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ABSTRACT

STRESSES AND DISPLACEMENTS IN SEMI-INFINITE MEDIA
by

ARISTIDES BRYAN DOMINGUEZ

Submitted to the Department of Civil Engineering on
in partial fulfillment of the requirements for the degree of

Master of Science

This thesis presents a general computer oriented
method for the determination of the components of the stress
tensor and the displacement vector, the principal stresses,
and the principal directions of stress at any point of a
semi-infinite elastic medium subjected to static normal and
shearing surface loads.

This method has been programmed in FORTRAN IV for an
IBM / 360 digital computer and the program, with slight
improvements, will also provide the solution for the
homogeneous linear-viscoelastic half-space and static
loadings.

Thesis Supervisor: Fred Moavenzadeh

Title: Assocliate Professor
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CHAPTER 1
INTRODUCTION

Analysis of stresses and displacements in semi-infinite
elastic media is of special interest in several problems of
soil mechanics, such as the design of foundations for struc-
tures, highways and machinery. In such cases, a load 1s
distributed over a relatively small area of a body which is
only limited in one direction by a plane surface, it 1is
generally assumed that this body 1is welghtless, homogeneous,
isotropic and its behavior is linear elastic, Figs. 1, 2,
and 3.

This is a restricted case of the more general prob-
lem of; analysis of stresses and displacements in layered,
non-homogeneous, non-isotropic semi-infinite media with
time-dependent properties, subjected to arbitrarily dis-
tributed time-varying moving normal and shearing surface
loads and subjected to different interphase conditions

between the layers, Fig. 4.

Most methods of analysis ( see references pages 123
and 124) have attempted to present the solutions of the
homogeneous half-space in the closed form, and due to the
mathematical complications in obtaining this type of solu-
tion for arbitrary load distributions, most of them have
‘been limited to axisymmetric cases whereby the load 1is

-5 -



distributed over a circle. Closed form solutions for dis-
tributed loads ovér asymmetrical shapes generally involve
elliptic integral expressions which have limited their
application.

The solution of the basic problem of a normal point
load on an elastic homogeneous half-space was obtained by
Boussinesq in 1885. Terazawa in 1916 developed the solu-
tion for the stresses and dlsplacements at any point in
a semi-infinite elastié body under distributed normal loads.
This solution 1s 1n the form of infinite integrals invol-
ving Bessel-Fourler expansions and 1s applicable to any

distributed axi-symmetric loading.

Love solved the same problem through the use of poten-:
tial functions 1n 1929. His work was summarized and exten-
ded by Fergus and Miner in 1955. Love's work was used to
solve the problem of a uniform load distributed over &n

elliptical area by Deresiewlcz in 1959.

A falrly extensive tabulation of stresses, strains,
and deflections has been given, for arbitrary Poisson's

ratio by Ahlvin and Ulery in 1962.

The most practical method of solution up to date is
based on the influence charts developed by Newmark
( 10 and 11 ) which are general and have sufficient accur-
acy for most of the engineering applications but are in

disadvantage of requiring excessive time for each point of
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the semi-infinite medium. Design is thus somewhat limited
by the lack of a flexible and accurate method that enables
the design engineer to describe the characteristics of the
problem (geometry of the loaded area, load distribution,
properties of the materials), to obtain in real time the
desired distributions of stresses and displacements at any
point of the body, to modify in turn his original concep-
tion, and to introduce new data and thus follow the steps
of successive approximations of the design process. These
can be summarized by stating that the most deslired charac-
teristics of any method of solution for an engineering

problem are:

a. Clear, accurate and simple description of the data.

b. Great flexlbility of the method itself to accept
and produce different types of information corres-
ponding to different situations.

c. Known and adjustable 1limits of accuracy.

The purpose of this study is to present a general
computer oriented method for the determination of‘the
components of the stress tensor and the displacemént vector,
the principal stresses and the principal directions of
stress at any point of a semi-infinite elastic medium sub-

Jected to static normal and shearing surface loads.
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CHAPTER 2

LOAD AND LOADED AREA

To provide the method with a fair amount of generality,
two baslc types of load distributions are considered and
superimposed:

I. Distribution of normal surface stresses p(x,y)

II. Distribution of shearing surface stresses q(x,y)

In the case of the shearing surface stresses it is
assumed that they are parallel to the X axis. This assump-
tion does not imply any limitation for the following reasons:

1. The X axls can be selected arbitrarily.

2. The expressions of the stress components can be
modified if 1t 1s desired to have the shearing
stresses parallel to the Y axis.

3. In case of stresses parallel to another axis in
the plane X,Y they can always be decomposed in

X and Y components and their total effect can be
calculated using the principle of superposition.

2a. LOADED AREA

The loaded area shall be enclosed within a grid of
M x M square elements, as shown in Figure 6. Each grid

element will be characterized by two numbers:

i row number

column number

e
]
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2b. LOAD FUNCTION

The load function is defined by two square matrices

of order M, P(I,J) and Q(I,J), associated with the grid.

A. Normal load function

Each element 1J of the first matrix will contain a
number piJ equal to the average intensity of the normal
surface stresses applied on the element of area Ai of

J
the grid (Fig. 7).

B. Shearing load function

Similarly, each element 1j of the second matrix will
contain a number q1J equal to the average intensity of
the shearing surface stresses applied on the element of

area Aij of the grid (Fig. 8).

The elements of normal and shearing loads acting on the

grid shall be treated in two different ways:
a. As elements of distributed loads of intensities
p1J and qij respectively.

b. As equivalent point loads applied at the center of

each element 1j, of intensities
PiJ = DPyy X AiJ (1)

Qjy = qy X Ay (2)



/— 4&/ =py /IA‘/

N\

y4 / /\ / 7
/ 7/ y4 /.
2 / y [/ [/ /[ /.
y A4 / [ [ L S yARw A
/ / 4 y4 / y4 y4
y4 V4 / / / / VA4 /
ya / / / y4 / / / y4 X
yé / / / y4 /
yAR 4 / y A4 4
/ 4 A y4
yARY AR 4 y4 / y AR 4 Z
Z
FIG. 7

Fl16.8

- 14 -



This discrimination shall be done according to the
distance from the point P(x,y,z) of the semi-infinite
medium to the center of the element 1J of the grid. This
distance is a measure of the error incurred in considering

distributed loads as point loads ( see article 4e ).
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Due

CHAPTER 3

COMPUTATION OF STRESSES AND DISPLACEMENTS

to the assumption of linear elastic behavior it is

possible to use the followlng principle:

3a. PRINCIPLE OF SUPERPOSITION

The

stresses and displacements that occur at a given

point P(x,y,z) of the semi-infinite medium are equal to

the sum of the stresses and displacements produced by each

individual element of the load matrices P(I,J) and Q(I,J).

AGy

du,

as before:

i

average normal surface stress on element 1ij
= average shearing surface stress on element 1]

component of stress tensor at point P(x,y,z)

due to total 1load.

where k X,V,2

l = X,¥s2

= component of stress tensor at point P(x,y,z)
due to load element 1J
= component of displacement vector at point P(x,y,z)

due to load element 1j.
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Then by the principle of superposition:

Gu = Z 4521] + [ Z 46, ] (1)
=4N P VXA 4 Q
Jadn XXX
= 4y, ] T [ 4y, ] (2)
Y% [;,,',, ol ;, “la
jal.” j.b”

M = order of load matrices P(I,J) and Q(I,J).

3b. MATHEMATICAL PROCEDURE

For the computation of the components Ox; of the
stress tensor and ¢ of the displacement vector, the
elements of distributed load pij and qiJ are substituted
by the equivalent point loads given by expressions (1)
and (2) page 13, and the numerical values of 46, and

4y, are then obtained by Boussinesq's expressions for

normal and shearing point loads (Appendix D, formulas (1)

to (12) ).

This representation of the load function by a finite
number of point 1loads has inherent the following sources

of inaccuracies:

a. Point loads produce infinite discontinuities in
the stress and displacement distributions at the

point of application.

b. The distributions of the stresses and displacements

for the distributed loads and the equivalent point

- 17 =



loads vary significantly in the vicinity of the
point of application of the load; this variation
gradually reduces as the distance to the point of
application 1s increased. Fig. 9 shows a compari-
son of the distributions of 6z for a point load of
radius R = 1 at a relative depth Z/R = 1.

The rate of decrease of this difference varies
with the intensity and the radius assigned to the
equlivalent distributed load.

As a consequence of b, the degree of accuracy will
vary with the size of the grid elements or equiva-
lently, with the number M of subdivisions of the
loaded area and with the distance from the point of
the semi-infinite medium. This point is discussed

further in article 4e of the next chapter.
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CHAPTER 4
IMPROVEMENT OF ACCURACY

The evaluation and the improvement of the accuracy of
this method requires further analysis of points (a), (b),
and (c¢) of article 3b.

4a. ERROR VOLUME ASSOCIATED TO A LOAD ELEMENT

It was mentioned in section 2b, page 15, that a
measure of the difference in the distributions of stresses
and displacements corresponding to point and distributed
loads is the distance from the point of the semi-infinite
medium that is being considered to the load element 1ij.
Assuming that the magnitude if the accepted error is
T Enpe?, 1t is possible to define for each load element
1j a volume of the half-space outside of which the error
is less than |t €mes% | . This volume shall be designed as
the "error volume" associated to the load element 1j.
Where the point P(x,y,z) of the half space is within this
error volume, the element 1j is treated as a distributed
load. The actual shape and dimensions of this volume
will depend on items (a), (b), and (c¢) of the previous
section. After the computation of the preliminary results
of article 4e, it was found convenient and simple to
adopt as an error volume a square prism of side 2 P and

depth ZuM .

- 20 -
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4b. ERROR VOLUME ASSOCIATED TO THE TOTAL LOAD

The error volume as corresponding to the total lecad 1is
defined as the integral of the error volumes of all the
load elements 1j as shown in Flg. 11, and its dimensions
are 2XLIM, 2YLIM and ZLIM.

4c. NUMBER OF DISTRIBUTED LOAD ELEMENTS

The procedure to determine these elements is very sim-
ple, and 1s used only when the point P(x,y,z) of the semi-
infinite medium is within the error volume assoclated with

the total load.

Drawing the error volume of side 2 ¢ and depth ZLIM
with its longitudinal axis passing through P(x,y,z) as
shown in Fig. 12, the intersection with the grid encloses
the elements to be counted (only those whose centers are

within the square of side 2 f")'

- 23 -
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4d. PROCEDURE TO HANDLE THE DISTRIBUTED LOAD ELEMENTS

Assuming that the load elements shown in Fig. 12 are
those to be treated as distributed loads, when considering
them one by one with their actual shape, the stress and
displacement compénentslﬁb and 44 have, for arbitrary
points of the semi-infinite medium, complicated expressions
generally involving elliptic integrals. Even the expres-
sions for uniform circular loads and arbitrary points of
the half spacevinvolve elliptic integrals, but the latter
can be reduced to rather simple forms for points on the
vertical axis passing through the center of the clrcle.
These expressions have been obtalned by integratlion of

expressions (1) to (12) in Appendix D.

This point suggests the followlng approximation,
which has been programmed and used successfully in this

study.

Considering the results obtained in article 3c, in
order to maintain the error to €mex = 1 1%, the length

of the side of the error volume must be:

2 P = O.4 xR

R = maximum diameter of the loaded area.

- 25 -



The size of the grid divisions must be:

Jjn =0.5x p
The number of grid elements contained in the side of

a square of side length 2f is:

N=_ 2P - 0.4+ R L G4sR.2 08 _ 4
AP O.SJP 0.54 0.4 R 0.2 B

These results are l1llustrated in Fig. 13.

| L

L

R

F/6.713.

As 1t will be explained in Chapter 5, the center
of coordinates will be located at the center of the grid
of 20 x 20 elements and position of each grid element 1is
specified by the coordinates of its center, it was found
more convenient to assign to the side of the error volume

a length equal to 5 grid elements as shown in Fig. 14.
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R1 =Af/2 = radius of ring 1
R2 =34p/2
R3 =J4p/2

radius of ring 2

f) = radius of ring 3

K1MAX = 1 = number of elements in ring 1

K2MAX = 8 = number of elements in ring 2
K3MAX = 16 = number of elements in ring 3
K1 = number of elements enclosed by ring

1
in a particular case ( 0<Kl< KIMAX )
K2 = number of elements enclosed by ring 2

)

in a particular case ( 0< K2 <K2MAX

K3 number of elements enclosed by ring 3

in a particular case ( O< K3<K3MAX )

The approximation can be described as follows:

1. Check if point P(x,y,z) is within error volume
corresponding to the whole load function.
If NO use expressions for point loads (expressions (3) to
(20) ).
If YES use algorithm 2.

2. Draw prism of radius Rl = f: with longitudinal

axis passing through P(x,y,z).

3. Count the numbers K1, K2 and K3 of load elements

that fall within rings Rl, R2 and R3 respectively.

- 28 -



4, Calculate the averages

V'Y &1
2 Pij 2: i/
/aﬂ'/ = ..I_:L_—— ?avl s 02
K1 K1
&2 x2
> P 2 i
P"'l = I=f ?JVI = 23f
K2 K2
K3 X3
22 Pi 74/
f"’ = y=/ ?‘Vj = _L.‘.L_.__.
K3 k3

5. Calculate the fractions K1/K1MAX, K2/K2MAX,
K3/K3MAX.

6. Place equivalent uniform normal and shearing
circular ring loads of intensitiles:
Pavs Pora Lovs
Qovy Gov2 Fav3
on top of the square rings 1, 2, and 3 respectively.
7. Compute Aﬁh and 4, using formulas for points
on the vertical axis of circular loads (Appendix D).

8. Multiply the results by the fractions obtained
in (5) respectively.

9. Add these results to those corresponding to the

other elements of the grid considered as point loads.

..29-



This method of handling the elements within the error

volume involves two types of approximations:

a. It considers a number K of square loads as a

fraction K/KMAX of a circular load.

b. It reduces the actual distribution of surface
stresses pij and qij within the three square
rings to the six average intensities shown in

page 29 .

The determination of the errors introduced by these

two approximations leads to the following considerations:

With respect to approximation (1), the dlagram,
Fig. 16 ( see also reference 12, page 124), shows the
distribution of vertical stresses 6} for equivalent circu-
lar and square loads ( for the same loaded area and the
same load intensity ) as a function of the depth Z. For
X=0 and Z=0 they are coincident and for depths Z/R

between O and 1 the percentage error is less than 0.01%.

With respect to approximation (2), the results obtained
by this method have been compared to those obtained with
Newmark's influence charts for the same points of the
error volume of the total load, and an accuracy of the

order of 99% 1s obtained for well behaved load functions.
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Le. SIZE OF THE GRID ELEMENTS AND RADIUS OF THE ERROR

VOLUME.

In order to determine the influence of the size of the

grid elements on the accuracy of the procedure and in order

to determine the radius of the error volume corresponding

to one grid element, the following procedure was developed:

a.

Consider, for the purpose of this discussion, the
loaded area as a circle of radius R, with a uni-

form circular load of intensity /0 = 1.

Calculate the stress and displacement components
for points on the Z axis (vertical axis passing
through the center) using formulas obtained in

Appendix D.

Draw a circle of radius }0 concentric to the first,
and consider the load on top of this circle as

uniformly distributed.

Divide the anular ring of width (R-fﬁ into m con-
centric rings of width 4p, where 4f will be equiva-
lent in this case to the length of the side of

one square element of the grid in a real case.

Divide the anular ring (Rff) into n equal sectors,

n being calculated as follows:

20p = nxdp ooom oo 2P
e

- 32 -



f. Place on the centers of each of the m x n elements

of area A an equivalent point load of intensity

13

Pij = pijxAsj = 12 Aij
- g. Calculate the components of the stress tensor and
the displacement vector for the same points of

the semi-infinite medium as was done in (b) above.

h. Calculate the difference between results of h and
b, and calculate the percentage of error based on
values in part (b) above.

i. Repeat this process for different values of 4P4P
and P/R .

J. Define a value of the accepted error, |€mex %l and
select the number m that produces this error.
Take this value of m one half of the order of
the load matrices or equlvalently as one half of

the number of divisions of the grid sides.

This process was carried out only for the stress

component 6, and the following data was used:

R={

PIR =005 {9 0.20 with incremenls of 0.025

dp/p = 0.1 1o 0.5  with increments of 0.1
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Then for any value of j° H

[ dpg/pi =01
AP’/P"-: 0.2

Fi/R |

For each case Z/R was varied from O to 4 with intervals
4 72/R = 0.1

This process was programmed for an IBM 360 computer, the
flow chart and the program are shown in pages 36 and 37

repectively.

Table II (page 39) shows in a compact form the final

selection of M (order of the load matrices).

Adopting a magnitude of the error
|t Eman % | = 1%

the value of M that produces the closest error interval is

(see Table II):

20

and for M

0.2 xR Radius of error volume

|

-
i

Magnitude of a grid element.

(=S
)
n
O
u
»
It
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TABLE I

SYMBOL
DESCRIPTION SYMBOL IN
PROGRAM
Intensity of distributed load Q
Radius of loaded area R R
Radius of central element P RHO(J)
Width of the concentric rings 4P 5% DRHO(JK)
Coefficient of width of the rings 2, A(T)
Number of divisions 1in each ring n, FN(J)
Number of rings m M
Depth z Z
Vertical component of stress for
each depth, corresponding to
uniform load distribution G ,4 SIG(I)
Idem for mixed distribution 6 S
Error & EPS.
Depth subscript i I
Center element radius subscript J J
Ring width and width coeff.subscript k K
Ring subscript 1 L
Distance from point loads to center
of circle d D
Int, radius of the rings T RI
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30

25

26

31

15

32

GO DOMINGUEZ A B 6032 BPR

STRESS DISTRIBUTION STUDYe =~ o
DIMENSION SIG(200)4sDRHO(10+10)3sRHO(10)4+A(10)sFN(10)
READ (541) QsRyIMAXs2Z,D2
FORMAT(F2e03F2405s149F5e1sF541)

READ (542) (RHO(I)1=1,7)

FORMAT(7F5,3) ~

READ(5916) (A(K)sK=145)

FORMAT(5F5,43)

WRITE(64+30)
FORMAT(11Xs1HIs10Xs3HZ/Rs13Xs6HSIG(I) s/ /)

DO &4 I=1,1IMAX
SIG(IN=Q®(1e=(Z2%%3,)/(SQRT((R®X2,+72%%2,)%%3,)))
WRITE(693) 1425SIG(])

FORMAT(I112s8XsF5e14F1548)

2=2+4D2

WRITE(6420)

FORMAT(1H )

DO 5 J=147

DO 5 K=135

DRHO (JsK)=A(KI*RHO(J)

DO 6 K=145

FN(K)=3414/(2.0%A(K))

DO 9 J=1,7

WRITE(6925)

FORMAT(1H )

DO 9 K=1,45

WRITE(6426)

FORMAT(1H )

WRITE(6+31)
FORMAT(11X9s1HJ93Xs1HKs10Xs6HRHO(J) s 10X s SHDRHO(JsK) 9/)
WRITE(6915) JsKsRHO(J) sDRHO(JsK)
FORMAT(10Xs1292X912910X9F66394XsF15e84//)
WRITE(6432)
FORMAT(11Xs1HI 911X 91HZ 915X s1HS 919X s3HDIF 917X s3HEPS /)
M=(R<~RHO(J))/DRHO(J9K)

AIMAX=IMAX

Z=Z-AIMAX*DZ

DO 9 I=1,IMAX

RI=RHO(J)
S=Q¥(1le~(Z%#%3,)/(SQRTI(RHO(J) %%2,42%%#24 ) %#%3,4)))
DO 7 L=1M

P=Q#3,14%( (RI4+DRHO(JsK) ) %%2,~RI%*%2,) /FN(K)

FL=L

D=RI+DRHO(JsK) /2,

S=SHFN(K) %3e%¥P/(2e%3¢14% (Z%#%#2, )% (SQRT(1e+(D/Z2)1%%2,)%#%5,))

RI=RI+DRHO(JsK)

DIF=S~SIG(I)

EPS=DIF*100/SIG(TI)

WRITE(698) I929SsDIFEPS
FORMAT(11298X9F56195X9F15e6895X9F154895X9F1548)
2=2+D2

GO TO 10

END
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/DATA

lele 40 0ol 0ol
040500e0750010006125061500417504200
0410004200043000,40004500

/END OF FILE
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TABLE IT

/
Emex Jo
P/R |4 dp/r \m | 24
| 47/ /2 "
0.7 0.0050 | 400 70 0.00/7 0.0487
0.2 0.0r00 | 20 S 0.0002 0.0/94
0.050 0.3 0.0/30 /34 3.33 0.9237 0.0000
0.4 0.0200 /o0 2.5 /. 8éss 0.0553
0.5 .0250 | 8o 2 0.0700 Q. /709
o7 0.0075 267 70. 0. 4603 9.0003
0.2 0.0/50 134 S 1. 8427 0. 0000
0.075 0.3 0.0225 &9 3.33 0. 4568 0.0398
0.4 0.0 300 67 2.5 G.5847 0.0220
0.5 0.03750 | 54 2 4. 3823 | 0063/
0.7 0.0700 | 200 /10 0.0328 oos/e”
0.2 0.0200 | soo S 0. /329 0.0277
0. 100 o3 0.0300 67 3.33 0. 3os2 0.0597
0.4 0. 0400 So 2.5 3. 666/ 0. 0000
o5 0.0300 | <o 2 o. 8478 0. /447
0.7 0.0/25 /80 /0 0.0374 0. 02479
02 0. 0250 8o S 0.7574 0.03%
0./125 0.3 0.0375 | s 3.33 2. 2900 0.0000
04 00500 | <o 2.5 4. 8778 0. 0000
0.5 0.0625 | 32 2 0.9360 | o.4603
o/ o0.0/50 | /3¢ /0 7.8323 0.0000
ol 0.0300 | 67 S 7. 829/ 0.0000
0. 150 0.3 00430 | ¢5 3.33 7. 2870 0.0000
0.4 0. 0600 33 2.5 /. 8782 0.0000
os | oozgo| 271 2 ¢.5573 | g.0000
o7 o0.0775 | s74 /o 0. Yb3S 0. 0000
0.2 0.0350 57 S J. 6585 0. oooo
0175 0.3 00525 | 38 3.33 6. 8305 0.0000
04 0. 0 foo 29 2.5 g 9595 | o.0000
X ] 0.0 23 2 £:-8732 m
o/ 0.0200 | /00 J0 0.0279 0.0 495
02 0. 0400 | So S 0./284 0.0733
0.200 0.3 0. 0éoo | 33 333 3. 6470 0. 9 000
0.4 0.0800| 25 2.5 0.5355 0.7773
0.5 o0.7000] 2° 2 0.4450 | o0.249s
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Lf, DEPTH OF THE ERROR VOLUME

In order to determine the value of ZLIM, the circle
of radius R 1s divided into concentric rings of width
dp/p = 0.5 and n sectors, n being as before:

271 R

4r

Equivalent point loads P1J = Pij X Ai are placed at the

J
center of each element and the values of the vertical
stress Gz are calculated for points on the Z axis and
compared with those obtained in item (b) of the previous

section.

The program corresponding to this process is shown

in page 41 .

The substitution of distributed loads by equivalent
point loads can be started, as shown in Table III, at a
depth Z/R = 0.4 in order to maintain an error or 1 1%.
But for purposes of practical convenience it is an
accepted value:

Z/R =1

ZLIM = R
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/DATA

le 1,

GO DOMINGUEZ A B 6032 BPR

STRESS DISTRIBUTION STUDY

READ(591) QsRsIMAX9Z+DZsRHO»A»DRHO
FORMAT(2F3¢091592F5619F12489F5419F5.1)

WRITE(642)

FORMAT(11Xs1HI 310X 9s3HZ/R912Xs3HSIGs20X9s1HS 919X s3HDIFs1TX93HEPSs /)
DO 9 I=1,IMAX
SIG=Q#(1e=(Z%#%34)/(SQRT((R®#2,+Z%%2 4 ) %%3,)))
FN=3414/(2e%A)

M= (R-RHO) /DRHO

RI=RHO

S=0.

DO 7 L=1sM

P=Q#3,14%( (RI+DRHO) *%2,-RI#%2,) /FN

D=R1+DRHO/2.

S=S+FN®3#P /(2 %#3,14%(Z%%2,) % (SQRT(Le+(D/Z)%%2,)%%5,))
RI=RI+DRHO

DIF=5=SIG

EPS=DIF*#100./SI1G

WRITE(698) 19Z24SIGsSeDIFSEPS
FORMAT(112+8X9F5e195XsF156895X9F154895X9F154895X9F1548)
2=2+4D2

GO T0 10

END

100 0Oel Oel 0600000001 0Oe5 o1

/END OF FILE

- 4] -



TABLE III

Z/R ERROR
DISTRIBUTED | POINT %
LOAD LOADS
0.1 0.9990 1.1773 17.84
0.2 0.9924 1.0284 3.63
0.3 0.9762 0.9910 1.51
0.4 0.9487 0.9569 0.86
0.5 0.9105 0.9159 0.58
0.6 0.8638 0.8676 0.44
0.7 0.8114 0.8143 0.36
0.8 0.7562 0.7585 0.31
0.9 0.7006 0.7025 0.27
1.0 0.6464 | 0.6480 0.24
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CHAPTER 5
COORDINATE SYSTEMS

This method basically utilizes two systems of coor-

dinates:

1. A mailn carteslan system of fixed axes X,Y,Z, 1Ita
origin O 1s located at the center of the square grid
of 20 x 20 elements. The X and Y axes are parallel
to the sides of the grid and the Z axis 1s perpen-
dicular to the grid plane, their positive directions

are shown in Fig. 17.

2. An auxiliary cartesian system of movable axes
X',Y',Z*. 1Its origin O' is, at each step 1J of the
process, located at the center of the corresponding

1j element of the grid (Fig. 17).

These axes are parallel to the X,Y,Z axes respectively

and have the same positive directions.

5a. COORDINATES OF A GRID ELEMENT

The coordinates XA’ YA, ZA of a grid element 1j with
respect to the main system (Fig. 18) are given by the

following relations:
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7 7 7 7 7 7 7 L Ll L 7/
/ /7 7 /7 7 /7 7 [/ [/ 7 7 /7 O L L O L L S
/f [/ [/ 7 2 J O J 2/ O O f [/ O 7 O J L 2L O L O L/
[l J 2L 7 L/ L O/ L/ L O/ O/ /L L L LS
4 4 A4

[l J L L L 7
VAR AR A AR L S L L 4
[ J /J /L L L L L /L VAR ARy,
VAR A4 L L [ [Q VAR A4
L [ L L L 7 7 A 7 A 777 7 7 7
[ [/ 7 7 7 7 L L VA WA
YA AL A A L A 4 pd 4
y AR AL A A A4 yd A4 VA A A4
7 77 77 7 77 77 7 —
[l /7 7 7 /S /S S L L L /Qﬁé A A4 v
[ [ [ [/ /O [ 7L L L L s Z 7 /
l Z JZ 7 7 7 7 7 [F L /L L O L L L S

F16.17
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a. Quadrant 1

7<% 1 <10

/£ /£ 10

XA = - (10-f).dp - ..42! = -{m-jf?’).dp = - (r0.5-j).4p
= (/-105). 4p

YA a (10-1).4p ¢ _‘g_" a (1044 i)lps (10.5-1). 4P

24 = 0
b. Quadrant 2

XA = (/- 10).4pP - _‘;A’ - (/- /a-.;_).df = (f-10.5).4p

YA = //o-z/.djo-l-ﬁ/f =10+ 1 _ 1) sz{/o.s-ij.df
2 2

ZA

]
()



c. Quadrant 3

- - — drF _ -/ :
XA (10 ~;). 4p — = =-( 10 /*;{.}Jf#/-/a.sj.dp
YA = ~(3-10)dp - 42£ - -(7- /0-3’/40 = (10.5-7).4p
ZA =0

d. Quadrant 4

77 £ 2 £ 20

/1 £/ £ 20

XA = (j-10).8p - 2L = (/- 10 -3’\}4,0 =(j-105). 4p
z

JA = -(i-1). 4p - .%f = -/:'-/0-;'-}.4/0= (10.5-1)-4p

ZA =0
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This shows that for the expressions for XA’ YA’ ZA

are equal in the four quadrants:

XA = (j-705). 4p (@)
YA = (10.5-1). 4p 73]
Z2A= 0 (c)

5b. COORDINATES OF POINT P(x,y,z) WITH RESPECT TO SYSTEM
X', ¥', Z'.

From Fig. 17 it can be seen that the coordinates of

any point P(x,y,z) of the half-space with respect to the

auxiliary system X',Y',Z' are:

X! = X - XA
Y! = Y - YA
l!' = zZ - 0 = &
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CHAPTER 6

PRINCIPAL STRESSES

The principal stresses are the characteristic values

of the matrix:

The three characteristic values of these matrices
can be obtained solving the followlng determinantal

equation:

6Gx-6 Ty
Gt Gy-6 Tz | =0

Tix Ty 67-6

Developing this determinant and rearranging terms, the

following characteristic equation is obtained:

6°- 1,67, 1,6 -1 -0

where Il’ 12, and I3 are the stress invariants.
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!l: Gx *6’ *6:
2 2 2
lg= 646y + 6,6y #$ 6265~ Ty- Tyz - Tuz

13 = 636}6] f?rljt}:f‘2~ 6.37:’21 -

2
- 6)' TXIZ - 61 ﬁ)

A simple direct method of solution for this cubic equation

is to reduce it to the form:

6’3- I; 6'—1'; =0

This is the cubic equation for the principal stresses
expressed in their deviatoric form and in terms of the

deviatoric stress components, where

]; -:-’-/-(63*6:’*61)

Iy = 31 -1,

Iy =1, - L1} + 21}

G4 = Gx _],' Txlj_-.?'x)l
6}: 6,-]; T)’!Zﬂ' z:yz
67 = 6}..1; Txz = Taz
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The principal stresses expressed in their deviatoric

form are:
Gy G -1y
Gr = Gp- 1,
Oy = G -4

These three stresses are equal to:

G, = ¢Crcosa
61- cxcos (a+ = 29

G = c «cos (a- 27)

where

C:Z-Q
3

vz . Is

/5T

This solution has been programmed into a subroutine

Cos & =

together with the method for the determination of the

principal direction cosines explained in section 5.
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CHAPTER 7
PRINCIPAL DIRECTION COSINES

The direction cosines 'lmlni’ 12m2n2, and 13m3n3 of
the principal stresses 6, 6z . Gy are the solutions

of the following system of homogeneous linear equations:

(6:-G).l + Ty. m o+ Taz. o)

Tx. [ +(6y-6)m¢+ Tyz.0 =0 [1]
ax . {4 %zy. m +(67-6).n =0

When 6, 1s substituted the solution will be / my, a,
When &6y 18 substituted the solution will be /[y m, »n,
When Gp 18 substituted the solution will be ly my ns

The direction cosines of each principal stress must

satisfy the following relations:

//21‘/7);*0;-/ [ ]
2

2
2 4
ly +my +0y =1

2 2 2
/J */’J *”‘ .J
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System [1] can be written in the following form:

ajli + 6/]3' ¢+ ‘,zl. a0
de xi + bryi + C32; =0

ds Xi + byy; +C32i =0

and relations [2] can be written as:

2 2
Xj,f.yg' +t 25 - f

where 1 = 1,2,3

Assuming Xy = A

from (1) yia L (-c/3i-9,A)
by

from (2) Yi-= L (-Gr2;i~9,4)
6,

6[6,l (33'61)

by¢/ - 5; ¢z

from (5) and (6) Z;=

substituting in (5)

Xi= A

yi = A [-t‘,é,b;(‘:"l) -4 ]
6, 6)“/-' 6,6;

2'. = 6/ 6,/ (‘:'91)

- 53 =
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The constant A can be determined making use of relation

(4):

2
b’ 626 - 6"‘ 6)‘/-6/(8 4
2 2)- Ié
A= i 14 L [- Y] LIAJ (@ -d;) i,] +[b,6,(dg-3'j}
A - 27272
6’ 6’ c’ - 6[ ") b,c, - b,t) J
Substituting A into (8), (9), and (10) we obtain Xy5 Yy,
and Z,. In case that the denominator &6,¢ -4, = O

i
it is necessary to prepare another comblnation in the

program, for example using equations (2) and (3).

From (2) and (3)

Zi = be by (95-93)

3-8 ¢

x;’ = A

y’. = _l- [ _(,L"J (“-aQ) . a:
62 6“'2 '6}‘:9
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The constant A again can be determined from relation (4):

4‘{ 1+ 1 { Cabyby (45-91) a,]: [ beby (%-1) ]‘}= ,

63 C2 "6)‘3 6,“)'6)9

-
2)-72
A= { ] + _Z_’ [ -CIA:‘J (83"‘")_ a}]i[‘:‘;(‘.{';’) }

¢4

63 C’ - 6)‘:’ 63 c} - 6’ cc’
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CHAPTER 8
COMPUTER PROGRAM

The method described in the previous chapters was
programmed in FORTRAN IV for an IBM/360 digital computer.
The flow chart and the program are shown in pages 57 to

69 . Table IV (page?78) shows the output form for each

point of the half-space.
Compilation time for the program is of the order of

0.96 minutes and execution time for each point is approxi-
mately 15 seconds.
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30

988
100

789

GO DOMINGUEZ A B 6032 BPR

STRESSES AND DISPLACEMENTS IN SEMI-INFINITE MEDIA,
MAIN PROGRAM.

CAPABILITIES OF THE SYSTEM.

FOR ANY POINT OF THE SEMI-INFINITE MEDIUM

FOR ANY SHAPE OF THE LOADED AREA

STRESS TENSOR DUE TO NORMAL LOADS.

STRESS TENSOR DUE TO SHEARING LOADS.

STRESS TENSOR DUE TO SUPERIMPOSED NORMAL AND SHEARING LOADS,
VERTICAL COMPONENT OF DISPLACEMENT DUE TO NORMAL LOADS.
VERTICAL COMPONENT OF DISPLACEMENT DUE TO SHEARING LOADS.
VERTICAL COMPONENT OF DISPLACEMENT DUE TO SUPERIMPOSED NORMAL
AND SHEARING LOADS,

PRINCIPAL STRESSES.

PRINCIPAL DIRECTION COSINES.

DIMENSION P(20420)94Q(20520)

DIMENSION U1l(25)sU2(25)sU3(25)sT1(25)T2(25)T3(25)
DIMENSION AP(3)9AQ(3),AT(3)

DIMENSION St3)9B(3,3)

COMMON S9BsSXXsSYY$SZZsSXY9SXZ9eSYZ

READ(592) NMAX,LsPOISSSELASTSR
FORMAT(216sFT7e¢392F1545)

READ(543) ((P(IsJ)eJ=1+s10)s1=1,20)

READ(593) ({P{19J)sJ=11920)91=1,20)

READ(593) ((Q(I9J)sJ=13910)91=1420)

PEAD(593) ({(Q(IsJ)eJ=11920)e1=1,20)

FORMAT(10F 742}

READ({5930) XsYsZsDXsDYsDZ

FORMAT(6F1045)

PRINT DATA.

WRITE(692) NMAXsL4POISSSELASTHR

WRITE(69988)

WRITE(69100) ((P(lsJ)sJ=1920)41=1+20)

WRITE(6+988)

WRITE(6+100) ((Q(14J)9J=1920)s1=21+20)

WRITE(69988)

FORMAT(1H )

FORMAT(20F640)

WRITE(63789) XsYs2Z,sDXeDY,4D2Z
FORMAT(6FYCe59///7/717777772/777777777)

ELAST=MODULUS OF ELASTICITY.

POISS=POISSONt*S RATIO

FL AND GL=LAME CONSTANTS,

V=1e=2¢%P0OISS

FL=POISS*ELAST/((POISS+1,)#*V)

E628=6428*ELAST

GL=ELAST/(24%(POISS+1,4))

RHO=0.2%R

DRHO =04 5#RHO

R1=DRHO/SQRT (3414)

R2=34%#R1

R3=50*R1

"RHO3=34+%DRHO

DRHO 2=DRHO%*#2
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NN

XLIM=12,%#DRHO

YLIM=XLIM

ZLIM=R

DO 40 N=1sNMAX

INITIAL VALUES OF STRESS AND DISPLACEMENT COMPONENTS
AT POINT (XsYsZ) OF HALF-SPACE. '
P1XX=0,

PlYY=Oo

P122=0,

P1XY=0,

P1XZ=0.

P1YZ=0C,

P2XX=0.

P2YY=0,

P22Z=0.

P2XY=0,

P2XZ=0e

P2Y2=0,

QIXX=0.

QlYY=0.,

Q122=0.

Q1XY=0s

Q1x2=0,

QIYZ=00

Q2XX=0.

Q2YY=0,

Q222=0,

Q2XY=0,

Q2X2=0.

Q2Y2=0,

WP1=0.

WQ1=0.

WP2=0.

wWQ2=0.

IS POINT (XsYsZ) WITHIN SENSITIVE VOLUME (2%XLIM*2YLIM*2ZLIM),
IF YES M=1 IF NO M=0
IF(2Z=ZLIM) 43443444
IF(ABS(X)=XLIM) 45,44,544
IF(ABS(Y)=YLIM) 46944444

M=1

GO TO 47

M=0

Kl=1

K2=1

K3=1

DO 9 1I=1420

DO 9 J=1420

COORDINATES OF LOAD ELEMENT (IsJ) WITH RESPECT TO MAIN SYSTEM.
ZA=00

HI=1

HJ=J

XA=(HJ=1045)%DRHO
YA=(1045=H1)*DRHO
COORDINATES OF POINT (XsYsZ) WITH RESPECT TO LOAD ELEMENT (I4J)
XP=X=XA
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YP=Y=YA
P=2
IF(M=1) 59546
IS POINT (XsYsZ) WITHIN SENSITIVE ZONE OF LOAD ELEMENT (1,J)
IN EITHER CASE GO TO CORRESPONDING ROUTINE.
6 IF(ABS(XP)=R3) 79545
7 IF(ABS(YP)=R3) 835,5
POINT(XsYsZ) OUTSIDE OF SENSITIVE ZONE OF LOAD ELEMENT (1l,J)
ROUTINE FOR CONCENTRATED LOADS,
5 D=SQRT{(XP*XP+YP*YP4+2P*#ZP)
DZP2=(D+ZP ) %*%2
R2=XP*®XP+YP*YP
A=D#%2
AA=D¥*%3
C=D*%5
CCC=6428%C
E=XP*XP
F=YP*YP
G=ZP*%2
H=ZP%*%3
IF(P(TeJd)) T7+78+77
77 PP=P(1+J)%DRHO2
A1XY=0,
TTT=3.%#PP/CCC
AlYZ=TTT*YP%G
AIXZ=TTT*XP*G
AlZZ=TTT*H
UUU=3%#2P /C
VVV=R2%D#* (D+ZP)
SS§S=ZP/(R2*AA)
AlYY=PP¥(F2*UyU=-V*( (F=E)/ (VVV+E*S55))) /6428
ALXX=PP* (E*UUU=V*( (E~F)/ (VVV+F%SSS))) /6428
DP1=PP#(14+POISS)*#(G/AA+V%24/D)/(6428%ELAST)
GO TO 79
78 AlXY=0,
Alxx=0.
A1YY=0C,
A122=0,
Al1X2=0,
AlYZ=0,
DP1=0.
79 IF(Q(IsJ)) 87,88+87
87 QQ=Q(I+J)%DRHO2
B1XZ=(=3¢%QQ*E*ZP ) 7CCC
BlYZ=(=3.*QQ*XP*YP%2P)/CCC
BIXY=QQXYP* (=3, %E/A+V* (~A+E+2,*D*E/(D+ZP))/ (DZP2))
1/(6628%AA)
B12Z=(~3,#QQ*XP#G) /CCC
BlYY=QQ#XP# (=3, %F /A+V* (3, %A=E=2 ,#D*E/(D+ZP))/ tD2ZP2))/
1(6+28%AA)
DQ1=QQA* (XP*ZP /(GL*AA)+XP/ ((FL4GL)*D%(D+2P)))/{4e*3e14)
GO TO 89
88 B1XY=0.
lex=0.
B1YY=0,
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B122=0.
B1X2=0,
BlYZ*oo
DQ1=0,

89 P1XX=P1XX+A1XX
PlYY=P1lYY+AlYY
P122=P12Z2+A12Z
P1XY=P1XY+AlXY
P1XZ2=P1XZ+A1X2
P1YZ2=P1lYZ+AlY2Z
QIXX=Q1XX+B1XX
QlYY=QlYY+B1lYY
Q122=Q122+8B122
Q1XY=Q1XY+B1XY
Q1XZ=Q1XZ+B1X2
Q1YZ2=QlYZ+BlYZ
WP1=WP1+DP1
WQl=WQl+DQ1
GO TO 9
POINT (XsYsZ) INSIDE OF SENSITIVE ZONE OF LOAD ELEMENT (1,J)

8 IF{ABS(XP)=R1) 101,101s102
101 IF(ABS(YP)=R1) 103,103,102
103 U1(K1)=P(IsJ)

T1(K1)=Q(IsJ)

GO 70 91
102 IF(ABS({XP)=R2) 104,104,105
104 IF(ABS(YP)=R2) 106451065105

106 U2(K2)=P(1+J)
T2(K2)=Q(I+J)

GO TO0 92
105 U3(K3)=P{1IsJ)
T3(K3)1=Q(1I,J)
GO TO 93

91 K1=K1+1
GO 70 9

92 K2=K2+1
GO T0 9

93 K3=K3+1

9 CONTINUE

ROUTINE FOR DISTRIBUTED LOADS,

KIMAX=K1~-1

K2MAX=K2-1

K3MAX=K3-1

IF(K1IMAX+K2MAX+K3MAX) 50950951
50 A2XX=0,

A2YY=0.,

A222=0,

A2XY=0,

A2X2=0,

A2Y2=°o

B2XX=0,

B2YY=0,

B222=0,

B2XY=0,

B2XZ=0e
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51

600

601

602

900

901
902
903
904
905
906
907

908

B2YZ=0.

DP2=0.

DQ2=0.

GO TO 52

SUMP1=0,

SUMP2=0,

SUMP3=0,

SUMQ1=0,

SUMQ2=0,

SUMQ@3=0,

DO 600 K1l=1+sK1MAX
SUMP1=SUMP1+U1(K1)
SUMQ1=SUMQ1+T1(K1l)
DO 601 K2=1sK2MAX
SUMP2=SUMP2+U2(K2)
SUMQ2=SUMQ2+T2(K2)
DO 602 K3=19sK3MAX
SUMP3=SUMP34+U3(K3)
SUMQ3=SUMQ3+T3(K3)
RIMAX=K1MAX
R2MAX=K2MAX
R3MAX=K3MAX
IF{RIMAX) 90049004901
AP‘1)=00

AQ(1)=0,

GO TO 902
AP(1)=SUMP1/R1IMAX
AQ(1)=SUMQ1/R1MAX
IF(R2MAX) 9034903,904
AP(2)=°.

AQ(2)=0,

GO TO 905

AP (2)=SUMP2/R2MAX
AQ(2)=SUMQ2/R2MAX
IF(R3MAX) 90659064907
AP(3)=0,

AQ(3)=0.

GO TO 908

AP (3)=SUMP3/R3MAX
AQ(3)=SUMQ3/R3MAX
A=ZP%%2

AA=ZP*A

Cl=R1%%2

C2=R2#%#%2

C3=R3%#%2

D1=C1%#R1

D2=C2%R2

D3=C3%*R3
E1=SQRT(C1+A)
E2=SQRT(C2+A)
E3=SQRT(C3+A)
Fl=E]1%%3

F2=E2%#%3

F3=E3%%3

G1=ALOG((R1+E1)/ZP)
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300

301

G2=ALOG((R2+E2)/2P)

G3=ALOG((R3+E3)/2P)

H1=ATAN(R1/2P)

H2=ATAN(R2/2P)

H3=ATAN(R3/ZP)

DO 753 M=1,2

IF(M=2) 300,301,301

AT(1)=AP(1)

AT(2)=AP(2)

AT{3)=AP(3)
D1XX=(AA/F1=2e%(14+4POISS)*ZP/E1+V+64)/24
D2XX=(AA/F2=2¢#(14+POISS)%2P/E24V+64) /204
D3XX=(AA/F3=2%(1¢+POISS)*2P/E3+V+6e) /2
D1XY=0,

D2XY=0,

D3XY=0,

DIX2=2e%D1/(3e14%F1)
D2X2=2e%D2/(3e14%F2)
D3X2=2e%*D3/(3e14%F3)

DIYY=00

D2YY=0,

D3YY=0,

DlYZzoo

D2YZ=0,

D3YZ2=0.

D12Z2=1e=AA/F1

D22Z2=1e=AA/F2

D322=1.~-AA/F3

DIW=(16+POISS)*#(R1/E1+2.%#V%G1)/ELAST
D2W=(1e+POISS)®#(R2/E2+2%#V#G2) JELAST
D3W=(1e+POISS)*(R3/E3+2%#V#G3) /ELAST

GO TO 700

AT(1)=AQ(1)

AT(2)=AQ(2)

AT(3)=AQ(3)
DIXX=(=8e%(1eq=6e*POISS)I¥RI/EL1484/(3%#F1)=8,%Gl4+V*(B8,%F1/RHO3
1=32e#ZP/(3,#R1)=16,%H1/3,))/64.28
D2XX=(=4e#(1e~6e*POISS)*¥R2/E2484/(3e%#F2)~8%G24+VH(8+*E2/RHO3
1=32e%ZP/(3e#R2)=164%H2/34))/6428
D3XX=(=4e¥(1e—6e*POISS)*¥RI/E34+8,4/(3*¥F3)~8¢¥G34VX(8,%E3/RHO3
1=32¢%ZP/(3¢%R3)=16e¢%H3/34))/6428
DIXY=((4e420e4%V/34)¥R1/E1+4e¥D1/(3e%#F1)—4¢*G1l+V*(=-8+*%E1/RHO3+
132+%2P/RHO3+16¢%*H1/34))/6028
D2XY=((4e420e%V/34)¥R2/E2+4e%*D2/ (3o #F2) =l *#G2+VY* (=8 +*E1/RHO3+
132#ZP/RHO3+16e%#H2/34))/6428

D3XY=((4e+20e %V /34 )*¥RI/E3+Le%D3/ (34 %F3) =44 %G3+V* (~8,%¥E3/RHO3+
132.%2P/RHO3+164%#H3/34))/6428

D1X2=0,

D2X2=0,

D3X2=0,
D1YY=(8e*POISS*R1/E144e*¥D1/(3¢%F1)=4,#G1l+V*#(-20s*E1/RHO3+

144 %#2P/RHO3+4e%#H1) ) /6,28 ‘

D2YY= (8o #POISSHR2/E24+4e#D2/(3e%F2) =44 #G24+V* (=20 *#E2/RHO3+

144 4%2P/RHO3+4¢%H2) ) /64,28
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D3YY=(8e#POISSHR3I/E3+4e¥D3/(3e%#F3)=bo*#G3+VH( =20+ *E3/RHO3+
144e%2P/RHO3+44%H3) ) /6428
D1YZ==3¢%#2P%(24/(3,%2P)+A/(3¢#F1)=14/E1)/3614
D2YZ==3¢#ZP%( 24/ (3 *#ZP)+A/(3e*F2)=14,/E2)/3414
D3YZ==3¢%#Z2P#(26/(34%#ZP)+A/(3e%#F3)=14/E3)/3414
D12Z==24%D1/(3e14%F1)
D222==2+%#D2/(3614%F2)
D32Z==24%#D3/(3414%F3)
DIW=2e%(144POISS)*(V*¥GL/(V+2e*ELAST)~-ZP*R1/E1+V¥*(2.%ZP/R1
1-2e*%E1/R1)/(V+2e*ELAST) )/ (3e14*ELAST)
D2W=2e%#(1e+POISS)#(VXG2/ (V+2+*ELAST )=ZP*¥R2/E2+V*(2%ZP/R2
1=2e%#E2/R2)/(V+2 ¢ *¥ELAST) ) /(3¢ 14%ELAST)
D3W=2e#(1e+POISS) #(V#G3/(V+2e#ELAST)=ZP*R3/E3+V*(2.%ZP/R3
1-2e*E3/R3) /(V+2e*ELAST) )/ (34 14%ELAST)
700 IF(AT(1)=AT(2)) 71047105711
710 IF(AT(1)=AT(3)) 71247124713
711 IFCAT(2)=AT(3)) 71447149715
712 IF(AT(2)=AT(3)) 71697169717
MIN=AT(1) INT=AT(2) MAX=AT(3)
716 ALFA=AT(1)
RETA=AT(2)-AT (1)
GAMMA=AT (3 )=AT(2)
C1XX=ALFA#®D3XX
C2XX=BETA#(D3XX=D1XX)
C3XX=GAMMA* (D3XX-D2XX)
C1XY=ALFA*D3XY
C2XY=BETA*(D3XY-D1XY)
C3XY=GAMMA* (D3XY-D2XY)
C1XZ=ALFA®D3X2
C2XZ=BETA®(D3XZ=-D1Xx2)
C3XZ=GAMMA*(D3XZ~-D2X2Z)
ClYY=ALFA#D3YY
C2YY=BETA*(D3YY~-D1YY)
C3YY=GAMMA*(D3YY-D2YY)
ClYZ=ALFA%D3YZ
C2YZ=BETA#(D3YZ~D1YZ)
C3YZ=GAMMA#*(D3YZ~D2Y2)
C122=ALFA%D322
C222=BETA*(D322-D122)
C3ZZ=GAMMA*(D322-D222)
ClW=ALFA*D3W
C2W=BETA*(D3W-D1W)
C3W=GAMMA* (D3W=D2W)
GO To 750
MIN=AT(1) INT=AT(3) MAX=AT(2)
717 ALFA=AT(1)
BETA=AT(3)-AT(1)
GAMMA=AT(2)=~AT(3)
C1XX=ALFA®D3XX
C2XX=BETA*#(D3XX=D1XX)
C3XX=GAMMA*(D2XX~D1XX)
C1XY=ALFA%D3XY
C2XY=BETA*(D3XY=D1XY)
C3XY=GAMMA*(D2XY-D1XY)
C1XZ=ALFA*D3XZ
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713

714

720

C2XZ=BETA#(D3Xx2=-D1x2)
C3XZ=GAMMA*(D2X2-D1X2)
ClYY=ALFA#D3YY
C2YY=BETA#(D3YY=D1YY)
C3YY=GAMMA#*(D2YY-D1YY)
ClYZ=ALFA®D3YZ
C2YZ=ALFA*(D3YZ2-D1Y2)
C3YZ=GAMMA*(D2YZ-D1YZ)
C12Z=ALFA*D322
C222=BETA*(D322-D122)
C322=GAMMA%(D222-D122)
Clw=ALFA%D1W
C2W=BETA* (D3W~D1W)
C3W=GAMMA® (D2W=D1W)

GO TO 7%0

MIN=AT(3) INT=AT (1)
ALFA=AT(3)

BETA=AT(1)
GAMMA=AT(2)=-AT (1)
C1XX=ALFA*D3XX
C2XX=BETA#D2XX
C3XX=GAMMA* (D2XX=D1XX)
C1XY=ALFA*D3XY
C2XY=BETA*D2XY
C3XY=GAMMA* (D2XY=«D1XY)
C1XZ=ALFA*D3XZ
C2X2=BETA*D2XZ
C3XZ=GAMMA*(D2XZ~D1XZ)
ClYY=ALFA#D3YY
C2YY=BETA*D2YY
C3YY=GAMMA* (D2YY=~D1YY)
C1Y2=ALFA%D3Y2
C2YZ=BETA®*D2YZ
C3YZ=GAMMA*(D2YZ-D1YZ)
Cl122=ALFA%*D322
C22Z=BETA#D222
C32Z2=GAMMA#*(D222-D122)
ClW=ALFA*D3W
C2W=BETA*D2W
C3W=GAMMA* (D2W=D1W)

GO TO 750

MAX=AT(2)

IF(AT(1)=AT(3)) 720497204721

MIN=AT(2) INT=AT(1)
ALFAZAT(2)
BETA=AT(2)-AT(1)
GAMMA=AT (3)=AT(2)
C1XX=ALFA#D3XX
C2XX=BETA*D1XX
C3XX=GAMMAX (D3XX~D1XX)
C1XY=ALFA#D3XY
C2XY=BETA%D1XY
C3XY=GAMMA#* (D3XY=D1XY)
C1XZ=ALFA#D3X2
C2X2=BETA*D1X2
C3X2=GAMMA*(D3X2=D1X2)

MAX=AT(3)
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721

715

ClYY=ALFA®D3YY
C2YY=BETA®D1YY
C3YY=GAMMA*(D3YY-D1YY)
ClYZ=ALFA*D3Y2
C2YZ=BETA*D1Y2
C3YZ=GAMMA#*(D3YZ~D1Y2)
Cl12Z=ALFA#D322
C222=BETA*D122
C3ZZ=GAMMA*(D322~D122)
ClW=ALFA*D3W
C2W=BETA*D1W
C3W=GAMMA* (D3W=D1W)

GO TO 750

MIN=AT(2) INT=AT(3)
ALFA=AT(2)
BETA=AT(1)-AT(2)
GAMMA=AT(3)=AT(2)
C1XX=ALFA%*D3XX
C2XX=BETA®D1XX
C3XX=GAMMA* (D3XX~D2XX)
C1XY=ALFA*D3XY
C2XY=BETA*D1XY
C3XY=GAMMA* (D3XY-D2XY)
C1XZ=ALFAXD3X2
C2XZ=BETA*®D1XZ
C3XZ=GAMMA*(D3XZ~D2X2)
ClYY=ALFA*D3YY
C2YY=BETA*D1YY
C3YY=GAMMA*(D3YY-D2YY)
ClYZ=ALFA*D3YZ
C2YZ=BETA*D1YZ
C3YZ=GAMMA*(D3YZ2-D2YZ)
C1Z2Z=ALFA*D322
C2Z2Z=BETA*D122Z
C32Z=GAMMA*(D322~D222)
CIW=ALFA#D3W
C2W=BETA*D1W
C3W2GAMMA#* (D3W=D2W)

GO TO 750

MIN=AT(3) INT=AT(2)
ALFA=AT(3)
BETA=AT(2)-AT(3)
GAMMA=AT (1)-AT(2)
C1XX=ALFA®D3XX
C2XX=BETA*D2XX
C3XX=GAMMA#D1XX
C1XY=ALFA*D3XY
C2XY=BETA*D2XY
C3XY=GAMMA*D1XY
C1X2Z=ALFA%*D3X2Z
C2XZ=BETA*D2X2
C3XZ=GAMMA*D1X2
ClYY=ALFA*D3YY
C2YY=BETA*D2YY
C3YY=GAMMAx®D1YY

MAX=AT(1)

MAX=AT(1)
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750

751

752

753

52

C1YZ=ALFA*D3Y2
C2YZ=BETA*#D2YZ

C3YZ=GAMMA*D1YZ

C122=ALFA%D327

C222=BETA%D227

C32Z=GAMMA*D122

C1W=ALFA*D3W

C2W=BETA#D2W

C3W=GAMMA®D1W

A2XX=C1XX+C2XX+C3XX
A2XY=C1XY+C2XY+C3XY
A2X2=C1XZ+C2XZ+C3X2
A2YY=ClYY+C2YY+C3YY
A2Y2=C1YZ+C2Y2+C3Y2
A222=C122+4C222+4C322

DW=C1W+C2W+C3W

IF(M=2) 75157525752

A2YY=A2XX

A2YZ=A2XZ

P2XX=P2XX+A2XX

P2XY=P2XY+A2XY

P2XZ=P2XZ+A2X2

P2YY=P2YY+A2YY

P2YZ=P2YZ+A2Y2

P222=P222+A222

WP2=WP2+DW

GO TO 753

A2X2=A2YZ

Q2XX=Q2XX+A2XX

Q2XY=Q2XY+A2XY

Q2X2=Q2X2+A2X2

Q2YY=Q2YY+A2YY

Q2YZ=Q2YZ+A2Y2

0222=Q222+A222

WQ2=WQ2+DW

CONTINUE

STRESS COMPONENTS DUE TO NORMAL LOAD.
PXX=P 1XX+P2XX

PYY=P1YY+P2YY

P22=P122+P222

PXY=P1XY+P2XY

PXZ=P1XZ+P2XZ

PYZ=zP1YZ+P2YZ

VERTICAL DISPLACEMENT DUE TO NORMAL LOAD.
WP=WP1+WP2

STRESS COMPONENTS DUE TO SHEARING LOAD.
QXX=Q1XX+Q2XX

QYY=Q1lYY+Q2YY

Q22=Q122+Q222

QXY=Q1XY+Q2XY

QX2=Q1X2+Q2X2

QYZ=Q1YZ+Q2YZ

VERTICAL DISPLACEMENT DUE TO SHEARING LOADs
WQ=WQ1+WQ2

STRESS COMPONENTS DUE TO SUPERIMPOSED NORMAL AND SHEARING
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SXX=PXX+QXX

SYY=PYY+QYY

S22=P224Q22

SXY=PXY+QXY

SX2=PXZ+QX2Z

SY2=PYZ+QY2Z

VERTICAL DISPLACEMENT DUE TO SUPERIMPOSED NORMAL AND SHEARING LOADS.

W=WP+WQ

PRINT OUTPUT.

WRITE(6911) XsYe2
11 FORMAT(20Xs2HX=F15,8920Xs2HY=F15¢8920X9s2HZ=F15684//)

WRITE(6912)
12 FORMAT (20X s 2HXX 918X 9 2HYY 918X 92H2Z 918X s 2HXY 918X 92HX2 918X 92HY2/ /)

WRITE(69s13) PXXsPYYSPZZsPXYsPXZ4PYZ
13 FORMAT(5Xs1HP36F20484//)

WRITE(6914) QXX9QYYSQZZsQXYsQX2Z+QY2Z
14 FORMAT(5Xs1HQs6F204897/7/)

WRITE(6515) SXXsSYYsSZZsSXYsSXZeSY2Z
15 FORMAT(5X91HS+6F20484/7/)

WRITE(6016) WPsWQeW
16 FORMAT(19Xs3HWP=F15¢8519Xs3HWQ=F1548919Xs3HW =F15485///)

IF(L=2) 17+18,18
18 CALL MHOR

PRINCIPAL STRESSES AND PRINCIPAL DIRECTIONS OF STRESS.

WRITE(6+55)
55 FORMAT(55Xs18HPRINCIPAL STRESSES)

WRITE(6919) S(1)9S(2)s5(3)
19 FORMAT(17Xs5HS(1)=F158917Xe5HS(2)2F1548917X95HS(3)=F15484//)

WRITE(6+56)
56 FORMAT(50Xs27HPRINCIPAL DIRECTION COSINES)

WRITE(6920) B(1s1)4Bl2s1)9B(3s1)

WRITE(6921) B(192)4B(2+2)9B(342)

WRITE(6+22) B(193)4B(2+3)9B(343)
20 FORMAT(15XsTHB(191)=F15e4915XsTHB(251)=F15¢4315X9THB(351)=F15e44/)
21 FORMAT(15XsTHB(192)=F15e4415X9sTHB(22)=F15e4915X9THB(392)=F1544,/)
22 FORMAT(15Xs7HB(193)=F15e4315XsTHB(293)=F15e¢4915Xs7THB(3+3)=F1544,

1/777)

INCREASE XsYsZe
17 X=X+DX

YaY+DY
40 2=2+4D2

CALL EXIT

END
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/FTC

NONN

10

11

12

13

SUBROUTINE MHOR
SUBROUTINE FOR PRINCIPAL STRESSES AND PRINCIPAL DIRECTIONS.
DIMENSION S(3)3B(3,3)

COMMON SeBsSXXsSYY sSZZsSXYsSX2s8YZ

STRESS INVARIANTS.

SNV1=a(SXX+SYY+SZ22Z) /3,

SNV2=(SXX#SYY+SYY#SZZ+SZZ%SXX=SXY %2 ~SX2%#%#2 =SYZ¥%2 )
SNV3==(SXXRSYY#SZZ + 2 %#SXY®SYZRSXZ-SXX*SY2Z*#SYZ - SYY*#SXZ%SXZ
1-SZZ%#SXY*#SXY)

SOLUTION OF THE CUBIC EQUATION.

X=3 4% (SNV1®%2 )=SNV2

Y=SNV3=SNV2#SNV1+2,#(SNV1%#%3 )

Z=SQRT(24%X/3,)

C3A=Y#SQRT(2e)/(Z%%3)

S3A=SQRT(1e~(C3A%¥%2 ))

T3A=S3A/C3A

ALFA=(ATAN(T3A))/3,

C=2%#SQRT(2,.)

VOLUMETRIC PRINCIPAL STRESSES.

SS1=C*COS(ALFA)

$S2=C*COS(ALFA+6.28/3,)

S53=C*COS({ALFA+12.56/34)

PRINCIPAL STRESSES,
St1)=SS1+SNV1
S(2)=SS2+SNV1
S(3)=SS3+SNV1
PRINCIPAL DIRECTIONS.
B(ls1)sB(2s1)9B(3,1)
B(192)9B(2+2)9B(3,42)
B(193)sB(293)9B(3,43)
DO 5 J=1s3
Ul=(SYY=S{J))%#SX2Z=-SXY*SYZ

U2=SYZ#%2 =(SYY=S(J))#(S22-S(J))

IF(U1) 10411410

V1=SXZHSXY#(SYY=S(J) )% (SXY=tSXX=5(J)))
W1=SXY#(SYY=S(J))*(SXY~(SXX=S(J)))
A=16¢/SORT(1e4((=V1/U1=(SXX=S(J)})/SXY)%%2 +(W1/ULl)*%2 )
GO TO 12

V1==SXY#(SYY=S(J) ) %#SYZ*(SXZ-SXY)
W1=(SYY=S{J))%SYZ*(S5XZ~-SXY)
A=14/SQRT(1e+((V1/U2=SXY)/(SYY=S(J)))%%2 +(W1l/Ul)%%2 )
GO TO 13

B(leJ)=A

B(39J)=A%SXYR({SYY=S(J) )% (SXY=(SXX=S(J))) Ul
B(2sJ)=(=SXZ%B(39J)=(SXX=S(J))I%A)/SXY

GO TO S

B(lsJ)=A

B(3sJ)=AX(SYY=S(J) ) *SYZ#(SXY=SX2) /U2
B(29J)=(=SYZ#B(35J)=SXY*A)/(SYY=5(J))

CONTINUE

RETURN

END

DIRECTION COSINES OF PRINCIPAL STRESS S(1).
DIRECTION COSINES OF PRINCIPAL STRESS S(2)e
DIRECTION COSINES OF PRINCIPAL STRESS S(3).
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CHAPTER 9
RESULTS

The program was tested several times with different
data, an example is shown in pages 72 to 76 in which the
following was utilized:

Number of points to be analyzed NMAX = 10
Use subroutine for principal stresses L = 2
Poisson's ratio POISS = O
Modulus of Elasticity ELAST = 1
Maximum diameter of loaded area R % 1
Initial Coordinates x= 0
y= 0
z = 0.2

Increments Dx = O
Dy = O

Dz = O
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Ioad Matrices: The two load matrices were identical and

had the following form:

l - |
S Rows } ——— }
— — -

b——- — ————-—__._..._—_.._ﬁ—a

[ ————— - p

|~ l

~

I ™S |

' S |
| ~

~ |

| ~o i

| ~ |

| ~o |

0 =m———————————— === 0

| \\\\ {

-
.a \\‘a—ab

20 COLUMNS
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-ZL-

X= 0.0 Y= 0.0 z= 219999999
xx vy 12 xy xZ ve
0.51012242 0.58316684 0.97635388 0.0 -3.30000011 0.00020294
0.0 -0.00000002 0.00000010 -0.00000448 =Jeb13T75253 -0. 20000001
0.51012242 . 0.58316678 0.97635394 -0.00000468 —0e6T5T5259 0.2200329%
W 1.33483410 wW0= ' -0.0000002% " 1.3364331>
PRINCIPAL STRESSES
s(1)= 1.41631317 St2)= ~0.02467448 S(3)= J.5T669 755
PRINCIPAL DIRECTION COSINES
B(l,1)= 0.0000 8l2,1)s -1.0000 NENIL 24930
8(1,2)= 0.0000 Bl2,2)= 1.0000 303,20 -3e0d0y
8(1,3)= 040000 Bl2,3)= -1.0000 803,3) veduay
X= 0.0 v= 0.0 1= 3439999944
xx vy 12 Xy xZ vz
0.30598438 _ 0.28801090 " 0.87176800 0.0 -0.0000301% 0.00000401
0.0 -0.00000011 0.00000015 -0.00000364 “3.42406555 -0. 00000000
0.30598438 0.28801078 0.87176812 -0.00000364 ~0.42636577 0.00000401
wps 1.16883327 wQs -0.00000028 . - 1.1488323?
. . PRINCIPAL STRESSES
st)= 1.02869987 S(2)e -0.04928577 EID 2448535895
PRINCIPAL DIRECTION COSINES
B(l,1)= 0.0000 8(2,1)s -1.0000 B{3,1)= 0.0000
B(1,2)= 0.0000 8(2,2)= 1.0000 Bi3,2)s -0.0000
B(1,3)= 0.0000 812,3)= ~1.0000 B(3,3) = 0.0000




-EL-

X= 0.0

Y= 0.0 1= 2459999935
xx 144 172 xy xZ ve
0.17173719 0.15050429 0.72884732 0.0 -0.00000019 0. 00000387
0.0 -0.00000010 0.00000023 -0.00000233 ~0.25987351 -0. 00000000
0.17173719 0.15050417 0.72884750 -0.00000233 ~Je25947363 0.00000386
Wp= 0.98864913 wos= -0.00000025 "= JeI8o5%443
- PRINCIPAL STRESSES
S(1)= 0.79404873 St2)= -0.03682834 St3)= 1429315555
PRINCIPAL DIRECTIUN COSINES
B(lsl)= 0.0000 Bl2,1)= -1.0000 8l3,1)= BARE]
B8(1,2)e 0.0000 B8(242)= 1.0000 ° 3(3,2)= - 342000
8(1,3)= 0.0000 8(2,3)= ~1.0000 8(3,3)= 06004y
X= 0.0 Y= 0.0 7= 2479399955
34 Yy 12z Xy xZ Yi
0.09370512 0.08837312 0.59389663 0.0 -0.02003222 0.00000275
0.0 -0400000004 0.00000023 ~0.00000030 0415907618 0.00000000
0.09370512 0.08837306 0.59389681 -0.00000030 0415902635 0.00000275
wpe 0.85669965% Wo= -0.00000022 "= J.85669941
PRINCIPAL STRESSES
Stl)= 0.62271565% S(2)= -0.02399778 S(3)= S Je17573695
PRINCIPAL DIRECTION COSINES
8ilsl)= 0.0000 B(2,1)= ~1.0000 - 303,10 240000
Blly2)= 0.0000 ~ B8(2,2)= 1.0000 B(3,2)= =04002)
Bily3)= 0.0000 B(243)= -1.0000 30343)= 242030




_hL-

X= 0.0 Y= 0.0 7= te 399730

XX Yy 22 Xy x/ v/
0.05042163 0.05800239 0.4%160243 (L] “Jevduisuly 0.00000032
0.0 -0.00000001 0.0n000022 -0.00000023) R LERE R 0.0
0.05042163 0.05800238 0.48160261 =0.02020330 EFTSNE L RS DR 0.J0000032

W= 0.74955177 wQ= -0.00000023 w = IO DRY N
PRINCIPAL STRESSES
S(l)= 0.469694243 St2)= -0.01514882 S3)= celNd il
PRINCIPAL DIRECTION CUSINES
B8ll,1)= 0.0000 B(2,1)= -1.000U 3(3,1)= re
B(1e2)= 0.0000 Bl2y2)= 1.0000 303,c)=. - et
Bll,3)= 0.0000 B(2,3)= -1.0000 3(343)= e b

X= 0.0 Y= 0.0 7= Lal90 499}

XX Yy 22 Xy x¢ v
0.02663846 0.04128749 0.39230436 0.0 EN P NNEDE 0.00000033
0.0 -0.00000001 0.00000018 -0.3000L326 EPTREE K1 P -0.00000000
0.02663846 0.04128748 0.39230454 -0.00000026 ~Jeab3ul3/ 0.00000033

WP= 0.66251713 wQ= -0.00000017 “ = cu62915 00
PRINCIPAL STRESSES
Stl)= 0.39895099 St2)= -0.009275%62 Sts)= dedlu2hidy
PRINCIPAL DIRECTION COSINES
B(lel)= 0.0000 B(2y1)= -1.J000 dl3sl)= Je by
B8(1,2)= J.0000 Bl2,2)= -~ 1.0000 3(3,2)= -J.
B(1,3)= 0.0000 B(2,3)= -1.0000 8(3,3)= Jediiu




..g)_'..

X= 0.0 Y= 0.0 1= 1e39990.¢
XX Yy 2 Xy X¢ \ ¥
0.01346328 0.03100809 0.32233775 0.0 =JedJ0I A2 0.00000032
0.0 -0.00000002 0.00000012 -0.00000020 BRI LY Va7 X -0.00000000
0.01346328 - 0.03100806 0.322337187 -0.0000002v ~ueublennon 0.00000032
We= 0.59133977 Wo= -0.00000012 A = den9l 334,
PRINCIPAL STRESSES
S(h)= 0.32601237 S(2)= -0.00525391 5(3)= KFRTTR ] R
PRINCIPAL DIRECTION COSINES
B(l,1)= 0.0000 8(2,1)= -1.0000 303,1)= Je 2
B(1,2)= 0.0000 8(2,2)= 1.0000 Bl3,2)= EFNH R
Bil,3)= 0.v000 8(2,3)= -1.000u 303,3)= PR NN
X= 0.0 Y= 0.0 1= 1.9997 49643
XX \Ad 124 144 X< vi
0.00606450 0.02414056 0.26758820 0.0 ~Ueululou. 0.00000033
0.0 -0.00000002 0.00000000 -0.00000002 =04 2T 1TEH4Y 0.00000000
0.00606450 0.02414054 0.26758820 © =0.00000002 =0.221¢854> 0.00000033
W= 0.53256720 wWos= -0.00000001 A = 293255716
PRINCIPAL STRESSES
Stl)= 0.26988083 S(2)= -0.00235498 St3)= 3633302333
PRINCIPAL DIRECTION COSINES
8ll,1)= 0.u000 B{2,1)= -1.0000 3(3s1)= Ued0
8{l1,2)= 0.0000 8(2,2)= 1.000v 803,2)= ECNN N
B(1,3)= 0.0000 B(243)= -1.0000 3(3,43)= EPERRY]




-9L-

X= 0.0 Y= 0.0 1= 179999274
XX Yy 22 Xy L ¥4 Ve
L4 0.00186374 0.01928773 0.22452271 0.0 -0e22uu2321 0.00000029
Q 0.0 -0.00000002 0.0N0000001 -0.00003002 C=JeJdlic1255 0.00000000
H 0.00186374 0.01928771 0.22452271 -0.00000002 ~geuliciest 0.00000029
wp= 0.48352551 WQ= =-0.000Q0001 "= Je%83574%4>
PRINCIPAL STRESSES .
S(l)= 0.22612745 s{2)= -0.00008625 Sts)s De01va32 )
PRINCIPAL DIRECTION CJISINES
8(l,1)= 0.0000 8(241)= -1.0000 3(3,1)= VR
Bily2)= 0.06000 Bl(2,2)= 1. 0000 3(342)= =2e220
B(le3)= 0.0000 Bl{2y3)= -1.0000 B(3y3)= 0.0000
X= 0.0 Y= 0.0 1= 1e999477405
XX Yy 144 Xy xZ v
[ 4 -0.00052694 0.01572476 0.19035697 0.0 =0eJd0UJIIJ1 0.00000030
Q 0.0 +0.00000002 0.00000001 -0.00000002 =0eul 3515563 Je
s -0.00052694 0.01572474 0.19035697 -0.00000002 =Jeul35isTy 0.00000030
Wp= 0.44216603 Wo= -0.00000001 "= e %4215507
PRINCIPAL STRESSES :
S(l)= 0.1915877% St2)= 0.00206238 St3)= Jeal173230
PRINCIPAL ODIRECTION COSINES
8{l,1)= 0.0000 B(2,1)= -1.0000 3(3,1)= 243200
Bll,2)= 0.0000 B{2,2)= ~1.0000 R 8{3,2)= Je Uy
8(1,3)s= 0.0000 8(2,3)= -1.0000 8(3,3)= 3.2225
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TABLE IV

COOROINATES

X y V4

COMPO NENTS OF STRESS TENSOR

XX Yy ZZ xry Xz

ryz

Oue Yo norme/ /loed

due /o sheoring load

50}0 crfo:i//oo
VERTICAL COMPONENT OF DISPLACEMENT |
Oue o norm &/ Joad duve fo sheoring load Superpositron
WP we w
PRINCIPAL STRESSES
S; Cx O
PRINCIPAL ODIRECTION COSINES
ll a2y ”,
A 2 mg 2

{3 m3 a3




COMPARISON OF RESULTS WITH NEWMARK'S METHOD

The results obtained in this example can be verified
by Newmark's influence charts (Reference 13). The pro-
cedure, for the case of the vertical stress 6z due to
the normal load, is shown 1n Figs. 20 and 21 which corre-

sponds to points Pl(o,o,l) and P2(O,0,2) respectively.

POINT P(0,0,1)

mflvence volve
of block =002

< IS
R 0K
‘ L
Nan¥Z

A

Fl6.20

» of blocks

Gz = Z mflvence velve x Surfece stress inlensily
i=7

= 242002/ 3 048

The result obtained with the computer is Gy = 0.48160243
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POINT P(0,0,2)

influence valve
of block = 0.02

i)
27
s/ 1o
Depth 2+ 2
1,
FI6.21
ﬁ‘f“c‘:
63 = Z /b/boace volve » .rvr/oce slhress in /Cn.u'/,
1=
= 002 x/f« 10 = 0.20
The result obtained with the computer is = 0.19035697
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CHAPTER 10
CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK

The advantages of this method (generality, speed and
accuracy) become evident after the example and verifications
shown in Chapter 9. The results produced are in very
good agreement with those obtained using Newmark's influe
ence charts. To these advantages also can be added the
possibility of producing the output of this program in
graphical form using any type of graphical device coupled
to the computer. Appendix E shows an example of computer

plotting of the vertical stress 6z along a vertical axis.

Considering the actual stage and future evolution of
computer scilence and technology 1t seems important to
extend the capabilities of this method towards the solu-
tion of the general problem mentioned in the introduction
(layered half-space with time dependent properties, sub-
jected to time-varying moving loads) and develop the neces-
sary structure of commands to present it definitely in the

form of a problem oriented language.
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APPENDIX A

DEFINITION OF SYMBOLS

VARIABLE sympor, | SYMBOL IN
PROGRAM
Element of normal load Py P(I,J)
Element of shearing load dy Q(I,J)
Row number of load matrices i I
Column number of load matrices J J
Coordinates of point of half-space X,¥,2 X,Y,2
Coord. of load elem 1j with resp.
to main system XpsYps2y XA,YA,ZA
Coord. of points of half-space with
resp. to our system. x',y',z! XP,YP,ZP
Equiv radius of Square ring 1 R1 R1
Equiv radius of Square ring 2 R2 R2
Equlv radius of Square ring 3 R3 R3
Side of error prism P RHO
Side of grid element ZUO DRHO
Number of grid elements in Ring 1 K1 K1l
Number of grid elements in Ring 2 K2 K2
Number of grid elements in Ring 3 K3 K3
Max. No. of grid elems 1in Ring 1 K1MAX K1MAX
Max. No. of grid elems in Ring 2 K2MAX K2MAX
Max. No. of grid elems in Ring 3 K3MAX K3MAX
Aveiralgiiig:e??ig gf normal load . ‘) Povz, Brs | AP} APL2), AP
Aveiﬁgii}lggegfigf QF shearing 102 lgors, Gors , Gous| AGVY) AGLZL MGG
Increments of Coordinates dx ,4y.42 | 2%, Dy, D2
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VARIABLE

SYMBOL

SYMBOL IN
PROGRAM

Order of grid and load matrices
Limits of total error volume
Modulus of Elasticity

Poisson's Ratio

1 - 2x Polsson's ratio

Lame constants

Stress components due to normal

point loads . (1)

to normal

(2)

Stress components due to shearing
point loads.(3)

Stress components due
distribution loads

Stress components due to shearing
distribution loads. (4)

Sum of 1 and 2 ,(5)
Sum of 3 and 4 (6)

Sum of 5 and 6

Principal Stresses
Direction cosines of Princ. Stress

Index of Principal stresses

Vertical Displacement Components
1 Due to normal point loads
2 Due to normal dist. loads

3 Sum of 1 and 2

M
KLIM YUN, ZL1M
E

v
/- 2V

6;,6r.6zr
T Yy 24

PIXK, P2Y), P27

M

XM, yiire, ZiN

ELAST
POISS
v

S, T

PIXY, PIXZ, P1)Z
PIXXPIYY, PIZZ

PIXY, PRXZ, PIVZ

Q1xx,Q1r), 0122
Q/1),01y2,.81x1

Q2XK,92Y1.0227
24y.9203.Q24
APAX, PYY, PI]
PAY,PIZ, P)2
Oxx,9yy.01Z
oxy,0)2,042

SKK,SY), 827
SxXy,Sy2, SAZ
S(1) $(2) $(3)

8(1,7)81241,8.1)
J:123

wpet
whk2

wA
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VARIABLE

SYMBOL

SYMBOL IN

PROGRAM
4 Due to shearing point load WQ1l
5 Due to shearing distridb. load wQ2
6 Sumof 4 and 5 we
7 Sumof 3 and 6 W
Number of points to be analyzed
thaet program is to be repeated nmax NMAX
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APPENDIX D

UNIFORM CIRCULAR LOAD

Expressions of the Cartesian components of the stress
tensor and vertical components of the displacement vector for

points on the vertical axis for normal and horizontal loads.

ARISTIDES BRYAN DOMINGUEZ

1966



7 NORMAL LOAD.

For o single normae/ point load , The corfesion componen’s

of the s/ress Tensor ore:

2
Ge=P |32x* _ (s- zw)[ + 2 ” (1)
27 | 2% ’D(JHZ} Pp3

6y- £ i_s_Z_-V’- (/-2/}{ yioxt o 2x ” (2)

27 | 2° Po2+2) pPD°
3
G.. 32 Z @)
Z —_ em—
27 D°
Tyy = 9P 2 (4)
27 2°
2.71 D’
Txy= o (6)

The corresponding expressions Jor lthe vaiform circolor

lood (for poid on /He X oxis) sre oblesved by i»tepretion of

hese /or' e whole circ/e.



Ia’P=/a dA
17
0 : X
I
|
z D |
|
| 2 2 2.2 ? _2
| D = XYY rZa Py2
A l xzjo.cosp
| .
| Yy
z |
l 0'/0=/0.a/l= /oJoo’f)djo
|
|
J |
|
|




Differentiating /a'row/o (3) with respect fo P end

0.-6g .
svbelilvting Ithe expressions on £%9
06y =3P 22 __ L ap.dp
29 ( L%+ 7%)%2
(j’ fZ’)”/z
= 3P ZJI?J%-[ iy J,Pz
2, 72)3/7
27 o L 3(pH2Y%2 ],

Integroting over U4 of The circle ond mullipling by 4. The

lrimils ore:
$r=0  Pr= /2 P£r=0  Pe=R
Gy, =4.22 227 1 -/ / ]
277 2 3 (Q'+Z’)"/2’+(Z’j"/z
) / J _ z°
- P | i+ 4 ‘/’["W]

ZJ
°z = ’0[1 i muz’)’/fl




b- Txz. Differentioting formole (4) witk respecl fo P ond

scbet Yolirg expressions on pey- 2.

Iz = 3P 72 _LISP  gp dp
21 (pHzY)2

2
Trz = 3P Zz/czsf//oz £2 df»‘d}o
P

29 @ (pi+ z3) /2
@ 3
Trz = 3L .72 [J/'f);ol z. / [ r ”_}PZ
27 Pla2 L (ph2)% ],

S aés//'/u//éj e Ilimils os ét/ofo one mv//z}a/,,},j ‘J 4

Tz = 4P [/ R’
XZ = . .
27 [//(‘?2*2’/3/’/




C- Cay. ODifferentioting formule (35) with respect/ fo P end

e ———

u.s/nj- expressions on P2 2:

. 2 -

27 (P2+2) %2
@. Pz
Gy = =2 22/"’;“’/ £ op.dp
7y fo (P22
3 Sz
. = P 7%][- cos ! [—-—'/2-—-—-.}
JZ = —— $ "
27 | j az?l (P72 ],

Sv bstitvimg The Iimil end molY1olying éy £ :

2}'2: -4._6_[0-/} 'Q3

277 (R34 7%) %2
3
P ~
Cyz = -
R PYIP TR




d- 6x Differentioting Jformole (1) with respec/ Vo P esd

u:}aj cxpressions om P9 2.

S P | 37 Pheoso (s ) [PJ( cos'p-sin'p) i
27 (P?+22)%2 PP TYiPs29%:2]

- 2

P p% 2% 92
Pcos2ep
a6, =_f_ z ﬁca&;ﬂ .20 4
) 27 ’ (P27 ‘ )[{P’*z’},‘z(phz?j/z

+ Z:-£ 6/'0250 dp.d
(P 2Y)% 4

/st ferm

3

/O
32/ C’assp W df’d_;a =

ki -/ z¢ &
_2 5/02 A - +
2[5 ]54 [ (P'+29% " 3(P% Z‘/”"Jf

1

Svbstifoling re (i’ ond/ multiplying by 4 :

z? b4 z}

- + ——
3.712[ F(R2+2Y Y2 (R%+ 22)% ° 4z



200, Term .

PPH2Y -2, 2% %

cos 250 df.dp =
_/02{}02/22}
= cos ?y)[__{ - z : } dp.dp
P Pl pie 2%

Svbst toting e limils dnd mu/ﬂ,’a&,}y by 4 :

| 2,72 R
4.?.[0—0].[//7)04-/01 Z+(;¥Z)"/?l)]0 = O

3ro. Ferm .




[9+[ﬂz-/)* 2(c*+/)Z z d -9

(22 #2&) zﬁer’zﬁ)] 4
£

(22 *2¥)
{[ 7 ‘;]lf(az-/)—

V/¢.4
Z¢ Z it Ztr¥)E
_ [___ﬂ.@___e_)_w_i___}m}

— = F
4 7 22 d =

HeZ?28) - [Z2 4 ylezee) 1
e [7 /- -{7}3 7

L A Sk pog Yrwy ogy 5;./70///.970‘9



e.- Gy . DW.’G/!/I"/”", Jormule (2) witk respect fo P ond

:

Sobs titvlng x> ssi0ns on P9 2:

/6y = L
27

J .2 3 2
3z L57F (-9 dihinduial 1
(Pt 22) 2 PUPHT)%2 [(P32%) %.1]

~ zf"-’m”’o ]} ap. dsa
P p2rzy¥2

/5[ 7 erm.

% P2 3
. Ja d/o ad -
/. 2 -
324 K% 504 PO, i

= 32[ L ""”""J‘Pz.[ =/ + -———-Zz &
24 da Lt apuay%)

Své srf’/o#"pj She LSiowids ond my/%f{y/})j ‘/ 4
- 2 2
4_,32[.‘17_}.[__/__;_.{._/1. Z _Z _
4 (R2:23% 7 30229% 323

2
3(R*+ 2% %? (R?¢ 2302 " 32



nd. Term.

cos 2 LP72Y-2plp"2)%

f)?(f)?f ) dp. dy
% Vo 7 _
yA “”?’”;{ (% - secm] 7 -
( VK

___;/[s/nfyj% [/jo Z(--—/o' Z+ P/.Z UJ

.S'véc//'/a//bj The [l ond /»u/V//b{wby é by &

2/2")/"[)]102:0

4‘.‘5/0-0/.//”/0_ z(_Z/,/oizf(,a

3rd. lerm.

¥z P2 ) ")
ZZ cOsy P . dﬂ dp = z[f " .f?ﬂ 2¢] 2‘
v 2 (P

2 (pPt+ 22)%

[ "y Jf’z
‘ 2)/7
(p*+2°)7%1p

Iz P

4

[]

Svbetifoting Ma lamils ond mollpling by 4:

- 10 =



4.z[£}.[ -1 Y 7
4l | truz9% ]= ﬂl[/— (92/237%]

Gjazé{uz[ z? /o ]_
77

_(/-zw)y/[,__ Z ]

3(R%2%)% " (gz9n t 37

(R2422) /2

l
J

G, ="
y=Z |

73 2(1+9)2

T S ]
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2.- HORIZONTAL (0AD.

for o single horizom/s/ peis/ /o0d éppliec 1» fhe X directin,

the corlesion componesls of he s/ress Zensor ore :

Ox =

23y D?

e X 3y2

@.x (— _é_'_!2+ /=27
(242)*°

/=~ 2)

6j=

[-

3ex2°
2705

223 2?

62 = —

TX)' =£.'.Z_

2703 ?
IOxyz

?_'/Z = —
27 2°

Z-XZ = -
292°%

2
[_15_,,

3 @x’z

(2+2)2

/-2V
(2+2)?

(D’-]’..

{

22° J
Dr2

(32 £ ﬁx’)}

2+2

2
-4 X% 22X
2+2

)

(7)

(8)

(%)

(o)

(11)

v7)

The corr Csponalng orpressiens Jor the onifora circeler losd

(for pornls on He Z oxie ) ore oblamed é, iolagrotion of Mese

/;r the whole owcle.

- 12 -



| I@=g.04 T?
o X
l
I
I
|
> |
l D%z x% 4z f)’,g’
4 |
| X= p.cos p
I
| )/ :Jo,s/np
|
4 | d@:y.a%:?./o.a?o.ojo
|
|
d |
|
|
|

- 13 -



8.~ G5 . Diffecensieting Jormulo (3) with respec/ /o @

ona u:/o; ox 'p/m:bm‘ on pog. 4 N

2 2
0/52 - _ 3?2 . .p. C'“P . df. 0,50
27 (P29

52.-.-.‘_3__?.22/?0;50/,): r? . dp.dp =
29 /e (f_,efzzj-’/z

2 . 1% P? f2
2 [snply [(pazv"f]
[

f 372

Saés/u/,,'oj foe [S100.55 emc/ mu//t):{y,/y éy 4

3
6z = “4'—?— [/-O]‘ .___._...'Q o)
27 (R34 2%)¥2

3
6, = . 29 _R
T (R 23) V2
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6.- 7‘.]2. Different sling /éfnd/o (1) with respec/ lo @ ond

svbsti fuling capressions on pog. /3.

3 .
0’?']:.—. _ 3?2' L. sin P.cosp . dp. dp
27 (pir 22)9%

% 2 3
__ 92 oD € L =
Gz =212 [ smgp o.s;o/ (p?fzz)"/f : 090 dp.

2 Y, )
.2 192 2 P
- _ '3?'2[ SI7 p} . [ -/ . zZ J 2
27 L 2 g | (p2y?% " 3(P42Y9%)

Svbslitoting the limik ond moltiplying by 4 :

Tyza_g 382 (10] || =L, , 2 J
& ¢ 207 [ 2 ] “(R’fz’)/’+3(92+27)3/z

_{ YA _z_'f_]
(22)72 3(27)%

3

g |3 s(enz¥ (R4 2Y%
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c~ Tzx . Diﬁ"orcn//d//by /'o;-ma/o (1/2) with /‘oc/ooc/ lo G end

Sobstifoling exprecsions on peg. /3:

2
ITaz = - 37 V4 /o.-"""fo . dp. dy
27 (p2r2Y¥

FPr 3
TXZ:_.?_ZZ/;?OS?’/ P a;odf::

27 g o, (p? 272
. 302 2 Pz
- _ 39 z[}o*_s/o?sO].[ -/ ; Z
27 [27 4 gy L(P™20%7 5002 %)

Sobstiforing e Imik ond moliplymg by 4 :

sz:-é.i?z _‘73_0:’. -/ +/ . 2% .
27 |4 (R%23)%2 " (2Y)% "~ 3(?+2%)%2
2
+ Z
3(22j"/2 ]
3¢ 73 V4
TA'Z = - —T 12, % ., -
2 (3 " 3(e2e 2% (e?fz’ﬂ’J

- 16 -



- Gx. Differentiotig formols (1) with respecl/ fo @ end
p———————— 1§

u;/'o_y expressions on p8y. /3.

£ 3 L%y 1~ [l v -
7o =};{— W2+( ) (prz%((p212 )2 2]

_ Plcas P .s/azp ) 2p% cos @.sin’P op- Iy
(PHZY)¥a (P29 Z]Y  (puzYf(pu2Y) 24 2]3

First Fferm.

[
-3/ cas S ——/ =
(73 504 (p% 7)) 4

. ?2 3
e _3|snp. s £ _L
--3[onp- ]cp,((f’ﬂ') s

+ In [( Pz ')y’*“fj

Swéel/oting The limik ond mo///}o///by by £ :

-R R3 ﬂ’-/-(l?’fzsg }
(R%zY)% ~ 3(9’;23')’/2+ VA

2nd Ferm.

Pl cosyp. dp.dy
(PH2YV2 £ 22(P?2Y)4 23(pH27) %

Heking (Pe2)% o x | 220, f il &P

- 17 -



(x%-8%) cosp.dp.dp (X+8)(x~&). cosp.dp.dp

x3 ¢ 20x24ax B X(x+3)(x-3)
X X /
= cos - ap.d¢ = cos -
P[ X(x+3) x(:H-‘U} e ?[ AFt+a

r
T X(x+ad) ] dp-dp

Yhern svbst foling bock :

/ z
cosp - ap. o
[(F’fl’/ﬁfz (f’fz’ﬂi[(,o’fz’)}’:-ez]] e

Hollplying oad dwviding eoch lerm ‘;/ the consugoke of 278 denomisshr:

P 2 2 2,.2 2205
cos;a(ﬁo:'_z)_f _ Z(P+27) - 3°(P4+27) Jd,o.a’fa =
/oi' p'(ﬂ’fl’)

b/
(PH2Y)% _z _ Z 2

= cosy FZ /02 ,Oz
% Pz »

= cos /p?,‘z)’s- 2.._2. ol ]dd =

?/ "} [ P 7 ey P

= [s/b¢];z{_M,‘,/,,(P*(p’;zz)z’){.ﬁ -
2 P
(P2 2)% f2
Ty }p.
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2 'y 4
= {:/’nga]% - 2(pP’1 27 z+ 42 ,; In [/Df/,o'fl’}é” dpdf'
2

Svbsh fobing e 4Hmils, He firs oad socond forms becomse udle frrminele

for Lo, ‘/’f&lf.{i Z 'lo/w'/a/ S rofe :

= O

pee

a = 7f(f2f22/.4/2
peo

%
Y -2+4 (P20 T 2p

2 2 :-o
/

2,4 /
% [/-o] { - 2(2%+27) + 22 In [A’f(ﬂ’/!’jéJ-/lzl}
R R

s | _20n29% ap /o( 2+ a7 27)% ”
R R 4

Pécosp. szb’P . gp.op
(p3#2) 724+ 22(p%2%)%+ 27(p% 2°)%2

Ysing Ihe seme sobgh Abon of Ihe los/ cose :

(xL)(x7-&) = COSP. S0P (x-2)*

(05}0. S/bap
X3 42ox4 4 %3 X3

Svbs ///a/f&" £ océ:
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cos 50 s ’p

[(Preevh-2)? ) ,, a
(P4 2')% ror

(p%2Y - 22(p% 2% %427 J dp-dyp

= Cos .s/b’
? P[ (ﬂ,"z?j%

¥ Pz 2
_ .2 z 22 Z dp.
-46“718/0?[ [(p’fl'}yz -{P't‘Z'j-‘-{ﬁ’IZ?}‘V?] P9y

@ %
_[s/ 39] z /n[pr(f’fz’jzj_ Z_Z_.faz;l_£+ +sz> )
2702, 22)Y%
I g Z z ZU(p*2Y%
= {5”’3 ]?.2 h[p»(p’fz')"’]- 245" P P fi
3 e z t ipah o

Sa&c/z‘/u/”'y e /imils end mvﬂ/‘f‘///}y ‘;/ &

£ m(a’fz’),- /nZ - 2/{9"_‘?_ _RrR
3 {/”[ "zt (R34 2%

2,4
al\in M _2tn’ R P B
3 z zZ  (R%2Y)%
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4rm%. Term ‘
p* apap

decos . sin’
(PHEY % 4 32(P2) 4 327(P72Y) %1 4 2% p%2°%)

Using % e somc svhshloten of Mhe /os/ cose:

(r2-9Y(x*- &%) _ (x#9)(x- d)(xva)(x-9)  (x.9)?
x5t 39044 3003 Iu? X2nt)(x4)(¥+8)  yx+8)
x? 2o EN / 2d a?

- + = -
X3x+8)  xWx+d) T pUx+d)  rsa  alxtd) +x’(xfa)

S a‘c/z'/o//n’ bock:

/ 22
(P’ff’)gfz -(,o’fz’)z[(p',«z’)&+zf+

2 cos . sioap [

z?
+
(P?+ 2% (p’;z’}’hzj ] ap.dp

Hlplying ood chviding esch Jerm by Me cosjugot of il dowominofor:

(PY 2%z 2z (PuZ) - 2271 % +

2cos . s’
50 p /03 F?(pff 22)

L zz(PZ*ZQ}[(ﬂzfzz)z- ZJ

dap. a’yp
(P¥zY? [ prez2t-27]
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2 cos . sin’p (P’ilz}‘é 2z 2z 4 2z° _, V.4 _
p? F: P: F:(F:,z?)/: P:(P:,Zz//;

23

i P'(P’M‘}J K4

y (p‘fZ) . 32 3z’
2/005¢ 5”?//[ -,_0-2 +P2(f,"zzjz- f'(PIZ'}* P

. " 2 21/2 4
= 2[5/212.} : {- (27 +/a[,of(p’fz’)6}+ 62 _
3 9, L P

) JZz(P?fZ:)&_ 22t L atp Fa
z7%p z2p 2?2z p

J'U“//‘/a/ll);y e /\W}s ) Mhe /,;-‘/ ong /be secend/ forms beocome

Wclelerminsle , vsing L'Mpile/s rofe:

) 4§72 2p| -
iy

3t - !
¢.2[1-0] {- 41"’;2) + ,_%Z',,«. /an’zﬁ ¢ blm(nﬁz’)é]-
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+ (1-2v)

..f’.{/a
3

7z
R

+

2,4
4(4,:*22)!9* 2z ,Jen’ R, In R+ (A’zfzjé}

R R 2 Z

-

'_ 8 -R R? . Jn R+ (R 2’}72
(#%29% " 3(a%27)%2 2

r4 _ 2(0’7‘22)54 22 | m(n’;zﬁ’}} -
2 2 7

Rf(e’;Z’}&— Z/a/;l_f_ 4 R }__ 8 {_
3

3 2 (%27

, 1o’ R 4l &.{5212(’)
2 2z

|+

%
+(/-2u){-€,("”*22){4 R .32z _

3 B 3 ?p’fz’)’i" 34

_ 16 fer'R
3 Z
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e- Gl' Differentiating formule (8) with respec/ Yo @ snd

USing @spressipas on prg. 13

2
_ 7 JP‘?COJP .s/ozp /e 20 3P coszo _
0,6'}' = }; = (P}, 22} + ( ) (f”zv%l?ﬂ'fzzjéf-Z]T
4 cas® 2p% (os’
Picas’p pleossy

i, M gp.a
—(,o’fz’j"’a’[(f’fz’ﬂhzr (,0’;2’}[(/"*2’7747.]3” s

Is?. ferm.

P

3 ¢?o.c sin /: f" d’.a’;ﬂ =
-2) Pl s 7
£,
.3 92 /o"’ [ .
__sf[sme]l | L L L h|pr(ph2Y%
- 3{"3'2]?’ [(P’IZ’)/' a(jo”,«z')lr P P

Saé‘/i/a/”’y the Limis end /”U/"'}O_{y/hg é/ £:

._-4,3[£_-2 { ad > +/n[4*m’*2’)"”=
3

" (R? 22)%  3(”% 2V %2 b4
3 2. »? ’S
4 R R In Rr(RY 27)
T | R zY% T 3R 22 Z
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7,70’ /0/‘07 .

Plapap
J/ co§ / 77
(p2Y)%4 22 (p%2%) + 2(p%2%)%7

= /2

2(a=¢z’)¢’4 2z o R+ (R%3%%
R R Z

3ra. Ferm .

%, /P2 PEop. oy
4 cos ? f {P’fz’j’/zf' 22 (szzvz,‘_z?(ﬂgf 23)3[2 =

y P,
ff(/o'lzzjé]— 2t L } !
z (,(«z’}%ﬂ

: sin’p 1%
[sing - ?2]” [//7

5065/1‘/0/1463 the lmi8 ond mvﬂ)b‘///t}j é/ 4.

2 I
/- A R+(R+2)72 _ 2/ R R -
“[r-4] b2 2 i

8 I R* (4’21‘2‘) % -/ R
ol 24 - 2 /00 .‘9. +
3 Z z | (R%zY%
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LW,  Fferm.

P adp dy
2/ cos 50/ 3 p 7
2 (PrzY24 32 (p%2) +322(p%2°) %2127 pY27)

FRL 4" F2
= I[S/by- S_’Z_PJ - Y 72 /}‘9/7 ﬁ{./ﬂ[ff(f’fZ)é”
¢ /°
' A

Svbshlohng e lmilk ond melphing ‘/ 4 :

442 [/-iI. {- 4(4’,«2’)é+ 72 fon' R Lo A’f(ﬂ +Z 72}
3 .
R R 2

s {_ $e4zY)% 73, iR, Iy R m’w’/”}

3 R R 2 V4
6r- 2 | 4| =2 R° I RHR%29% | |
4 2 { [(/?’IZ')% 3(R% 222 ¥ Z

2 15 p
+(/-2J){/2[~_{(_£;.’____2)2+Z_§ +//7M2_2.2./I] -
R y4

fp R+ (R fz/' 2497 4(mz’)’2

8 |/n Rel&Y2, £ 1
-3 [ z +(R’f2,)’/2} [ R
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v 72 L ted 'R, [n @4(R% 227 J}

R 2 Z
Gy<2 \[s-0-208] R {e®
] 27 ‘[ 5] (p’;ziy'/zf J(R’fZ’)"/z *

2 2,
+ [—4+(/-2u)(/z..38_ i;)J /n m(Z *z)é”/_z,){(_zhg_:)'

2 —_

CRYZVZ (a4 u) 2, (ki k) for' R
+ 3).47+(3 3) Z

Gy="_|4(ew) __R__ . _4R° _
27 | 3 (% 29% ° 3007 27)%2

L B0 ly RECRRTVE (1 0y | o0V
Z | J R '
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- 27 -



f- T xy - Differonketing Jformule (10) wilk respecl Jo @ ond

0‘/){9 expor ess/oas OF P9 /73:

: .
ey = L |_ 3P% sin p. cos'p r-29) PSP
v 29 (ptr2%) 32 H LTI TR i

(P 3%y [(p’fz’)m z]? + (,a'fz’}[(,oﬁz’)”?ﬂv]?
/s/. Yerm

P P <
7, Ve _
_:34c'osy. sm}o‘{m . d/o.a’;a =
3 P P /03 2 2.4 £
cosP| " |_ S /lll fZ) + ]
--s[- 7] [ I (P aas!
# .
.S‘ués/z}’o/”y Mhe lwiils ond nw/l",a_//zbj by 4:

3 /3
_/,J[o f:;_J { -R R Nz [m(e?,«g’) ”

(RU1z)”2  3(R%3YY2 Z
il =R @ /,,[ R+ (mszJ
T ) e 2% 3(#%2%) - Z

2nd. Yerm.

% /03 ? o
tihisiid s (see pp. 17 ond 18)
4;”0}; (p1e3Y)%a 4 27 (P% 3 + B (p%2 )% ”
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[_ cos S"] , = A

(}

2 [y
% {_ M+ .f;? y /o [ff(,o’;z’)%]} .

4 [o+,]{ 2(4’.«2’) /7 R+(R%2Z) 7} -
R ” R

/ 2)%
=4 {- ?(P’fz')/"+ 22 | /n m(e’fz)’}
R R R

3rd. ferm.

Cos ;ﬂ Sm';o =

/“" S Pl ap dy
(P12Y)52+ 22 (7429 % 27(p% 3072

’ /

f2
=[-‘°=PJ {/n [P+ (pu2Y%] - 26i'L z,/}
3 ?’ (ffZ)A" f

Svbsti/vling The Lmils  Snd moﬂ/}o{y/bj by 4:
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i | RR#ZVZ 2/l R R
T ” ———z Z + (—-_—-393} 22}/72
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% Py

é
2/@:’50. 5/'/750/ L~ apy
# fo (Prsa7) 2 4 32(p% 397 33°(PY2Y %4 Z%PYZ)

2[ cosfﬂj”z 4R%2Y% 78 p7le £y fn R+ (0% 2%
. R R Z

SvbstY. u/u'gy e [Simils omd ma////o{y/}y by 4:

8 —4(92”2)/2-;- 7z + ' Ry I A’f(e’fz’/y"}
3 R @ 2 Z

Ty . S

27 "4[‘ at <’ ,«-/’7 Mﬁ]+

(%232 T S(R%2Y¥z2 z

+(/-w{i - 202%8%%  2¢ /,,m(mz’)/zJ
R V74 R

4
3

2 y 2 2.
I R EHE)T oo, R |, B|-4RHZ)%
Z 2 (e%29%

¢ %5 v for & o In h(e?;z’/’”’}”

z z

3

Tay = £ 4(/2»)(4+£ _R_ 4%
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VERTICAL COMPONENTS OF THE DISPLACEMEINT

_/;-_- N ORMAL (04D

for o siagle normsl point load, Me vertical componen! of i€
displacemen! veclor /s :

w=2E_ (r¢v) [12 . (/-2.))__2_]
27 E 23 2

DifF crentiol ng wih res/-ec/ Yo P ond :a‘.s///u//b‘y
ea;arcssxéas on poy. 2:

dw = Lt+¥ _.___77-32 /-20 2
29E Bl e (p%322) 12 ”r-%
Ish. Ferm .

2 Sz
z/dfﬂ/ fgfzi')-’/: = £ [¢]91[ Zz(/::/zzjy:Jf

Svbsli¥ a//by the limifs ond mo/ﬁ;o{y,},y by 4:

iz [2-0] S TPUTIL (R% 2%

2nd. Term.

40@/ fz,«z’j/: - [;a]:{ o [ﬂf(fz'zz)ﬁj
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S Ué‘/:‘/u//aj he Limils end m//ip_{wbj ‘./ £

4 [%-oJ P [e ,«(e’;z’);q -z -

- 27 /n 04(@’,«3’}/"
zZ

W = s

7 R 2,2,/
2nE 'D[? =+ 22T1(/-2)) Iy R+(R4 3 é}

2, 52)0
(R?+2%) 2

W= 7*v P [ R +2(/~-29). /n 0»‘(4?32?/3]
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2- WORIZONTAL [OAD.

{

For & single horironf/al losd in The X direction . the vertise/

compon en’ of The drsplecemen’ veclor /s :

2 AV, KA A+k  D(D+Z)

where A ond M ere lome cons FanTs .

Aa vVE = £
(14 8)(/-2V) 2 2(/+¥)

Diffaren i‘:‘a//})’ wilh re;/oec/ Yo @ ond J’a‘o‘/tya/téy ”/"“’.‘”
on pog. 3 -

a’w.—.i[_/_ gplcosp ¢ L. f*cosp dp.d
49 LA paY¥2 T dsg (PH2VE[(PH2)%42] f

Is/. ferm.
pleosp , r
/M’O/( "z)n " 2funs] [(f'fz')” ¥

t+ [P+ (f’fz’)yz]]

506:///0/»'@ rhe /imik ond mo//l)O{y/b, ‘J &:
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42( ~-R + I R+(P’»‘22/‘$'
(ﬂ':x’j’z p 4

2nd Fernm.

2

% 5
/cos;o/ - 2 . ap.dyp
® o, (Phz)%[(pYa) %, 2]

(see PP 18 snd 19)

7 2, )% 1%
[”3'99] -{- 2P 27 ; 42 +/o[,a+(p'fz’)5U
¢ r P (s

5065/4‘/a/mj e 1mils ond mu///}o(/,,'y é by 4:

4.

- 2(0’/2’)"3+ 2z s In RF (R%2%)%
R R V4

w212 l R + /?+(Q'42’)3]
7 |, w2y z f

; ! [ 200YzY% , 22 | 4, Re(R7ZD%
A th R R z

Svbsh fufin 9 lome''s conslents :
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1-2042€ zZ ?%2)%
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1~20425| 5 " P
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APPENDIX E
COMPUTER PLOTTING VERTICAL STRESSES

The program shown 1in the following pages is a simpli-
fied form of the general method described in this paper
and was prepared using an IBM 1620 digital computer and a
GERBER plotter. The general method was reduced accordingly
to the difference in capacity and speed between this compu-

ter and the IBM/360.
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3400032007013600032607024900500010520002900100 SUPERMONITOR COLD START

* ID DOMINGUEZ A B BPR 6032

* SUBSET

C VERTICAL STRESSES IN SEMI INFINITE MEDIA,.

C PLOT OF VERTICAL STRESSES DUE TO NORMAL LOADS.

DIMENSION B(1)4C(2)
CALL GPLOT(2404=100)
DIMENSION P(10410)4Ul(25)4AP(3)
READ 32sNMAXsR
32 FORMAT(169F15.5)
READ 39 ((P(I1sJ)sJ=1510)s1=1,510)
3 FORMAT(10F7.2)
READ 30+CXsCY9CZsDXesDYsD2Z
30 FORMAT(6F1045)
C PLOT AND NUMBER X AXISe
CALL GPLOT(11+040)
DO 1 I1=500425004500
CALL GPLOT(1241,40)
CALL GPLOT(12+1,20)
CALL GPLOT(1191-154=30)
F=1
H=F/500,
CALL GNUM(I-~154=309H93e1906el191e¢3s04)
1 CALL GPLOT(114+1,0)
C LABEL X AXIS.
I1X=2530
1Y=0
READ 1048B{1)
10 FORMAT (A4)
CALL GCHAR(IX9IYsB(1)91920916904)
C PLOT AND NUMBER Y AXIS.
CALL GPLOT(115040)
DO 2 1=150+15004150
CALL GPLOTI(124041)
CALL GPLOTI(12+20s1)
CALL GPLOT(11+~-5041-5)
F=1
H=F /1500,
CALL GNUM(=T7541=59H93¢19061916904)
2 CALL GPLOT(1150,41)
C LABEL Y AXISe
IX=0
1Y=1530
READ 119C(1)sC(2)
11 FORMAT(A4AL)
CALL GCHAR(IXolY9C(1)92920914s904)
RHO=0.2%R
DRHO=0 4 5%¥RHO
R1=5,%DRHO/SQRT(3614)
RHO3=34%DRHO
DRHO2=DRHO*DRHO
XLIM=5,4%#DRHO
YLIM=XLIM
ZLIM=R
4 DO 40 N=1yNMAX
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43
45
46

44
47

77

78
89

INITIAL VALUE OF VERTICAL STRESS AT POINT P(XsYsZ)
P122=0,

PZZZ‘OO

IS POINT P({XsYsZ) WITHIN SENSITIVE ZONE (XLIMsYLIMsZLIM)
IF YES M=1 IF NO M=0

IF(CZ-2LIM) 43443444

IF(ABS(CX)=XLIM) 45,344,444

IF(ABS(CY)Y=YLIM) 46944544

M=1

GO YO 47
M=0

K1=1

DO 9 I=1910

DO 9 J=1910

COORDINATES OF LOAD ELEMENT (IsJ) WITH RESPECT TO MAIN SYSTEM,
ZA=0.

Hi=1

HJ=J

XA=(HJ=545)%#DRHO

YA=(5¢5=~HI)*DRHO

COORDINATES OF POINT (XsYsZ) WITH RESPECT TO LOAD ELEMENT (IsJ)e
XP=CX=XA

YP=CY=YA

ZP=C2

IF(M=1) 54696

IS POINT (XsYsZ) WITHIN SENSITIVE ZONE OF LOAD ELEMENT (1,J)
IN EITHER CASE GO TO CORRESPONDING ROUTINE.

IF(ABS(XP)=~R1) 74545

IFLABS(YP)~R1) Bs545

POINT (XeYeZ) OUTSIDE OF SENSITIVE ZONE OF LOAD ELEMENT (1,J)
ROUTINE FOR CONCENTRATED LOADS.

A=XP*#XP+YP*YP+2P%2pP

D=SQRT(A)

D2P2=(D+2P) #*2

AA=A%D

CCC=628%A%AA

E=XP*XP

F=yYpP*YP

G=2P*2P

H=G*2P

IF(P(IsJ)) 7778977

PP=P(14J)#DRHO2

TTT=3.%#PP/CCC

A12Z2=TTT»H

GO TO 89

A122=0,

P122=P12Z+A122

GO T0 9

POINT (XsYsZ) INSIDE SENSITIVE ZONE OF LOAD ELEMENT (1sJ)e
Ul(K1)=P(TsJ)

K1=K1+1

CONTINUE

IF(M=1) 524604560

ROUTINE FOR DISTRIBUTED LOADS.

K1IMAX=K1=1
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50

51

IF(K1IMAX) 50450451
A222=0,

GO T0O 52

SUMP1=0,

DO 600 K1=13K1IMAX

600 SUMP1=SUMP1+U1(K1)
RIMAX=K1MAX
IF(R1IMAX) 90059005901
900 AP({1)=0,
A222=0,
GO TO 750
901 AP(1)=SUMP1/R1MAX
1F(CZ) 15041504908
908 A=ZPx*2P
AA=ZP*A
C1=R1%*R1
D1=C1%*R1
E1=SQRT(C1+A)
F1=E1*E1#E]
201 A2ZZ=AP(1)%(1e.=-AA/F1)
750 P222=P222+A222
62 P22=P122+P222
C PLOT OUTPUT,
X=54%#CZ
Y=10.%P22
GO TO 151
150 X=54%C2
Y=10.%AP(1)
CALL GPLOT(11¢XsY)
GO TO 139
151 CALL GPLOT(124X»Y)
39 CX=CX+DX
CY=CY+DY
40 CZ2=C2+DZ
CALL EXIT
END
* DATA
41 1.
Oe O Oe Oe Oe Oe
Qe Oe O Oe Oe Oe
| le. 1. 1. l. le.
1, le le 1. l. 1.
1. le 1. 1. 1. le.
le 1, 1. 1. 1, l.
1. 1. 1. 1. le 1.
le 1. 1. 1. 1. 1.
O 0O O Oe D Oe
Oe Oe O Do O Oe
0,05000 0.05000 0,00000 0400000
+Z/R
SIGMAZ/P
2222 END OF JOB 1620
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1. Flow chart

Program
2. Program

3. Flow chart

Program

APPENDIX F

LIST OF PROGRAMS
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