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Abstract

In the last decade, gyrokinetic simulations have greatly improved our theoretical
understanding of turbulent transport in fusion devices. Most gyrokinetic models in
use are df simulations in which the slowly varying radial profiles of density and
temperature are assumed to be constant for turbulence saturation times, and only
the turbulent electromagnetic fluctuations are calculated. Due to the success of these
models, new massive simulations are being built to self-consistently determine the
radial profiles of density and temperature. However, these new codes have failed
to realize that modern gyrokinetic formulations, composed of a gyrokinetic Fokker-
Planck equation and a gyrokinetic quasineutrality equation, are only valid for ¢ f
simulations that do not reach the longer transport time scales necessary to evolve
radial profiles. In tokamaks, due to axisymmetry, the evolution of the axisymmetric
radial electric field is a challenging problem requiring substantial modifications to
gyrokinetic treatments. The radial electric field, closely related to plasma flow, is
known to have a considerable impact on turbulence saturation, and any self-consistent
global simulation of turbulent transport needs an accurate procedure to determine
it. In this thesis, I study the effect of turbulence on the global electric field and
plasma flows. By studying the current conservation equation, or vorticity equation,
I prove that the long wavelength, axisymmetric flow must remain neoclassical and I
show that the tokamak is intrinsically ambipolar, i.e., the radial current is zero to a
very high order for any long wavelength radial electric field. Intrinsic ambipolarity
is the origin of the problems with the modern gyrokinetic approach since the lower
order gyrokinetic quasineutrality (if properly evaluated) is effectively independent of
the radial electric field. I propose a new gyrokinetic formalism in which, instead of
a quasineutrality equation, a current conservation equation or vorticity equation is
solved. The vorticity equation makes the time scales in the problem explicit and shows
that the radial electric field is determined by the conservation of toroidal angular
momentuin.

Thesis Supervisor: Peter J. Catto
Title: Senior Research Scientist
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Nomenclature

Miscellaneous

(——)- Gyroaverage holding r, v, v, and ¢ fixed.
(...) Gyroaverage holding R, E, u and ¢ fixed.
(.- w In tokamaks, flux surface average.

v Gradient holding Ey, pg, o and t fixed.

Greek letters

() In tokamaks, poloidal magnetic field flux, radial coordinate.

6 In tokamaks, poloidal angle; in §-pinches, azimuthal angle.

6 In #-pinches, unit vector in the azimuthal direction.

¢, C In tokamaks, toroidal angle and unit vector in the toroidal direction.
€ In tokamaks, inverse aspect ratio a/R.

Pe; Pi Electron and ion gyroradii, mcv./eB and Mcv;/ZeB.

Qe, Electron and ion gyrofrequencies, eB/mc and ZeB/Mec.

e, O Expansion parameters 8, = p./L < §; = p;/L < 1.

Ap Debye length.

Vii, Vie, Vee, Vei lon-ion, ion-electron, electron-electron and electron-ion Braginskii

collision frequencies.

W Drift wave frequency.
wrT Drift wave frequency in gyrokinetic equation (3.57) dependent on
Vn; and VT;.
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Electrostatic potential.

Electrostatic potential averaged in a gyromotion [see (3.16)].
Difference between the potential seen by the particle and the poten-
tial averaged in a gyromotion [see (3.17)].

Indefinite integral of ¢ with vanishing gyroaverage [see (3.18)).
Gyrokinetic magnetic moment defined to be an adiabatic invariant
to higher order [see (3.33)].

Gyrokinetic magnetic moment in which the explicit dependence on
the potential has been subtracted.

Lowest order magnetic moment of the particle v? /2B.

First order correction to the gyrokinetic magnetic moment [see
(3.34)].

First order correction to the gyrokinetic magnetic moment in which
the explicit dependence on the potential has been subtracted [see
(4.21)].

Gyrokinetic gyrophase in which the fast time variation has been
averaged out [see (3.28)].

Lowest order gyrophase of the particle [see (2.2)].

First order correction to the gyrokinetic gyrophase [see (3.29)].
First order correction to the gyrokinetic gyrophase in which the ex-
plicit dependence on the potential has been subtracted [see (4.22)].
Ion viscosity. Its definition includes the Reynolds stress because the
average velocity has not been subtracted [see (2.6)].

Vector that gives the transport of parallel ion momentum by the
E x B and magnetic drifts and the finite gyroradius drift v; [see
(4.39)].

Tensor that gives the transport of perpendicular ion momentum by
the parallel velocity, the £ x B and magnetic drifts and the finite
gyroradius drift v, [see (4.40)].
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Effective viscosity for gyrokinetic vorticity equation (4.53).
Vorticity [see (2.11)].

Gyrokinetic “vorticity” [see (4.51)].

Higher order gyrokinetic “vorticity” [see (5.41)].

Roman letters

Eq
E
By

fe
fe
fe—Te
fi

In tokamaks, minor radius.

Magnetic field, magnetic field magnitude, and unit vector parallel to
the magnetic field.

In tokamaks, magnitude of the poloidal component of the magnetic
field.

Speed of light.

GyroBohm diffusion coefficient &;p;v;.

Electron charge magnitude.

Orthonormal vectors such that é; x & = b used to define the gy-
rophase g [see (2.2)].

Gyrokinetic kinetic energy in which the fast time variation has been
averaged out [see (3.24)].

Kinetic energy of the particle v?/2.

First order correction to the gyrokinetic kinetic energy [see (3.25)].
Second order correction to the gyrokinetic kinetic energy [see (3.26)].
Electric field.

Electron distribution function, dependent on r, Fy, uo and .
Gyrophase independent piece of the electron distribution function.
Gyrophase dependent piece of the electron distribution function.
Ion distribution function, usually dependent on the gyrokinetic vari-
ables R, F and p.

Small piece of the ion distribution function that depends on the

gyrokinetic gyrophase responsible for classical diffusion [see (3.38)].
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Distribution function found by replacing the gyrokinetic variables
R, F and p in f;(R, E, u,t) by Ry, Ey and po [see (4.3)].
Distribution function found by replacing the gyrokinetic variables
R, F and pin f;(R, E, u,t) by Ry, Ep and p,.

Distribution function found by replacing the gyrokinetic variables
R, E and g in fi(R, E, u,t) by r, Ey and py.

Gyrophase independent piece of the ion distribution function when
written in physical phase space variables r, Ey, 1o and q.
Gyrophase dependent piece of the ion distribution function when
written in physical phase space variables r, Ey, o and @q.

Lowest order electron and ion distribution functions, assumed to be
stationary Maxwellians.

Electron collisional momentum exchange with ions.

Change in the perpendicular momentum of the gyromotion due to
variations in the magnetic field strength [see (4.42)].

Higher order version of F;p [see (5.37)].

Force due to finite gyroradius effects on collisions [see (4.43)].
Change in the parallel momentum due to the short wavelength com-
ponents of the electrostatic potential [see (4.41)].

Higher order version of Fz [see (5.36)].

Correction to the Maxwellian for ions.

First order correction to the Maxwellian in §;, decomposed into two
pieces: the piece due to turbulence and the neoclassical contribution.
Second order correction to the Maxwellian in §;, decomposed into two
pieces: the piece due to turbulence and the neoclassical contribution.
Function RB - C ; it only depends on 1 to lowest order.

Unit matrix.

Jacobian of the gyrokinetic transformation [see (3.44) and (3.47)].

Current density.
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De,s Di

Pel|s Pel

Dij|» Dit

Digl|s DigL

w1

Current density due to magnetic drifts [see (2.10)].

Current density due to magnetic drifts calculated integrating vz fig
over velocity space instead of vy f; [see (4.47)).

Parallel current density calculated integrating v) f;, over velocity
space instead of v f; [see (5.39)]. The superindex (2) emphasizes
that J;; = J - b and Jéﬁ) differ only in higher order terms.
Polarization current density in gyrokinetic vorticity equation (4.45).
Polarization current density in gyrokinetic vorticity equation (4.53).
Polarization current density in gyrokinetic vorticity equation (5.40).
Wavenumbers parallel and perpendicular to the magnetic field.
Characteristic length in the problem.

Electron and ion masses.

Electron and ion densities.

Gyrokinetic polarization density defined in (3.55).

Higher order gyrokinetic polarization density defined in (5.33).
Electron and ion “pressures.” They are not the usual definitions
because the average velocity is not subtracted.

Electron parallel and perpendicular “pressures.” They are not the
usual definitions because the average velocity is not subtracted.
Ion parallel and perpendicular “pressures.” They are not the usual
definitions because the average velocity is not subtracted.

Parallel and perpendicular “pressures” calculated integrating M vﬁ fig
and (Mv3/2)f; over velocity space instead of Mufif; and
(Mvi/2)f;.

Total ion stress tensor, including contributions due to the average
ion velocity.

Safety factor.

Position of the particle.
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Vs

VMo

In f-pinches, radial coordinate.

In #-pinches, unit vector in the radial direction.

In tokamaks, the distance between the axis of symmetry and the
position of the particle, also used as major radius in estimates of
order of magnitude.

Position of the gyrocenter [see (3.12)].

Position of the guiding center r + Q;'v x b.

First order correction to the gyrocenter position Q;'v x b.

Second order correction to the gyrocenter position [see (3.15)].
Electron and ion temperatures.

Velocity of the gyrocenter parallel to the magnetic field [see (3.23)].
Parallel velocity found by replacing the gyrokinetic variables R,
and g in u(R, E, u) by Ry, Eg and py. [see (5.29)].

Velocity of the particle.

Velocity component parallel to the magnetic field.

Velocity parallel to the magnetic field with finite gyroradius modifi-
cations [see (4.16)].

Velocity perpendicular to the magnetic field and its magnitude.
Electron and ion thermal velocities, \/QTe/;)_z and m .
Gyrokinetic E x B drift [see (3.21)].

Lowest order gyrokinetic E x B drift [see (4.18)].

Gyrokinetic drift composed of vy and vy,.

Electron drift [see (3.50)].

Drift found by replacing the gyrokinetic variables R, E and g in
vi(R, E, p) by Ry, Ep and p, [see (5.28)).

Gyrokinetic magnetic drift [see (3.22)].

Standard magnetic drift [see (4.17)].

Drift due to finite gyroradius effects [see (4.19)].
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In tokamaks, flux surface volume element dV/di.

Electron and ion average velocities.

Ion average velocity calculated integrating v fi; over velocity space
instead of v f;.

Ion parallel average velocity calculated integrating v fiy over velocity
space instead of v} f; [see (5.34)]. The superindex (2) emphasizes that
Vig=V;- b and ‘/;(2) differ only in higher order terms.

gll
Ion average velocity due to finite gyroradius effects on collisions [see

(4.33)].

Ion average velocities due to the gyrokinetic £ x B and magnetic
drifts [see (4.31) and (4.32)].

Ion average velocity due to finite gyroradius contribution v, [see
(4.30)].

Neoclassical ion parallel velocity.

Ion charge number.
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Chapter 1

Introduction

Magnetic confinement is the most promising concept for production of fusion energy
and the tokamak is the best candidate among all the possible magnetic confinement
devices. However, transport of particles, energy and momentum is still not well under-
stood in tokamaks. The transport is mainly turbulent, and modelling and predicting
how it evolves is necessary to build a viable reactor.

The understanding of turbulent transport in tokamaks has greatly improved in the
last decade, mainly due to more comprehensive simulations [1, 2, 3, 4, 5, 6]. These
simulations employ the gyrokinetic formalism to shorten the computational time.
Gyrokinetics is a sophisticated asymptotic method that keeps finite gyroradius effects
without solving on the gyrofrequency time scale — a time too short to be of interest in
turbulence. Unfortunately, modern formulations of gyrokinetics are still only valid for
times shorter than the energy diffusion time or transport time scale. As simulations
try to reach longer time scales, the gyrokinetic formalism needs to be extended. This
thesis identifies the shortcomings of gyrokinetics at long transport times and solves
one of the most pressing issues, namely, the calculation of the axisymmetric radial
electric field, and thereby, the transport of momentum.

In this introduction, first I will review the characteristics of turbulence in tokamaks
in section 1.1. This review is followed by a brief history of gyrokinetic simulations
in section 1.2, with emphasis on new developments. The new codes being built will

require a new formulation of gyrokinetics valid for longer time scales. In section 1.3,

17



I will close the introduction by discussing the requirements for future gyrokinetic

formalisms and summarizing the rest of the thesis.

1.1 Turbulence in tokamaks

Currently, the main part of the turbulence in the core is believed to be driven by
drift waves. These waves propagate in the plasma perpendicularly to density and
temperature gradients. They become unstable in tokamaks due to the curvature
in the magnetic field and other inhomogeneities. There are several modes that are
considered important, but the two of most interest here are the Ion Temperature
Gradient mode (ITG) (7] and the Trapped Electron Mode (TEM) [8].

These modes have frequencies much smaller than the ion gyrofrequency. They
are unstable at short wavelengths — the fastest growing mode wavelengths are on
the order of the ion gyroradius because shorter wavelengths are stabilized by finite
gyroradius effects. The measurements in tokamaks suggest turbulence correlation
lerigths on the order of five to ten gyroradii [9], which agrees with this idea. The
anisotropy induced by the magnetic field is reflected in the spatial structure of these
modes. The wavelength along the magnetic field, on the order of the characteristic
size of the device, is much longer than the perpendicular wavelengths.

The ITG and TEM instabilities provide energy for the turbulence at short wave-
lengths. By nonlinear beating, part of the turbulence energy is deposited in a radial
mode known as zonal flow [10, 11, 12]. The zonal flow is a radial structure in the
radial electric field that gives rise to a sheared poloidal and toroidal F x B flow. It is
a robust mode because it does not have any parallel electric field and hence electrons
cannot shield it or Landau damp it. Then, any energy deposited in the zonal flow
will remain there, leading to a rapid nonlinear growth of this mode. It has an impact
on turbulence dynamics because the velocity shear decorrelates the turbulence at the
shorter wavelengths. The statistical equilibrium of the turbulence is determined by
the feedback between zonal flow and short wavelength fluctuations. The effect of

zonal flow is so important that it can suppress the turbulence when the instability is
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not too strong [13].

The radial electric field is crucial in the saturation of turbulence. Its short wave-
length radial structure is the zonal flow, whose importance in turbulence dynamics
has already been discussed. It is also quite clear that it plays an important role in the
pedestal of high confinement or H-mode plasmas in tokamaks [14], where the shear
in the macroscopic radial electric field becomes large. Experimentally, it is observed
that the radial electric field shear increases before the turbulent fluctuations are sup-
pressed, radial transport is quenched and the gradient of density increases to form
the pedestal [15]. Both zonal flow and transport barriers highlight the importance of
the calculation of the radial electric field in any turbulence simulation. In this thesis,
I will show that the traditional gyrokinetic approach is unable to provide the correct
long wavelength axisymmetric radial electric field. This problem has gone undetected
up until now because it is only noticeable at long time scales.

To summarize, the turbulence in a tokamak is characterized by electromagnetic
fluctuations with wavelengths as small as the ion gyroradius. On the other hand, the
frequency of these fluctuations is much smaller than the ion gyrofrequency, making
the timescales of gyromotion and turbulence so disparate that both can be treated
independently. It is this scale separation that gyrokinetics exploits by “averaging out”
the gyromotion, while keeping the finite gyroradius effects. However, as formulated,
the traditional gyrokinetic model does not contain enough physics to provide the
self-consistent long wavelength axisymmetric radial electric field. Since the radial
electric field affects turbulent transport, we need to extend the gyrokinetic formalism

to calculate it.

1.2 Gyrokinetics: history and current challenges

The gyrokinetic model is a more suitable way of writing the Fokker-Planck equation
for low frequencies and short perpendicular wavelengths. The idea of gyrokinetics
is to define new variables to replace the position r and velocity v of the particle.

The gyrokinetic variables are constructed such that the the gyromotion is decoupled

19



from the slowly varying electromagnetic fluctuations. This approach is especially
convenient in turbulence simulation because retaining the gyromotion is unnecessary.
The gyrokinetic variables are the appropriate variables to solve the problem since they
retain wavelengths on the order of the ion gyroradius and ignore the high frequencies.

Gyrokinetics had its roots in reduced kinetic techniques used to analyze stability
problems with finite gyroradius effects. The early works of Rutherford and Frieman
[16] and Taylor and Hastie [17] treated small perpendicular wavelengths in stability
calculations for general magnetic field geometries by using an eikonal approximation.
Years later, Catto [18, 19] formulated the gyrokinetic approach by introducing the
gyrokinetic change of variables.

The gyrokinetic formulation eventually evolved to a nonlinear model. Frieman
and Chen [20] developed a nonlinear theory for perturbations of small amplitude over
the distribution function in general magnetic field geometry. Their work was extended
later for a full distribution function in a slab geometry by Dubin et al [21]. Hahm
et al extended the work of Dubin et al to electromagnetic perturbations [22], and
toroidal geometry [23]. These nonlinear gyrokinetic equations were found employing
a Hamiltonian formulation and Lie transforms [24, 25].

Based on these seminal nonlinear models, Lee developed the first gyrokinetic code
for investigation of the drift wave turbulence [26, 27]. This first approach was a
primitive Particle-In-Cell (PIC) §f model. The §f models avoid solving for the full
distribution function, which would require much computational time. Instead, the
distribution function is assumed to be Maxwellian to lowest order, and a nonlinear
equation for ¢ f retaining small fluctuations is solved. The assumption is that the time
it takes the turbulence to saturate is much shorter than the diffusion time. Then, the
density and temperature profiles are given as an input and do not change in time. In
these codes, the turbulent fluctuations evolve and saturate, and from their saturated
value we can calculate the radial particle and heat fluxes. The modern, less noisy ¢ f
models originate in the ideas put forth by Kotschenreuther in [28].

Several 6f codes, both continuum, like GS2 [1], GENE [2] and GYRO (3], and
PIC, like GEM [4], PG3EQ [5] and GTC [6], have been developed and benchmarked.

20



It is based on these codes that most of the recent advances in tokamak turbulence
theory have occurred.

As it was already pointed out, the § f codes are only useful to compute the particle
and heat fluxes once profiles for density and temperature are given. It is necessary to
develop a new generation of models capable of self-consistently calculating and evolv-
ing those profiles. It is not obvious that it can be done with the current gyrokinetic
formalism. For the § f models it was enough to run the codes until the turbulence had
saturated, but in order to let the profiles relax to their equilibrium, runs on the order
of the transport time scale are needed. This extension is both a costly numerical task
and an unsolved physical problem. Models that reach transport time scales need to
take into account phenomena that were negligible when looking for the turbulence
saturation. In gyrokinetics, corrections to the velocity of the particles small in a ion
gyroradius over scale length are neglected. However, as run times become longer,
these terms must be retained since a small velocity correction gives a considerable
contribution to the total particle motion.

In recent years, several groups have begun to build codes that evolve the full
distribution function, without splitting it into a slowly varying Maxwellian and a
fast, fluctuating piece. These simulations, known as full f models, are employing the
traditional gyrokinetic formulation. In this thesis, I will argue that this approach is
inadequate since it is unable to solve for the self-consistent radial electric field that
is crucial for the turbulence.

Before getting into details, I will briefly review the four main efforts in this field:
GYSELA [29], ELMFIRE [30], XGC [31] and TEMPEST [32]. All these models are
electrostaticc. ELMFIRE and XGC are PIC simulations, and GYSELA and TEM-
PEST are continuum codes. GYSELA and XGC calculate the full ion distribution
function, but they adopt a fluid model for electrons that assumes an adiabatic re-
sponse along the magnetic field lines. ELMFIRE and TEMPEST solve kinetically for
both ions and electrons. Importantly, all four models find the electrostatic potential
from a gyrokinetic Poisson’s equation [27]. This gyrokinetic Poisson’s equation just

imposes that the ion and electron density must be equal. It looks like Poisson’s equa-
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tion because there is a piece of the ion density, known as polarization density, that can
be written explicitly as a Laplacian of the potential. Regardless of its appearance, the
gyrokinetic Poisson’s equation is no more than a lower order quasineutrality condi-
tion. It is lower order because the density is calculated from the gyrokinetic equation
in which higher order terms have been neglected. This is the most problematic part of
these models, as I will demonstrate in this thesis. Interestingly, GYSELA, ELMFIRE
and XGC have reported an extreme sensitivity to the initialization.

Operationally, the polarization density depends on the velocity space derivatives
of the distribution function (the polarization density is presented in section 3.4). It is
difficult to evaluate directly. In GYSELA, XGC and TEMPEST, the wavelengths are
taken to be longer than the ion gyroradius and the distribution function is assumed
to be close to a Maxwellian to obtain a simplified expression. In an attempt to
circumvent this problem, ELMFIRE employs the gyrokinetic variables proposed by
Sosenko et al [33]. These variables include a polarization drift that largely removes
the polarization density. With the polarization velocity, it is possible to use implicit
numerical schemes that give the dependence of the ion density with the electrostatic
potential.

To summarize, gyrokinetic modelling has been successfully used for studying tur-
bulence in the past decade. Codes based on 6 f formulations, especially the continuum
ones, have provided valuable insights into tokamak anomalous transport. Currently,
there is an interest in extending these simulations to transport timescales, and that
requires careful evaluation of both physical and numerical issues. As a result, sev-
eral groups are building and testing full f simulations. In these codes, solving for
the axisymmetric radial electric field is crucial because it determines the poloidal
and toroidal flows, and those flows strongly affect and, near marginality, control the
turbulence level. Unfortunately, the full f community has failed to realize that a
straightforward extension of the equations valid for § f codes are unable to provide
the long wavelength radial electric field. The objective of this thesis is exposing this

problem and proposing a solution.
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1.3 Calculating the radial electric field

There are several problems that a gyrokinetic formulation has to face before it is
satisfactory for long time scales. The main issue is the missing higher order terms in
the gyrokinetic Fokker-Planck equation. The transport of particles, momentum and
energy from one flux surface to the next is slow compared to the typical turnover
time of turbulent eddies, the characteristic time scale for the traditional gyrokinetic
formulation. To see this, recall that the typical structures in the turbulence are of
the size of the ion gyroradius p; = Mcv;/ZeB, with v; = \/m the ion thermal
velocity, Ze, M and T; the ion charge, mass and temperature, B the magnetic field
magnitude, and e and c the electron charge magnitude and the speed of light. Then,
eddies are of ion gyroradius size, requiring many eddies — and hence many eddy
turnover times — for a particle to diffuse out of the tokamak.

The gyrokinetic Fokker-Planck equation is derived to an order adequate for simu-
lation of turbulence saturation, i.e., for time scales on the order of the eddy turnover
time. This equation is too low of an order for transport time scales because flows and
fluxes that were neglected as small now have enough time to contribute to the mo-
tion of the particles. In other words, a higher order distribution function and hence
a higher order Fokker-Planck equation are required. For this reason, the extension
of gyrokinetics to transport time scales must draw from the experience developed in
neoclassical theory [34, 35]. Not only can neoclassical transport compete with the
turbulent fluxes in some limited cases, but the tools and techniques developed in
neoclassical theory become extremely useful because they require only a lower or-
der distribution function to determine higher order radial fluxes of particles, energy
and momentum. The application of neoclassical tools in gyrokinetic simulations is
described in [36] and extended herein.

The physics in which the modern gyrokinetic formulation is especially flawed is the
calculation of the long wavelength radial electric field. In this case, the comparison
between neoclassical theory and gyrokinetics is striking. In neoclassical theory, the

tokamak is intrinsically ambipolar due to its axisymmetry [37, 38|, i.e., the plasma
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remains quasineutral for any value of the radial electric field unless the distribution
function is known to higher order than second in an expansion on the ion gyroradius
over the scale length. The reason for this is that the radial electric field is related to
the toroidal velocity through the E'x B drift. Due to axisymmetry, the evolution of the
toroidal velocity only depends on the small off-diagonal terms of the viscosity, making
impossible the self-consistent calculation of the radial electric field unless the proper
off-diagonal terms are included. The distribution function required to directly obtain
the viscosity is higher order than second; the order at which intrinsic ambipolarity
is maintained. The axisymmetric radial electric field has only been recently found in
the Pfirsch-Schliiter regime [39, 40, 41, 42], and there has been some incomplete work
on the banana regime for high aspect ratio tokamaks [43, 44].

In gyrokinetics, however, the electric field is found from a lower order gyrokinetic
quasineutrality equation [21, 26] rather than from the transport of toroidal angular
momentum. Implicitly, it is assumed that the tokamak is not intrinsically ambipolar
in the presence of turbulence. In this thesis, I prove that even turbulent tokamaks are
intrinsically ambipolar in the gyrokinetic ordering. Consequently, if the radial electric
field is to be retrieved from a quasineutrality equation, the distribution function
must be found to a hopelessly high order. The physics that determine the radial
electric field, namely, the transport of angular momentum, enters the quasineutrality
condition only in higher order terms, making the gyrokinetic quasineutrality equation
inadequate for the calculation.

In this thesis, I pay special attention to the evolution of the long wavelength ax-
isymmetric radial electric field in the presence of drift wave turbulence. Employing a
current conservation equation or vorticity equation, I assess the feasibility of different
methods to find the long wavelength axisymmetric radial electric field. Each method
requires the ion Fokker-Planck equation to a different order in é; = p;/L < 1 and
B/B,> 1, with p; the ion gyroradius, L a characteristic size in the machine, typically
the minor radius a, B the magnitude of the magnetic field and B, the magnitude of
its poloidal component. The different methods explored in this thesis are summarized

in table 1.1. In this table, I give the chapter in which the method is presented and the
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Method Order of f; | Chapter
Gyrokinetic quasineutrality equation 8 fui 3
Radial transport | Evaluated directly from f; 83 furi 2
of toroidal - .
angular Moment equation 0; fi 5
momentum Moment equation and B/B, > 1 | (B/B,)6? fui 5

Table 1.1: Comparison of different methods to obtain the long wavelength axisym-
metric radial electric field.

order of magnitude to which the ion distribution function must be known compared
to the zeroth order distribution function fs;. To better explain the classification by
required order of magnitude of f;, I present here a very simplified heuristic study of
the first method in table 1.1. This method, known as the gyrokinetic quasineutrality
equation, will be rigourously described at the end of chapter 3. In the gyrokinetic
quasineutrality equation, used in modern gyrokinetics, the electric field is adjusted so
that the ion and electron densities satisfy Zen; = en,, and the densities are calculated
by direct integration of the distribution functions, i.e., n; = [d3v f; and n, = [ d3v f..
The ion and electron Fokker-Planck equations used to solve for the distribution func-
tions f; and f. are approximate. In chapter 3, I will describe in more detail the
formalism to obtain these approximate equations. For now, it is enough to consider
a heuristic form of the long wavelength limit of these equations in which only the
motion of the guiding center R is considered. Then, schematically the Fokker-Planck

equations for ions and electrons are

%t& +R; - Vfi+...=Cieg{fi, fo} (1.1)
and
aajl;e + Re Vfe+...=Ceen{fe fi}, (1.2)

where R; and R, are the ion and electron guiding center positions, R; = v||,-f)+vd¢+. ..

and R, = v”ef) + Vge + ... are the drifts of those guiding centers, and C; s and
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Ceee are the effective collision operators. The lower order drifts are the parallel
velocities vy; ~ v; and v), ~ ve, and the perpendicular drifts vg; = va + Ve ~ 605
and Vge = Vye + VE ~ O0eUe ~ 0;v;, With vy and vy, the magnetic drifts, vg =
(¢/B)E x b the E x B drift and E the electric field. The ion drifts are expanded
in the small parameter 6; = p;/L < 1, and the electron drifts are expanded in the
small parameter d, = po/L ~ 51W & §;, with p. = mcv./eB the electron
gyroradius, v, = m the electron thermal speed, and T, ~ T; and m the electron
temperature and mass. The next order corrections in 6; to R; may be written as
R, = vb + va + R® + R® + ... with R? = 0(6%;), R® = O(6%v;)... The
operators Cj;eg and Ceg are asymptotic expansions in §; as well. The next order
corrections for R, are small in the parameter d, < §;. For this heuristic introduction,
I will drop the next order corrections to R, exploiting the scale separation &, < ;
to find R, ~ vHef) + vge. This is not rigorous, but it does not change the final
result and simplifies the derivation. Under all these assumptions, the ion and electron
distribution functions can be solved for perturbatively, giving f; = fi(o) + fi(l)—i— f,-(z)-t—. .
and f, = fO + fO + [ + .. with £ = fari, £ = O@ifani), 2 = O fasi)--
and fO = fare, ) = O(ifue), f& = O(8} fue)-..

In this thesis I prove that to find the long wavelength radial electric field in axisym-
metric configurations using the gyrokinetic quasineutrality equation, it is necessary to
solve the Fokker-Planck equations to fourth order because equations (1.1) and (1.2)

satisfy the condition

ot
+ < [ 0 (ZeCanlfi £} + eCoenlfe f,-})> — O(6%enyv;/L). (1.3)
Y

-(?-(Zen,- —eNe)y = — <V . [/ d3v (ZefiR»i - efeRe)] >w

Here, (...)y is the flux surface average. For now, it is only important to know that
(...)y makes the non-axisymmetric pieces vanish [see chapter 2]. Since the axisym-
metric radial electric field adjusts so that the axisymmetric pieces of the ion and
electron densities (n;), and (n.), satisfy quasineutrality, equation (1.3) requires that

terms of order &7 fav;/L be kept in equations (1.1) and (1.2) to obtain the self-
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consistent radial electric field. Gyrokinetic codes solve a Fokker-Planck equation only
through O(8; fas;vi/ L), leaving the radial electric field as a free parameter in the best
case (intrinsic ambipolarity), or finding an unphysical result in the worst scenario.
From an ion Fokker-Planck equation of order &2 fas;v;/L it is possible in principle (but
not in practice) to obtain a distribution function good to order &} fas;. For this reason,
in table 1.1 the order to which the distribution function is required is 6} far;. Inter-
estingly, equation (1.3) simplifies considerably because of the flux surface average,
giving

—(?-(Zem —ene)y = —Ze <V . [/ d3v (f,-@)R?) + fi(l)Rz(g) + f,-(O)R§4))]>

ot ¥

+(f o (2eClu s 17) = Cl{D.£7))) = OGtenan/D). (1)

Notice that, after flux surface averaging and integrating over velocity space, the dif-
ference of the fourth order pieces of the collision operators only depends on fi(l) and

fi@), and the terms

(V- (JOB), = <v : [ / Po (Ze b —e fe(4)1)”ef))]>¢ =0 (1.5)

and

(V- J((f))w = <v. [/ B (Zef,@)v,ﬁ - efé3)vde)]>w =0 (1.6)

exactly vanish in axisymmetric configurations. The term (1.5) is the contribution
of the parallel current density Jj; to the radial current. Since the radial current is
perpendicular, this contribution is obviously zero. The term (1.6) is more subtle.
It is the contribution of the current density J4; due to the magnetic drifts. This
contribution vanishes in axisymmetric configurations because to lowest order the net
radial displacement due to magnetic drifts is zero. In chapter 2, I will show that the
radial component of the current density J is related to the parallel and perpendicular
pressures p and p, in the momentum conservation equation, and these pressures
finally do not enter in the calculation of the toroidal rotation, the quantity that

determines the radial electric field.
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Importantly, according to equation (1.4), a distribution function f; good to O(d2 fas;)
is enough to calculate the radial electric field although we need the higher order cor-
rections R§2), R§3) and R§4); terms never employed in gyrokinetic codes. In this thesis,
I exploit the fact that only the second order correction of f; is needed to obtain the
long wavelength axisymmetric electric field. Moreover, I will not need to compute
the higher order terms R,(z), Rl(-?’) and Rl(-4) explicitly. It is possible to circumvent
this calculation by employing the radial transport of toroidal angular momentum,
introduced in chapter 2. By doing so we gain two orders in ¢;, i.e., we make ex-
plicit that according to (1.4) we only need an ion distribution function good to order
02 far:. It is not necessary to obtain the higher order corrections to R; because the
toroidal angular momentum conservation equation is obtained from a full Fokker-
Planck equation where no approximation for small §; has been made. Importantly,
the procedure used to evaluate the radial transport of toroidal angular momentum
makes a considerable difference. As given in table 1.1, direct evaluation from the ion
distribution function requires the ion distribution function to O(6? fas;), whereas the
moment approach presented in chapter 5 only requires a distribution function good
to O(62far;). The moment approach works because the radial transport of toroidal
angular momentum depends only on the third order gyrophase dependent piece of
the ion distribution function. The third order gyrophase dependent piece of the ion
distribution function can be expressed as a function of the second order piece by using
the full Fokker-Planck equation, and the moment approach is a simple way to write
that relation.

The second order distribution function is still an order higher than usual gyroki-
netic codes are built for, but there is a possible simplification listed last in table 1.1.
The idea is exploiting the usually largish parameter B/B, ~ 10. The new method,
described at the end of chapter 5, is advantageous because conventional gyrokinetic
Fokker-Planck equations can provide, with only a few modifications in the imple-
mentation, the ion distribution function to order (B/B,)d? fu, high enough order to
self-consistently determine the long wavelength axisymmetric radial electric field for

B/B,> 1.
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Along with the long wavelength axisymmetric radial electric field, I investigate the
evolution of the axisymmetric flows in drift wave turbulence. Under the assumptions
explained at the beginning of chapter 4, the long wavelength axisymmetric flows
remain neoclassical even in turbulent tokamaks. Moreover, it is possible to prove
that in the modern gyrokinetic formalism the axisymmetric components of the flows
and the radial electric field with radial wavelengths above v/p;L are unreliable due to
intrinsic ambipolarity. This result is related to the unrealistic higher order distribution
functions needed to obtain the long wavelength axisymmetric radial electric field from
the quasineutrality equation.

The rest of the thesis is organized as follows. In chapter 2, the calculation of
the radial electric field is formulated in terms of a current conservation equation or
vorticity equation. I show that, for the axisymmetric radial electric field, the vorticity
equation reduces to the radial transport of toroidal angular momentum. The vorticity
equation must be evaluated in the presence of turbulence, and the natural formulation
for drift wave turbulence is the gyrokinetic formalism, presented in chapter 3. In chap-
ter 4, the gyrokinetic formulation is applied to the vorticity equation. The resulting
equation makes explicit the time scales involved in the evolution of the axisymmetric
flows and the axisymmetric radial electric field. With this formulation, turbulent
tokamaks are proven to be intrinsically ambipolar to the same order as neoclassical
theory. In chapter 5, I present a different approach based on the radial transport
of toroidal angular momentum that only requires an O(8?2fas;) distribution function,
and by exploiting an expansion in B/B, > 1, I formulate a relatively simple model
capable of self-consistently evolving the axisymmetric radial electric field in the core
of a tokamak. By employing an example with simplified geometry in chapters 4 and
5, I illustrate the problems that arise from the use of the gyrokinetic quasineutrality
equation, and how a new approach can solve them. Finally, in chapter 6, I summarize
the findings in this thesis, and I describe a program to gradually implement a new
gyrokinetic formulation in current codes that can solve for the axisymmetric radial

electric field.
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Chapter 2

Vorticity and intrinsic

ambipolarity

In this chapter, I study the quasineutrality equation in an axisymmetric configuration.
The time derivative of quasineutrality, also known as vorticity equation, makes the
time scales in the problem explicit. With this equation, it is possible to show that
the radial current is zero to a very high order independently of the axisymmetric,
long wavelength radial electric field, i.e., both ions and electrons drift radially in an
intrinsically ambipolar manner even in the presence of turbulence. Moreover, if the
radial current is calculated to high enough order, I can also show that forcing it to
vanish is equivalent to solving the toroidal angular momentum conservation equation.

The chapter is organized as follows. In section 2.1, I explain and justify the
assumptions necessary to simplify the problem. In section 2.2, I derive a vorticity
equation from the full Fokker-Planck equation. This equation cannot be usefully
implemented as it is written in this chapter because some of the terms are difficult to
evaluate. This issue will be addressed in chapter 4. However, this vorticity equation is
useful because it makes the study of the evolution of the radial electric field easier. In
section 2.3, I flux surface average the vorticity equation to determine the radial electric
field. The radial electric field adjusts so that the total radial current in the tokamak
vanishes, and the flux surface averaged vorticity equation is equivalent to imposing

that the total radial current is zero. I show here that the flux surface averaged
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vorticity equation is the conservation equation for toroidal angular momentum. Then,
by estimating the size of the term that contains the transport of angular momentum
in the vorticity equation, I can argue that the radial current is zero to a very high
order and hence the plasma is intrinsically ambipolar to the same order as neoclassical

theory.

2.1 Orderings and assumptions

To simplify the calculations, and for the rest of this thesis, I assume that the electric
field is electrostatic, i.e., E = —V¢, with ¢ the electrostatic potential. In general,
the electromagnetic turbulent fluctuations are important and should be considered
[45, 46]. However, keeping electromagnetic effects would obscure derivations that are
already quite involved. Furthermore, in the Coulomb gauge, the axisymmetric radial
electric field is purely derived from the potential. Thus, calculating the axisymmetric
radial electric field is fundamentally an electrostatic problem. The electrostatic for-
mulation presented in this thesis will offer a solution that can be extended later to
electromagnetic turbulence.

To be consistent with the electrostatic electric field, the magnetic field B is as-
sumed to be constant in time. In addition, it has a characteristic length of variation

much larger than the ion gyroradius. I use an axisymmetric magnetic field,
B=1IV({+V({xVy, (2.1)

with ¥ and ¢ the magnetic flux and toroidal angle coordinates. The vector V( = é /R
with C the unit vector in the toroidal direction and R the radial distance to the
symmetry axis of the torus. I use a poloidal angle ¢ as the third coordinate, and
employ the unit vector b = B/B with B = |B|. The coordinates v, ¢ and 6 are
shown in figure 2-1. The toroidal magnetic field, B, = I/R, is determined by the
function I that only depends on the radial variable 3 to zeroth order.

The results in this thesis are expansions in the small parameter §; = p;/L < 1,
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i : 4

Figure 2-1: Magnetic coordinates in tokamaks. (a) Three-dimensional view of the
tokamak where the magnetic field lines are the solid black lines and the axis of symme-
try is the chain-dot line. (b) Poloidal plane where the flux surfaces are schematically
represented as concentric circles. Here, ¢ points out of the paper, v labels different
flux surfaces, and 6 defines the position within the flux surface.

with L the characteristic length in the problem. Collisions and non-neutral effects
must be ordered with respect to ;. To do so, I will use the characteristic tokamak
values given in table 2.1. In this table, the minor and major radii and the magnetic
field strength are taken from [47] for Alcator C-Mod and [48] for DIII-D. The electron
density n, and the electron temperature T, are given in [47] for Alcator C-Mod,
and in [49, 50] for DIII-D. The ion temperature T; is difficult to measure, but in
general can be assumed to be of the order of the electron temperature T.. The
average ion velocity V; is taken from [51, 52| for Alcator C-Mod, and from [49, 53]
for DIII-D. The average velocities in DIII-D depend strongly on the neutral beam
injection, ranging from 20 km/s when the neutral beams are turned off or their net
momentum input is zero, to 200 km/s in cases that the beams drive large rotation.
Alcator C-Mod, on the other hand, does not have neutral beam injection and tends
to rotate at lower speeds. The rest of the quantities in table 2.1 are calculated from

the measured values. These quantities are the electron and ion thermal velocities

ve = \/2T./m and v; = /2T;/M; the electron and ion gyrofrequencies €}e = eB /mec
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and ; = ZeB/Mc; the electron and ion gyroradii, pe = ve/S and p; = v;/§Y; the
plasma frequency w, = W and Debye length Ap = v./wp; the electron-
electron, electron-ion, ion-electron and ion-ion Coulomb collision frequencies ve. =
(421 /3) X (e*ne In A/ /MT3/?), Vei = ZVee, Vie = (2Z*m/M)vee and vy = (44/7/3) X
(Z3*n.InA/VM Tis/ 2), and the corresponding mean free paths Aee = Ue/Vee, Aei =
Ve/Veiy Nie = Ui/ Vie and Ay = v;/vy;.

In table 2.1, V;/v; ~ 0.3 for shots with neutral beam injection, V;/v; ~ 0.1 in
the pedestal region, and V;/v; ~ 0.03 in the core in the absence of neutral beam
injection. In general, in the core, V; ~ V, < v; can be assumed. Moreover, in the
absence of neutral beam injection, the average ion velocity is comparable to V; ~ §;v;,
with §; = pi/L ~ 5 x 1073 < 1 and L the characteristic length in the problem, in
this case the minor radius a. Ordering V; ~ 6;v; ~ dcve ~ V,, known as the low flow
or drift ordering, is then justified. This ordering allows the electric field to compete
with the pressure gradient by making the F x B flow, (cn;/B)E x b, and diamagnetic
flow, (¢/ZeB)b x Vp;, comparable. According to the drift ordering, the electric field
is E= —-V¢ ~ T,/eL, giving a total electrostatic potential drop across the core of
order T,/e. The cases with neutral beam injection can be recovered by employing
the drift ordering and then sub-expanding in eL|V®|/T, > 1, giving a velocity V; ~
(eL|V|/Te)d;v; > d;v;. In the pedestal, on the other hand, the gradients are large,
making L < a, and the average velocity is closer to the thermal speed, V;/v; ~ 0.1.
Interestingly, it is possible to find an ordering similar to the low flow ordering because
the pressure gradient and the electric field must be allowed to compete [54]. In this
thesis, I focus in the core, where the drift ordering V; ~ §;v; ~ deve ~ V, is valid,
but it is possible that the formalism I will develop could be extended to the pedestal
region.

To evaluate the importance of non-neutral effects, I need to compare the turbu-
lence frequencies and wavelengths with the plasma frequency w, and the Debye length
Ap. I am interested in the long wavelength, axisymmetric radial electric field and its
evolution in the presence of drift wave turbulence. In section 1.1, I explained that the

drift wave turbulence spectrum extends from the minor radius to the ion gyroradius.
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Alcator C-Mod DIII-D
Core | Separatrix | Core | Separatrix

B (T) 5 5 2 2
ne (m=3) 3 x 10%° 10% 3 x 10'° 10
Te ~ T; (keV) 2 0.1 2 0.1
V; (km/s) 20 20 20 — 200 20
ve (km/s) 27000 5900 27000 5900
v; (km/s) 620 140 620 140
Q. (GHz) 880 880 350 350
Q; (GHz) 0.48 0.48 0.19 0.19
pe (pm) 31 6.7 77 17
pi (pm) 920 290 3300 740
wp (GHz) 980 560 310 180
Ap (pm) 28 11 87 33
Ve ~ Vei (kHz) 150 3600 16 400
v (kHz) 2.4 60 0.26 6.5
Ve (kHz) 0.16 4.0 0.017 0.44
Mi ~ dei ~ Aee (m) | 260 2.3 2400 22
Aie (m) 3800 35 35000 320
Minor radius a (m) 0.21 0.67
Major radius R (m) 0.67 1.66

Table 2.1: Typical numbers for Alcator C-Mod [47, 51, 52] and DIII-D [49, 48, 50, 53].
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Theoretical studies [1, 55] suggest that the turbulent spectrum can also reach wave-
lengths of the order of the electron gyroradius. Since my research focuses on the long
wavelength part of the electric field, I restrict myself to perpendicular wavelengths
between the ion gyroradius and the minor radius. In this range, the Debye length
is small, Ap/p; ~ 0.03 < 1. Moreover, the typical frequencies are of the order of
the drift wave frequency w, = k;cT,/eBL, ~ kipvi/L<v/L ~ 6,8 < §;, with
L, = |VInn,|™!. The plasma frequency is then very high, w,/w, ~ 3 x 107¢, and
the plasma may be assumed quasineutral. There are exceptions in which non-neutral
effects have to be considered. I will point them out as they appear, but in general I
will ignore these corrections to simplify the derivation. They are easy to implement
and they could be added in the future with the electromagnetic corrections.

Collisional mean free paths range from very long in the center of the tokamak,
R/Xii ~ R/Xee ~ R/XAei ~ 1073 ~ §;, to comparable to the major radius in the
pedestal, R/\;; ~ R/Aee ~ R/Aei ~ 0.01 — 0.1. Notice that the mean free path is
compared to the typical length along the magnetic field, proportional to the major
radius R. I will order collisions as v;, < vy ~ v;/L and Ve, ~ Ve; ~ ve/L, and the
low collisionality case can be obtained by then sub-expanding in the small parameter
qR/X\ii ~ qR/Aee ~ qR/Xei < 1, where ¢>1 is the safety factor. In this manner,
collisions are kept in the derivation. This collisional ordering implies that particles
are confined long enough to become a Maxwellian to lowest order. Then, the lowest
order ion and electron distribution functions are the stationary Maxwellians f3;; and
fae- They are assumed to be stationary to be consistent with the drift ordering.

To summarize, electromagnetic effects and non-neutral effects are dropped. The
typical frequency is assumed to be w,'<v;/L. Collisions are ordered as v;e < vj; ~
vi/L and vee ~ ve; ~ ve/L. The ion and electron distribution functions are stationary
Maxwellians, fus; and faze, to lowest order. Since L is the characteristic length in
the problem, Vf; ~ far;/L and V fage ~ fare/L. The average velocities are ordered
as small in &;, V; ~ &;v; ~ d.v, ~ V,, and consequently the electric field is O(T,/eL).
In chapters 3 and 4, I will extend these assumptions to the shorter turbulent wave-

lengths. For this chapter, intended as an introduction to the properties of the long
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wavelength axisymmetric radial electric field, it will be enough to consider only the
longer wavelengths, of order L. Thus, in this chapter, the gradients are V ~ 1/L.
Finally, in the derivation it will be useful to split the velocity of the particles into
components parallel and perpendicular to the magnetic field, with v} = v - b the
parallel component and v, = v — v”f) the perpendicular. The perpendicular velocity

is determined by its magnitude v; = |v| and the gyrophase , defined such that
vy = v, (€ cos g + €zsingy), (2.2)

where the unit vectors b(r), &,(r) and &,(r) are an orthonormal system such that
€ X €& = b. Notice that €; and €, depend on the position r because b depends
on r. For a general magnetic field, &, and &, may be chosen to be the normal
&; = b-Vb/|b- Vb| and binormal & = b x & of the magnetic field line. In a
tokamak, they could be defined as &, = Vi)/|Ve| and & = (b x V4)/| V).

The distinction between the gyrophase independent and dependent pieces of the
distribution function will be important. I will denote the gyroaverage, or average
over the gyrophase ¢y, holding r, v, v, and ¢ fixed, by ﬁ It is important which
variables are held fixed because when the gyrokinetic variables are defined, they will
have their own distinct gyroaverage. Notice that this average is not weighted with the

distribution function, i.e., [d3vfQ # [d®vfQ, where f is the distribution function

and Q(yo) is some given function of the gyrophase (.

2.2 Vorticity equation

To obtain the electrostatic potential and build in the quasineutrality condition, but
also make explicit the time scales that enter the problem, I work with the current

conservation or vorticity equation,
vV.-J=0, (2.3)

where J = Zen;V; — en.V, is the current density, and n; = [d®v f;, n. = [d3v f.,
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nV; = [d3vvf; and n,V, = [d*vvf, are the ion and electron densities, and the
ion and electron average flows. The functions f; and f. are the ion and electron
distribution functions, respectively. The parallel current Jy = J - b can be obtained
to the requisite order by integrating over the ion and electron distribution functions
as discussed in more detail in chapter 4.

The perpendicular current J; = J — JHB is given by the perpendicular component
of the total momentum conservation equation. The total momentum conservation

equation is
1
%(niMVi) +V. [/ d*v (Mf; + mf,)vv| = EJ x B. (2.4)
I neglect the inertia of electrons because their mass is much smaller than the mass of

the ions. The total stress tensor can be rewritten as

/d3v (Mf; +mf.)vv =p, (I —bb) +p||f)13+ T, (2.5)
where p; = pi1 +pes = [ v (M f; + mf.)v? /2 is the total perpendicular “pressure”,
= pi| + pey = [ &*v (M fi + mfe)vf is the total parallel “pressure”, and

M/d% filvv — V) M/d3v fi [ Vv — 7(1 ~bb) —v”bb (2.6)

is the ion “viscosity.” The electron viscosity is neglected because it is m/M smaller,
as I will prove in chapter 4. Here, 1 is the unit dyad, and vv = (v?/ 2)(? -bb) +
'u“bb is the gyroaverage of vv holding r, v, v, and t fixed. The definitions of
the “pressures” p; and pj; and the “viscosity” 7r; differ from the usual in that the
average velocity is not subtracted. The usual perpendicular and parallel pressures
are p|, = p; —n;MV3 / 2 and pj| = p| — n;MVj, and the usual viscosity is 7r =T;
- M[V,;V; — (V, 2l/2)( I —bb) — V2 bb] Notice that 7r; contains the turbulent
Reynolds stress. In the drift ordering, the pressures and viscosity used here are more
convenient than the more common definitions.

Obtaining the perpendicular current J,; from (2.4), substituting it into (2.3) and
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employing

DLy
b x V=V x (22b) + Tibx VB + BV b 27)
and
Vxb=bb-Vxb+bxxk, (2.8)

with & = b- Vb the curvature of the magnetic field lines, gives the vorticity equation

Ow . C - -
where
Ul
Ja Bbe b+Bb VB+Bb><n (2.10)

is the current due to the magnetic drifts and

Zen;
2

w:V-( Vi x b) (2.11)

is the “vorticity”, with Q; = ZeB/Mc the ion gyrofrequency. The quantity w has
dimensions of charge density, but it is traditionally called vorticity because for con-
stant magnetic fields it is proportional to the parallel component of the curl of the
ion flow, w b-V x (n; V).

Vorticity equations like equation (2.9) have been used in the past to solve for
the electrostatic potential in fluid models for turbulence [56, 57]. The vorticity w is
evolved in time, and the potential can be obtained from @ by employing the lowest

order result
Zecn;

B, BQ

w~V.

(V- Py (2.12)

To find this equation, I substitute in (2.11) the lowest order perpendicular flow

cn; -~ C - =

where ﬁ--—- Jd3v Mvv ;. The lowest order perpendicular ion flow (2.13) is obtained
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from the conservation of ion momentum in the same way that the perpendicular
current density J; was found from the total momentum equation (2.4). In the lowest
order result (2.13), I have neglected the ion inertia, d(n;,MV;)/0t ~ é;p;/L, and the

ion-electron friction force, Fe; ~ +/m/Mé;p;/L.

2.3 Radial electric field in the vorticity equation

In chapter 4, I will show that in general V - J; dominates or at least is comparable to
the other terms in (2.9). However, in axisymmetric configurations, the physics that
determines the radial electric field is an exception in that V - J4 no longer dominates
and only the viscosity term (¢/B)b x (V- ;) matters.

The radial electric field adjusts so that the radial current and hence the flux
surface average of the vorticity equation vanish. To see that the flux surface average
of the vorticity equation is equivalent to forcing the radial current to vanish, recall
that the vorticity is V - J = 0, and the flux surface average of this equation gives
(J - Vo) = 0, i.e., the total radial current out of a flux surface must be zero. The

flux surface average of equation (2.9) is

Rand ~ 1 82 7] “ Rand
(V ﬂ'i) . b>¢ + V;g'l/)—iv <CRC 5 'V@D),/,, (214)

4 _1_£Vf<.]d.v¢..

_<>_ cl
3T Viay

B
where (...)y = (V)71 fdOd((...)/(B - V8) is the flux surface average and V' =
dV/dy = [d0d((B - V8)~! is the flux surface volume element. To simplify, I have

used
0
(V- (o = gV (T8 (e, (2.15)
b x Vi) = Ib — RB¢ (2.16)

and R(V- 7;)- ¢ = V- (R7; -¢). Equations (2.15) and (2.16) are obtained from the
definition of flux surface average and equation (2.1), respectively. The flux surface

average of Jq - V) is conveniently rewritten using (2.8), (V x b)- Vi = V- (b x V)
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and (2.16) to find

C clp, -

Jo-Vy = 2Ly . (1b) - &b VB, (2.17)

w|8

where I use that V - (RB&) = 0 = ¢ - VB due to axisymmetry. The flux surface

average of this expression is

(Ja-Vi)y = —<%[‘3'VP||+(PH *PL)V'5]>¢, (2.18)

where I have integrated by parts and used b-VInB = -V -b. Substituting this

result into equation (2.14), using the parallel component of (2.4) to write

. R - R o )
b-Vp+(p=p1)V-b+(V-m)-b=—ZMn;V;-b (2.19)
and employing
1 0, /Zen;I 10, .
(@) — W%V < Q, V- b>¢ =~y awV {eniRMV; - )y (2.20)

gives the conservation equation for toroidal angular momentum

R 1 0 N
(niRMV; - {)y = —‘W%V'(RC' i -Vih)y, (2.21)

@l

where I have integrated once in v assuming that there are no sources or sinks of
momentum. Equation (2.21) shows that setting the total radial current to zero is
equivalent to the toroidal angular momentum conservation equation. Equation (2.21)
includes both turbulent and neoclassical effects. In a model in which the transport
time scale is not reached, as is the usual case in gyfokinetics, there is not enough
time for the angular momentum to diffuse from one flux surface to the next, keeping
then the long wavelength toroidal velocity constant and equal to its initial value.
Consequently, the long wavelength radial electric field, related to the toroidal velocity
by the E x B velocity, must not evolve and must be determined by the initial condition.

The vorticity equation makes this fact explicit by including the radial current density

(¢/B)[b x (V- 7:)] - V4.
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Equation (2.21) can be generalized by flux surface averaging the toroidal angular
momentum conservation equation with the charge density and full current density

retained. Writing the electromagnetic force as the Maxwell stress gives

0 5 10 .,/ o o 1 -
5 (WBMY,-8)y =~ 20V <RC-(m+7re)-V¢—ERC-(EE+BB)~V¢>

(2.2w2)
In equation (2.21), the components of the toroidal angular momentum transport
due to the electron viscosity and the Maxwell stress are neglected. In subsequent
chapters I will argue that the ion viscosity term (RC- V1))y is of order 63p;R|VY|.
The other terms must be compared to this order of magnitude estimate to asses
their importance. In chapter 4, I will show that T~ 62p, ~ (m/M)d2p;, negligible
compared to 7; because m/M = 5 x 107* « §;. The magnetic portion of the
Maxwell stress vanishes because the calculation is electrostatic and the magnetic field
is unperturbed and given by (2.1); in particular, it satisfies B - Vi) = 0. The electric
part of the Maxwell stress is a non-neutral contribution. Using E = —V¢ ~ T,/eL, I
find R¢ - EE - V4p/dn ~ (Ap/L)*p.R|V¥|, with Ap = \/T./4me’n, the Debye length.
This is one of the instances when the non-neutral effects may contribute to the final
result. In both Alcator C-Mod and DIII-D, the non-neutral transport of toroidal
angular momentum Ré - EE - V¢ /4r is comparable to the viscosity contribution,
albeit somewhat smaller. For the rest of the thesis, I will drop the non-neutral
contribution to simplify the presentation, but it is important to remark that it could
be easily added if necessary.

The fact that (J- V), = 0 is equivalent to equation (2.21) means that whether a
configuration is intrinsically ambipolar or not depends then on the size of the radial
current density (¢/B)[b x (V- 7;)] - V4. If this current density is small, as I will
prove it to be in chapter 4, the radial current is effectively zero. Then, if the plasma
is quasineutral initially, it stays so independently of the radial electric field, that is,
the configuration remains intrinsically ambipolar.

I will finish this chapter with some simple estimates that I will prove in chapters 4

and 5. In neoclassical calculations of the radial electric field [39, 40, 42, 43, 44], the
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flux surface average (RC- 7; -Vib)y, is of order 83p; R|V4|. The radial current density
(¢/B)[b x (V- 7,;)] - V4 associated with this piece of the viscosity is tiny, of order
dtenev;|Vi)|. The estimate from neoclassical theory is not necessarily applicable to
turbulent transport of toroidal angular momentum, but it is suggestive. Indeed, the
same order of magnitude is recovered if the transport of toroidal angular momen-
tum is at the gyroBohm level and the average velocities in the tokamak are small
compared to the ion thermal velocity by ¢;, i.e., V; ~ §;v;. The gyroBohm diffu-
sion coefficient is obtained from turbulence fluctuations employing a simple random
walk argument as follows. In chapter 1, I pointed out that the typical eddy size is
Acady ~ pi- The eddy turnover time is determined by the average velocity V; ~ dv;,
GIVING Teddy ~ Deddy/Vi ~ L/v;. With these estimates, the gyroBohm diffusion coef-
ficient is calculated to be Dyp = Agddy /Teddy ~ 0;psv;. Multiplying this diffusivity by
the macroscopic gradient of momentum, V(n,MV;;) ~ d;n.Mv;/L, I find the same
result as the neoclassical calculation, namely, the transport of momentum is §2p; and
the associated radial current density is §fen.v;. In chapter 5, I will argue in favor of
this estimate more strongly. In any case, in current gyrokinetic formalisms, the flux
surface averaged radial current should remain equal to zero independently of the long

wavelength radial electric field.
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Chapter 3

Derivation of gyrokinetics

Gyrokinetics is a kinetic formalism that is especially adapted to model drift wave
turbulence. By defining more convenient variables to replace the position r and ve-
locity v, it “averages out” the fast gyromotion time scales and keeps finite gyroradius
effects, permitting perpendicular wavelengths on the order of the ion gyroradius. Cur-
rently, there is no other model that allows simulation of short wavelength turbulence
in magnetized plasmas in reasonable computational times.

In this chapter, I derive the gyrokinetic Fokker-Planck equation and the gyroki-
netic quasineutrality equation. The gyrokinetic Fokker-Planck equation models the
response of the plasma to fluctuations in the electrostatic potential with wavelengths
that may be as small as the ion gyroradius. The gyrokinetic quasineutrality equa-
tion, or gyrokinetic Poisson’s equation, is the equation used so far to determine the
self-consistent electrostatic potential. This equation is given here for completeness,
but in chapter 4 I will show that it is flawed at long wavelengths.

The rest of the chapter is organized as follows. In section 3.1, I lay out the
assumptions I need to derive the gyrokinetic equation. In section 3.2, I find the
gyrokinetic variables with a new nonlinear approach, based on the linear derivation
of [58, 59]. I have already published this derivation in [60]. In section 3.3, I give
the Fokker-Planck equation in these new variables. This gyrokinetic Fokker-Planck
equation does not have the fast gyromotion scale, yet it retains finite gyroradius

effects, as desired. I finish by deriving the traditional gyrokinetic quasineutrality in
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section 3.4. The algebraic details of the calculation are relegated to Appendices A -

E.

3.1 Orderings

The assumptions are the same as in section 2.1. The characteristic frequency of
the processes of interest is assumed to be the drift wave frequency w ~ w, =
kicT,/eBL, ~ kipw;/L, with L7 = |Vlnn,|. To treat arbitrary collisionality,
the ion-ion collision frequency v;; is assumed to be of the order of the transit time
of ions, v; ~ v;/ L. Consequently, the electron-electron and the electron-ion collision
frequencies are of the order of the electron transit time, vee ~ Ve; ~ ve/L. With this
assumption, I can treat low collisionality cases by sub-expanding the final results in
the parameter vy L/v; ~ VeeL/Ve ~ Ve L/ve < 1.

The average velocities are assumed to be in the low flow or drift ordering, where the
E x B drift is of order d;v;. Therefore, the electric field is of order E = —V¢ ~ T, /eL,
and the total electrostatic potential drop across the characteristic length L is of
order T,/e. The spatial gradients of the distribution functions are assumed to be
Vi~ fai/L and V f, ~ frre/L, where fur; and fare are the zeroth order distribution
functions. Since I am primarily interested in the core plasma in tokamaks, I will
assume that the zeroth order distribution functions are stationary Maxwellians, with
ion and electron temperatures of the same order, 7; ~ T,. The Maxwellians are
stationary to be consistent with the drift ordering.

To include the turbulence, I allow wavelengths perpendicular to the magnetic field
that are on the order of the ion gyroradius, k; p; ~ 1. At the same time, due to low
flow or drift ordering, I assume V¢ ~ T./eL, Vf; ~ fari/L and V f. ~ fare/L. This
ordering requires that the pieces of the potential and the distribution functions with

short perpendicular wavelengths ¢, fir and fex be small in size, in particular

fiw fer ete 1 (3.1)

Fari fate T kLY
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with k1 p; <1. According to (3.1), the pieces of the distribution function that have
wavelengths on the order of the ion gyroradius are next order in the expansion in §;.
Notice that k) fix ~ Vi fix ~ Vi ~ fas/L, and since 8/0t ~ ky p;v;/L, Of /Ot ~
8; farsvi /L. 1 could allow wavelengths on the order of the electron gyroradius following
a similar ordering, but I ignore these small wavelengths to simplify the presentation.
Unlike the perpendicular wavelengths, the wavelengths along the magnetic field, k| 1
are taken to be on the order of the larger scale L. Moreover, except for initial
transients, the variations along the magnetic field of f;, f. and ¢ are slow, i.e., in
general b - Vf; ~ 8, fari/L, b-Vf. ~ & fre/L and b - Ve ~ §;T,/eL.

Both the potential and the distribution function may be viewed as having a piece
with slow spatial variations (representing the average value in the plasma) plus some
rapid oscillations of small amplitude. The zonal flow, for example, will be included
in the small piece if its characteristic wavelength is comparable to the gyroradius,
but its amplitude may be larger for longer wavelengths. This ordering implies that
the rapid spatial potential fluctuations seen by a particle in its gyromotion are small
compared to the average energy of the particle. Then, the gyromotion remains almost
circular, and the distribution function of the gyrocenters is equal, to zeroth order, to
the distribution function of the particles. The difference, coming from the rapidly
oscillating pieces, is small in our ordering. Notice that the df codes [1, 2, 3, 4, 5, 6]
explicitly adopt this treatment for the components of ¢, f; and f. that satisfy &k, p; ~
1, and, as in this thesis, they order them as O(4;).

3.2 Gyrokinetic variables

In this section, I derive the gyrokinetic variables for ions, the only species where
the finite gyroradius effects matter, since k) p; ~ 1. It is possible to find a similar
gyrokinetic equation for electrons, but for this thesis the drift kinetic equation is all

that is required. I begin by defining the Vlasov operator for ions in the usual r, v
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variables for an electrostatic electric field as the following total derivative

i 9 Ze :

where §); = ZeB/Mc is the gyrofrequency. The Fokker—Planck equation for ions is

then simply

%~ o, (33
where C{f;} is the relevant Fokker-Planck collision operator for the ions. The ion-
electron collision operator is small in \/_m/—M , leaving only the ion-ion collision oper-
ator.

The objective of gyrokinetics is to change the Fokker-Planck equation to gyroki-
netic variables, defined such that the gyromotion time scale disappears from equation
(3.3). The nonlinear gyrokinetic variables to be employed are the guiding center lo-
cation R, the kinetic energy E, the magnetic moment i, and the gyrophase . These
variables will be defined to higher order than is customary by employing an extension
of the procedure presented in [58, 59]. The general idea is to construct the gyrokinetic

variables to higher order by adding in §; corrections such that the total derivative of

a generic gyrokinetic variable @) is gyrophase independent to the desired order, and

Q <fi-9->, (3.4)

we may safely employ

dt — \ dt
where the gyroaverage (. ..) is performed holding R, E, p and ¢ fixed. This gyrokinetic
gyroaverage can be understood as a fast time average where 7 = —/€2; is the fast
gyromotion time and ¢ is the slow time of the turbulent fluctuations (ion gyromotion
is such that dy/dt < 0, hence the sign difference between 7 and ¢). The gyrokinetic

variable @) is expanded in powers of §;,

Q=Q+Q1+Q2+..., (3.5)

where Qg is the lowest order gyrokinetic variable (kinetic energy, magnetic moment,

etc.), and Q1 = O(8;Qo), Q2 = O(8%Qy)... are the order &;, 6?2 ... corrections. The first
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correction Q) is constructed so that dQ/dt = (dQ/dt) + O(6?%Q), while the second
correction @ is evaluated such that dQ/dt = (dQ/dt) + O(83€%Q). In principle this
process can be continued indefinitely. Any @ can be found once the functions @,
Q> ..., Qr_1 are known. The functions @y, Q> ..., Qr_1 are constructed so that

aQ

B L@t Q) = (FO+ Q) HOERQ). ()

Adding Qi to (3.5) means adding dQ/dt to (3.6). To lowest order, dQi/dt =~
—§; 0Qr /0, which to the requisite order leads to an equation for Qy,

aQ
dt

(Q0+ A+ Q1) —Qz‘é:,%k = <%(QO+---+QI«:—I)>, (3.7)

where (0Q/0¢) = 0 is employed. Notice that the gyrophase derivative is holding the
gyrokinetic variables fixed, and not r, v and v, fixed (in some cases these two distinct
derivatives with respect to gyrophase are almost equal). Using (3.7), Qx = O(6*Qo)

is found to be periodic in gyrophase and given by

Qr = Q/ [ (Qo+-. +Qk_1)—<%(QO+...+Qk_1)>]. (3.8)

More explicitly, through the first two orders, ¢J; and Q) are determined to be
1 ? 4 dQo /dQo
€= Qi/ ( at < dt (3.9)

=g [(a | f@rer-(F@+an). (3.10)

and

By adding @; and @5, the total derivative of the gyrokinetic variable Q) = Qo+Q1+2

is
% (L@+an) +0wna. (311)

In the remainder of this subsection, I present the gyrokinetic variables that result
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from this process. I begin with the guiding center position expanded as
R =Ry +R; + R, (3.12)

where Ro = r, |Ry| = O(p;) and |Ry| = O(d;p;). 1 construct R; and Ry such that

the gyrocenter position time derivative is gyrophase independent to order é;v;,

dR  /dR )
E;_<ﬁ>+0@my (3.13)

The explicit details of the calculation are presented in sections A.1 and A.2 of Ap-

pendix A. To first order, I find the usual result [18]
R.l = —v x b. (314)

The gyromotion is approximately circular, as sketched in figure 3-1(a), even in the
presence of fluctuations with wavelengths of the order of the ion gyroradius. The

ordering in (3.1) that bounds the electric field to be O(T,/eL) leads to this significant

b
v (5)

Vb+£2 {v“lA)-Vf)-vl—i—;[vlvl—(vxb (vxb

simplification. To next order, I obtain

R; = éz [(v”b—}— 1vJ_) (v x b) + (v x b) (v||b+ vl

\“,_/

QQ

—BQi (3.15)

which is the same as [58] except for the nonlinear term given last. My vector conven-
tions are xy:lQ[z y: ﬁ -x and xy;f/I: x X (y- IUI) One of the terms in the second
order correction Ry includes the function @(R, E, u,,t). It will appear several times
during derivations, as will the functions (¢) and ¢. These are functions related to the
electrostatic potential that depend on the new gyrokinetic variables. Their definitions

are

() = (DR, B, t) = 5 f do $(r(R, B, 11, 0,0),1), (3.16)
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Figure 3-1: (a) Gyrokinetic gyromotion r = R —R; — Ry (dashed line) in a turbulent
potential. The solid circle R—R; describes the gyromotion to first order. (b) Potential
¢ along gyromotion as a function of ¢. The average (¢) is the dashed line, and the
fast time variation ¢ is the difference ¢ — (¢).

o= (R, E, p,0,t) = ¢(r(R, E, 1, 0, 1), 1) — (#)(R, E, i, t) (3.17)

and

~ (% ~
& =R, E,p,p,t) = / do' $(R, E, i, &', 1), (3.18)

such that (®) = 0. These are definitions similar to those used by Dubin [21]. I have
discussed the subtle differences between them in [61], as summarized in Appendix C.
From their definitions (3.16) and (3.17), we see that the function (¢) is the fast
time average of the potential in a gyromotion, and ¢ is the difference between the
potential at the position of the particle and (¢). Both are represented in figure 3-1(b)
as a function of the gyrophase ¢. The function ® is proportional to the fast time
integral of ¢, with 7 = —¢/Q; the fast time variation. The term —(c/ BQ,;)Vr® x b
in (3.15) is the correction to the gyromotion due to the fast time component of the
E x B drift —(¢c/B)Vré x b. This fast time contribution integrated over fast times
T = —p/8Y; gives the correction to the gyrocenter position. The other corrections in
R, are fast time contributions due to magnetic geometry.

It is important to comment on the size of functions (¢), ¢ and ®. Both ¢ and (¢)
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are of the same order as the temperature for long wavelengths, but small for short
wavelengths [recall (3.1)]. However,  is always small as it accounts for the variation
in the electrostatic potential that a particle sees as it moves in its gyromotion. Of
course, since the potential is small for short wavelengths, the variation observed by the
particle is also small. For long wavelengths, even though the potential is comparable
to the temperature, the particle motion is small compared to the wavelength, and
the variations that it sees in its motion are small. Therefore, (5 ~ 6;T./e for all
wavelengths in my ordering, making ® small as well.

The Vlasov operator acting on R gives

dR _ /dR
dt

o —> O(67v;) = ub(R) + vq4 + O(67vy), (3.19)

where vy is the total drift velocity,

Vg =VE+ Vu, (3.20)
composed of the E x B drift
c ~
Vg = — B(R)Vn(cb) x b(R) (3.21)
and the magnetic drift
v = u’ b(R) x &(R) + ——b(R) x VR B(R) (3.22)
YT QR) %(R) R |

In the preceding equations, u is the gyrocenter parallel velocity defined by

2

% +uB(R) = B. (3.23)

Notice that in (3.19), (3.21), (3.22) and (3.23), all the terms are given as a function
of the new gyrokinetic variables, R, E and p.

Following the same procedure as for the gyrocenter position R, the gyrokinetic
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Figure 3-2: Kinetic energy Ey = v?/2 along the gyromotion. The dashed line is the
average value E = (Ey), and the difference E — Ej is the correction E;. Notice that
the variation of the kinetic energy and the variation of the potential have opposite
signs because maxima of potential correspond to minima of kinetic energy.

kinetic energy is defined as

E=FEy+E +E,, (3.24)

where Ey = v2/2, E; = O(§;v?) and Ey = O(62v?). The details of the calculation are
given in sections A.1 and A.2 of Appendix A. I find

_Zed

E, = Vi (3.25)
and B
c 09

E; = B ot (3.26)

The Vlasov operator acting on E is shown in section A.2 of Appendix A to give

dE /dE 3 Zer o« 2
= = <E> +0 (5%) - —ﬁe [ub(R) + vur] - Vr(g) + O (52%) . (3.27)

The corrections E; and E, are necessary because otherwise the kinetic energy would
vary in the fast gyromotion time scale. Figure 3-1 shows how the potential changes

rapidly along the gyromotion due to the short wavelength turbulent structures. The
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kinetic energy variations are accordingly rapid, as sketched in figure 3-2. The gyroki-
netic energy is the average kinetic energy E = (Ep), where the fast time variation
has been extracted.

The gyrokinetic gyrophase is obtained in a similar way as the energy and the

gyrocenter position by defining

Lp = (PO + (1019 (328)

with ¢ the original gyrophase. The details are again in Appendix A, in section Al
Notice that only the first order correction ¢ is calculated since gyrokinetics will make
the gyrophase dependence weak and hence next order corrections unnecessary. The

first order correction is

Ze 0 1 v2

le—ma—u—ﬁlvl VinB+ —QIE’ VB—BXVéQ'él
v ~ ~ ~
—4QLiwlyL—(vx1nh/xbﬂ;Vb, (3.29)

where ® is defined in (3.18). With this correction, dp/dt is gyrophase independent
to order O(v;/L), that is,

dp _ [dy 2 0. 20).
dt_<ﬁ>+0®n) T + 0(529%), (3.30)

where
Z%e? 0(¢)
M?c ou

Q:Q,(R)-F%'—IBV XB—U||B~Vé2'é1+ (3'31)

The function Q; is equal to §; to lowest order. It might be surprising that the
gyrophase oo needs to be corrected by ;. The gyrokinetic gyrophase ¢ is in re-
ality the fast time variation 7 = —¢/€);. The correction ¢, is necessary because
dipo/dt changes in the fast gyromotion time scale, making the dependence of ¢ on
7 non-trivial. There are two effects that contribute to the fast variation of dyg/dt,
namely, the electromagnetic fields and geometric corrections. The electromagnetic
fields contribute through the magnetic field strength B(r) in €;(r), giving the correc-
tion —Q; 'v, -V In B in (3.29), and through the short wavelength turbulent structures
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Figure 3-3: Geometric effects on the gyrokinetic gyrophase. The circle represents the
gyromotion of a given particle. The variations of &;, €; and b are exaggerated.

of the potential. The particle feels a rapidly changing potential along its gyromotion.
The perpendicular velocity then has a variation similar to the kinetic energy [recall
figure 3-2], and the gyromotion accelerates and decelerates accordingly, giving the cor-
rection —(Ze/MB)(0®/0p) in (3.29). The other contributions to the fast variation
of dpo/dt are geometrical. The gyrophase ¢ is defined with respect to the vectors
é1(r), é,(r) and b(r) at the position r of the particle, not the gyrocenter position
R. Figure 3-3 shows that to find the gyrophase ¢ 4 that corresponds to the particle
position A, the position vector r — R must be projected onto the plane defined by
the local vectors €; 4 and €; 4; o, 4 is the angle of the projection with respect to & 4
[recall from (2.2) that ¢ is the angle of v, with respect to the vector &; and hence
it is the angle of r — R = —Q; 'v x b with respect to &;]. In figure 3-3, the geometric
construction to determine ¢, at point A is sketched in red, and the corresponding
construction at another point B is given in blue, making explicit the distinction be-
tween the gyrokinetic gyrophases ¢4 and ¢p, and the “local” gyrophases o 4 and

wo,8. Notice that both variation in f), that determines the “local” plane of &; and é,,
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and rotation of &; and &, within that plane change the value of . For this reason,
both Vb and Vé, - &, enter in ¢, and dy/dt.

Finally, the gyrokinetic magnetic moment variable is dealt with somewhat differ-
ently since we want to construct it to remain an adiabatic invariant order by order.
The condition for the magnetic moment is not only that its derivative must be gy-
rophase independent, but that (du/dt) must vanish order by order. In this thesis,
I will define the magnetic moment g such that du/dt has a gyrophase dependent

component of order §;v7/BL but satisfies

dp\ 2 U? ~
<dt> =0 (5,~ BL) ~ 0, (3.32)

for 4 to remain an adiabatic invariant. This variable p is

t= o+ 1, (3.33)

where po = v2 /2B is the usual lowest order result, and py = O(d;140). The correction
po = O(62p0) is not necessary because the distribution function is assumed to be a
stationary Maxwellian to zeroth order, making the dependence on u weak. For p to
remain an adiabatic invariant, g; must contain gyrophase independent contributions
such that {(du/dt) = 0 to the requisite order, given in (3.32). Solving for y; as outlined
in section A.1 of Appendix A gives

VA e$ 1 )|

: - -yt . .
K1 = MB(R) B 4BQ.{V.L(VXb)+(VXb)VJ_] : Vb—-L.bvxb (334)

2B,

To keep p an adiabatic invariant, (u;) = —(v”vi/QBQi)(f) .V x b) # 0. In subsec-
tion A.2.4 of Appendix A, {(u;) is proven to make u an adiabatic invariant to next
order.

The procedure presented in this section is compared to the Lie transform tech-
niques [25] in Appendix C. Both methods yield the same results, although the final
equations look somewhat different. These apparent discrepancies are shown to be due

to subtleties in the definitions of the functions (¢), é and ®. Finally, I also compare
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this derivation with drift kinetics. In particular, in Appendix E, I show that with the
higher order corrections Ry and E it is possible to recover the drift kinetic gyrophase

dependent portion of f; up to order 62 fay;.

3.3 Gyrokinetic Fokker-Planck equation
The Fokker-Planck equation (3.3) becomes

0f;
ot

R SRR/ ) S
+R Vsz+EaE+uau+cp&p—C{fl} (3.35)

when written in gyrokinetic variables, where Q=dQ /dt, and @ is any of the gyroki-

netic variables. The gyroaverage of this equation is

B 4 R-waify + B~ (opzp), (3.3

where (f;) = (fi)(R, E, u,t) is the gyroaveraged ion distribution function. Here, I
have used that E and R are defined such that their time derivatives are gyrophase
independent to the orders given by (3.19) and (3.27). The term p(0f;/0u) is ne-
glected because the magnetic moment p is defined such that du/dt = O(6;v3/BL)
and the zeroth order distribution function is assumed to be a stationary Maxwellian,
making 0f;/0u = O(d; fu; B/v?). Therefore, in (3.36) I have neglected pieces that
are O(fui6%v;/L). 1 have also neglected the term (@ df;/dp) = O(fi6v;/L), where
fi=fi- (f:) is the gyrophase dependent piece of the distribution function. I will
prove in the next paragraph that ﬁ is O(fa:0;v4: /%), making all the neglected terms
comparable to or smaller than fj;;6%v;/L, and the distribution function gyrophase
independent to first order, f; ~ (f;). Notice that, due to the missing pieces, I can
only obtain contributions to the distribution function that are O(9;far;), as well as
all terms with &k, p; ~ 1.

The explicit equation for the gyrophase dependent part of the distribution function
is obtained by subtracting from the full Fokker-Planck equation (3.35) its gyroaverage,
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giving to lowest order

0%~ oy - ot (3.7

Therefore, the collisional term is the one that sets the size of ﬁ Since the distribution

function is a Maxwellian to zeroth order, the collision operator vanishes to zeroth

order, C{f;} = O(6;ivii fumi), giving C{fi} — (C{f:}) = O(0iviifms). As a result, f; is

fx—g [fag - ctm=o (%), 6

where Vii/Qi < 1.
Using the values of dR/dt from (3.19) and dE/dt from (3.27), and using (f;) ~ f;,

the equation for f; in gyrokinetic variables is

%% + [ub(R) + v4] - (VRfi - -ZMe—VR<¢) gg) = (C{f:}), (3.39)

where (¢) is defined in (3.16), and f; = fi;(R, E, i, t) is gyrophase independent.

The gyrokinetic equation can be also written in conservative form. To do so, the
Jacobian of the gyrokinetic transformation is needed. Conservation of particles in
phase space requires the Jacobian of the transformation, J = 9(r,v)/d(R, E, u, ),
to satisfy

oJ 0

5 T Vr (RJ) + —(EJ) + 5—(uJ) + %(W) =0. (3.40)

[This is the equality V -t + V,, - v = 0 written in gyrokinetic variables]. Employing
this property, equation (3.35) can be written in conservative form by multiplying it
by J to obtain

0
ou

BIS) + g (1050 + 5= (I£) = JOUA}. (341)

0 : 0
57 (Jf) + VR (RIS;) + o5 (

The gyroaverage of this equation is

0 (BIf) = JCLfD). (3.42)

) .
&(in) + Vr - (RJf;) + BE(
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Here, I have taken into account that the Jacobian J is independent of ¢ to the order
of interest, as can be seen by using (3.40). The equation for the gyrophase dependent
part of the Jacobian is obtained by subtracting from (3.40) its gyroaverage. Notice
that J — (J) depends on the differences R — (R), E — (E)..., and those differences
are small by definition of the gyrokinetic variables. The gyrophase-dependent part
of the Jacobian is estimated to be J — (J) = O(62B/v;). Finally, I substitute dR/dt

and dF/dt in (3.42) to get

0 ~ 0 Ze.
() + T ATAB(R) + v} — 5 { TSP b(R) + vl - Va8 } = HOUiD).
(3.43)
The calculation of the Jacobian is described in section A.3 of Appendix A. The

final result is

J= 8(2’(2,2 5= B (UR) + AZ/I;B(R) . Vg x B(R). (3.44)

In section A.3, it is also proven that J satisfies the gyroaverage of (3.40).

Similar gyrokinetic equations to (3.39) and (3.43) can be found for the gyrokinetic
variables R, u and p, where u is defined by (3.23). Combining equations (3.19), (3.23),
(3.27) and du/dt ~ 0 to obtain

i =—|b(R)+ %B(R) x n(R)] V& [,uB(R) +Z ‘?f}] (3.45)
gives the gyrokinetic equation
0 P ~ . a 1
e Wb (R) +vil - Vafi i = (C{A)). (3.46)

This gyrokinetic equation can be written in conservative form by noticing that the

new Jacobian is given by

or,v)  0O(r,v) B_E _ Mcu » ' .
ARy  IRE g ou PRI+ 7 -bR)- Ve xb(R). (3.47)

Juz

o7



Using the new Jacobian, the gyrokinetic equation may be written as

£ (Jaf) + T (Jb(R) +val} + 5-(ufil) = JACLY). (348)

The ion gyrokinetic Fokker-Planck equations (3.39), (3.43), (3.46) and (3.48) have
their counterpart for electrons. However, since in this thesis the wavelengths shorter
than the ion gyroradius are not considered, the electron gyrokinetic equation reduces

to the drift kinetic equation

+ (vyb + vae) - (v 7.+ v¢g£0) = o{F.}, (3.49)

with f, = f,.(r, Eo, pio, t) the gyrophase independent piece of the distribution function,
V the gradient holding Ejy, po, o and t fixed, and

Mo ¢ ”ﬁA c -
Vdez—QQbXVB—ﬁ—bXK,—EV(bXb (350)

the electron drifts. Here, 2, = eB/mc is the electron gyrofrequency. The total
distribution function for electrons contains the gyrophase independent piece f, and

the gyrophase dependent piece

T 2

fMe XB) vne__e__v¢+(mE0 )‘;’T]

fe=TFe=— o v e (3.51)

In the rest of this thesis, the gyrokinetics variables to be used are R, E and p for
ions and r, Fy and py for electrons. Then, the relevant equations are (3.39) for ions,

and (3.49) for electrons.

3.4 Gyrokinetic quasineutrality equation

Modern gyrokinetics employs a low order quasineutrality condition to calculate the
electrostatic potential. The ion and electron distribution functions f; and f. are

calculated using the lower order equations (3.39) and (3.49). These distribution func-
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tions are integrated over velocity space to obtain the densities n; and n, that are
substituted into the quasineutrality condition Zn; = n., from which the potential is
solved. Since equations (3.39) and (3.49) give distribution functions good to order
8 fars and O, fare, respectively, the quasineutrality equation is correct only to order
d;ine. In chapter 4, I will show that this is not enough to solve for the long wavelength
axisymmetric radial electric field, and employing such a low order quasineutrality
equation can lead to unphysical results. In this section, I will derive the modern gy-
rokinetic quasineutrality equation to the order that is usually implemented, so I can
demonstrate later, in chapter 4, that it cannot provide the correct long wavelength
axisymmetric radial electric field.

I will begin with Poisson’s equation to explicitly show that the quasineutral ap-
proximation is valid for the range of wavelengths of interest. The distribution function

fi in Poisson’s equation,
~Vip = dre |Z [ o iR By t) = na(r b)) (3.52)

is obtained from the Fokker-Planck equation (3.39). Therefore, it is known as a
function of the gyrokinetic variables. The distribution function can be rewritten
more conveniently as a function of r + Q7 'v x b, E, and po by Taylor expanding.
However, it is important to remember that there are missing pieces of order 82 fys; in
the distribution function since terms of this order must be neglected to derive (3.39).
Thus, the expansion can only be carried out to the order where the distribution

function is totally known, resulting in

Ofi N Ofi
OEy ulaﬂo

fi(R, E, i, t) = fi(Ry, Eo, po, ) + Ex + O(02f i) (3.53)

Notice that fi(Rg, Eo, to,t), with Ry = r + € lv x f), cannot be Taylor expanded
around r because &, p; ~ 1. In the higher order terms proportional to E; and y;, the
function f; is valid only to lowest order, i.e., fi ~ fai, 8fi/0Eo ~ (—M/T;) fum: and

Of;/0ue =~ 0. Moreover, according to the ordering in (3.1), the corrections arising
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from using r instead of R, are small by J; because, even though small wavelengths are
allowed, the amplitude of the fluctuations with small wavelengths is assumed to be
of the next order. Therefore, in the higher order integrals, only the long wavelength
distribution function fys; depending on Ry >~ r need be retained.

Since the turbulent wavelengths are much larger than the Debye length, the term
in the left side of Poisson’s equation (3.52) may be neglected. The resulting quasineu-

trality equation reduces to
Znip {9} =~ ne(r, t) — ZNy(r, 1), (3.54)

with n, = [ d®v f, the electron density,

Z£¢ Fasi (3.55)

nip{¢} = —/d3v
the ion polarization density that depends explicitly in the potential, and
N’i(r’ t) = /d3v fi(Rga EOa Ho, t) (356)

the ion guiding center density. In equation (3.54), terms of order 62n, and n.ky A4 /L <
d;k 1 pin. have been neglected, with A\p = \/’,lm the Debye length.

In the quasineutrality equation (3.54), the ion density is composed of two terms,
the guiding center density NV; and the polarization density n;,{#}. Both terms have
a clear physical meaning. In figure 3-4, the ion density calculation is sketched. In
gyrokinetics, ions are substituted by rings of charge with radius the ion gyroradius.
The ion density at a point is then calculated by counting the rings that pass through
that point. In figure 3-4, the ion density in the black square is computed by summing
all the gyrocenters whose rings of charge cross the square. In the figure, two of them,
R, and Rp, are shown. Importantly, the charge density along a ring is not constant,
but depends on the potential. In figure 3-1 we saw that the potential changes rapidly
along the gyromotion. There is a Maxwell-Boltzmann response to this variation,

—Zeq;/Te, that gives a varying ion charge density along the ring, as indicated in

60



Average
charge

L LT position

Figure 3-4: Ion density in the black square calculated using a gyrokinetic distribution
function. The electrostatic potential is the background contour plot.

figure 3-4, where the left region of the ring R4 has lower density than the right
side. In the ring, therefore, the average charge position is displaced towards the lower
potential values, i.e., the charge moves in the same direction as the local electric field,
hence the name polarization. For this reason, the ion density is separated into the
guiding center density N;, due to the average charge in the ring, and the polarization
density n;, that originates in the non-uniform density along the ring that is induced
by the short wavelength pieces of the potential.

Equation (3.54) is used to calculate ¢ for wavelengths of the order of the gyro-
radius, including zonal flow, in §f turbulence codes such as GS2 [1], GENE [2] or
GYRO [3]. In most cases, the distribution function is obtained from the gyrokinetic
equation (3.39) written for f; = fa; + hs, with |h(R, E, pu, t)| < fari and far; only
depending on 1. The resulting equation is

Ohi
ot

T,
%fMi {iwr™(¢) — ub(R) + va] - Vr(4) }, (3.57)

+ [ub(R) + v, - Vihi — <c<f> {hi 2 e¢fMi}> _



with 7 = /-1 and

o = =i (6 V) - Vg In{g) {

-5 (3.58)

mdy  \T, 2)T,dy

1 dn; (ME 3)1dTi
T; 2

the drift wave frequency. In equation (3.57), ¢ appears nonlinearly in v, - Vgh; and
linearly on the right side of the equation. The linear terms are usually solved implic-
itly. Then, h; has a linear dependence on ¢ that will appear as a linear dependence
in N;, and can be used to solve for ¢ in equation (3.54). The ion polarization density
(3.55) also depends linearly on ¢. However, at long wavelengths n,, becomes too
small to be important. For §; < k; p; < 1, the polarization density is

cn;

By,

Ny = V- ( vﬂp) — O(8ik1pine). (3.59)

The details of this calculation are given in section D.1 of Appendix D. To estimate
the size of n, I have used (3.1) to order V¢ ~ T,/eL and V,V ¢ ~ ki.T./eL.
With this estimate, for & L ~ 1 equation (3.54) becomes

ZNy(r,t) = ne(r, 1), (3.60)

where terms of order §2n, have been neglected.
It is possible to obtain a higher order long wavelength quasineutrality equation
for a non-turbulent plasma if the ion distribution function is assumed to be known

to high enough order. The resulting equation is

Zen; ZMc?n, ) )
v (BQ, V‘L¢) B 27’1B2 IV-L¢I =Ne — ZNM (361)

where N; must be defined to higher order,

VVp;
2ME

Ni(x,t) = / & fi(r, Eo, 1o, 1) (1 + %B LV x B) +(T —bb) : (3.62)

The derivation of (3.61) is shown in section D.2 of Appendix D. Even though equation

(3.61) is correct, it is only useful if we are able to evaluate the missing O(82 far;) pieces
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in f; that are of the same order as the left side in (3.61). Equation (3.39) misses these
pieces. Equation (3.61) will only serve to demonstrate the problems that arise from
the use of equation (3.54).

In chapter 4, I will prove that neither equation (3.60) or its higher order version
(3.61) are able to provide the self-consistent, long wavelength radial electric field. I
will even give an example in section 4.5 in which the higher order equation (3.61)

leaves the radial electric field undetermined.
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Chapter 4
Gyrokinetic vorticity equation

In this chapter, I rewrite the vorticity equation (2.9) in a convenient form for gyroki-
netics. The gyrokinetic change of variables found in chapter 3 is especially well suited
for simulation of drift wave turbulence. However, the gyrokinetic quasineutrality
equation, traditionally used to calculate the electrostatic potential, has problems. By
writing the vorticity equation (2.9) in gyrokinetic form, I can study the behavior of
the quasineutrality equation at different time scales and wavelengths. In particular,
I am able to prove that the radial current vanishes to a very high order for any radial
electric field, i.e., the radial drift of ions and electrons is intrinsically ambipolar.

In section 4.1, I explain the notation employed in this chapter and I list the as-
sumptions. These assumptions restrict the treatment to turbulence that has reached
a statistical equilibrium and, therefore, only has small variations along magnetic flux
surfaces. Under the assumptions of sections 3.1 and 4.1, I evaluate the size of the
terms in the vorticity equation (2.9) and in the toroidal angular momentum conserva-
tion equation (2.21). The size of the different contributions to the vorticity equation
depends on the perpendicular wavelength of interest, and this dependence makes
some terms important for structures of the size of the ion gyroradius and negligible
at wavelengths on the order of the minor radius of the device. In section 4.2, it will
become clear that direct evaluation of the terms in equation (2.9) is too difficult to
be of interest. Then, in the rest of the chapter, a different approach is taken. The

equations for particle and momentum conservation are derived from the gyrokinetic
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equation in section 4.3. These conservation equations are then combined in section 4.4
to derive two different vorticity equations equivalent to (2.9) to lowest order. Impor-
tantly, these equations are easier to study and to evaluate numerically. With them,
I show that the dependence of quasineutrality on the long wavelength radial electric
field is not meaningful for gyrokinetic codes to retain since gyrokinetics will be shown
to be intrinsically ambipolar as already stressed in section 2.3. The problems that
arise from quasineutrality are exposed in a simplified example in section 4.5. I finish
this chapter with a discussion in section 4.6. All the details of the calculation are

relegated to Appendices F-K.

4.1 Notation and assumptions

In this chapter, I work in both the gyrokinetic phase space {R, E,u,¢} and the
“physical” phase space {r,v}. I refer to it as physical phase space because spatial
and velocity coordinates do not get mixed as they do in gyrokinetic phase space. I
use the variables r, Ey, po and g to describe this physical phase space. Whenever
I write 0/0FEy, it is implied that r, p9, @o and t are held fixed, and similarly for
0/0uo and 0/0p. The gradient holding Ey, po, o and t fixed will be written as
V. In addition, any derivative with respect to a gyrokinetic variable is performed
holding the other gyrokinetic variables constant. The partial derivative with respect
to the time variable ¢ deserves a special mention since it is necessary to indicate which
variables are kept fixed. In this formulation, the time derivative holding r and v fixed
is equivalent to holding r, Fy, ue and g fixed because the magnetic field is constant
in time. Also, a gyroaverage holding r, Ey, po and t fixed is denoted as (—_), as
opposed to the gyrokinetic gyroaverage (...) performed holding R, F, u and ¢t fixed.

All the assumptions in section 3.1 are applicable here. Then, the zeroth order
ion and electron distribution functions are assumed to be stationary Maxwellians,
fmi and fare. In this chapter, the only spatial dependence allowed for these zeroth
order solutions is in the radial variable 1. Therefore, b- Viui = b-V frve = 0.1
assume that the radial gradients of fys; and fae are O(1/L), with L of the order of
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the minor radius of the tokamak. The zeroth order potential ¢ works in a similar
fashion, depending only on 1 and with a radial gradient on the longer scale L.

As in section 3.1, I allow wavelengths perpendicular to the magnetic field that are
on the order of the ion gyroradius, k;p; ~ 1. The pieces of the potential and the
distribution function with short perpendicular wavelengths are small in size, following
the ordering in (3.1). Except for initial transients, I assume that the variation along
the magnetic field of f;, f. and ¢ is slow, i.e., in general b- Vfi ~ 8 fmi/L, b- Ve~
8 fae/L and b - Vo ~ §;T, /eL.

The ion distribution function f;(R,F,u,t) is found employing the gyrokinetic
equation (3.39) [the gyrophase dependent piece is O(4; far;v4:/§%:) and given by (3.38)].
After the initial transient, equation (3.39) becomes ub - Vg f; = (C{ fi}) to zeroth
order. At long wavelengths, this requires that f; approach a Maxwellian fys; with
b Viyi =0, giving fas; = fmi(¥, E). The assumed long wavelength piece of the
distribution function satisfies this condition. Importantly, b - Vfy; = 0 does not
impose any condition on the radial dependence of fj;;. Consequently, the density and
temperature in fj; may have short wavelength components as long as they satisfy
the orderings in (3.1), i.e., Vin; ~ kyngg ~ nip0/L, V.T; ~ ki Tig ~ T;g=0/L
and V V) farix ~ kifmik=o/L. Solving for the next order correction f; — fa in
equation (3.39) gives fi — fari ~ 6; furs. Then, the average velocity V; = n; ! [ dvvf;
is of order d;v;. Furthermore, any variation of the distribution function within a flux
surface is due to f; — fa;, and thus small by d; as compared to the long wavelength
piece of far;. This means that when we consider average velocities or the gradients
b-Vgf; and ¢ - Vg Jf;, it will be useful to think about the distribution function as
it is done in 6 f codes where f; = fas; + hy, with h; ~ 6; far; € fui. Comparing the
estimate for f; — fu; with the orderings in (3.1), I find that the gradients of f; and
¢ parallel to the flux surfaces are smaller than the maximum allowed in gyrokinetics,
ie, b-Vafi ~ &fari/L<SC VRS ~ ki(fi — fars) ~ kipifai/ LS fui/L and b -
Ve~ 6T./eL<( -V~ kipT./eL<T,/eL. These estimates may fail for the initial
transient, but I am interested in the electric field evolution at long times, when the

transient has died away.
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Interestingly, these assumptions imply that the long wavelength axisymmetric
flows are neoclassical. At long wavelengths, the ion distribution function f;(R, E, u, t)
can be Taylor expanded around r, Ey and po. Then, the gyroaveraged piece f; is
approximately f;(r, Eo, tto,t), where R, E and p have been replaced by r, Ey and
po. This gyroaveraged piece of the ion distribution function f; satisfies the ion drift

kinetic equation

68]; + (yb+vy)- (Vﬁ _ _va¢ of, ) +vg - Vafi = C{F,}. (4.1)

This equation is obtained from (3.39) by realizing that the functional dependence of
f; on the gyrokinetic variables R, E and y is the same as the dependence of f; on
r, Ey and po. Then, equation (4.1) is derived from (3.39) by replacing R, E and u
by r, Ey and po, and employing that (¢) ~ ¢ for long wavelengths. The difference
between the long wavelength ion equation (4.1) and a drift kinetic equation [see, for
example, the electron equation (3.49)] is in the nonlinear term vg - Vg f;. In this
term, the short wavelength components of f; and ¢ beat together to give a long
wavelength contribution. Due to the presence of these short wavelength pieces, f;
cannot be Taylor expanded and (@) # ¢. Importantly, this term gives a negligible
contribution to the axisymmetric piece of f,. For v - VR f; to have an n = 0 toroidal
mode number, the beating components f;, and Vg(¢)_, must have toroidal mode
numbers of the same magnitude and opposite sign. Moreover, these components
must have n # 0 because otherwise Vg (¢) is parallel to Vg f; and vg - Vg f; vanishes
exactly. Thus, only the non-axisymmetric components of (¢) and f; contribute to
vg + Vrf; and these are of order 6;T. /e and 0; fyy;, respectively. Writing vg - Vg fi =
—(¢/B)b - VR x (fiVr($)), it is easy to see that Vi - VR fi ~ (¢/B)ky fin| VR(S)-nl,
with k, the radial wavenumber of the axisymmetric piece of f;. Since fin ~ & fusi
and (¢/B)|Vr{®)_n| ~ d;v;, the largest possible size for vg - Vg f; is 8;k1 p; farivi/ L.
Consequently, at long wavelengths, vg - Vg f; is negligibly small compared with the
other terms in (4.1), and the equation for the axisymmetric component of f; is the

neoclassical drift kinetic equation. For this reason, the long wavelength axisymmetric
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flows must be neoclassical, i.e., they are given by

9¢

+ Zeni%> + U(y)B, (4.2)

" Ze \ Oy
where U(1)) is proportional to 8T;/3 in neoclassical theory [34, 35]. For kyp; ~ 6,
the turbulent term vg - Vg f; is of order 67 far;v;/L. By comparing its size with the
smaller term in the drift kinetic equation, usually the collisional operator C{f;} ~
C(e){ fi — fari} ~ 8 farivii, 1 obtain that the turbulent correction to the neoclassical
flow U(v) is of order ;v;/Lv;.

To finish this section, I will present the different contributions to the distribution

function. To order &; fy;, the gyrokinetic distribution function can be written as

Zqu

fi= fiR, B, pu,t) = fig — 7 fui, (4.3)
where
fig = fi(Rg7 EO’ Ho, t) (44)
and
1 R
R,=r+_—vxb. (4.5)

Q
In equation (4.3), I have Taylor expanded f;(R, E, i, t) around Ey and p, and I have
used the zeroth order Maxwellian fj; in the higher order terms. In the function 5 in
(4.3), it is enough to use the lowest order variables Ry, 1o and ¢y instead of R, 11 and
¢ (the dependence of don E is weak). The piece fiy of the distribution function will
be useful in section 4.3 to obtain moment equations from the gyrokinetic equation
(3.39). However, the pieces of the distribution function given in (4.3) are not useful
to evaluate terms in physical phase space since the variable R, still mixes spatial and
velocity space variables. In physical phase space, it is useful to distinguish between
the gyrophase independent piece of the distribution function f; and the gyrophase
dependent piece. At long wavelengths, f;; = fi(Ryg, Eo, o, t) can be Taylor expanded
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Term Order of magnitude

@ 0:ky piene
V- (Jyb+Ja) d;enev; /L
V- [(¢/B)b x (V- 7)) | &i(kip;)?encvi/L

Table 4.1: Order of magnitude estimates for vorticity equation (2.9).

around r, and I can employ the lowest order result ¢ ~ Q7 (v x b) - V¢, giving

fi= fio + Ok Lp; frsi) (4.6)

and

fi_?i = %‘(VXB) [sz n Z€v¢ + (]\4'1)2 5) vT

pi T; o, 2 _T_,} fri+ O(8ikLpifani), (4.7)

with
in = fi(r7 E07 Ho, t) (48)

Notice that f;o differs from f;y in that the gyrocenter position R in f;(R, E, u,t) is

replaced by the particle position r and not the intermediate variable R,.

4.2 General vorticity equation in gyrokinetics

In this section, I evaluate the size of the different terms in the vorticity equation
(2.9) and the toroidal momentum equation (2.21). For these estimates I will use the
assumptions in sections 3.1 and 4.1. The estimates are summarized in table 4.1. The
final result will be that the vorticity equation (2.9) is not the most convenient to
evaluate the electric field and a new vorticity equation is needed.

In equation (2.9), w ~ §;k pene since V; ~ §;v; and V, ~ k;. Both currents
J4 and J) are of order ;en.v;. The divergence of J4 is of order §;en.v;/L because,
according to the orderings in (3.1), Vp; ~ k1 p;x ~ Pir=o/L. The divergence of J“f)

is also of order d;en.v;/L, but in this case it is due to the small parallel gradients.
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With these estimates, all the terms dw/0t, V - J; and V - (J”f)) compete with each
other to determine the electric field. The remaining term, V - [(¢/B)b x (V- 7)), is
more difficult to evaluate.

The ion viscosity 7r;, given by (2.6), is of order O(8;k) p;p;). It only depends on
the gyrophase dependent part of the distribution function, and at long wavelengths,
the gyrophase dependent piece is given by (4.7), making 7i~ 8;k ) p;p; because the
lowest order gyrophase dependent piece vanishes. The estimate is also valid for elec-
trons, for which it is assumed that the shortest wavelength is of the order of the ion
gyroradius, giving an electron viscosity m/M times smaller than the ion viscosity,
thereby justifying its neglect.

With this estimate for 7;, the term V - [(¢/B)b x (V- 7;)] in (2.9) is formally of
order (kyp;)%encv;/L, while the rest of the terms are of order d;en.v;/L. However, I
will prove in section 4.4 that the formal estimate is too high, and in reality

V- {%b x (V- ;z)] ~ 0;(ky pi)?encv; /L. (4.9)
This term is the only one that enters in the equation for the radial electric field, as
proven by (2.21). Since it becomes small for long wavelengths, the vorticity equa-
tion and hence its time integral, quasineutrality, are almost independent of the long
wavelength radial electric field, i.e., the tokamak is intrinsically ambipolar even in
the presence of turbulence. The order of magnitude estimate in equation (4.9) is the
proof of intrinsic ambipolarity.

Except for the flux surface averaged vorticity equation, dominated by the term V-
[(¢/B)bx (V- 7;)] ~ 6;(kypi)2enev;/ L, the lower order terms in the vorticity equation
are always of order d;en.v;/L. Then, since the vorticity w is O(d;k p;en.), becoming
small for the longer wavelengths, the time evolution of equation (2.9) requires a
decreasing time step as k p; — 0, or an implicit numerical method that will ensure
that the right side of (2.9) vanishes for long wavelengths. Solving implicitly for the

potential is routinely done in gyrokinetic simulations [3, 62].

The flux surface averaged vorticity equation gives toroidal angular momentum
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conservation equation (2.21). According to the estimates in previous paragraphs,
the radial toroidal viscosity would be (R& -y Vip)y ~ 8ik1p;piR|V|. Then, the
characteristic time derivative for the toroidal velocity is 9/8t ~ k, pv; /L. This
estimate is in contradiction with neoclassical calculations [39, 40, 42, 43, 44] and the
random walk estimate at the end of section 2.3, where the long wavelength toroidal-
radial component of viscosity is found to be of order d3p;R|V+|. This discrepancy
probably only occurs transiently for short periods of time. It is to be expected that
for longer times, the transport of toroidal angular momentum (R& T Vih)y ~
0k pipi R|V| gives a net zero contribution, and the time averaged toroidal-radial
component of viscosity is actually of order 7p;R|V|. The size of the time averaged
(R¢- 7, -V1)), is discussed in chapter 5.

To summarize, the vorticity equation (2.9) has the right physics, and makes ex-
plicit the different times scales (from the fast turbulence times to the slow radial trans-
port time). However, I show in section 4.4 that the divergence of (¢/B)b x (V- ;)
is an order smaller than its formal estimate suggests for ki p; < 1, going from
(k1pi)’enivi/L to 6;(kyp;)®en;v;/L. In other words, (¢/B)b x (V- 7;) has a large
divergence free piece. This difference between the real size and the formal ordering
makes theoretical studies cumbersome and it may lead to numerical problems upon
implementation. The rest of this chapter is devoted to finding a more convenient vor-
ticity equation. In section 4.3, I will derive the particle and momentum conservation
equations from the gyrokinetic equation (3.39). In the same way that particle and mo-
mentum conservation equations were used in section 2.2, I will employ the gyrokinetic

conservation equations to find two gyrokinetic vorticity equations in section 4.4.

4.3 Transport in gyrokinetics

It is necessary to understand the transport of particles and momentum at wavelengths
that are of the order of the ion gyroradius. It is at those wavelengths that the
divergence of the viscosity becomes as important as the gradient of pressure, and we

need to determine which one dominates in the vorticity equation. The gyrokinetic
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Figure 4-1: Ion diamagnetic flow due to a gradient in ion density.

equation (3.39) is especially well suited to this task. In this section, I derive moment
equations from the gyrokinetic Fokker-Planck equation, in particular, conservation
equations for particles and momentum. They will provide powerful insights, but
we have to remember that the gyrokinetic equation is correct only to O(d; fazvi/L).
Then, the conservation equations for particles and momentum are missing terms of
order d2n.v;/L and 62p;/L.

With the conservation equations for particles and momentum derived in this sec-
tion, I will obtain two gyrokinetic vorticity equations in section 4.4. These new
vorticity equations will be equivalent to equation (2.9) up to, but not including,
O(é%encv;/L). They will have the advantage of explicitly cancelling the problematic
divergence free component of the current density (¢/B)b x (V- ;) discussed in sec-
tion 4.2. The simplification originates in the fact that the ion distribution function is
gyrophase independent in gyrokinetic variables. Physically, ions are replaced by rings
of charge, thereby eliminating divergence free terms due to the particle gyromotion.
A simple example is the diamagnetic current —V x (cp; b /B). The physical mecha-
nism responsible for the ion diamagnetic flow in the presence of a gradient of density
is sketched in figure 4-1. In the figure, the ion density is higher in the bottom half.
Then, due to the gyration, in the middle of the figure there are more ions moving to-

wards the right than towards the left, giving a divergence free ion flow. Its divergence

72



vanishes because the ions just gyrate around the fixed guiding centers and there is no
net ion motion. In gyrokinetics, the gyromotion velocities are not considered because
the gyromotion is replaced by rings of charge, removing the divergence free terms
automatically and leaving only the net gyrocenter drifts.

The conservation equations for particles and momentum are of order &;n.v;/L
and d;p;/ L, respectively, and they miss terms of order d2n.v;/L and 62p;/L. In these
equations, it is possible to study what happens for wavelengths longer than the ion
gyroradius, k; p; < 1. Different terms will have different scalings in &k, p;, and these
scalings will define which terms dominate at longer wavelengths. For this reason, I will
determine the scalings along with the conservation equations. It is important to keep
in mind that there are missing terms of order §?n.v;/L and 6?p;/L, and any terms
from a subsidiary expansion in k, p; are not meaningful in this limit. In particular, I
will show in section 4.4 that the terms that determine the axisymmetric radial electric
field are too small at long wavelengths to be determined by this subsidiary expansion.

In this section, I present the general method to obtain conservation equations
from gyrokinetics. In subsection 4.3.1, I derive the gyrokinetic equation in the phys-
ical phase space variables r, Ey, po and g, and I write it in a conservative form
that is convenient for deriving moment equations. The details of the calculation are
contained in Appendix F. In subsection 4.3.2, I derive the general moment equation
for a quantity G(r,v,t). I will apply this general equation to obtain particle and
momentum transport in subsections 4.3.3 and 4.3.4, respectively. The details of the
calculations are in Appendix G. In Appendix H, I show how to treat the effect of the

finite gyroradius on collisions.

4.3.1 Gyrokinetic equation in physical phase space

The distribution function shows a simpler structure when written in gyrokinetic vari-
ables, namely, it is independent of the gyrophase except for the piece in (3.38) re-
sponsible for classical collisional transport. The goal of this subsection is writing the
Fokker-Planck equation, df;/dt = C{f;}, in the physical phase space variables r, Fy,

1o and o, while preserving the simple form obtained by employing the gyrokinetic
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Different by
* Divergence free terms
* Terms of O(82f,,v,/L)

Fokker-Planck equation Gyrokinetic equation
Variables: r, v Variables: r, E,, 4, ¢,
Change to gyrokinetic Change to physical
phase space phase space
Gyrokinetic equation |—_—-:> Gyrokinetic equation
Variables: R, E, 4, ¢ f;independent of ¢
Times longer

than gyromotion
Figure 4-2: Gyrokinetic equation in physical phase space.

variables. The relation between the full Fokker-Planck equation and the gyrokinetic
equation written in physical phase space variables is sketched in figure 4-2. They
differ in two aspects. On the one hand, the gyrokinetic equation (3.39) misses terms
of order 62 farv;/L. On the other hand, gyrokinetics is not only a change of variables,
but it also implies a time scale separation between the gyromotion and the evolution
of the slowly varying electrostatic potential. The ion distribution function is then
gyrophase independent in the gyrokinetic phase space, i.e., the motion of the parti-
cles may be replaced by drifting rings of charge. The advantage of this distribution
function is the lack of divergence free terms in the moment equations constructed
from it, as explained in the introduction to this section.

I write the Fokker-Planck equation to order &;fav;/L, the order to which the

gyrokinetic equation is deduced, by starting with

2 2 +V-Vf,~+a-vai:%J;i +R-Vafi+E

r,v R,E,p,p

ofi | .0f;
o T S08(,0’

(4.10)

where a = —ZeV¢/M+Q;(v xb) is the acceleration of particles and I have written the
Vlasov operator d/dt in both r, v and gyrokinetic variables. The term (8 f;/0u) does
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not appear in equation (4.10) because I assume that f; is a stationary Maxwellian to
zeroth order and i is small by definition of . The derivative respect to the gyrokinetic

gyrophase ¢ is small and related to the collision operator by (3.38),

af' — C{f} - (CLfi})- (4.11)

The difference between time derivatives of f; can be written as

Ze 8¢

M ot

af;
ot

ok
ot

of;

o (4.12)

R»E,MW r,v Ly

where I have employed (3.25) and that B is independent of time. Combining equations
(4.10), (4.11) and (4.12), the Fokker-Planck equation df;/dt = C{f;} becomes, to

O(5¢fMiUi/L),

Of;

ot |,

of;
FROVRfi+ BOR S (O], (413)

r,v

gz (—Zf?fm)

Here, I have used that the time evolution of f;/OE ~ (—M/T;) fus; is slow.

It is necessary to rewrite equation (4.13) in the variables r, Ey, po and (. Using
equation (4.3) and considering that both the zeroth order distribution function and
the zeroth order potential are almost constant along magnetic field lines, I can rewrite
part of equation (4.13) in terms of the variables r, Ey, po and ¢o. The details are in

section F.1 of Appendix F, and the final result is

fi

R Vsz+EaE

(4.14)

. — Ze— ;
~R- VRgr : (vfzg - _A7ev<¢>af_M1) )

0E,

where f;; is missing the piece proportional to q~5 [see equation (4.3)]. The gradient
VR, is taken with respect to R, holding Ey, 10, o and ¢ fixed, and V is the gradient
with respect to r holding Ey, po, o and t fixed. The quantity R- VR, is given by

R- VRgl‘ = U||OB+VM0+VEO+\~/1, (4.15)
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with

v”‘)_v”_i_ﬁﬁb V x b+ Qz K- (vxb)— ZBQ (v><b) VB

1 . R
Jrﬁ'—,vl ' Véy &1+ o [Va(v x b) + (v x B)v.] : Vb, (4.16)

ﬁ
Vio = -%W) x b (4.18)
and using equation (F.6)
o = U

=a, V x (4.19)

In equation (4.14), it is important to be aware of higher order terms (like v;0-V, fig), in
which the full distribution function, not just fas;, must be retained. In these terms,
the steep perpendicular gradients make the higher order pieces of the distribution
function important [recall the orderings in (3.1)].

Equation (4.14) can be written in conservative form, more convenient for transport

calculations. The details of this calculation are in section F.2 of Appendix F, and the

result is
R-Vafi+ Bk ~’g[ ( figR VR, )———(fMiB-wm)
0 0
~ B0 (szB V%o) 3E, ( sz Z°R. VR, - V<¢)>}, (4.20)

where B/v| is the Jacobian d(v)/d(Fy, u, o), and the quantities y10 and ¢y are the
pieces of the first order corrections y; and ¢; that do not depend on the potential.

They are given by B
Zegp

— g — 2 4.21
Hio = Hy MB ( )

and
Ze 0@

P10 =01t Trpa (4.22)

The definitions of ¢, and y; are in equations (3.29) and (3.34), respectively.
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Finally, substituting equation (4.20) into equation (4.13), I find

ot

al

a —
+ B[ < figR - Vg, ) ~ e (fMiB'VMm)

r,v

0 (1B Vo) - o (2 e T V00 | = 1) 42)

Here, for {(¢) and (5, it is enough to consider the dependence on the lowest order

variables, i.e., Rg, po and g (the dependence of (¢) and é on E is weak).

4.3.2 Transport of a general function G(r,v,t) at k,p; ~ 1

Multiplying equation (4.23) by a function G(r,v,t) and integrating over velocity

space, I find the conservation equation for that function G to be

g; (/d3UGfig) +V- [/d3v fig (R'VRgr) G] = /dsv fieK{G}
+ / SFoG(CLf)),  (4.24)

with
k(@)= 5| +RoVar (Vo Zvi 20)
~ oG — 0G
—yb- (Vﬂloa—”— + V07— 520 ) (4.25)

In the next two subsections, I will use this formalism to study the transport of particles

and momentum at short wavelengths.

4.3.3 Transport of particles at £k, p; ~ 1

Particle transport for electrons is easy to obtain since I only need to consider k, p, <

1. In this limit, drift kinetics is valid giving

one
ot

+V. (neVe”B +neVea — 220 x B) —0, (4.26)
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with n.V = [ d®v fov and

1,V Peph.Vxb- PebhxvB - ];B X K. (4.27)

= "%B eB?

The same result may be deduced from equation (4.24) by neglecting electron pressure
anisotropy terms that are small by a factor \/—m—/ﬁ compared to the ion pressure
anisotropy. Obviously, the ion particle transport must be exactly the same as for
the electrons due to quasineutrality. Nonetheless, we still must obtain the particle
transport equation for ions to be able to calculate the electric field by requiring that
both ions and electrons have the same density.
The conservation equation for ion particle number is given by equation (4.24) with

G = 1. Employing section G.1 of Appendix G, it can be written as

o R 5

En (ni —nip) + V- (mVi“b +niViga + n;Vig + ;V,; + n@-ViC) =0, (4.28)

where n;, is the polarization density, defined in (3.55), the parallel flow is

niVi“ = /d3v fﬂ)“ = /d3’0 figv”, (4.29)

the term n;V; is a perpendicular flow that originates in finite gyroradius effects, given
by
n,,\?', = /d3'U fi9\~11 = /dgv f,g QI V x vy, (430)

and the flows due to the E' x B and magnetic drifts are

n,-ViE = / d3’U fingO = -——;— /d3’0 f,gV(¢) X B (431)
and
V. , — CPigl ¢ CPig 1 CPig|| ¢
miViga = Z25bb -V x b+ ZH5h x VB + — b x x, (4.32)

with pig = [d®v figMv] and pig, = [d®v fiuMv? /2. The collisional flow n;Vic is

evaluated in Appendix H and is caused by ion-ion collisions due to finite gyroradius

78



(a) (b)
st nv A b /

>
™7 B(R)

>
VB

Figure 4-3: Finite gyroradius effects in n; V;. (a) The magnetic field line along which
the gyrocenter lies is the line that guides the parallel motion, making it possible for
parallel motion to transport particles across magnetic field lines. (b) As the size of
the gyromotion changes, a particle that spent time on both sides of the blue plane is
now only on one of its sides, leading to an effective particle transport.

=
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?

effects. It is given by
3 1
Vie= - / dv ((T) x b= (T vi)vxb (4.33)
with v = 27 Z%*In A/M? and

= / &V’ farifrriVoVag - [v,, ( fj;) —Vy ( fj; )J (4.34)

Here, f = f(v), f' = f(v'), g =v ~ V', g = |g| and V,V,g = (¢ T —gg)/g*

In the presence of potential structure on the order of the ion gyroradius, the contri-
butions to n;V; no longer average to zero in a gyration since they can add coherently.
In the integration n;V; = [ d3v fig(vy/ )V x v, only two terms contribute to its
divergence so that V - (n;V;) = V - (n; V) with

UHb VB ~

- v ~ ~
n,-ViO = /d3'0 fig [‘QLl(V X b) - Vb + 2BQZ vxb (435)

In section G.1 of Appendix G, I prove that all the other terms in ¥; can be neglected.
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Term Order of magnitude
Nip Oik 1 pine
V - (Vi + niViga + n:Vig) 8;nevi/L
V- (nVy) 8i(k1pi)*nev; /L
V- (niVic) di(kLpi)*nevsi

Table 4.2: Order of magnitude estimates for ion particle conservation equation (4.28).

The physical origin of n;Vy is sketched in figure 4-3. The drift (v /%) (v x b)- Vb
is presented in figure 4-3(a), where there is difference between the direction of the
magnetic field at the gyrocenter b(R), and the direction of the magnetic field at
the real position of the particle b(r). Due to this difference, the parallel motion of
the gyrocenter drives part of the gyromotion, plotted in red in the figure, across the
blue plane. Notice that the magnetic field line B(r) lies in the plane, leading to the

“paradoxical” parallel motion across magnetic field lines. The other term in n;Vq,
(v”f)-VB /2BQ;)v x b, is explained in figure 4-3(b). Here, the change in the size of the
gyroradius due to the change in magnitude of the magnetic field, dB/dt = U“f) - VB,
drives part of the gyromotion, plotted in red, across the blue plane.

In section 4.4, I will obtain a vorticity equation for ¢ by imposing Zn; = n..
Equations (4.26) and (4.28) will provide the time evolution of Zn; — n.. It will be
useful to know the size of the different terms in equation (4.28). I summarize the
estimates of order of magnitude in table 4.2. These estimates include the scaling
with k, p; for long wavelengths. The wavenumber k, is the overall perpendicular
wavenumber, i.e., given k| , the corresponding Fourier component for nonlinear terms
like A(r) x B(r) is [ d?k', A(K',) x B(k, — K/, ), with A and B the Fourier transforms
of functions A and B. The divergence of the drift flow, V - (n;Viga + n;V;g), is of
order 8;n.v;/L since V faz; ~ V fiy, [recall (3.1)]. The flow n;V; is of order 62k, p;nev;
because, for k,p; < 1, the gyrophase dependent piece of f;,, similar to (4.7), is
even in v to zeroth order, making the integral vanish. Its divergence, V - (ni\?i),

is then of order &;(kyp;)*nev;/L. The divergence of the collisional flow, V - (n;Vic),
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is of order §;(kyp;)%viin., as proven in Appendix H. The polarization density Nip 1S
of order &;k; pine, as shown in (3.59). This result means that for long wavelengths,
the polarization term becomes unimportant. Therefore, at long wavelengths only the
balance between the time evolution of the density, the parallel flow, and the magnetic

and F x B drifts matter.

4.3.4 Transport of momentum at &k, p; ~ 1

From electron momentum conservation, I will only need the parallel component, given
by
b- Ve + (Pe]| — Per)V - b =enb Vo + Fe, (4.36)

where Fpy; = m [ d*vvC.i{fe} is the collisional parallel momentum exchange. The
time derivative of n.mV, and the viscosity have been neglected because they are
small by a factor of m/M. In this equation, there are terms of two different orders
of magnitude. The dominant terms are b - Ve =~ b - Vp, and en.b - V¢, both
of order O(d;p./L) for turbulent fluctuations at ki p; ~ 1. The friction force Fyy
and the terms that contain the pressure anisotropy pe — pei ~ depe are an order
\/;nm smaller than the dominant terms. However, these smaller terms are crucial
because they provide the non-adiabatic behavior and hence allow radial transport
of particles. In the vorticity equation (2.9), the non-adiabatic electron response is
kept in the integral [ d®v fov) in Jj. Thus, for most purposes, equation (4.36) can be
simplified to

b - Vp = en,b - Vg. (4.37)

Equation (4.36) can also be recovered by using equation (4.24) and neglecting terms
small by m/M.
For the ions, using equation (4.24) with G = v and employing section G.2 of

Appendix G, I find the momentum conservation equation

o . R o
En (niMVig) +blb- Vgl + (Pig)| — Pig.)V-b+ V- ‘mgn] + V- mig=
—Zenif)f) . V¢ + FLEB + F,‘B + Fz‘C, (438)
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where n;V;, = [ d®v figv is the average gyrocenter velocity; the vector Tig|| is the

parallel momentum transported by the drifts and is given by
Tig|| = /dsv fig(vao + VEo + V1) Myy; (4.39)

the tensor ?igx gives the transport of perpendicular momentum by the parallel ve-

locity and the drifts,
;,-gxz /d3v f,-g(v||13+vM0 + Vo + V) Mvy; (4.40)
the vector F} EB is a correction due to the short wavelengths of the electric field with
Fip = Ze / &Pv fars(b + Q1Y x v, ) - Ve (4.41)

the vector F;p contains the effect on the gyromotion of the variation in the magnetic

field and is given by
3 . s, Mc Tivh) .
Fip = / & M fyoyb - v, + / o = fu(VExb) - Tvis  (442)
and the finite gyroradius effects on collisions are included in

Fio=M / Bov(C{f)) = —M~ / &y ((r) - bb + %(r : mvl)

no2 H? [ ((r) < b %(r VL)V X 6) vJ . (443)

The force Fip originates in the change in the parallel velocity magnitude due to
potential structures on the size of the ion gyroradius. The force F;z accounts for
the change in perpendicular velocity due to variation in the magnetic field that the

particle feels during its motion. Interestingly, the parallel component of equation

(4.38) is simply
0 « . .
¢ M Vi) + b Vg + (pigl) = pig L)V - b+ V- i = —Zensb - V¢
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Term Order of magnitude
niMVig dine My;
b Vpig), (Pigl — PigL)V - b, Zenb - V¢ dipi/L
V- Tigy V- Tigx, Fig, Fip dik1pipi/L
Fic dik L piviine Mv;

Table 4.3: Order of magnitude estimates for ion momentum conservation equation

(4.38).

+Eg+Fic b, (4.44)

The parallel components of V- 1Hrigx and F;p cancel each other, as proven in sec-
tion G.2 of Appendix G.

Equation (4.38) will be used in section 4.4 to get one of the forms of the vorticity
equation. Thus, it is useful to estimate the size of the different terms in it. The
estimates of order of magnitude are summarized in table 4.3. The pressure terms,
b- Vpigi + (Pigl| — PigL)V - b, and the electric field term, Zen;b - V¢, are O(6;p;/L).
The terms Fjz and F;p are of order é;k p;pi/L. These estimates are obvious for
the integrals (Ze/Q;) [ d®v fari(V x v1) - Vé ~ (Mc/B) [ B f1:(Vé x b) - Vv,
since Vo ~ kyp;T./eL due to e¢/T. ~ &. The integral Ze [ d® fu;b - Vé would
seem to be of order d;p;/L since b-Vé ~ 8T, /eL but it is an order kp; smaller
because the integral of ¢ in the gyrophase ¢o vanishes to zeroth order. The in-
tegral M [ d®vfizuyb - Vvy is of order 6k pip;/L because the leading order gy-
rophase dependent piece of fi; is even in v [recall (4.7)]. The collisional force,
Fic is order 6;k pivsineMv;, as proven in Appendix H. The vector ;) is O(67p;)
because f;; is even in v) and v, up to order &;fy;. The matrix ;igx has three
different pieces: the integral [dv fig(varo + V1)Mv, also of order §2p;, the inte-
gral [d®v fi,M v”f)v 1 of order d;k, p;p;, and the integral [dv fizMvEev, of order
0ip;. The integral [ d3v f;yM v”lSv 1 is of order 8;k, p;p; because the leading order gy-
rophase dependent piece of fi; is even in v} as in (4.7). On the other hand, the size

of the integral [ d®v fiyMvpgov, is estimated by employing vgo = —(¢/B)V(¢) x b =
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~(c/B)V¢ x b+ (c/B)Vé x b. Then, I find that (Mc/B) [ d®v f;,(Vé x b)v, ~ 62p;
since fi, is gyrophase dependent at O(é; far;), and (Mc/B) [ d*v fig(V$ xb)v, < 0:p;.
It is difficult to refine this last estimate because it is a nonlinear term and short
wavelength pieces of f;, and ¢ can beat to give a long wavelength result. The di-
vergences of ;) and %igx are both O(d;k, pip;/L). Importantly, the divergence of
?,-gx <0ip; is not of order k,p;p;/L but of order 8§;k) p;p;/L. The divergence of
[ &P figM v”f)v 1 is of order d;k, p;p;/L because it only contains a parallel gradient,
and V- [(Mc/B) [ d®v f;g(Véx b)v.] = —V - [Mc [ dEydpo dipo ¢V x (b figv vy))] ~
d;k 1 pipi/ L, where I have used d*v = (B/v)))dEo dpodio and V- [V x (...)] = 0 [since
(fig/v) (Vo x B)vL =V x (bofigvi/vy) — 6V x (bfigvy/vy)]-

4.4 Vorticity equation for gyrokinetics

In section 4.2, I showed that the term that contains the ion viscosity in the vorticity
equation (2.9) seems to dominate at short wavelengths. However, in reality it is
smaller than V-J,, as I demonstrate in this section. As a result, the viscosity must be
evaluated carefully; otherwise, spurious terms may appear in numerical simulations.
Here, I propose two different vorticity equations that avoid this numerical problem and
are valid for short wavelengths. Long wavelength, transport time scale phenomena,
like the self-consistent calculation of the radial electric field, can be included, but this
will be the subject of chapter 5.

The vorticity equation (2.9) provides a way to temporally evolve the electric field
perpendicular to the magnetic field. However, the parallel electric field strongly de-
pends on the parallel electron dynamics, hidden in the parallel current Jj in equation
(2.9). Fortunately, it is enough to use the integral Jj = Ze [ d*vy) fig — e [ dPvy) fe
for the parallel current since J) does not alter the higher order calculation of the ra-
dial electric field determined by equation (2.21). In several codes [3, 62], the electron
and ion distribution functions are solved implicitly in the potential. These implicit
solutions are then substituted in Jj; to find the potential in the next time step from

the vorticity equation.
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In subsection 4.4.1, a vorticity equation is derived directly from gyrokinetic quasi-
neutrality. The advantage of this form is its close relation to previous algorithms,
but it differs greatly from the general vorticity equation (2.9). In subsection 4.4.2, I
present a modified vorticity equation that has more similarities with equation (2.9).
I ensure that both forms are equivalent and satisfy the desired condition at long

wavelengths, namely, that they provide a fixed toroidal velocity.

4.4.1 Vorticity from quasineutrality

The first version of the vorticity equation is obtained by taking the time derivative of
the gyrokinetic quasineutrality (Zn; = n.). In other words, I find the time evolution
of ion and electron density and ensure that its difference is constant in time. This is

equivalent to subtracting equation (4.26) from Z times (4.28) to obtain
P R . N
b-t—(Zen,-p) =V. (an +Jga+Ji+ Zen; V, + ZeniViC) , (4.45)

where J; is the polarization current

jezec(v(pxb/d%f, /d%f,g () x >=
Zec (/d%flng)xb V¢xb/d3 Ze‘/’ ) (4.46)

and Jgq is the drift current
Joa = Zen;Vigg — engVig = ’l’g“bb V xb+ Zf“b x VB + C’g”b x K, (4.47)

with pg = pig| + Pe and py1 = pig1 + pe. Here, to write the second form of J;, I
use f; — fig = —(Zeg/T;) fars, given in (4.3). In equation (4.45), the ion polarization
density, ny, = — fd3v (Z ezg/ T;) fum: is advanced in time, and the electric field is solved
from n,p,.

It is necessary to check if equation (4.45) satisfies the right conditions at long

wavelengths. In the present form, though, it is a tedious task. To perform this check,
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Term Order of magnitude
Zeniy, d:ik 1 piene
V- (J”ﬁ + Jga) dienev; /L
V- Ji+ Zen;Vy) | 8:(kyp)?encvi/L
V - (Zen;Vyc) 8i(kLpi)%enevs;

Table 4.4: Order of magnitude estimates for vorticity equation (4.45).

I will use the much more convenient form in subsection 4.4.2, that I will prove is
equivalent.

Finally, I give estimates for the size of all the terms in (4.45) in table 4.4. These
estimates will be useful in subsection 4.4.2 to study the behavior of the toroidal
angular momentum for k; p; < 1. The size of most of the terms in equation (4.45)
can be obtained from the estimates given in table 4.2, giving V - Jgq ~ &;encv;/L,
V - (Zen;V;) ~ &;(kipi)2encvi/L and V - (Zen;Vic) ~ 6;(kyp;)*viene. The size of
V -J; requires more work. Even though a cancellation between the drift kinetic £ x B
flow, (cn;/ B)Vé x b, and the corresponding gyrokinetic flow, (¢/B) J d3v f;,V(¢) x b,
is expected, due to the nonlinear character of these terms, where the short wavelength
components of fi; and ¢ can beat to give a long wavelength term, I can only give
a bound for the size of J;. Given the definition of J; in equation (4.46), its size
is bounded by Ij,~| <dienev;. Then, it would seem that its divergence must be |V -
Ji| < k1 pienovi/ L, but the lowest order terms contain V x V¢ = 0 and V x V(@) = 0,
leading to |V-j i| <dienev; /L. To refine this bound, I use that V-J; = [dEydpugdpy V-
ji, where ¥ - j; is found from equation (4.46) to be

Zec
Y|

V=V [ (96 x b= £,7(¢) x 5)} =

'—V - [&V X (BZ_e(Efzg) + ?Z;(prquﬁ X B:l ~ (S,-k‘Lp,-efMiB/L. (4.48)
I

I have used d*v = (B/v))dEqg dpo dipg and V- (v f;sVé x b) = =V - [ V x (buy fig)]

to find this result. The second form of (4.48) is useful to estimate the size of v 5,
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because I can use eg/T, ~ 6; and Vfig ~ fui/L to find V - j; ~ 8ik1pefuiB/L. In
v-Ji given in (4.48), there are short wavelength components of fig and ¢ that beat
together to give a long wavelength component. These short wavelength components
of fig = fi(Ry, Eo, po,t) and ¢7(Rg, Ho, Po,t) cannot be expanded around r, but the
long wavelength component of V - j; can be expanded as a whole to find

= 3 = 3 1 TR V7 A
V - Ji(Ry, Eo, po, o) = V - ji(r, Eo, pio, o) + ‘Q‘(V xb)-V(V-j). (4.49)

The difference between V - j;(r, Eo, o, ¢o) and V - ji(Ry, Eo, o, o) is negligible in
the higher order term. The interesting property of equation (4.49) is that the ve-
locity integral of the zeroth order term V - jj(r, Ey, 1o, o) can be done because
the gyrophase dependence in R, has disappeared. Employing the second form of
equation (4.48) for V - ji(r, Eo, tto, vo), 1 find [ dEqduodpeV - ji(r, Eo, o, 0o) =
—V - [(Zec/B) [ d®v (Ze/T;) friVd x b] ~ 62k, piencv;/L since ¢V = V(¢2/2).
This result is negligible compared with the term Q;!(v x b) - V(V - J;) in (4.49),
which gives V-J; ~ 8;(kLpi)*enev;/ L since V:ji~ d:k 1 piefuiB/L. Using this result,
I find that the k£, p; < 1 limit of V - J; is

V.3 ~v. [ / dE dyto d%%(v « b)¥ J] , (4.50)

where I use that Q;(v x b)-V(V-};,) = V- [ (v x b)(V - ;)] because the gradient
of O lv x b is of order 1 /L and the gradient of V - j; is of order k.

4.4.2 Vorticity from moment description

Equation (4.45) has the advantage of having a direct relation with the gyrokinetic
quasineutrality. However, its relation with the full vorticity equation (2.9) and the
evolution of toroidal angular momentum is not explicit. For those reasons, I next

derive an alternative vorticity equation.
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I define a new useful function

B Ze [ 4 - s 2%
we =V (E/dvf,gvxb>——/dv s (4.51)
that I will call gyrokinetic “vorticity” because, for k,p; < 1, it tends to w = V -
[(Ze/Q%)V; x b]. To see this, I use — [ d3v (Ze¢/T}) fars — V - [(cni/BS%,)V L 4] and
[ & figv x b — (¢/ZeB)V Lp; to obtain
Zecn; .

B, VT Bq,

wg = V- ( lei) , (4.52)

as given by w in equation (2.12) to first order. The new version of the vorticity
equation will evolve in time the gyrokinetic “vorticity” (4.51). The advantage of
this new equation is that it will tend to a form similar to the moment vorticity
equation (2.9) for k) p; < 1. It is important to point out that the new version of the
vorticity equation, to be given in (4.53), and equations (2.9) and (4.45) are totally
equivalent up to O(é%env;/L). The advantage of the new version is a similarity with
the full vorticity equation (2.9). This similarity helps to study the size of the term
V-[(¢/B)bx (V- 7;)] and the behavior of the transport of toroidal angular momentum
for kip; <« 1. 1 will prove that the toroidal velocity varies slowly, as expected.
Additionally, since the new vorticity equation is derived from quasineutrality and the
gyrokinetic equation, it is equivalent to the gyrokinetic quasineutrality equation and
provides a way to study its limitations.

The new version of the vorticity equation is obtained by adding equations (4.45)

and V - {(c/B)[equation (4.38)] x b} to obtain

0 . ~ - o -

7we =V. J”b + Jgd +Jip + £b X (V 7'l','G) + Zen;V,c — —C-b x Ficl. (453)
ot B B

The terms J;, Zen; V;, (c/B)f) x (V- ;igx) and (c/B)lS x F;p are recombined to give

Jis, (c/ B)b x (V- 7ic) and some other terms that have vanished because they are

divergence free. The details on how to obtain equation (4.53) are in Appendix I. Here
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Term Order of magnitude

wa d;k 1 piene
V. (J“f) + Jga) dienev; /L
v. [jw, + (¢/B)b x (V-mic)] | 6i(ky1pi)?encvi/L
V-[Zen;Vic — (c/B)b x Fic] | Gi(kipi)?encvs

Table 4.5: Order of magnitude estimates for vorticity equation (4.53).
I have defined the new viscosity tensor

;105 M/d3’0 figVJ_v”f)-Q- ;z‘gxz

/d3v fng [’U”(VJ_B + BVJ_) ~+- (VMO + Vgo + {’1) VJ_] (454)

and the new polarization current

~ ~ Zec
Jip = Ji = BQ,

f) X /d3’l) sz(qu X 6) . VV_L, (455)

with J; given in (4.46). The derivation of equation (4.53) implies that both equations
(4.45) and (4.53) are equivalent as long as the perpendicular component of equation
(4.38) is satisfied, and any property proved for one of them is valid for the other.

Equation (4.53) gives the evolution of wg and the potential is then found by
solving equation (4.51). Equation (4.53) does not contain terms that are almost
divergence free, as was the case of (¢/B)b x (V- 7;) in equation (2.9). This will ease
implementation in existing simulations.

It is important to know the size of the different terms in (4.53) for implementation
purposes. The order of magnitude of the different terms is summarized in table 4.5.
In subsection 4.4.1, in table 4.4, I showed V - Jy4 ~ 6;en.v;/L and V - (Zen;V;c) ~
8i(kLpi)*viene. The term V-[(c/ B)B x Fyc] is of order &;(k p;)?vi;en, according to the
results in Appendix H. For the flow (¢/B)bx (V- Tg), there are two different pieces in
G, given in (4.54), namely, M [ d3v figV lvnf) and 7« as defined in (4.40). The first
component gives (Mc/B)bx [V-(f d®vfigviyb)] = (Ze/U)bx (f d®v figu v, -Vb) ~
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82k psencv;, where 1 have used that the lowest order gyrophase dependent piece of fig
is even in v| [recall (4.7)]. The divergence V- ;igx is of order ;&) p;p;/L as proven in
subsection 4.3.4, giving V- [(c/B)b x (V- ;ig)] ~ 6;(kyp;)%encv; /L. Finally, jw is also
composed of two pieces shown in (4.55). The divergence of V - J; was already found
in (4.50), and it is of order &;(k,p;)*encv;/L. The second term in (4.55) is of order
62k 1 pienev;, giving V - Jiy ~ 8;(kLp;)%encv;/L. Interestingly, employing equations
(4.48) and (4.50), and the definition of J;4 in (4.55), I find that for k) p; < 1, V- Jy4

tends to

c

V-jid,:v-{ﬁf)x

C — ~ C ~
V. {/ i (fiQEV(dJ) xb - fi2Vpx b) MVLH } . (4.56)
To obtain this expression I neglect
v. {é—% x [ [ (si- fis) 5(V x b) -Vvl]} ~ 8k piencui/L. (4.57)

Equation (4.56) will be useful in the k) p; < 1 limit worked out in Appendix J.
The estimates in table 4.5 are useful to determine the size of the problematic term

V- [(¢/B)b x (V- 7;)]. Subtracting equation (2.9) from (4.53) gives

C+ o 0 - c - o
V. [—f);b X (V Fz)] = &(w - WG) +V. [Jgd - Ja+ Ji¢ + —gb X (V ‘ﬂ'i(;)
+ZeniV,~C - %B X FiC:l ~ Ji(kLpi)%nevi/L. (458)

This result was anticipated in equation (4.9) and proves that turbulent tokamaks are
intrinsically ambipolar!

Most of the estimates for the terms in equation (4.58) are obtained from table 4.5.
Only w —wg and V- (J4q—J4) need clarification. The long wavelength limit of w¢g ~
0;k) piene, given in (4.52), is the same as the long wavelength limit of w in (2.12).

Thus, they can only differ in the next order in kj p;, giving @ — wg ~ & (k1 pi)%ene.
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The difference Jgq4 — Jg can be rewritten using f; — fi, = —(Ze¢7/ T;) fui to obtain

2 2

Z%24 v v
Jua—Ja= [ g (mb be+2BbeVB+Qib n). (4.59)

The size of J,q — J4 is 62k, piencv; since the integral of 5 in the gyrophase vanishes
to zeroth order. Then, V- (Jgqg—J4) ~ 6;(k1pi)?enecv;/L. Employing these estimates,
I find that V - [(¢/B)b x (V- m,)] is of order &;(k_p;)?env;/L, as given in (4.58) and
asserted in equation (4.9) in section 4.2. Therefore, there is a piece of the viscosity of
order 8;k, p;p; that vanishes to zeroth order in V - [(¢/ B)b x (V- ;z)] In equations
(4.45) and (4.53) this piece has already been cancelled.

Finally, I study the evolution of the toroidal velocity implicit in equation (4.53).
To do so, I flux surface average equation (4.53) as I did in section 2.3 for equation

(2.9). The result is

9 19, .
a(lﬂg>¢ = W%V < gd* V’l/) +Jl¢ . V’lp + ZeniViC . Vw

—%(V- mic —Fic) - (b x V‘/’)>¢' (4.60)

The term Jgq - Vi) can be manipulated in the same way as the term J,; in equation
(2.14) to give (Jga- V9)y = —((cI/B)[b - Vg + (pgjl — Po1)V - b])y. Employing the
parallel momentum equation for ions, given by (4.44), and electrons, given by (4.37),

to write

R N o ~ R
b- Vpg” + (pg” — ng_)V ‘b=—— niMV;”) -V- Tig|| + Fg+Fic-b, (4.61)

5

I find

9 10 .,/Zel 19
ot (< @6y — V'%V< ) "’V’”>> V’8¢V< (V- migy = Fis)

+Jig - Vip — E(V' Tic) - (b x Vo)) + Zen; Vi - Vo) — cRF( - C> o (462)
Y

where I have employed (I/B)F;c-b — B™'F,c - (b x V) = RFic - ¢ [recall (2.16)].
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Taking the limit k; p; < 1, for which wg — V - [(Zen;/Q;)V; x b], equation (4.62)

can be shown to give

(RniMV,- . &>1/’ = ——];—‘a—VI<RC H(O)

790 Vi), (4.63)

SIS

where I have integrated once in 1. The details of the calculation are in Appendix J.

The zeroth order off-diagonal viscosity is given by

(0)

(RE- 7 W)y = < / &Pv f;RM(v - &) (vMO +91 - 26X 6) - v¢>¢. (4.64)

The distribution function f; = fi; — (Zea/Ti) fui has both the adiabatic and the
non-adiabatic pieces. The viscosity in (4.64) includes the nonlinear Reynolds stress,
describing the E x B transport of toroidal angular momentum, and the transport
due to the magnetic drifts vy and finite gyroradius effects v;. In the absence of
collisions, only the Reynolds stress gives a non-vanishing contribution as the other

terms correspond to the gyroviscosity. In section K.1 of Appendix K, I prove that

</d3v FRM(v - {)(Varo +¥1) - W>¢ = c'(;)t <

~(5pe [ Pocts (ivor + 1) >¢ . (465)

It becomes apparent that when statistical equilibrium is reached and the net radial

550, (Vvlp + fﬂp,..>>

transport of energy is slow so that d/8t ~ 0, the magnetic drifts only provide mo-
mentum transport proportional to the collision frequency. Since collisions are usually
weak, this term will tend to be small. Moreover, in section K.2 of Appendix K, I show
that this collisional piece vanishes exactly in up-down symmetric tokamaks, leaving

only the Reynolds stress,

—(0)

(RE- 77 vy, < / &o fiRM(v - &)< (v¢x6)-v¢>w. (4.66)

In any case, the zeroth order viscosity is of order 62p;, and the corresponding piece

in the vorticity equation (4.53) is of order d;(kyp;)%encv;/L, which becomes of order
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&2enev;/L as k; — 1/L.

An important conclusion that can be derived from equation (4.63) is that the
rate of change of the toroidal velocity is 8/8t ~ k,p;v;/L, becoming slower and
slower as we reach longer wavelengths. This behavior must be reproduced by any
equation used to calculate the radial electric field. Equations (4.45) and (4.53) satisfy
this condition, but in addition they have the advantage of showing this property
explicitly. The terms that determine the radial electric field turn out to be J; - V),
Zen;V; - Vi and Zen; Vo - V1 in equation (4.45), and j,,;¢ -V, (c/B)[b x (V- g
)] - Vb, Zen;Vic - Vi and (¢/B)(b x Fic) - V4 in equation (4.53). Additionally, it
is necessary to keep the terms V - mg, Fp and Fic - b in the parallel momentum
equation (4.44). Any simulation must make sure that these terms have the correct
behavior at long wavelengths and give equation (4.63). In the traditional gyrokinetic
approach, the terms J;- Vi, Zen;V;-Vip and Z en; Vic - Vi of equation (4.45) can be
tracked back to terms in the gyrokinetic Fokker-Planck equation. They correspond to
the difference between the ion and electron gyroaveraged E x B flows, (c¢/B)(f;Vé x
b— figVRr(®) X b), and the finite gyroradius effects that make B(Rg) = b(r), Vg, #V
and (C{fi}) # C{fi}. This identification is the advantage of equation (4.45) since it
allows easier analysis of existing simulations. Equation (4.45) can be used to check if
the simulations reproduce the correct transport of toroidal angular momentum.

Since the vorticity equations (4.45) and (4.53) give equation (4.63) for k, p; < 1,
it may seem that they provide the correct radial electric field at long wavelengths.
Moreover, I have deduced these vorticity equations employing only the gyrokinetic
Fokker-Planck equation and the corresponding quasineutrality, making it tempting to
argue that the traditional gyrokinetic method is good enough to find the radial elec-
tric field. This argument is flawed because there are missing terms of order 6Zen,v;/L
in equations (4.45) and (4.53). Then, the transport of toroidal angular momentum
(4.63), that corresponds to a term of order &;(k, p;)%en.v;/ L, will remain correct only
if (k1p;)? > ;. Consequently, the gyrokinetic quasineutrality should provide the
correct radial electric field up to wavelengths of order /p;L. For longer wavelengths,

there will be missing terms. This estimate only considers the terms that the gyroki-
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Figure 4-4: Geometry of the #-pinch.

netic equation is missing and neglects possible numerical inaccuracies.

In the next section, I will show with a simplified example that gyrokinetic indeed
has problems determining the radial electric field in axisymmetric configurations. This
example is intended to illustrate the difficulties that arise from the use of gyrokinetic

Fokker-Planck equation together with the gyrokinetic quasineutrality equation (3.54).

4.5 Example: quasineutrality in a #-pinch

In this section, I try to find the solution to the non-turbulent, axisymmetric 6-pinch.
Without turbulence, the perpendicular wavelengths are of the order of the charac-
teristic size of the #-pinch, k; L ~ 1. This section is intended only as an example,
and neglecting the turbulence greatly simplifies the calculation without fundamen-
tally changing the properties of quasineutrality. In this simplified problem, I find that
current gyrokinetic treatments, even if extended to a higher order in §; = p;/L < 1
than in chapter 3, do not yield a solution for the long wavelength radial electric
field, leaving it as a free parameter. The gyrokinetic Fokker-Planck equation and the
quasineutrality equation are intrinsically ambipolar and cannot determine the radial
electric field. In chapter 5, I will show that the radial electric field is recovered if a
different approach is employed.

In the #-pinch, the magnetic field is given by B = B (r)f), where here b is a constant

unit vector in the axial direction, and r is the radial coordinate in cylindrical geometry.
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The geometry is sketched in figure 4-4. For long wavelengths, the gyrokinetic equation
can be found to order 67 far;vi/L. The simplified geometry of the magnetic field yields

more manageable expressions for the gyrokinetic variables, i.e., 4, and Ry become

_ Zed v? -
and
1 A N
R2 = m[vlv_[_ - (V X b)(V X b)] . VB, (468)

where the term (c/ BQ,-)VREIV) X b ~ 62k, p;L has been neglected because I assume
that k, L ~ 1. Using Ry, the gyroaverage of R is calculated to be

- : : : z
(R) = (u)b + <§b X VB =2V xb+vy VR, - LV¢- V,,R2> . (4.60)

where I have used that in a 6-pinch b-VB = 0 to write v - VR, = v, - VR,.
The gyroaverages are performed by employing the long wavelength approximation

Vo~ Vro — Qv x 13) - Vr¢ and the relation (v, v,v,) =0 to get

(R) ~ (v)b + QfR)B X VrB - ﬁR)VRd’ x b. (4.70)

The gyroaverage of E is found by using (A.17) to write

. Ze dd\ _ Ze (. O(¢) 09
E——ﬁ(v-Vqﬁ—-Et-)_——(R-VR(¢)+M7——>, (4.71)

where I employ that 0/0t ~ é;v;/L for long wavelengths and d¢/dE = O(863M/e) in
the 6-pinch. Considering that (&) = O(62v3/BL) and 8{¢)/du = O(5; M B/e), the
gyroaverage of (4.71) is calculated to be

(E) ~ ——(R) - V(). (4.72)
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Thus, the gyrokinetic equation to order O(82 farv;/L) is

W my (vai _ %VR(@%) = (C{£})- (4.73)

I have neglected the derivative 0f; /Ou because the distribution function is Maxwellian
to zeroth order and (i) is already small by definition of y. For an axisymmetric
steady state solution, the terms on the left side of (4.73) vanish, the second term
because the gyrocenter parallel and perpendicular drifts, (R), remain in surfaces of
constant f; and ¢ (for this reason, () need not be evaluated to second order). Thus,
equation (4.73) becomes (C{f;}) = 0. Such an equation can be solved for a simplified
collision operator. I use a Krook operator, C{f;} = —v(fi — fu), with constant

collision frequency v and a shifted Maxwellian,

M )3/2 exp [»—w] , (4.74)

far=m (27rTi oT,

where n;, T; and V; are functions of the position r. I assume that the parallel average

velocity, Vj = b - V,, is zero and I order V; as O(6;v;) to obtain

MV_L-V,' M2(VL'Vi)2 M‘/zg
fu 2 fuo [1 + 7t 277 ST | (4.75)
with )
M \3? Muv?
=n - . 4.
o= (5az) o0 (-3 ) (476)
With the Krook operator, the gyrokinetic solution is
Mv, - Vi M2 Vz‘2 MV?
fi = {fm) = (fmo) + <'—_T}‘;_—fMO> _—4—7%?_FM - 3T Fy, (4.77)
where I have used that in the higher order terms, faq ~ Fas, with
M 1 ME
=n(R) | ——r ——. 4,
Fy =n(R) [27TT,~(R)] exp [ T,-(R)] (4.78)

For the first two terms in equation (4.77), it is necessary to Taylor expand fazo(r, Ep),
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Vi(r) and v = |/2uoB(r)[é1(r) cos g + &(r) sin ] around R, E, p and . The

final result is

MV?

fi= ) = Fu|1 - Ly (L9, 4) 4 Mo otyw,op+ MGz )
PE MM =AM T Y B, 2T, B2 L o7 L
2 2
TL _§) T e al (ﬁ_ ) 12
oMz (””” ViTi- sovioe ViRt r e 7t 4t ) VLT
222 /5, 5 9 o
B (5_”5 )VLB'VLT’*TBQ Vig- Vil (E_xi_m ) ’

(4.79)

where 22 = Mv?/2T;, ~ ME/T;, 2% = Mv? /2T; ~ MuB/T, and I have employed

V; = b x Vp; — Z‘;-w x b. (4.80)

’fl,MQL

The distribution function in (4.79) has been calculated by using a gyrokinetic equation
that is correct to order 62 far;vi/L for both the Vlasov operator and the gyroaveraged
collision operator. Using the definitions R =r+ R, + Ry, E = Ey + E; + E, and
i = po + p1, and the gyrophase dependent collisional piece f; given in (3.38), I can
find the distribution function f; in r, v variables to order O(6?fy;). As a check,
the same solution has been also obtained without resorting to gyrokinetics to order
O(8?2 fr:). This check is omitted here.

If T had gyroaveraged C{f;} only to order §;, as most gyrokinetic models do, the

solution would have been simply

fi~ Fyr. (4.81)

Substituting this solution into the higher order gyrokinetic quasineutrality equation

(3.61), I find the inconsistent result

. 2.
V. (ZC"' vm) _ MGG 62— — 2 —

B, T B2 (4.82)

Z
OMSP 3R ¥ 1P+

However, this quasineutrality equation is very different from the one we obtain by
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using the full O(8? f)s;) solution in (4.79), which simply gives
Zn; = ne. (4.83)

Therefore, the gyrokinetic quasineutrality equation reduces to the quasineutrality
condition when the exact O(82fyy;) distribution function of (4.79) is employed. Equa-
tion (4.82) is wrong because the O(6;fa;) result of (4.81) is either inducing an

O(é2en,) charge difference or imposing the non-physical condition

v. (?&Vmﬁ) - %Aj—{i?;—gﬁmqsﬁ = - ;Q%Vipi. (4.84)
The difference between (4.82) and (4.83), given by (4.84), originates in O(§?n,) terms
that should have been cancelled by pieces of the distribution function of the same
order.

The @-pinch example illustrates the problem of using a lower order gyrokinetic
equation than needed, but it also highlights another issue. The potential does not
appear in the quasineutrality equation (4.83), and, therefore, it cannot be found
using it. In a computer simulation, the potential is obtained from the gyrokinetic
quasineutrality equation (3.61), and the distribution function is evolved employing
the gyrokinetic equation (4.73). A possible initial condition f;;—o(R, E,u) is the
stationary solution (4.79), where the potential ¢(r) is a free function that is set to be
¢i=o(r). Equation (4.83) proves that the solution to the gyrokinetic quasineutrality
equation (3.61) at ¢t = 0 must be ¢(r,t = 0) = ¢—o(r), where ¢4—o(r) is the free
function that I chose for the initial condition. Since the initial condition f;;—o(R, E, i1)
is a stationary solution, I find that the solution for all times is f; = f; ;-0 and ¢ = ¢4,
and the radial electric field is solely determined by the initial condition. If there were
any numerical errors that made the solution invalid to order &2 fyy;, the radial electric
field would suffer a non-physical evolution. In modern gyrokinetics, the radial electric
field is then determined by the initial condition, in particular, by a piece of order
82 far; of the initial condition. This result is not surprising since in this chapter I have

proved that, in axisymmetric configurations, the axisymmetric piece of the vorticity
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equation, or time derivative of Zn; — n,, is of order §2n.v;/L at the most, as given by
(4.9). The gyrokinetic equation is only calculated to order &2y v;/L in this section
(and only to order é; far;v;/ L in codes), leading to an effectively constant Zn; —n. and
hence a radial electric field dependent only on the initial condition. In section 5.2, I
will show that in reality the time derivative of Zn; — n, is even smaller than §3n,v;/L

by a factor of v/S);.

4.6 Discussion

In this chapter, I have shown how the vorticity equation recovers the physics of
quasineutrality and at the same time retains the effect of the transport of toroidal
angular momentum in the radial electric field. I have proposed two possible vorticity
equations, (4.45) and (4.53). With these two equations, I estimate the size of the term
that determines the radial electric field, given by equation (4.9). In this manner, I
prove that, with the usual gyrokinetic equation, setting the radial current to zero,
(J - V) = 0, cannot determine the long wavelength axisymmetric radial electric
field. Therefore, modern gyrokinetic formulations are intrinsically ambipolar, and
thereby unable to determine the long wavelength axisymmetric radial electric field.
Iillustrated the problems that arise from a failure to satisfy intrinsic ambipolarity
with a simplified problem in section 4.5. In the example, the long wavelength, axisym-
metric radial electric field was left undetermined by the gyrokinetic quasineutrality
equation even if the distribution was calculated to an order higher than current codes
can achieve. More importantly, if there is an error in the density as small as §2n,,
the gyrokinetic quasineutrality equation yields an erroneous long wavelength radial
electric field. This feature places a strong requirement on the accuracy of any code
that calculates the radial electric field. The vorticity equation, on the other hand,
makes the dependence of the radial electric field on the toroidal transport of angular
momentum explicit. Both vorticity equations (4.45) and (4.53) would yield a long
wavelength radial electric field constant for the short turbulence saturation time.

Between the two vorticity equations, equation (4.45) is closer to the gyrokinetic
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quasineutrality and is probably the best candidate to implement and compare with
existing results. In fact, a similar, but less complete, vorticity equation has already
been implemented in the PIC gyrokinetic code GEM [63]. On the other hand, equa-
tion (4.53) is similar to the traditional vorticity equation (2.9), making the study of
conservation of toroidal angular momentum straightforward.

These vorticity equations are valid for short wavelengths on the order of the ion
gyroradius. They must be supplemented with long wavelength physics to be extended
to wavelengths longer than /p;L. Only then will the transport of toroidal angular
momentum be correctly described. The extension to longer wavelengths is treated in
chapter 5.

Finally, any numerical implementation of either of the vorticity equations needs to
make sure that the properties derived and discussed are satisfied, namely, the scaling
of the different terms with k) p; should be ensured, and the cancellations that take
place due to the flux surface average should also be maintained in codes. It is for
this reason that I give all the details of the analytical calculations including detailed

appendices.
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Chapter 5

Solving for the radial electric field

In this chapter, I describe the method that I propose to calculate the radial electric
field. As I showed in section 2.3, the flux surface averaged vorticity equation reduces
to the transport of toroidal angular momentum. Then, to obtain the radial electric
field, it is necessary to solve the conservation equation for the transport of toroidal
angular momentum.

In section 5.1, I obtain an equation for the toroidal-radial component of the ion
viscosity to order 62p; that only requires the ion distribution function to order 62 fuy;.
I already argued in section 2.3 that §3p; is the order to which the ion viscosity should
be found to recover gyroBohm transport of angular momentum. In this chapter, I
give some arguments that suggest that the radial transport of angular momentum
is indeed of order &7p;. Interestingly, the transport of toroidal angular momentum
found in (4.64), of order ;k ) p;p;, should then vanish for long wavelengths. In reality,
the transport probably is of order §?p; at each time step yet its time average vanish
to that order. In other words, there might be fast local exchange of toroidal angular
momentum, leading to zonal flow structure, but the irreversible transport of angular
momentum from the edge to the core is much slower. In section 5.2, I apply the
equation for the ion viscosity obtained in section 5.1 to solve for the radial electric
field in the example presented in section 4.5.

Even with the convenient equation that gives the radial transport of toroidal

angular momentum to order 6}p; with only an O(d2f);) distribution function, this
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still makes it necessary to find the ion distribution function and the potential to an
order higher than the order to which they are usually calculated. At the end of this
chapter, in section 5.3, I prove that under certain assumptions, the lowest order full
[ gyrokinetic equation (3.39) is valid even to calculate the second order distribution
function, and the vorticity equations (4.45) and (4.53) are easily extended to yield a

higher order potential. Finally, I discuss all the results of this chapter in section 5.4.

5.1 Ion viscosity and the axisymmetric potential

The evolution of the toroidal velocity, given in (2.21), is determined by the flux surface
averaged toroidal-radial component of the ion viscosity (RC- 7; -V1p)y. According to
the gyroBohm estimates at the end of section 2.3, the ion viscosity has to be obtained
to order 83p;. If the ion viscosity is to be determined directly from its definition in
(2.6), the ion distribution function must be calculated to order 3 fus;, too high of an
order to be practical or implementable.

To avoid direct evaluation of the ion viscosity, I propose using moments of the
Fokker-Planck equation. This is the approach followed in drift kinetics [64] and to
formulate a hybrid gyrokinetic-fluid description [36]. The ion viscosity can be solved

from the Mvv moment of the Fokker-Planck equation, given by

«—

with
8P,

sz

4V (M [ fivvv) + Zen(VoVi+ViVo) - M [ v C{fi}vv. (5.2)

Here, Biz M [ d®v f;vv. From the moment equation (5.1), the off diagonal elements
of 7; can be solved for as a function of K. Additionally, equation (5.1) contains

—

the energy conservation equation, Trace(K) = 0, and the parallel pressure equation,
b- K b=0.
To solve for the toroidal-radial component R& . 7; -V, I pre-multiply and post-
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multiply equation (5.1) by RC, giving

RE 7o Vo= 3 SO (BB 0) 4 5oV [ [ Pov iRy -8
+Men RA(E - V) (Vi - & / Po C{fYRY(v - 8)2, (5.3)

where I use R(bx ¢) = Vi/B and V(R() = (VR)¢ - ¢(VR). Flux surface averaging

this expression gives

M?c1 0 .
R¢ 7V —V'{ [ dv( (v - V)R 2
(RE- 7o Vo = Gz gV ([0 (= Tolv - Vo)RYv - 0)
Mc 0 5

HMenB(C-V9)(Vi- Oy + 5= (R Pi Oy

_24725</ o C{f YR (v - ¢ 2>¢ (5.4)

In the first term of the right side, I use that (v - V¢)(v - ¢)2 = 0 to write the integral
only as a function of the gyrophase dependent piece of the distribution function.
Equation (5.4) has the advantage that a distribution function correct to order &2 fus;
gives a viscosity good to order 63p;! The method by which we have gained an order in
d; is similar to the calculation of the perpendicular ion flow employing the momentum
equation. To evaluate the perpendicular ion flow n;V;;, = [ dv fiv, to order §;n.v;
by direct integration over velocity space, the distribution function f; must be correct
to order d; far;. Instead, it is possible to use the ion perpendicular momentum equation
to order p;/L, where the Lorentz force (Ze/c)n;V; x B balances the perpendicular
pressure gradient V| p; and the perpendicular electric field Zen;V, @, giving the ion
flow n;V;, = (c/ZeB)B x Vp; — (en;/B)V¢ x b. Notice that only the lowest order
Maxwellian fas; has been used to find p;. We have gained an order in §;.

If the gyroBohm estimates done at the end of section 2.3 are correct, the ion
viscosity must identically vanish to order §2p; without determining the evolution
of the long wavelength axisymmetric radial electric field on transport time scales.
To obtain the toroidal-radial component of 7r; to this order, it is enough to use a

distribution function good to order §; fas; in (5.4). For long wavelengths and to the
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order of interest, the gyrophase dependent piece of the distribution function is given
by (4.7), i.e., it is proportional to (vxb)-V1. Then, the first integral in (5.4) vanishes.
Additionally, I find that for this gyrophase dependence, l?’i: Di l(f —Bi)) + pi”f)f) and
JBovwC{fi} ~ [d*v][(v}/ 2)(? —bb) + vﬁf)f)]C{ fi}. With all these simplifications,
(R¢- 7, -Vih)y becomes to O(82p;R|V))

(RC: 7 W)y = = (WRM(V; - §) 5 (V6 x B) - V)
¥

0 —“‘1 ; 2 i I? — M 3 : fl_ 2 272
+§<2Bﬂi(p”|w' el )>¢ <ZBQi/dUC{fZ}(2 Vol +“uf)>¢’(5'5)

where I have used b - V¢ ~ 0 and R¢ = Ib/B — (b x V4)/B to write cRC - Ve =~
—(c/B)(V¢ x b) - V¢. Equation (5.5) is exactly the transport of momentum found
from the gyrokinetic vorticity equation, given in (4.64) and (4.65). For turbulence in
statistical equilibrium, the time derivative term can be neglected. If in addition the
tokamak is up-down symmetric, the collisional term vanishes as proven in section K.2

of Appendix K, leaving only the Reynolds stress

(Ré- ; Vip)y = — <niRM(Vi . &)%(Vq& X f)) . v¢> -
4

. < / & f,RM(v - &)‘}%(Vﬁb x b)- vw) (5.6)

.
This Reynolds stress is formally of order 62p; R|V¢|. If the Reynolds stress were this
big, the transport of toroidal angular momentum would be much larger than the
gyroBohm estimate. It is more plausible that the Reynolds stress averaged over time
is almost zero. Therefore, the Reynolds stress to order 6?p; does not determine the
evolution of the long wavelength axisymmetric radial electric field on transport time
scales. This possibility does not conflict with possible fast growth and evolution of
zonal flow structure, that happens in relatively short times, but does not transport
angular momentum through large distances.

It is difficult to prove unarguably that the Reynolds stress (5.6) must vanish to
order 67p;. In 6f flux tube codes like GS2 [1] and GENE [2], only the gradients
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of density and temperature enter the equation for the correction to the Maxwellian
[recall (3.57)]. The gradient of the velocity and hence of the long wavelength axisym-
metric radial electric field is ordered out because the average velocity in the plasma is
assumed to be small by ;. Then, the system does not have a preferred direction and
it is unlikely that there is any transport of angular momentum. Quasilinear calcula-
tions suggest that in up-down symmetric tokamaks, d f flux tube formulations must
give zero transport [65]. If the average velocity is ordered as large as the thermal
velocity, the symmetry in the flux tube is broken and there is a net radial momentum
transport [66], but such a description is not relevant in many tokamaks.

It seems more reasonable to assume that, at least in a time averaged sense, the
Reynolds stress (5.6) becomes of order 6?p;. Therefore, from now on, I consider the
fast time average of equation (5.4) to filter the fluctuations in the transport of toroidal
angular momentum. Fast time here is an intermediate time between the transit time
of the particle motion around the tokamak, L/v;, and the much slower transport time
scale, 8; 2L /v;. Since this time average should make the Reynolds stress of order 83pi,
the rest of the terms in equation (5.4) must be evaluated to order §3p;. To that end,
the ion distribution function and the potential must be known to order &2 fs; and
order 627, /e; an order higher than solved for in gyrokinetic codes. In section 5.3, I will
prove that this problem can be circumvented under some simplifying assumptions.
The rest of this section is on how to evaluate the first term in (5.4) in a convenient
way.

The first term in equation (5.4) only depends on the gyrophase dependent piece
of the ion distribution function. For this reason, it can be solved by employing the

moment vvv of the Fokker-Planck equation, given by

Qi/d% FiM[(v x B)vv + v(v x B)v + vv(v x b)) = gf (/ d*v finvv)
+V. (/ d®v finvvv) + Ze/d3v fi(Vovv + vVov + vvVg)

-—/d3v C{fi}Mvvv. (5.7)

Multiplying every index in this tensor by RC, employing R(B x ¢ ) = V¢/B and flux
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surface averaging gives

([ @otsi-To- Vo 07) =322 [0ty &)3>

3Ze Bt
’ A o
i v ([ (v VR c)3> + (B V)& Bi )y

3Ze V' O
2 facue o),

This equation has to be evaluated to order &2p,v; R?|V1)| to give terms of order
&3p;R|Vy| in (5.4). The first term in the right side is then negligible because it
has a time derivative. With turbulence that has reached statistical equilibrium and
after fast time averaging, the time derivative becomes of the order of the transport
time scale at long wavelengths, i.e., /8t ~ Dyp/L* ~ §2v;/L. The contribution of

such a time derivative is negligible since it gives a term of order &?p;v; R?|V|. The

second term in equation (5.8) is also negligible since (v - Vip)(v - ¢)? = 0 means that
only the gyrophase dependent piece of the distribution function contributes. To the
order of interest, the gyrophase dependent piece is given by (4.7), and its contribution

vanishes. Then, the only terms left are

(M [do(fi-Flv VR - OF) = «(RE- V(& Bi )
2d)
"SA{ZE ([@vctspr- &)3>¢ . (59

Substituting this relation into equation (5.4) gives

(RC Wi V)y = QA;C <R2>¢3p S+ (Men R - V) (Vi O)y
M? ) M02 0 Lo s
~ 57 (| EVCUNE - 07) + 5 VIR V)& Bt

M3 2 1 9 , "
—6—2__225751;‘/ </ v C{f;} R*(v - ¢)3>¢. (5.10)

In the time derivative term, I used that for statistical equilibrium and after fast time
averaging, only the slow transport time scales are left. Then, the dominant term in

d(¢- ﬁi .€) /Ot is Op;/0t. This term is determined by the turbulent heat transport
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and heating in the plasma. Of the rest of the terms in equation (5.10), the second and
the third term require a distribution function good to order 6?fyr;, and a potential
good to 62T, /e. The last two terms only need the distribution function to order &; fur;
and the potential to order 6,7, /e.

In the next section, I apply the methodology suggested in this section to solve for
the radial electric field in the #-pinch problem presented in section 4.5. In section 5.3,
I will explain how the distribution function can be found to second order in tokamak
geometry. Notice that this piece of the distribution function is only needed for the
irreversible transport of angular momentum since the transport of angular momentum

to order §?p; is enough to capture the fast evolution of zonal flow.

5.2 Example: the solution of a #-pinch

In section 4.5, I showed that, in the #-pinch, the quasineutrality condition applied
to the second order solution (4.79), valid to O(d2 fas;), does not determine the radial
electric field. However, I will show in this section that the electrostatic potential can
be obtained from the conservation of azimuthal angular momentum, equivalent to the
conservation of toroidal angular momentum in tokamaks since both momentums are
in the direction of symmetry. The momentum equation has the advantage of showing
how quasineutrality depends on the long wavelength axisymmetric potential without
having to calculate the distribution function to higher order than O(d2fas;). The
methodology I use here is presented for screw pinches and dipolar configurations in
[67].

For a steady state solution, the azimuthal angular momentum must be conserved,
giving

= (r%- 7 -0) =0, (5.11)

where # and 6 are the unit vectors in the radial and azimuthal directions, with
#x6 = b [recall figure 4-4], and 7, is the ion viscosity, given by (2.6). In a case without
sources or sinks of momentum, the final equation for the potential is r2#- 7r; 0 =0.

Finding r?f r; 0 directly from the distribution function requires a higher order
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solution than the one provided by the O(6? fariv;/ L) gyrokinetic equation (4.73) used
so far. However, this problem can be circumvented by using the equivalent to equation

(5.10) for 6-pinches, given by

vC{f;}(v - 8)? ——AL% [g/d3vc*{f,.}(v-é)3]. (5.12)

2A — -~
4 O T 0=
' 67r¢Y;

To obtain this equation, I have used that 8 - V¢ = 0 due to axisymmetry. In this
particular case, this expression can be reduced to integrals of the gyrophase dependent
piece of the distribution function, terms much simpler to obtain to order 62 fy;. To
see this, I use (v - )2 = v /2, (v-0)2—(v - 0)2 = (1/2)8-[vov. — (vxb)(vxb)]-0 =
(1/2)[(v - 6)? — (v - )] and (v - 8)3 = 0 to write

P 70 = — v (CLA}-CUR) (v ) = (v- 6)7]
VOUNE - e |1 [ (U =TT v -87|. a3

For the Krook operator C{f;} = —v(f; — fu), with fas given in (4.75),

ST —_ Mv V,
ot} - O = - £ - T~ 4V
M2
—Q_ﬁ(vl"l —VIvI): (Vin')fMo}, (5.14)
where, according to (4.80),
(Lm0
Vi= B‘9 (Zeni ar t 67‘) ' (5.15)

The term [ d3v C{f;}(Mv?%/2) in (5.13) can be found from the equation for the per-

pendicular pressure, given by

apLL l?_ 3 U__L _ 3 _.2L
oo [M/dvf, )2]-—Zen, i V¢+M/de{fl} (5.16)

Since in this case, 9/0t = 0 and V;; - V¢ = (V,1 - £)(0¢/0r) = 0 [recall (5.15)],
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equation (5.13) finally becomes

-

2 ;i.gz_%/d% C{fi}—m)[(v’f')z—(v'é)2]
M’I‘a 3 v
o or [/d Ftv: r)z]

M 0

“6riy or ["Q_ [ & ({5} Ol (v- 9>‘°’] . (617

In this equation, only the gyrophase dependent piece of the distribution function
enters in the integrals. The corrections Ry, Ry, F;, FE> and p; depend on the gy-
rophase. Then f;(R, E, u,t) must be Taylor expanded around r, Ey and pg to get
the second order gyrophase dependent piece. The calculation is done in section E.2

of Appendix E, and the final result is
= 3] Zed
Ge=Top = gt 0) (1 220
on o g [ (3 2008
4, (VB = (v-6) ]87" {TQ' ( ar T T; or Fao

M 9 Zed
~apelt 7= 85 | (50) + 2% ] (518

where fio is given in (4.76), and the subindex g indicates the non-collisional origin

of this gyrophase dependence. The gyrophase dependent piece given by (3.38) is also

necessary. For the Krook operator it becomes

(fi=fie= ngMO (]\24; g) vy -VInT,. (5.19)

Employing equations (5.14), (5.15), (5.18) and (5.19), I find

v(C{fi} = C{APIv - 1) = (v- 6)] =

1
_W3pi?_ £ _6_?4_ 1 opi f_fi_a_ 1 pi @ (5.20)
402 9r |rB\dr Zen; Or 402 0r \r MQ; or |’ '
Mr 0 3 2 1 0 (vpr 0T,
20, or [ JEvts=Fowv-) 2} T oo (MQ% ar) (5:21)
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and

M 8 [r — aa| 10 (vpir® 0T,
GTQig; [ﬁ:/dav (C{f,} - C{fz})(v : 9)3] = "ma‘; (MQ? E) . (5.22)

Substituting these results into (5.17), r- 7; -0 = 0 gives

_(_9_(?_ 1 opi\ _ r, U 0 n_ 30  (p(rU()
¢ (67' * Zen; 87") B TB(T)/O dr r/ r! ln B(r’) 200 n IR
(5.23)

where U = (2/M$Q;)(0T;/0r). Notice the difference between this equation and (4.84).

In particular, notice that for an isothermal fyro, 07;/0r = 0, a radial Maxwell-
Boltzmann response is recovered from (5.23) as expected, but this is not a feature of
the non-physical forms (4.82) and (4.84).

Finally, I remark that equation (5.17) gives a radial transport of toroidal angular

momentum - 7; -8 ~ §2(v/;)p;, corresponding to the term in the vorticity equation

3

c o 10 |c 0,45 o ; vo;
V. [Eb x (V- m)] = [rB By (re- m; 0)} ~ 9 enev; /L. (5.24)

ror

()

The radial current density represented by this term is too small to be recovered with

a gyrokinetic equation good only to order 67 fas;v;/ L, as already shown in section 4.5.

5.3 Distribution function and potential to second

order

To evaluate (5.10), the ion distribution function and the potential have to be found
to order 6?fys; and 62T, /e, respectively. In this section, I show how both the distri-
bution function and the potential can be calculated to higher order without the full
second order Fokker-Planck and vorticity equations. I take advantage of the usually
small ratio 1/¢q ~ B,/B < 1, where ¢(¢) = (2m)~! §d0(B - V(/B - V#) is the safety
factor, and B, = |V#|/R is the poloidal component of the magnetic field. Expanding

in ¢ > 1, I will find the ion distribution function to order qé? fus;, neglecting terms
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of order 82fy;. The potential is calculated consistently with this higher order solu-
tion for f; by employing a higher order vorticity equation. Importantly, the vorticity
equations obtained in this section only give to higher order the short wavelength, non-
axisymmetric part of the potential. The axisymmetric piece of the potential must be
calculated employing another equation. The axisymmetric component is composed of
the flux surface averaged piece, given by the conservation of toroidal angular momen-
tum equation (2.21) and the higher order viscosity (5.10), and a poloidally varying
modification. The poloidal variation is the Geodesic Acoustic Mode (GAM) response
[68, 69]; the initial transient of an axisymmetric perturbation in the potential. The
perturbation initially induces poloidal density variations that rapidly Landau damp
towards a constant zonal flow known as the Hinton-Rosenbluth residual [10, 11]. This
initial decay or GAM is axisymmetric and thus does not drive radial transport. It
can, however, shear the turbulence. The lower order vorticity equations (4.45) and
(4.53) reproduce the lower order GAM response. The new higher order vorticity
equations derived in this subsection will not have, however, higher order corrections
to GAMs. It is relatively straightforward to calculate the higher order corrections
analytically, but they complicate the vorticity equations unnecessarily since in reality
the GAM response is believed to be less important than the Hinton-Rosenbluth resid-
ual, that is adequately kept by the gyrokinetic ion Fokker-Planck equation (3.39) and
the toroidal angular momentum conservation equation (2.21). For this reason, I will
drop the higher order axisymmetric corrections to the gyrokinetic vorticity equations
(4.45) and (4.53).

In subsection 5.3.1, I show that equation (3.39) is enough to calculate the distri-
bution function to order gé2fys;. I also argue that the second order corrections R,
and E, are not needed since they only provide corrections of order 62 fs;. Employ-
ing these two results in subsection 5.3.2, I extend the gyrokinetic vorticity equations
(4.45) and (4.53) to give the electrostatic potential consistent with the higher order f;.
To do so, I develop an extended gyrokinetic equation in the physical phase space, as
I did in subsection 4.3.1, but now to order ¢é? fy;v;/L. Taking moments of this equa-

tion, I obtain the new extended vorticity equations that retain the short wavelength,
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Figure 5-1: High flow ordering for the ion parallel velocity with B,/B < 1. Notice
that the poloidal projection of the E x B drift must be comparable to the poloidal
projection of the ion parallel velocity, giving vg ~ (B,/B)Vy ~ (Bp/B)v; < v;.

non-axisymmetric pieces of the potential to higher order.

5.3.1 Higher order ion distribution function

To find fi(R, E, u, t) to order 82 far;, it is necessary to solve a higher order gyrokinetic
Fokker-Planck equation. Similarly, for the higher order potential, it is necessary
to find a higher order gyrokinetic vorticity equation. In this section, I show that
under certain assumptions, the second order gyrokinetic Fokker-Planck and vorticity
equations can be easily deduced from their first order versions.

There has already been some work in transport of toroidal angular momentum
in gyrokinetics. For these studies, it was necessary to realize that the Reynolds
stress tends to vanish to order 62p; in the low flow limit, becoming of order &3p;.
In references [65, 66, 70] the revised approach is ordering the parallel velocity as
comparable to the ion thermal speed. Since for sonic velocities, the plasma can only
rotate toroidally [71, 72], a sonic parallel velocity requires, in general, a sonic £ x B
drift to cancel its poloidal component. However, sonic E x B drifts invalidate the
gyrokinetic derivation of chapter 3. To avoid this problem, references [65, 66, 70]
do not reach sonic E x B velocities because they take advantage of the expansion
parameter B,/B <« 1. The perpendicular E x B drift is small compared to the thermal
speed by B,/B, making the traditional gyrokinetic formulation based on subsonic

E x B motion still valid [see figure 5-1]. Under these assumptions, the toroidal velocity
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is given by —cR(0¢/0v), and the radial transport of toroidal angular momentum is of
order 67p;, as can be found from equation (5.5). The term with the time derivative in
equation (5.5) is still negligible if the turbulence reaches its statistical equilibrium, but
the collisional term, proven to vanish for up-down symmetric tokamaks in section K.2
of Appendix K, contributes to order §2p; because the sonic parallel velocity breaks the
up-down symmetry by introducing a preferred direction in the Maxwellian. Similarly,
the Reynolds stress (5.6) in this case is of order 67p;. In reference [66], the Reynolds
stress is calculated employing the d f code GYRO with sonic parallel velocities, and
it does not vanish to order §2p;, as expected.

This approach has the disadvantage of making the toroidal velocity only depend
on the radial electric field 0¢/9v. Density and temperature gradients cannot compete
with the radial electric field, and therefore it is not possible to recover naturally the
isothermal radial Maxwell-Boltzmann solution, or the dependence of the velocity on
the temperature gradient. I propose an alternative approach with subsonic velocities
that at the same time avoids solving a full second order gyrokinetic equation. It
exploits the extra expansion parameter B,/B < 1 in a different manner.

In the new ordering with B,/B < 1, the parallel gradient is of order 1/qR, with R
the major radius and ¢ ~ B/B, > 1 the safety factor. As in section 4.1, the ion and
electron zeroth order distribution functions are assumed to be stationary Maxwellians
with only radial dependence, i.e., f; >~ fu(¥) and fe =~ fare(w). With the new order-
ings, the size of the first order correction to the Maxwellian h;; changes depending on
the nature of the correction, i.e., depending on whether it is turbulent, due to non-
axisymmetric potential fluctuations, or neoclassical, given by the long wavelength,
axisymmetric pieces. For the neoclassical banana regime pieces, the term vg - Vg f;
is negligible [recall the discussion in section 4.1], and the neoclassical correction A2 is
determined by a balance between the parallel streaming term ub-Vgh2 ~ (v;/qR)h2e
and the magnetic drift term vs - Vg far; ~ (pi/ R)v; fui/a, giving a neoclassical piece
of order hi{ ~ qd; fa; when the transit average collisional constraint is satisfied. On
the other hand, in tokamaks, turbulence is driven by toroidal drift wave modes in

which the parallel streaming term ub - Vg f; is of secondary importance. The turbu-
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lent contributions ht> are determined by the competition between the magnetic drift
term vy - VRh® and the E x B drift term v - VRh'P. The orderings of (3.1) still
hold, giving that for kyp; ~ 1, h?/far; ~ e¢®®/T, ~ 6;. The turbulent contribution
ht> is then smaller than the neoclassical piece hiS by a factor of 1/q.

To calculate the axisymmetric radial electric field in a completely general manner,
the gyrokinetic treatment needs to be extended to provide the pieces h;y ~ 82 fas; of
the ion distribution function. This would require calculating the gyrokinetic Fokker-
Planck equation (3.39) to higher order, i.e., obtaining the time derivatives of the
gyrokinetic variables R, E and p to an order higher in §;,. However, as just noted, there
are terms that are larger by ¢ > 1. Instead of calculating the complete O(d2 faz;v;/L)
gyrokinetic Fokker-Planck equation, I will only keep the terms that are larger by gq.
To identify these terms, Ilet f; = far; + hiy + hio +. .. and then write the gyrokinetic

equation for the second order perturbation as

ahi H nc

8t2 + [ub(R) + V4] - VRhia = (C{fi})® = —va- Vrh]

- Ze, Ohir | oy Mfrsi
—R® - Va(fui + hiy) + 77 [WP(R) + V] - VR<¢>8—}31 n E(2)7:“4" (5.25)

with (C{fi}}® = (C{f}) = (CO{fmi + ha}), R® = (R) — [ub(R) + v4] and
E® = (E)+(Ze/M)[ub(R)+vy]-Vr(4). Here, (C{f;}), (E) and (R) are calculated
to order 62vi;fari, 02v3/L and 82v;, respectively; an order higher than in equation
(3.39). Notice that the first order correction h;; enters differently depending on
its nature. The turbulent short wavelength piece h{® has large gradients and it is
multiplied by the small quantity R, while the gradient of the neoclassical piece hi¥
is small but is multiplied by the lowest order term v, > R®.

On the right side of equation (5.25), the dominant terms are —v, - VRhY and
(Ze/M)[ub(R) + vy - Vr(¢)(0h™/OE) because h2 is larger than all other terms
by a factor of g. The higher order corrections R® and E® are finite gyroradius
correction that do not contain any ¢ factors. Since A}y determines the parallel velocity
and the parallel heat flow, the term v, - VgAY represents the effect of the gradient

of the parallel velocity and parallel heat flow on turbulence. This term is not kept

114



in §f flux tube codes because only the short wavelength pieces of the first order
correction to the distribution function are calculated. We see from (5.25) that it is
possible to simply add this neoclassical term to the § f gyrokinetic equation along with
(Ze/M)[ub(R) + vu] - Vr($)(8R2/OE). In full f codes, the distribution function
is solved from the lowest order equation (3.39). In this equation, the terms —vj -
Vrhi and (Ze/M)[ub(R) + vi] - Vr(0)(8h2/OE) are naturally included, so it is
not necessary to write the gyrokinetic equation to higher order than (3.39).

As for h;1, the function h;; has a turbulent piece hiY, and a neoclassical piece hZs.
The turbulent piece is given by the balance between the drifts v4- VRh® ~ §vik bt
and the driving term vy - VR ~ q02v;fari/a, giving hid ~ o2 far; for kip; ~ 1.
The neoclassical piece is a result of a balance between the parallel streaming term
ub- Vrhjs ~ (vi/qR)h}s and the magnetic drift term v - VRAX ~ (pi/ R)viqd; furi/ a,
leading to A% ~ ¢%62 fas;.

Since At is larger than 62 fur; by a factor of g, the second order corrections R, and
E, give negligible contributions to the second order piece of the distribution function.
To see this, Taylor expand f;(R, E, u,t) around R, = r+; v x b, Ey and po. Then,
the terms Ry - Vg, fig and E»(0fri/0E,), of order 62 fusi, are negligible. This fact
simplifies the integration in velocity space in (5.10), since it is enough to keep only
the first order corrections R;, E; and u;. Finally, the gyrophase dependent piece
fir defined in (3.38), vanishes [f; ~ —Q;! [*d/(CO{RX} — (CO{RX})) = 0 since
Ohiy /0o = Q).

5.3.2 Higher order electrostatic potential

In this subsection, I find the gyrokinetic vorticity equations (4.45) and (4.53) to
higher order. To simplify the derivation, I limit myself to the short wavelength, non-
axisymmetric contributions to the vorticity equation — the ones responsible for the
turbulence. The flux surface averaged component of the potential will be given by
the conservation of toroidal angular momentum. For the usually unimportant GAM
response [68, 69], it is enough to retain the first order terms, already in the lower

order gyrokinetic vorticity equations (4.45) and (4.53).
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Finding the higher order vorticity equation becomes a simple task because the
higher order corrections to the gyrokinetic variables Ry and F, are negligible. Quasineu-
trality must be enforced for the gyrokinetic Fokker-Planck equation with the new
terms vy - VrhE and (Ze/M)[ub(R) + vy - Vr(¢)(8h2/OE), and a O(q82fr;)
distribution function given by

Z eq~5 0

fi(R,E,p,t) ~ fig + S7a a—EO(sz‘ +hT) +

1 0k
Bow |’

(5.26)

with fic = fi(Ry, Eo, ttg:t), Ry = 1+ Q7'v x b and py = p — Zed/MB # py.
In expression (5.26), A (R, E, p, t) ~ h¥(r, Eo, po, t). It is convenient to extract the
VA eq~5/M B portion of p by introducing ;4 so we can take advantage of previous results.

As I did in section 4.3, I will find the vorticity equations by taking moments of
the gyrokinetic Fokker-Planck equation (3.39); in this case to order ¢é?fasv;/L. To
write (3.39) in physical phase space, I will first find the evolution equation for fig.
Equation (3.39) gives the evolution of fi¢ if R is replaced by Ry, E by Ey and p by
Lg, giving to order qd? fas;v;/ L

of; . Z ) .
%"tg N + [ugb(Ry) + Vo] - | VR, fic — 'Mevng <¢>8_E0(fMi +h1)| =
(C{fiD)IR~Ry,E=Bopppgs  (5.27)
with
2 A
Vag = Qi?ﬁg)b(Rg) x Vg, B(Ry) + Qiz‘ﬁg)b(ag) x k(R,)
~ By Ve ()R, ) X B(Ry) (5.28)
and
uy = /2[Eo — 1y B(R,)] = /2[E — uB(R)] = u, (5.29)

where Ey = Ze¢/M and p — g = Zed/M B(R,) cancel exactly to give the second
equality. In equation (5.27), I have neglected terms of order 62fss; by taking the
approximation Of;c/0Eq ~ O(fa: + hi)/OE,.
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Equation (5.27) needs to be written in the physical phase space variables. To
the order of interest, Vg, fic = Vg,r - Vfic + Vg, po(OhX/Op) and VR, ($) ~
VRQI' 'v(d’), with vRguo = *VRgﬂlo =~ *vﬂlo and Mg — o = [h10 = Uy — ZGCE/MB-
Then, equation (5.27) becomes

— Z
ot |, + [ub(Rg) + Va0 + Vio] - Vi, - |V fic — ‘MEV< >0E0(fM’ + hiy)
ahnc
—yb-V C{f:}).(5.30
b~ Vinog - = (C{/f})-(5.30)

Here, the term (v4y — Va0 — VEo) - VRSic ~ 02 farivi/ L has been neglected. In the
collisional term (C{f;}) in (5.30), it is necessary to consider pieces of order q&%v;; fa:
that come from the gyroaverage of C(¥{h} performed holding the higher order
gyrokinetic variables Ry, E and p fixed, with C® the linearized collision operator.
These terms are not considered in Appendix H, where the gyrokinetic variables are
approximated by Ry, Ey and po. Fortunately, the collision frequency is usually small,
making these terms negligible. Ignoring these terms and assuming that the collision
operator can be treated as in Appendix H is reasonable and simplifies the rest of
the derivation. Finally, employing the results in section F.2 of Appendix F, equation
(5.30) gives

Ofic
ot

+ ul
B

r,v

{ [ fic (R VR,T )} ai [(sz+h )B - Vlho]
A ER R ACR ORI
= (C{fi}), (5.31)

0

~3gr |fi + BB - Veoro] -

—

with R-VRgr from (4.15). Notice that equation (5.31) is equivalent to equation (4.23)
except for the changes fu; — fai + AiY and fiy — fic.

The same moment equations that were obtained with (4.23) can be found for
equation (5.31), but now with fic instead of fi; and fas; + A instead of fyr;. The
differences between equations (4.23) and (5.31) are enough to invalidate some of

the cancellations that were found in Appendix G. For example, in the momentum
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conservation equation for ions (4.38), the piece of the viscosity M [d®v figv)ovy,
with v)jp given in (4.16), reduced to M [ d3v figu v because the small correction
M (o — v)|)vL, composed of terms that are either odd in v or in v, vanished when
integrated over the lowest order Maxwellian. In the new vorticity equation, terms of
order q6?p;/L must be retained in the momentum conservation equation, leading to
a new non-vanishing term M [ d®v hl{(vjo — v))v.. Fortunately, most terms like this
one are axisymmetric and only enter in the calculation of the flux surface averaged
radial electric field and the higher order GAM response. To calculate the flux surface
averaged radial electric field, the toroidal angular momentum conservation equation
is to be used, and to simplify the equations I ignore the higher order corrections to the
GAM response that is expected to be unimportant, as already discussed. Therefore,
the vorticity equation is only employed to solve for the non-axisymmetric, turbulent
fluctuations in the potential, and many of the cancellations employed in Appendix G
are recovered. Additionally, the difference fic — fig = (g — t10) (Oh2 /Opo) ~ q07 fui is
also a long wavelength, axisymmetric piece, and it will not enter in the equations for
the non-axisymmetric electric field. Then, f;; can be approximated by the simpler
distribution function f;; = fi(Ry, Eo, tto,t). The generalized particle conservation
equation can be found following section G.1 of Appendix G by ignoring the purely
axisymmetric contributions of Y. Then, the non-axisymmetric component of particle

conservation is

0 ~ .
with B B
Zed Ze¢ (OhX 1 ORI
@__ [ . 3, 2P il - 9 .
gy /dvTierl-/de (BE0+B(9/LO (5.33)
and
Vgl = / v figuy # niViy. (5.34)

The rest of the terms in (5.32) are as defined in subsection 4.3.3, although now the tur-

bulent second order contribution A% implicitly enters in the integrals via the solution
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[i to the full gyrokinetic equation (3.39). The non-axisymmetric piece of the mo-
mentum conservation equation can be obtained following section G.2 of Appendix G,

finally giving

a A ~ o} o d
—az (n,MV,g) -+ b[b . Vpig” + (pig” - pigl)V -b +V- ﬂ'ig“] + V- Tigx=

o (6 Vil 20F L g
~Zenb b+ b x k) - Vo+ FPb+F +Fie,  (5.35)

i
with n,Vi¢ = [ d®vuyhly,

. . 1_ .
FD = Ze [ o (fure + 1) (b + b xr+ T x V_L) v (5.36)

and
(2) 3 ) s, Mc VA v T EVE R vz
FiB = /d ’UMfig'U||b'VVJ_+/d 'U?(fMi +h,-1)(V¢ X b) ‘VVJ_. (5.37)

Again, the rest of the terms are as defined in subsection 4.3.4, but with the higher
order piece hiY implicitly included.

The moment equations (5.32) and (5.35) can be used to extend the gyrokinetic
vorticity equations (4.45) and (4.53) to order gé7en.v;/L. Combining equation (5.32)

with the electron number conservation equation (4.26) gives the vorticity equation

-(%(Zeng)) =V. (J;ﬁ)b + Jga + Ji+ Zen, V; + ZeniViC) , (5.38)
with
J3) = ZenViyl — en.Viy, (5.39)

and the rest of the terms as defined in subsection 4.4.1 with A% implicit. Finally,
combining (5.38) with (5.35) gives
dwg 5(2)

En =V- Jg” b + Jgd +J1¢ + Ef) X (V 7?16‘) + Zen;Vic — %B x Ficl, (540)

119



with

z - 7% 722 (Oh 1 OhXe
w§§>:v.(§$/d3vﬁgvxb)-/d3v e¢fM,~+/d3v e¢<8“+—a“>,

T; M an B aﬂo
(5.41)
. . Zec- L
ng) =Ji- Bgc,b X /dgv (fai + hY) (Vo xb)- Vv, (5.42)

and the rest of the terms as defined in subsection 4.4.2. Both equations (5.38) and
(5.40) can be used to find the short wavelength non-axisymmetric pieces of the po-
tential consistent with the higher order f;. The flux surface averaged component of
the potential is given by the conservation equation of toroidal angular momentum.
Finally, it is important to remember that dropping the higher order axisymmetric
terms in equations (5.38) and (5.40) implies dropping the higher order corrections
to the GAM response [68, 69]. I expect this response to be unimportant for core

turbulence based on previous experience with tokamak core simulations.

5.4 Discussion

The fast time average of equation (5.10) provides the irreversible transport of toroidal
angular momentum across the tokamak. This irreversible transport determines the
toroidal rotation profile and hence the self-consistent radial electric field.

It is expected that the fast time average of equation (5.10) is of order 63p;, requiring
then a distribution function good to order 67 fys; and a potential consistent with this
higher order distribution function. It is in principle possible (if not in practice) to
obtain a gyrokinetic equation able to provide such accurate results, but in this thesis
I propose an alternative approach. To simplify the problem, I take advantage of
the expansion in B,/B <« 1 to prove that the gyrokinetic Fokker-Planck equation
(3.39) is enough to obtain the distribution function up to order ¢d2fu;. In 8f flux
tube codes, the distribution function cannot be calculated to higher order than d; fas;
because of the present implementation technique, but these codes can be adapted
by adding terms that contain the first order neoclassical correction Aj}Y. In full f

codes, the gyrokinetic equation (3.39) is fully implemented. Once the turbulence has
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Figure 5-2: Procedure proposed to obtain the long wavelength axisymmetric radial
electric field.

reached statistical equilibrium, the long wavelength axisymmetric flows must be close
to the neoclassical solution, and the orderings described in this chapter hold, leading
to solutions valid up to gd2 fas;.

Finally, I have extended the gyrokinetic vorticity equations (4.45) and (4.53), and
written them in (5.38) and (5.40). These vorticity equations have only been found for
non-axisymmetric pieces of the potential, giving then the non-axisymmetric turbulent
fluctuations consistent with the higher order f;. The flux surface averaged component
of the potential cannot be calculated from these vorticity equations, but it can be
solved from the conservation of toroidal angular momentum (2.21).

The method proposed to self-consistently solve for the long wavelength axisym-
metric radial electric field in the presence of drift wave turbulence is summarized in

figure 5-2. To be specific I employ the higher order gyrokinetic vorticity equation
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(5.40). The solution must be reached by time evolution of ¢, f; and f,. Employing
the gyrokinetic Fokker-Planck equation (3.39) and the electron drift kinetic equation
(3.49), the ion and electron distribution functions f;(R, E,u,t) and f,(r, Ey, o, t)
are evolved in time. To find the corresponding electrostatic potential, we first split
it into the flux averaged component and the turbulent piece by, for example, Fourier
analyzing it into toroidal and poloidal modes. For the turbulent pieces, we must em-
ploy the higher order gyrokinetic vorticity equation (5.40). The flux surface averaged
component of the potential is obtained by evolving the axisymmetric toroidal rota-
tion V; - ¢ with equation (2.21) and the viscosity given in (5.10). Once the toroidal
rotation is found, the axisymmetric radial electric field is obtained using the lower

order result (4.4) to write

FnVi- b= [dfRte-8) - [ #0722 fm(e )
cR? (0Op; 0¢
o VW - 5 (‘a?Z + Zeni w) (5.43)

where to write this last expression I have used the neoclassical relation (4.2). Here, f;,
depends implicitly on ¢(¢). Finally, the turbulent and flux surface averaged compo-
nents of the electrostatic potential are added to obtain the total electric field, and the
distribution functions f; and f, may be evolved in time again. Notice that equation
(5.10), employed here to find the radial electric field, requires that the radial wave-
lengths be longer than the ion gyroradius. This limitation is probably unimportant

since the zonal flow is characterized by k, p; ~ 0.1 [12].
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Chapter 6

Conclusions

In this thesis, I have proven that the current gyrokinetic treatments, composed of a
gyrokinetic Fokker-Planck equation and a gyrokinetic quasineutrality equation, can-
not provide the long wavelength, axisymmetric radial electric field. Employing the
vorticity equation (2.9), I first showed that setting the radial current to zero to ob-
tain the axisymmetric radial electric field is equivalent to solving the toroidal angular
momentum conservation equation, given in (2.21).

In chapter 3, I present a new derivation of electrostatic gyrokinetics that general-
izes the linear treatment of [58, 59]. This derivation is useful in chapter 4 to study the
current conservation or vorticity equation in steady state turbulence. To simplify the
problem, I assume that, in statistical equilibrium, the turbulent fluctuations within a
flux surface must be small by §; = p;/L because of the fast transport along magnetic
field lines. Then, the long wavelength axisymmetric flows must remain neoclassical,
and the tokamak is intrinsically ambipolar even in the presence of turbulence, i.e.,
(J-Vp)y =~ 0 for any long wavelength axisymmetric radial electric field. According to
the estimate in (4.9), the radial current density associated with transport of toroidal
angular momentum is so small that modern gyrokinetic treatments are unable to self-
consistently calculate the long wavelength radial electric field. For most codes, long
wavelengths are those above /p; L.

To solve this issue, I propose to solve a vorticity equation instead of the gyroki-

netic quasineutrality equation. The vorticity equation has the advantage of showing
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explicitly the dependence on the transport of toroidal angular momentum. I have
derived two approximate gyrokinetic vorticity equations. Vorticity equation (4.45)
is similar to the gyrokinetic quasineutrality equation, and vorticity equation (4.53),
on the other hand, is constructed to resemble the full vorticity equation (2.9). The
two gyrokinetic vorticity equations (4.45) and (4.53) are equivalent to the full vortic-
ity equation (2.9) within terms of order §;. The long wavelength radial electric field
cannot be found from these gyrokinetic vorticity equations because they are miss-
ing crucial terms. However, they satisfy a very desirable property explicitly, namely,
the long wavelength toroidal velocity tends to be constant for the short turbulence
saturation time scales.

To complement the gyrokinetic vorticity equation, I propose using the conserva-
tion equation for the toroidal angular momentum (2.21), where the toroidal-radial
component of the ion viscosity (Ré - m; -Vap),, is given to order 6%p; in (5.10). Unfor-
tunately, expression (5.10) requires a distribution function and a potential of order
higher than calculated in gyrokinetic codes. In section 5.3, I show that, for ¢ > 1,
the ion distribution function can be found to high enough order by employing the full
f gyrokinetic equation (3.39). The gyrokinetic vorticity equations (4.45) and (4.53),
however, have to be extended to determine the higher order potential. Equation
(5.38) and (5.40) are the higher order versions of (4.45) and (4.53).

To summarize, to obtain the self-consistent electric field, it is necessary to re-
frain from using the lower order gyrokinetic quasineutrality equation. Instead, the
electric field has to be found by employing a higher order formulation like the pro-
posed vorticity equation (2.9). Moreover, since the axisymmetric contributions to the
vorticity equation are equivalent to the conservation of toroidal angular momentum,
only the non-axisymmetric pieces of the potential must be found by employing higher
order gyrokinetic vorticity equations like equation (5.38) or equation (5.40). The
axisymmetric electric field should be found from (2.21) employing the toroidal-radial
component of the ion viscosity in (5.10). At the same time, the ion distribution func-
tion evolves according to (3.39). In order to implement this methodology, I foresee

several steps. First, the lowest order gyrokinetic vorticity equations (4.45) and (4.53)
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should be implemented in § f flux tube codes. These codes are well understood and
easy to study. Equation (4.45) is appealing since it is very similar to the gyrokinetic
quasineutrality equation. If the vorticity equations show good numerical behavior in
0 f flux tube codes, they should be then implemented in full f codes. For runs that
stay below transport time scales, these vorticity equations are still valid. Finally,
the transport of toroidal angular momentum given in (5.10) must be studied. To
do so, it is necessary to calculate the potential and distribution function to higher
order, requiring then the higher order versions of the gyrokinetic vorticity equations
(5.38) and (5.40). Again, it will probably be easier to study these equations and the
transport of toroidal angular momentum in § f flux tube codes first, and then, finally,

implement this method in full f models.
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Appendix A

Derivation of the gyrokinetic

variables

In this Appendix the detailed calculation of the gyrokinetic variables is carried out. In
section A.1, the gyrokinetic variables are computed to first order in ;. In section A.2,
the gyrokinetic variables R and E are extended to second order, and the gyrokinetic
magnetic moment p is proven to be an adiabatic invariant to higher order. Finally,
in section A.3, the Jacobian of the transformation from the variables r, v to the
gyrokinetic variables is calculated. The Jacobian is employed to write the gyrokinetic

equation in conservative form.

A.1 First order gyrokinetic variables

It is convenient to express any term that contains the electrostatic potential ¢ in
gyrokinetic variables, mainly because the electrostatic potential components with
k1 p; ~ 1 cannot be Taylor expanded. In order to do so, I will develop some useful
relations involving the potential ¢ in subsection A.1.1. With these relations, the first

order corrections, Ry, Ej, ¢ and p;, are derived.
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A.1.1 Useful relations for ¢

I first derive all possible gyrokinetic partial derivatives of ¢ and their relation to one
another. To do so, only R = r + Q;'v x b + O(62L) is needed.

The derivative respect to the gyrocenter position is
Vro(r) =Vo+ Vgr(r—R) - Vo =Vo+ 0T, /eL) ~ V. (A1)

The derivative respect to the energy is

B—E—aE(r—R)-qu—O(JiM/e)_O, (A.2)
since r — R only depends on E at O(62L).
Using r — R oc /[1(€; sin ¢ — &; cos @), the derivatives with respect to 2 and ¢ are

calculated to be

— N C L .
o9 — _(r__R)- Vo ~ o (vxb) Vo (A3)
and
— — . ~ __1_ .

I will need more accurate relationship than (A.1) and (A.4) for the second order

corrections. They will be developed in subsection A.2.1.

A.1.2 Calculation of R;

The first order correction R; is given by (3.9), where in this case, Qo = Ry = r.
The total derivative of Rg is dRy/dt = v = vnf) + v,, and its gyroaverage gives
(dRo/dt) = v”f) + O(6;v;). By employing v, = (v x b)/dgo, equation (3.9) gives
(3.14).
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A.1.3 Calculation of E;

The first order correction E, is given by (3.9), where Qg = Ey = v?/2 and dQ,/dt =
dEy/dt = —(Ze/M)v - V¢. It is convenient to write E; as a function of R, E, y and
¢. To do so, I use (A.1) and (A.4) to find

-v-V¢ = ——v”f)-qu—-vJ_-V(bz——UHB-VRcb-ingg. (A.5)
Notice that b- Vré < b- Vg (¢) because ¢ is smaller than (#). As a result, dEy/dt ~
~(Ze/M)yb - Vr(g) + (ZeQu/M)3¢/dp and (dEo/dt) = —(Ze/M)vyb - Vr{¢) +

O(6;v3/L). Then, equation (3.9) gives (3.25).

A.1.4 Calculation of ¢,

The first order correction ¢; is given by (3.9), where Qg = ¢o. The zeroth order
gyrophase ¢ is defined by equation (2.2). According to this definition, upon using
Voo = —vTv x b and Vi = (m/ v2)Vb - (v x b) 4+ V&, - &, the total derivative
of g is

ifﬂ__g‘_zzez?é
dt ' M?2cou

<

2
~ V) ~ ~ ~
+(vxb)- |[VInQ +—1b-Vb—bx Ve -é
1
+-2-%—2—{VL(V xBb) + (vx b)v.]: Vb, (A.6)
1
where the potential ¢(r,t) and the gyrofrequency Q;(r) have been written as functions

of the gyrokinetic variables by using (A.3) and Q;(r) ~ Q;(R) + (r — R) - VQ,,

respectively, and I have used the relations (v v ) ~ vivy = (v}/ 2)(? —bb) and

~

Vive— (vivi) = 2vivi = (v X B)(v x B)] (A7)

Here, (...) is the gyroaverage holding r, v, v, and t fixed, and (...) is the gyroaverage
holding R, E, p and t fixed. These two gyroaverages are equivalent in this case
because the functions involved do not have short wavelengths. A detailed derivation

of (A.7) and other velocity relations can be found in Appendix B.
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In equation (A.6), the function €; is given by equation (3.31). Upon gyroaveraging
(A.6), I obtain {dpo/dt) = —Q; + O(62€;). Finally, ¢, is obtained from (3.9) by
employing v X b = —8v, /A, and

- - 10

vlvl—(vxb)(vxb)z55—%[vl(vxf))+(vxf))vl], (A.8)

giving equation (3.29). Relation (A.8) is proven in Appendix B.

A.1.5 Calculation of y;

Calculating u; requires more work than calculating any of the other first order cor-
rections since we want y to be an adiabatic invariant to all orders of interest. This
requirement imposes two conditions to p;. One of them is similar to the requirements
already imposed to Ry, E; and o1, duo/dt — Q;(0u1/0p) = (due/dt) = 0, but there

is an additional condition making uo + p; an adiabatic invariant to first order,

Lt ) =0 (222 (A.9)
The solution to both conditions is given by
— L e / d,u() duo
=g [ (B2 - (%)) 4 G (A10)

Notice that the only difference with the result in (3.9) is that the gyrophase indepen-
dent term, (u;), must be retained, making it possible to satisfy condition (A.9).
Employing V,uo = v, /B and Vg = —(v2 /2B2)VB — (v;/B)Vb - v, I find that

the total derivative for o = v /2B is

duo  Ze v? v -
i MB'* vf opevi VB - b Vbovy
—-%[vlvl — (v x b)(v x b)] : Vb, (A.11)

where I have used the relations (v ,v,) @ Viv] = (vi/2)(? —bb) and (A.7).

Notice that the gyrophase independent terms in (A.11) cancel exactly due to
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b-VinB+ V-b = 0, making yo an adiabatic invariant to zeroth order. The term
that contains ¢ in (A.11) is rewritten as a function of the gyrokinetic variables by
using (A.4), to give —(Ze/MB)v, - V¢ = (ZeS);/M B)0d/ 0.

Applying (A.10), p; is found to be given by (3.34). To get this result, I have
employed v, = (v x b)/p, and (A.8). The average value () = —(v v} /2BQ;)(b-
V x b) was chosen to ensure that condition (A.9) is satisfied. In previous works
[19, 73], it has been noticed that solving (A.9) may be avoided and replaced by
imposing the relation E = [dR/dt - b(R)]?/2 + uB(R) on the gyrokinetic variables.
This procedure works in this case, and allows me to find (u;). I will prove that the

chosen (1) satisfies condition (A.9) in subsection A.2.4.

A.2 Second order gyrokinetic variables

To construct the gyrokinetic variables to second order, higher order relations than
the ones developed in subsection A.1.1 are needed to express ¢ as a function of
the gyrokinetic variables. These extended relations are deduced in subsection A.2.1.
Using them, the second order corrections Ry and F> and the gyrophase independent
piece of the first order correction (i) are calculated. The magnetic moment and the

gyrophase are not required to higher order.

A.2.1 More useful relations for ¢

To calculate the second order correction E; and the gyrophase independent piece (1),
the expressions b- (V¢ — VRo) and v - V¢ must be given in gyrokinetic variables to
order 6;T./eL and 6;T,v;/eL, respectively.
For b - (Vé — Vre), I use V¢ = VR - Vro + VE(3¢/OE) + Vu(0é/du) +
V(0¢/0p) to write
09

B-(Vqﬁ——VRcb):B-VRl-VR¢+B-Vu05;+B-V<pO

0
9 (A12)
d¢

where I have neglected higher order terms. Here, it is important that the gradient is
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parallel to the magnetic field, since Ry, ¢, and ¢, have pieces with short perpendicular
wavelengths that are important for the perpendicular component of the gradient. Em-
ploying VR = —Q;[(VIn B)(vxb)+Vbxv], Vg = —(v2 /2B%)VB—(v/B)Vb-v,
Vo = (y)/ v2)Vb - (v x b) 4+ V&, - & and the lowest order relations (A.3) and (A.4)
for 0¢/0u and 0¢/0¢, 1 obtain

b (V6 ~ Vag) = ~55-(b- VE)(v x b) - Vo
1. . . . .0
~ 55+ Vb (v B)(b- V) + b Véy. e1£. (A13)
To find this result, I have used
_U . vh.v, 2 4 u 00 _ YIg . wh .- (b
Bb Vb vlau b Vb - (v ><b) P Qib Vb - (b x V¢), (A.14)

where I employ (A.3) and (A.4) for d¢/0u and d¢/dp, and the relation v, (v x B) -
(vxb)v, = vi(? xb). This relation is obtained from the fact that v, and v x b
expand the vector space perpendicular to the magnetic field, giving v v, + (v x
b)(v x b) = v2 (I —bb).

To calculate v - V@, I use that the total time derivative for ¢ in r, v variables is

d¢ ‘%1 +v- Vo, (A.15)

while as a function of the new gyrokinetic variables it becomes

d¢ 8¢

dt ot

o .0
+R-Vpg+Eqz + 5 (A.16)

R, E,u e

Combining these equations gives an equation for v - V¢,

Ve (a¢ ) ¢ ¢

EZ2 —R-Vgpo — p—r, (A.17)
0 E g0) OF 3o

ot ot

where the left side of the equation is of order O(T,v;/eL). I analyze the right side term
by term, keeping terms up to order 6;T.v;/eL. Noticing that ¢(r,t) = ¢(R+(r—R), t),
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the partial derivatives with respect to time give the negligible contribution (9¢/dt|, —
0¢/0t|r. E, 4, ) = —0(r — R)/0t - V¢ = O(82T,v;/eL), since the time derivative of
r — R can only be of order 62v; for a static magnetic field. The partial derivative with
respect to E is estimated in (A.2), giving that E 9¢/0E = O(62T,v;/eL) is negligible.
The total derivative R has two different components, which I will calculate in detail
in subsection A.2.2. These components are the parallel velocity of the gyrocenter,
uf)(R), of order v;, and the drift velocity, v4, of order §;v;. Using this information, I
find ub(R) - Vg = O(T,vi/eL) and vq - Vre = O(6;T.v;/eL). Finally, the last term
in the right side of (A.17) is p(0¢/0¢) = O(T.v;/eL), since ¢ ~ §; and d¢/dp =
d¢/8p ~ 8,T./e according to (3.17). Neglecting all the terms smaller than §;T,v;/eL,
equation (A.17) becomes

2

—v-V¢=—ub(R) - Vro — vq- VR + Q'EE’ (A.18)

A.2.2 Calculation of R,

The second order correction Ry is given by (3.10), where Qo = Ry = r and Q; =
R; = Q7 'v x b. The total time derivative of Ro+R;is

d R b c R
&Z(R(VFRI) =yb-v-V (5:> XV — EV({)xb, (A.19)
and its gyroaverage may be written as (d(Ro + Ry)/dt) = ub(R) + vg4, where u =
(o) + (v}/ 20;)(b - V x b), and v, has been already defined in (3.20). The function

u can be written as a function of the gyrokinetic variables. I express v as a function

of r, Ey and po, expand around R, E and g, and insert Ry, 1 and E; to obtain

vi

u) = 2(Bo — poB(r)) ~ /2(E — uB(R)) — 2_9,»6 'V xb
~2lb. Vb (v x ) — - [vi(v x B) + (v x B)v] : Vb, (A.20)

Finally, gyroaveraging and using (v, (v xb)+(vxb)v,) = 0 [a result that is deduced
from (A.7)] give u = \/2[E — pB(R)], which can be rewritten as (3.23).

132



Using (A.19) and (A.20), Taylor expanding b(r) about R and inserting the result
into (3.10) gives (3.15) and (3.19). To integrate over gyrophase, v x b = —dv, /9y,
and (A.8) have been used.

A.2.3 Calculation of F,

Equation (3.10) gives E,, where Qo = Ep = v?/2 and Q; = E; = Zqu/M. The
total derivative of Ey = v?/2 can be expressed as a function of the new gyrokinetic

variables to the requisite order by using (A.18) to obtain

dE, Z 0
Bo_ LoyvenZelnl %6 _ Lub(R) + v, Vnsh.  (a2)

From the definition of E; = Ze@/ M, use of gyrokinetic variables yields

dE; o = 99
—-(-it—— M {Ot [Ub(R) +Vd] VR¢ Q; (9(,0} (A.22)

Adding both contributions together leaves

Ze 6(,25

A (A.23)

B+ By) = ~ZEub(R) +val - Vr(6) + 71

As a result, F, is as shown in (3.26), and to this order, dF/dt is given by (3.27).

A.2.4 Calculation of (u,)

In this subsection, I will check that (u;) = ~(vnvi/2BQi)f) .V x b satisfies the
condition in (A.9). To do so, it is going to be useful to distinguish between the part
of d(uo + p1)/dt that depends on ¢ and the part that does not depend on ¢ at all
since these pieces will vanish independently of each other. I will write the piece of

d(po + p1)/dt that depends on ¢ as a function of the gyrokinetic variables, finding

Ze

d Ze d
7 —(po + 1) , = ‘M‘W - Vo — —Mvéb - Vot e + EE,UI'd)a (A.24)
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with )y = Zed/MB and |y = p1 — Zed/MB. The piece of d(uo + p11)/dt that

does not depend on ¢ is

d
i — (o + 1)

0
=V- V,uo - Qi—a—_ul!r’v +v: Vull,.,v. (A25)
Po

r,v

In this equation, the two first terms cancel by definition of y|, v, leaving

=V Vistlew- (A.26)

r,v

d
E(Mo + p1)

I will first prove that the gyroaverage of (A.26), (v-Vu|rv), vanishes to O(6;v¢/BL)
due to the choice of (u;). Afterwards, I will prove that the gyroaverage of (A.24)
vanishes to the same order, demonstrating then that ug+ u; satisfies condition (A.9).

To prove that (v - Vu;|,v) = 0, the function pt1]rv, is conveniently rewritten as

2

2
v -
Nllr,v == (V X b) :

2820 BQ 'V xb
Ul v||v i
5B, (vxb) Vb-v 4BQb V x b, (A.27)

where I use b- Vb = & and (2.8) to write b-Vb- (v xb) = v, -V x b, and I employ
equation (A.7) and (v v ) = (v3/ 2)(Y —bb) to find

A~ A A ~ A 2 -~ ~
%[vl(v xB)+ (vxB)v.]: Vb= (v xB)- Vb vy~ 5b - Vxb.  (A28)
I will examine term by term the gyroaverage of v - V[expression (A.27)]. Employing

v-V(}/2) = —v-V(v}/2) = —yyv - Vy, v-Vy = v- Vb -v and (vv) = (v2/2) 1
+off = (v1/2) )]bb, the first, second and fourth terms in (A.27) give

02
. vl ¢
<v V[QB%) (v x b) - VB]> QBzﬂb Vb - (b x VB)

4 2
vl . bXVB v 2_'UJ_ "- bXVB ~
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2 2,2
Uil : [
v-V{ggVvL-Vxb =300 Vb (Vxb)
vivd _ [(V x b) w2 - (Vxb).] -
[t I B BB R v KAL)
and
v(Wh v Uy b)b-V xh
4BQ; SBQ
viv? .. . vl b-Vxb
L [
4BQ,-(V b)b-V x b+ P v( B ) (A.31)

The contribution to (v - V) of the third term in (A.27) is calculated by using
v Vy =v-Vb.v, (vw) = (12/2) 1 +[vf — (v2 /2)]bb and

1
v ~ ~ A A A a
(L, 0L k01,100 m) = —=[(8;5 — bsbk) (Om — Dibim) + (050 — bjby) (Okm — brbm)
8

+(8jm — bibm) (O — beby)). (A.32)

This result is proven in Appendix B. With these relations, the third term in (A.27)

gives

< [239 (v xb)-Vb- v]> 16;Q (V-B)b-V x b

4 ~
T: [(b x Vb)- Vb] + B Q I: [(b x Vb) - (VB)T]

. 2 N .

- (vﬁ—g—vl)b [b v(bggb).s] - ity v(————b ;7ng>
2,2 C “ CN\T

U”'UJ, ' b x Vb 0 U”'Ul . (b X Vb) T

+ 1 v ( BO, b + 1 v B, b,

(A.33)

with (Vb)T and (b x Vb)7 the transposes of Vb and b x Vb.

Several terms in equations (A.29), (A.30), (A.31) and (A.33) simplify because they
vanish. In particular, equation (2.8), with b-Vb = &, leads to b-Vb-(V x b) = 0 and
b-V[(Vxb),/BQ]-b = —(BQ;)"'b-Vb-(Vxb) = 0. Also, b-{b-V[(bx Vb)/B,]-
b} =0, I: [(bx Vb) - (Vb)7] = —V-(bx Vb) b = 0 and V- [(b x V) /B -b = 0.
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With these cancellations, I find that equations (A.30) and (A.33) reduce to

2
VUt MG (bh. v x B
<v v(BQ be)> BQV (bb -V x b)

H 1 )

where I have employed V - [(V x b),] = =V - (bb - V x b), and

<v V[QZ;“Q( xb)-Vb- v]> SBQ )bV x b

ikt . (bb - :
+tip v (bb-V xb), (A.35)

where I have used BQ;b - V[(b-V x b)/BQ] = V- (bb-V xb) — (V-b+ 2b-
VinB)b-Vxb=V-(bb-Vxb)+(V-b)b-Vxb, B,V-[(bx Vb)T/BQ]-b=
~T:[(bx Vb)-Vb|] = —(V-b)b-V x b and

1: (b x Vb)- Vb] = (V-b)b- V x b. (A.36)
To prove this last expression, I write 1. [(b x Vb) - Vb] as a divergence, giving
1:[(bxVb).Vb] = V-[(b-Vb) xb]- I: (b-VVbxb)+b-Vb-(V xb). (A.37)

Then, relation (A.36) is recovered by using 1. (b-VVbxb)=b-V(Vxb)-b=
V.(bb-Vxb)—(V-bb-Vxb-—b-Vb-(V xb) and equation (2.8) to write
(b-Vb)xb=—(Vxb), andb-Vb-(V xb)=0.

In addition to equations (A.34) and (A.35), equation (A.29) can be written as

v? vﬁv?L R

4

4BQ

(V-b)b-V x b, (A.38)

where I use equation (2.8) to write b- Vb - (b x VB) = —(V x b), - VB, and I
employ B2,V - (b x VB)/BQ;] = (V x b) - VB, B2Q;b- V[(b x VB)/BQ;]-b =
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—b-Vb-(bxVB) = (Vxb),-VBand b-VB = —B(V-b). Finally, I add equations
(A.31), (A.34), (A.35) and (A.38) to obtain

viv? A . . .
. = 1ty ) . .
(v -Vilew) 1B, [V (bb-Vxb)+(V-b)b-Vxb
- b-V xb

the property I was trying to prove. Notice that the time derivative of (u;) =
—(vvi/ 2BQ;)b - V x b was necessary to obtain this result. The derivative d{u,)/dt
is in part responsible for the term (A.31).

There is still the piece of d(uo + p1)/dt that depends explicitly on the potential,
given in (A.24). I will next prove that it also gyroaverages to zero, the desired result.
The terms in (A.24) must be written as a function of the gyrokinetic variables in
order to make the gyroaverage easier. I will do so for each term to the required
order. The first term in (A.24) is —(Ze/M)V¢ - Vypuo = —(Ze/MB)v, - V¢. Using
v, V¢ =v-Vé—1yb- Vs and relation (A.18), I find to order 6;v}/BL

Ze Ze . - .
—’M‘W’ - Vyhio = M—B[Unb(r) -V¢ —ub(R) - Vr )
Ze ZeQ);, 0¢

In the lower order term [Ze§); /M B(r)](0¢/8¢), the difference B(r)—B(R) ~ —Q; (v

b) - VB is important, giving

ZEQ_,; 8¢ ~ Ze-ﬁl a¢ c R
MBI dp = MBR) 9y _ 57"+ VOl xb)-VB] (A.41)

where I employ the lowest order result d¢/0p ~ —Q;'v, - V4. The term w,B(r) .
V¢ — ub(R) - VR in (A.40) is to the order of interest

'U”E)(I‘) : V(f) - UB(R) . VR¢ =~ (’UH - U)B(R) : VR¢
+u[b(r) — B(R)] - Vré + ub(R) - (Vé — Vro), (A42)

137



where b(r) — b(R) ~ Q7Y (v x b)- Vb and b(R) - (Vo — Vgro) is given in (A.13).

The difference v;; — u can be obtained from (A.20), giving

Yt o o 1
4Q;

~ b Vxb=-— Qb Vb (v xb) —

[Vvi(vxb)+ (vxb)v,]: Vb

~Lb.Vxb, (Ad3)

where I use (A.28) to obtain the second equality. Employing (A.13), (A.41), (A.42)
and the definition of §; in (3.31), equation (A.40) becomes

Ze
MB

—C—”ﬂ(vxb) Vh- V¢ —

_%e.ws Votto = —=(b - Vo) [(vn - “> - ‘g?b Vb (vx B)]

c 5 B3 —L[(vxb)-V¢|(b-VB)

(Vi VO)[(v x ) VB] - Sy, . Vo)(b- V x b)
Ze Z2 2 Z3€3 a<¢> a¢
~3Bv Vro + (M2c + M3cB ) EvS (A.44)

To obtain this form, I used the lowest order result 8¢/ ~ —Q; v, - V¢ in the term
(u1/2)(b - V x b)(9¢/8%).
The second term in (A.24) is calculated employing (A.27), giving

Ze

MB(b Vo) ””b Vb (v x b) — (v — )

VA
"“A—;V¢ : Vvﬂllr,v =

Ze
§3(vl Vo)[(v x b) - VB]—}--MEVM Vo
232(% xb)-Vb.v, + 2}__)1'2(\; xb)-Vb-V¢
5 32( V$)(b-V xb), (A.d5)

with v —u from (A.43). Substituting equations (A.44) and (A.45) in equation (A.24),
the piece of d(po + 11)/dt that depends on ¢ is written as

d
;l—t(uo+u1)

_ (%, 2% 0(g)\ 09
s \M2c ' M3cB ou ) Op
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Zec - ~ d
+MBZ(VR<¢> x b) - Ve + d—tul|¢- (A.46)
Here, I have used
(V¢ xb)-Vb-v, — (vxb) - Vb-V¢=—(V-b)(vxb) V. (A.47)

To prove this last expression, I employ V¢ = v72[viv, -V + (v x b)(v x b) - V¢
to find

(Véxb)-Vb-v, —(vxb)-Vb-V¢=
1
v

[(v x b) - Vg|[vivy + (v x b)(v x b)] : Vb. (A.48)

Upon using 1 -bb= v2[vivy + (v x b)(v x b)], equation (A.47) is recovered.

Finally, the gyroaverage of equation (A.46) is zero. The term

d 0 . .0
Sptle = grmule + R - Vepulg + (pb?“’l"’ (A.49)

vanishes when gyroaveraged because 11|, = Ze¢/MB(R) gyroaverages to zero and
the gyrokinetic variables are defined such that R and ¢ are gyrophase independent.
Notice that here it is important that B(R) in 1)y = Ze¢/M B(R) depends on R and

not on r.

A.3 Jacobian of the gyrokinetic transformation

In this section the Jacobian of the transformation from variables r, v to variables R,

E, p, ¢ is calculated, and the gyroaverage of condition (3.40) is checked.
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The inverse of the Jacobian is

; : ! I . ; : | ;
| * ] I * I * | |

VR I VE!Vui Vg VR IVEIVuVp
1 Vo L R

— = m - -—- e e e e B il A e i
J | ! ! : | | 1
| | ] ° | | |
| | | i I |

V.R :V,,E:Vv,u:vvgo 0 :c’)E:a,u:&p

O I 1 R

(A.50)

Employing that the terms in the left columns of the first form are to first approxi-
mation VR ~I and V,R ~ Q7! I xb, the determinant is simplified by combining

linearly the rows in the matrix to determine the second form, where
1~
0(...)=V,(...) = —Q—~b x V(...). (A.51)

The second form of (A.50) can be simplified by noticing that the lower left piece of

the matrix is zero. Thus, the determinant may be written as
J™! = det(VR)[OE - (Ou x 0p)]. (A.52)

I analyze the two determinants on the right side independently. The matrix VR
is T +V(Q7'v x b+Rs). Hence, det(VR) ~ 1+ V- (Q;'v x b+ R,). The Jacobian
must be obtained to first order only. The only important term to that order in
R; is the term that contains the potential ¢, since its gradient may be large, but

V Ry > =V - [(¢/BQ)Vr® x b] ~ 0. Therefore, the determinant of VR becomes
det(VR)=1-v- -V x (———) . (A.53)

For the second determinant in (A.52), I evaluate the columns of the matrix OE,
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OJp and Oy to the order of interest, using

OF = v + VB, — ?21-_13 < VE, (A.54)
1 -
-t N
op = 5T AT Qib x Vu (A.55)
and
dp = —iv X b+ Vo — —b x V. (A.56)
v? Q

The determinant becomes

v b ~ 1.
8E.(8ux8<p)z—$ = VE1+(—|2— b) (Vvul—ﬁbxv,u)
.L %
Yy

B (v x b)- ( W1 = —é—b X ch) .(A.BT)

2

In the lower order term v/ B(r), the difference B(r)—B(R) ~ - Y(vxb)-VB ~ ;B
is important. From the definitions of E;, y; and ¢, I find their gradients in velocity
space. I need the gradients in velocity space of é and 8P /Ou. The gradient V,,és' is
given by

d¢ Y d¢ -
3E + V,,uau + chpa(p +V,R - -Vgo

_Vla$ 1 Aadz 1 - ~
=B v?LVXb8¢+QibXVR¢' (A.58)

Vb= V,Eo

The gradient V,(8®/du) is found in a similar way. The gradients in real space are
only to be obtained to zeroth order. However, some terms of the first order quantities

that contain ¢ are important because they have steep gradients. Considering this, I

find

VE = ﬁws (A.59)

_ 4 gl Ze
Vy=-— 2B2VB BVb v, +MBV¢ (A.60)

141



and

VQO = %“VB . (V X E)) + Vég : 61 - —Z—V (8@) (Aﬁl)
v ou

Due to the preceding considerations, equation (A.57) becomes

O - (O x D) = ( [+ in (b x n)] (A.62)

where I have employed (A.43) to express v)| as a function of the gyrokinetic variables,
and I have used (vxb)-Vb-v, —v, -Vb-(vxb) =v2b-V x b. This last result is
deduced from vi(f —bb) = v,v, + (v x b)(v x b). In equation (A.62), in the lower
order term u/B(r), the difference B(r) — B(R) = —Q; (v x b) - VB is important.
Combining (A.53) and (A.62), and using (2.8) to write v - (b X k) = v, - V x b, the
Jacobian of the transformation is found to be as given by (3.44). Notice that to this
order J = (J) as required by (3.40).

Finally, I prove that J satisfies the gyroaverage of (3.40) to the required order,

namely,
W4 Vi (JWB(R) + vil} ~ Te = (JWB(R) + vl Va($)} =0, (463

where v, is given by (3.20). To first order, I obtain

R Mecp » Mcu - C ~
Jub(R) + v4] ~ B(R) + o b x Vg B + Z—VR X b~ EVR(@ xb, (A.64)

where 1 have employed (2.8). Inserting (A.64) into (A.63) and recalling that u =
\/Q[E — uB(R)] is enough to prove that (A.63), and thus (3.40) gyroaveraged, are

satisfied by the Jacobian to first order.
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Appendix B

Usetul gyroaverages and gyrophase

derivatives

The various derivations require various averages and integrals respect to the gyrophase
wo. In particular, the integrals for terms that contain several v, are recurrent. In
this Appendix, I show how to work out these type of terms.

According to (2.2), the perpendicular velocity, v, ,isv, = v, (€1 cos po+€,sin ).
In order to find gyroaverages and integrals, it is useful to express the perpendicular
velocity as

vy

5 [exp(ipo)u + exp(—ipg)u’*], (B.1)

v, = Relv exp(ipo)u] =

where i = /1, u = &, — ié,, u* is the conjugate of the complex vector u and Re(a)

is the real part of the complex tensor a. Notice also that
vy exp(ipo)u = v, + iv x b. (B.2)
It is very common to find tensors composed of tensor products of v,

(vi)"=viv,...v,. (B.3)

n times
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It is possible to find a more convenient form for this tensor product by using equa-

tion (B.1). It is useful to distinguish between odd and even n. For even n, n = 2m,

2m

(v )™ = 2—12)7nl—_—1Re{ exp(i2mpo) Wm0 t expli2(m — 1)¢po| WZm™1)
+...+ exp(z’2<p0)W(2m’m_1)} + ;—ZZW@’"’"’), (B.4)
and for odd n, n = 2m + 1,
,U2m+l
(vy)>™H = %—Re{ expli(2m + 1)po| WZm+1.0)
+expli(2m — 1)) WE™+LY 4 4 exp(icpo)W(2m+1’m)}, (B.5)

where the tensor W(™?) is the tensor formed by the addition of all the possible different

tensor products between (n — p) u vectors and p u* vectors, i.e.,

(nyp) — *_ % * * * * * *
WP =u. . .uupg'n’.. . u'+ u...u vuy'...w+...+u*...u’u...u. (B.6)
n—p p n—p-—1 p—1 p n—p

There are n!/[p!(n — p)!] different terms in the summation. For example, W2 has

10 summands, given by

WG = yuuu*u* + uuu*uu® + uu*uun® + v*uuuu® + uuututu

+uu*uu*u + u*uuu’u + vu*u*uu + u*uutuu + w*utuuu. (B.7)

The tensor W(™P) can be written in a form in which only W=2P0) and the matrix
I -bb appear. The tensor of the form W9 is more convenient because it is part
of Re[vT exp(imepo) W(™9] and easy to write in a recognizable manner. For example,

for m = 2, employing (B.2), I find

~

Re[v} exp(i2¢00) W29 = v v, — (v x b)(v x b). (B.8)
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For m = 3,

A

Re[v] exp(i3po) W = v v v, — v, (v x b)(v x b) — (v x B)v (v x b)

—(v x b)(v x b)v,. (B.9)
These tensors are not only easy to write but also easy to integrate in o because

-B%Im[vT exp(impo) W™9] = mRe[vT exp(imepo) W ™9, (B.10)
0
with Im(a) the imaginary part of the complex tensor a. Equation (B.10) for m = 2
is

0

—é—(p—(-)—[vl(v x b) + (v x b)v,] = 2[v, v, — (v x b)(v x b)], (B.11)

and form =3 is

a—a-[vm_(v x b) +vL(v x b)vy + (v x b)v,v, — (v x b)(v x b)(v x b)]
%o

=3[vivivi —vi(v x b)(v x b) — (v x b)v, (v x b) — (v x b)(v x b)v,].(B.12)

Equation (B.11) is used in the derivation of the gyrokinetic variables.

The decomposition of W™») into W =209 and matrices I —bb is also interesting
for gyroaverages. According to equation (B.4), the tensor products of an even number
of vectors v, has the gyroaverage

_ 2m
(v )m = ﬁw@m’m), (B.13)
where W(@™™) ig a summation of tensor products of p (Y —f)ﬁ) matrices. At the end
of this appendix, I will give the result as a function of 1 —bb. The gyroaverage of
an odd number of v, is zero, as shown in (B.5).
I will prove now that W) can be written such that it only contains W(r—2r.0)

and the matrix Y —bb. To do so, I will first prove that W(™P) can be decomposed into

a summation of tensors formed by the product of W(=2P0) and W) After that,
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I will show that W) is formed by a summation of tensor products of p (Y —f)b)
matrices.

By multiplying W™ by (n — p)!/[p!(n — 2p)!], (n — 2p) u vectors can be distin-
guished from the rest of u vectors. I will denote them as u? (this is a trick to make
the derivation easier). Then, a new tensor T(™P?) is defined as the tensor formed by

p u vectors, p u* vectors and (n — 2p) u? vectors, giving

— )l
(n p) W(n,p) — T(n,Pyp) = ud e udu oouau u*u* e u*

(n — 2p)!
pl(n — 2p) w2 b ¥
d d d * ok * * * d d
+u ... w wu.uug'w' w4 ut v .uu®. o ut. (B14)
n—2p-—1 p p—1 p P n-2p

For instance, 3W®? = T(22) can be deduced from (B.7) to give

T2 = ylyuu*u* + vluu*uu® + vu*uun® + v*etuun® + wuatutu

d d, % *x d

uu*u + u®u*u*uu + u*u d

+uu*uu*u + u*u u*uu + v'u*u®uu

+untuu*u* + uututuu* + vutuuu® + wruuun® + uwulututu

d *_*__d d

+uu*uu*u + v*uu®utu + untu*utu + uruutuu + u*u*uu‘u

+uuuu*u* + uuutu®u* + uutuuu® + vruuudu® £ uuututu®

+uuuuu? + uruuuu? + uutvtue? + vuntue? + vtutuued. (B.15)

The tensor T™P?) can be written as a combination of a tensor W®=229 formed by
(n — 2p) u® vectors and a tensor W??) formed by p u vectors and p u* vectors,
leading to

TOWPP) =y @ee) py(n=2p0) | 1r/(2pp) wr-»0

J1d2-.Jn Jij2p " Jop+i-dn Ji--Jep—1J2p+1" " Jepjap+2-.dn

(2p.p) (n-2p0) _ n! (2p.p) 117(n—2p,0)
+w/jn-—2p+l-~-jn I/‘/J'lu-jn—m) - (TI, _ 2p)[(2p)| W(jl..‘jgpvv}'gp_“...jn)' (B16)

Here, the number of summands is n!/[(n — 2p)!(2p)!] because the tensors Wm0 and
W) are symmetric respect to all of their indexes. Additionally, the tensor W (2p:r)

is always real, since [W®PP)]* = W(#) by definition of WP). The last expression
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in (B.16) is based on the typical tensor notation, where the parenthesis around the

indexes indicate symmetrization of the tensor. As an example of the equivalence in

(B.16), the tensor T(>22) in (B.15) may be written as

5,2,2 4,2 , 4,2 , 4,2 1,0 4,2 1,0
it = WikimW{H + Wiin Wit + Wi WO + wiAw o

jlmn

klmn

4,2) 17,(1,0
+WEAWE . (B.T)
with W0 = u = u?, and
W = yuu*u® + uu'uu® + w'uun’ + uutu'u + vtuntu + ututue. (B.18)

The tensor W®P®) can be rewritten employing yet a third tensor, I®?). This tensor
is formed by adding all the possible different tensor products that are formed by p

matrices (? —-Bi))jk = (Sjk - Bji)k = (SJJ;C, i.e.,

LSS oR O R - O
(;)2!5331 PRI PR (B.19)
This tensor is formed by (2p)!/(2Pp!) summands. For example, I is
L = OR0%, + 64 GE, + 0558, (B.20)
The tensor I®) can be written in terms of W®PP) because
2(T —bb) = 2(8,8, + é285) = uu’ + u'u. (B.21)

Using this relation, the tensor 2PI), formed by all possible tensor products of p

2(I ——f)f)) matrices, is written as a summation of tensor products of p u vectors and p

6. ... 64

™ . . . . . -L
u* vectors by substituting equation (B.21) in it. Each summand 2?4: Jaja iop—1i2p

J1j2
of 2P1®") [recall (B.19)] gives 2 different tensors formed by p u vectors and p u*

vectors. Adding all the terms in I®), there is a total of (2p)!/p! terms formed by
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tensor products of p u vectors and p u* vectors. In this summation, each summand
of W) is present p! times. According to (B.6), a summand of W) is uniquely
determined by the positions that the p u vectors occupy, or alternatively, which p

indexes of ji1jz . . . jap correspond to the p u vectors. Without loss of generality, these

*

indexes can be chosen to be j1jz...jp. A tensor of the form u; u;, ... UjpUs e UG,
is obtained from every term of 2°I) of the form 2°8}., 6L, .. O3k, With Kk .. Ky

being any permutation of jp11jp+2. .. jop. There are p! of these terms, proving that
oP(2p) — P! WP, (B.22)

Considering the examples (B.18) and (B.20), equation (B.22) implies that their rela-
tion is 41 = 2W©*2. Combining equations (B.14), (B.16) and (B.22) gives
o) _ 2 =20 ) me-w0) | o) (n=29,0)
lej2~--jn - (n _ p)! {Ijl~~-j2p%;:)+l--~jn + Ijlﬁj2p~1j2p+lWj;j2p+2u-jn +...

(2p) =201 _ T ey o)
+Ijn—2p+1-~~jn‘/le---jn—%} - p!(n _p)[I(jl-~-jzpw/}2p+1~--jn)' (B'23)

As promised, WP is written in terms of W™209 and T —bb because I is
formed by addition of tensor products of ‘f —bb. Continuing with the example in
(B.7), W®2) gives
2
i = = [Ltmtin + Lt + Ly + I g + L{ints] (B.24)

jkimn — '?; jkim jkin j jlmn

with I) given in (B.20). This tensor appears in (vi)® = viviviv v, as [recall

(B.5)]

1 , 5,2 vl 1 4 4
?Re[vi exp(zgoo) j(kln'Zn} = ﬁ [I§k2mvl," + Ij(kgnvl,m + Ij(kznnvl,l

+IJ(.?,3va_,k + IlE“li'r)nan-,j] . (825)

To finish, the gyroaverage of an even number of vectors v, is calculated. Com-
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bining equations (B.13) and (B.22) gives

2
VL) = U1 yam)
2mm! ’

with I®™ given in (B.19). For m = 1, the familiar result

v o L.

Vivi=—-(I —bb)

(B.26)

(B.27)

is found. This result, combined with (B.4) for m = 2 and (B.8) gives (A.7). The

gyroaverage for m = 4 gives (A.32).
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Appendix C

Gyrokinetic equivalence

In this Appendix, a summary of [61], I prove that the gyrokinetic results in chapter 3
are completely consistent with the pioneering results by Dubin et al [21], obtained
using a Hamiltonian formalism and Lie transforms [25]. This comparison confirms
that both approaches, the recursive method in chapter 3 and the Lie transforms, yield
the same final gyrokinetic formalism.

In chapter 3, the recursive approach developed in [58, 59] was generalized for
nonlinear electrostatic gyrokinetics in a general magnetic field. In reference [21], the
nonlinear electrostatic gyrokinetic equation was derived for a constant magnetic field
and a collisionless plasma using a Hamiltonian formalism. The asymptotic expansion
was carried out to higher order in [21] because the calculation is easier in a constant
magnetic field. When the method proposed in chapter 3 is extended to next order,
the results are different in appearance, but I will prove that these differences are due
to subtleties in some definitions.

Both methods are asymptotic expansions in the small parameter § = p/L < 1.
Here L is a characteristic macroscopic length in the problem and p = v,/Q is the
gyroradius, with Q = ZeB/Mec the gyrofrequency, vy, = \/55"71\—/[ the thermal velocity
and T the temperature. In both methods, the phase space {r,v}, with r and v the
position and velocity of the particles, is expressed in gyrokinetic variables, defined
order by order in d. In reference [21], the gyrokinetic variables are obtained by Lie

transform and the gyrokinetic equation is found to second order in 8. In chapter 3, the
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gyrokinetic variables are found by imposing that their time derivative is gyrophase
independent. Here d/dt = 8/0t + v -V + (=ZeV$/M + Qv x b) - V, is the Vlasov
operator. In chapter 3, the gyrokinetic equation was only found to first order. In this
Appendix, I will calculate the gyrokinetic equation and the gyrokinetic variables to
higher order for a constant magnetic field, and I will compare the results with those
in [21]. The orderings and assumptions are more general than in section 3.1. The
pieces of the distribution function and the potential with short wavelengths also scale
as

S VpaL VLIS B (C.1)

with k£, p<1. Here f; is the lowest order distribution function with a slow variation
in both r and v. In chapter 3, the lowest order distribution functions was assumed
to be a Maxwellian. In this Appendix, to ease the comparison with reference [21], I

relax that assumption. Finally, I order the time derivatives as 8/8t ~ v,/ L.

C.1 Constant magnetic field results

The general gyrokinetic variables obtained in section 3.2 are R = r + R; + Rs,
E=FEy+ Ei 4+ Ey, = o+ p1 + p2 and ¢ = @p + 1 + q. Since the unit vector
b is assumed constant in space and time, I can define &, and &; in (2.2) so that they
are also constant, and I do so to simplify the comparison with [21]. The corrections
found in section 3.2 specialized to constant magnetic field are, for the gyrocenter
position R, R; = Q~'v x b and R, = —(c/BQ)Vg® x b; for the kinetic energy
E, E, = Ze¢/M and E, = (c/ B)(8®/dt); and for the magnetic moment p and the
gyrophase ¢, pu; = ZegZ/MB and ¢, = —(Ze/MB)(d®/0y). The corrections ps
and ¢, were not calculated because they were not needed to obtain the gyrokinetic
equation to first order in § under the assumptions in chapter 3.

I require the gyroaverage of dR/dt and dE/dt to higher order than in section 3.2,
and I need the second order correction ye. For constant magnetic fields, (dR/dt),
(dE/dt) and the correction p, can be easily calculated by employing the methodology
in chapter 3. I will define p so that the gyroaverage of duu/dt is zero to order 6203,/ BL.
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The second order correction ¢, is needed to obtain dy/dt to higher order. However,
f is gyroaveraged, making the dependence on ¢ weak. Thus, s, never enters in the
final results and will not be necessary for our purposes. Once I have R, F, y and
their derivatives to higher order, I will compare these results to both the gyrokinetic

Vlasov equation and the gyrokinetic Poisson’s equation in [21].

C.2 Time derivative of R

Employing the definitions of R; and Ry, I find
— =yb--Véxb+—2. (C.2)

The gyroaverage of this expression is performed holding the gyrokinetic variables R,

E, p and t fixed to obtain
dR « .
<—> = ub - %(w) x b, (C.3)

where u = (v)). My gyrokinetic variables are defined so that when the Vlasov operator
is applied to a function with a vanishing gyroaverage, like Ry = Rao(R, E, p, ¢, t), the
result also has a zero gyroaverage; namely (dRy/dt) = 0.

The gradient V¢ is written in the gyrokinetic variables by using

_ 09G,.%g, ~ 09, +92
Vo= VR-Vao+ g Vu+ o Vo= Vgt VRy Vrd+ 5 -Vin+ 2-Ver. (C4

Here, I neglect 0¢/0FE ~ —(0R/0F) - V¢ because the function R; does not depend
on E to order §L. To obtain the second equality, I use that VR; = 0 = Vo = V.
The gyroaverage of equation (C.4), obtained employing the definitions of Ry, p; and
©1, gives

N _c 5. (0 Ze [bg, 5z 09 (0
(Vo) ~ Vr(¢) BQ<VRVR‘I> (bXVR¢))+MB <aMVR¢ aSOVR( “)>
(C.5)
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This equation can be simplified by integrating by parts in ¢ to obtain

(poni= om0 - (e ona () - m ().
I next demonstrate that
(VaVad - (b x Vad) = s Va(Vad - (b x Vad) (1)
by first noticing that
(VRVR® - (b x Vrg)) = Ve(Vr®: (b x Vre)) + (VRVRé - (b x Vgd)). (C38)

Integrating by parts in ¢ in the second term, I find (VRVgo - (f) X Vné)) =
—(VrVR® - (b x Vr4)), giving the result in (C.7).

Finally, substituting equations (C.6) and (C.7) into equation (C.5) and using the
result in (C.3) gives

<‘3}> = ub — —vap x b, (C.9)
with
¥ = (¢) 2MB(9 <¢2> + 56 2BQ (Vré- (b x Vgd)). (C.10)

To find u, I need )| as a function of the gyrokinetic variables. To do so, I use

2
Yl

E ZEQ—NOBZE—MB—(EQ—/JQB), (Cll)

where I employ E; — 3B = 0. According to this result, the difference between

u = (vy)) and v is necessarily of order 6%vy,. Once I calculate o, I will be able to

find u.
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C.3 Time derivative of E

Employing the definitions of E; and E,, and gyroaveraging, I find

<ffi_f> _ —%w-w). (C.12)

Here, I have used that (dE;/dt) = 0 = (dE,/dt).

The term v - V¢ can be conveniently rewritten by employing

d¢p  0¢ _ 0¢ dR dudop  dy 0¢
i~ o, VT al, T V  wa T, (CF)
Here, I neglect 9¢/0F again. Solving for v - V¢ and gyroaveraging, I find
_[® duds\ | [deds\ (06| 06
(v-V¢) = < o Vn¢>+<dt 0u>+ <dt e 5|, B lnp,) (C.14)

To simplify the calculation, I will assume that I know the corrections Rs, ps — (us),
@2 and @3 (obtaining these corrections is straightforward following the procedure in
section 3.2 but will be unnecessary). With these corrections, I find that to the order
needed, dR/dt = (dR/dt), given in (C.9), du/dt = (du/dt) ~ 0 and dp/dt = (dy/dt).
Then, equation (C.14) simplifies to

: - o¢| o
(v Vo) = (ub— —;—VR\II x b) - Vr(9) — <£L - E‘P

>, (C.15)
R,E,u,p

where ¥ is given in equation (C.10) and (8¢/dyp) = 0. Notice that assuming that I
already have Ry, pu3 — (us), @2 and @3 is only a shortcut to find the result in (C.15).
To obtain (¢) to the order required, these higher order corrections are not needed,
neither are they necessary for the difference between time derivatives, as I will prove

next. The difference between time derivatives is

9¢

ot

99

ot

op
VRo+ o

_oR 29
_ %

0 = Oy
ot o Bt

ot (C.16)

r R,E,pn,p rv r,v

The procedure for rewriting (C.16) is analogous to that used on (C.4). Using the
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definitions of Ry, Ry, p1 and ¢, I find that OR/0¢|rv ~ OR2/0%cy, Ou/0t)r\ =~
Op1/0trv and Op/dt|yy ~ Bp,/0t|r, giving

a9
ot

where I use the equivalent to equations (C.6) and (C.7) with 8/8t replacing Vg. The

9¢

ot

)
= 2w - (g, C.
EW> 5 (Y~ (9) (C.17)

r

final result, obtained by combining equations (C.12), (C.15) and (C.17), is
dE Ze . .
<E> M[(w uy(w—gwwx@whm} (C.18)

C.4 Second order correction p,

The correction py, according to section 3.2, is given by

Mo = fll-/(p dy’ [%(Ho + p1) — <%(ﬂ0 +,U1)>] + {u2), (C.19)

where (u2) is found by requiring that (du/dt) = 0 to order 6%v3 /BL.
The time derivative of ug + p; is given by

d Ze d
(—iz(ﬂo-f-ul) MB( vi-Vo+ d(tb) (C.20)

To rewrite v, - V¢ as a function of the gyrokinetic variables, I employ v, - Vo =

v-V¢ - va) - V¢ and equation (C.13) to find

-V, - V¢+@:_M+8_¢.

7 gt 5 + v b- V. (C.21)

r

To the order I am interested in, dR/dt ~ ub — (¢/B)Vg(¢) x b, giving

R )| RS

+vb- Vé. (C.22)
dt O |p gy ot |

According to equation (C.11), the difference between u = (v) and v, is higher order,
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and according to equation (C.16), the difference between d¢/dt|, and d¢/0t|r g 0
is negligible. Therefore, equations (C.20) and (C.22) give

d _ Ze (0 - o =
a(#o +wm) = VB (73? + ub - VR¢) : (C.23)

which in turn, using equation (C.19), yields

c [0d

Mo = ﬁ (E + UB . VR(T)> -+ <u2>. (024)

To find (us) I require that (du/dt) = 0 to order 6%v%,/BL. The gyroaverage of
du/dt is given by

d d Z d

where the gyroaverages of du;/dt and d(us — (2))/dt vanish. The term (v, - V¢)
can be conveniently rewritten to higher order than in (C.22) by employing equation

(C.15) to find
(vi V) = (ub ~ STRY x B) - Vn(6) — (1~ (6)) — b V), (C20)

where I used equation (C.17). Employing equation (C.4) and the fact that the differ-

ence between u = (v)) and v is order d%vy, (C.11), I find
(b - Vo) = (vb - Vr@) + ub - VR (¥ — (¢)) ~ ub - V. (C.27)

To obtain the second equality, 1 employ b - Vgr{$) > b - Vro, which means that
(v”f) - VRro) ~ (v”f) - Vr{(®) +ub - Vrd) = ub - Vr(®) to order 6Ty, /eL. Then,
equation (C.26) becomes (v, - Vo) = —d(¥ — (#))/dt, where to this order d/dt =
8/t + [ub—(c/B)Vr(¢) x b]- [Vr — (Ze/M)Vr($)(8/IE)] and 8(¥ — (¢))/OE = 0.
Finally, imposing (du/dt) = 0 on equation (C.25), I find

(1) =~ (¥ = (6)). (©.29)
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C.5 Comparisons with Dubin et al

To compare with reference [21], I first need to write the gyrokinetic equation in the
same variables that are used in that reference, i.e., I need to employ u instead of E.

The change is easy to carry out. I substitute E, and (C.24) into (C.11) to write

vy = V20E - (1 — (s )B]+—b Ve, (C.29)

where I Taylor expand Ej — (g — (u2))B = —(c/B)ub - Vr®. Then, gyroaveraging
this equation I find

2

5 =E— (1~ (ma)B. (C.30)

Applying the Vlasov operator to this expression and gyroaveraging, I find

du Ze»
<E> = “ﬁb VsY, (C.31)

where I used equations (C.18), (C.28) and (du/dt) = 0. With this equation, equation
(C.9) and the fact that (du/dt) = 0, I find the same gyrokinetic Vlasov equation as

in reference [21], namely

of | (b——VR\I!xb) Vaf - 2% . vaudl —

ot B M =0 (G-32)

with f(R,u, u,t). The differences between my function ¥ of (C.10) and the function
9 in reference [21], given in their equation (19b), come from their introduction of the
potential function ¢(R+ p,t) # ¢(r,t), leading to subtle differences in the definitions
of (@), ¢ and ®. Here, the vector p(p,0) is

\/2uB
Q

(&1 cos @ — é;sin6), (C.33)

with @ the gyrokinetic gyrophase as defined in [21]. The relation between the gy-
rophase § and my gyrophase ¢ is § = —7w/2 — . From now on, I will denote the
functions (¢), éand ® as they are defined in [21] with the subindex D. The definitions
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in [21] are then

5D = ED( a“, %d& ¢(R+ pa )a (C34)
¢p = ¢p(R, 1, 0,t) = (R + p,t) — 6p (C.35)

and
Bp = Bo(R,n0,0) = [ ¥ $p(R,110,1) (C.36)

such that (®p) = 0. Notice that these definitions coincide with mine to order 0T /e,
except for ®p, for which ®p ~ —®. The sign is due to the definition of the gyrophase
6. To second order, however, Taylor expanding ¢(r,t) = ¢(R + p — p — R; — Ry, t)

gives
¢~ ¢R+p,t) - (p+Ri+Ry) - Vi, (C.37)
where
Mcﬂl -
p+R;~— Zev_L xb— Q Ly, = O(8p). (C.38)

'To obtain equation (C.38), I Taylor expand p(u, ) around pg and ¢ in equation
(C.33). Employing the lowest order results 9¢/0p ~ —Q v, - V¢ and 0¢/0u ~
—(Mc/Zev?)(v x b) - V¢, I write equation (C.37) as

~0¢p 0P 0¢p

Ze
¢~ $(R+p,t) - (¢"E - 5;78_) BQ(VR‘I) x b) - Vgo, (C.39)

where I used the definitions of R, y; and ¢;. Then, gyroaveraging gives

(@) 2B - 35508 + 73 {(nb x ) V). (C40)

Substituting this equation into the definition (C.10) of ¥ and employing that to lowest
order ¢ ~ CZD and ® ~ —&p, 1 find

Ze

2MB 8 <¢D> 2BQ<(VR‘I’D x b) - Vrép), (C.41)

U=¢,—

exactly as in equation (19b) of reference [21].

Finally, I will compare the quasineutrality equations in both methods. Taylor
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expanding the ion distribution function around R, =r + Q7 'v x b, )}, po and g, I

find

~ ~61 i 0 i
fi(Rvuauat):fig+R2'VRgfig—_;’b'qu)ggﬁ'*'(ul"*' )a‘z’g'{'“l afzgv (042)

where fig = fi(Rg, v, fto, ). Here I have used equations (C.29) and (C.30) to obtain
that u >~ v — (c¢/ B)b - Vg®. The ion density is given by

m=[dvfi [ [fzg F Ry Vi fy + (i + () 22 + 0] ()
Here, the integrals of (¢/B)(b - Ve®)(0fiy/0v) and (ug — {112))(Ofig/Otto) vanish
because § dpo® = 0 and the only gyrophase dependence is in ® since fig is assumed
to be a smooth function of r and v to lowest order, giving fi; = fi(Rg, v}, o, t) =
fi(r, v, o, t). The integral § dcpoé is performed holding r, v}, o and ¢ fixed, and it
vanishes to lowest order as proven at the end of this Appendix. On the other hand,
the integral of Ry - Vg, fig does not vanish. Here the gyrophase dependence of f;,
contained in its short wavelength contributions becomes important due to the steep
gradient [recall the ordering in (C.1)].
In equation (C.43), I can employ é ~ ¢p and ® ~ —®p, in the higher order terms.
However, for p; I need the difference between ¢ and @p. Subtracting (C.40) from
(C.39), I find

Ze

72
) BQ(VR(I) x b) - Vro + W8_<¢ )

==((Vr® x b) - Vrd). (C.44)

Gmiy - 22 (522 9% 98
¢=o¢p (¢3M 3 O

" BQ

In this equation, ¢p = $D(R,u, @,t), but for equation (C.43), it is better to use
~Dg = gZD(Rg, to, Yo, t). By Taylor expanding, I find that

~ ~ - od
ép =~ ¢pg + Ra - Vr ¢pg + 11 0y + @1 0pg. (C.45)
Ao Ao

This equation, combined with equation (C.44) and the definitions of R, p; and ¢y,
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leads to

- - Zedp, 0bp c ~ « - Ze 0O
=900~ g g~ Bl RePos X D) Vidpy MB dy 3y 7o)

Vi, ®p, X b) - Vr,dp,), (C.46)

C
+—lm<(

where I have used that, to lowest order, ¢p =~ $Dgr p bpg = ép(Ry, o, t) and

p ~ §>Dg = 5D(Rg, to, Yo, t). Substituting equation (C.46) into (C.43) yields

Zegpg Of;
n; >~ /d3’l} {fzg'i‘ MBg p) g BQ(VR"(I)DQ X b) VRgfz‘g

Z% %, 0 f, L Ze | Zegp, 0bp, (
2M2B? 9uf ' MB| MB 0p, BQ

VRg‘i)Dg X f)) . ngaDg

Ze ~ | Ofi
531535 P+ 3 (T x B)- T )| H

where I have used the definitions of R, and (u2). This result is exactly the same as
in equation (20) in reference [21]. For comparison, I give n; to order §2n; with the

definitions of (¢), ¢ and ® in equations (3.16), (3.17) and (3.18),

7202 53 o2 fig
IMPB B2

Ze&g af; c ~ -
n; =~ /d3v {fzg + g Mg - BQ(VR9®9 X b) . VRgf,'g +

Zeg, 00,  Zed, 84,

Ze 0 ,~
st )+ (B x B)- V)

cC ~ ~ ~
- BQO (ng(I)g X b) ‘ ng¢g
0fig

Opto

}. (C.48)

I have found this equation substituting p;, Ry and (u,) into (C.43). From the
functions $(R, i, ¢,t) and ®(R, p, ¢, t), I have defined (59 = qg(Rg, o, Po,t) and
<I> <I)(Rg, Ito, Yo, t). The relationships between ¢ and q~Sg and between ® and ff)g are
similar to the one given in (C.45).

The methodology and results of chapter 3 are completely consistent with the re-
sults of [21] since they give the same gyrokinetic equation (C.32), generalized potential

¥ (C.41) and quasineutrality condition (C.47).
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Integral §dyp,®

To prove that § dpe® = 0 vanishes, I Fourier analyze ¢ = (27)7% [ d®k ¢ exp(ik - 1),

giving to lowest order

o(r,t) ~ p(R — Qv x b, t) = e — izsin(yp — @i )], (C.49)

where 2 = k v, /Q. Here, I employ r ~ R — Qlv x b and I define @k such that
ki = k1 (& cospi + é;singy) to write k- r ~ k- R — zsin(pg — ¢i). Then, I use

exp(izsin @) Z Jm(2) exp(imyp), (C.50)

m=-—o

with Jp,(2) the Bessel function of the first kind, to find

m(2) exp[—im(po ~ ¢x)]. (C.51)

m=--00

Employing this expression, I obtain ¢ by subtracting the average in ¢y (component

m = 0), and I find ® by integrating ¢ over ©o, giving

o0

o E /d3k¢kexp ik R) EO mJ z) exp[—im(po — )], (C.52)

where the summation includes every positive and negative m different from 0. To

rewrite ® as a function of r, v}, o and ¢y, I need the expression

exp(tk - R) ~ exp(ik - r) i Jp(2) expip(po — wi)], (C.53)

p=—00

deduced from R ~r + Qv x b and (C.50). Then, I find

d =~

;[ @ oexplik-x) ¥ —%Jm(z)Jp(z) expli(p — m) (0o — @), (C.54)

(277 mop

161



Finally, integrating in ¢y, I obtain

1 _ 1 . i )
= f! Ao ® =G5 / &Pk gy exp(ik - 1) %:0-”—1[,],,,(2)] —0  (C.55)

since J_m(2) = (=1)"Jpm(2).
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Appendix D

Quasineutrality equation at long

wavelengths

In this Appendix, I obtain the gyrokinetic quasineutrality equation at long wave-
lengths (k1 p; < 1). In section D.1, the polarization density n;, in (3.55) is calculated
for the intermediate scales §; < k1 p; < 1. In section D.2, the polarization density
n;p and the ion guiding center density N; are computed up to O(62n,) for the extreme

case of a non-turbulent plasma.

D.1 Polarization density at long wavelengths

For long wavelengths d; < k1 p; < 1, the polarization density simplifies to give (3.59).
To obtain this result, 5 and hence ¢ must be obtained to O(8;k, p;T./e). To this order,
the potential is

#(r) = §(R ~ Ri) = 6(R) Ry - Vag+ ;RiRy : VaVas,  (D.1)

with R; = Q7 'v x b. Here, according to (3.1), Vr¢ ~ T./eL and VRVg¢ ~
k.T./eL. With the result in (D.1), the function ¢ is

~

=6- ()= -R, Vap+ (RiR: — (RiR): VaVrs, (D)
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where I neglect (R;) ~ d;p;. The gyroaverage of the first order correction R; is not
zero due to the difference between r, uo and ¢o and the gyrokinetic variables R, 1
and . This difference will become important in section D.2.

The integral n;, in (3.55) is performed over velocity space holding r and ¢ fixed.
Then, equation (D.2) has to be Taylor expanded around r to obtain a function that

depends on r and not R. To O(8;k1 p;T./e), the result is
~ 1 .
qb >~ -—Rl . Vd) — '2-(R1R1 + RlRl) . VV(ﬁ, (D3)

where I use VRo ~ Vo + R, - VV¢. In the higher order terms, the gyroaverage (...)

holding the gyrokinetics variable fixed can be approximated by the gyroaverage (...)
holding r, v, and v, fixed.

Expression (D.3) can be readily substituted into (3.55) and integrated to give

cny;

B (I —bb) : VV. (D.4)

n,-p ~

The final result in (3.59) is found by realizing that V - [(cn;/ BQ,)(? —bb)] - V. ¢ is
small by a factor (k; L)™' compared to the term in (D.4).

D.2 Quasineutrality equation for £, L ~ 1

In this section, I obtain the long wavelength quasineutrality condition to order §2n,.
The derivation is not applicable to turbulent plasmas because I will assume that
neither the potential nor the distribution function have short wavelength pieces.

In quasineutrality, the ion distribution function must be written in r, v variables.
In a non-turbulent plasma, the ion distribution function can be expanded around r,

Eo and o up to O(62 fur:), giving

— af; of;
fi(R,E, u,t) = fio+ (R1+ Ry) - Vfio + (E1 + Ey) fio + i
aE() 8/,1,0
1 s < [ Ofmi E} 0° fu
+'2"R1R1 :VVfui+ EIR; -V (—a-EO—) + —'2— 8E§ , (D5)
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with fio = fi(r, E, tto,t) and V the gradient holding Ey, o, @0 and t fixed. In f; I
have not included the collisional gyrophase dependent piece given in (3.38) because it
will not contribute to the density. In the higher order terms of the Taylor expansion
(D.5), the lowest order distribution function f; ~ fa; must be used.

To find the ion density, the ion distribution function is integrated in velocity space.

Some of the terms vanish because the integral over gyrophase is zero; for example,

[d (R; +Ry) - Vo =0= [d® Ey(0fin/OEs). Then, the ion density becomes

~ b ; ; b 2 ; J— ;
o= +/d3v Zeg [szo L 10fo  Zed 8w LR, T (g@i)} (D)

M |0E, Bdu, 2M OE2 dE,

where N; (r,t) is the ion gyrocenter density, defined as the portion of the ion density

independent of 4‘5 and given by

- i R:R

N, = /d%fm _ /d3 UL § g baf" + /d3 M TV (D7)
2B,

The formula for V; can be simplified. The second term in the right side of the equation

is proportional to [ d3v (vv3 /2B)(0fio/Otte). This integral is simplified by changing

to the variables Ey = v%/2, uo = v3 /2B and ¢, and integrating by parts,

v vt Of;
/d3 gg sz = BZ/dEo duod%alﬁo /d3U'U||f@0, (D-8)

where o = v)/|v;|| is the sign of the parallel velocity, the summation in front of the
integral indicates that the integral must be done for both signs of v}, and I have used
the equality d3v = dEgdpodpo B/|vj|. The third term in the right side of (D.7) is

proportional to
M / P (v x B)(v x b) : VV far = (I —bb) : VVp,. (D.9)

The final function N; reduces to the result shown in (3.62).
In equation (D.6), & appears in several integrals. The expression can be simplified

by integrating first in the gyrophase. Two integrals in (D.6) can be done by using

165



the lowest order result ¢ ~ —Q; (v x b) - V¢. The integrals are

6 sz Mc2n-
3 2 _ i 2
/ v 2M2¢ OEZ ~ 2T,B? V.9l (D-10)
and
/d3v £<1~S(v x b)-V i) _ Vn;-Vi¢. (D.11)
B O0E, BQ ‘

For [ d®v ¢(dfi /OEo+ B0 fio/ o), only the gyrophase integral [2™ ¢ dipg is needed,
but ¢ must be written as a function of the variables r, v to O(62T,/e) to be consistent
with the order of the Taylor expansion. To do so, first I will write ¢(r,t) as a function
of the gyrokinetic variables by Taylor expansion to O(627,/e) [this Taylor expansion
is carried out to higher order than in (D.1)]. The result is

¢(r,t) ~ ¢(R,t) — Ry - Vro + %RIRI : VRVR® — Ry - Vyo. (D.12)

The second term in the right side of the equation needs to be re-expanded in order to
express ¢ as a self-consistent function of the gyrokinetic variables to the right order.
The function R; is, to O(d;p;),

2uB(R)

! x b~ ) [é1(R) sinp — é;(R) cos ] — Ap, (D.13)

Ri=gV P~ "om

with Ap(R, E, u, ¢, t) ~ &;p;. The function Ap is found by Taylor expanding R (r, po, ©o)
around R, p and ¢ to O(4;p;), giving

Mc - 1
Ap = 2392 ——(vxb)(vxb) - VB+ Zeviul(v X b) + ﬁi"olvl

+%(v x b) - (sinpgVéy — cos poVéy).  (D.14)

Combining (D.12) and (D.13), ¢ is found to be

~ 2uB(R)

¢=0¢— (¢) ~ — %R [€1(R)sing — é(R) cosy] - VR — Ry - Vro
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L v x B)(v x B) = (v x B)(v x B))] : VaVrs.(D.15)

+(Ap - (Ap)) - Vro + 502

The function (Z must be written as a function of r, v and ¢ since the integral in velocity

space is done for r and ¢ fixed. Taylor expanding the first term in (D.15) gives

¢~ l(vxb) Vé—(Ap)-Vo—R,- 4:22(1 —bb) : VV¢
—-2-5%—2(\; x b)(v x b) : VV¢, (D.16)

2

A A

where I use ((v x b)(v x b)) = (vi/Q)(? —bb). Equation (D.16) is more complete
than the approximation in (D.3).
Gyroaveraging ¢ in (D.16) holding r, v and v, fixed leads to

2

202

1 2
5;/0 ddpo ~ —(Ap) -

L (1 —bb) : VVg. (D.17)

with Ap the function in (D.14). To simplify equation (D.14), the gradients of the
unit vectors €; and &, are expressed as Vé; = —(Vf) . él)f) — (Véy - &))é; and

Vé2 = _(VB : éQ)E) + (Vég . é])él, giViIlg

1 ~ A Me « 1
Ap = -2BQ2(V x b)(vxb)-VB+ Zen 2u1(v x b) + ﬁi(’olvi
o (v xb)-Vb- (v x b)b — 912 1(vxb)-Vé,-é, (D.18)
and its gyroaverage
- _ Y. Bk
(Ap) = B Vig-—- BQ2V 1B Q2 2QZ(V b)b, (D.19)
where I use
~ _ _ U_L _ _L'U” ~
(u1(v x b)) = 232Vl¢ 155 ——V,B 2B, ——"b-Vb (D.20)

167



and

2
v - ..
20, b-Vb+ 2Q1b x Ve, - é;. (D.21)

__ < vl

These expressions are found by using the definitions of p; and ¢;, given by (3.29)
and (3.34), and employing the lowest order expressions ¢ ~ —Q; (v x 13) - Vo,
b= [?pdy ~Q7'v, -V and 88/0u ~ (Mc/Zev? v, - Vo.

Substituting (D.19) in (D.17) gives

1 2 2
5, " Gdgo = - UJ“V (szm) (’”n U)Q? )

where I have used

o 2
V. (mvm) Qz(l—bb):vvgb—ﬁ?-vz?-vm— 2b Vb - V¢

0
-?215(6 .Vé)V-b. (D.23)

Notice that the gyroaverage of ¢ is O(627T,/e), which means that the integral is
O(8?n;), and the lowest order distribution function, fus, can be used to write 8f;y/0FE, ~

—(M/T;) fmi and 9fio/Ouo =~ 0. All these simplifications lead to the final result

Ze Bv asz 10fw) _ ( ) Mc*n, )

Using (D.10), (D.11) and (D.24), equation (D.6) becomes

V.¢[%, (D.25)

) Mc*n,;

m= N+ V- (g0 B

B,

where N; is given by (3.62). Then the quasineutrality condition is as shown in (3.61).
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Appendix E

Gyrophase dependent piece of f;
for k _LL ~ 1

In this Appendix, I show how to obtain the O(82 far;) gyrophase dependent piece of the
ion distribution function from gyrokinetics in a non-turbulent plasma. The general
gyrophase dependent piece is found in section E.1. This result is useful because it can
be compared to the drift kinetic result [74], proving that the higher order gyrokinetic
variables allow us to recover the higher order drift kinetic results. In section E.2,
the general gyrophase dependent piece is specialized for the #-pinch, and it is used in

section 5.2 to calculate the radial electric field.

E.1 General gyrophase dependent piece

Part of the gyrophase dependence is in the corrections to the gyrokinetic variables
Ry, Ry, Ey, E; and p;. This gyrophase dependence can be extracted for k; L ~ 1 by
Taylor expanding fi(R, E, u,t) around r, Ey and o, as already done in (D.5). The
contribution of the collisional piece fi, given by (3.38), can be always added later.

Employing (D.5), the gyrophase dependent part of f; is found to be

- (1 Vio+ 2%5-3 i
fi_fi=(§vxb+Rz>-Vfi0+['j‘78(¢*¢)+E2 ggz
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F (v x BV X B) = vivi]: Vg + 20 (32 — )

Zﬁ? v v X vivy]: Mit b2 — ) 55

~ ~ —_— ; al
+%[¢(vxb)—¢(v><b)] (6%4)4_( 1y — )ai;), (E.1)

with fio = fi(r, Eo, io, t). Here, I have employed the lowest order distribution function
fas: in the higher order results, and I have used (A.7) to rewrite (v x b)(v x b) —
(v x b)(v x b).

The function ¢ must be written as a function of the r, v variables. To do so, I

use equation (D.16) to find

b—b= —é—.(v xb)-Vé—Ry Vo + —=[vivy — (v X b)(v x b)] : (VV¢).(E.2)

492

For the higher order terms in (E.1), I can simply use the lowest order result

¢ ~ —Q; (v x b) - V¢, which leads to
B~ F = —slvivi - (v x B)(v x B)] : (V4V9) (E:3)

and

3 x B) — v B) =

2Q (v x b)(v x b)] (E.4)

Using these expressions, the gyrophase dependent part of the distribution function

becomes
— o p o 7
fi—-fi=v-gr+ (- ul) fo +R2 G+E252°
0
1
+492 [(v x b)(v X b) —vyvy]: (VG - —V¢OE0) (E.5)
with
_ 1. 8sz
gL = fl_ib X (szo MV¢8E ) (E.6)
and

8f 10

G= szO V¢BE
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Thus, g, = Q b x G. In the long wavelength limit, /0t < v;/L, so E, as given in
(3.26) is negligible since it contains a time derivative. Also, the zeroth order Fokker-

Planck equation for the ion distribution function is

8f 10

yb-G= yb - (Vfio —V¢ ) =C{fi} =0, (E.8)
since the ion distribution function is assumed to be Maxwellian to zeroth order. This
condition is important in (E.5) because it implies that the components of R, that are
parallel to the magnetic field do not enter f; — f;. Therefore, employing the definition
of Ry in (3.15) and using the fact that for long wavelengths (¢/BQ;)Va® x b ~
62k p; L is negligible, I obtain

1 .V - - sV b
ﬁi[(v”b—i——j—)v><b+vxb(v||b+-4—l)] : [V (ﬁz) XG]

.Vb-G. (E.9)

R, - G=
Q2

Equation (E.9) can be written in a more recognizable manner by using

. R NP 1, (= A 0G
[b(v x b) + (v x b)b] :h= —aib- (VG - —6V¢E) ‘v

M
\ . b
+[b(v x b) + (v x b)b] : [V (ﬁ) X G] , (E.10)
where h is
9g.
h= - — :
VgL V¢BE0 (E.11)
The first term in the right side of (E.10) can be further simplified by using (E.8) to
obtain
b (VG—M-VQSEE'O) VJ_ZVJ_‘VG'bz_VJ_‘Vb'G. (E12)
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As a result, (E.9) becomes

R, G = %[E(v x b) + (v x b)b] :h
+ﬁ[vl(v x b) + (v x b)v,] : [v (Qﬁ) X G] . (E.13)

The gyrophase dependent part of the ion distribution function can now be explic-

itly written as

Ty =v.g, — v, ] ; o 1. op | 9fio
(fi=fi)g=v-8L {vd v+ 1B, [Vi(vxb)+ (vxb)v,]: Vb} Bute
+Qii [(UHB + %) vxb+vxb (v”B + %—)} :H, (E.14)

where the subindex g indicates the non-collisional origin of this gyrophase dependence.

Equation (E.14) is exactly the same gyrophase dependent distribution function found

in [74).

E.2 Gyrophase dependent piece in a f-pinch

The solution for f; found in (4.79) means that for all the terms in (E.14), fio is
approximately faro from (4.76). Due to the geometry in the #-pinch, the vector g,
defined in (E.6) is

(E.15)

gL == ar fg;fMO

éé(ano‘i'ZG(% )’

and the matrix h defined in (E.11) is

i 0[O [L (O, Zeds ], Ze06[0 (i), Zcds
h_re{ar [Qz( or +Ti8rfM0)}+Qi r[@r(?})+7}28rfM0J}

~n 1 6fM0 Ze 3¢)
—-0r [m ( 5 + “ﬁg;fMO)] (E.16)

where 1 use V@ = —-éi'/r. Employing this results and taking into account that

Ofio/Opo =~ 0 in this case, I find (5.18).

172



Appendix F

Gyrokinetic equation in physical

phase space

This Appendix contains the details needed to write equation (4.13) as equation (4.23).
In section F.1, equation (4.14) is derived. Equation (4.14) models the finite gyrora-
dius effects in the particle motion through the modified parallel velocity v)p and the
perpendicular drift ¥;. In section F.2, equation (4.14) is written in conservative form,

more convenient to obtain moment equations.

F.1 Gyrokinetic equation in r, Fy, yy and ¢, vari-
ables

In this section, I rewrite part of the gyrokinetic equation as a function of the variables
r, Eg, 1o and @g. The gyrokinetic equation is only valid to O(6;favi/L), and the
expansions will be carried out only to that order. In particular, I am interested in
R - Vrf; + E(8f;/0E). In the term E(8f;/OE), I can make use of the lowest order
equality 8f;/0F ~ 8fx;/0Ey. Then, employing E from (3.27) gives

: S0fi ¢ - Ze Ofmi
R-VRfi'l‘Eﬁ ~R- (Vsz ]WVR<¢> an) . (F.1)
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For VR f;, changing from R, F, p and ¢ to r, Ey, uo and ¢, I find

ofi
dE,

Of;
Ao

Vrfi~ Vrr - Vf; + VrE, + Vepoz— + Vro (F.2)

3800

Here, 0f;/Opo and 0f;/0po are small because the zeroth order distribution function
is a stationary Maxwellian. The gradient of Ey is given by 0 = VRE ~ Vg(E, +
E)) =VRsEy+ (Ze/M)VR& Similarly, Vru = 0 = Vg give Vrio ~ —Vwru; and
Vreo =~ —Vrp1. Then, to the required order

- Of;

Virfi =~ Vgr - Vf;, - —VR¢6E0

(F.3)

Since df;/OF ~ (—M/T;) fa:, and <ZVRfM¢ L f viVRo because the perpendicular
gradient of & is steeper and the parallel gradient of f; is small, I find

V&fi >~ Vgr- v (fz Ze¢sz) = VRr- —v_fig, (F4)

where I have employed the lowest order result (4.3) and Vro ~ Vgr - V. To prove
that Vre ~ Vgr - V¢ and Vr{¢) ~ VRrr - V(¢), I follow a similar procedure to the
one used for f; in (F.2). In this case, d¢/0E, and d(¢)/0E, are small. Substituting
equations (F.4) and Vgr(¢) ~ Vgr - V{(¢) into (F.1), I find equation (4.14), where
to write Vrr ~ Vg, r I have used the fact that R can be replaced by R, to lowest
order. The only coefficient left to evaluate is R.- VRg,r. Sincer = Ry — v x b, and
v x b = /2p0B(r)[&:(r) sin go — &3(r) cos pg], I find that Vg r ~1 —V(Q; v x b),
where the gradient V(v x b) is evaluated holding yo and ¢y fixed, and it is given
by

v (-ﬁv xb) = é [2—1§(VB)(V «B)+ Vb (v x b)b + (Vé, él)vL} . (F5)

In R, given by (3.19), the terms vy, and vy are an order smaller than ub(R) so I can
use Vg, r :\ff for vas - Vgr,r and vg - Vg r to find the result in (4.15). In equation

(4.15), T have also used ub(R) =~ ub(r) + (v);/)(v X b) - Vb, Var = Va0, V& =~ Vi
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and

_V‘xvlz(vxB)-VlA)Jré—lB-vxf)(B-VB)+vJ_(lS-Vé2~é1)

+b [;E(v xb) - VB—v,-Vé, &, (F.6)

where I employ V x v, = Vx[bx (vxb)] = V-[(vxb)b]-V-[b(vxb)]. To find the
result in equation (4.16), notice that v = u+(v||/Qi)f)-Vf)-(vxB)—(vl,/ﬂi)B-val,

and the difference u — v)| is given in (A.43).

F.2 Conservative form in r, Fy, 1y and ¢, variables

To obtain equation (4.20) from (4.14), I just need to prove that

= [B 0 = 0 =
V. (U_HR VRgl‘) — _é% (B . V/.Llo) - "8—(;); (B . VQOm)

0 (BZe-

o (22 O T(0)) = (1)

Then, equation (4.20) is found by using 0f;,/0FE¢ =~ 0fumi/OFs, Ofig/Opo ~ 0 and
Ofig/O0po = 0.

To prove (F.7), I use the value of R - Vg,r from (4.15) and the relations 9(B -
Vi0)/0po = V - [B(Op10/8t0)] and A(B - Vipio) /0o = V - [B(dp10/00)], to find

- [B - 0 0
A\ {—[(UHO —v)b+ VMo + VEe] — B (—"il-g + —'@)}

Y| Opo Do
0 ( B Ze

~5EE ;H_M‘VMO) -V(¢) =0. (F.8)

Here, I have also employed V- B = 0, (B - V(¢))/0E = 0, V - [(B/v)v1] = 0
and O[(B/v))V1]/0Ey = 0 [these last two expressions are easy to prove by using the
definition of ¥; from (4.19)]. In the term R - Vg,r - V(¢), (vjo — v))b - V() is

negligible because b- V{#) ~ 0 (the zeroth order potential is constant along magnetic

175



field lines). In equation (F.8), it is satisfied that

= (B 0 (BZe —

where I employ relation (2.8) and b - V(¢) ~ 0; and

= lp.vxb F.10
Y| Opg  Opg ’ ( )

Yo~ Y| Opo _ D10 v
i

with 8v, /Oue = (B/v3)vy, dv,/dpy = —v x b and v)jo defined by (4.16). Using

these relations, equation (F.8) becomes

MC—- Ho ~ MC—- o N
7o \Y o x VB + U”V X b 7o v [V X (v”b)] 0, (F 11)

where the relation (2.8) is used again.
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Appendix G

Details of the particle and

momentum transport calculation

This Appendix contains the details of the derivations of the gyrokinetic particle con-
servation equation (4.28) and the momentum conservation equation (4.38) from equa-

tion (4.24).

G.1 Details of the particle transport calculation

Equation (4.24) with G = 1 leads to equation (4.28), with the integral of the gyroav-
eraged collision operator giving the term V - (n;V,¢) as shown in Appendix H. The
only other integral of some difficulty is [ d3v figR - Vr,r. The integral of v“f) is done
realizing that f; — fi; = (—Ze/T;) fui is even in v) to write (4.29). The integral of
(vjo — v))b is done by using V - [f d®v fiz(vj0 — v))b] = B - V[J d®v fiz(vjo — v))/B].
Then f;; can be replaced by fas; because the gradient is along the magnetic field line,
and the slow parallel gradients make the small pieces of the distribution function
unimportant. From all the terms in v — vj|, only the gyrophase independent piece
(v?/2Q)b - V x b gives a non-vanishing contribution.

To perform the integral V - (n;V;) = V - ([ d3v figV1) = V- [f 0 fig(v)/Q)V %
v,], I use the expression of V x v, in equation (F.6). The contribution of the

parallel component of V x v, is negligible because its divergence only has parallel
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gradients, and they are small compared to the perpendicular gradients. The integral

of (v/S)v 1(b-Vé,-&;), on the other hand, vanishes because its divergence becomes

3, Yl 3 0fig
/vab Véy - &vy - Vi, = /dvv“b Ve, &5t =0 (G.1)

Here, I neglect the gradients of any quantity that is not f;; because they give contri-
butions of order 62k pinevi/L. To obtain df;y/dpp ~ Qlv, -V fig» T use that fi;'s
only dependence on ¢ is through Ry. The final result for n;V; is written in (4.35).

G.2 Details of the momentum transport calcula-
tion

Equation (4.24) with G = v gives equation (4.38). The integral of the gyroaveraged
collision operator gives F;c. The details are given in Appendix H.

To simplify the integral [d®v fiy(R - Vg, r)Mv, I use that V - [[ d®v fig(vjo —
v”)fw] ~ B - V[fd® figv(vjo — v)/B]. Then fi; can be replaced by fu; because
the gradient is along the magnetic field line, and the next order corrections can be
neglected. The integral [d*v far;v(vyo — v))/B vanishes because all the terms are

either odd in v} or odd in v, . The final result is
[ @0 fig (R Vr,r) M = pigbb + mig b+ Figs, (G.2)

where I use the definitions of pyy = [ d%v fiuM vﬁ, g from (4.39), and Tigx from
(4.40).

To find the integral [d®v M fi,K{v}, with the linear operator K given in (4.25),
1use K{v} = K{yb}+K{v,}. For K{v b}, I need Vo = —poVB/vy, dv)/dE, =
n ', &v)/Opo = —B/v) and dv);/8py = 0. Then, using the definitions of p;g| and ;)

along with

(Vo + VEo) - (MO:IB ]52”—(975)) ’”Ii (bx k) <N0VB + %—e—v(ﬁb)) , (G3)
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I find

/d3v MfigK{v||13} = (pig|,f) + mig) - Vb — /d3v figMﬂ()E)E) -VB

M . L S
Sob(b -V x b)b - Ty + / &0 fariMB(B - Vo)

+/d3v fui

—Ze / Bofigb(b+ 07V xvy) - V().  (GA4)

Here, I have used that (vjo — v”)f) - V(¢) ~ 0 and that, in the integrals that include
(vyjo — vy)b - V(vyb) and ¥, - Vy, only the term (v /202,)b(b - V x b)b - Vuy, gives a
non-vanishing contribution. The integral of fas; (v/%)(bx K)- [V B+(Ze/M)V{$)]

vanishes because it is odd in v). Equation (G.4) can be further simplified by using

2
3 £ B Vipn = — | Bo froB . T [ UYL b | =
/dvfM,B V10 /dvfM,B V(QBQib va)

2 A A A —
—/d3vfMi;6_(b-V x bYb - Ty, (G.5)

where I have used that in p0 all the terms but the gyrophase independent piece
give vanishing integrals. The last form of (G.5) cancels with a term in (G.4). Using

PigL = [ v figMv? /2, equation (G.4) then becomes

/dsv MfigK{’UHB} = —piglf)f) -VInB + (pig“f) + 1rig||) . Vf)
_Ze / Bofib(b + Q1Y x v1) - V(g). (G.6)
The integral [ d®v f;,K{v,} is obtained using Vv, = (VB/2B)v, —Vb-v,b+

Vé,-é;(v x B), OV, /0Ey =0, 0v, /0o = (2u0)~'vy and dv, /Opy = —v x b. Then,
I find

/d3v Mfi,K{v,.} = /dsv Mf,-gv“nyVL - % /d3v Fa(V{g) xb) - Vv, (G.7)

where I employ that the integrals of fasi[(vjo — UH)B + vamo + V1) - Vv, fM¢v|1B .
Vio(0v1 /Oue) and fM,-v”f) - Vi10(0v 1 /Opg) vanish because the terms are either

odd in v or in v,. The integral that includes V{¢) can be rewritten by realizing
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that V(¢) = V¢ — V¢, to find

/ o MfiK{v,} = / v M fiyuyb - Vv, + % / o fars(Ve x b) - Vv, (G.8)
Combining equations (G.6) and (G.8), I find

/ d*v M fiy K{V} = pig1 B(V-b)+(pigb+7ig)- Vb= Zenbb-Vé+ Figb+F;p, (G.9)

where I have used b-VIn B = —V - b, and the definitions of Fiz from (4.41) and Fip
from (4.42).
Using (G.2) and (G.9) in (4.24) gives

(iM Vi) + V - (Dig)|bb + g b+ Tig) = —Zen;bb - Vo

SIS

+pig_LB(v -b) + (Pignf) + ig))) - Vb + Figb + Fip + Fic. (G.10)

Finally, employing V - (pigbb) = b(b- Vi + pig)|V - b) +pigb- Vb and V- (mr;yb) =
(V. 1r,-g”)f) + Mg - Vb, I am able to recover equation (4.38). Multiplying equation
(4.38) by b and taking into account the cancellation of

Fis-b=—M [d (UHB + =Véx 6) Vb v, (G.11)
and
(V- ig) o =M [0 f, (v,,f) + 2V6 % B) Vb v, (G.12)

I find equation (4.44). To obtain relation (G.12), I have employed 7r;,x b =0and I
have used the lowest order distribution function fs; for the higher order terms. All
the higher order terms, except for (c/B)V(#) x b, cancel because they are either odd

in v or v,.
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Appendix H

Finite gyroradius effects in the

like-collision operator

In this Appendix, I show how to treat the gyroaveraged like-collision operator, (C{ f;}).

The like-collision operator is
CLf} =1%o+ | [ Vo5 (Vi = £V £)] (H.1)

with f; = fi(v), fi = fi(v'), g = v -V, g = [g], V,Vyg = (¢ T —gg)/g* and
v = 2rZ%*In A/M?. Linearizing this equation for f; = far + fi1, with fii < far, 1
find

C(Z){fil} =V, - F{fil}, (H.2)

with

P} = [ @ bl [ (£2) w0 (1)) )

The vector I can also be written as in (4.34) because I'{f;} = T'{fa:} + T{fu} =
I'{fa}. Using gyrokinetic variables in equation (H.2) and gyroaveraging gives

(COUa)) =7 [5% (Z-v.m) + % (Br-vum) + vn- (Zir-v.R) ]

u
(H.4)
Here, B/u ~ 0(r,v)/O(R, E, i1, ) is the approximate Jacobian, and I have used the
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transformation rule for divergences from one reference system {z;} to another {y;}:

1 0 1 a

where J, = 0(z;)/0(y;) is the Jacobian of the transformation, I'y, = I' - V,y; and
V. is the gradient in the reference system {xz;}. To rewrite equation (H.4) in terms
of the variables r, Ey, po and ¢, I need to use (H.5) and the chain rule to find the

transformation between the two reference systems {y;} and {z}

1 0 6Zk
— =—>) — |, I',—1|. H.6
Z y y] Jz ; aZk ( z Z]: Yj ayj) ( )
Employing this relation to write equation (H.4) as a function of r, Ey, o and ¢ gives

(COLF}) ~ Ilg{@% (B<r VE)) 8‘20 (%<F-Vvu>)
B

T [_

” <<P ‘ Vvﬂ);% +(T- vvR>)] } (H)

where I have used the lowest order gyrokinetic variables Ry, Eo, uo and . This
approximation is justified because the collision operator vanishes to lowest order, and
only the zeroth order definitions must be kept. Notice that I keep the first order
correction R; = Q7'v x b only within the spatial divergence because the spatial
gradients are steep. Employing V,E ~ v, V,u ~ v, /B, 0r/0u ~ —0R,/0p ~
—(200%)"'v x b and V,R ~ Q7' T xb, I find

cotan =P (20 0) + o (£00w)

4T [ZJZ;"“ <<r> X b — (v, )v x B)} } (H.8)

In the main text, there are two integrals that involve the gyroaveraged collision
operator, V- (n;Vic) = — [ d®v (C{fi}) and Fic = M [ d*vv(C{f;}). Using equation
(H.8), I obtain equations (4.33) and (4.43). To find (4.43), I have integrated by
parts using Ov/0E, = U‘TIB and Ov /0o = (B/v3)vy — (B/v”)f), and Vv has been
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neglected because the gradient is of order 1/L.

I can prove that the divergence of n; V¢, given in (4.33), is of order §;(kLp;)?viine
rather than d;k; piv;in.. For kyp; < 1, the function I'(r, Ey, u19, o) can be Taylor
expanded around R, to find I'(r, Ey, o, ¢o) ~ L'(Ry, Eo, fto, vo) — Q7 (v x f)) -Vg,T.
Then, the gyroaverage (...) holding R, E, u and ¢ fixed gives

1 1 :
(P) = % fd(PO [F(R97 EO):“O’ QOO) - a(v X b) ’ VRQP ? (Hg)

where I have employed that to the order of interest holding Ry, Ey and po fixed is
approximately equal to holding R, E and p fixed. To rewrite equation (H.9) as a
function of r, Ey, po and ¢, I Taylor expand I'(Ry, Ey, po, o, t) around r to find

= 1

1 .
o ]{d% L(Ry, Eo, po, o) ~T + ‘Q:(V X b)-VT, (H.10)

with T = [(r, E, pio) = L(r, Ey, o, o) the gyroaverage holding r, Ey, o and ¢ fixed.
The second term in the right side of (H.9) is higher order and can be simply written
as

1 1 - 1l ——=———=
- fdgoo g (v D) VT~ —o(v xB). UT. (H.11)
Employing equations (H.10) and (H.11) in equation (H.9), I find

(1")=I‘+hl-j(v><f))-Vf—%(vxf))-VI‘. (H.12)

Similarly, letting I' — I' - v, in (H.12) and ignoring Vv, corrections as small, I find

T-v))=T-v,+ -&(v xb)- V(T vy) - %(v xb)-VI-v,. (H.13)

Using these results in (4.33) the integral becomes

v Vie) = =7 {1 [ [0 Skt

(H.14)
where I have used that fd®v(...) = [d3v(...). The integral [d3vT is zero, as can
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be proven by exchanging the dummy integration variables v and v’. The rest of the
integral can be written as

V- (niVic) = VV : {gg /d% [(v x b)(I" x b) + %(Y —bb)(T"- vl)] } (H.15)
where the spatial gradients of functions different from I" have been neglected. Using
the definition of the linearized collision operator (H.2) and employing [ d®v[(v x
B)(vxB)+ (02 /2)(T —bb)|V,-T = — [ d® [(Cxb)(vxb)+ (v xb)(Txb)+(T-v. )(T
—bb)], I find

V- (nVic) = -VV: {Ql%/d% CO{fq} [%(i’ —bb) + -;—(v x b)(v x 13)] } ,
(H.16)
where I have also employed VV : [(v x b)(T' x b)] = VV : [(T x b)(v x b)]. This
integral, of order &;(k) p;)2vine, can be simplified by employing that, for k, p; < 1,
the gyrophase dependent part of the distribution function is proportional to v, to

zeroth order [see (4.7)]. Then, the integral becomes

2 s A~ A
V. (n;Vig) = =VV: [é / d3v CO{ fﬂ}%(l —bb)|, (H.17)

where I used that v (v x b)(v x b) = 0 and (v x b)(v x b) = (vi/?)(? —bb).
Finally, I prove that F,c from (4.43) is of order é;k, piviineMv;. Here, it is im-
portant to realize that the first integral in (4.43) must be carried to the next order
in k, p;, but the integrals in the divergence only need the lowest order expressions.
Then, using expressions (H.12) and (H.13) in the first integral of (4.43), and the low-
est order expressions (I') ~ T and (I' - v,) ~ IT'- v, for the second integral, I find

that for &k, p; < 1,

Ficgv.{%—z‘/d&v [(vxﬁ)(I‘-B)B+(I‘><f>)v“f)+(I‘-vl)T xf)}}z

~ A~ 2 — ~
V. {bj\if- /dB’U C(e){fil} {(V X b)’U”b + % I Xb} (H18)

——
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To obtain the last result, I have employed that [ d®v [(vxb)yb+(v? /2) 1 xb]V, T =
— [d3[(T x B)v||f)+ (v xb)(T-b)b+ ([-v,) 1 xb] and I have used the definition
of the linearized collision operator (H.2). Only the gyrophase dependent part of
fi1 contributes to the first part of integral (H.18), and for k; p; < 1 the gyrophase
dependent part is even in v [recall (4.7)] so this portion vanishes. As a result, the

integral becomes
2 o
Fic = -V - {%{/d%c‘”){fu}% I xb|, (H.19)

of order 6;k, p;viine Mv;.
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Appendix 1

Gyrokinetic vorticity

In this Appendix, I explain how to obtain the gyrokinetic vorticity equation (4.53)
from equations (4.38) and (4.45).

Before adding equations (4.45) and V- {(c/ B)[equation (4.38)] x b}, I simplify the
perpendicular component of the current density Zen;V;. The perpendicular compo-

nent of vy, defined in (4.19), is given by

OILEBX(OIxﬁ)=%f)x(f)~7vL+VB-vL), (I.1)

1

where I use that (Vxv,)xb =b-Vv, =Vv,-band Vv, -b = —Vb-v,. Employing
(Vxb)xv,=v,-Vb—Vb-v, and b x [(Vxb)xv,]=-v,(b-V xb),] find

{'IL:%BX(B'VVL-FVJ_'VB)‘F%Vl(f)-vx{)). (12)

% i
Then, the integral ni\~/'i | becomes

1 - nN N
niVu = ﬁb X (/ d3v fzg'U“b . VV_]_ + /dB’U fig’U“Vl . Vb)

1. .
+5b- v xb / v figuvy. (L3)
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Adding equations (4.45) and V - {(¢/B)[equation (4.38)] x b}, I find

a -~ jod g ~ g
C =V b+ Jga+ Ji+ ZeniVi+ ZeniVic + 5B x (V- i)
c - c -
—Eb X FiB — Eb X Fic], (14)

with w¢ defined in (4.51). In this equation, adding —(c/B)b x F;p and the expression

in (1.3) for Zen;V;,, two terms cancel to give

N . Mec~ R
ZeniV;y — %b xFip = ?cb X /d3v figve - Vb
Zec
BQ,

Mc - . A _— A —
+b-V x b [ figyvi - 55b [ & (Vo xB)- v (15)
The last term in this equation is absorbed in the definition of J;s in (4.55). I can
further simplify by realizing that b x [ d®v fi;uyvy - Vb =b x [V - ([ d®v f;;v lv”f))],

giving

ji + Zenivil — %f) x Fip = j,~¢, + %b X [V . (/d3v finglva)H
Me.- R
+2b-V xb [ fyve. (16)
The integral [ d®v fiyMv lv“fa is part of the definition of ;¢ in (4.54), so I can finally
write

Cc

B

<

B
Mc- -

+=b-V xb / &o fguve. (L7

ji + Zen,-Vu + b x (V ;igx) — %B x F;g = jid) + f) X (V ?l’lg)

Employing this result in equation (I.4) and using the fact that the divergence of
Zen,-V,-”f) and (Mc/B)b -V x b [ d®v figvy vy is negligible, I recover equation (4.53).
The divergence of Zenif/}”f) ~ 82k, p;encv; is small because the parallel gradient is
only order 1/L, giving V - (Zen,-f/,-”f)) ~ 8%k, penev;/L; which is negligible with
respect to the rest of the terms, the smallest of which is order &;(k, p;)%en.v;/L. The
divergence of (MC/B)B -V x de% fig0) V1 ~ 67k Lpiencv; has only one term that is
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of order &;(k, p;)%encv;/ L, given by
M
V- ( —b-V x b [d vf,gv”vL) ~ %b Vb [dvove Vg (18)

Since the only dependence of f;; on @ is in Ry = r+ Q5 'v x b, I find that v, -V fi; =
Q(0fig/0p0). Thus, the divergence of (Mc/B)b-V x b [ d® fiyuyv. vanishes to the

relevant order due to the gyrophase integration

Mc, Of;
v. (Bb be/dvf,gv”vl> Zeb-V xb [dvy 22 =0. (19

U'U”
o
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Appendix J

Flux surface averaged gyrokinetic

vorticity equation

In this Appendix, I obtain the long wavelength limit of the flux surface averaged
vorticity equation (4.62). The long wavelength limit of w¢ is given by wg — w =
V - [(Ze/S%)n;V; x b], as proven in (4.52). Then, upon using (2.16) and integrating

once in 9, equation (4.62) becomes

0 . < 1 -
gy R0V -8y = (T T4 GV - my  Fi

Y

I will evaluate all the terms on the right side of equation (J.1) to order 62k, p;en.v;| V|
for k 1LPi — 0.

J.1 Limit of ((cI/B)V - my)y for ki p; — 0
The term ((cI/B)V - m;g)y is written as

(§oona), (o (ra), ~F (a9, 0

The term ;g - V(cI/B) is neglected because it is of order §len.v;|Vy|. In the
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definition of ;g in (4.39), one of the terms is — [ d®v fiz(c/B)(V{(#) x b)M v). The
difference between f,(c/B)V{g) x b and fi(c/B)Vé x b gives rise to the term

%{z [ & Muy[£:g(V(¢) x B) = (Ve x b)) - Vo =

I .
= [ d%Mv,,[ g ~ fu5 (Vo x B)| - 7y (3.3)

in (I/B)mg- Vi, where I use f;— fi; = —(Ze/T;) fui to obtain the second equality.
I will show below that the difference (J.3) is of order 62k, p;p; R|V+| and therefore
negligible compared to the other terms in (I/B)m - V4 that are of order 67p;R|V1|.
Then, in (I/B)m, - V4 the difference between fi;(c/B)V () x b and f;(c/B)V¢ x b

can be neglected to write equation (J.2) as

<%V : 7l'z'g||> %a—%vl< ;gll 'v¢>w» (J.4)

with
o = | & )Moy - Lovgx b [ & 15
Tigll = / v fig(Varo + V1) My — B ¢ x / v fiy). (J.5)

Equation (J.4) is then seen to be of order 62k p;en.v;| V).

I will now prove that the difference (J.3) is of order 62k, p;p;R|V%|. In equation
(J.3), short wavelength components of ¢, ¢ and fig can beat nonlinearly to give a
long wavelength component, and these functions cannot be Taylor expanded around
r. However, the total long wavelength contribution (J.3) can be expanded. The
gyrophase dependence in R, then gives a contribution of order §;k; p;p; R|V| that
can be ignored when integrating over velocity space to order d2p; R|V|. The result
is (cI/B?) [ d®v(Zed/T;) farsMv (V¢ x b) - Vi because the rest of the terms have
vanishing gyroaverages to the order of interest. Since both fa; and ¢ are even in v,

this integral vanishes, and (J.3) is higher order than §2p; R|V|.
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J.2 Limit of (J;3- V¢ — (¢/B)(V- Wic) - (b x V), for
kipi — 0

I simplify the terms (J;;- V), and —{(c/B)(V- ®ic)- (b x V), by first calculating
the divergence of J;s + (c/ B)b x (V- mig). 1 employ the long wavelength result for
V - Jis in (4.56) to obtain

!

v. [jw +2bx (V. ?{-,-G)] _v. [ Zhx (V- T +V Tl (26)
with

zG-— M/d v fzgv”(bvl + VJ_b) ~ 0;k 1 pip; (J.7)

and

Hn Mc
/d v fig(Varo + V1) Mv — ——v¢ x b/d vfvi ~8p.  (J.8)

Flux surface averaging equation (J.6) and integrating once in ¢, I find the order
82k pienev;| V1| term
(3is- Vb = £(V- i) (wa)> - —iiv'< SV T (b x V) ,(19)

@ B\ ¢ s V'O ”
where I neglected c ;ZG: V[(b x V4)/B] ~ &3en.v;|Ve|, I used the definition of
;F;G in (J.7) to obtain V- ?;G (b x Vi) = 0, and I will next prove that (;;G:
V|[(b x V4))/B])y vanishes.

To see that (%;G: V(b x V4)/B])y = 0, the velocity integral [ d®v fi,u v, in ?;G
has to be found to order &;k, pin.v?. This integral only depends on the gyrophase
dependent piece of fig, given to the required order by

—= 1 1 R —
fi—fi~ Q—(v x b) - Vfio+ 2Q2( x b)(v x b) : VV fi, (J.10)

with fio = fi(r, Ey, tto, o) as defined in (4.8) and, thus, gyrophase independent. The
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integral involving V V fiy vanishes, leaving

o bxV
el V( XB ?’b) =
[ @ 0w x B) - (b, + vib) v (b XBW) ~
[/ d*v fio ”(v x b)(bvy +v.b): V (b XBW)} , (3.11)

where terms of order d2p; are neglected. Integrating in gyrophase and flux surface

o b x Vo
< B P
19

, 2 o . . bxV
viggV <M/d3vfio%[b(bxV¢)+(be¢)b]:V( XB ’”)>w. (J.12)

averaging, equation (J.11) reduces to

This expression vanishes because [b(b x V1)) + (b x V¥)b] : V[(b x V4)/B] = 0.
To prove this, I employ equation (2.16) to write V[(b x Vi)/B] = V(Ib/B) —

V(R(). The tensor V(RC¢) = (VR)C — ¢(VR) gives zero contribution because it is
antisymmetric and it is multiplied by the symmetric tensor [b(b x V) + (b x Vi)b.
Then, I am only left with V(Ib/B), giving

(b(b x V) + (b x Vy)b] : V (b XBW) — (bx V¥)- [v (é) + éﬁ - vf)] . (1.13)
To simplify, I use relation (2.8), with b- Vb = &, to write b- Vb (b x V¢) = —(V x
b)- V¢ = —V - (b x V4). Finally, I employ (2.16) and ¢ - V(I/B) =0 =V - (RBC)

due to axisymmetry to obtain

[b(b x V) + (b x Vy)b] : V (b XBW) =Ib-V (é) - év .(Ib) =0. (J.14)
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J.3 Limit of ((cI/B)F), for kyp; — 0

The function Fjg, defined in (4.41), is written as

P 1 .
Fip = Ze [ dEoduo dgoOB%:;B Fari (b Yo+ oV xv: Vqs) , (3.15)

where I use d*v = (B/v))dEq dpo dipo and v ! = §v/OE,. Integrating by parts in Eq,
and making use of 8(5/813’0 =0, Ofui/0E0 = (—M/T;) fari and V1 = (vy)/%)V x v,
I find

p—

. Ze ~
Fip=M / Ay djig dpo BT frvi(wyb + 1) - V3, (J.16)
Multiplying equation (J.16) by ¢I//B and writing the result as a divergence give

cl -~ cl ,
—

ghe= 9 (Frs) - [ 1

with wlp = [d% (ZecE/T})fM,-(vHB + V1)Mv). Here, I employ b-V(fui/T) = 0,
and neglect the integral Mc [ dEodpuo dpoZedV - (V11 fri/T;) because it is of order

2,24 .
z ; ? fusivyb - (%) , (J.17)

7

83env;|V4|. I will now consider the two integrals in equation (J.17). Upon using

(2.15), the flux surface average of the first integral gives

<v - (%«;E»w _ %é%v' <Mc [ d Z,_,‘fffm%ﬁ . v¢>w. (J.18)

Multiplying equation (2.16) by v, I find Jv/B = Rv-{+(vxb)-Vi/B. Substituting
this result in equation (J.18), I find that the integral of v x b vanishes because ¢ and

fari are even in vy, and ¥, is odd. Thus, the first integral of equation (J.17) gives

<V : (%w;E) >¢ - %E%V' <c [ Z;f Fas RM(v - &), v¢>¢ . (19)

In the second integral of (J.17), I need to keep qZ(Rg,uo, Wo,t) == P(r, po, o, t) +
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Qv x b) -V¢. Using § dpo &(r,uo, ©o,t) = 0 leaves

v. {%9 /d% Z;ffMi(v x b) [v,,ﬁ v ( 5 )} } , (J.20)

where terms of order &3en.v;| V| are neglected to obtain the second equality. Using

v”B - V(Iv/%) = Vo - V¢ in equation (J.20) and flux surface averaging, I find
2,27 .
</d3’l) Z € ¢fM'LU||b V (ﬂ)> =
T Q .

’ v X f)) -V
V%V < /d3 fAh B Vnmo - V’gb>w . (J21)

Here, equation (2.16) multiplied by v gives (v X f)) -V¢/B = Iv/B — Rv - ¢. The
integral of Iv;/B vanishes because both q~§ and fyp; are even in vj. Thus, equation

(J.21) gives to relevant order

2,27 o
/d3v Ze ¢fM,»va -V Iy ~
T, Q; .

RM(v - &)Vao - Vz/)> (J.22)
¥

Substituting equations (J.19) and (J.22) into the flux surface average of equation

(J.17), I obtain
<%Fm> -‘-/-,-@v'< [ (fiq— f)RM(v - )(vM0+\71)-V1/)>, (J.23)

¥

where I use f; — fi, = —(Ze¢/T5) fari-
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J.4 Limit of (Zen;Vc - V) — cRF;c - {)y for kip; — 0

This collisional combination vanishes. According to (H.17), for k; p; < 1, (Zen,Vic -
Vi) is given by

C
B,

(Zenin-c : Vw>¢ = ——l—iV' <

M2
Vi 50 / d’v C{fi}lvwl2—ﬂ->w. (J.24)

2

Equation (H.19), on the other hand, gives

BB Qo = st (o [ PoCUNTIPER) )
t Y

V' oy 2
where T use equation (2.1) to obtain V4 - (b x ¢) = |V¢[>/RB.
Finally, since the collisional piece vanishes to relevant order, I just need to sub-
stitute equations (J.4), (J.9) and (J.23) into equation (J.1) and employ (2.16) to find
(4.63).
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Appendix K
Gyroviscosity in gyrokinetics

In this Appendix, I show why the gyroviscosity must take the form given in equa-
tion (4.65), and later I simplify that expression for up-down symmetric tokamaks by

proving that the collisional piece must vanish.

K.1 Evaluation of equation (4.65)

To prove equation (4.65), I employ that vas - Vi = v”f) - V(Iv) /) and ¥, - Vi) =
—yb- V7 (v x b) - V4], proven below in (K.2), to write

(Varo + 1) V4 = —=ub-V | = —Syb- VIR &), (K.1)

Mc . —[Iy (vxb)-Vy] M
Ze

where I use equation (2.16) to find the last equality. Notice that in v; - V¢ =
(v/SU)(V x vi)- Vi = (v,/Q)V - (vi x V4), both v, and V4 are perpendicular to
b. Then, v, x V4 must be parallel to b, giving v, x V¢ = —b[(v x b) - V4], and

Y

V- Vip = (K.2)

V. [b(vxb) V¢ =—yb-V [("—Xw} :

Qi

2

i

Substituting equation (K.1) into equation (4.65) gives

</d3v fFiRM(v - {)(Varo + 1) .V¢>w _
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—-——2—(3 </ d*v fiv“f)-_V_[Rz(v . &)2]> =
< [ (R &P Vfl> . (K.3)

Only the axisymmetric, short radial wavelength pieces of f; contribute to (K.3) be-
cause of the flux surface average. To find this portion of f;, I employ equations (4.10),
(4.11), (4.12), (4.13), (4.14) and (4.15) to obtain the gyrokinetic equation

) ) ~ - — Je— 13) i =
(:?ftg . + (v||b+ Vo + Vi) - (Vfig - ‘A—;V<¢> aj;gg ) +vgo- Vg = (C{fi}). (K4)

In this equation I will only keep terms of order §; fas;v;/L or larger. These terms will
give R 7r Vw ~ 6%p; R|V| as seen from (K.3).

In the nonlinear term vgo- V f;y, different components of (¢) and fi; beat together
to give an axisymmetric, short radial wavelength contribution to (K.4). The term
Vgo-V fig can be treated as the term v - Vg f; in the axisymmetric piece of equation
(4.1), where it was neglected. In equation (K.4), vgo - Vfig ~ kipidifuivi/L <
8: faivi/ L is negligible, too. This is another form of the conclusion of section 4.1, i.e.,
the long wavelength, axisymmetric flows are neoclassical.

Neglecting vio - V ;g and using fiy = f; + (Zed/T:) fui in equation (K.4), I find

that the axisymmetric, short radial wavelength portion of f; must satisfy

f;

ot

+vyb- (vfz' szVd)) (gﬁ T, sz ) (Varo + V1) - Vi
= (C{f:}). (K.3)

rv
Here, the terms that contain (vao + V1) - Ve and (Vaso + 1) - V(@ far:) are neglected
because they are smaller than the rest of the terms by a factor &, p; since q~5 ~ &1, /e ~
k.p;(¢). Additionally, I used V; ~ V1(0/0¢) since only short radial wavelength
effects matter in (K.4). Finally, substituting equation (K.1) into (K.5) gives

Of;

ot

+yb- (vfi szV¢) + - (g{j T sz

) b - V[R(v - )]
= (C{fi}){(K6)

o

r,v
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I substitute vHB . Vf; from equation (K.6) into equation (K.3) to find

</ d*v f;RM(v - &)(VMO + V) V¢> _

Y
M2 - [ 0f;
be ([ oo ( |

- <C{fi}>)> , (K.7)

Y

3.2 . R )
a0 (52 2% g ) nip- VIRLy - QIR c>2> -
Y

M3c? - [ (Of; ; _
6Z2e2</dgw“b'v[<8w TfM’ ) A >¢”O' (K5)

To obtain the first equality in equation (K.8), terms that contain b - V(df;/0v) and
b - V(d$/0) are neglected.

Finally, using k1 p; < 1 in (K.7), the replacements f; ~ f; and (C{f:}) ~ C{fi}
lead to (4.65).

K.2 Collisional piece in up-down symmetric toka-

maks

To prove that the collisional contribution to equation (4.65) vanishes for up-down
symmetric tokamaks I employ the drift kinetic equation (4.1) for the long wavelength,
axisymmetric component of f;. I already proved that the term vg- Vg f; can be safely
neglected. Additionally, I assume that the time derivative is small once the statistical
equilibrium is reached, and I split the distribution function into f; = fari (¥, Eo) + hi,
with h; (1, 8, Eg, i, t) < fui, giving

Ohi | 0 (Tvi0/mi)| _ ciogg,
'U“b Va[ag 80 (Qz 31,0 )} =C {hz}, (Kg)

where I use vy - Voo = v”f) - V(Ivy /). Since the tokamak is up-down symmetric,
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I /Q; is symmetric in 6 and its derivative is antisymmetric.
In equation (K.9), replacing by —6, v by —v); and h; by —h; does not change
the equation. Then, h; changes sign if both 6 and v do. Due to this property, the

collisional integral in (4.65) is given by

M 3. (0 (F. 2ﬁ 2,2 —
<239i/dvc (i} IV + %] w_o. (K.10)

In the contributions to this integral, the piece of the distribution function with positive
v in the upper half ( > 0) of the tokamak cancels the piece of the distribution
function with negative v in the lower half (§ < 0). Similarly, the piece with negative

v)| in the upper half cancels the piece with positive v} in the lower half.
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