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Abstract

In this thesis, I study propagation of gravitons in the shock wave geometry in the
context of the AdS/CFT correspondence, with the goal to uncover some constraint
on the supergravity action in the AdS space. In studying the shock wave geometry
in an anti-deSitter (AdS) space, I find that the functional form of the shock wave
metric does not receive o correction, but the wave profile does. Then I study the
propagation of gravitons in the shock wave geometry and show that the wave function
has a finite jump at the shock wave frontier, and this corresponds to a shift in position
of the graviton in the semi-classical picture.

Thesis Supervisor: Hong Liu
Title: Associate Professor






Acknowledgments

The author thanks Mr. Vladimir Rosenhaus for helpful discussion.






Contents

1 Introduction

2 Background

2.1 Conformal Field Theories and the Supersymmetric Yang-Mills theory

2.2 String Theory and D3 branes . . . . . ... ... ... ... ...,
2.3 The AdS/CFT Correspondence . . . . . . ... .. .. ... ...

3 The Shock Wave Geometry

3.1 The AdS metric . . .

3.2 The Shock Wave Metric . . . . . . . . . .« . o

4 Gravitons in the Shock Wave Geometry

4.1 Action with a Graviton Field . . . .. . ... . ... ... ... ...

4.2 The Equation of Motion and Its Solution . . . . . . ... ... .. ..

4.3 The Geodesic Picture

5 Conclusion

13

17

19
23

29
29
31

39
39
41
45

49






List of Figures



10



List of Tables

11



12



Chapter 1

Introduction

The AdS/CFT correspondence proposed by J. Maldacena[4] states that a certain
type of string theory on the anti de-Sitter space (the AdS space) is equivalent to the
conformal field theory (CFT) on the boundary of the AdS space. Roughly speaking,
the strong-coupling and large N (to be explained later) limit of the CFT corresponds
to the weak coupling, or classical, limit of the string theory, which reduces to a
supergravity theory. This correspondence turns out to be important in understanding
both the string theory and the conformal field theory.

A conformal field theory is invariant under all the transformations under which
the standard Minkowski metric 7,,, becomes h(z)n,, for some (space-time dependent)
scalar factor h. If h(x) = 1 everywhere, then the transformation becomes a Poincare
transformation, but conformal transformations allow for arbitrary scalar factors. An
example of conformal field theory in 4d is the N/ = 4 supersymmetric U(N) Yang-
Mills theory with the following Lagrangian:

L= Q%Tr[FQ +(D)? + XV“Dux + O _[¢' 6712 + XTI ¢'x] + 0Te(F A F), (1.0.1)
YM 17

where x denotes four Majorana spinor fields and ¢, I = 1,...,6 denotes six scalar
fields.

A d-dimensional AdS space, denoted by AdSy, can be defined as a hypersurface in
a (d+ 1)-dimensional flat space with signature (—, —, +, ..., +) given by the quadratic
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equation

—TP—Ty+ XP+ ..+ X2 =—I2 (1.0.2)

After choosing the following coordinates
r=Xg1—Ty,zo=TL/y, and z; = X;L/yfor i =1,2,d — 2,

the metric of the AdS space can be written as

2 r? L2,
ds” = (Emwdx“dx“ + T—2d'r' ). (1.0.3)

Now the AdS/CFT correspondence can be stated as follows[1]:

Proposition 1.0.4. The Type IIB string theory on AdSs x S with common radius
L of AdSs and the five-dimensional sphere S°, string coupling constant g and 5-form
fluz | 55 Fi = N is equivalent to the 4-dimensional N' = 4 supersymmetric conformal

U(N) Yang Mills theory with coupling constant gy with the following identification
A= gy N =g,N. (1.0.5)

The parameters g, and N are related to the important parameter o, which is the
square of the typical string length, as follows:

4
N = O% (1.0.6)
This proposition remains a conjecture, but there has now existed a vast literature
to support it. The precise meaning of ”equivalence” is as follows. For any field "¢
in AdSs x S°, there exists an operator () in the conformal field theory, such that
the partition function of ¢ in the string theory is equal to the moment generating

functional of O in the conformal field theory:

/ Do exp(—S[g]) = (exp / d'360()O(2))err, (1.0.7)
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where S[¢] is the action and ¢y is the boundary value of ¢. The left hand side is the
analogy of the partition function zx,p e PH@P) in statistical mechanics, except that
the sum over the phase space is replaced by a path integral. The right hand side is
the expectation of the exponential, and the derivatives of its logarithm with respect

to ¢o(z1), ..., do(n) gives the n-point correlation function (O(z,)...0(z,)).

An interesting aspect of the correspondence is the strong coupling limit of the field
theory corresponds to the weak coupling limit of the string theory. For simplicity,
consider the case where N is large. In fact, string theory is organized as a Taylor
expansion in the parameters o/ /L? = 1/v/47wX and g, so when ) is large, the string
theory is dominated by the lowest orders in o//L?. On the other hand, the Feynman
diagram expansion in the conformal field theory is an expansion in 1/N and ), so this
limit is the strong coupling limit of the field theory. Similarly, the weak coupling limit
of the conformal field theory (the limit A — 0) corresponds to the strong coupling
limit of the string theory. More details about this duality will be given in Section 2.

In the large A and large /N limit, the contribution with the lowest power of o/,
namely the classical contribution, dominates, so any qﬁantum field ¢ reduces to its
classical value that solves its equation of motion. For questions in which we are
interested, it is enough to focus on the fields in the AdS space and ignore the S5
part in this limit. Therefore, as A — oo the theory reduces to a supergravity theory
in AdSs with the Einstein-Hilbert Lagrangian R — 2A, where A is the cosmological
constant. For large but finite A, one can use the external field method to write down
the effective classical action of the theory, in which the quantum correction enters
as higher order terms in o/. However, o/, as the square of the typical string length,
has energy dimension -2, and the only ways to construct scalars with higher positive
dimensions are to take product of curvature tensors (each has dimension +2) and to
take covariant derivatives. Therefore, the o/ corrections must be terms that contain
higher power in the curvature tensor and/or its derivatives. The goal of this paper is
to discover a way to obtain some constraint on these o’ corrections.

In general, people know little about the specific form of the o’ correction to the

action. However, useful constraints on the correction can be obtained. Indeed, M
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Brigante, H Liu et ol find that in the black-hole metric of the AdS space with the

Gauss-Bonnet o' correction
A
AL = —gﬁL?(R2 — 4R, R™ + R0 R*), (1.0.8)

the unitarity bound of the CFT is violated when Agp > 9/100[3]. They obtain this
result by studying the propagation of gravitons in the AdS theory near its boundary.
The graviton field corresponds to the energy-momentum tensor operator on the CFT
side, and the values of the operator at two points with space-like correlation must be
uncorrelated. However, it is shown in [3] that when Agp > 9/100, two points with
space-like separation on the boundary can be connected by a trajectory of a graviton,
which violates causality.

However, the constraint on the o correction, such as the contraint on the Agp
in Eq. (1.0.8), should be a fundamental constraint on the theory, and thus indepen-
dent of specific models. Therefore, more or tighter constraints might be obtained
by studying other specific geometries. In this paper, the shock wave geometry and
the propagation of gravitons are considered. The shock wave geometry is a geometry
that looks like the original AdS geometry Eq. (1.0.3) everywhere except at the shock
wave frontier z; = —t, where the wave profile is given by a function f. Therefore,
the wave propagates in the speed of light and scatters graviton when it meets it.
The scattering will change the trajectory of the graviton and potentially make the
trajectory connect two points on the boundary with space-like separation, when the
scattering is sufficiently strong and in the right direction.

This paper is organized as follows. In Section 2, we briefly review the basics of
the AdS/CFT correspondence. In Section 3, we study the shock wave geometry in a
general d-dimensional AdS space. The propagation of gravitons will be the subject of

Section 4, where we will restrict to AdSs, for which the correspondence was proposed.
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Chapter 2

Background

This section contains a brief review of the background in conformal field theories,

string theories and the AdS/CFT correspondence, mainly following [4] and [1].

2.1 Conformal Field Theories and the Supersym-
metric Yang-Mills theory

In some sense, quantum field theories are defined by their symmetries. The commonly
used relativistic quantum field theories are invariant under the Poincare group, the
group that preserves the Minkowski metric. It turns out that one can also construct
quantum field theories that are invariant under all the transformations that preserve
the angles between any two vectors, known as conformal transformations. A quantum
field theory that is invariant under all conformal transformations is called a conformal
field theory.

Intuitively, the chief additional symmetry that the conformal symmetry group
has is scale transformations. We will see that this is indeed the case, at least at the
classical level, following [5]. The general definition of the energy-momentum tensor

T is
88w

™ = 2N
OGuv

(2.1.1)

where Sj; is the matter action. Under an infinitesimal coordinate transformation

17



H = o# + €4(x), we have

Gu(T)dztde” = §,,(3)d7"dz"
= (Ju(2) + 0rGu &) (da* + 9,6"dx") (dz” + 05" da®)
= Gu()dz"dz” + (rguE* + 90,8 + 6,00, )datdz” + O(|¢)?)
= Guw(z)dz*dz” + [(Orgu — Fugrw — Bugun)E + 0,6, + 0,€,)datdz” + O(IE]?)
= Guw(z)de!dz” + (=20, 6\ + 0,6, + 0,8, )dztdz” + O(|€)?)
= (Guw(z) + V& + V,.€,)dz dz” + O(€)?).

Therefore,
0gu = =V, =V, €, ‘ (2.1.2)
Now for a scale transformation, £ = §Az#, so 8g,, = —20Xg,,. Hence, the action is
scale invariant when
™, =T"g,, =0. (2.1.3)

A general infinitesimal conformal transformation satisfies 09,y = h(z)g,, for some
function A, so the action is invariant under this transformation as long as Eq. (2.1.3)

is satisfied.

However, quantum mechanics may bring in anomalies so that a conformally in-
variant classical theory may not be conformally invariant as a quantum theory. The
reason is that during the renormalization process the parameters in the action may
acquire anomalous dimensions, and transform nontrivially under scaling. Therefore,
the proper requirement for a quantum theory to be conformally invariant is that the
renormalization group (RG) flows of the parameters are zero.

The AdS/CFT correspondence was originally proposed and has been more ex-
tensively studied for a particular conformal field theory, namely the N' = 4 U(N)
supersymmetric Yang Mills theory in 4 dimensions. A supersymmetry is a sym-
metry whose currents are fermionic. Therefore, supersymmetries relate bosonic and
fermionic fields together [8]. Supersymmetries are compatible with gauge symmetries,

so one can have a gauge theory (Yang Mills theory) that also have supersymmetries.

18



Such theories are called super Yang Mills theories, and are labeled by the number of
supersymmetry generators A/ and the gauge group.

In the N = 4 U(N) super Yang Mills theory, we have a gauge field 4, six scalars
@', I =1,...,6 and four fermions x;, ? = 1, 2,3,4. Here we have suppressed the gauge
indices, with the understanding that all the scalars and spinors live in the adjoint

representation of the gauge group. The Lagrangian of the theory is 5]

L= —21—T‘r[F2 + (D) + X" Dux + Y 0671 + XL o' x] + 0Te(F A F). (2.1.4)
9y m 1J

The last term is a topological term, meaning that its integral over the bulk only
depends on the topological properties of the space. For simplicity, we assume that
8 = 0 from now on. Here, gy is the coupling constant of the theory. It can be shown
that the theory has an SU(4) symmetry. The simply connected Lie group SU(4) is
the universal covering group of SO(6), so the group has two special representations,
the vector representation of SU(4) and the vector representation of SO(6). Here, 1);
lives in the vector representation of SU(4) and ¢’ lives in the vector representation of
SO(6). These symmetries do not commute with the supersymmetries and are called
the ” R-symmetries”.

It is easy to see that the Lagrangian Eq. (2.1.4) is conformally invariant, since
the only parameter gy, is dimensionless. Furthermore, it is shown in [1] that the RG
flows are indeed zero. Therefore, this theory is conformally invariant. Two important
parameters of the theory is the coupling constant gy and the "size” of the gauge

group N, whose roles will be seen later in this chapter.

2.2 String Theory and D3 branes

String theory is a promising theory that can potentially unifies gravity and quantum
field theory. The basic objects of string theory are strings. The time evolution
of a string forms a two-dimensional surface, known as a world sheet. Therefore, a

string theory involves two geometries, the world sheet geometry and the space-time
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geometry. In order to include fermions in the theory, it is necessary to combind string

theory and supersymmetry, which leads to the so-called superstring theory.

In general, the string theory amplitudes are organized as an expansion over a
parameter ¢, which is the square of the Planck length [p = \/m ~ 1.62x107%°m.
In the limit o’ — 0, the quantum corrections can be neglected, and the theory reduces
to a classical theory. The classical theory is governed by an action, in which the
dynamic variables are tensor fields, so it is a supergravity theory. For example, the

D = 11 supergravity theory has the following action][1]

1
B 2/4,1].2

1 1
Si / [VG(R¢ — 5|F4|2) — 543 A Fy A Fi] + fermions, (2.2.1)

where G, is the metric of the space-time, R is the scalar curvature corresponding to
this metric, As is a 3-form (or an antisymmetric tensor of rank 3), and Fy = dA4;. In
general, the action of a supergravity theory contains curvature tensors of the geometry
as well as some differential forms built from p-forms A, and its exterior differential.
One might naively think that we need to consider antisymmetric tensors of all ranks,
but this is not necessary since the (D — p)—forms and the p— forms are related by

the Hodge star operator[7]

1
(*n)il...in_k = Hnjljk \/Eejl...jk’il.“in_ka (222)

where 1 is any k— form and €, _j,;,..4 _, is the totally antisymmetric tensor. The
physical significance of the Hodge operator can be illustrated with an example. Con-
sider the electromagnetism in 4 dimensions. The field tensor F},, = 9,4, — 9,4, is a

92-form, and is related to E and B through



Now by Eq. (2.2.2), (*F)o; = €51 Fjx/2 and (xF);, = €y Foi. Hence,

By = (*F>Oi;
1
Ei ;= '2—€ijk(*F)jk-

Therefore, the Hodge star operator interchanges the electric and magnetic fields, and
thus it is also called the magnetic dual operator. The magnetic dual relates field
tensors of rank p to those of rank D — p and thus the gauge tensors A or rank p to
those of rank (D — p — 2). Therefore, it suffices to consider the gauge tensors up to
rank (D — 2)/2. The superstring theory that concerns us is the Type IIB superstring
theory, which lives in D = 10. Therefore, for a 5-form field strength F5, its magnetic
dual is also a 5-form, so it makes sense to talk about self-dual form Fj, or the form

A4 from which it is derived.

An important family of solutions to supergravity are the p—branes. A p—brane
is a solution to supergravity with a nontrivial (p + 1)—gauge form A,;; living on it.
However, we know from differential geometry that (p+ 1)—dimensional sheets can be

paired with (p + 1)—forms through integral

(Zp+1a Ap+l) = Ap—i—l' (2'2'3)

Spt1

Hence, a p—brane is geometrically a (p+1)—dimensional sheet with Minkowski metric
on it, and p is the space dimension of the brane. Transversal to the brane is a
(D — p — 1) dimensional space, and it can be shown that the solution can always be
chosen so that the transversal space has the full rotational symmetry SO(D —p — 1)
[1]. The brane itself has the generalized Poincare symmetry to (p + 1)— dimensions,
namely RP*! x SO(1, p), where RP*! parametrizes the translational symmetries and
SO(1,p) is the group of rotations and boosts that leave the (p + 1)— dimensional
Minkowski metric fixed. In summary, the full symmetry group of a p—brane is RP*! x

SO(1,p) x SO(D — p —1). By this symmetry, the most general form of the metric is
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thus[1]
ds® = H(j)™"/*n,,datdz” + H(§)"?6,,dy dy”, (2.2.4)

where z is the coordinate on the brane and ¥ is the coordinate on the transversal
space. The function H can be obtained by solving the equation of motion derived

from the supergravity action.

One needs a further refinement of the concept of branes. Consider a space with
N parallel branes in it. The excitations on the branes correspond to strings that
origins from one brane and ends at another, allowing the two branes to be identical.
To find the possible vibrational modes of a string, one needs to specify its boundary
condition at the two end points, which depends in turn on the type of the branes.
The type that concerns us is called the D branes, at which the boundary conditions
are Dirichlet conditions, namely, the two ends of the strings are fixed. A D brane
that has a nontrivial gauge (p 4 1)—form A,;; will be called a Dp brane. According

to which branes a string begins and ends with, there are N? types of strings.

The strings among the branes have positive tension. Therefore, a string has energy
roughly equal to the product of the tension and its length. It is thus important to
distinguish between the strings that begin and end at the same brane and those
that connect two different branes. For the former type, the length of the string can
be shrunk to zero continuously, meaning that these strings can have arbitrarily low
energy. In contrast, the minimal length of a string between two different branes is the
distance between the two branes, and thus the energy of these strings has a positive
lower bound. In terms of the energy spectrum, the strings that begin and end at the
same brane are massless, and those connecting different branes have positive mass.
However, the mass of strings between two branes approach zero when the distance
between these two branes approach zero. In the limit case that all the branes coincide

in space, all strings become massless.

More details of the brane dynamics have been worked out, for example in [6]. It
turns out that the effective action of the strings among N D3 branes contains N?

gauge fields corresponding to moving the ends of the strings along and among the
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branes, and these gauge fields generate a U(N) gauge group. When all the branes
coincide, all the gauge bosons remain massless, and the system has the full U(N)
gauge symmetry. However, as mentioned above, when the branes are pulled apart,
some strings acquire masses. Consequently, the corresponding gauge bosons in the
low energy effective theory also acquire masses, as through the Higgs mechanism in
the conventional quantum field theory when gauge symmetries are simultaneously
broken. Therefore, the separation of branes correspond to simultaneous broken of the
gauge symmetry, and in the case when all the branes are separated, only the U(1)"

gauge symmetries remains unbroken, one U(1) for each brane.

2.3 The AdS/CFT Correspondence

As seen in the previous subsection, the low energy limit of the dynamics of N coin-
cident D3 branes is a U(N) gauge theory on the branes. (Note that the D3 brane
is 4-dimensional and has the Minkowski metric.) Furthermore, as [1] points out, the
gauge theory also has N’ = 4 supersymmetries and is conformally invariant, and for
N D3 branes, the gauge theory that is obtained in this way is precisely the N =41
U(N) super Yang Mills theory introduced in Section 1.1. Hence, it should corre-
spond to some supergravity theory, and it remains to work out the geometry of the

N coincident D3 branes.

The metric of the D3 branes obeys the general form Eq. (2.3), and the function
H (%) has a simple form[1] |
L4
(2.3.1)

where

L* = 4ng,Na'?, (2.3.2)

and g is the string coupling constant. Note that L* is proportional to N, the number
of branes. The metric can be further simplified in the limit N — oo: substituting

Eq. into Eq. and using the spherical coordinate on the transverse space, we obtain
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that, for L > v,
2 2

ds® = (%nwdx”d:c” + %d@ﬂ) + L2d02, (2.3.3)
where dQ? is the spherical metric on the intersection of the transverse space with
constant y. Now we recognize the first two terms as the AdS metric Eq. (1.0.3).
Note that the D = 4 Minkowski metric is restored as y — oo with the substitution
T, = yz,, which corresponds to the intersection of the locus Eq. (1.0.2) with the
infinity hyperplane

~Tf—Ti+ X+ .. +X2=0. (2.3.4)

The infinity hyperplane of the 6-dimensional space has no scale, so it can be viewed
as a projective space. From this perspective, the above equation becomes a compact-
ification of the Minkowski space [9]: generically T, + X4 # 0 so we can set that equal
to 1, and then Ty — X, can be solved from the equation, leaving the independent co-
ordinates (77, X1, X», X3) with a Minkowski metric. This shows that the Minkowski
space is an affine chart of the quadric surface Eq. (2.3.4), and adding the points with
15+ X4 = 0 to the affine piece makes the surface compact. Therefore, the surface Eq.
(2.3.4) is the space in which the supersymmetric gauge theory lives. In summary, the
D3 geometry becomes a product AdSs x S°, where the radius of both the AdSs and

the five-dimensional sphere S° is L, in the limit L > .

The problem with replacing the D3-metric with the AdSs x Ss metric is that
the important parameter N, the number of branes, disappears if we view L as an
independent parameter, as we will do in later sections. However, N can be restored
as a topological quantity as follows. By the magnetic duality, for the Type IIB
superstring theory which live in D = 10, the gauge forms of rank (p + 1) are dual
to the gauge forms of rank (D — p — 3), so for a D3 brane, the gauge form is dual
to itself. The gauge field and the field strength are denoted by A] and Fy = dAf,
respectively. The integral | 55 F is well-defined, and each D3 brane contributes an
equal share. Therefore, the integral is proportional to N. It is shown in [1] that the

integral is exactly V.

Given the N' = 4 U(N) super Yang Mills theory in 4-dimensional Minkowski space
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and the string theory on AdSs x S, there is a hint that the two theories should be
equivalent, namely they have the same symmetry. The super Yang Mills theory has
a conformal symmetry in the Minkowski space, which is the same as the symmetry of
the quadric surface Eq. (2.3.4), namely SO(2,4). Also, the theory has an SO(6) R-
symmetry as mentioned in Section 1.1, so the symmetry group is SO(2,4) x SO(6).
On the other hand, the AdSs has the SO(2,4) symmetry as can be seen from its
definition Eq. (3.1.1), and the symmetry of S° is SO(6). Hence, the two theories
have the same ordinary symmetries. With some computation in string theory, one
can also show that they have the same supersymmetries [1]. Now that they have the
same symmetry, it is reasonable to guess that these two theories are equivalent, and

the result was given in Proposition 1.0.4 and Eq. (1.0.7).

The equivalence of these two theories are best understood in the 't Hooft limit
N — oo, while keeping the parameter ) fixed. The parameter A was defined in Eq.
(1.0.5). In the string theory, we have

L4

—_— 2.3.
dra/?’ (23.5)

A=gsN =

where the second equality follows from Eq. (2.3.2). Hence, the limit N — oo with A

fixed corresponds to the limit g; — 0. In the gauge theory, we have

The physical significance is as follows [4]. Since the matter fields live in the adjoint
representation of U(NN), they can be viewed as N x N matrices, and the general form

of the matter Lagrangian is as follows
1
L~ =Tr[(OM)* + M?+ M° + ],
g

In terms of the Feynman diagrams, the propagator is proportional to g2, each vertex
contains a factor of g2, and each closed loop indicates taking traces of the matrices

and thus produces a factor of N. Let f, e, v be the number of faces (or loops), edges
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and vertices in a Feynman diagrams, respectively. Then the contribution from the

diagram is proportional to
(%) NI = NI—etv e, (2.3.7)

Now the exponent of N is a topological quantity known as the Euler characteristic, and
for a closed surface with genus A, the Euler characteristic equals 2 — 2h. Therefore,
the limit N' — oo with fixed A corresponds to the contribution only from graphs
with h = 0, or planar graphs. Note also that each vertex is associated with more
than 2 edges, so e — v increases with the number of vertices, and thus higher order
Feynman diagrams have higher power in A\. This discussion clarifies the idea of
duality mentioned in Chapter 1: the strong coupling limit of the field theory A — oo

corresponds to the limit o' — 0, the weak coupling limit of the string theory.

To apply the AdS/CFT correspondence, one needs to find the operator © in Eq.
(1.0.7), given the field ¢. In general, this is nontrivial. However, in some special
cases, it is possible to guess the operator . As an example, consider a scalar field in
the large A limit, whose equation of motion is (J¢ — m2¢ = 0. The discussion below

follows [5]. In the AdS part of the metric Eq. (2.3.3),

O¢ = %@(g"%)a@
AR (y2 y° 3¢)+ wl? %9
y3 Oy L2 L3 Oy y? dxrox?
1 9 .0¢ L2 8¢

) pv

- y3L28_y(y oy y? OzhdzY

Hence, in the Fourier space for the Minkowski part (parametrized by z*), the equation

of motion becomes
1 0 ol L?
Y3L2 Oy (v By) N 557’255 - m¢=0. (2:3.8)

As y — oo, the second term vanishes, and the boundary behavior of the solution is
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given by ¢(y) = y*, where a solves the index equation
ala+4) —m?L* = 0.

The roots are

ar = -2+ V4+m2L2 (2.3.9)

Clearly, the branch 3+ dominates. However, ¢(y) diverges as y — 00, so one needs

to renormalize the boundary value ¢p(y) through
¢z, Y)ly=y = Y (), (2.3.10)

where ”1” means renormalized. The metric Eq. (2.3.3) is invariant under the confor-
mal transformation z — Az and y — A~!y, which restricts to the standard conformal
transformation on the boundary. Hence, in this transformation, ¢(z,y) does not scale,
so the renormalized boundary value ¢f(x) scale as A*+, and thus the operator O has

mass dimension

A=4+a, =2+V4+m?L2 (2.3.11)

Therefore, the massless scalar field corresponds to an operator O with mass dimension
4. The massless scalar may appear in the metric as dds* = yLizqﬁde“dx” where the
indices 4 and v are not summed over. This type of scalar fields are called gravitons.
One can show that the equation of motion of ¢, is precisely O¢,, = 0. (We will
demonstrate a particular case in Section 3.) Therefore, ¢, corresponds to an operator
O with mass dimension 4 in the conformal field theory. Hence, one can guess that
O® = T the stress tensor [5]. Therefore, the study of graviton propagation is
equivalent to the study of the correlation function of the stress tensor in the conformal

field theory.
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Chapter 3

The Shock Wave Geometry

In this section, the AdS space and the shock wave on it are studied from a geometric

perspective.

3.1 The AdS metric

A general d-dimensional AdS space can be embedded in a (d + 1)-dimensional flat

space with signature (—1,—1,1,...,1) as follows:
—T? -T2+ X? 4 ..+ X7, =-L% (3.1.1)

where L is a measure of the curvature of the AdS space, and is determined, through
the equation of motion, by the cosmological constant A. The computation is made

easy by the following choice of coordinate system of the AdS space,

T

Yo = 1T (3.1.2)
Y = Lsz fori=1,..,d—1. (3.1.3)
By the substitution principle, the metric can be written as
ds? = AL dytdy”, (3.1.4)
(1 = napyy”)?
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where 7),,, is the Minkowski metric. One can work out the curvature tensor, the Ricci

tensor and the scalar curvature, and the results are

R;uzp/\ = (gu/\gup’"g,upgl/)\)L*Q; (315)
R, = (1-d)guL™?% (3.1.6)
R = d(1-d)L™2 (3.1.7)

It is clear then that this metric solves the Einstein equation

1
R/,LV - §gy,yR = —AQ,W (318)

with
A=—

(d-1)@d-2),,

1.
: (319
This equation can be used to determine L. In fact, the functional form Eq. (3.1.4)

can solve the equation of motion derived from actions with o’ corrections:
S = /ddy\/ﬁ(R — 2A) + higher order terms,

The proof proceeds as follows. The curvature tensor Eq. (3.1.5) can be written
entirely in terms of the metric tensor, so covariant derivatives of the curvature tensor
produced by variational calculus all vanish and any powers and contractions of the
curvature tensor and the metric tensor contain only dg,, and contractions of metric
tensors, with appropriate powers of L. However, all such contractions must reduce
to a constant multiple of g#“dg,,. Therefore, substituting Eq. (3.1.4) into the most

general form of the equation of motion leads to
p(L*)g" = Ag™”, (3.1.10)

where p(L?) is a polynomial in L2. We see that Eq. (3.1.4) solves the equation of
motion as long as p(L?) = A.

The above argument shows that with o/ corrections the functional form Eq. (3.1.4)
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remains a solution to the equation of motion, but the value of L may be modified by
those corrections. As an example, we will work out a particular case explicitly which

will be important later in the paper. Consider the following action
S = / d%/g[R — 2A + M(R? — 4Ra5R*® + Rapys R7)). (3.1.11)

This particular form of o correction is called the Gauss-Bonnet term. By the sym-

metry of the curvature and Ricci tensors, the variation of the action can be written

as

1
5 = / d*y /959" 89w) (R — 20+ A(R® — 4Rap R + Rans 7)) +
VI[OR + 2X\(RSR — 4R.PSR5™ + Rog™ 6 R 15)).

Substituting in Eqs. (3.1.5), (3.1.6) and (3.1.7), we obtain that

6S = / ddy\/ﬁ(%g“”égm,)L_2{d(l —d) — 2AL* + ML 72[d*(d — 1)* — 4(d — 1)*d + 2d(d — 1)]} +
V{1 + 2 L72[d(1 — d) — 4(1 — d) — 2]}0R

1
= [7? / d%y/99" 89 {—AL* + 5d(l —d) +

%d(d C1)(d = 5d+6) — (d— 1)[=1 + 2\L>(d* — 54 + 6)]}
A

- L / Ay S AL = 5(d = 2)(d = 1) + 575(d — 4)(d = 1)(d ~ 50 + 6)].

Therefore,

_ (d=2)d-1) (d-1)(d-2)(d-3)(d—4)
A=—- 5L2 + A 5 : (3.1.12)

3.2 The Shock Wave Metric

As mentioned before, a shock wave is a wave that travels with the speed of light and
affects matters only near its frontier y; = —vo. Therefore, the metric in the shock

wave geometry should be the same as the AdS metric away from the frontier. Then
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for the shock wave to be nontrivial, it must be a delta function centered at the frontier
d(yo + v1). However, the profile of the shock wave, namely a multiplicative factor of
the delta function cannot be determined by the general consideration and must be

solved from the equation of motion.

By the above consideration, the shock wave metric can be defined with the coor-

dinate system introduced in Eqgs. (3.1.2) and (3.1.3) as:

4L277;w

de(?ﬂ)f(g)d 2
(1 = Napyy?)?

ds* = ,
1 — nagyey? 7t

dytdy” + (3.2.1)
where y. = yo £y, ¥ is an abbreviation of ys, ..., y4_1 and f(%) is a scalar function to
be determined by the equation of motion. This metric is the same as the AdS metric
away from the shock wave frontier y, = 0. At the frontier, however, there will be a

jump specified by the function f. To further simplify our notation, let

l,u = OpY+, (3.2.2)

solp=1;=1and[; =0 for i > 1. Now the shock wave metric (3.2.1) can be written

as ds* = g, dy*dy” where

2 2
F
AL M L'Fy) (3.2.3)

Juv = v
(1= nagyy®)2 1 — nagyyP

where

Fy) = 0(y+) S (7).

Clearly, the contravariant counterpart of the above metric is

1
9" = 11— Nagy“y° )" —

o7 (1~ sy Y’ ) 00 A Fl,ly. (3.2.4)

Carrying out the calculation of curvature tensors, actions and equations of motion
by hand is tedious. Fortunately, these tensor computation can be done by computer

routines. Such a computation can be implemented as algebraic computation based
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on the following set of symbols, up to renaming the indices:
X = {77#'/7 nul}? 55’ y”7 lu) F’ EIJINQ---’ d) \/5}7 (325)

where d is the dimension of the AdS space. Some of the important relations among

these symbols are restated in the following proposition:

Proposition 3.2.6. The symbols in X satisfy the following properties:

TleuF,w\lz\z = 0;
nuululu = 0;

LWy'F = 0.

Proof. The first identity holds since F' is independent of y_. The second identity

follows from the definition of I,. The third identity holds since F' contains a factor of
(y+)- 0

We denote by F[X] the set of all polynomials of symbols in X, in which repeated
indices are summed over and every monomial has the same free indices. Here IF de-
notes an arbitrary coefficient field (with characteristic 0), which may be the rationals,
the reals or the complexes. A rational expression on X is defined as the ratio of two
elements of F[X]. We denote the set of rational expression on X by F(X). A new

relation among symbols in X’ can be stated using the above notations:

Proposition 3.2.7.

/ddyluqu,Al.../\nE = —/ddyZlAkF,Al...xk...Ana
k=1

for any Z € F(X).

Proof. Integration by parts yields that

/ddyluy”F,Al...AnE = (*U"/ddyzlAkFE,Al...Xk...An +(=1)" /ddyluy”FE,xl.l.An-

k=1
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By Proposition 3.2.6, the second term on the right hand side vanishes, and applying
integration by parts to the first term completes the proof. d

A nice property of F[X] is that it is closed under differentiation. Indeed, this is
trivial except for /g, but in the shockwave geometry Our/9 = 2dny” /9. Tt follows
that F(X) is also closed under differentiation. Now, apart from the constant L, the
metric g, and its contravariant counterpart g* are elements of R(X). Therefore,
all tensors constructed from the metric through differentiation and contraction are
elements of R(X). In particular, the curvature tensor, the Lagrangian. Further more,
the equation of motion is obtained from variational calculus and integration by parts,

so it can be written as

U = Agp, (3.2.8)

where 11, is a tensor constructed from the metric and independent of A, and thus
I, € R(X). With the above algebraic preparation, the equation of motion Eq.
(3.2.8) can be computed with computer programs in a straight forward way. Moreover,

the algebraic properties also constrain the general form of the equation of motion.

Theorem 3.2.9. Assume that the Lagrangian is a polynomial in the curvature and
metric tensors. Then the equation of motion Eq. (3.2.8) is equivalent to Eq. (3.1.10),
the equation of motion without the shock wave, and a linear differential equation of

the function f in Eq. (3.2.1).

Proof. We write 11, = HLO,,) + Hl(},,), where Hfﬁ,) is independent of f, and Hf},,) =0
when f = 0. Since all the contribution to IT,, from the shock wave part of the
metric contains f, Hff)l,) should be the same as the contribution from the AdS metric,
namely p(L?)g,, in (3.1.10). On the other hand, HE},,) is produced from the integral
/ ddy\/ﬁﬂ,(}u)ég“”. One can simplify Hf},,) so that in each term in the numerator, the
number of symbols that appear in the term is minimal. In particular, H,(},,) contains
no ¢ symbols, and I,y” cannot appear simultaneously with derivatives of f since in
such cases the term can be further reduced by using Proposition 3.2.7. Now suppose

a term in H,(},,) contains /, for some index p # p,v. Then [, either contracts with a
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y? in which case the term vanishes by Proposition 3.2.6, or contracts with nP* for
some )\, in which case n®* cannot contract with another 1 symbol by irreducibility, so
it contracts with [, or F, _, but both contractions are zero. Therefore, a nontrivial
reduced term in H,(}u) cannot contain any I, for p # p, v. Now each term must contain
f or its derivative, so it contains at least two I symbols. By the above argument, the

two ! symbols must be [, and [, and there cannot any other I symbols. Therefore,

I = L DF(5)8(y+),

where D is some linear operator. Therefore, the equation of motion Eq. (3.2.8) can

be written as

(L) g + LLDF(H)8(y+) = Agus.

Clearly, the above equation is equivalent to Eq. (3.1.10) and the linear differential
equation Df = 0. O

Under the Einstein-Hilbert action, II,, = %gu,,R — R,,. The computer routine

yields the following equation of motion
Vif —(d-2)f =0, (3.2.10)
where the Laplacian in the transverse space is defined as
2 1 a, B2, uv 1 o, BY, 1
VIF = 2(1=1agy™y") 1" Fpuw + (5d = 2)(1 = 0apy*y")y" Fu (3.2.11)

This recovers the equation of motion given by other authors [2].

Horowitz argues in [2] that the equation of motion Eq. (3.2.10) should not receive
o' corrections, which does not follow from Theorem 3.2.9. In fact, the equation of
motion does become more complicated as the o’ corrections are included, and it may
also contain higher order derivatives. To illustrate this, we will show that the fourth

order derivative of f appears in the equation of motion when we include the correction

aR,, R*.
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We will need the following expression for the Ricci curvature in a general (pseudo)Riemannian

manifold:

1 1 1. 1w 1
Rap = = 5079 Ghe.a0ue, 1+ 5070 GheaGue. 1+ 399" Getaeso= 79" 9" Goa.cGae, s+ 5970 Gacbae.s

1

1 0 e 1 1, 1 1,
+ngcgd gbc,agde,f_Enggcd,ba_f'§gecgdfgcd,egba,f_§gd gba,cd_Egecgdfgcd,egaf,b'i"égd Gac,bd

1 1
—-igecgdf Ged.eGbfa + §gdcgbc,ad,

and the Ricci tensor in this Shock Wave geometry:

1 1 1
Rab = —ZdlblaF+lblaEcyc—”S'ndclbla(l_naﬁyayﬁ)lF,cd_é‘dlbla(l_naﬂyayﬁ)_lp'*'lale

_ o By 1
—4dnap(1 = Nasy®y?) 72 + 4nap(1 — Nasy®y®) 2 — 1l F ey

Example 3.2.12. The 4th order derivative of F appears on the LHS of the EOM

when a correction term aR, R to the Lagrangian is included, where o is a constant.

Proof. The correction to the Lagrangian can be rewritten as aRu.g" Rpqg®?, so its

contribution to the variation of the action is

1
[ /5505000 R + 20 B8 Rusg™))

The fourth order derivative of F' can appear only if the variation operator hits a second
derivative of the metric and the result is multiplied by the only term containing the
second derivative of F' in the Ricci tensor. However, the term in the Ricci tensor
containing F,, also contains 2 [,’s, so the other factors in the same term cannot
contain any more [,’s by our previous remark. Therefore, the terms containing the
fourth derivatives of F' are contained in the following (where we have written (1 —
Nasy®y®) as (1 — y?) for simplicity):

1 1 0 onl
/ddﬂa\@(—élalc??ef(l - y2)Eef)(Z(1 - 92)277bc)9d ggh§5(“9bd,gh + Gvg.hd T Gdg,nb — ggh,bd)

a a
- /ddygﬁ \/5(1 - 92)7lalc778fEef77bc77d nghé(gbd,gh — Obg,hd — Gdg,hb + ggh,bd)-
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After integrating by parts, to obtain the fourth order derivatives of F', the derivatives
must hit Fs, but a derivative of F' is annihilated by [,n*” if v is a direction in
which the derivative is taken, so the only nontrivial contribution comes from gpq gn.

Therefore, the desired term is

a e a
/ddym\/g(l — Y 1l 09 F e g on 0" Gpa.

O

Nevertheless, the equation of motion Eq. (3.2.10) remains the same when the o/
correction is of the Gauss-Bonnet form, as can be shown by computer programs. This
result will be important in studying the propagation of gravitons in the shock wave

geometry.
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Chapter 4

Gravitons in the Shock Wave

Geometry

4.1 Action with a Graviton Field

In what follows, we will work in the particular case d = 5; in other words, the AdS
space is 5-dimensional. The study of gravitons is most convenient in the coordinate

that we used in Chapter 1:
r=Xq_1— Tyt =T1L/r, and z; = X;L/r,

for i = 1,...,d — 2. Whenever we write z;x;, z;dz; or dz;,dz;, the summation over ¢
from 1 to d — 2 is always implied unless otherwise indicated.

Since

d—2
(- + o)’ L = =TP + Y X} =-L’+T° - X]_, = ~L* = r(T3 + Xa-1),
i=1

we have
L? r T
Xy = —= — (=4 10;)——= + = and
d-1 5 ( +:cx)2L2+2, an
L? r r
Ty = -2 — (4 22) g — =
2 o~ (7T TG g



By the substitution rule, the AdS metric becomes

d—1 2 2

L

dsi = —dT? — dT? + E X2 = Z%(—dt2 + dxidz;) + r—2dr2, (4.1.1)
—

which recovers Eq. (1.0.3). To compute the shockwave correction, we note that

~T2 + 0! X} 2L
1—n By’ = 1- d
NePY"y I+, L+, ™

. T4r
Yo T I+ 1)

Therefore,
L% (ye)f du?

1
T‘W Yy = 2T(5(CC+)fdiL‘+, (412)

where we have for convenience introduced .+ = ¢+ ;. Combining (4.1.1) and (4.1.2),

we have the full shockwave metric

2

L? 1
LQ( dt* + dxydz;) + —?dr2 + §r5(x+)fd:1:i. (4.1.3)

ds® =

Furthermore,
8 ( L -+ TQ ) T

dr_  a2rz't

80 0(z4)0y;/0xz_ = 0 for all ¢ > 1 and thus by the chain rule

d—

($+ af yz af
Oz Ox_ 8yl

1=2

The EOM of f in this coordinate system can be obtained by computing the Ricci
tensor using RGTC, or by performing the change of coordinate from Eq. (3.2.10),
and the result is

*f  0*f

82
f+33 f—32f+L4(82+82

= > ) = 0. (4.1.4)

Now we are ready to write down the action including the shock wave and the

graviton fields. The graviton field ¢, assumed to be independent of z and zj for
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simplicity, enters the metric as

2
ds? o = —=(26(r, t, z1)dzodxs3).

graviton L2

The action with the Gauss-Bonnet term Eq. (3.1.11) can now be written as

S = / Pr\/g(Ly + ALs) + Oo"];

T3

1 o
V9 = zg(l*§¢),

_ 8 1 4,00 06 4 09, 6 09 o o 2o
b= —pt ol e g — T GEP + rL o) ()~ 8°67)
B 9_6 2 4 09 09 0., 9 49
Ly = L4 +L4r2[ L 0z 8x_+r( ) +24r°9

00 1o of i
4r(8x_) (f+r 'a—‘H” W) (z4)],

where we have substituted in (3.1.12) as we are only interested in the dynamics of ¢.

4.2 The Equation of Motion and Its Solution

By taking the variation of S with respect to ¢, we find the equation of motion as

62¢ a(b 82¢ f Qf B
5$+3:c__5r45 82)+L65( )a 2[f /\(f-{- ——+7" 62)]_0’
(4.2.1)

2(1—2))(L*r

where X = 2\/L2. We can see that the EOM receives no corrections from the Gauss-

Bonnet Lagrangian away from the shock wave frontier.

However, this is not the whole story. By looking at other components of the

Einstein tensor, we find other equations to be satisfied by ¢. Three independent
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equations are obtained in this way:

- 06 0% Of |

[¢+)\(2¢+37‘-a—+7'2-8?)]m5($+) = O,

9 0f o%¢ of  Of _ o

(1 —2)\)ax_a ( +) - Aa _(81173 8117387')5(9:-!_) - OJ
o¢ of ¢ of  Pf _

(1= 2/\)8:1: Oz, o@+) - Max‘i(axz B T8x26r>5($+) =0

All the above equations are only concerned with the value of ¢ and its derivatives at
the shock wave frontier. However, the behavior of ¢ there has already be prescribed
in (4.2.1), so in general, no non-trivial solutions exist. This is because we assume that
¢ is independent of x5 and z3. Therefore, the non-existence of solution precisely tells
us that when the shock depends on x5 and x3, the graviton field is forced to be xs, z3-
dependent. However, all the three equations become trivial when f is independent of

2o and x3, which will be the only case that concerns us.

Away from the shock wave frontier . = 0, the equation of motion of the graviton

is relatively simple and independent of X

L4 OQQS -5 3% . 7"422? __

= 4.2.2
0z, 0x_ ’ or or? ( )
One can solve this equation in the Fourier space in ¢ and z;:
¢(T7t7 -’L'l) Ar T /dkdw¢wk( ) iz —iwt
. Then different modes decouple and one obtains
10° P, Od,,
aqig =+ 50" q;.’“ + (w? = k") Ly = 0. (4.2.3)

The solutions are the Bessel functions. Specifically, for w? — k% < 0, the solutions
are the modified Bessel functions r=2I,(L%Vk2 — w?/r) and r2K5(L*Vk? — w?/r).
However, I,(L?v/k% — w?/r) blows up exponentially as 7 — 0, so only the K, solution
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is sensible. The asymptotic behavior of the solution is

o(r) ~ ri W% exp(—L*Vk? — w?/r), for r < L’Vk? — w?;
—w

2 2
o(r) ~ m, for r > L*Vk? — w2

Therefore, the solution decays exponentially with 1/7 and approaches a constant near
the boundary. This shows that when w? — k? < 0, the graviton cannot propagate in

the bulk of the AdS space.

For w? —k? > 0, the solutions to Eq. (4.2.3) can be expressed as the superposition
of the Hankel functions r—2H\P(L2Vw? — k2/r) and r~2H{(L*v/w? — K2/r). For
r <« L*v/w? — k2, their asymptotic behaviors are

Njw

212/ — 2 r) ~ 13— exp(iL2Vw? — K2/r); (4.2.4
rHy (LYW =R r) o~ 17 o e /r); (424)

27172/ 72 _3 m .72

r2H (L2 w? — k2)r) ~ 172, | ———=exp(—il*Vw? — k?/7).(4.2.5
The factor r~3 is dictated by the conservation of energy, since in the AdS space
V9 X r3. It can be seen that Hél) corresponds to a wave that leaves the boundary,
and Hf) corresponds to a wave that returns to the boundary. Near the boundary,

both solutions approach a constant.

Now we turn to the study of the scattering between the graviton and the shock
wave at z,. = 0. For simplicity, we will focus on the plane wave limit, the limit where
w?—k? is large, from now on. Then the asymptotic behaviors Egs. (4.2.4) and (4.2.5)
applies everywhere except for a small region very close to the boundary. The jump

condition at the frontier can be derived from Eq. (4.2.1):

0¢ of | ,0%f

21— W) 222 4 2T olf MG 4L S =0, @2e)

Oz 1*+=0" or or2
with the understanding that the average over z, = 0+ and z;, = 0— is taken in the
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second term. For the simplicity of presentation, we define

L = MNf +rg +r°Fh)

A(r) = 202 (4.2.7)
Then Eq. (4.2.6) can be written as
0p |z, — 9?0
e T T AT (423)

In the typical scattering picture, we assume a form of incidental gravitational
wave in the half space z; < 0, and determine the scattered wave in the half space
x4 > 0 from the jump condition Eq. (4.2.8). The gravitional waves propagating
in the bulk of a half space behaves like Eqgs. (4.2.4) and (4.2.5). In general, this
scattering problem can be solved as follows. We take a Fourier expansion of ¢ on

both half spaces z, < 0 and z4 > 0 and match their values at z, = 0:

dwdk L2/ PN o
w(’r, t,$1) = /(_2('0_)(0(1)61L - k2 +C(2) L . k )r_3/2ezka:1—zwt7 for 2, > 0; and
Y
w(r,t, 3?1) = /%(09)3“2 “;2__“’92 _|_c(_2)6—i1“—2—— ‘“:2_’“2),,.—3/261‘@:1—1@
Y

Substituting these into Eq. (4.2.8), we obtain that

/3?@+mum @w“““+@@—@)L“ el
YD)

dwdk LA(r
-t

w2_E2

)[( D) | )BT () (@)

R ey

Notice that due to the constraint z; +¢ = 0, the Fourier factor only depends on w—+ k.
An important implication of the above equation is that k£ — w may change across the
shock wave frontier, though (k+w) is still conserved. The goal is to solve c.. from the
above equation in terms of ¢_. This can be done by taking the Fourier transform over
1/r on both sides, but the Fourier transform of the function A(r), depending on A and
the shock wave profile f, can be complicated, so the result can also be cumbersome.

One can obtain a better physical picture by using the WKB approximation and thus
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transforming the wave problem into a geometric problem.

4.3 The Geodesic Picture

In order to derive the WKB approximation, we first need to introduce an effective

metric in which we can write Eq. (4.2.2) in a covariant form. The effective metric is

,,.2

6
ds* = ﬁdr2 — %—cg(dt2 —dn,?), (4.3.1)

and we denote the effective metric tensor by §,,. It is easy to verify that Eq. (4.2.2)

now can be written as

7V,Vu =0, (4.3.2)

where V denotes the covariant derivatives in the effective metric.

In the WKB approximation, we write ¢ = pe'®, where p and © are real, and

identify §**V,© with dz”/ds[3]. Then we have

dt LS

- - L 4.3.
ds 76" (4:3.3)
dIl L6

— = —k 3.4
ds r6 (4.34)

in our earlier notation, and w and k are conserved away from the shock wave frontier.

From Eq. (4.3.2) we see that

dro, L' 5
(%) = ﬁ(w — k). (4.3.5)
Note that the right hand side is positive since we have shown that the Fourier com-

ponents with w? — k? < 0 cannot propagate in the bulk of the AdS space.

Now we study the singularity at the shock wave frontier. For this purpose, we

write

¢(r,t, 1) = / %iwh,r(u)e“m—, (4.3.6)
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where k. = k £ w. Now the jump condition Eq. (4.2.8) can be written as

3/‘/}](3_‘.,7' ($+)

or,

= ik+A(T)5(I+)¢k+,r<l"+)7 (437)

where A(r) is defined in Eq. (4.2.7). Now this equation holds for every k, and r, so

we may regard i, , as a function of only one variable, z.

Applying the Fourier transform on both sides of Eq. (4.3.7), we obtain that

ik P, (k") = iky A(r)r, (24 = 0), (4.3.8)

where "@ denotes the Fourier transform of . This equation only applies to large k_
since we are focusing on the behavior of ¥, , near z, = 0. Now the right hand side
is a constant, so ¥ (k=) ~ 1/k_ for large k_. In mathematics, if a function f over

R satisfies
[+ 1w < .

then f is said to be an element of the Sobolev space H;(R). From this definition, we

know that ¥y, ,, as a function of z,, is an element of Hy(R). However, if we define

\Illm.,r(x—l-) =/ +d§¢k+,7’(§)7 (439)

then ¥y, , € Hi(R). By the Sobolev lemma, elements of H;(R) represent continuous
functions, so Wy, , is continuous, and ¢, » may have a jump in z, at the shock wave
frontier, and it does according to Eq. (4.3.7).

Knowing that ¥y, only has a finite jump at z, = 0, Eq. (4.3.7) is not hard to
solve. In fact, we have

24 iA(n)ky iy (T = 0—). (4.3.10)

Yy r(T4 = 0+) = Ak,

The inverse Fourier transform of the prefactor is

dky 2+3A(r)ky . 4 2
kra- — _G(A(r)a- e
/ 27 2——2'A(7")k+e (A(r)z-) ‘
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where 6(-) is the step function. The wave function ¢ can thus be written as a convo-

lution:

d(r,z_,zp =0+4) = —27r/d§9(A(r)£) Az(lr)e_fz(%qb(r,x_ — &z, =0-). (4.3.11)

In particular, when ¢(r, t,z; — €) is a Gaussian wave packet centered at some 2(r)

(z..—2(r))?

(b(ra T_,Tq = 0_) = C(T)e__z—”_f_ (4312)

for some arbitrary amplitude C(r), the convolution Eq. (4.3.11)

1 e 4 2 (o_ —SEN(A(r)E—2(r))?
_xy=0+)=—— d AT e~ 72 . 4.3.13
Blr 2y = 04) = —o / ey e ; (43.13)

The integral is an error function, whose peak cannot be solved in a closed form.
However, from the integrand one can see that the center of the wave packet will be
shifted, and the direction of the shift depends on the sign of A(r): it shifts to a greater

z_ when A(r) is positive and a smaller value when A(r) is negative.
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Chapter 5

Conclusion

In this paper, we study the shock wave geometry in the context of the AdS/CFT cor-
respondence, and the propagation of gravitons in this geometry. Though a constraint
on the o correction to the supergravity action is not obtained, several important
aspects of the physics are unveiled.

First of all, we find that the shock wave geometry Eq. (3.2.1) is always a solution
to the equation of motion of the supergravity theory no matter what o/ correction is
included in the action, as long as the shock wave profile f is chosen appropriately.
Moreover, the equation of f derived from the supergravity action is always a linear
partial differential equation of f, though the specific form of the differential operator
may depend on the o correction. Also, when the ¢ correction is present, the relation
between the curvature of the AdS space, measured by L, and the cosmological con-
stant may change. Finally, by explicit computation, we show that if the o’ correction
is of the Gauss-Bonnet form Eq. (3.1.11), then the o’ correction does not enter the
equation of f.

Secondly, we show in Eq. (4.2.3) that the propagation of the graviton away from
the shock wave frontier receives no correction from the Gauss-Bonnet term in the
supergravity action, but the scattering between the graviton and the shock wave does
depend on the o correction. The wave function of the graviton is a combination of
Bessel functions. In the Fourier space, only components of the graviton field with

w > k can propagate in the bulk of the AdS space, and its propagation is simple
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harmonic in 1/7 when the graviton is sufficiently far from the boundary, as shown in
Egs. (4.2.4) and (4.2.5). Finally, the scattering with the shock wave shifts the position
of the graviton according to Eq. (4.3.13), and changes the “integral of motion” k —w,

which would remain constant without the shock wave.
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