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ABSTRACT

The both time-independent and time-dependent variational procedure de-

scribed and applied to ¢*-scalar field theory,and as a extension,the time independent
variational procedure also applied to Yang-Mills gauge fields.

Thesis Supervisor: Professor Arthur K. Kerman
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CHAPTER-I

INTRODUCTION

Since K. Symanzik published his paper [14] on the renormalization there has
been a renewed interest in the application of Shrodinger representation to the field
theories. Formalism for both boson and fermions has been set up.Publications of
Jackiw [28] and Floreanini [21] gives a complete picture of the formalism.

Most of the applications deal with scalar fields and to some extend the gauge
fields [1,9]. Many people have studied (*-scalar field theory in the Sherédinger
representation [5,6,8,10,11]. To my knowledge no one has ever published any work
related to the space dependence of the variational parameters. Space dependence
is necessary if we want to include a source term since it couples to the mean value
of the field.

Stevenson [4] has approached the problem using plane waves as the basis to
expand the field operator. He takes the expectation value of the field operator to be
constant and treats the mass term in the frequency as variationally. It is inherent to
his approach that there is no Way of extending the variational parameters to include
space-time dependence. This a restriction on the calculation even though it may
initially look covariant, In contrast to our result his calculation does not restrict
the bare coupling constant to be negative .

Bardeen [22], in his approach to gauge field ,has formulated the wave functional
as an extension of that of the QED ground state wave functional. Even though it
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is gauge invariant it does not allow any analytical calculations since it involves
an exponential of a quartic function of the fields. Numerical evaluation require a
continuum gauge field measure,that is itself a major difficulty in these calculations.

We are motivated to study the singularities of the (*-scalar field theory due
to the similarities it has with Yang-Mills gauge field; both of them are quartic
in the fields.We tried to find out what we can learn about the structure of the
singularities,that will be useful in the study of the Yang-Mills fields.Even though
Yang-Mills theory is more complicated due to the gauge invariance and color de-
grees of freedom,their singularities display similar structure;quadratic and logarith-
mic.Elimination of the zero mode from the variational parameter corresponding to
propogator removes the cubic singularity. Removal of it is essential for the renor-
malization of the terms appearing in the effective potential.

In the renormalization of ¢* ground state effective potential the renormalization
is introduced in the differential equations for variational parameters.Since differen-
tial equations are obtained variationally from the effective potential it is expected
that the effective potential will be finite with the same renormalization.This way of
introducing renormalization simplifies the algebra a lot.The main idea is to switch
to another variational parameter in a way that that defining expression for the new
variational parameter will be finite.After renormalizing the effective potential we
can verify it variationally. When there is a space dependence in the variational pa-
rameter, assuming that the space dependence does not modify the singularities we
can generate a formal expansion of the variational parameter around the constant

value of the new variational parameter up to an order in which all singular terms are
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included.In a scalar theory , singular terms appear as the coefficients of the powers
of the new variational parameter. This fact allows us to absorb them in the free
parameter of the theory.What makes Yang-Mills theory difficult in the presence of
the mean field is the spin and the color dependence of the singular coefficients.Even
though they are diagonal in a particular representation since they will be absorbed
by the free parameters of the theory ,which are just the ordinary c-numbers, it is
necessary to kill their spin and color dependence.

The time dependent case is simple enough to tackle if the conanical variables
commutes with each other. In that case the kinetic term can be evaluated to see
that it is finite if we switch to proper new variable that will renormalize the effective

potential.



CHAPTER-II
VARIATIONAL CALCULATIONS IN QFT
II.1 SCHRODINGER REPRESENTATION FOR QFT

QFT can be viewed as QM with infinite degrees of freedom. Since the degrees
of freedom involved are the values of the fields {¢%(z)} at each space point Z,

it is necessary to explain what functional, functional differential, and functional

integrations, etc., are.

Functional: It is a mapping of the space of sufficiently smooth functions {f(Z)}

into the Real or Complex numbers

F:f— flf] (2.1)

e.g.

Flf] = /V iz Kp(@)f () (2.2)

KF(Z) is called a kernel. The value assigned to F[f] depends on the function itself
rather than it’s value at a given point {Z} if we discreetize the integral by dividing
the space of Z into N-cells and let the Z; lie on each cell and f; = f(zi). We can

rewrite it as

N
FIfl = lim By (o for- ) = Jim S AKe()f (2.3)
=1

in this sense it is clear that a functional is a generalization of an ordinary function to
accommodate the continuous index labeling the variables f;. Note that F[f,g,...]

need not be linear in f(z), g(z),..., etc.



A Taylor series expansion of a function may also be generalized to functionals

Bifl=Y %/d:zl L dENKN Gy 3N) f(E)... fGEN) (24)

n=0
where Ky (...%;i...%;...) = K(...%;...%;...) symmetric under the exchange of

two of its arguments.

Functional Derivative: Defined as

§F[f] F[f + eby] = F[f]

576 = i . (25)
where
by(Z) = 6(Z — ) (2.6)

To see that it is a generalization of the ordinary derivative of a function,using

discretized version of f[y] and F[f], we should write eq.(2.5) as

fi=f({;)
6Flfi . fiv ] _\ Flhe fite. )=F(fi..fi..) (2.7)
5f, €—0 €
e.g.
FIf) = [ d2Ke(@)5(@) (2.8)
Using
@)
o) =Y
we obtain SF(f]
0] = /dep(a:)6(w - 7) 29
SF1f] = Kr(9) |
6(9)

Functional derivative of expressions that do not involve integrals are found by re-

expressing them as integrals,



e.g.

6 d - ) L d L /e cbe
§B*(%) (E?;;Bb(y)> = EB“—(x");/dydy_aé(y— )B(z)éb

- —*i - = bcéBc(z)
=3 [ 5,09 g

(2.10)

using

we obtain

é d .. d . -
55e(3) (EBb(y)> = 53@;5(3: ~-9) . (2.11)

Functional Integration : Defined as

/H#@ﬂﬂ

+oo
Km dfy ... dfNFn(fi ... fN) .

N—oo J_

[ o
(2.12)

and it is nothing more than infinite dimensional integration. Note that the range

of integration for the variables, f;, is all the allowed values.

Functionality: It is a rule that assigns a (Real or Complex) number to a (Real

or Complex) functional

Pl — E
e.g. energy functionality defined as

[ ¥*[elH el D(p)

B =B = T yIrn(e)

(2.13)

H is some operator acting on the functional ¥[p]. Note that in our notation brackets
( ),[ ], and { } are used around the argument to indicate a function , functional,and

functionality,respectively.
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e.g
() indicates a function , f(%)

[ ] indicates a functional , F[f]

{ }indicates a functionality , E{¢} .

Generalization of the Functional Differentiation to Functionality:

A functionality E = E{t} is differentiable at the functional ¥[¢] if

5B+, = [(DE/DYRD() (214)

exists as a linear functionality in Q for certain suitable dense of functionals, 2 =
Y¢]. As a variational principle DE/Dy = 0 leads to a Schrodinger functional

differential equation

Hylp] = Eple] (2.15)

where 1] are the stationary functional states. If ¢[¢p; f] is prescribed in a func-
tional form but with a function f(x) as a free “parameter” then when the energy

functionality (2.13) is evaluated we are left with a functional E[f].
f(Z) can be determined by solving the relatively simple Rayleigh-Ritz partial-

differential equation

SELf] _
57(3)

0 (2.16)

to find stationary value of E[f] with respect to the function f(Z).Ref[29,39]

11



Application to Scalar Field Theory

Let ¢(z) be a real scalar field and L(t) = [dz {%(3,,¢)2 - V(¢)} be the

associated Lagrangian of the theory and the conical field to ¢(z) defines as

6L _ 8,
n(z) = 59(2) $(2) = 5,4(2) 217

= ¢(z)

and the Hamiltonian form
L= [ dix@)i(e) - Hr,d
. Lo (2.18)
H(m,¢) = / dz {§7r2(x) +3 (V)" + V(¢)}

by promoting the fields n(z), ¢(z) into operaters we introduce the quantization as
[#(3,),8(2,9)] = —ié(@ - 7) (2.19)
Now the problem is to find eigenstates and eigenvalues of the Hamiltonian
. 1. 1/an? .
A= /dz {—fr(m,t)? +3 (w) + V(¢)}
2 (2.20)

Hip) = Ely) .

In the functional Schrodinger representation we have the following correspondence

%) «— b[¢(Z)]

operator H

(t,3)|%) «— $(@)v[¢]
1 (2.21)
B )¢[¢]

(#,9) +-+H( ¢,¢)

(t, )|y) —

and

N B
i (—(Sm ¢<x>) ble] = Byl
12



that is
/d.%' {—-%(;)3 + % (6¢(55))2 +V (¢(:'i))} p[¢] = EY[4] (2.22)

with the norm (+|¢) defined as [ D(¢)y*[]y[4] Ref.[3]
Since the exact solution of this problem is not possible, in the next section
we will develop a variational approach to obtain some results for the ground state

energy.

II.2 VARIATIONAL METHOD
I11.2.1 Time-Independent (Rayleigh—Ritz)

If we multiply Eq. (2.22) from the left with ¢*[¢] and integrate over the ¢(%)

field we obtain an energy functionality

I DWW I [hey 4(2)] ¥l
I Dlell¥le]?

E{y} = (2.23)

It is known from QM that any trial wave function that approximates ground state
wave function gives an upper bound for the ground state energy. Similarly, any trial
wave functional 1)[¢] that approximates the ground state wave functional gives an
upper bound for the ground state energy of the theory.

If some undetermined parameters are introduced in the wave function, it is
possible to improve the upper bound value by extremizing ground state energy
with respect to the parameters. Similarly, in the following we choose a trial wave
functional with a function f(Z) as a free “parameter” 1[p; f]. It allows us to obtain

energy functionality as a functional E[f]. Extremizing it leads to

SE[fl/6f(&) =0 (2.24)

13



a relatively simple “Rayleigh-Ritz partial differential equation for f(Z); solutions
minimize the energy.
The above procedure describes the time-independent Rayleigh-Ritz variational

method for functionals.Ref.[16]

I1.2.2 Time-Dependent Variational Method for Functionals

It is a generalization of Dirac’s less known time-dependent variational proce-

dure. We start by defining functionality as

(i7-#)|#0) [ wm (2.29)

a variation of L{y} with respect to the functional ¥[p;1| leads to

Liv}= [ a <¢(t)

.0 5
iz b)) = () (2.26)

time-dependent functional Schrédinger equation. If the operator H is time-
independent then the time-dependence of the state functional will be nothing more
than a phase factor e~**F multiplying the state (E constant).Ref.[23,24,30,41]

Let us choose a trial wave functional with an even number of parameters that
depends on time. That is, the time-dependence of the wave functional is through
that of parameters ¥[p(Z); f(t,fc'),g;(t,:i'), o

After evaluating the functionality with respect to the field ¢ (%) we are left
with a functional of the parameters. If the parameters are introduced in the wave

functional in a way that they can be read off as canonical in a[f,g,...] then it is

14



possible to identify the effective Hamiltonian functional from now on what we will

call an effective Lagrange functional.

Llf,g) = / dt 3 f§ — HIf,g] (2.27)

Equations that determine the parameters are the Hamilton equations

_f 7 _ 6H[fag]
f( ,t) - 6g(:_l,",t) (2 28)
i)~ ML) |
ATTEX)

which are time-dependent partial differential equations. Note that when the param-
eters are time-independent they are reduced to Rayleigh—Ritz variational equations

for the functionals

SHlf, gl _,  SHIfi9l _
59(%) 6f(2)

In this way it is possible, by keeping all quantum effects, to reduce quantum me-

0. (2.29)

chanics (QM) into classical mechanics (CM) and quantum field theory (QFT) into
classical field theory (CFT).
The above time-dependent partial-differential equations should be supplied

with some boundary conditions at a given time £.

I1.3 RENORMALIZATION TECHNIQUE

Since QFT is plagued with infinities it is necessary, even after reducing it to
CFT over parameters, to introduce a technique to render the physical quantities
finite.

As will be seen in Chapter II, Section B, when the parameter is a function
of more than one argument, G(Z,%), the diagonal elements, G(Z, %) turn out to be

15



infinite and partial differential equations that contain diagonal elements are not well
defined, too. We introduce a cut-off, A, in the upper-bound of the Fourier integral
of the parameter. G(Z,Z) is obtained as

G(%,7) = A11_1)1;o GA(Z,%) = finite terms

(2.30)
+ divergent terms + vanishing terms .

Finite terms are the ones independent of a cut-off, A divergent terms are the ones
which go to infinity as A — oo and vanishing terms are the ones which go to zero
as the cut-off, A, goes to infinity.

The vanishing terms are ignored and the divergent terms are combined with the
bare mass and coupling constants of the theory to define finite (or renormalized)
values of the mass and coupling constant. In other words, the bare mass and
coupling constant is chosen as the cut-off, A, dependent in a way they will cancel the
divergent terms. In this way, the differential equations are well defined. Since the
differential equations are variationally obtained from the effective Hamiltonian.We
expect that it is finite up to a constant with respect to variational parameters. That
constant could be infinite in the limit A — oo (indeed it is). Since the Hamiltonian
(or energy) is determined up to a constant, it has no relevance. In fact we will
choose to scale the energy with respect to that of the free field theory (renormalized
coupling constant = 0). (In.the application of variational procedure to ¢*-scalar

field theory the technique described above will become more clear.)
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CHAPTER-III

APPLICATIONS OF VARIATIONAL METHOD

As an application of the variational method we start with the non-linear oscil-
lator problem to make our way out from simple to more complicated ones.

A. Non-Linear Oscillator Problem

Non-linear oscillator problem can be regarded zero dimensional field theory.It

serves an introduction to the ¢*-scalar field theory.

A.1 Time-Independent

Let
. 1,
L(g:4) = 54— V(a) (3.1)
where
1 5,0 4
== — 2
Vig) = 5a¢" + 579 (3.2)
be the Lagrangian of a particle, of unit mass, moving in a potential V(g). It also

corresponds to zero dimensional field theory. Defining the Hamiltonian as

H(p,q) = 58°(1) + V(g(t) (33)
where
p(t) = % and H(p,q) = pi — L(¢,9) (3.4)

and introducing quantization

[5(2), 4] = =il
A . (3.5)
H(p,8) = 35+ V (i(®)

17



we write the eigenvalue problem as

H(5,9) [4) = El3) (3.6)

or, in the coordinate representation

) — ¥(q)
B od
AW — & 9(0)
(3.7
Q) — qb(q)
_hZ d2
|5 55+ V@] b0 = B0
multiplying (3.7) from the left with ¢*(¢) and integrating over ¢ we obtain
J32 dgyr(@) [~ 5 5+ V(9)] ¥(0) 68)
- J dalp(9))? ' '
Let us choose
po(g) = N exp {—;ll—(q ~ )9 (9~ 90)} (3.9)

Where g > 0, as a trial wave function with undetermined parameters (¢o,¢) to have
an approximate value of the ground state energy.
After evaluating the integration (Appendix A ) we are left with the ground

state energy as a function of the parameters

B2 1/ b, b,
E(g0,9)=V(90)+ 59~ +5|a+5%)9+39 (3.10)

The first term in eq.(3.10) is the classical contribution and the rest are the quantum
contributions.Rayliegh-ritz variation of E(qgo, )

QEEO and 6—E-EO

99 90
gives the following two equations for the the values of (go,g) extremizing eq.(3.10)

18



b b
(a+ 59+ 59)% =0 (3.11a)
and

2 R
g+ (Ta + qg) 9= =0 (3.11b)

to be the sure that the possible solutions will give the minimum of the energy we

demand that they should satisfy the stability conditions

O’E 0’E
— >0 d —>0 3.12
agg = ¢ B3¢ = (812)
and they are
3b b
a+ =g +-g>0 (3.13a)
8 2
and
R _, b
—_— —_> .
79 + 73 0 (3.13b)

We have one more condition on ¢ that is,g > 0. Let us plot the potential, V(q),

before trying to solve these algebraic equations.

1 b
Vig) = anz + 2—4q4 (3.14)

The potentials in Figs. 1 and 2, classically, will lead to stable periodic solutions
and quantum mechanically to stable ground states. In Fig. 3, classically may lead

to stable periodic solutions and quantum mechanically to unstable ground states.

Figure 4 does not support any classical and quantum solutions.

19
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Now, lets investigate the possible solutions for ¢ and ¢,from eq.(3.11a-b) we
find one set of solutions as

I. When ¢y = 0,and g = g5 where

ot = 32:,% [_1 +2 cos (fg + 120°k>] (3.150)
and ¢ is given by
cos¢ =1 ll - % (3.15b)
Where
D= % (-21)3521;2 >0 (3.16)
and

.. .3
n = —1 1ff)—3b>
+1if L <

S =

The requirement g5 > 0 implies the following conditions

—1+ 2cos (é + 120°k) >0

3
¢ o 1_ o
cos(3+120 k >2——co:560
0§§+120°k<60 k=0,1,2

= k=0 and 0<¢ <180 .
2a @
* __ o o* |22 _ ¥
9o =9 ‘31’ < 1+2cos3>
and its range s 0 < ¢ < |§—‘;
The fact that |cos ¢| < 1 implies @ > 0 and % > L. Therefore this solution
can be valid only for figure 1 and 2. It makes sense since the wave function will be

centered around the minimum of the potential to minimize its energy.

21



The stability conditions (3.13a-b), when ¢ = 0,

bg > —2a

1> —g3ﬁ

restricts the possible values of (a,b) for a minimum. For b > 0 all values of a > 0
and b > o are allowed this corresponds to figure 1. As for the figure 2, since b < o
the first stability condition is fulfilled by 4 < 0 and @ > 0 but the second condition

puts the following restriction on the values of ¢ and b

3\°., a3

this condition is the outcome of the fact that the potential well should be large

enough to support a quantum solution.

II. g =4,9=9"

~%3 2a ~%2 ) ~%2 hz
2 R K —7-—*0 (3.17a)
and
b b
a+ 55* + 553‘2 =0 (3.17b)

eliminating ¢j we easily obtain

w3 20, B2
g+ 5+ 5p=0 (3.18)

22



The solution of this equation can be obtained from gi by substituting

h2
ii=at (1 — -5

The effect of the substitution is to change the sign in eq.(3.18)

-:_1; (—1 + 2 cos g) (3.19q)

2a

b

~ ¥k

where

(3.19b)

~ D
cos¢g =19 ll +—
a
The change of sign in the cos ¢ implies that @ < 0. Therefore this solution is

valid only for the figure 3.

Note that

x 8a
G =F —7 T4

_\/§2+4*_29_
=TV Y T

the wave function centered 4¢*+ %H amount away from the minima of the potential

(3.20)

to the right or left.

A.2 Time-Dependent

The effective Lagrangian

I= /dt L(¢)
P X (3.21)
1) = (w00 | = 7 w0} / o1
The trial wave function we choose in a way that
o(g,t) = exp (i [q(t) — qo(t)] 7o)
(3.22)

coxp { -1 (0= ) [Q0) + 2@ OP] (4 - w)0)}

23



(g0,m0) and (@, P) will be pairs of canonical parameters in the effective lagrangian

Yo(g,t) = exp (i (g — qo(t)) mo(2))

(3.23)
{30 - ) [0 - 2107 ()P0 |
where
H(p,q) = —% ;_qz +V(q) 00
1) = (%a(o) i o))/ oltn) = ((OF(D) / (Wl

After integrating over variable ¢ we obtain the effective lagrangian as (Appendix-C)
. 1,00 e
L(t) = {quo - %Qz-ét- (@2 -2iQ™'P)
1 1 1 b b (3.25)
— | =2 ~0N—2 2 x 9 2 2, Y4
Grir (307 +87) 4 v + 5 (a4 o) @+ 4]}

we rewrite the above expression as

L(t) = {Wofio +PQ + Zid'i (%an - %QP> — H(mo, 90, P, Q)} (3.26a)

where

1

1 __ 1 b b
H=smp+ 2P2+§Q "+ V(g) +3 <a+ 5‘13) Q* + §Q4 (3.260)

1
2
Ignoring the total time derivative we infer that (7o, g0) and P, Q) are canonical pairs

of variables. Therefore, H can be identified as Hamiltonian and the dynamics will

be determined from Hamilton-Jocabi equations. They are

o . oM
0= 50@ P T

. OH . OH
_P(t) = 3Q(t) Q(t) = 6P(t)

24



The first two eq. gives

.V b, b, b,
Wo—3q0+2q0Q —aqO+qu+'2‘90Q
do = To

= —io = o+ 50| wlt) + 50

and the others b b
~P(t) = -—%Q's + (a + §q§) Q+ §Q3
Q=P
~9=a+ 20 + 3a0] @- 70
define w(t) = a + 2 (g2 + Q*(t))
o =~ (ao(t) + 36)
G(t) = ~*()QU) + 7@7°()

Ref.[4]

B. ¢* SCALAR FIELD THEORY

B.1 Time Independent

As a next step,we choose (*-Field Theory to apply the variational proce-

dure described since it is a generalization of the non-linear oscillator problem to

4-dimensional field theory and serves an introduction to the application of the vari-

ational procedure to the gauge field theories. Particularly,Yang-Mills SU(3) gauge

fields.Both of them are quartic in fields.

Now,the problem is to calculate the expectation value of the *-scalar field

theory hamiltonian for a given trial wave functional and make sense out of it by the

renormalization technique described. Ref.[5,22,26,27]
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The hamiltonian of concern is given by (1.20) where the potential is

V(e) = tap’(®) + 5o'(@) (3.27)

a and b are the bare mass and the bare coupling constants,respectively. Due
to renormalization they will be chosen as cut-off dependent

As for the trial wave functional it will be the generalization of the one we
used in the non-linear oscillator problem.Quadratic exponentials are the only ones
with which we can,analytically, evaluate functional integrals,therefore we choose the

following form as our trial wave functional,

oo

o} = Newp{%l /

—Cc0

Edflp@) - po@NE G DND) @]} (329

If we calculate the mean-value of the field operator for a given Z we obtain

($1@(E, D)%) = wo(Z) (¥1¥) (3.29)

Where ¢o(Z) can be identified as the mean-field. It is a measure of the local-

ization of the field operator for a given Z. As for the two point function

(lp@)e(@)) = [po(Z)po(¥) + G(Z,9)] < Py > (3.30)

G(#,7) can be identified as the propogator in the presence of the mean-
field.Its determinant has to be positive for the convergence of the wave functional as
©(%) — oo and it is symmetric under exchange of its arguments. G(Z,%) = G(9,%)
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From QM point of view ¢o(Z) indicates the localization of the wave functional
for a given variable and G(%,7) stands for the width of the gaussian.Both ¢o(Z)
and G(Z,y) are undetermined parameters whose values will be found variationally

from the energy functionality.

Calculation of the energy functionality:Expectation value of the hamilton
operator is given as
E [0, G] =< $lH[Y > /| <l > (3:31)

Where

<l >= [ @ [ Diewis [—1% LT V)| vl 332)

and 9[y] is given by eq(3.28) to simplify notation lets define ¢(Z) = ¢(F) — po(Z)
and ($,G71) as the exponent appearing in the wave functional. If we rewrite

< |H|y > after we shift the field variable we obtain

<l >= [ a2 [ D@y | 5679 (3:33)

{ _21 5 22; 5t (V<P + Vo)’ + V(@ + wo)} exp [—(% G~ 90)]

where
. 1 b ov.o, b 4 . C
V(¢ + o) = V(po) + (§a + Zcpo)go + 549 + terms linear and quadratic in ¢

Since the exponent is quadratic in ¢ we will ignore the odd powers of ¢ multiplying

the exponential term in the integrand.The result is
A - ~ -1 1.
<Wlfly >=<ply > Ba+ [ & [ D@)exel 7 (5,679

-1 & 1 2.2 1 b avs2, b 4 -1 . 1.
{7W+§(W) +2(a+2<p )@ + 5, ? exp| Z (6,G7'¢)
(3.34)
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where
Eg= / dz {%(Wo)z + V(<po)}
E is the classical energy.Let’s have a close look to each term separately.The action
of the functional derivative on our wave functional brings down 3! (G7!(Z, ),goo)
term in front of the wave functional.Second application generates the following
two terms [;G7'(Z,%) + 3 (G(%,-)@, $G*(-,F))] in front of the wave func-
tional. Functional integration over @(Z) converts the two ¢ into G therefore the over
all contribution from the functional derivative is %TR(G“I) < 9|y >.similarly,the
second and third terms generate JTR(GK) < | >. The fourth term requires spe-
cial attention (details will be given in appendix E).It is %TR TR(GG) < 9|y >.The

over all result is
1 -1 1 b
Elpo,G] = Eaq + -8-TR(G )+ §TR(KG) + gTR TR(GG) (3.35)

where
- 1
K(z,2) = {——V2 +[a+ Ebgoz(?c')} 8z - %) (3.36)

and TR TR stands for double trace. Note the following relation

2
K(Z,9) = m%—)g—:@ (3.36a)
The values of ¢o(Z) and G(%,7) are found by
———‘52[0“;25] =0 and ?G[zo:,’y)] =0 (3.37)
and they are
—V200(Z) + apo(F) + ggog(fc’) + gsoo(i"')G(Zv', 7)=0 (3.37a)
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and
1 -2/ = 2 b 2/ b - = = =
107@ D = { Vi tat L@ + Lo Lo -9
(see Appendix F)

Define

(@) = a+ 3 (443 + 6(E,2))

and

T8
[ %)
I
Ve
| =
!
N~~~
[V
I
|
4L
N

by rewriting the equations we obtain
) 2/ b - -
V+m(Z) = Spo(@)| ¢o() = 0

and
1 —_ —_ = :02 ~ — — -—_
16720 = [ + @) 6@ - )

we also cast the second equation into operator form by defining

and
m?(2)6(F — §) = (& || )
1 52
4
or
A 1
G =
52 N
24/p +m?

(3.37b)

(3.38)

(3.39a)

(3.39%)

(3.40)



in explicit form

G(2,7) = (55](: g)
G(%,y) =

52 v
24/p + 2

G(I-E‘, :l-j) is finite if Z 75 ’:(7 and infinite when Z = y. It can be easily seen by ta,king

- — . 52
m?(Z) to be constant and going into momentum representation for the operator p :

__/+°° d*p 1 _ Ar /“dzdp 1
—o0 (27")3 21/ﬁ2+m2 (27!')3 0 2vp2+m2

oo 2 o0
p°dp
—*/ N/ pdp ~ p?||®
p—oo Jo P 0

G(Z,7) has at the first order quadratic and to the second order a logarithmic di-

vergence.

Since G(%,7) appears in m?(Z) and its trace in the energy expression a renor-
malization scheme is necessary to make sense out of all these terms plagued with
infinity. The renormalization method is applied , as explained earlier,by introduc-
ing a cut-off A in the range of the momentum integral and to choose the mass,
a = a(A), and the coupling constant, b = b(A) to be cut-off dependent in a way
that they will absorb the infinity that appear in the m?(Z) term. Through this
procedure the variationally obtained equations will be well-defined and in turn, the
energy expression will be finite up to a infinite constant. This infinite constant will
be eliminated by scaling energy with respect to that of the non-interacting free field

theory.
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B.1.1 m?=constant For a homogeneous and isotropic vacuum
G(2,9) = G(Z - 7)
and (3.41)
¢o(Z) = po constant .

It implies m?(Z) = m? constant (independent of Z). Therefore

G(,7) = <:z —21——— z>
1\/?) +m2

d3p
/(2%,) 0 _‘2+m2 (3.42)

G(%,%) = (A = o)

4 /A 2 1
ooms | P
2(2m)3 J, VpE+m?
A is our regulator (cut-off) that will be taken to infinity later. (See appendix G).

The result of integration is

4 1 1
G(Z,%) = il { —p p2+m2—§m2ln(p+\/p2+m2)}

2(2 2(2m)?

A

0

{ A\/m——m ln( +\/m) (3.43)
+§m21n\/772-}

2(27r)3

we expand it into powers of m/A and keep only the constant and the divergent

terms, using the following expansion
/A2 2 — 2/A2=A(1 m? _ m
A2 + m2 = A1+ m2/A%2 = <+§F—W+”')

we obtain

2
G(%,3) = L {A2 F2m? 1nai} +0 <l> (3.44)



wherelna =2In2-1 a > 0. As expected G(Z, Z) has quadratic and logarithmic
divergences as A goes to oo.
In a similar way G_1(%,%) is found as
A m2
G (%,%) = {A4 + A’m? + m *In B—A—z} (3.45)
whereln = 2In 2—%. Now, we can evaluate the algebraic equation for m? explicitly

m25a+—(cpg+G(:’i,§f)

or
by rewriting

we are allowed to regroup A? dependent terms as

1 m?
m2=M2+g—R( Z 4 mzln—> 3.46
where
a -+ b‘\;:
ph = — d = (3.47a)
l-gmlngl
and
b
JR = 2 (347b)

1- 327r2 11’1 al?
p% and gp can be regarded as renormalized mass and coupling constants if %
and gr have a fixed value as A goes to infinity then we have well-defined algebraic

equations for m? which can be regarded as new variational parameters. Conversely,
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we will have a well-defined ground state energy up to an infinite constant. At this
point we introduce renormalization. Instead of choosing bare mass, a, and bare
coupling, b, as constants we choose them to be cut-off dependent for a fixed p% and

gr. Their form can be obtained by invefting the above equations, that is

gR
b(A) = - T aA? (3.48a)
32172 u3
“%2 ” I%A: )
a(A) = x (3.48b
(A) 1-3%:1In %Az-z-

Now we can let the A go to infinity for a fixed g and u%

b(A) — 0~ for a finite gp

A—oo

(for further analysis look at K. Huang’s paper about triviality of ¢* theory).Ref.[7]

Now, we can turn our attention to calculating ground state energy explicitly

b
E[pe,G] = Eq + —;—TrG_l + %TR(GK) + 5 TR TR(GG)
where
L e, (3.49)
4 - 2 )

if I substitute K in the above equation

b

1 N1 b
E[$,G] = E.l + %TRG‘I + % TR [G (ZG‘Z - -2-G1>] + 5 TR TR(GG)

b
= B+ { TR(G™)~ S TR TR(GG) (3.50)
G(%,%) can also be eliminated in favor or m?(Z) using
b b — -
m*(%) = a+ 50 + 56,

or
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2
2~ a) - o (351)
substituting it in E[¢;, G] gives, for the time being ignoring the trace

1 b[2 ‘ 2
E=Eq+ -G == |[Z(m?—a)— ¢}
1+4G 8[b(m a) goo]

_1 ., b o4 1,4 é 4 (m _a)z
1,y b _ (mz—a)2
= -l—2m Yo — 12<p0 + - G %5 (3.52)

when we remove the cut-off (A — 0o) we have seen that b — 0~ therefore —%903

term goes to zero. Henceforth, we will ignore it.

The overall result

_ (m? —a)?

E=-m?ps+ = G_ % traced over (3.53)

L
2"

The term (m2b—a)2 implies that ground state energy can not be obtained perturba-

tively.
Let’s define
—1_ _9Rr g_f_\i
A=1 39,2 In #R (3.54)
Then
b=gr/A

grA?
= (#%— 16%2)/A

Now if we substitute G™1, a and bin E

15, 1 4 2.2, 1 4
E—2mg00+(47r)2<A 4+ A*m +4m ln )

o (5 ) A e 1) 1
2 gr
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2

ignoring any term which does not have either ¢ or m? we are allowed to do this

since all other terms are constant with respect to variation

E=lm2 2 4 A’m? + L m?* In m”
2" PO (g2 4(amy2) " " BA
2
amt (k- BE)
- = +
2 gr 9gR 2g9r
+ ignored terms .
or
= l7712902 + A*m? + m?* In _n_zi
2 70T (42 4(4m)2 BA2
mt mt*  aX  2m?ud 9 I
— —m?A?/16n% + &
29R + 6472 In 7S 29r moAT/16m" + 29r
2
_ 1 2 9 1 4 m? ah? (m? — ﬂ%{)
s ot g™ (Bt a| T T,
1 5, 1 m? 1
E=§m g00+647r2m4 [lng—i]
(m? — p3)’

Since ¢ and m? are constants, the trace reduces to a volume integral. Defining

V = [ d®% we get the overall result as

1
— (2 _ 1 2 2
E/V =¢e(m ,<Po)——2m LP°+6411-2

2
_(m ) ph
29Rr 12872

we added a constant u%/1287% term to scale the energy with respect to that of

ROZ (3.55)

non-interacting free scalar field theory, that is

e(m? = pk, po=0)=0 (3.56)
chosen to be zero where
2
2_ 2 IR ( 2, 1 o m



when gr =0 m? = p% is a solution.

To check the consistency of our solution we take the variation of energy density

e(m?, p3) with respect to m?

be

ém?
L o L m? 1 1, (m?-uf
- = = —_~ PR _9
50t 3™ (ln,ug 5) T i ™ IR

consistent with the defining equation for m*.

Analyses of m?:

Let us set 92 = 0 and define z = m?/u%, 0 < ¢ < oo, then the transcendental

equation (3.46) is

s=1+—"2_zlhe (3.58)

One of the solutions is ¢ = 1 for a given gg (—c0 > gr < ). z = 1 => m?(gr) =

p% for all values of gr. To find out if it leads to a minimum for energy density we

investigate the stability condition note e(m?, u%) = phe(z)

——>0 (3.59)

where

1, 1 (z —1)? 1
e(z) = T <ln3: — 2) S9n + 12872

(3.60)

e 1 1 1 1 1
dz2 (h”” B 5) T 3272 T 6an? T 4z
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the stability condition is

1 nzv:+L i>
3272 3272 gp
2
g > 24
gRr

The z = 1 solution puts the following constraint on gg to be a the minimum of the

energy density

2(4)?
g
if gr >0 then ggr > 2(47)?

0> 1

(3.61)
if gg <0 then gp < 2(47r)2

So we can conclude that the values of gr between 0 < gr < 2(47)? do not lead to

a stable minimum. The corresponding energy density is
e(x = 1) =0 (3.62)

If we try to expand z(gr) into powers of gr we realize that the transcendental

equation leads to
d"z(gr)

=0 3.63
dg]né gr=0 ( )

for every n (n = 0,1,2,...). Similarly there is no way of expanding the energy
density ¢(z) to the powers of ggr. Simply, it is non-perturbative. If we closely

examine Eq.(3.58) we see that it has another solution. By writing it in the following

way
z=1+gzlnz where g¢g= gR/327T2
(3.64)
0=1+gzln (6—1/9:13)
and defining v(g) = z(g)e ™/ we obtain
e—l/y
vind = — = —n(g) (3.65)
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Since n(g) (0 < n(g) < e 1) for 0 < g < oo we can use it as an expansion parameter

to expand v(g) = v(7(g)) around the n = 0 using eq.(3.65) The result is

e~1/9  1e72/9 4 ¢73/9 9 e4/s
v(g)=1- p +3 77 +§i PET R +... (3.66)
and in terms of z(g)
-1/g -2/9 9 ¢=3/9 3 ¢—%/9
VN € = - =
z(g) =e ( Pt R i ) (3.67)
where ¢ = ggr/3272. The solution z(g) is singular at ¢ = 0 as g —

oo,and z(g — 00) — 1. To see the variation of z as an a function of g we plot

r=1+gzlnz (3.68)

g dependence of z is trivial
Graphically,the dependence of ¢(z) on /= for a given values of g is shown in

fig-6.

(c-17

e(z) = 2*(lnz — %) - % (3.69)

Looking at fig-6a ,we clearly,see that ¢(z) has two stationary values ,at z =0
and z = 1 the true minimum is at the £ = 1.As g goes to minus infinity the true
minimum still is at z = 1.

Looking at fig-6b , we see that it has two minima depending on the value of
the ¢ one of them becomes the true minimum of the system.

Since the presence of z shifts the position of the singularities we investigate z
as a function of z and g¢.

t=1+gz+gzlnz (3.70)
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fig-5
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If z is greater than e™! there is no singularity but for 0 < z < e~ at the value of
zo,(zo InTg + z = 0) a double singularity developes.

Finally,we write €(z,2) in terms of z and z

1 _1\2
e(z,z) = zz + *(lnz — 5) — @Tl)— + % (3.71)

Where
2= 16203 [k 9 =gr/327" (3.72)
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fig-6a
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As for the stability of the second solution ,stability condition (3.59) requires

lnz > 1 1 (3.73)
g

Eliminating = in favor of g gives

2—g< é)- (3.74)

this equation determines the range of g in which the ¢(z) has a stable minimum.

B.1.2 m? #constant
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fig-6b
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After gaining insight into the calculation by assuming m? and ¢ are constant.
Now, we want to find out how the result will be modified if m?(Z) and ¢o(Z) are
Z-dependent.

Our calculations up to equations (3.40) were general

b - — -
m?(Z) = a+ 5 [¢3(2) + G(3, )] (3.74a)
and
— = - 1 —
G(Z,7) = <:z: = x> (3.74b)
24/p + 1?2



Since the f')z operator does not commute 2, we cannot work in momentum space
to evaluate the matrix element.

Our goal is to identify the finite and divergent part of the operator. To achieve
it we make a formal expansion of the operator around M? = %I up to an order
in which the terms of expansion is divergent. We separate these divergent terms
from the rest of the finite ones. In this way we obtain the finite part as the matrix

element of a finite operator and divergent parts explicitly.

Let

~2
23 + 12

G1(z,7) = <z

)
we will first obtain finite and divergent parts of G~1(Z, ) and afterwards determine

G(Z,%) from the following relationship

G(2,7) = G1(2, %) (3.75)

5
53

N | =

~2 A
Expand \/p + m? formally around /% = p%1 up to second order.

— T ~ 1 . . -1/2
VB R =\t + g 50h® ) [8° + k] T

1 .
—g(”z—u"}z)z [5* + 1]

(3.76)
_ 1 .
3/2 =1

by taking the matrix elements we obtain the following expression

%)

+ (mA(@) — k) (3 |5+ 03] 7|7) (3.77)

2

81

+ u%

p

G\(z,7) = G313, %) + <




where

Gr'(Z,%) =<5 {2\/ + 10— 24/p? + p} — (0 — pk) [A2+/‘R]1/2
1 ) -
+ 5 (7 — k)" [5° + 3] 3/2} 5:'>

As you may have noticed in the expansion we have chosen a particular ordering

(3.78)

of the operators in divergent terms. Later we will see in a formal solution of the
problem that the divergent terms are linear and quadratic in m?(Z).

2\/P+F‘R

We ignore <:1:

> in G1(%, ?) since its contribution to energy will

. -1/2
be nothing more than an infinite constant. We evaluate ( Z [f)' + #%z] :E'> using
the result of Eq. (3.44)
S| [a2 2_1/2~_L 2, 1, 4R
<:z: [p +uR] a:> = I {A + EuRln Az (3.79)
and
s -3/2| § /.|ra2 -1/2
<x [p+ ,u%] x> = —23—#—21; <a: [p + ,uR] w> (3.79a)
11y 1
i {21 ah? T 2}
1 5
T 4n? {1 +in aA2}

The overall result is

G™(#,7) = GF' (3, )+ (m2(w) 1%) {A2 2uRln } (3.80a)

+ Gy (mz(i")—pR) {1+1n “fz}
and
G(E,7) = Gr(E5) + (AZ +1u3In "1% ) (3.800)
+ (47r)2 (m*@) — pg) {1+ 1%‘2)
where
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Gr(7,2) = <z

(GF+m" -5 o)™ s
d
A2 2

1 u -3/2
+ 5 (m? = i3] [5* + 3] }
= = =+ = 1 2 1 2/ HRr
G(%,%) = Gp(Z,%) — (47:'2)MR+ = + (47r)2m (@)1 +1na (3.81b)

To renormalize the defining relation for m?(z) we insert G(Z,%) into Eq. (3.74a)

and group divergences by inserting (3.47) for p% and gr we obtain
2/ 2 1 2/ ~ - -
m?() = ph + 598 [3E) + Gr(@,2) (3.82)

where

~ . - 1 .
GF(.'I?,.'L') = GF($,$) + 1672 (mz(x) - /"32) (383)

Ground state energy from Eq. (3.49) is

1 1 b
E[po,G] = | d&F{= (Vo)® + Zapt + =}
2 5 24

+ % TR(G™") + % TR(GK) + g TR TR(GG) .
where
EG“Z =K+ ng
We rewrite the energy density €(Z) as
€(F) = %(VCPO)Z + %acpﬁ + 2—1903 + iG“ - -g—GG (3.85)
using
(@) = a + 5 (¢4 + G(z,2)

Glz,a) = ¢} + +(m*(@) — o)
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1 b b 2
€(Z) = §(V‘P0) + asoo+ 24<Po+ .. [ (m? —a) - %]
2
_1 2, 1 2 b 4 1., (mz“a) b 4
) (Vo)™ + 5 %0 + 94 %0 + ZG T '8'900
+5 (m2 — a)¢
1 s 1 b 3 m? — a)’
e(a:) = —2' (V(PO) + §m2903 12 o G 1 (—Zb-—)— (386)

We can ignore %903, b will go to zero as we remove the cut-off, over all terms which

have the divergences are

1 ., (m?- a)2
y G - o (3.87)
GY(2,%) = GFH(E, %) + 1 [ + Lt 03 (3.88)
’ FAD 472 4 al?
where
N1/ — — —_] /= = 1 - 2
G7'(Z,7) = G5'(3,%) + @y (m?(Z) — pk) (3.88a)

if we substitute a, b and G into €(z)

— _1_ 2 1‘_ 2,2 l ”—1 2
3.89
: 9 2 _ /A ( )
+ 1 m41n ”R _ [ 16"
4(4r)? al? 2gR/A
where
PR LI 3

3072 - aA?

After some calculations we obtain finite ground state energy density as
(5) = 2 (Vou(@))” + smP@ed(E) + (0@ D) - 5= (m*(@) — )" (390)
E [po,m*(3)] = / &7 (3)
where m?(%) is giving by (3.88) in case m?(Z) = constant Gr and C:*;.l are equivalent

to the relations (3.43)—(8.45), respectively.
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B.2 Time-Dependent Variational Calculation

Using Dirac’s procedure we define an effective Lagrangian and effective action

(iZ-#)|#) [ wm o

where H Hamiltonian of the theory and |¥) is our trial wave functional with unde-
termined parameters.

The overall idea is to introduce the parameters in pairs in a way that, after we
evaluate the effective Lagrangian, they will turn out to be canonical to each other.
This procedure reduces the Quantum Field Theory to the Classical Field Theory
over parameters by retaining quantum corrections.

Equations governing time-development of parameters are obtained by setting

the variation of the effective action with respect to parameters to zero. Setting
6I =0 end-points are fixed

These are nothing more than classical Hamilton—-Jacobi equations. The canonical
nature of the parameters allows us to identify the effective Hamiltonian.

Time-dependence of the state wave functional is introduced through the pa-
rameters and the trial wave functional is parameterized by two pairs of conical
parameters (¢o(Z,1), IIo(Z,t)) and (Q(Z,7,t), P(Z,7,1))-

By construction ¢o(Z,t) is the expectation of the field operator ¢(Z, 1)

(¥ 6(Z, 1) %) = po(Z,?) (V[#) (3.92)
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and Q?(%,7,t) is the propagator related to the expectation value of @(Z,t)p(y,t)

operator in the presence of ¢o(%,1)

<¢ |¢(:_L",t)95(37, t)t 1/’) = [‘PO(‘%,t)‘PO(g; t) + G(Eag,t)] (¢|¢> (393)

where
6,5t = [ 4@ 2106, 50
Our trial wave functional is
) = Moo, Q) = Nop{ i [ a8 T0(2,0)[0(2) - a3, 1)
1 — - - -— T — . — y — - — - -
-1 [ #a6@ - w0 (0@ o -2 [#07@ 5 0PELY
()~ pold 1)}
(3.94)
and the Hamiltonian is given by (1.20)
The canonical momenta for g and @ is introduced through the phase factor of
the wave functional so that when we evaluate <7,b | 5‘9;] ¢> term in effective Lagrangian
will reveal the canonical nature of the parameters.

(#

%‘ o) = [ Doyt iz (3.95)

% {/’iHc(SO — o) — i//(tp —¢c) [Q—Z —_ 2iQ‘1P] (¢ "“‘Pc)}
- (¢|¢)/dxnc(5,t)¢o(5,t)+—;i‘/‘ﬁ dy( gi
(0 =207 2) [ DO (2) 03,0 () —ol0))

i /ol d ,
= (¥1¥) { [ @G g0+ -5 [ a3 @2 -2igp)

(510717

)
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The last term in Eq. (3.95)

——/dxdy <

2zQ 1P

g> Z|Q*|9)
can be written as
_ITR (in (@' P)
2 dt
using
d .
—Q7(t) = Q7 (HRHRQ™ ()
1 . .
-3 TR (QP - QQQ'P)
ignoring the total time derivative
TR(PQ) + -;- TR (QQ Q™ P - ¢P) (3.92)

in general Q(t) does not commute with Q; therefore, the second term of (3.99) is a
contribution to the Hamiltonian. In the case Q(t) and Q(t) commute it is zero in
what follows that is what we will assume.

Ignoring the total time derivatives of the terms final result is

<¢ z%‘¢> {/dxn (Z, )7, t)+/dac

we used the following properties

>} Wiy (397)

Q. ¥;t) = Q(F,%;1)

and
R (075 Q) = 5 TRMQ)

48



After similar calculations done in section B.1
~ 1 2 1 -1 1 -3 b 2 A
<¢ ‘Hl ¢> | (b9) = Ba+ TR (5P* + 3671 + 36K + 266 (3.98)
where
— 1 — 1 - e 2 a - b —
Eq= / iz {Eng(gc,t) +5 Ve @) + 6B 0 + -2-;1-tp3(w,t)} (3.984)
and

&=

A~ b A A A
K=§+a+g(2+Ga) Ga=(alGlo)]

D

The effective Lagrangian is
£(t) = [ 4z (Moo + (21PQIZ) ) ~ H(To, 0, R, @) (3.99)
where the effective Hamiltonian is
1 ., 1 .., 1 b

Using the Hamilton—Jacobi equations we do arrive at the following equations of

motion for the mean field g

. 6H
¢0(:12,t) - 6H0(§7‘,t)

i.€. .
Go(Z,t) = Io(Z, 1)
.o 6H
_Ho(xat)— 6g00((_l«",t)
i€
. 6Ec1 b — - e
—Io(Z,t) = + ——— + =(%,3;t )t
O(xa ) +6g00(§,",t) + 2(:1""’1: )(po(.’l: )

. b 4. b ... . .
—$o(Z,t) = —V2po(Z,1) + apo(Z,t) + gtpg(m,t) + EG(:Z, Z,t)po(T,1)
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defining
b
mi(z,1) = at 3 [$3(3,0) + G(E, 5i1)
2 Vv t|m (2,t) - 3%0(&, )| 1 o(2,2) =0 (3.100)
This differential equation governs time development of the mean field ¢o(Z,t) from
given a initial ¢;(Z, ;) field at given time.

The other equation for Q(Z,7;?) is obtained from

S 6H
Q(E,¥t) = )
- 6
—P(%,5;t) = @%,7)
as
@) = [ +220)] @) + 707°0) - (3:101)

Equation (3.101) does not give us any insight into the form of the solution. There-
fore, we cannot map G(Z,¥;t) into another variable in a way that we can isolate
the divergences of G.

Physical considerations regarding to the form of the propagator, G, suggest

that it should have the following form

G(t) = — (3.102)

= [a2
VP + A1)

That is, the time-dependence of the propagator, G, comes solely from the mass
term, /?(¢) while it preserves its form as indicated above.
This expected form for G leads to inconsistencies with what is expected from

variationally obtained Eq. (3.101) if we put G = (? into Eq. (3.101) it requires that
Q(t)=0
which is not acceptable therefore we treat 1 (t) as out variational parameter in what

follows.Ref.[20,25]
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B.2.1. m?(Z,t) = m?(t) (Independent of )

Let us insert G(t) given by Eq. (3.102) with a m?(t) term independent of Z
into the Lagrangian given by Eq. (3.99) where P(%) is equal to g)(t)
1 52 .
t)=3R (Q'0)) + [dEnd
1 1 ; (3.103)
— — —1 — ——
using the results of Section B.1.1 we can re-express the terms within curly brackets

as in Eq. (3.55) where m? is replaced with m2(¢). In respect to terms in curly

brackets t-dependence of m? is parametric and it does not effect the manipulations.

d

The first term of the Lagrangian is

%TR [éz(t)] - —% /d:? <x
) (61_4 £ ooodpw +:;(t)]5/2) L

the integral over p converges as p goes to infinity so the term is finite -

=[] o)

(3.104)

1 " 1 11 V. .am2
3 TR (@) = 57 537 5 iy 170

to eliminate 1/m?2(t) in front of (m2)2 we will switch to m(t) from m?%(t) as a
variational parameter. Then we obtain the effective Lagrangian with respect to

m(t) as
£L(t)

= 5 (D) — e (m*(2)) (3.105)

where ¢(m?(t)) is given by Eq. (3.55) and

I
4= 3972 % 3
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Euler’s equation for the dynamics of m(t) is

d (8(L/V)\ _ 8L/V) _,  8(LV)
E( Srin(t) > 0 2m() S e) 2(1)

it is

aﬁz(t) = _2m(t)3—'m,a2i(5
2(t) S2(t) - (m 2(t)—u?rz)} . (3.106)

gr

—am(t) = 2m(t) { 59m7 m?(t)In

in the case p2(t) = 0 by scaling gr as g = 53-39r We can rewrite Eq. (3.106) as

2(t> (m2(2) —ya)}

1. 2
—gm(t) = 2m(t) { (t)1n .

futhermore, by defining z(t) = m(t)/ur >0

1 z2 -1
—=3=22{{z%lnz? - } 3.107
: { . (3.107)

since it is a second order differential equation it requires not only z(tg) but also

z(tp) as initial conditions.

B.3.2 m?=m?(Z,t) (dependent on Z)

With the purpose of avoiding the ordering problem in the wave functional we

choose our variational parameters in the following way
-1 1 .
o ~ exp T ¢ (G —4i%) ¢ (3.108)
The effective lagrangian is obtained as

L(t) = TR(ZG) — H(Z,G) (3.109)
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Where

H =2TR (2GE) + TR (V(G))

(3.110)

V(G) is given by eq.(3.35). We have ignored the ¢ dependence of the wave functional

for the time being since it has no effect on the present calculations and it can be

added later on.The conanical nature of the ¥ and G is very clear from the formalism

therefore application of the Hamilton equations gives us

e o 6H
&35t = 6%(Z, 9;t)

A

G=2(2é+é2)

and
. §H
SN2 ) = ——————
*E50 = 566,50
. SH
P I
z T 556G 5,0

Using eq.(3.112) we can show that
TR(EG) = 4TR(ZGE)
With the help of eq.(3.113) we can write the effective lagrangian as
L(t) = -;—TR(EG) _ TR (V(®))

Where ¥ = 5(G, G)

The solution of the operator eq.(3.111) is

0% — / T8 exp{-BG)Cexp{-pG)
0
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(3.112)

(3.113)

(3.114)
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We can eliminate the I term from the lagrangian using eq.(3.114a) and write it in

terms of G and G as

L(t) = % / ” dB TR (exp{—BG}Gexp{—-BG}G) — TR (V(G)) (3.115)

0
If we pick up the form of the G as
1 2o ~2 | a2
100 = 5 + ()

The form of the G is given by

G =4 / da exp{—aG}G?m2G? exp{—aG) (3.116)
0

Eq.(3.116) allows us to write the lagrangian in terms of 7 and m The over all result
18
1
L) =3 / dedy m(Z,t)M(Z,y;m)m(y,t) — TR(V) (3.117)

Where
M, §;m) = 32 /0 48 8 |(31G* exp{ ~BGIG ) > m(z, tym(y, ) (3.117a)

details of this formal manipulations will be left as a future study.

B.3 Formal Solution of the Problem

Let’s write the effective Hamiltonian as
1 1 1 1,
E = 3 TR(G™)+ 3 TR(GK) + Zg TR (GG) (3.118)

where
K=p"+4°1
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[Band the last trace is a double trace. Varying E with respect to G gives

_ 1”—2_“ 2A
6G_0=>4G =K+ ¢°Gyq (3.119)

define

m? = p?l + ¢2Gy (3.120)

and eliminate K from E in favor of 7?2

B=TR(G)+ -;—TR (G (%G” _ (i - ,ﬁ))) + 7" DTR(GC)
= %TR(G“I) - %TR (G (2 - 21)) + iTR (¢ (m?- 1))

and eliminating ¢2 G in favor of ™2 we obtain the following result

E= }ITR 67 —¢(m?- p1)]| (3.121)

where
1

24/P° + 2

m? = u2f+g2(§'d

G =

Further we can eliminate G in favor of M2
) 2
5 _ (07— )
Go=""g

Substituting this form of G in Eq. (3.121) we can rewrite it as

2 ,2\2
E= %TR (G—l - @——g—?“—)—) (3.122)

Let us assume the divergent part of G~1(%,7) is at most quadratic in 2.

That is

G~Y(Z,3) = GF1(3,2) + G2 (M)m2(F)m*(F) + 2G1(A)m*(F) + Go(A)  (3.123)

55



and G(Z, %) is obtained by

G = l _‘S_G—1

2 62 (3.124)
G(%,Z) = Gr(Z,%) + G2(A)m(Z) + G1(A)

Go(A) =, G1(A) and G2(A) singular coefficients as cut-off A goes to infinity and
GrF is the finite part of G. To renormalize the m? and E we do not need to know
the forms of G(A). It is enough to know that the divergent part of G(Z, Z) is linear
in m?(Z). In fact the form of G admits divergence terms up to the first order in
()

Substituting G(Z, Z) in m?(Z)
m?(Z) = p? + ¢* (Gr(F, ) + G1(A) + G2(A)m*(2))

and combining m?(Z) terms

2 2 2
22 _ B+ g°Gi(A) g oo
@) = T e T 1= G @
and defining
2 = #?g°Gi(A)
- 1-— ngQ(A)
2 P (3.125q)
IR = T292G,(h)
we can rewrite m%(Z) as
m*(3) = pk + 9RGr(Z, %) (3,125)

we also obtain mu2(A) and g2(A) for a fixed p% and g% by inverting Eq. (3.125) as
g = 9k
1+ g%Ga(A)

2 _ N%{ - g%tGl(A)
1+ ¢%Ga(A)

(3.126)

56



note as A — oo, g2 — 0.

Now to renormalize the energy, E we insert G, u?(A) and g2(A) into Eq. (3.122)

1 -
E=7TR (G 7+ Go(A) + 2G (A)yh? + Go(A)yi’m?

(M2 = [uh — g3G1(A)] /4)° A)
9%

where A = 1 + g4G2(A).

2

Singular terms linear and quadratic in 7n* cancels and ignoring singular terms

constant with respect to variation we obtain the energy, F as
1 (2% — p )2
E=7TR Gt — ~—— R (3.127)

or

202\ _ 2 )2
B(m?) =+ / &3 {G;l(z,z) _(m (””)2 “h) } . (3.128)
4 9%
Note E (m?(%) = p%) = 0 due to Gp(Z, %) = 0. Since G(Z,7) is expanded
m?(&)=p}

to the powers of m?%(Z) around u%.

In case G(Z,7) has extra discrete variables such as color and spin indices,
G;-‘}’(:'c', %), due to appearance of a matrix in 3¢? TR (MGG) as in Yang-Mills gauge
field theory, renormalization of mff” becomes more complicated unless we choose
spin and color dependences of G in a way that the M matrix contracted with GG

can be made a number. We will follow this procedure when we are dealing with

Yang-Mills field theory in Chapter IV.
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CHAPTER IV

EXTENSION TO GAUGE FIELDS

A. Yang-Mills Field — SU(3)

The ideas developed in the preceeding chapters need to be applied on a realistic
field theoretic model. There is a resemblance between (*-scalar field theory and
Yang-Mills SU(3) gauge field theory. Both of them are quartic in fields therefore
we expect that the application of what we have developed so far into gauge fields
will be straightforward up to a point.

We do prefer to work in temporal gauge (Ao(Z) = 0) even though it does’nt’t
fix the gauge arbitrariness completely. Our strategy is to quantize the gauge Hamil-
tonian

3_,1 —sa _, =2a _, =a, _, 2a _, 2 sa/— a/—

H= | &% {E @E @) + B"@)B" (@) + p24*(@)A (x)} (4.1)
where the color-electric field E#(Z) is canonical to A¢(Z) and the color magnetic
field is

B%(%) = ijka.Aa = 1 ijk abcAb VAS (7 (4 2)
{(@) = 770, Ax(T) + 5€ fCANE)AR(Z) .
as if there is no extra-degrees of freedom and impose the gauge constraint on the

trial wave functional.

In functional Schrodinger representation, the canonical variable —Ef(Z) is

.
LA (@)

A more detailed introduction to what follows can be found in Ref. [2]. We

choose our trial wave functional as

) - 8 (4@ e {7 [(4- D64 A)] «3)

58



[ stands for sum over discrete and integral over continuous variables. G is G ?}’ z, %),
A%(%) is dynamical variable and A?(Z) is a parameter-function and it corresponds

to
(¥ [ (@) %) [ ($ly) = A (F) (4.4)

mean field value of A¢(Z) when the system described by the state |¢)).
Our variational parameters are G(z) and A(z). (Note I use z to stand for

(Z,a,1).) We form the effective potential or the ground state energy as

E{y} = ($IH1p) / (vl) (4.5)

where H is given by Eq. (4.1), |¢) is given by Eq. (4.3) and E(z) is the functional
derivative with respect to A(z). After calculations similar to Chapter II we obtain

the following result for the effective potential

E[G, A = Ea + —;-TR(G’l) +5 TR(GK) (4.6)

+ 392 TR (GMG)
where

_ o 1 b Te e
B} (Z) = €7*0; A}(%) + ~2-9f“"°«4§’~($)«4k($)

Fu = / P (BHBBE) + i A@AD)

§2Eq
K¥(Z,9) = — -
15V = 5 2@ )
K=(S-D)?—-g¢5-B+ 4l (4.7)

k N
(8%),; = teijw
/\abc — _2fabc
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Di = jc i g.zi (4.6)

[A%,\Y] = ifebere
and
Mo = €ijkeitm f*° £ + 2eij0eimn f220 F20° (4.9)
The way the indices are contracted with G is
GH (@M Gin(®) (4.10)
and it also can be written in terms of S;, A* as
TR (S*A°G) TR (S'A?G) + 2TR(GS* A\*GS*\?) (4.11)

Trace is over all spin and color indices and over the continuous index Z is a double
trace.

The gauge constraint is D - E = 0. After quantization it becomes an operator
that commutes with the Hamiltonian [7:(,5 . I:i'] = 0. We incorporate it into the

formalism by its action on the state

Tl

D-Elp)=0 (4.12)

Since the state is a trial one when A%(%) is different than zero it is satisfied only on

the average

<¢II$?-§I¢> =0 (4.13)



when A¢(Z) is zero, the condition (4.12)can be satisfied by a special form G (%, ).

The variational principle for G

SE[G, A _

=0
5G“b z,9)

leads to
%G‘Z =K+g? [s"x‘ TR(S'A*Gy) + si,\aédsua]
The trace is only over color and spin induced. By defining
m? = I — g(S- B) + ¢°S*A* TR (S'A2Gy) + 20%(S A2 G SiA)
it can be written as

%é—z = (S - D)? +m?

6o 1
V(S D2+ 2

The variational principle for A

__5_@____ — 0
§AXZE)
leads to
)
ab/—= 2 Aa —
D (2)F, h(F) + pt A (w)+ 5 54 )TR(GK)—O
where

F}(3) = €i;xBp(2)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

These equations (4.16) — (4.17) are intractable in their most general form since it

is not possible to isolate and eliminate the divergences. Even though the non-zero

value of A%() is necessary for the inclusion of the external source terms. Leaving
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it for future study, we will focus our attention in the case of A%(Z) is zero. If we let

Af(:}') = (0 then

1 1
= STR(G™!) + 5 TR(GK) + %g2 TR (GMG) (4.19)
where
3 o 2% & oA 22 92
K=(S~p)+uI=Ichj-p + 21 (4.20)

To fulfill the gauge condition we pick up the form of G as

G31(@,9) = 5 | 05(@) + 1253)] Go(2,9) (421)

where Q; ; and P ; are transverse orthogonal operators defined as

A > Dip;
Qij = 16ij — 132]
L (4.22)
b _ Pibs

1] — "«
P2

They obey the following relations

ZQii=2f ZPﬁ=f

~

Q:i;Qx = Qix Pijf’jk Py (4.23)

Qij + Py = 6,1 QijPjx = PijQix =0
We also introduced a parameter e that will be taken to zero at the end of the
calculations. Since without e, G?}’(i ,7) is not invertible in spin indices and it has a
zero eigenvalue in the representation in which it is diagonal, that causes the Gaussian
integrals to diverge. This trick allows us to go on with our calculations without any
inconsistency. With this form for G our variational parameter is Go(Z, ) since we

can integrate out over color and spin indices.
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The inverse of G can be written in operator form as

G'= G’{l (Q + eﬁ) I, (4.24)
The first two terms of Eq. (4.11) can be evaluated easily to yield
3 TR(G™) = —8—N(2 +¢) TR(Ggy) (4.25)
1

5 TR (GK) = N TR(GoKy)

where

o 22 1 + 2e 2%
Ko=p + ( e ),u I
N =3, 6% color degrees of freedom which is N = 8 for SU(3). The last term
1 2 1 2 iya tya
29 TR(GMG) = 29 TR(GS*A*GS*A?)
the first term of (4.11) drops since TR (A*) =0

- %gchl TR(GS'GS')

where NC; = TR (A2)\¢) = fabe fabe

g2NC’1{ TR (3") TR (GoGo) + 2 (% —~ 1) TR (Go(S*PS*Gy))

DN | =

+ (% - 1)2 TR ((PGO)Si(PGo)S‘)}
TR ((PGo)S'(PGo)S') = TR(GS'PS'Go) + surface terms (ignored)
_ %gchl {TR(§2)TR(G0G0) + (elz - 1) TR (Go(sfpsiao))}
TR (S¢PS?) = 27 traced over only spin indices TR (") = 6
_ NG, (2 + -61;) TR (GoGo) (4.26)
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the overall result is

2=

0| =

the variational principle for Go

leads to

or

defining

write

or

OF
6G0(£) g) B

1 _ . 1 A
1(2 +6)Gy? =2Ko +4 (2 + 6—2) 9*C1Goq

1
_G0—2 -

2 1+ 2¢ 1+ 2¢? A
1 ? 2 59°C1God

2+ el +(2+e)2eu + (2 + €)e

" =(2+e)2eﬂ + l(2+e)ezg

J 22
A 1
Gy =

2+9TRGT") + TR(GuK) +4°C: (24 ) TR(GoGo) (427

(4.28)

(4.29)

(4.30)

(4.31)



we can rewrite Eq. (4.27) — (4.29) in a familiar form

E 1., o 1
N ZGO '+ GoKo + 593G0Go (4.32)
- 22 N

0o=p +usl

) .

2 __ 2 2
m® =g (#o +90G0d)
w2 = p2 + g2Goq (4.33)

by eliminating K, in favor of m?

— %TR (657 = Golri? - )

2|

or

TR (Go‘l - M) (4.34)

9

=lc
N

This relation is equivalent to the one given in Eq. (3.122). Therefore it can be

written in a finite form as

TR ( - @2_—2“@—) (4.35)

2=
N |

and

m? (&) = u% + gz Gor(3,7) (4.36)

Its structure is similar to that of w*-scalar field theory up to some constants and
its non-perturbative nature is very clear.For a further reading on the subject check

Ref.[12,15,17,18,19,31-37].
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CONCLUSIONS

So far we have succeeded in obtaining a finite expression for the ground state
energy of p*-scalar field theory;both time-independent and time-dependent. We have
seen that the relevant singular terms have both quadratic and logarithmic diver-
gence, and they have the same form when we deal with non-abelian gauge fields if
we define Gj; to be transverse in spin indices.In case of zero mean field we achieved
this with the help of @;;,Eq.(4.22).We have seen that for the renormalization pur-
poses , the elimination of the longitudinal part of the G;; is essential to remove the
cubic singularity.

The results of the chapter III and IV are very promising for the application of
variational method to the gauge fields in the presence of the mean gauge field,even
though we have some difficulties in the isolation and the elimination of the zero
and the negative modes of the propagator in the presence of the mean gauge field
(backgroud gauge field).We have seen that negative modes can be made to cancel
by guessing the form of the mass parameter in (4.15).We are hoping that we would
be able to eliminate the zero mode by defining the proper transverse operator.The
generalization of the (4.22), that is, p; is replaced by D;, does not obey the first two
relation of (4.23).Therefore we need to define another operator, when it is contracted
with K of (4.4), will eliminate the zero mode.We will continue the research on these

lines in the future to prove the confinement with the inclusion of the source terms

thru (4.12)
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APPENDIX A

I'(z) = / dtt*le~! Gamma function
0
Iz + 1) = «T(z)
I'(n+1) =n!

oo 2
I(z) = 2a”/ dyy?®le¥
0

Calculation of E(qo,g)

E(qo,g)=/+mdq¢*(q) [—g 5 7

- 00
where

¥(q) = Nexp {—%(q — qo)z/g}

and |N|? is given as

N2
NP = S
to have the unit normalization

+oco 9
/ dg [ = 1

—0o0

RZ &2
d “ie-wye [Py ]

hz oo d?

—1,2 —1,2
- ge1¢ gd_26 $0/9

- 2T(1/2)+/29 J_
+ _ 1 /+°° dq V(g)e~ (=129
T(1/2)v29 /oo
_‘?.6—42/49 _ e—q2/4g(_q/2g)
dg
d? 1
e~ 1/49 — g0 /eg 2g)? — ___e—q ?/49
a7 (—a/29)" =5,
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(A.4)



Inserting it in E(qo,9)

_ .___._7}2_ * i LY —g2/2

~ sy, (i g)

I {_1__ 0e/2) 1 T2 | g
2T(1/2)v29 | 49% (1/29)°% 29 (1/2¢9)/°

1/20(1/2) 1
= - {2r(1/2)4g2 B @} o

= -—h2{% - %}g—l—FII

h2
E(g0,9) = 8y " II

Where

II dqV(q+go)e™" 1

1 Hoo
- T(1/2)v2g /_oo
b 1 b
V(g+4g0)=V(q)+4q (aqo + gqf;‘) +¢° (ga + qu)
b b
30 0 4
+4q (840) + 217
_ b 4 2 (1 b, s (0 b 4
V(g+q)=V(g)+4q (aqo + 8%) +q (2a+ 4%) +¢ (g0 )+ 5.4 -
the odd powers of ¢ do not give any contributions due to symmetry of the the

integrand.

11 = V(g) + 1 g g) I'(3/2) 1 b T(5/2)

1, b _I5/2)
2 o D(1/2)v29 24 (1/29)/2

v
T(1/2)v2g

1 b b
II= = —qs —g°
V(g) + 5 (a+ 2qo)g+89

over all result is

h 1 b b
E - -1 - z.2 Z 2
(g0,9) 39 +2<a+2qo)g+8g + V(o) s
Ab

Ref.[41]
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APPENDIX B

The calculation of the roots of

2a h2
g3+(7 +q§)92—7=0 (B.1)
Let
— 2_a + 2 r _ﬁ
p - b qO ] b
then

g +pg’+r=0
Definez =g + £
3 2 L
*+ecx+d=0, c=-p°/3 , :§(2p + 27r)

if 4; + ;—:; < 0. The real roots are

Tk =2‘/—§cos (§+120°k) k=0,1,2 (B.2)

/4 d>0

—c3/27

cosp =F
+ d<0

if de + g—j— > 0 and (¢ > 0) the real root is

x=2 %cot 2¢
where ¢ and
+ b5>0
dz /4
cot 29 = F c3//27 and tan ¢ = [1-,3,11,’5]1/3
- b<0
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if d2 £ = () the roots are

— g — d>0
:L‘=:Fz‘/?ﬂ:w'?:tw?

+ d<0
1, 2a 2
c——gp——3<b+‘Io> <0
1 2 (2 3 p?
d=—(2p3+27r)=—(7a+q§) ~

let us calculate

6_12_ é_l 2a 26 lﬁ 2_a+32+£4_+ 1 g_a__|_26
Tt T\ T0) "3\ ") T T\ D

3 4 2
S

calculate

T @) Bea)

since ¢ < 0 for all values of a and b the possible roots are

o= 2|(28 4 2 P os [ & +120°k k=0,1,2
3|\ b
+d >0

3
cos<z5=3{1\/1—0(7i2)+9(7i4) —d<0

_ 2_1 2a 2 _ ? o
gk = Tk 3_3<_b +q0)[ 1+Zcos(3+120k
2
gk:§’<§+q§) [—1+2cos(§+120°k‘>] k=0,1,2,

The limit & — 0 corresponds to ¢ =180, k =1

gr(h — 0) =—I(2ba +qo)

/4 . 27H? [b 36}34/41;2

and

Ref.[43]
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APPENDIX C
Evaluation of L(t)

£t = (ot

0 A~ (.0
Z&—H(a ,Q)

#(®) / ol (1)

where 1 is given by
. 1 2 (=2 .
o(g,t) = exp [i (g — qo(t)) mo(t)] exp {_Z (- a)* (@2 - 2zQP)} (C2)

<¢o(t) Z%

b)) = [ dalbia.0F (i)
g {"(q ~ @) — 3(a~ 00)’ (@77 - 2iQ_1P)}

using
/dq (¢ — q0) [¥(g,1)> =0

we can evaluate it as

=/@W@¢W{m@—%@—%fwmeQWQ*—%Q*Pﬁ

<¢o(t)

z;%( (t)> / ($oltbe) = modo — 46t (Q_2 2iQ™'P)

. Jdala— 00)%|9(g, 1)
[ dal(g,1)I?

and

f@@—ﬁwmﬁﬁ_r@ﬂﬂQ*mY”f_y
[ dalb(a, P VAT(1/2)Q

(o) [i31] o) tnli) =

2
ot

= mogo — @ Z g (Q_ —2iQ7'P)

and

(0 ()

50} / Wolto) = (0(0)| 58| (8)) / Wolio)
+ (%o(8) [V ()| $o(2)) / (sbolbo)
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o0 V(@) (1) / (o) = Vi) +5 (a+ 342 ) @7 + 50"

(see Appendix B)

(4)|-5 3| (9) -

- [ stz fin 50— w) (@ - 25 a0
= [0l ) { o= 3a-w) (- 5p)] -3 (- %P)}
= (oo} (5) {—w& a-2r)+ i (e -Zp) Q2}

1, 1

<’/’°(t) i“% 36—:2‘ ¢0(t)> / (bolibo) = 575 + %Q‘z + 5P
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APPENDIX D

Show that

e

¥) = $o(@) () (D.1)
where
) oo {-1 [ @R - 6@16E-D)166) - )]}

Proof:

(¥]4@)

#) = [ D))
1 - 71— — - —_ —- — — -
<o {—3 [ E@)IHE - w6 ED 60 - 4o
The best way to deal with it is to discreetize the variable Z and take the limit at

the end of the calculation.

Let # = aA where o = {a3, a2, a3} stand for 3-tuple integers.

Define ¢ = ¢(Z = al) and Gop = G(Z = aA, § = fA)

(v |3@)

oo
¢> = lim / Hd¢’7 ¢V 6—%A2(¢a_¢g)Gaﬁ(¢ﬁ _¢g)
A—o J_ 5
shift the variable ¢, — ¢, + ¢% (¢%: finite constant).

(v |4@)

too a2 -1
¢> = ¢0(§) (¢|¢> + ilglo [_m gd¢7¢y6_7¢aGaﬁ¢ﬂ

Now, we only have to show that the second term is zero.

a? -1
: - ¢‘a Ga d’ﬂ
AI_I?O/IIOZ‘?SV $pe 2 P
v

73



If we work in the representation in which Gqg is diagonal

Gap = gabap where go >0

+o0 2
. —az 2 -1
= lim [ dgy ¢y e #as
A—0 J_
"
=0

since the integrand is odd for v-variable.

Show that

<¢ l$(§)$(’g)|> - AI—IEO / H d¢“/¢a¢ﬂ e—ATz(¢”1_¢31)G;llvz(‘f’vz—tﬁuzo)
Y

shift ¢, — ¢, + ¢3

= pm, / [T d6+(¢a + d2)(#5 + ¢h) €™ 1 Cravats
Y

(D.2)

= 40(@)90(@) (814) + Jim, [ T] b (605 + 6a05) + By
i

A? _
X exXp {—— _é-—¢”1 GV11V2 ¢V2 }

Since we have shown above that the integral of odd powers of ¢, multiplying expo-

nential is zero we are left only with a quadratic term.

= $0(@)0(¥) (¥[¥) + lim, / IPYId¢,Y¢a¢ﬁ =260, G s

Let A,,,, diagonalize Gy, ,

Gmm = AZlagaAauz (ATA = I)
or

G—l =AT g—lA,w2

viva vipJp
_ T _
P Gu11V2 S (AZ; p¢"1) 9p Y (Apubu,)
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define

¢:; = Apv, bu,

b, = Az;p :o
Note
0
[Tat:=7 (%) T a#,
¥ ¥
where
¢0
J (¢—> =det(4) =1

since AT A = I. Inserting all these definitions in the integrand

g -1

hm Hd¢7Azp1AﬂP2¢P1¢Pz __¢ %

after isolating the integrals over ¢,, and ¢,, we are left with

2.2 1
d¢ 2 _AT¢P19P1
T f P1
+AaplAﬂpz6P1P2 ilino( fd¢p1 "_‘75319#11 (1)

using the formula in Appendix A.

. [T(3/2)/ (A% -1/2)3’2)
60102A:01:P1 pp A0 1/2
o 1, (ru/z)/ @)

9p
+ 6p1p2 Ap2 Aﬂpz (¥[%)

+ Azm (%) 9p <6Z2) Apzﬂ <¢|¢)

using the continuum version of §,3 = Aé(Z — §) over all result is

(¥ |9@)3@)| ¥) = [6o(@)0o(@) + C(E,7)] (V1)

5
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APPENDIX E

Show that
J LY AT CRTERTEN
= {G(.’El, mZ)G($3,.’L‘3) + G(xlawS)G(mz, (L'4) + G(ml, 34)G($2, (173)} ('l/)l'(l()E.l)
Let do it by discretizing the Z variable
i _a? -1
= glino‘/ndqs'ygbal ¢012¢013¢74 e 2 ¢"1Gv1v2¢v2
~

do a coordinate transformation that will diagonalize G~!

¢lp = Apv, $v, OF @y, = ugpqy

Aa1,31AOt2ﬂ2A013l93 g N hm ]Hdd) ¢ﬂ1¢ﬂ2¢ﬂa¢ﬂ4

T '
xexp{— ¢p2 v1p2 ulvaVz»pl }

Where
T _ -1
V1P2 GV1I/2AV2p1 9p, 6p1p2

T T T T : ~1,42
- AalﬂzAazﬂzAasﬂsAOMﬂa; Ahino / Hd¢7 P, P8, P Pps 2 2074
i

The only combinations of (51, B2, 83, B4) yielding non-zero integral values are

Pr=PB , Ps=27p
=P8 , P2=27ps
Pr=Bs , Ba=p5s

all the other values they can take yield odd integrand (note 8y = f, = B3 = B4 is

included in the sum over the above combinations.)

Aal B2 AazﬂzAasﬁa aqfa giElo H d~
~

-1 ,2
X (5/31;325/33/3445%2 05, + 86,6.08,05, 8%, 65, + 85, 8.68:: 85, 4%2) o)

utilizing the results of Appendix D we obtain
= {G(Z1,22)G(F3,24) + G(F1,%3)G(F2,34) + G(31,24)G(Z2,55)} ($l¥)  (E-2)
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APPENDIX F

Show that
6E[¢0,G]l _ | o2 925 b 2 =2 2
bl |-vtrargi@ +56@D| 0@ (FY)
and
6Blp0,G) _ 1. g o ([ by b N
ol 1@+ (- vt i@ + 506D G -) ()
where

b
E[¢o,G] = Eq + %TR(G’I) + %TR(KG) + 3 DTR(GG)

where

Eq= /dsi {% (Vo) + gqb% + ;Zqﬁ%}

K@) = [~V +a+ 2@ |G-

§E 6
8po(Z) ~ 640(2)

{ [ {3 Ve + 520+ 18800
+3 [@ERGH6E a)}

-/ dg{ [9,60®)] ¥45(2 1) + ado(@)5(z — 7) + g#30)G ~ y)}
+3 [ 416 (4o@)(7 - D6 - D} GG, .«7)}
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by dropping the surface term which results from the first term of integrand and

integrating out over § and Z variables we obtain

SF b b
s = { V(@) + aba(@) + GAH(E) + 5@ D)
= (-9 +a+ GH@ +56G.3)) ho@) (F3)
b)
5G§§:’E, g) = {% /de—l(g, E) + %/dzld22K(Zl,Zz)G(32,21)+

+-g- / 4z G(%,7)G(Z, z)}

using

6G(21,22)

Sor g = (1~ 2 — 2) + 8(d — 22)6(3 — 32)

and integrating over all delta functions, we obtain

SE§
§G(Z,7) ~ 8G(Z,7)

[% Tr(G"l)] + K(2,7) + SG@ 2)6(z —9)

To calculate the derivative of G~ respect to G first we work in a discrete represen-

tation then differentiate the identity. That is,

G(31,7) — _b g

0G g viva

-1 _
qu 12 GVz”s - 61’1 vs

6
8G(2,5)

Differentiating both sides with respect to G,g gives

) - _ —1 1)
6Gaﬂ (G ),,1,,2 GV2V3 - = (G ),/1,,2 6Gaﬂ

GV2 Vs

== (G_I)V1V2 (60“’26ﬂl’3 + 60”’35:6"2)
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multiply with G™! from the right

) _ _ -
5Gaﬂ (G l)vwz G”2V3GV81V4 == (G l)muz (6""2651’3 + 50"35/31’2)
) — - —1 =1 —
(5Gaﬂ (G 1)"11/4 = _G"ll"Gﬁ:‘iGVllﬂGw}‘l

Now if we take the trace and use G,,,, = G,,,, We obtain

6 =1y __ -1
T TR(G™) =-2(G7Y),,
or
b _TR(GY) = —26%(3,7)
6G(Z,9) ’

The over all result is

- = - - — e 5 _
6T~ ~1C @0+ K@)+ 566 DG -9)
1 b PR (o
=L@ + {9t rar D) + b b -
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APPENDIX G

U

where
c>0 u=1+a+cz?
2 1 45 1 14
dzz“\/22 +a = 12U~ garu—ca In(z + u)
where

u=+vVz?+a
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