
N =) bNp.
k=1

Clearly, M satisfies (27) and (32) and N satisfies (27) and (33).
Multiplying all the inequalities in (37) by b;, b, ..., 5, and adding them, we obtain

r t
NG <Y S B AM(), Vien (39)
k=11[=1
Similarly,
t r
M@G) <Y abiNi(§), Vi€o. (40)
=1 k=1

We will prove that we may select a,,...,a; and b,,...,b, in such a way that for each
1=1,2,...,t:
,
Y bAF =a, (41)
k=1
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and for each £k =1,2,...,7:
t
3" aib) = b (42)
=1

In this case (39) and (40) are written as follows:
t
N(z) S z:agM,(i) = M(l), Vie 01,
=1

and

MG) < S M) = NG),  Vi€on,
k=1

implying (36).

Conditions (41) and (42) are written as follows:

/ 0 ... 0 6 ... 0}\
0 ... 0 & ... 6
(al,...,at,bl,...,b,) = (al,...,at,bl,...,b,) /\{ A} 0 . 0
\xr .oa 0 ... 0/
or in matrix form
(a,b) = (a,b) A. (43)

Since A is a stochastic matrix, it well known that there exists a nonnegative, non-zero
solution (a,b) to (43). By multiplying this solution (a,b) by a sufficiently large number

we can ensure that:

t
EalZ 1 ibk 2 L.
=1

k=1
The proof of the theorem is now complete. o

We next show that the conditions stated in the previous theorem are also sufficient for

the existence of a MPLCPF for a multiclass fluid network with two stations.

Theorem 7 Consider a two-station multiclass fluid network. Let Ly, Ly € R} be such that

Ly satisfies (27) and (32), L2 satisfies (27) and (33), while both M = L1 and N = Lg
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satisfy condition (36). Then the function
®(c) = max{Lyz, Lz}
is @ MPLCPF and the fluid network is stable for all work-conserving policies.

Proof Let Q(t) be any feasible work-conserving trajectory in the fluid network. We will
prove that for any #5 > 0 ;
d

ZHQ)ems < ~1. (44

wherever the derivative is defined.

Let T(t) = (Tk(t))1<k<n be the allocation process corresponding to the trajectory Q(t).
Suppose that Q(to) € Ry and that Q(t) stays in R; for some time beyond to. Then, since
the policy is work-conserving we obtain

Y STl = 1.
kea,

Since the second station has empty buffers, we obtain:
- d d
o+ ik Tt — ez Te(h=to =0, Vk € 02, (45)
i=1

Let Uy = %Ti(t)|t=t,- Since the allocation process is nondecreasing, we have U € R7}.
Moreover, due to (45), U € P;, where P; is the polyhedron defined in (30). Now, since
Q(to) € R, then, by (36), we have

®(Q(t0)) = L1Q(t0)
Therefore,
d d
F2Q0l=0 = LiZQW)|_, =14 (a+[ﬁ—nM§;T(t)|t=to) = L} (a+[P'-MU) < -1

The last inequality.holds since by assumption L, satisfies (32).
By a similar argument we show that (44) holds when Q(¢0) € Rz or Q(20) € Ri2, proving
the theorem. o

We summarize the previous two theorems as follows.
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Theorem 8 There ezists a piecewise linear potential function for a two-station fluid net-
work if and only if the following linear program referred to as (LPOT) on variables Ly, L; €
% is feasible:
Li(a+[P - IIMe;;) < -1, Vi€ 0y, j € 03,

2a+[P—IMe;j) < -1, Vi€ oy, j€oy,
where e;; is a vector with the ith and jth eniry equal to 1 and all other entries equal to zero;
in addition,

Lifa+[P-NMU) < -1, i=1,...,r,
where UY,U?,... U, is the set of exireme points of the polyhedron Py defined in (30);

Lya+[P-NIMVI) < -1, j=1,....3,
where V1 ... V? is the set of extreme points of the polyhedron P; defined in (31);

Ll(’l) > Lg(l), Vie a1,

Ly() 2 L1(4), Vj € oo,
Ly,Ly > 0.
Remarks:

1) The previous theorem can be used as a sufficient test for stability as follows. If
(LPOT) is feasible, then a potential function exists and the network is stable. If not, we
can only conclude that a MPLCPF does not exist; no conclusion can be reached as to
whether the network is stable or not. In comparison with the earlier work of Down and
Meyn (8] and Dai and Weiss [7], the linear program (LPOT) is the best possible result
based on MPLCPFs, since it is guaranteed to discover a MPLCPF whenever one exists. It

is thus sharper than earlier results.

2) The previous theorem can be easily generalized to the case of more than two stations.
However, the necessary and sufficient conditions for the existence of a MPLCPF amount
to a nonlinear programming problem; the reason is that the generalization of the condition
(36) turns out to be nonlinear. Moreover, we expect that the linear program of Theorem 5

gives the sharp stability conditions.
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5.1 Monotone convex potential functions are not necessary for stability

In the previous subsection we have established necessary and sufficient conditions for a
MPLCPF to exist in a two-station fluid network. A natural question is how these conditions
are related with the results of Section 3 (necessary and sufficient conditions for stability).

Consider the following example of a two-station fluid network (see Figure 2).

A 1 2

B @

Figure 2: An example of a two-station fluid network.

There are 7 classes with rates yy = 10, pyz = 2.5, pu3 = 20, pg = 2, us = 4, ug = 3
and p7 = 11. The external arrival rate to class 1 is A = 0.805. Then oy = {1,4,5,7} and
o, ={2,3,6}. '

The traffic intensities are p; = 0.7527 and p; = 0.6266. The linear programming L P[0]
of Section 3 finds that 0 is the only feasible solution, which means that the system is stable.

The linear program (LPOT) for the same data is infeasible, which implies that there
is no MPLCPF, even though the system is stable. We note that for A = 0.804, L P[0] has
0 as the only feasible solution and (LPOT) is feasible implying that a MPLCPF exists.
Moreover, for A = 0.806, LP[0] has a nonzero solution and therefore the system is unstable,
while (LPOT) is infeasible. In other words, for this example, (LPOT) correctly identifies
stability for all A < 0.804, while it is inconclusive for A = 0.805, (even though the system is
stable) and A = 0.806, (while the system is unstable).
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6 Conclusions

For two-station multiclass fluid network we have established
(a) necessary and sufficient conditions for stability of all work-conserving policies,
(b) necessary and sufficient conditions for existence of a monotone convex, piecewise linear
potential function,
(¢) an example of a stable system for which no MPLCPF exists, which implies that the
convex potential function method has inherent limitations.

For networks with more than two stations we have established sufficient conditions for

stability and we believe that these conditions are also necessary.
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