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QUASI-GEOSTROPHIC JET MEANDERING

by
DONALD ALBERT CAMPBELL

Submitted to the Department of Meteorology, August 1980, in
partial fulfillment of the reguirements for the degree of Master
of Science.

ABSTRACT

The meandering of an oceanic jet such as the Gulf Stream
is investigated. The flow is divided into three regions, one
where the strong, non-locally generated jet dominates the flow,
and two "far" regions that extend from where the jet profile
goes to zero out to ca. The vorticity equation in ghe far
regions, on the f plane, reduces to the very nice V p=0. A set
of coordinates is introduced called intrinsic coordinates that
move and twist with the stream, for use in the analyses in the
Jet region. The vorticity eguation is expressed in these coor-
dinates and then scaled, taking advantage of the thinness of the
Jet and the dominance of the background flow in that region.
The strong flow region is integrated over. The resulting equation
has all terms except two expressed in terms of the position of
the axis and its derivatives. These two are evaluated by match-
ing them to information from the far field. Conversely, this
integration acruss the stream can be viewed as including the
dynamics from the stream region, to leading order, into a sort
of matching condition for the pressures in the far regions. The
process of getting the infomation from the far field entails the
introduction of Greens formula technizues. The result is inte-
gral egquations for the two terms at each time step. The solu-
tions of these,in terms of the axis position, are plugged back
into our vorticity equation to give a differential equation for
the evolution of the axis position, which can the be stepped
forward in time. ’

Section 4 contains the above program. Béfore doing that,
an outline of some previous works on the Gulf Stream meandering
is made in section 2. Appendix A sketches a vorticity develop-
ment broad enough so these familiar models can be looked at in
a uniform framework.

A minimum of standard results from a top-hat jet velocity
profile (in appendix B the pressure jump conditions used in this
type model are discussed at some length) are derived in section
3. They are used to discuss briefly some of the assumptions
that go into our model, but primarily they are there to $erve
as a basis for a linear 1limit check of our model which we carry
out in section 5.

Thesis Supervisor: Dr. Glenn Flierl
Title: Associate Professor of Oceanography



1. Introduction

An outstanding feature of the general ocean circulation is the strong
currents that exist on the western boundaries of many basins, such as the
Gulf Stream and the Kuroshio. The intensity of these currents has
attracted the attention of seafarers from the time they were first
encountered. Stommel (Reprint Edition, 1976, Chapter l)khas surveyed
the written record on the Gulf Stream. By the 1800s observations were
"sophisticated enough to note the spatial shifting of the cold/warm
fronts and of.the high velocity region that constituted the jet. Today'
we callvthis process of‘shifting "meandering." Concomitant with the
large relative increase in observatiohs in the last few decades came an
increase in attempts to build models that would demonstrate what the
physics are that give rise to the meandering. The purpose of this work
is to demonst#ate that instability of an inertial jet can lead to meanders
of the type we see in streams such as the Gulf Stream. The simplifications
we make in this paper preclude‘trying to make a tight fit to oceanic
data. The inclusion of some of those’ effeCtS,pafticularly/Kg, may be-
very difficult,.and will be a subsequent project after we have established
that the qualitatively right type of behavior can come out of such models.
Our work will show that certain terms in the governing equation, and hence
certain physical mechanisms, that have often been ignored (e.g., in the
topographic steering models) can be very important and so must be included
in any investigation. |

The general ocean circulation problem, to fit the proper forcing and
boundary conditions, requires one to consider the entire globe. We,
however, will be looking locally at a jet. Hence we are assuming two

things: first, that we can in some rough way include the effect of the
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rest of the full problem, which here shows up as a posited background jet;
and, second, tﬁat we can largely decouple the area of interest from the
full problen, so the presence or absence of a meander in the jet does not
cause radical changes in the flow far away or, in our model, in the posited
jet. As background for our local approach that takes the jet as given

we have reviewed in Section 2 some general ideas on why the open ocean.

jets we observe are there.

as§umP§iqnsgan§:§§1§;;efergnggwﬁoriSgg;ign;55.4 Aé they are often referred
to but seldom worked out in detail -in the liﬁerature, the jump pressure
conditioné which go into this model have been worked out at length,
- both mathematically and physically, in Appendix B.
Robinson and Niiler (1967; RN) (papérs that we will be citing often will
have an abBrebiation following the date,which will also appear in thg
bibliography) introduced an innovative coordinate transformation to facilitate
studying the meanders at latge amplitudes. As in our ﬁodel below thgy
posited a strong background jet with a given profile, constant in time
and downstream. There they considered a steady balance, but that was
extended by Robinson, Luyten, and Flierl (1975; RLF) to include time-
dependent effects in the transformation. As their coordinates afe
necessarily somewhat messy and confusing énd as we think they have potential
for application to other finite amplitude problems such as internal waves,
we spend time at the start of Section 4 developing them in greater depth
than has been done previously in the literature.

RN applied their coordinate transformation to investigating the problem

of topographical steering. We feel that the results of RLF lead to the

possibility of the opposite conclusion, that the topographic steering is
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not the dominant effect. The RLF model produced reasonable meandering

even over a flat bottom. Our work here can be viewed as an extension,‘

or correction, of that 1975 paper. Flierl and Robinson (to be published;

‘ FR) showed, and we redo in a simplified form in sectioﬁ 4B, that the scaling
used in RLF was inconsistent. The proper scaling leads to a much more
complicated problem, but one which we feel can exhibit the same type of
plausible meandering behavior as found in RLF. .

In Section 4C we introduce Green's formula techniques‘to solve
the proper problem. We derive there the sought-for equation for the evolution
of the jet axis.

We stress thét this approach does notbdepend on the jet penetrating
to the bottom or even to the deep ocean. This always has Eeen»a weak
point in topographically steered models as Warren (1963) mentioned in
his seminal work. Fuglister and Voorhis (1965) and recent work by
Luyten (1977) and others suggest in fact that the deep flow below the
Gulf Stream is not coupledvtightly to the surface jet, makiné this
investigation still more pertinent.

In the final section we look at the linear limit of our model aﬁd
regain some of the well-respected traditional results of Section 3.

This increases our confidence in the apprOpriateness of our method before
we use it to go into the finite amplitude numerics in a future paper.

In this papér, where after setting up the governing equatién we will
only do out the analytically tractable linear limit, we will take periodicity
in x similiar to the standard linear theory we will compare the results to.
A fuller consideration of the boundary conditions, in line with the'"inlet

conditions " discussed in RLF, will be included in the subsequent paper
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with the nonlinear results, where it is needed.

It is clear that the simplifications made in our model not only
preclude a data fit as mentioned above, but also rule out explaining some
aspects of the stream's behavior. With no inlet condition fixed in space,
and on an f plane with no topography, there is no reason the stream should
stay'in‘one region of space 'as 1is observed. And we repeate that includ-
ing all these effects, particularly the /2 effect, will not all be trivial.
The major goal then of the model as it is, is g& reproduce the large
ampiitude meandering found in RLF. The extensions which may entail

significant changes in the mathematical method used here will be dealt

with when needed.



2. Historical Building Blocks

The investigation in this paper into a possible meandering mechanism
for a jet such as the Gulf Stream is seen as resting on thirty years of
work on such problems. Here we will look briefly at some of the physics
of earlier models. In particular, we will look at work on three aspects
of the problem: 1) how the jet, which we will take as locally given, as
discussed in the introduction, arises from basip—wide considerations;
2) why the current separates from the coast; and 3) what the inciusion of
time dependence, key tolour model, did in earlier attempts. All these
papers were done with their own approach, their own notation. To facilitate
comparison we have derived a general enough vorticity. equatlon in Appendix A
to see what is being stressed and what is being ignored in the models
discussed here:_

The first model created to explain why many oceans exhibit a strong
western boundary current was put forward by Stommel (1948). It was a
steady state, linear, homogenous fluid, flat bottom, lateral viscosity
free model (from Appendix A: € = & = g = o = 0). He had an
'imposed stress at the top from the wind, and the bottom stress he para-

meterized as linearly related to the velocity, giving

A ey 4 R (e oo REP 14 Py =BTy 2.1)
ﬁ‘/::-—«'b’ SinThy A R (v v(/v) =S vp Px

He solved it explicitly in a simpie rectangular basin. TheAimportant
physical result was that there were two regions, a thin one near the
western shore and broaa one over the rest of the basin where two different
leading balances dominated (2.1). Thechange in planetary vorticity balanced
the input stress (12 and ¥ ) over the basin (the famous Sverdrup, 1947,

balance) while the change in planetary vorticity balanced the bottom
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drag (;9 and R) in the jet region. Because such structure exists in
‘the solution one could, as péople did later and as a comélicated bésin
geometry makes necessary, approach this by boundary layer techniques.
"A final commént on his model concerns the way the jet is caused non-locally
but analyzed locally, as discussed above. The wind stress curl that
drives the jet transfers its‘effects over the whole basin, but we can
still look locally at the jet and deéermine the vorticity balance there.’
That the locgl and global problems can be separated, in this sense, is
support for our approach below where-We postulate the existence of a jet
and look at it locally to determine its behavior.

Munk (1950) proceeded similarly, but kept { # 0. Here the. ¥ term
again accounted for the input of vorticity at the surface but the stresses
died off before reaching the bottom, so no R.Vzp bottom dissipation

occurred. Rather the lateral viscosity gave the needed dissipation.

His equation

(v -3 p = Y (TP -7) 2.2

also exhibited a boundary layer type solution. The interior had the same
Sverdrup balance as Stommel had, while the balance in the jet was between
_ the ad&ection of the planetary vorticity gradient /3 and the dissipation
0i§’4§. He put in realistic data from the Pacific and generafed oceanic
gyres that bore some resemblance to the real gyres. The value he used
of AH =5 x lO7 cm2/sec gave what he then thought was an appropriate
Gulf Stream width of somewhat over 200 km.

A triangular basin was introduced in Munk and Carrier (1950) (and

they therefore used the boundary layer approach) leading to two'improvements.
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First, the gyres more strongly resembled the observed gyres than in the
square basin model. And second, a given value for AH gave a thimner jet,
a problem we will now take up in relation to the next type of model that
came along.

It was soon realized that a more realistic width of the jet was
50 km. This corresponded to a much lower AH' Even in the triangular basin
where the thinner jet corresponded to a higher éH than in the square
basin, the mneeded AH was so low that an internal inconsistency arose.
Since the ignored inertial terms hecame larger than the retained
frictional terms in the boundary layer, people began to look at the
inertial terms. These terms will be invthe model built in this paper.
Further, they play a key roie in our preferred explanation for the jet
separation, described below, part of the background for our postulated
open ocean jet that we investigate.

As Morgan (1956) pointed out, given the input of vorticity by the
wind there must be some region where its dissipation is important.
But the first inertial model sidestepped this by ignoring forcing.
Keep in mind that because the equation is nonlinear the resulting solutions
cannot even be viewed as useful in solving the forced problem for given
boundary conditions in the way such solutions are used in linear theory.
Fofonoff (1954), in his approach, used both the Bernoulli and vorticity
equationé, but for quasigeostrophic dynamics the Bernoulli equation is
superfluous. His physics included taking € = & =7 (='R) = 0 and thus

getting

~~ . ) A‘. - l.‘_l :!\ _‘ .
T(p,evprltAy)s @ e Tpri-fys Fopy (2.3)
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for some functibn F. Taking a particularly simple form of F, he generated
a solution with both eastern and western boundary currents, and a north,
south, or inbetween latitudinal current. It did not resemble the observed
ocean flow, éuggesting, as expected, that the whole bdasin was not
dominated by an inertial balance. But parts of the basin still might
well be so dominated, as looked at in the next models.

Charney (1955) accepted a Sverdrup interior as a given and looked
at the jet under the assumption that the inertial terms_ddminated the
viscous terms there (as mentioned, viscous terms must enter somewhere,
of course, but he didn't investigate those regions). He worked with a
two-layer model, with the bottom layer quiescent (see Stern, 1961, for
vhat this means physically) and observed that his model could cause the
jet to separate from the coast to conserve its potential vorticity. |
To within appropriate approximations, equation A.13 can be rewritten here,

for ¥= R = & = 0,

| (v, - ).;-14/5? ~
(€0, +ud, \,9\/\, (e (M d+ 1R ) 2 o 0.8

/- sk
or dimensionally

(% “38*‘”57) (L) 0

Stommel (1955, 1976, p. 109) used a simplification of this in a quick
look at one transect of the Gulf Stream. He assumed potential vorticity
constant everywhere, not just along stream lines as required by the
above equation. He calculated v from this and compared it to v computed
hydrograpbically. Except at the inner edge of the stream he got a reasonable

match supporting the idea that the inertial terms do dominate the frictional
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terms there, and that they should be important in our model.

We will now look at three ideas on why the jet separates from the
coast. We will also use the first model as a jumping off place for a
discussion on the effects of viscosity even when inertial terms dominate,
something that is relevant to our model below where we assume on the first
pass that friction can be ignored. The second model was really created
to look at the stream path over’ the continental\rise, but the implication
of f@ and topographic steering is that it must also control separatiom.

Ignoring viscosity until some post-facto considerations Carrier and

.Robinson (1962) built an inertial model and were able to get the jet to
separate from the western boundary at the maximum of the wind stress curl.
Their two-gyre ocean with strong jets on the northeast pesides southwest °
walls ; and‘the nature of their central jet, did not correspond very
well to reality. There were internal inconsistencies foo. For example,
Section 5, which tries to fix up the viscosity problem has stream lines
that nowhere go through a viscosity region. So we reject this as the cause
of separation. We will shortiy discqss a little about some recent
numerical models which also have seperation resulting from the wind pattern

_imposed, though there it is a two gyre wind. The models have some results
we like, so we will argue why those results should equally well follow
using a different sepération mechanism, and continue not to believe in

wind caused seperation.
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A second expianation for separation is associated with Warren (1963).
His paper tried to show that the meanders of the Gulf Stream (and hence,
in passing, the separation) are determined by topographic: steering.
Stommel (1976, p. 11) cites earlier work on this by Eckman, Sverdrup et al.,
and Neuman. In the 1940s the meteorologists advanced the formulation
of the problem considerabl&,'especially Rossby (1940), Charney an& Eliassen
(1949) and Bolin (1950). Ihe Japanese school of‘oceanography applied this
method in the 1950s, for :example Fukuoka(]957)
But Warren's work is often taken as seminal, as it attempted to be more
quantitative than those before and to check the theory with data. However
.;tbgye were many problems with the method he developed. He ignored the
D§>bt term, which we will'gee below can be important, after conceeéding it
was hard’to estimate itssize. Hansen (1970) looked at the adequacy of
this exclusion and concluded that it might all right for describing the
mean Gulf Stream, but certainly not the meanders. Bringing in the effects
of the bottom topography in a simple way is difficult. His results
were shown by Robinson (1971) to be critically sensitive to the spatiai
averaging scheme he used for the depth. And further there is the problem
he brought up in his paper and which we mentioned in the introduction:
what if the bottom flow is not parallel to the main jet flow? Although
Schmitz, Robinson, and Fuglister (1970) felt they generally had coherence
with some exceptions (which become problems for the theory whenever they
occur, as they should change the steering), later works by Robinson,
Taft, and Schmitz (1973) and Luyteh (1977) suggest even less linkage of
the bottom flow to the jet. And finally his method assumes that the change

in angle of his inlet is so slow relative to the propagation downstream
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of fluid particles that the stream one sees in the ocean can be taken as
everywhere having the potential vorticity it has at the inlet. 1In fact;
of course, particleé a disfancé Ut downstream where U is the particle
.velocity, would have the potential velocity the inlet had time t ago, if
potential vorticity is conserved.

We feel that the most reasonable’explanation for separation was put
-forward by Parsons (1969), working roughly from.equation (2.4) above,
for a two-layer model. The usual north Atlantic type wind forcing causes
a western boundary jet in the top layer. But this is accompanied by a
shoaling of the interface as one goes north iﬁ this current. For é given
amount of warm water and a given strength Oof forcing,the depth of the top
layer at the west wall will at some point go to zero. Stronger forcing or
less warm water moves that point south, and conversely. The cuérent beyond
that cannot stay on the west wall, and is forced to -enter- the open
ocean. Kamenkovitch and Reznik (1972) worked out some messy mathematical
loose ends to the theory, and incidentally got a countercurrent under
‘the Gulf Stream, shoﬁing the fiexiﬁility of this method versus the topo-
graphic steering approach. Verohis'(l973)'used this type of two-layer
model with separation to build a model for the entire world ocean,
getting surprisingly good results. In a less transparent way the gigantic
ocean—atmosphere model reported on by Bryan, Manabe and Pacanowski (i975)
and the earlier and cruder model by Takano (1975) had separation caused
by the surfacing of the sharp stratification front, as above, but where
now the stratification was not an input as in the two-layer model but
also an output of the model. More support for this type of separation
model came from CGolan (1979) who used Parson's model to look at the heat

exchange between the ocean and atmosphere and got a reasonable fit to data.
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Finally, we will look at some early works that included the time~
dependent terms and looked-for instabilities. Haurwitz and Panofsky (1950)
first introduced the idea that the meanders resulted from an instability
of the velocity profile. They looked at the linearized frictionless
vorticity equation for 'normal mode motion and straight line background
profiles, as we will do for one such case in Section 3. Two results of
interest they found which we should keép in migd are: first, as Rayleigh
(1883) showed, the broader the transition zone from the central jet
velocity to the surrounding quiescent ocean, the 1ess‘unstable the.brofile
is; and second, moving the jet near the shore tends to stabilize it.

"In a paper by Lipps (1963) an attempt was made to get a dominant
e~folding rate and wavelength for the Gulf Stream from instability theory.
He chose a particular profile that he could deal with analytically.

Drazin and Howafd (1966) showed thét such results are sensitive to the
choice of profile. Our method below will depend on integrals of the
background profile, much less sensitive parameters, ones that perhaps we.
can somewhat more meaningfully measure. The top-hat model we will look at
can also be viewed as depending on integrated parameters, as was discussed
and used at length by Flierl (1976). Finally, there is again the problem
that underlies all results from linear tﬁeory: there is no real reason

to thiﬁk they should describe the finite amplitude meanders we really see.
This problem of course is the motivation for our work, and will not appear
in our nonlinear formulation.

The RLF (1975) paper is the direct antecedent of our work. It
followed a series of papers by Robinson and various co-workers which began
in 1965. The unusual coordinate system used in RLF and by us was introduced

by RN (1967) in a work which tried to formalize better, so they could be
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better evaluated, Warren's ideas on bottom steefing. We feel especially
‘that the results of RLF support the anti-bottom steering advocates.

In their model they generated a meandering path without any bottom
topography, that is, they showed that the time-dependent terms are capable
of produéing the qualitatively correct type of behavior. As we will show
below there were inconsistencies in the formulation of that work and the
correctly posed mathematical prqblem unfortunatelf becomes much more
difficult. A goal of our work will be to showhthat one can still get
meandering from the correctly posed problem without relying on bottomv
topography, particularly important in view of the question of the nature
of the deep flow below the streém as mentioned above.

We want to briefly touch on a very importént recent approach to this
time dependent instability problem, that of numerical modeling. Once he
gets his jet off‘the north wall, ﬁolland(l978) gets very intresting mean-
dering and even ring-like shedding by his stream. His pictures also
give some support to our assumption of a uniform downstream structure of
the jet. We note he gets seperation by driving it with a two gyre wind,
but we ﬁelieve that, as he points out, the important point is that the
jet is no longer supported by the wall, and similar behavior would hold
for seperation caused by the density field. It would be worthwhile to
do a stability analyses of such experements in the spirit of Haidvogel

and Holland(1978), using our formulation below.

—
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3. The Standard Linear Problem

We are interested in looking at the validity of some of the simplifi-
cations that will be built into our model below. To do that we will
ihtroduée what we call the Standard Linear Problem with a top-hat
background flow profile. We will develop the model only to the extent
needed fo make SOmé observations about our simplifiqations, and readers
interested in the model itseif should look at the fuller examination in
Flierl (1976). We; of course, are not guaranteed anything about the
finite amplitude behavior by the linear behavior, but e wili take
evidence of the reasonableness of our simplifications iﬁ the infiﬁitesimal
limit to be suggestive of reasonableness in general. We will also use
“this model to make some comments on parts of tﬁe‘methodology we will be
using below. We will develop the model firsf, and then go on to the ;
comments.

By the top-hat model we refer to an unperturbed state that is a
zonal jet

Ux(y#) - {o o ]\/*’}z’f‘/ UL foe fy*/<..(’?§()f Uy)

where \ 2 fﬁfg% .

Qur governing equation will be

“ i
astt S omd ) (he £y ) - eD
which is just our vorticity equation A.1l4 with the following modifications:
first, in addition to its being homogeneous, we have taken it flat bottomed
(s = 0) and frictionless (R = & = %, = 0). We have called f;;.:‘ £ o,

. i “« ., -,
where a represents the different scaling c*% and U," might have, that is,

c¢* = a 1 * c. While keeping the x* scale L* (we will indicate how this
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is determined below) as in the appendix, we now no longer take the y*

Y,

scale the same, but rather scale it by {#*, the half width of the stream,

\
‘25 km. We are interested in how the fﬁ;/s* term comﬁares to the other
terms, all of which have Cgﬁé in them. This suggests looking at the
length scale ;jug;gx . Defining%?:/ﬁ*E;%%* we get an 0(1) )3 for any
(L*):\»;:‘:' U_“;jjg* . We will see below k"‘(a = /?:’p/"d‘ . is a cut off
for unstable waves, so we will define (L*)“ ffga /GL”’ . Hence,
,2; 1, but we will usually carry it as /6 to keep track of which terms
arise from the gradient of the planetary vorticity. This will be our x*
scale. With‘/ﬁx* = 2 x 10_13 } /ecm-sec and UL * = 30 cm/sec, L% = 15 km.
Note L* is not a wave length, since (L’k)“1 = k*; rather, it correspoﬁds to
a wavelength L*W.L. = 277 x 150 km. This is a little longer than what

observations indicate the dominant wavelength in the meanders are (see,

‘

e.g., Hansen (1970), who comes up with a length of 320 km as observed),
¥ A
but as an upper cut off that is reasonable. We will call £/1¥ = A=.167

If we recall that the p's in (3.1) are total pT's, and we relabel

-

R - _ . '
..(F%)y: Lﬁy)“‘rfy and (FT)X f'f& where the non-subscripted p's
now represent the perturbation pressure and the nondimensional r allows

them to be a different scale than the 0(1) background flow, (3.1) becomes

(recalling TJ)EU}?=C) in all regions)

(a2 U2 B(Ty £ 3P, )t R AL <0 (3.2)

: Gcti(’_("ct)
The usual substitution F’(K.Y'f) P Y) then gives us

(U= )y - tRp)+ P00

First we will show that for any symmetric jet any solution to (3.3)

can be thought of as the sum of an even solution, called a sinuous or
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firehose mode, and an odd solution, called a varicose or sausage mode.
For an even U/ the operator in (3.3), written as a{+ E?(Y)j O, is
even. The "+" indicates that the dummy variable is +y. We will change
the dummy +y to -y in both .:‘3..'_ and p(y) to 'get ef- [F"V}] =0 .

But, since the operator is even, j\:,,.. = .Zi.- . Hence; ,;f?(.pvy)']:o
which says that if p(y) is a solution so is p(-y). Since «76%. is linear

the even function E(y)= ag( piy) + F(”Y)> and the odd function

C:)(}’)s ' .‘:( PCy) ~ F('y)) are also solutions. So any solut:_ion p(y)
can be thought of as composed of even and odd parts, p(y) = E(y) + 0(y).
Given that the Gulf Stream is more or less sinuous, we will restrict
ourselves to looking at firehése modes. |

Because we are looking at even modes we need only use the matching

conditions at y = 1 and the condition at + &2 , and add a condition at -

Il

y =0, py(O) = 0, instead of also using the conditions at y = r—-l and

—- o,

it

y

Eqﬁation (3.3) can be explicitly written
(’A"." \‘ ™ \2#7’h>+0\13 e | |
& T f< P\/\/ AL IRV EaRS . (3.4
in the jet and

(-ac)(py, - Whp)rpAATC (3.5)
7Y

outside. Now provided ac # 0 or 1, which can be verified at the end,

we can Wrife these over in a more standard.form (see Figure 3.1:for-the

-regions)- and.solve them. -

F‘y"/ - ,\1( N ﬁ/u“)?v S = S coth )\/u.)_t/ (3.6)

(Region II, inside the jet)
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Region I

0 Region 1L

Region II

- Figure 3.1
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/ -\ (k + /é/ac,)( = O = P -'»Ae:'\fl"/i' | (3.7)

(Region I, outside the jet)
where we have used the conditions at + o® and 0 to get these forms.
We will callvfgﬂ Z V?E?/Qﬁao and //wt*j Lw/vvuﬁh . The cosh in
Pir is understood to take complex arguments where appropriate. Since it is
a homogeneous problem, there will be an arbitrary multiplicative constant
in the final solution. We normalize by setting A = 1. 'Aéplying the

two matching conditions from the appendix

' Pz P!Z'C i o
~dA L - I —a e = O aroT : (BJ)
and ’
w 1 ) Y g 2N )g'ﬂm,) / (8.9)

give respectively

V2 B corl ) ot
T = (3.8)
-g =&t
and
-\ M, ﬁ' | \ _
. C /\//(‘Qd = r_j(fwfu‘é-)/\/x?_&{ml'\//—!l‘ (3.9)

Eliminating B gives the dispersion relation for e

- . o
(1mae) tonh MWt < U8 (0o} g

f"q(‘
-x'.aa. -
V‘ k /ﬁ’//vag

Solving for B gives

Ar% T ‘~§L->’M‘ (e
s . < C (’,(_‘)‘SL\ )‘/{"

(3.11)
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Note that for ¢ K¢ 0(1) this gives B >3 O(l).

Before beginning our discussion we want to consider when the
tanh A,}‘z in (3.10) can be replaced by a simple apprdximation.
As k -5 O this goes to tanh id = i tanh = iAd for A = .167 (noting.
/3/i-ac®| ). On the other hand, when _*¢, = 10, from k = 10, tanh 1.67 =
and for _#,= 20, tanh 3.34 = .99, so from there to k = =& we can replace
tanh %/w by 1. Recalling that we are not afFer details, we will make
use of both approximations where appropriate beiow.

We will now look at four subsections on"

A) our main use for the linear results

B) support for the "parallel jet" approximation below

C) support for using an f plane

D) support for our integrate-across—the-stream approach

A) The central reason for working out and including these standard
results is to provide a basis for a comparison for our model below. In
Section 5 we will take the linear limit of our fully nonlinear model in
Section 4 and show that we can get a dispersion relation corresponding
to (3.10). Having this in mind, we could procged right ‘to-the development
in Section 4. But we want to pause dlso to use this model, whére we can

see how certain changes affect the results, to support a few parts of

Section 4.

B) One of the approximations we build into our model is that there.
exists a strong jet that stays parallel to its own axis as that axis
meanders. This can of course be motivated by what we see in the ocean.
But we can get further motivation by looking at the results of this linear

theﬁry. Figure 3.2a shows how parallel the flow stays as one goes to a
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By looking at

the biggest contrast, the edge to the middle at 17/2 we see
this is not everywhere so parallel as in 3.2a. ’



vmax(edge)

v(middle)

T
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stream width

wave length
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i

igure 3.2C

A measure ol the parallelism of the edge and center. As in a and
b,U is 1 throughout the jet and the maximum v(edge) is .1. Hence
this is the ratio at the least parallel place, x=%/2 in 3.2a,b,
since sinm/2=1. The abscissa on this for a would be .34/2T,4/2T
Tfor b, , : S :
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“finite”amplitude, but an amplitude still small enough so the nonlinear

terms are negligible. The point is that for the corresponding varicose

mode a strong parallel jet approximation clearly would not be appropriate.
But even for the even mode, Figure 3.éb shows that this approximation is
tied to the thinness of the jet. 1In Figure 3.2c we have graphed a measure
of fhe deviation from parallelism for such cases as in Figures-3.2a,b,. again
showing the appropriateness of the strong paral}el jet approxiﬁation

for the thin jet.

C) Although we carry @ in much of the development of Section 4
for use in subsequent works, this work will look at/&== 0, at the f plane.
We can examine what effect the,presencé of//3 has in this model. 1In the
Limit ;3 = 0 (3.10) becomes (or the following could be derived from the

basic equationé with p? = 0)
S ' b
</ “'étiw) "{36&.4[« M = = CC‘“‘) (3.12)

Figure 3.3a is a graph of (3.12). Note as k-7« our approximation
tanh —» 1 holds and we get ac = % + i%. We see that all very short waves
have this maximﬁm growth rate, that no preferred wave emerges. We will
see below that this still holds for /3 # 0.

For /3-# 0 it simplifies things a lot to use the approximations
discussed above for tanh. In Figure 3.3b we show how well replacing
tanh x éy x reproduces the long wave section of Figure 3.3a, while giving

a false maximum ac, in the short wave region. Keeping in mind that the

short wave region'will be unreliable, we reduce (3.10) to

(r’ac,flA (h?” /%G*““*):"th*ﬂxww Caﬁ-}m (3.13)
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which is graphed in Figure 3.4 . The striking difference from the/3 = 0
case is that now we have a long wave instability cut off. But although
this at first seems qualitatively unrelated to the /% = 0 case, Figures
3.5a and 3.5b for /3 = .1 and /% = .0l respectively show in what way one
approaches the & = 0 limit continuously.‘ The cut—éff point is seen to
be marching off to k = ﬁj | as /(3~> 0. So the exclusion ofjﬁﬁ just changes
the long waves from stable to weakly, slowly growing. As the short waves
are seen to grow faster and so linearly dominat;, ﬁe can consider this
difference nof to be érucial, and we will now 1odkvat the short waves.

We would like to find a fasfest growing wave, to suggest a possible length
scale we might find, keeping in mind that quasi-linear theory (Pedlosky,
unpublished) makés cléar this need not in all cases.be the wave that grows
to maximum amp%itude at finite amplitude. We replace tanh by 1 as

discussed above to get

”

. v,
({w‘,__.u,’)?'(kim /”/;»ww) e ( }‘(1’+»/3/.~:~u.) (4;‘\, f‘»-:\ (3.14)

Figure 3.6 shows we again get the limit a ":’%,i { %;' , as can
be easily verified analytically, and as is expected physically since the
/3 effect gets swamped as we go to the /2 = 0 results. Again we do not
get a preferred wave.

So we have seen that with or without /3 the topfhat model gives
finite and equal growth rates for all short waves while long waves are

stable or nearly so. In this respect the exclusion of /3 does not change

the results of the problem too much.

D) Part of the method we will use in Section 5 entails integrating

across the stream. This effectively removes that region from our problem
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while incorporating enough of the information from that region into a
type of matching conditions on the remaining regions to solve the problem.
since the jet profile there smoothly joins the quiescent ocean, there
will be no actual jump conditions as there are here, but that does not
affect the point we are trying to make here. Using this standard model
we will see a sense in which the integrate-across-the-stream approach

is similar to the standard solution. Integrating (3.6) I'Jy over the

: -1

jet region II gives
i

Lem, 17 = N OS2

; (3.15)
If we now use the jump conditions B.9 we get
/ . ) ! y v
JHL - R e 5 5 b
(Pe: >},{ “’(ﬁj;),/[ = “ . x/""m B i \/ (3.16)

which, if we know Py could be viewed as an amalgamated matching condition
on regions I and TI. The other supermatching condition could most easily

. o
be gotten from our evenness requirement, so '{’a f - Thil pol S .

If we now solve the governing differential equation (3.7) in the two

Ay ﬁ«‘hcx—‘—.t )

regions, use the evenness and normalize, we get P%: e ) },>’
R oA thy (w-2%) -
and Fﬂi: e e VAN » where ¢ (and hence ¢ ) are still

to be determined. Plugging these into (3.16) gives
s — ,\/J( { — <o 2. "
-2\ e = @ N u g P o, - ean

Equation (3.17) is an equation for the eigenvalues c¢ independent
of the eigenfunctions of the remaining regions pI and pIII’ but it is
not really an eigenequation, as Pit is unknown. Knowing héw to get Pip
from a full solution, as before, we can_plug back into (3.17) and show

we recover (3.10). The point; of course, is not that this convoluted
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approach is the way to solve the linear problem, but rather that (3.17),
the result of a cross stream integration, has the information in it that
(3.10) has, though in a form that takes additional information to recover.
Section 5 will go about justifying the cross stream integration approach
in a different way: by showing that -a dispersion relation analagous to
(3.10) can be obtained using it and solutions to regions I and III in

the linear case. This subsection is intended then only to give some
insight into what is happening with the information in the equations when
we use that approach.

We can now go on to build our model.
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4, Formulation of the Fully Nonlinear Problem

In this section we will generate the new approach that will let us
go into the nonlinear range. We will develop a governing equation-
and a sketch of how we will numerically work on it in a subsequent
paper. As indicated in.the introduction we will work with a particular
set of coordinates, which we will call intrinsic coordinates. We believe
that fhey can be applied fruitfully to other problems, such as nonlinear
internal waves. They were first introduced by RN (1967), and in their
full time-dependent form by RLF (1975). 1In Section 4A below, in the bélief
that they are very foreign to most readeré, we develop these coordinates
and the fluid dynamic equations in them in mére detail than has been
done in the literature. Our scaling is similar to that in RLF, but
different in one.very impoftant way, one that we will see changes the
entire problem. Their scaling allowed them to decouple the dynamics
of therjet from the far field motion to leading order, greatly simplifying
the problem. We will see for consistency that we needito retain the
far field motion in thebproblem. In Section 4B we present a simplified
form of a proof by Flierl and Robinson (to be published) showing that
the scaling in RLF was iﬁconsistent, and see what consistent scaling
‘leaves us with in the jet region. We also develop results we will need
in the next subsection. In Section 4C we generate a governing equation
for the motion of the axis of the jet by first integraﬁing across the
stream and then using Green's formula on fhe far field to bring the
information from there to the edge of the jet where we can use it.
We stress the advantage of this Green's formula approach.r The two-dimensional
differential equation governing the far field would reéuire a two-dimensional

grid to solve numerically; This method reduces the numerics to evaluating
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a one-dimensional line integral. Savings in computer time or equivalently
greater resolution result. This same approach was used by Longuet-Higgens
and Cokelet(1976;LC) on surface gravity waves. Another use for this
would be for nonlinear internal waves, though the extension from surface
waves is not trivial. ﬁeSides providing the basis for the present work,
we hope the brief outline will stimulate the use of this metﬁod in

other appr0priate’oceanographic problems.

.

A) The equations defining the transformation from Cartesian coordinates

(x,y,t) to intrinsic coordinates (]{,Q\,t) (see Figure 4.1) are

x_:X(x,%é)+z(x,y,f)$/n Sxyt). %D
y - V(X)) =qix ytlcosoluyty “.2)

t =%t | : | (4.3)

Instead of introducing a new time coordinate in the mew system we
have used the same symbol t. This conforms to RLF, but we must keep in
mind that %%bf- is not the same in the two systems, as we will see below.
The line >/.: Y(‘,‘Z_'t) is the moving n=o axis for the X,rL syst}em.
Below we will also identify it with the axis of the jet in the pfoblem.
We will refer to it as the axis. The normal from (x,y) to the axis
intersects it at ;gr(x,y,t) and has a length / 1 (XI%{-)/ . CD(%){t)
gives the angle between the tangent to the path at 'ZL(x,y,t) and east,

that is,



Figure 4.1
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QO‘. ye)s tow '?”“z:) 4.4

To investigate the l1-to-1 nature of the transformation we look at

the Jacobian

. ] 204 Y) / dx DY _2x 2y
d = S ,4 ~ % (4.5)
D (lei) /' X 437

To compute these terms we must express (4.1) and (4.2) in terms of the

two variables _X_ and rL

(4.6)

| .
\/ = 2? + 3} -

B N R
%(z) £ (* ,.,_Z)> we get
J =g (110%) @

-] :
which says that for [r( 1 < I‘}{t the transformation is 1 to 1. We will

Noting that the curvature is

label

hE 1+ X | O 4.9)

which will be a measure of the crowding of coordinate lines. Relations

between Y, €, and X that will be used in the algebra below and are

here listed for reference are é:‘:{'/[[-&& ]“VC'O‘ O 0“"@ X Y C—OS 1
Below we will work with flows which have w = 0 and are independent

of z, but we will carry these terms for a while to keep the transformations

general for later extensions to baroclinic fields. So along with (4.1)

and (4.2) ( we still have X = X (x e £ __"*ﬁ) and (4.3) we have
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Zx 7 (4.10)

again using one symbol for both systems, though here it is also true that

2

/D% is the same in both, as z is independent of the other coordinates,

o
The usual Cartesian velocities WU = (Cﬂf,‘,»j ¥ ) will transform to

components perpendicular to and tangent to the interface

W= W (4.11)

VS UL SN - VEos &

(4.12)
Z A O SD £ &2
AA (A €O w:-r‘V g .13)
For use later, the inverse transformations are
A 3/@4’ CRs @ + 1\ S & (4.14)
-\/3/(,(5/41@~1)¢c35@ (4.15)

From the definition of &, (4.4), we see that like ?it can be
thought of as a function of either set of coordimates, giving &X, y t) or
@('2.")4){) . But from the definition, because £ is independent of o

@ must be also, so in intrinsic coordinates S = SO f,f) .

We: now move on to dynamics. In Cartesian coordinates the Boussinesq,

hydrostatic, inviscid equations on the f plane (f = f,) or/b i)lane

(.,(‘: -(c,w/éy) for the conservation of mass, momentum, and density (entropy)
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;a....;( ‘ ..;5,:/ . 53 © O (4.16)
D
—L v L2 .o 4

Dt [o Px

D v () .

R . ! ’ ) P o (4.18)
T LA ¥ - e = s

D 'i: /Aw g Y -

2
e R T | (4.19)
>z ) |

Vs
Dt (4.20)

where s is the nondimensional density anomaly, ,xb://2£|-s)andng(bt~is the

advective derivative

D _2 .., 2 .2 2
'-p-f;"'bt*ac‘/{ ""'V;‘;"WD% : (4.21)

We will now carefully transform the two momentum equations into
intrinsic coordinates. The other transformations will be similar but
simpler and only the results will be given. The z coordinate will often
not be written when it plays no role in what we are looking at. The case
for a fixed curved wall was first done by Goldstein (!432, p.i1%), though
he does not discuss what to do where it ceases being 1 to 1. One céuld

simply apply the standard coordinate transformation rules (Hildebrand,
2. _(, %:,/_)_) Dy (/"b&.j_) )’b_j >
Chapter 7 ) mmhasﬁx = 3(1“} YT Wﬂ (“v\ 33 B% s

but we will do things out in a more pedantic way that also makes clearer
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the change in the time derivative and what it means. The first step will

be re-expressing ’D/D-t; . Observe that

2 Fixae)= ar:/ X [/ . dF 3@/
DX /\/»%F(é; ?j.(’) zz 1t o) A }-’JC ’a’t [z)(‘ D% P (4.22)

LY

L]

2 F(Ean)s 20| c’w/ +.~ar{ Dt
X ‘ R X

p) (4.23)
, ) ;

Y '( . B"& i'{ 'by /)SJ—

If we now differentiate (4.1) and (4.2) with respect to x, for fixed y

and t, we get, recalling (& = @(’ﬁ){'),

| = DR . 04 §IMD o5 e 29X

Bx o 2% PX (-2

. | r

27 DX PN .26 2%
D S ow | Bx T8 TASME oy o (4.25)

These can be solved for @%X and 51/3} to give
;)22:‘/ L cest® Cons? e | |
—75 X—- }/f ) / ':/v"’z 9’( T *»Z\ : (4.26)
Ry '
__%..Ll s Siwe (4.27)
X 1y ¢ .

Likewise, we differentiate (4.1) and (4.2) with respect to y and solve

the matrix as above to get

DK | o

X | =sime c22 | 4.28)
Dy obve N

3 L I

s - OS5 & (4.29)

h\/ /wt

4
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Dropping the dummy function F, we can write (4.22) and (4.23), using

(4.26) and (4.27), as the operators:

) cos@ & D
= = cogp S22 £ + St O _
ox /‘/,t © 2% /»;,t o1 [ge 39
2 ; ‘ S &
¢ = §meo <9 = (4.31)
Yy /x’é | . D:;:‘/“ + c_o;em/

/
Now one can recognize the spatial transformation as a rotation (where

)
C::e SE gives the tangential derlvatlve)

P

We can deal similarly with the less common change of “7)¢ [)(

t
4

> . 2 'D(" X ?E; | 1
%P?/x F(ZT,q,¢) > ”511’/ :>z‘(,mBe (xy 51/2& bt[*’#

We can hit (4.1) and (4.2) by %{7 /xy and for now represent %{i

(4.32)

Ay
by ".ll. ’(

10

y o . a@ » a
O = ifrllftf?@*”?_‘l‘”@(ﬁﬁ* h"f/

=

) (4.33)

O B, + Y d-ime (1 2o 32

& (4.34)
Solving these for X and B gives
S _CoSD DY _ 22 ) |
Y = - (5”‘8’2{- /I 3,&/2 | (4.35)
;{ Cos & Ex—t_/ - (4.36)
b £ X:

Plugging (4.35) and (4.36) into (4.32) and then changing symbols so

nn 9’{) we ge‘t
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From (4 37) we will be able to tell at a glance, below when we write
the advective derivative in these coordinates, which parts come ffom the

old but in the new system look like advective terms.

| Bringing together (4.21),(4.37), (4 14),(4.15),(4.30) and (4.31) gives
AR Sy e y’u;}v)

D OF

~
Cofe' </

- )
(/‘" i 0~ S) SIS RS (4.38)
Now to tackle the momentum equations. Using (4.14) and (4.15) to
substitute for u and v and (4.30) for €a§></,t in (4.17), and noting that

our operatore (4.38) obeys the usual rule for products and the chain rule,

. D et & 7
ives —— o - .- 2
g Sin & mt t L o5 S coled e
i ‘ Do s . - 7: ( o;zca D | (4.39)
+ P 2 — e - YRS (A H mm PO e ¥ “‘9""
2500022 £ (reots wine| = (5 el
Similarly, (4.18) becomes
CO.S @Rﬁumf/,(s @,‘2_‘?,,,4_ S o Du
' Pt D
: 4.40)
+ S (= P 3 - C (25} ;._,-L o 5;49:6—) (
Veoso g+ £ (pisma - Veeso) 7 (e e "C““’fi)P
Adding cos @ times (4.40) to sin © times (4.39) gives
2t [l 0 1 cose OP '
——— et = Sy
D Y b T AT By (4-41)
Substracting cos @ times (4.39) from sin @ times (4.40) gives
DY R
—— - - O 42)
SE T Q—- - & u e (4.42)

We have then a remarkably small change in the form of the momentum
equations.

. Equations (4.16), (4.19) and (4.20) become, respectively,

)'L) o Yy COIO g;;( oW

3% oW _ - 059 31:_ P
P e e N LU = -

»,
\ffz /g (4.44)
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[

s
Dt (4.45)

Next, from the basic equations, we will form the equation which
will be key for us, the vorticity equation (of course, we could have
transformed the Cartesian vorticity equation, but this way one gets more
. _ 2 ((n
of a feel for the new coordinate system). From 75“{ ( )(4.41)) we subtract

cos@( (4 42))

2 ‘Dﬂ - I —w-—?w ﬁ.@;*g‘;é QE.
N 5% - C°OnT B »31 Bt " 5% A OF

+.p(¢._w(‘/l\;)+&>$o / L\\J .g +/uco:c9'>{‘...‘:0

This can be rewritten in a somewhat more illuminating form as follows.

(4.46)

We can invert (4.30) and (4.31) easily by multiplying by s:Lné? ardCOS ©

and then adding and subtracting, to express —f,\ a’l‘('bxin terms of~~ au 7;% and
then operate on "p: {i + 8 y - We take an equivalent approach by leaving
it with the operators it has and writing -( = +A3 (Y" 1 ‘OS@) using
(4.2). Recalling ‘Zﬁ’f teau @ and |+ 1 K= h , and applying the
continuity equation (4.43) twice to the rest of the equation, our vorticity

equation becomes

D » Dv 2 DS d Pe
{\ _,__ -— L obX T +«M¢°‘$’Sr Dﬁ V:Sl BE

wﬂ (/wme»vwe>—~ (£+ 3Z)hJ¥ =0

The vorticity equation in these coordinates strongly resembles in form our

(4.47)

usual Cartesian équation. The RV effect is just the same as usual as

it should be since it rep’resénts the interaction of north flow with the
earfh's spin and so will not be affected by local twisting. As mentioned
when defined in (4.9), the h just gives a geometric effect of coordinate
line crowding. In places like 75" l'\ ey it can give rise to a term
depending strongly on curvature, here 9(%% . This indicates that if

A
we generate a flow along the local tangent T while T has a different
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direction in space as we move along the flow, we are generating a swirling
flow vorticity. The terms that look newest are those with i)fbﬂbt .
They represent coordinate rotation and play a role much like the local
vertical rotation £. We pick uﬁ exactly the.Coriolis terms we would
expect, as seen clearly in the momentum equations (4.41) and (4.42).
In the vortiCity equation their gradient enters, és with £. Also this
coordinate rotation shows up in the coefficient of the stretching term,
just as the rotation should.

For the rest of this work we will consider the fluid homogeneous.
/% will be absorbed into the pressure p- We will take further a flat
top and bottom in line with our goals outlined in tﬁe introduction so
w = 0 and z effectively drops from the problem. In the primitive equations
(4.44) and (4.f+5) can be dropped, aw/’.-B-?. drops from (4.43), and w a/a o
drops from E;/Dt . For our vorticity equation (4.47), the vortex
stretching term dfops. We have

O 2) 1)» Z) DB
— e tS \3 L % =
»ayk Dt d /uc D

> > Do ’
T DE +hy, T e l\/&(}“’"a 'J‘”e) (4.48)
= o

Next, without approximations, we divide up the velocity field in the
jet in a way that facilitates making approximations based on the structure
of the problem, that is, that we have a strong coherent moving jet field,

and based on our goal of finding the motion of the jet's axis. Let

V) g (B2 4 ot (Bat) .15

V oz M, (F¢) + U (T | (4.50)
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U‘ is a specified background jet velocity, non-zero only between n= +|
ond sl which is the region we are considering hel.'e. AMn and ))A tell
how the axis moves and will be defined below. //Hw\and Atny are what is
left over. We call them the "meander—induced" fields.
We will now scale our equations and go to nondimensional variables.
Let |
V(N.&f s the width of our firehose jet
X,Y“(; a characteristic length for -aownstream meanders
Notice that it follows that ‘the curvature K has a scéle W~ '/;C
4 ~ T, a characteristic time scale for meandering
“U-(VU'V V, , a scale for the "background" jet velocity
VA ,/I,e“ A \{\ , a characteristi_c velocity scalé for the axis motion
But our time and one-length scale are defined in terms of the axis motion
already, so fc;r consistency we must have V,-‘ = "{*/—r’
/”M"’ \/M , a velocity scale for the tangential meander-induced
field in the jet

A
Vo™ 7 Yoy

. This "leftover" motion in the jet region tends to be
constrained by the geometry of the jet, so the perpendicular velocity
is down by the apsect ratio.
lc(:“(:"’k/éyym-co
We not introduce the following nondimensional parameters:
s L, o .
* /£ , the horizontal aspect ratio
N,
£= /(D;\, the downstream Rossby nqmber
~ V . s .
acs "‘/\/& , the relative velocity of the axis
’ .
YY\'~\"'\/3,/, ,- the relative velocity of the residual field.
A

/ﬂ:%‘{ where we notice the scale is 'e from y or Z , not from "o
o .

Using our values above, this parameter turns out to be about the size of £,
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A

2
. . /\"‘i v../b‘ﬁ/ . .
so we choose to rewrite this /? = /G where //3 = ve 1is 0(1)

(recall our discussion on this in Section 3).

starred quantities being dimensional -

SVEU

We will now change notation to

and unmarked quantities being nondimensional. For example,

We get

=V, (U(v&\ ta My (FA)r Mo (302 ) )
D = v (ap, (74) + m ) Ve, (n. %))

.h,: I-lr(y!ﬁ(% = /‘1"/\\1 X

it
4+
~%.
-
13

'LA* ’0\ F ( It i/ﬁ / )
(so on the f plane, £ Z 1)

We will scale the pressure geostrophically ctoss—stream, where the

sharper gradients occur, giving

e
.-"C‘” K Vs ?<’L»Y/~{~)
The convective derivative becomes
D % - \’”‘f:{ A 9 ye y B .
(Be) = 27 [o5e * (Trepmvapeatnne e ).
P .
Eg Ve D

Coso & ,
:iaqf+<mﬁ*mh@+QKmb)

With these, our basic equations become

el ¢ >p |
E‘\D{: A D{]“’T/“ Yy (4.51)

e

2 b
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D :} | tosd Dp
g[ [BS ‘“') "DJC v h D (4.52)

For the continuity equation we will write out the various orders,

as we will have more to say on /(/(,4T and. \,)A below.

%(qﬁf\ '?-/\W\ VV\.»\} 4+~ 1\ ?,\“—“‘: ({.’l")ﬂ‘-} Xm}‘)p\,‘)"ﬂk c‘:aj»:\ 2 ‘aﬂ(‘rm M) (4.53)

. = O
The vorticity equation (4.48) becomes, with scaling,
[\—.J” (\&QQQ Pj%‘q_ﬁﬁ“?
ot Dy Dt 'Dr\ Dt . 54)

D &)
+ /\/u Lot O B %}: + a\‘*\ﬁ (ﬂSM@*UCnJ‘@) = O

or, a form we will sometimes find more useful
2 Dy Do
WL .‘?& \co:;(:}?, D{“ r——— LIQ
Dt x ’) L ToE
1 e (4.55)
) “~
+ ,\ QQSQ%";;« BE %—*,\L/Q (/MJ(«O»pccw@).:Q
We will now re-express 47, and Vl‘i in terms of the position of
the axis and its derivatives.
We will adopt from RLF their first requirement, that a particle

. acted on by just the axis field will stav on the axis. We get then

m,ﬁ, y - Tf{gt) o (4.56)

which can be worked on in either coordinate system. The result, giving
thé normal motion of the axis, is
e . - ' ‘
\)/%: ~Y cos ® | | o (4.57)
which is also the velocity for any line of constant Q , including the two
which mark the edge of the jet, v = .
Some type of additional assumption willv need to be made to express/y"

uniquely. We restress. that we are only dividing up the motion at this
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point, different choices might be more or less convenient, they will
change what part of the motion is in ¢ﬁ{% and what is not, but they
cannot affect the total /}4 ‘which the solution of the problem will give.
The bunching of particles on the interface in the work by Longuet-
Higgins and Cokelet (1976; LC), a paper that used the Green's formula
approach on a very different problem, warns us that the assumption of
inextensibility found useful by RLF may not be . useful for us. We therefore
simply divide the tangential motion of particles connected with axis
motion into two parts, the one from the projection of the axis motion,
the other anything else, Our work in this pawver will not reouire that we
be more specific. We will return to this when needed in future papers.
) e (4.58)
A (T s Vs @+ (K, )
- A ) ! _
Requiring a geosfrophic balance for all three pieces of the velocity

field (so £ << CK,A,”“ ) will tell us about p. From (4.51) and (4.52)

- ("U‘ to e, + m/_,.um) == “31 ' | (4.59)

(4.60)

U Y\
N

M

(C\ \),‘\ t ’\‘f‘h 3{"«'\)::"‘ g &

We can now see that an appropriate expansion for the nondimensional

F) would be
’ —— _ A x N e '
PT) =) 5 Pa O BLI i (T ) ey
Then

eie

_ (4.62)
D

U E
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' 9 Py ,
/A(X:{}:mfl (B\’L,}:T‘) . (4.63)

| cos® D A . '
T ) T e e —— T T
Wa(E )= = 55 L (A Tt (4. 64)
What this axis field balance is trying to tell us is, that since //4
and \)A were assumed to be the same size, not i;eing constrained by the
jet geometry, when they are expressed geostrophically as pressure gradients
based on scaling based on the jet's aspect ratio, compensation must be

¥ o1 Dp ¥ '
made. The dimensional quantities DP*\/D:{ and - £ s 7%3,, are both

made to scale to a by scaling ")Pﬂf./?r‘* as £V a /£%) instead of
¢ o o ‘
just {t.jvzﬁ //lf* »

n nondimensional form to fix up ZP/QQ

means PA depends on r\r‘i as indicated. Note that this is all consistent

with the results that RLF get, though they express their vorticity
equation in terms of Y and its derivatives (if ome tries to compare, be
careful, theylose some 1\ 's in some equations which reappear later

correctly). Below we use the expression of P, they wrote explicitly,

A

and we will see that it has just the form discussed.

At order m,

/('!Ml"(,Z”,t):f,);LM (nxe) (4.65)

<) (4.66)

>

: ' ap
- s @ ™M
vb‘ﬂ'(wl,lz,/i)w " DR T
B) /5=0 for the rest of this ‘paper. We,présent a simpified form of

the demonstration in FR that the ordering of parameters assumed in RLF
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is inconsistent, and what balance a consistent scaling leads to.
Mathematically, the upshot is that the motion of the axis can no longer
be determined to leading ordef just from the dynamics of the stream,
but one must consider the motion of the far fields too, leading to a
much more complicated problem. We will also use some of thé results
here in the following sections.

We will first divide the nondimensional ;L/Di' into what might be

thought of as 16wer order and higher order operators

“p———.. . . - ¢ 6 )\C\ @)
S (emtlisa b
Cosa v‘O |

ZCL u"m‘f') cos D*‘E ’rM{k//.Mm%\o\rlé—i‘rL?((?.,}‘wi.‘{’)-

+<ﬂb?aua)#mﬂm*“9%”5@>§{z

DY
veera® L B & De o, O
DT N D P
A result we will use in the expansion below is
:) “(_ ,b D D
——- P O - e
on Mot A “”“qu,bf = € A (4.68)
D, 9 |
N NCYC Wl D
a,ﬂf)i 'Dé+ (U4 a Y ) Cos & St /1,(/{4-&)4 \,),3‘_.“ C\mwf(d-‘r«‘f’/amw)
oK

:5\\’}‘(’(0&/[,%%4([7 “f"Ct,l‘ }‘.D.fa/ . Xl QL U Sy D L_/,:!T 'l“q!"'VA ’(j'i oS & @z

-~ (2 Uea¥)cos o 4,

= a VWK <""‘/‘”A*+(‘ ~¥)eos /‘H;;)

where we used chgeagaxA: X and the continuity equation in the last step.
Now, recalling U= V¢q)and so is unaffected by :D“/tyt , we will

expand the vorticity equation (4.54)



._.55_

Dy
+>\ o) Tfy/,,) ,) D, O+ .x”'\/(/ Ce 53'}' o O*M}\\J“//r/mma Dxm/\’t(c»ODDb

= Dt
pEY
hﬁ\)‘qjﬂbt S\Mr\‘? 31,;)1@*%”*\‘\/ 9 D'Q"f )\M Ay h} r.z@

We will now look at r 44| , the assumption that the "leftover"

fields in the jet are weak, and ) <‘<( > the assumption that the jet is
thin, and look into how /\ and m can be relatéd.

The first, fifth, ninth, and thirteenth terms in (4.69)
represent the axis vorticity terms. Using (4.68)'we see kthat we can
write this sum as .}\ times an 0(1) term which following FR we call A.V
The second, third, sixtﬁ, seventh, tenth, eleventh, fourteenth and
fifteenth terms represent the interaction of the axis-and the meander

fields, and we will label their sum mVI The remaining four terms are

2"

1
the self-interaction of vthe meander field, and we will call their sum m2VI
(4.69) can now be written
. . .
» g . Mmoo,
AV + - VI o+ — VT . O (4.70)
/\ | I\ - A
| , 7 .
In RLF they took /M (~ 6) FED RN | . Then (4.60) says AV = 0, or,
using .68),
S i 4
- - LTty i W A Y
F(X ) UQF(XE ) J"L)! (%) » (4.71)

where E}(‘g' S\ ( -»AKP:;QSO_N_)/(‘ -:l:\ &¥
. 5} + Weos @m )3)& —f/(/(q cora (3{* ‘fqu X) z

oL« D (cord Vs
F (R0 a §K o100y~ cor & 2 (cord Viz)

. N ( ,,a A . A ? ) . é( CQF& ;_)“ o) é) ~\
+ Lo;“>r‘b?$ ()B‘{ * \f)"oru’ay“) a N w f-{ 23.}:((/05 3 )

o Mo
i.<

| >
Fo(x i) = eosody(e=rdSx)
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Clearly, this balance cannot hold for arbitrary L)}}z) for all 1 s
since the terms depend differently on ii . So this balance is inconsistent.

Equation (4.70) suggests the balance at1as A<<| . With this we get

AV + \/I' = A ‘ (4.72)

Pl
e

' ‘ ¢
and the problem of a balance for all n vanishes, for VI; has all the

freedom needed from the 4z, and ., in it.
el A ‘
With our parameters m o~ LK { we get approximately

A.\/ sa K (‘\fﬁ'g @“ a W )eosouy }~&¢Mu~- («-M

(4.73)

6\)“{ c\_q" r‘)‘-% )} (L.}‘(C:\/A ey O*’}‘;’(C\”"J(«}‘( T"}cof\) a )@

T O W Aoy Y, s 'f 4.7
VI\"');»”I{CT?T:{”"@‘*“‘%)C”a';)gg}/um ““‘{U““/‘” G “@

C) Because our approéch will be unfamiliar to most readers we will
outline it briefly. We then go on to derive the main equation of this
paper, the governing equation for the motion of the axis. The work here
will not be done with broken line profiles as that introduces extra
equations via the jump conditions, sources for numerical error, inétead

of 81mp11fy1ng the analyses as in Section 3. Our profile -szm)will blend

e

O at - Z{ . We will take

smoothly into the outside value {, =
information from the jet fegion in the form of equation (4,72) integréted.ff
One unknown term in there will be evaluated (in terms of the unknown

axis position Y) by using information from the far regions I and III and

the boundary conditions at ~7 , with the aid of Green's formula. We will
get a governing equation for Y, which will give future positions for given

initial conditions.
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VA

If we take (4.72), put in (4.73) and (4.74), integrate j "{-’( , note
~ ¢
that all the terms in (4.73) and (4.74) are independent of # 5 recall
= 1 to 0(}), recall U~ Lf}z =0 at 7= ¥{ , and use the appropriate

part of the continuity equation (4.53) and Pnl frr. ) " M?.'_ > :
Vo eduatter R R

at /z:"f[ , We get
yL .
D > \op 7=
(ct,*j; T AT cos O5 ?5{ = (4.75)
iy

{o\cosee (‘Qc‘b (<U’>+2q )Cor6§§~)({/dmg+ip)

\

2 (3.2 4 (<uss ¥
- Cos (-337)721 (chﬁ + <<U>TQ&\TU)Q,05 66%)(‘}/6,0: c':))

1 ( {u > oS e) + LUD (e VJM a+aYy qaa,_+ Cclfﬂ')‘f;(_*~c;¢cgya_‘;)_>
ox

‘i'oz(C\Y.jw\ S"f“&‘f’}(a—%{» c,.a!a‘f%:.rr C\\PCQJQ.T)PE}) cos @ 3"1’.} = O

. 3 PR N !
For a known profile U (hence {V7 and <X W ), and Y (which drops

out in the linear problem we will do in this paper so it will not be

p

nt-N
discussed further here), once we express ‘“a,( l in terms of Y (or &)
this becomes the sought-—for governing equatlon for the axis motion.

Let Pr be the far field pressure, that is, the pressure in regions I

+

and III. We then have at ,'(: <

A

- 43
o= Pata P (4.76)

\ AL

oo :
(plus a term on one gide constant in ¥ and t resulting from the change

in pressure associated with [?. . For the Gulf Stream this represents

v

a change in surface height across the stream, and can be shown to play

no other role than "maintaining" the stream, and so we drop it).

The smooth jet profile also sunnorts no normal derivative jump,
2R R , (4.77)
")w\ sl "b“/\’_"
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Now consider Figure 4.2. As discussed above we are after the large
meandering behavior found in RLF. We will cut a séction out of the |
stream to look at by taking p to be periodic in x in regions I and
III. We will not need to go into the fuller boundary conditioms,the
inlet conditions which are discussed in RLF, in this paper. We let

-+

p —>0 as y =» - =<2 . Viewing this as the z = x + iy plane ﬁe can

transform region IIT to the jﬁz e " Tz e ig plane, with / single
valued and analytic inside C. See Figure 4.3.
Here
oy
crel, @emxg ys ae, xeog (4.78)
. Z (.':t':
Region I would use 7j:= € , so
- oY Sy R S .
= e L P X -y An ~T
) ¢ / / ‘ 7{ (4.79)
At some time step we know Y and Y. RLF (p. 223) have
X — z
| ____l Y = ‘( .
. v, — . b f‘-,‘f' = . o
I (n} X )=~ ! gz ha(z2) - a“x.{;ﬂf;) Y(Zt) (4.80)
A N A
and so we know PA. Hence we know [, by (4.76), to o ( A, "4) along C,
the transform of Y. If we can get‘arﬂé»L, then (4.77) will give ' .

(¥} .
Then from (4.75) we can get Y, and time step forward to get a new Y and

%, and repeat. To get ‘gﬁyéﬂ we follow notationally as closely as
possible the presentation.given by Longuet-Higgins and Cokelet (1976;1C)
for a very different problem, since we will use much of their numerical
integration techniques in our subsequent paper.

See Figure 4.4. We will now exploit the structure of the equation

v 7,7 ¢ in the far field. Define



Region I

Region IO

Figure 4.2

...69_



the east and

Figure 4.3

west boundary

the Y = oo information

_0 9._



-61-

Figure 4.4, from LC
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S'::: ! [N R

o (4.81)

For a point such as gDi’§)ﬁlL we have
AT D8 ’3" C’)_j < oo - 2R D R\ (4. 82
Pl o) = § (pdS g (P32 e
C c '
In the limit that o, D)= o, we get

SQ? Aq=Tp, + & p el | | (4.83)

and putting this into (4.80), and putting the known li\into the right-hand

side, we get

?)P% P - ﬁ T T | .
S ?;Ri ‘ﬂ ﬁu e § e B Ek d( h ri% (4‘84)
@ (Gl

This can be numerically solved as LC discuss. We thus have DP-%H

FDF£/3? ~and then by (4.77) the sought—for zafﬁﬁwt

from which we can get
We must do this for both region I and region III.

We have now achieved our goal of making (4.75) an evolution equation
for Y. Before plunging into numerics, we will look in the next section‘

at the linear limit of the above to see how the method works in the simplest

case.
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5. The Full Nonlinear Problem in the Linear Limit

In the last section we achieved the priﬁary goal of this paper, to
derive a formula by which we could follow the evolution of the stream's
axis to finite and large meanders. LC described the numerics for their
less messy problem as very sensitive. .We expect no less for our problem,k
and that will be the topic of a subsequent paper. Here we want ta gain
a little more understanding of our approach by looking at its amalytically
manageable linear-limit. In subsection A we i;ok at our method of
integrating out region II. We can match (4.75) to the far field solutions
directly in this linear limit. The reéulting dispersion relation is very
similar to that which we got from our top-hat model in Section 3. Thus,
we gain support for this part of our method. In subséction B we go through
the other distinct part of our method, Green's formula approach, which
can be déne aﬂalytically in the linear cése. We regain the same dispersion
relation as in subsection A, and hence support for this part of our method

too.

A) Thinking of a perturbation like those discussed and drawn in Section 3,

we linearize (4.75) in & and YV . We get

(K%)%; 04 " "'“';‘)r«<U>5XR."‘<Vl) ).("g'ﬁ' (5.1)
‘ . | | iy

(4.80) can be approximated

Z -
} R
P, Saﬁir’{

S A

1t

C 1) (5.2)

4

_ The coordinates can also be written linearly E: i N and - y -

<)

’ . \ .. . ;ny:-c .
Plugging in the usual modal type solution fi- o € for a linear

problem, we have
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. I W (/\'(Y*‘ C—.t')
i A | (5.3)
S W S
and, in particular, it has this value at >/:7 Rl .
;a2 v
Now C’/‘é\/?‘ = A /&x’)]”_;,: O has as a solution, which can be
matched to (5.3) according to (4.76) (to C3(7k%)),

hlc-et) & hky

ﬂC = P& Com (5.4)
in Region I (Region III), so (4.76) relates [s to )Z as
chk{x-¢t) - ‘c, :'.L:(Xw <) -
;.} Cv | < e\-&-) I\ !g " — »_A- x; e" ‘\,(* l/': =) l/ (5'5)
[

Now from (4.77), using (5.5) in the final step to substitute for P,

PP _ & Ppp a Dpe v
i) (\ 4 haad }L‘\ /DPL . -'a,\ f‘b }'/ (5.6)
Poe £ ., ""» e t . '
*C’k‘f\l( pi&@bc() i*)-\’\[\ ) C\cl\}/e‘x("c J iue
&g, SR “tye |
Therefore,
D ':)f"r.\fmu_r) f}*_ 9‘3"%"”“ " 17‘ ] )/ K x-e)
afc) wo | TAsyE g [, 7 TS ke (5.7)
Plugging this into (5.1) gives
N T o '
ti ~ . P S " . .8 Ft
NS o+ QQ e ,\'. -2 k < < "I> + ‘\ AN W > O (5.8)

™
Consider now scales such as we see in the Gulf Stream, so k ~ 0(1).
As discussed in Section 3 we can then let -t 4uh Mo~ 1K in (3.12),

giving

\‘: H . .
O*cf\.c) };‘xq-:.'-kl'i) | . | (5.9)

If we now take a profile that fulfills the requirements on Y of Section 4,
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but approaches the top-hat profile (see Fig. 5.1), plug it into (5.8),
and recall S = m, we regain (5.9). As dispersion relations are the essence
of such linear problems, we have shown the eduivalence of the two approaches
in this limit.

It is straightforward to include the /3»effect. Ve woﬁld get

-
-

ANV o A
FIC rd S - e Up + B (UTD

~A(VU? e p 5 O

(5.10)
which corresponds to (3.13)

B) Here we will start as in subsection A above. (5.1) holds, and we
again get (5.3). But then we handle the far field differently. We go

back to, to leading order,

Pos P | (4.76)

to ”ﬁﬁﬂfgsmweghmninSammnA,
(‘:Cy B mx s y= o =, - 7 (4.78)

to go to polar coordinates. The interface gets transformed into a circle

e
N e
(5.11)
and the pressure on it becomes
. ‘( 675 ul‘t((.t-
e E S .

P = - ---‘-\:-. }‘/{; <& Clm (5.12)

r . : _

TR
at V- - . At the end of this section we will need to undo all these
transforms according to

s D "';\:"..

e e _Drﬁ,%f_ . ?5: YK e .

ke I SR J—— . 2

o) R Dr Oy =& (5.13)

¥ y‘\ '(
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Figure 5.1
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where the radial T corresponds here to 7 in equations (4.82)-(4.84). To

=
v

get Joe din (5.13) we will use
TP R A - o JdS =TT P,
S e In A £ o= ,) 1A ["rt (4.84)

First we consider the term égfﬁ A, We can parameterize the
point traversing C. which we call s by the central angle Y (see Fig. 5.2).
With éibeing the aﬁgle coordinate of any point in y space and labelling

the angle of 2 by nZ%) , we have
v G- P, | (5.14)

< is shown again as it was in Figure 4.4. With these (5.12) becomes

.—L'(C'{‘ ..,g('l,;u “(05’

o
2o e ¢ 5.15
E&’ A e. e ( )
A ’
By elementary geometry
4 : ) v'/
LERS (5.16)
‘and then we explicitly get
A Tadw s @ | (5.17)
C _
We are left with
ket -0
» L me : -
OTe LW Roks + TT (-7 = <)o (5.18)
e " ‘ A

We will briefly develop some general results to use to solve this.
(5.18) is a Fredholm integral equation of the first kind with a singular
kerhel for the function Bpf/br . We will call this function F for notational
ease. Also, this helps to avoid confusiﬁg inward and outward normals,

\ ~

. ~ ‘
N and A, , in inner and outer domains,with r, a coordinate in 7§ space.



Figure 5.2

exterior

Figure 5.3
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If a solution to an equation such as (5.19) exists, it generates the

harmonic single-layer logarithmic potential (Symm, 1964)

. ;e ” \ : ~ ) ' - . e }
Ve V(T g_GF(g) [w|s- 2] ats Taobra (5.19)

-

where D is either the dinterior domain D = Di (with associated V.E.Vi)

or the exterior domain ﬁ = De (with associated V E,Ve) into which C
divides the plane. As z‘»?di (when it is on.C we will label it 2 )V
must be such that VY- *HTK . There is only one harmonic on Di that
satisfies‘the given boundary conditions. On De there are infinitely
many, which differ by their behavior at =2 . The solution defined by

(5.19) behaves there as

V, (2): ela®t O(%) (5.20)

<,

: o r . . .
where P # l_f\ and d:‘gwifii)wrf . This solution does not have
&

Ty .
CB\%@) term. This becomes

the constant term which would dominate the
particularly important for s = 0, as we will have below, in which case

- o t
\,:0 R ANl

Beginning with a point in the region of interest (interior or exterior;
see Fig. 5.3), and one on &« one can take the limit of the finite difference
A‘/z/ * D 3 .

/147!, where V on (- can be evaluated by Plemejl's formula (Carrier,

Krook, and Pearson, 1966,appendix) in this 2-D problem, though analogous

results can be shown to hold in 3~D. One gets

DVe (oys kPO in |sealds ¢+ T
(@) s g, Flngs in ls-atets v T 7 (p) (5.21)
‘. ~

DYe D sleds T ITF(p0
Cle N b Py, dal seppet )
G [ P, »1 Pl -

&
’ (5.22)
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where Q’?m acts at . on Injy-p/ . Recalling
A - ,
I S =) - (5.23)

’34: ) -‘:3;]{. (5.24)
for s # p. Hence adding (5.21) and (5.22) gives

'*3 \/L ; ; Ve = : v. . ‘
—— “p)f?,:_‘: )= ATE(Q) (5.25)
DA N .)e",,i )

Consider now the integral around a circle of radius a

P

/SLGCS} [ [5-pleds= A con | (5.26)

where _'1_2’_{3(“\, ,;: y SF (;'-‘\ 2} . We see a, and hence the unique, interior
- 14

harmonic is
. A 5
Vi(2)emrcoo | (5.27)

The exterior harmonic of the fequired type (5.19) is.

Vo) s Ao 289 - (5.28)
\yg

-~
()‘ CS )':': M . J T T - e LD ) e\.:\) (5.29)

L /v, DVe \_ A
2r ’Dr{; ?,wzq_> T en
This holds for any constant A, including if A is imaginary. We could do
a similar proof for forcing sin/ﬁ‘ .

But we now see that (5.26) is our equation (5.18) with

-k — . e -iket
A= €. J e G-\ //S’«.M‘) ch wad AE> T e (5.30)
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vk e
i ~ et
- -t & 7T

for the real part of < and /A <3 P for the

imaginary part. We therefore get

fDﬁf’ < ~ch’.{:\/ |
L oS nal PRI ‘;’

&

e { I @ (5.31)

Putting this into (5.13) then gives

PP Yot ket
—W-_,-D /‘:. Py o 4N S < . (5 '32)
and then (4.77) becomes
I S S T Y oe
R I S v o (5.33)

) i’k Mmoo "K\

which is (5.6) again.
A similar treatment for Region I gives the same results with a sign

change. All gubsequent steps leading to (5.8? then foilow. We have
verified the equivalence in the linear limit of the Green's‘formula method
with the procedure of getting the needed information directly from the
structure of the far field solution, as in Section 5A. And we havevshown
that either of these, when used with the integrate-across-the-stream

approach, gives the same dispersion relation as the standard approach.
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Appendix A The Vorticity Equation Frame for Section 2

The hydrostatlc, Boussinesq, / plane (with -:""?"* ‘;w/’/ ) thin-

shell equations of motion are, with p the reduced dynamic pressure

) 3 ™ . o X A
3 LL VV.-.« A PN A X :) Y, © :) L7 - :) -~ ¥, %
(\‘)L % 7*‘ e >£’( fv EACVECERT CIA (AL

(‘2 ft,(,() + s./D + \‘\/3 t; *é‘“‘(r\i& = »..’l) Tg\. " "%; :).)é/?‘xxr_,g~ ’2~ )’}’

2 OxT By 3 by (A.2)
CERR R | 4.3

Lm VW o O . (0.4

(ﬁf‘;“ S wd YhNweo ‘A“S’

Thé depth of the water is H - h(x,y). All quantities in the above are
dimensional.

We will nondimensionalize the above as follows. Let v, vao U,
X, vy~ L, t~ T, z -~ H, and h ~~ h, where L, T, H, and h, are
respectively a characteristic horizontal velocity, horizontal length, time,

£
depth, and change in depth. We will scale l(}’\o v L /7

» though

for the homogeneous fluid theories below b —3 0 which could be viewed as
a rescaling. We will handle it by dropping (\5/) and making (3) ‘P{ = O
(or equivalently removing the b term from our vorticity equation below).

[ AN --/’ N e ™ .
We scale. ol vl and wa ${ (7..)]J where the ¢ allows different
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scalings of W . It is often taken §= £, but we will leave it free

for now. The theories that retain the lateral eddy viscosity parameterize

‘ xyix) kJJ (t4) 23 AT
T as Q:<V)'\?):,/%y¢ 5{%)\ v so we will scale it ftky!AVf”“ -%&:gu .
14

The problem with these lateral terms is that we have equally poor estimates
of the scale of AH and of the stresses themselves. In the vertical we

have some additional information. We know roughly what the stress at the

A X
7
¢ jhereafter) and we can use that for a scale.

free surface is (labeled
It would take us too far astray here to go into the theory of Ekman

boundary layers. ?edlosky (1979, p.;i?4) gives a very clear presentation

and we will appropriate results when needed. Here we want to indicate

the effects of these boundary layers on our scaling. 1If the nondimensional
‘orm of the surface stress, given below, affected the full water column,

these terms wopld be negligible compared to other terms. This is not
acceptable, since the stress at the free surface is driving the system,

so to ignore it is clearly to ignore crucial information. The nondimensional
term becomes larger and larger as one thinks of the effects being restricted

to a shallower and shallower depth. We will introduce avdepth H', the boundary
layer depth, over which the stress effects are directly fe;t and with which

the stress term in the equation becomes comparable to the other terms.
The no-slip condition at the bottom sets up a bottom stress and so an
analysis layer is formed ﬁhere. Unlike the top layer, the bottom stress

is not an imposed parameter but rather results from the solution flow’itself.

As mentioned above, we will simply use the results of Ekman layer theory here.

We will introduce the nondimensional parameters

S [ A 3L S L. .SI( ]\"}(-1) H? Ay
gl o s T L [ ‘i_} P A T
R A H Lo L1,
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and a measure of the vertical viscosity effects, ?5_ Outside the boundary

. = 7o A\// e . .
layers we would define §- H e or A+~ and with oceanic values
-3

. T
the ¥ term is negligible. However, in the top boundary layer, i ;jzr 1D

is comparable to other terms. We will talk about the scaling in the bottom
boundary layer below. For the moment we will just carry it all as ¥
though the term has different scales in different places.

With the variables and functions now nondimensional we get

& 2 D L2 e LD ARE RNy
2(5:5—"%’(\\, \ gw ) (H’,Q/ g rxrkﬁ’z D((;g_xt_ 3? )(Aé)

- e Al ’
Do S\ il ieB ) 4 12t i (42 220
aniwi 3? v$;+aw62\\/+(lﬁ;/)q {yf 32( *&(DX 5/
- ™ L& | (A.8)
O= -, th
Wyt V, oW, s O (4.9)

& D ~ - :
667“_(_[4 L/g_a_;»\/,g;+b%,w‘)g+§gf'é“/ (A.10)

)
We would like to eliminate the é;v Ty, terms here. TFor a stratified

ocean equation (10), for .‘5{"" ©Was in the ocean, requires at most
S~ e and so we can drop it from the advective derivative. For a homo-
el »
geneous ocean (b £ 0) away from boundary layers, where &L, ¥ , and X ,

terms can all be ignored, differentiating (A.6) and (A.7) with respect

to z and using (A.8) gives L(;a=‘f21 ) to leading order, so we can
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drop g W3y . In the Ekman layers, where the dimensional dominant

, D (7=
balance of the deviation from geostrophy is ?( " ) < 'Dz;;

” DD o
we get wwt Y ’%.“Pﬁ*\i’ Coar 7, Boundary layers are where 0(1) changes

H '
occur over short distances, so \"\!.Z"‘W‘ S(/ ) ( ¢ (" /) . Integrating

over the boundary layer, the scales are .( V( / )"U“ s T L er
© L e ()

A = PLATRe) /‘?Oﬁli’uc){fﬁf =) ém)'(l’c‘.'ﬂ/,re.;) =X /C;zin the 6pen
ocean Ekman layer. So we can drop the fj"r’»f ’f)i{ here too. (And here too
we can, from (A.9), say &dy + Vy = o to leading order, which of course
13:5;,.\ the nondimensionai V‘y’:{j"‘ © to any order.) We now drop it over
our domain and will not belabor it further.

Adding “}’:%((:\ .*Z}to w% (l’i . 6) we get

FED LD y A _ .
e et g 75?)<V’x”‘”‘y')" £y % )
(A.11)
(3
+/\: /‘& i ,Q}){'J .1\/ ) ?ﬁ (\’i ‘\x Q\ (F(’(}\lf XX)/ )“X,‘f 'fV )

A
Provided /3 ¢ << | we can make two simplifications. Open ocean
}

values are //3 = { Y 5C<.)\{"’ "“)///3 fféa) z, { and Q’Qm‘%“)/(;oﬁf?m)

€ vy
'(’9 “")’lﬁ, and even in the oceanic jets with A3 “¥ecand LVEe icm

these will be << | . Therefore

(? +(§\/)<\&X‘ \3'7. ) ':\d{\‘b'{,x ‘f‘\/\/) = "S“ V‘J T

and also

£ (Ut Vi Vi~ Uy by vy 4y ) = £ {t vy)(v, i y) 7 el v oty g,

SRIVA
and so it can be dropped. Our vorticity equation (A.11) is now
SRR IRVEAN| ﬁ) S (% “) - (A.12)
et ¢ VIR YT = 1 .
€ \{,L- o “’)Q\"x AR/ T

L K— M)’&/yhé’(mf\/ M vxxx*\éﬂ)
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Here we should delineate two cases. The first is a homogeneous ocean,
and in this case there are two .ways to think of things. We can deal with
' the ocean as viscous even though the direct effects occur only in thin
boundary layers. Then we integrate the equations from top to bottom,
and apply the stress conditions at the top (wind) and bottom (unknown,
but can be determined as part of the solution). The V‘/;’-,\) is taken as
PN
negligible for scales we are looking at, while V\/g “’“‘5‘*‘\’3- Vi .
The other approach is to deal with the boundagy layers separately and
see what \n/ the Ekman layers give for given stress (top) and interior
flow (bottom). Then we integrate over the interior, treating it as :’mviécid
and use the Ekman W for *»/‘«’T, , and for M/B we use the Ekman A/ there
plus the inviscid slope, WB:«WE ‘3*—2—1 v -9l . It turns out, mot

surprisingly, that W._ = ¥ )C - ,} » so the wind effects come back

in as they must. In fact, we see that the top conditions are the same

. £ )
either way. L’\/G‘:%~v -'\?t b ‘}-—A-— K‘,"y‘*‘-‘/’é?} , where we will now call
% 2[’\%{’ - i'(/'g . From either approach the result is
2 N T
& ) :) :) A
A :’_4{,(_.._ Vo - o N‘wr\rr 1R Ay -V, (A.13)
E‘(‘E‘Z‘t ‘)’4'“,-:.}\[\(\: mcv{t'/i %.},’)NMQT( Lx L;/JT Sv Vl‘\ ( x r)

= D S 2 ;
é'». e r & ; ;% o"‘-‘}‘ —~K g (A ll")
£ (S5 Fran By (7P £y Sh) g TRV P
where
y 2l L, 2 Y

The second case is the stratified case. Here we can rewrite (A.10)
((‘ v )b ifferentiate both sides b 1f
as o N - sttty Ty and differentiate both sides by z.

we notice that 4 2 bx PV b y (to lowest order) = (MP)")QLX 3 (P")%b}-
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we can write

faptac) / . >’
~ o d hence a vorticity equation
A0 NN l},:i 2o )
Sw (i TR C v b
¢ A “(A.15)
02w Q) oD ke A YD (2 ¢
i(\ Vx be (/k ‘/"‘231 S F‘"{‘)’ ‘hﬁ‘i'('}x - ‘/St)

or uasigeostrophicall G f . , v
> 4 & p V> { ‘“‘yg/\/ t‘{)fx/&”f'-:x.x*»y;)

v 3P, ) owd fent o Y
‘5(&»& m xg},>( PRy T e 7)~b—~ («){' fq-;“)nw,o. (A.16)
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Appendix B The Pressure Jump Conditions

Our model which we develop in Section 3 will have much of its dynamics
contained in the jump conditions on the perturbation pressure and its
derivatives. Here we want to discuss at greater length than is common
in the 1iteratufe the derivation of these jump conditions. In particular,
we want to show that there are two distinct ways of looking at them,
physically and mathematically, discussing both’

We will picture a surface separating two flow regimes as in Figure B.1.
Region 2 has a zonal background flow of 7L7{y), SO L&TE (SR there.
The "T" superscript will denote "total," while the bracketed number appears
on the perturbation flow and indicates the giveﬁ region. In region 1

uT= u” . By the "linear case" we refer to infinitesimal displacements
of an originaily zonal interface and hence infinitesimal perxturbation
quantities ti(), VG), and Pu) .
We will here deal with a fluid whose motion in mondimensional

variables is governed by (with derivations as in Appendix A)

D
$——U ~ V= =P (B.1)
Dt : ~

> Y '
where 'D/D{ x 4{« +w l>/>>, +V %\/ and <= —U—V,(_‘QL

Q%v +u = *'\’7, ' (5.2)
) =0
(.{X - \/7 (B.3)

where until further notice all functions carry an implied "T". When we

talk about linearizing below we will imply an infinitesimal scale a, where
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"Region I
t-%>y Ug > Region IL

Figure B.1
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T, T T e Paap-— (4
s Us aw , v o= o and P' = i_ + ‘() g_U—"{“\P
(the latter from the -C)(a?) terms in 3.2) but we will not explicitly
carry it since its effects are clear as far as we will go. |
From (B.3) we can define a streamfunction ¥ such that - $; A,
Q(xl‘v’, but then we see from (B.1) and (B.2) that to OC¢) - Tr
so we will use p as the streamfunétion. If we add '*%%;(B.l) to 'f:é%B.Z)
we get (B.4) {»—SE‘K\/K“’(Y): ® or to lowest order in c 'Ef (VifT)=O (B.5)
Now we can follow two approaches.. We can argue that we ﬂave a
mathematical equation governing the motion which must hold for the full domain
including fhe interface. 1In this approach, noting that our backgrouﬁd flow
has a step function discontinuity we expect our equation to have step
functions, $ functions, &/ functions and so on. Such "functions" are
of course limi?s of continuous functions and can be dealt with thusly
when necessary. We posit the existence of a fluid surface that we will
integrate the vorticity equation, with its above-mentioned singular functions,
across to generate our matching conditions. This procedure includes the
following two ideas. First, as to fluid.moves, the usuval arguments (Lamb,
145,9), Yih (@1::K) give that~; particle on the fluid surface should stay
there. Second, the vorticity equation (B.4) or (3.5) says that all
particles should maintain their vorticity. So if we start the process
with a purely zonal interface the vorticity of particles on it then is
1/:, 5(\,’- 30’)} where we have labelled the interface by \/ = a Cx)
ana that becomes their vorticity forever.
For the other approach we will invoke two physical ideas. First, the
normal velocities on both sides of the interface must match for it to be

a fluid surface. Second, total pressure must match to avoid infinite

accelerations. We will see that these lead to the same matching conditions
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as the mathematical apprbach and we will further see the interesting
result that the two matching conditions become in a sense, for this
quasigeostrophic case, different order conditions, something which is not
usually brought out.

We will deal with the physical approach first. Let F = Y-3(x%js o
define the fluid surface. The statement that a fluid particle on the surface
stays there is the same as requiring the norma} velocity of the surface
match that of the fluid immediately on both sidés of it and hence

requiring that those velocities match each other. It can be written
F O3 vy =V (8.6)

Since the problem is linear and the coefficients are independent of x and

' that is, Fourier components in x and t, one at

eox-t) .
a time. With the dependence € we can write (B.6) as

v ) : PX 2= P _
;} T (R (U =) T=

t we can look at "modes,'

With £\ an infinitesimal quantity,and U ( 3*4):‘3 and ’7,)”(5»4 ):=U.

() “2) .
) P - ) .

we then get the familiar linear condition Ml_wllii,:'?“ jv_l;;}. or
- C Uo“‘-‘

[igifz;jx .o | A (8.7)
where L}f\\] x X Pyzg*ﬁ - >< I},;ﬁ j

\J

® ) . . 3 3 Ys .
Besides the usual modal solutions, discrete points.in R~ c space, which

we will find, there exist for real c's the continuous solution (see Case,1960 ),
but these can be shown to be asymptotically unimportant. Hence, we restrict
our attention to complex c's, and this all holds as stated for us without

worrying about singularities in the limiting process that we glossed over.
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. . . ' ~ e .
The equation this result came from is an Q (") equation and in
that sense this can be called a zeroth order boundary condition.
We now require continuity of pressure at the interface to avoid
A )
infinite accelerations. This guarantees [.'L A f)*r] = O where t is
e g, 3 s -
the tangent vector -t ~ Sy) { ) J)) . Plugging in for W?P into
(8.2) and (B.1) gives
D % a
¢ oy (T v - U g 3aem Vet ) v ey
Subtracting the value of this at J-4 from that at }7"4 » using

[’_{A P ]:"5’ and noting that [3{]"’0 so (B.6) gives C@Jru);xnvjro’

we get Lr)*\ "“")" (;YD\ V] OO which linearizes to the familiar
" [
E.i:.‘ U——)(&‘f\/\-j ‘I D7 L(Cf(/)l/ l /{ (B,9)

We have seen this come out of the O () terms in the equations, and in
that sense it is an (O ({)matching condition.

Now let us look at the mathematical approach. We have

z,, (V P J = (""57 (- gy ‘/7537}(‘(2?~ J‘/)=Ox\7hich linearizes to
%T Ut - v U, =0 | (5.10)

We could introduce a transition to take Usmoothly from U5 to D to

b
i

make everything well defined, but let us avoid that,it is not needed here,and
’ .
use singular functions. 'U'}/ "is a & - function at the interface, and
for the equation to be zero everywhere including there some other term

nmust become as singular. By inspection we see that if p is a step function,

/

two terms are products of step functions and $ functions. We can rewirte

(r.10) as

' : Y
DR e 2y L )+ LI SR lp. = O
Ty (SN ) (507 05 o (8.aD)
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where the most singular terms are now all in the first term. Ve will
RN :

integrate ca 65\/' . Note the second terms gives a negligibly small
o

( O((&) ewwl) &> 9 )contribution,and so we' get, applying our modal

condition

-

s - . - —[Mr-'c.."ﬁ.* U\”

We have integrated the vorticity equation, Whiqh we know is an equation
whose terms come from terms that were order & in the original governing
equations, over some sharp discontinuity to get the matching condition;
It is not too surprising ‘that the result is what we saw above came from
order ¢. information in that approach.

Since 3.8 gives the jump to be zero and the functioné are all continuous

away from \,}; = 5’) , we can write

4 D (P ) 4 Qg
e QWS e | I :
Q(‘)‘-A < ) 53\/ (& Jy \J e ) ~ v \ P ) / ) (B']j3)
: atd
where Q(y) is continuous. We integrate ()v(!?.lfi) ‘v(»/ » (note the right-

. J-4
hand side is negligible to © (&) ), and make an O() change in the rest
2

by changing the integrand to (Ue- e —»b—y— e ) . This gives us

)

L:) i - ‘."'J (Bol4)
Ll

]
-

So the second integration of the vorticity equation has given us wha£
we before spoke of as the O(fﬁ) equation. Since the vorticity equation
itself results from the differentiation of the momentum equations which
are dominated by D(‘) balances in such a way that the higher terms cancel
and reveal the O(¢) terms it is not too surprising that integration can

take usi back to the 5(%) 1evel.
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