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ABSTRACT

A theoretical treatment of the dynamical stability of plane parallel
flow of an ideal, Boussinesq, magnetic fluid is presented. The magneto-
hydrodynamic approximation is used and the basic magnetic field is
taken to be parallel to the flow. All variations of magnetic field, vel-
ocity and density occur in the direction of a uniform gravity vector which
is perpendicular to the flow. It is shown by an extension of Squire's
theorem that the two-dimensional version of the problem exhibits the
greatest instability for normal mode disturbances whenever the strati-
fication is stable. A scaling analysis is applied to a gaseous atmos-
phere and conditions are derived for showing when the gas behaves like
the Boussinesq fluid. Reference is made to the case of the solar atmos-
phere. ‘

Two simple problems are solved. A three layer model for a jet
exhibits several of the characteristics of continuous jets. Instability
may be manifest through a varicose wave and a sinuous mode. 1t is
found that the magnetic field acts solely as a stabilizing influence. A
surprisingly accurate heuristic formula describing the behavior of the
sinuous mode for small wave numbers is derived. The double shear
layer model represents the first problem with a complete solution in
which the magnetic field can destabilize the motion. Instability can
occur through three modes. Ore of the modes degenerates as the mag-
netic field in the central layer approaches zero. It is this third mode
which is mainly responsible for the destabilizing effect which the mag-
netic field produces. It is shown in some cases that this destabilizing
effect is connected with the fact that a magnetic field in the central
region produces a coherency in the wavir.g motions throughout the fluid.



Since the normal modes do not constitute the complete solution,
the problem is treated as one of initial values. Considering the case of
a fluid in which the square of the derivative of the velocity is always _.
greater than the square of the derivative of the magnetic field, the initial
perturbation amplitude is found to decrease algebraically in time for any
gravitationally stable stratification. At zero stratification, the solution
is neutral.

The Nyquist stability criterion is applied to Couette flow with var-
ious magnetic field configurations. A piecewise linear magnetic field
can produce instability whenever it has a maximum which is less than
half .of the maximum of the velocity. The Nyquist technique strictly
applies for a homogeneous fluid at zero wave number only, but can be
used for arbitrary velocity and magnetic field configurations.

‘ A theory for long wave unbounded flow is presented when certain

restrictions are placed on the behavior of the velocity density, and
magnetic field configurations near plus and minus infinity. A very
simple, convergent eigenvalue relation in powers of wave number and
overall Richardson number is obtained by two approaches. This relation
gives results which agree with the approximations for small wave num-
bers of the solutions to the two three layer models considered in the
dissertation. A formula for determining approximately the critical
Richardson number is derived for a shearing fluid with antisymmetric
velocity and density but symmetric magnetic field profiles. For the two
continuous velocity profiles considered a magnetic field which increases
the critical stratification is found. Finally, a critique of the dissertation
is presented and suggestions for future research are mentioned.

Thesis Advisor: Victor P. Starr
Title: Professor of Meteorology
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I. Introduction

I take it as a fundamental principle in nature that physical proces-
ses act in a manner which serves to relieve tensions. Whatever the ex-
ternal forces acting on fluid may be, the latter will react in such a way
as to most suitably accommodate itself to these outside influences. It
rflay be, as in the case of our atmosphere, that heating differences will
force the fluid into a relatively ;vell organized motion pattern such as
the jet stream.

It often happens that the velocity and density patterns produced by
various outside forqes cannot be maintainéd and the patterns change
very suddenly. The attempts to understand such breakdowns constitute
the study of hydrodynamic stability. A fluid state of precarious balance
needs to be only slightly disturbed to undergo complete alteration.

Such disturbances may well be provided by the very forces which pro-
flmed the fluid situation in the first place but from the point of i)reak-
down the changes which occur indicate little dependence on external
foréing and seem to depend mainly on the fluid characteristics.

The general approach, guided by mathematical convenience, has
been to consider only the in\itial reaction of a basically steady fluid
state to arbitrary but small wavelike distui'bances. If these p‘erturba-
tions grow with time, we have an unstable situation; if they maintain

their amplitude the basic state is neutral and if they gradually damp
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out, the fluid will return to its basic state and is therefore stable.
There are two reasons that small disturbances are chosen. If a
large disturbance is superimposed on the basic state the question of the
nature of the disturbance becomes relevant because almost any state,
when bombarded by a sufficiently large disturbance will be completely
altered. éo long as the question of importance concerns the liklihood |
of maintaining a given situation when no gross attempt is made to change
it, it is clearly desirable to use a disturbance which nature itself might
provide by chance and which often enough is some small vibration.
Secondly, the mathematical problem of considering small disturbances
makes possible the approximation that fche products of the disturbance
quantities may be neglected. Mathematically, this introduces the
simplification that is inherent in linear equations; physically, it limits
the investigation to an analysis of the effects of the interactions between
the perturbation and the basic state and excludes all consideration of
the mutual interactions of the perturbations. The limitations of the
linear technique prohibit the investigation to proceed in time when the
basic state is unstable because of the fact that the mutual interactions
of the disturbances soon become important and may behave in 2 manner
which restricts further dev‘elopment of the instability. Such a situation

must then be considered by nonlinear techniques. In this paper the

linear technique is used exclusively.



-13-

. A complete analysis of the linearized problem must take into ac-
count the various diffusive effects which are at work. In the body of
this thesis the ﬁuid is taken to be ideal so that instability will be a
function solely of the dynamical processes. The complete diffusive pro-
blem for a heterogeneous magnetic fluid yields an equation of the twelfth
order which is rather difficult to work with. In the ideal problem we
are left with an equation of second order which is singﬁlar whenever
-there is no unstable solution. Further justification for ignoring the
diffusive effects lies partially in the fact that so little‘work has been
done on the subject. Also, the larger the scale of motions, the smaller
the effect of diffusive forces. |

The fluid model consists of the infinite plane parallel flow of an
ideal incompressible heterogeneous magnetic fluid. The fluid is taken
to obey the standard approximations of magnetohydrodynamics. Only
small percentual density changes are permitted so that density varia-
tions assume importance only as buoyancy effects apd are taken to
have no inertial effects. This is known as the Boussinesq approxima-
tion. The basic magnetic field is taken to be parallel to the flow. All
variations of velocity, magnetic field and density are éonsidered to be
pérallel to a constant gravity vector perpendicular to the basic flow.
A detailed discussion of these restrictions is given in chapter 2.

The instability problem considered inthis paper is one in which

three distinct physical processes operate. In briefest terms, these
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Shear Velocity Profile
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| Figure 1. The basic fluid model.
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three processes and their effects are: 1, the presence of a density
gradient in the fluid coupled with gravity so that a resiistribution of the
fluid would cause a change in the po’gential energy of the system,

2, the presence of shear in the fluid so that redistribution would cause
a change in the kinetic energy of the basic state, and 3, the presence of
a magnetic field so that a redistribution of the fluid would cause a chang'e
in the magnetic energy of the system. Because the preponderance of
the literature has dealt with the nonmagnetic version of the problem,
emphasis will be placed on the role of the magnetic field throughout this
thesis. It is appropriate at this point to present a; review of 'the litera-
ture as one means of introducing the topic and setting the tone for the

work in the body of the thesis.

A. Review of the Literature
Rayleigh (1916) showed that as soon as the stratification in an ideal
fluid was such that density increased with height, gravitational instability
set in.\ When viscosity and thermal conductivity were included in the
analysis, he could ﬁo longer solve for the time behavior as a function of
the stratification and other parameters. He then assumed that there
\

was a critical value for the stratification beyond which instability would

set in. He arrived at the following equation for perturbation velocity

QDZ“ K"\f“ _ “R&sz ' | (1.1)
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R, is the Rayleigh number, and it becomes the eigenvalue of this pro-
blem.

In problems of hydrodynamic stability it is the aim to solve for
the wave speed. Lacking the ability to do so, as is almost always
the case, we proceed in one of sew.feral manners. One is to prqceed
as Rayleigh did, namely, by finding some neutral solution and then
make assumptions about stability characteristics for parameters
with neighboring values. Several perturbation schemes, with vary-
ing degrees of validity, are also employed to find the solution in the
neighborhood of the neutral point. Actually, it is ‘not often possible
to find neutral solutions. Another technique ié to find some sufficien’g
condition for stability or instability. These conditions, however, are
genérally restricted to rather simple cases; there are a large class
of flows for which the stability characteristics cannot be determined
by these ''general" conditions.

In the case of the Benard problem a simple neutral .solution
could be found and we are guaranteed by the principle of Exchange
of Stabilities that instability will result for ansr increase in the stra-
tification. The dissipative forces, moreover, act purely as stabiliz-
ing influences and thus, the problem is rather straightforward.
Generally, for parallel flows of an ideal fluid, the Exchange of
Stabilities is not valid and diffusive effects may exhibit seemingly

anomalous behavior as in the case of plane Poisseuille flow, where
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viscosity is the cause of the instability.
Squire's theorem has enabled us to consider two-dimensional
disturbances of plane parallel flow as being the most unstable. We

assume that the solution is composed of normal modes and thus write

' LR (X-cbd
Faap=Tae e

The governing equation for an ideal homogeneous fluid is given by

(Q-OS_D‘-\(‘ v -THw =0 (L 3)

We use the bouﬁdary conditions that w=o on both of the horizontal

boundaries. The main difficulty in solution lies in the fact that there

are gsingularities present in the equation when ¢>0 and U=<e, The
\

inherent difficulty may become clearer by considering what would

appear to be a simple problém. Plane Couette flow, (Ua2), yields

an equation

X
(V- p-wlw =0 (1.4)
which would seem to admit exponential solutions with no regard to

¢ . Actually, we find it impossible to satisfy the boundary conditions.

If, for example, £= L'la, then the general solution

) . XY
w=Ae +Be" (1. 5)

becomes, at #=1"la respectively
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0= Ae'lhk r Bt

-
o =P\e"‘\‘ + Be ax

whose only solution is A=@+0. We have incurred our first major
problem. The normal mode solution yields, at most, an incomplete
pi'cture bf the stability problem. This incompleteness is reflected
by the fact that in casually dropping the (©-¢) term from consider-
ation one solution is lost. The problem is rendered complete when
we solve it by the method of Laplace transforms as an initial value
problem. The continuum which the initial value approach yields
generally exhibits algebraic time behavior so that if we can find un-
stable distinct modes we need look no further.

The Kelvin-Helmholtz problem is one of the very few which has

been solved completely. Without including density effects we find that

¢ = Qul [ @y (L.6)

The equation is seen to have exponential solutions which can be sat-
isfied by the boundary conditions at the interface of the two distinct
fluid layers. All other problems which have been completely solved
possess this layered natu';'e. Lin has shown that there does exist
value in these problems in the long wavelength limit in connection

with problems possessing continuous velocity distributions. Since
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short waves tend to be stable for continuous velocity distributions,
the behavior is seen to be somewhat different for the two cases.

We now modify our aims and seek weaker but more general re-
sults. Since only ' appears in the equation and X appears in a
symmetric way in the boundary ccnditioné, we suffer no limitations
by considering the case ¥»0 only. Furthermore, if we have a wave
speed, ¢, correéponding to a solution, W , then there will also be
a wave speed, C* , corresponding to a solution, W™ . This
means that if we ever finda Ci % O , then the ﬁow is unstable.

Integral theorems brovide several results. Multiplying (1. 3)
by W¥* (V- , integrating betw.een the boundaries and making
use of 'the boundary conditions, we get the classical result first de-

rived by Rayleigh (1880) for the imaginary part of the equation.

y 29 2
CLS DO W 35 =0 ‘ (L)
Z - ,

If ¢¢ is to be nonzero, then D'V  must change sign somewhere in
the interval. Fjortoft has extended Rayleigh's result by considering

the real part. He obtained

i 2 < 2.
M(D-Qj} \W\ a2 = __& 'L' F TR
N Lo-c\® 3 aﬂ\m\ 1§ \w\\dz
(1. 8)
<0 y Us=0eBu=0

In order to have instability the fluid must have regions where
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D"U(U'OQ <O and if the velocity distribution is monotonic and
has one inflection point (point where D0 =0 ) fhen

D'0 (L-Vy) ¢ o0 everywhere. When the conditions of these
theorems are met, we are still not guaranteed that the fluid will be
unstable because sinusoidal flow becomes stable once the boundaries
are sufficiently close. If, however, the conditions are not met,

then the fluid will be stable to normal mode disturbances. Graphic-
ally, various profiles are shown in figure 2 and the possibility of
instability is ruled out in all cases but (d); (c) satisfies Rayleigh's
theorem; but not Fjortoft's and it is interesting to note that Kent (1968)
has shown that a small constant m#gnetic field may destabilize some
flows in th/is category.

These arguments can be phrased in terms of vorticity consideré-
tions. A fluid parcel interacts withithe basic flow in such-a way as t6
seek out its own vorticity level. In a fluid with a monotonic vorticitfw
profile, a fluid parcel will oscillate around its point of origin; only
when the vorticity has an extremum can a parcel, when forced across
it, be forced even further from its initial position.

The fact that ideal plane Poisseuille flow has Dzo sconst # O
indicates its stability to normal mode disturbances. Since in actuality
it is unstable we can only conclude that if the continuum solution

isn't unstable, then viscosity was the cause of the instability. Much
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Ulz)

Figure 2. Four shearing profiles. c. and d. have an inflection
point but only d. satisfies Fjortoft's theorem and only
d. can be unstable (borrowed essentially from Drazin

and Howard 1966).
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difficulty has been encountered in taking the inviscid limit of the
. viscous Orr-Sommerfeld equation. Part of this difficulty arises
from the fact that on considering only the ideal problem the order of

the governing equation is reduced so that certain solutions are lost.

:,;Q

4 Névex‘théléss, we shall continue to ignore all diffusive effects in the body
o.f the thesis and consider only those solutions of the c;)mplete equations
“’whose limits are expressed in the ideal equationé.
Tollmien and later Lin (1945) have found sufficient conditions

for instability. For symmetric flows in which Fjortofi's theorem is
satisfied a neutrél solution is givenby ¢=Ug . Findiﬁg the wave
number cor;'esponding to this neutral solution and then investigating

the behavior of ¢ with wave membelrs in the vicinity of the neutral

point gives instability. Lin developed the general formula

SiK) = i—?gh ('O we dz
de 2, (U~QD"

- un\.sgn (Dkﬁ X. oY .ll / ) W dz

For symmetric flows of the Tollmien variety we are guaranteed that

(1.9)

for X just smaller than Ks we have instability.
Rosenbluth and Simon (1864} nave exiended this result by use of
an interesting technique. The Nyquist stability criterion can be ap-

plied to problems for which the general form of the solution is known.
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For wave number zero the general solution is known for arbitrary
velocity profile. For a fluid in which the velocity profile is mono-
tonic and which satisfies Fjortoft's condition throughout, instability

is guaranteed if

2, . .
! - DV dz > O

DL (Vs -V ‘ Lbkﬂ;(O-U:D

From this it is possible to see that if the boundaries are sufficiently
close the first term dominates and the expression is negative. Sta-
bility is thué guaranteed for boundaries sufficiently close.

The form of the equation they used is given in terms of the dis-

placement ¥ = W/(u-) and appears as

DY_(U—S DF} - X 0-)F =’Q‘ (L. 10)

From this equation we can derive one further integral theorem. Mul-
ﬁplying it by F¥, int egrating and making use of the boundary con-
ditions, we arrive at Howard's semicircle theorem.‘ This states

that we can place limitations on the ranges of both C;e and ¢ for

unstable solutions and it is given by

. 2 2
. 2
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Equation (1.10) proves useful for expansions in small wave
number. Drazin and Howard (1962) have derived a rather simple

formula for C for a certain class of unbounded flows given by

0= ~K[Wa-? + (0-eV] - \x’-g Lw-or-

(1.12)

~Qa- IS - (U -Y Jde o

where tile subscript indicates the value of & at which the \}elocity
is evaluated. For the Kelvin-Helmholtz problem this gives the
exact value for ¢ .

\ When we include the effects of stratification we add to the com-
plexity of the problem. If the density gradient is anywhere gravita-
tionally unstable we will have instability, for the velocity profile has
no effect on disturbances normal to it, When the str;tificatioh is
-gtable, Squire's theorem is once again valid and the two-dimensional

equation governing the flow may take the following farms corresponding

respectively to (1. 3) and (1.10)

(U"CBL[,DL' K'w - (O-OSU-N - 'ﬁ‘ w =0 (1.13)
and R '

D{_( 0-O'DF) - XLW-JIF- ReF=0 (1.14)

R/ oLy = Re is the Richardson number, a nondimensional para-
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meter relating the effects of stratification to those of shear. It
seems reasonable to assume that if the homogeneous problem ex-
hibits an instability, then we may be able to suppress that insta-
bility if we superimpose a strong enough stable stratification on it.
There must be some curve yielding a critical value for the Richard-
son number corresponding to each k for any given velocity profile.

Physically, instability becomes impossible when R £ -1
because then there is not sufficient kinetic energy in the basic flow
to overcome the potential energy creafed by a redistribution of the
fluid. Seeing that instability may not élways arise for homogeneous
flows, we observe a certain inefficiency in the fluid instability pro-
cesses. In fact, Howard has proven that if . Ri < - Y« through-
out the fluid then there is no possibility for insta.bility to normal modes.

Several general results which were valid for homogeneous fluids
are applicable to the stratified case also. We are jus~tified in consi-
dering only K20 and are guaranteed that any ¢ ¢ ©  implies in-’
stability. The semicircle theorem is valid for flows in which Ri¢©
and becomes slightly more restrictive. Consideration of the con-
tinuum is necessary for a complete analysis.

For monotonic shear flows with suitably restricted singularities
Miles (1963) has proven that the curve traced out by singular neutral

solutions is in fact a stability boundary. Thus, the result we would

expect is justified in at least certain cases. Because the singularity
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is of a stronger nature than in the homogeneous case several of the
results do no extend to the heterogeneous case.

Several problems have been solved, at least for the neutral
eurve, ‘The Kelvin-Helmholtz problem has been solved completely

for the growth speed and we obtain

c= S0r00: +]| (0037, (0.-03a g 5
&D‘q—gb 4 (y\tgz) K

Thus, shorter wavelengths exhibit greater instability and there is a
wavelength é.bove which we get stable travelling waves. One of the
best examples of the partial solution of a problem with a smooth
v§locifcy profile is the treatment by Drazin (1958) of a hyberbolic
tangent velocity profile with ﬁc = const. When the equaﬁon is

phrased in terms of velocity as the independent variable we obtain
.dl-p{ - g(\‘__:QDES_LX__ (3})&&&’2}5394&4 >X=0 (1.16)
dU" \-0* d[) (-0 ‘

where w=0" (V-0 X . Drazin observed that this impos-

sible looking equation has the solution X = const if

(2%/“:0( :w«—/;,-‘\--o | (1.17)

where

y= 'lai \(zi—éa:;“, -
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/*,._ Ha + 'IQY\ ral
This Srields the result that
Ri= - Kz(\;\ﬂ (1.18)
Drazin and Howard (1961), using equation (l.14), expanded in
powers of the wave number and the Richardson humber, both of which

were taken to be small. They obtained the following rather simple

formula for the wave speed for a certain class of unbounded flows,

\{(Oa-d‘ ~(0..,-c3‘] - aG + S..\'_K{(o-q‘-

(1.19)

- (Vo -c)"} + GO -X\-“_\« {QO-Q‘ - (0-..-0"'} x

+Q(\~,\\l (g‘z‘? e : (o)
-C

where GDA= -Tét. and G is the basic overall Richardson num-
ber. For both the Kelvin-Helmholtz problem and the neutral curve
of a variation of Drazin's problem this formula gives the exact so-
lution. Its success has merited extension to the magnetic problem.
The earliest works which included the effect of a magnetic
field on stability problems resulted in the conclusion that the mag-

netic field acted as a stabilizing influence. In the Benard problem,
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the critical Rayleigh number increases as the vertical component of
the magnetic field is increased. In the Kelvin-Helmholtz problem

with an aiigned magnetic field we obtain the formula

|}
C= 2000, t\—k—-——w e nt e 2900200 (1.20)
(@ivod 4 b (1+9)

for the wave speed. When Mz U'la (0\-0t\] ?., \ all
possibility of iﬁstability is I.'uled out.

‘The possibility that the magnetic field might éct in a destabiliz-
-ing manner was demonstrated by Drazin (1960) but his fluid model
has finite coﬁductivity. Axford (1960) has shown that so long as the
magnetic field is not aligned With the velocity field we will get insta-
biiity in the Kelvin-Helmholtz problem. A two-dimensional treatment
will not be adequate for this problem because there will then be a
wave component perpendicular to the basic current. The magnetic
field does not act as a destabilizing agent for this problem, but only
changes the direction at which an unstable wave will appear.

Two researchers have found that the presence‘of a magnetic
field may destabilize the motion for ideal fluids. Both Stern (1963)
and Kent (1966,1968) have used the governing equation for 5 perfect

homogeneous fluid with an aligned magnetic field

D {Y_QU—Q‘- V\‘l‘b\;g - k‘{(\)-d‘- \ﬂ F. =0 (1. 21)
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and investigated the behavior for small K.

Stern considered Couette flow and superposed a piecewise linear
magnetic profile on it. Expanding in powers of W* , he found that
there were cases that had a € with an imaginary part. Kent (1966)
showed that if the magnetic field, with symmetric Poisseuille flow

gatisfied the conditions

(DOHDVY > M) (DMe)
Vo220 |, Me=0O
V% 2 Wi
then for smé.ll wave number, C{ * O(X*>  and the problem is
unstable.

\ In a more thorough analysis, Kent (1968) has considered general
Pproperties of (1. 21). As with (1. 3), the existence of any CL#* O
implies instability and the study may be restricted to Xzo . Squire's
theorem is valid and a stricter version of the semicircle theorem can
be obtained (Stern 1963).

Finding neutral solutions becomes an even more difficult job

and expansions around the neutral point are guaranteed valid only in

the case that C= 0o at some point where Wo=s © and

(TR0 (DL ~ (DN OND = O

"This represents such a limited class of profiles as to be of relatively

small value, There is one exception when the above conditions need
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not be met to provide a marginally stable solution. This occurs when
Ke=0 (Low 1961, etc) andn, in fact, marginally stable solutions at
WK=0 often do not conform to the above restrictions.

The Nyquist stability technique may be used for homogeneous
fluids for the case of K=© and in the case of a fluid whose velocity
profile satisfies Rayleigh's necessary condition but not Fjortoft's,
Kent has shown that even a constant magnetic field may cause insta-
bility. In addition, it is important to study the continuum solution
but Kent's conclusions are dependent on his use of a delta function
amplitude disturbance and not any realistic form for the initial per-

turbation.

B. Summary

The purpose of this paper is to extend the theory of the sta-
bility characteristics of plane parallel flow of an ideal magnetic
fluid. In the majority of the paper, the treatment includes the buoy-
ancy effects due to the density stratification present in the fluid model.
Because of the fact that for large scale motions dissipative forces
play a lesser role in the dynamical processes, it is expected that
there is some applicabilify to various geophysical and astrophysical
phenomena. Emphasis is always placed on the theoreticai aspect of the
problems, however, and nowhere in the thesis is the strict applicability

of any result stressed.
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The brief historical background material which was presented
in the previous section gives an idea of the basic approach taken in
the body of the thesis. The remaining chapters are now outlined.

In chapter 2 a brief introduction to the magnetohydrodynamic
approximation is presented. The basic equations for a Boussinesq
liquid are perturbed, and the first order perturbation equations are
combined into one governing equation, which is a second order ordina-
ry differential equation when a normal modes solution is assumed.
Integral theorems which place restrictions on the wave speed are
then deriveci and Squire's theorem is proved. Finally, a scaling
analysis is performed for a gaseous‘atmosp‘here to see for what
range of parameters the equations are approximately Boussinesq.

In c;hapter 3, analytical solutions are obtained for two relatively
simple problems. A three layer jet model is shown to have two modes
(sim'xou's and varicose) through which instability may occur. A heuris-
tic formula is developed for the sinuous mode of the long wavelength
disturbances of a narrow jet in an unbounded fluid and is shown to
agree with the long wave approximation to the solution of the sinuous
wave of the three layer jet. The second model is the double shear
layer and it is analyzed m some detail. Greater instai)ility is often
manifest in Athe magnetic case es;;ecially for long waves and even a

constant magnetic field can destabilize the flow for small enough mag-

netic field values. A physical argument for the destabilization is pre-
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sented.

In chapter 4, two general stability finding techniques are used.
Noticing that the normal modes solution is often incomplete, the pro-
blem is reformulated by taking the Laplace transform and solving by
an initial value approach in the case of a monotonic;ally shearing
fluid. Stability is established whenever the fluid has a gravitationally
stable stratification. |

The Nyquist stability criterion is then applied to several simple
problems. This technique gives a graphical means of determing
if there is any solution for which an unstable root exists., The tech-
nique is limited to the case of homogeneous fluid at zero wave num-
ber but may be used for arbitrary dilstributions of velocity and mag-
netic field. By continuity it is possible to extend these results to
sufficiently small but nonzero wave number.

- In chapter 5, we consider the long wave disturbances in an un-
bounded homogeneous fluid which has finite velocity and magnetic
field limits. Two equivalent approaches can be taken: one, a series
approach and the other an integral equation attack. Both give con-
vergent eigenvalue relations for waves with a nonzero imaginary wave
speed. The first two te}ms of the series are applied to the simplle
examples of chapter 3 and give oxcellent agreement. For the case
of the sinuous mode for a jet flow, the eigenvalue relation agrees

remarkably withthe heuristic formula of chapter 3.
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In chapter 6, the study of chapter 5 is extended to the case of
a heterogeneous fluid. It is found to be profitable to use a double
seriés expansion. The resultant eigenvalue relation is thus ex-
pressed in powers of the wave number and the overall Richardson
number. Convergence is proven in the same manner as that of
chapter 5, and the examples of chapter 3 are once again success-
fully applied. The case of marginal stability is iﬂVestigated in
greater detail for monotonically shearing flows and several exam-
ples are tre_ated. In two cases, the indications are that the magnetic
field serves to destabilize the flow by increasing t};e critical Richard-
son number,

In chapter 7, a brief critique is presented and some future

research is suggested.
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II. Delineation of the Problem
A. The Basic Equations

Magnetohydrodynamics is concerned with the behavior of an
electrically conducting fluid which is characterized by velocities
much smaller than the speed of light. Any conducting fluid obeys

Maxwell's equations, which are

2B = 3&3‘ +-‘(-‘§-E-_ .' (2.1)
J-E = 4TE (2.2)
JXE = - Jc-‘\?;bi% (2.3)
% =0 , (2. 4)

\

We assume that phenomena are characterized by a length scale, L. ,

and time scale, £ , such that

L _
—€—\l<<§

where ( is the speed of light. A dimensional analysis of Faraday's

law of induction, (2. 3) states that

——

|9xEV ~ & =\
|

of%{l

1 ~ B
c\ct

so that the electric field is related to the magnetic field by -

E~ g
G
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A dimensional analysis of Ampere's Law, (2.1) yields

414

\N

JxBl~ B am oz 4L
B~ B o= |

q te Q tq <

The second term on the right is thus far lower than the left hand side

so that
B .4
L M

and we can write Ampere's Law as

- = aw -
q*%*“c‘:"j (2.5)

We have thus ruled out all effects of electromagnetic waves by
considering that the electric field is basically an induced field. In
our approximate form of Ampere's Law we have relinquished the

strict consistency of Maxwell's equations for the simplification which
!

we have obtained. We find further that when the fluid is fully ionized,

Ohm's law reduces to
- - ' ey - .
A= E « X B (2. 6)
g < , o
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and since in this paper we always assume infinite conductivity (o~ = ),

we have

X -é (2.7)

O=E -

g ‘<3

The manner in which the electromagnetic effects enter the fluid

equations of motion is through the Lorentz force,

——

F = g—E’+Z,‘(..5x-é>3 | (2.8)

The order of magnitude of the charge distribution, € , is deter-

mined from Coulomb's law, (2.2)

1IRE\~E n Lpges ame~ ¢
L QL

so that a comparison of the first and second terms of (2.8) yields

£ e ~_X_.7"-\-qx—~_%_:
| €E\ o8 s IR 2

so that
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and thus ﬁe can -neglect the forces due to the charge distribution
within the fluid. Here we see more clearly that we are considering
fluids whose electric fields arise primarily as a result of the inter-
action of the fluid motion with magnetic fields; large local concen-
trations of charges are not considered in magnetohydrodynamics.

The Lorentz force is thus approximated by

= - - .
3= L A% ) . (2.9)
q H
Now, it becomes possible to express‘ all the electrical variables

in terms of the magnetic field. Substituting for 3 in (2. 9) from
(2.5) we obtain

3= —‘\Eﬁ (IxDHx B
(2.10)

Eliminating the electric field between (2. 3) and (2. 7) we obtain

_.._LE_E_? - - QX(EXE)E
Q d%¢ qQ |
== = = =\~ mm = 2.1
= - L\ VT D) +@HT - 8@H- @V
C
-§ -'—in'é'\
and we sce that an i ncompressible fluid ( YN = © ) with use of

(2. 4) yields
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=
l
l

dB = 4B = RV (2.12)
ot AL

This equation takes the same form as the equation for the time
rate of change of vorticity in an ideal incompressible fluid. We
therefore find that magnetic lines, like vortex lines in a nonmagnetic
fluid, move with the fluid. This equation depends heavily on the fact
that we have considered a fluid with infinite conductivity and places
several interesting restrictions on the possible fluid motions.
Through (2.12), we shall be able to relate our boundary conditions on
the magnetic field to those on the velocity field and shall also be able
to obtain one governing eguation.

We limit our initial consideration to those fluids which are in-
compressible ax_ld Boussinesq. This means we do not consider such
phenomena as sound waves and neglect the inertial éffects of the den-
sity variation since the latter is assumed to be small in comparison
with the average density. The momentum equation appears in vector

form as,

¥
<)
1l

- 9P - L Bx(@x®) - 04
o P an d-99 (2.13)

The equation for the continuity of mass is
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v;{'.: (®) (2.14)

The thermal equation is

At o) (2.15)
ax

and the equation of state is

(9‘_?») = - &{_‘T‘ -"\';3 (2.16)

The basic state is one of hydrostatic balance. The basic tem-
perature, velocity and magnetic fields are all considered to be arbi-
trary functions of & . The equations for the disturbance quantities
are approximated by neglecting squares of all the small terms. We

obtain

M QW w0 - -lp _ Lo ‘p_(&‘\,_\. Bb&*\m’%%

dt ¢ D Py On  amp™ 4m,L  d 1

@.!'.»,Ub.!: L L 3.(%\“5.\..!_ &}_\L\_}L
ot ™MW . 9Dy ANQ, b\\ awg,

P IR T W L W - W SN 894 L B
B 0o D 4np, T 9. amg,
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TR

2t % X (3%
(2.17)
‘Dhy + 0 _'Q\_‘_: o
ot [ A

These equations may now be nondimensionalized. We choose a
time scale, t , given by the basic shear and a length scale, L ,

given by the width of the shearing region. Thus, we have

L -V
t

1
3

|
We shall thus scale the velocity so that

(quw\ v(u* uv w)

& = nondimersionol
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and we scale the magnetic field so that at any point in space the Alfven
number, which gives the ratio of the Alfven wave speed to the veloci-
ty, can be obtained by dividing the nondimensional velocity O* into

M. Therefore, we have

( BJ\\,‘,\\‘,\\A = x‘\'ﬂ'go vinw )

Furthermore, there is a part of the magnetic force which may be in-

corporated into the pressure term with no loss of generality. Thus,

2
Do 4N |
nondimensionalizing a and q . we find that a local Richardson

number, Ri , is expressed by

é&.(ﬁ:‘ . *cl ’f”.:. RL
| 5“’(3 1:3 (Eggfi

The equations (2.17) then appear as (dropping stars)

b.ll—-\- Umi-“‘-b—\}-: -mfl"\'@\l&-&\\;m
Dt ™ ™ n r (2.18)
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U, D, 2w g

DN 'b\‘ o2

v
@\- 0'@9: -—dgw
ot DK

b'—»-\—'"i' \)&\J‘ *Vo-b-ﬂ:. V\'b-\—L
ot A% (33 oX

(2.18)

B. General Behavior of the Problem
It is now proven that in a stably stratified fluid two dimensional
disturbances have the same nature as their three dimensional coun-
“terparts and are, in fact, more unstable than the latter. This ana-
log of Squire's theorem assumes that the perturbations can repre-

sented by wavelike solutions of the form
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LL K (x-ck) o
g‘(&v\‘.‘a‘kB - R%) ebt (x-ck) l"]

D=2

for all perturbation quantities. The equations of (2.18) then appear as

k(U Qu+r wDL = -z.\{p + (KM, + h,OM
NW-Ov = LAp + XMy
| U (0-Ow= -Dp + LW, - 919,,3
W (0-D g = W (2.19)

kW + LAV + Dw =0

R (U= hy + WD = kM

QKLU "(.3 \\Y = kMy

1y

Lhl0-Ohe = tKMw

Dh: =0

+

LY\\\x 4 LL\[
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Multiplying the second equation of (2.19) by £/x and adding it

to the first, we have
LRCO-OW + WDY = - Tk + BTy + 1D M

where we have used the following definitions

Similarly, by adding the first magnetic equation to 2/

times the second, we obtain
., ™~ ~ ~ . v ~
LR(0-Oh, + WDW = VKM
Finally, defining

Kg- ke
g/k=3/%

we have a two dimensional analog to (2.19).

RCV-AU+ WDV = -{K§ » GMiy T, DM
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(KO-OF =D + kb, - §(3/p)
&V-OP = o« W

&KL + DN = o

¢k (O -o\a\:\x + W OM = (kM (2. 20)
K W0-Ohg = (g

NN . ~
L ky. \‘b\\},= )

We thus see that the two-dimensional, (2d), set is completely »
equivalent to the three-dimensional, (3d), set of equations. Further-
more, since Ry=¢ 39,@»’, we see that the 2d Ru is larger (and
thus more stabie) than the 3d R¢ by a factor k}\{" . We would
expect the growth speed to be smaller for analogous 2d disturbances
from a consideration of this factor alone. Nevertheless, sincé
growth is given by KC,L ‘ in the 3d case and “kcc in the 2d case
we find that the 2d problem is, in fact morc unstable and we are

justified in limiting our consideration to the two-dimensional case.

Finally, with no y dependence in (2.18) or (2.19) we find that the
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y' equations for ¥ and \\.'

equations and need not be incorporated.

are formally independent of the other

Now we may proceed to derive the basic governing equation from

the 2d version of (2.18). TUtilizing the operator

Q,__-(a + 03—.
() []

and the fact that

- 2
(bt ox Q_ Q(bﬁ‘m

0. Q= Q2 ., N2
7 -3 . ™;w

I

when the X dependence is given by

Lo > eu‘ﬁ

We ultimately obtain (Appendix A)

o{m w@‘} B i 2O G +

FHONE Wm“- (BVE-R@G-

(2.21)
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- + MEOQ + 21RO - a\«’mﬂw .20
This may be shortened to

DL (1= oW {K‘(\--’g) N

(2.22)
1 —
+ Ll oa(i- Y| + R-:X\u -0
Q Q
which assumes significance when  Ofpr = - L'\C - and which

reduces to Rayleigh's equation as W—=~0 . By substituting
so that WaQF we may write the equation in its most convenient

form (Appendix B),

(- OF] - K@M - RF =0 e

Assuming that Ot = - LKe » (2.23) becomes

D {[(U-c)t-\"\" DF} - KQBU-Q‘L'W&F -R¥=0 (2. 24)

When the fluid is confined between two horizontal plates the

boundary conditions at the plates demand that there is no vertical
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velocity, i.e.,

\N( 260%54»"3 =0

For unstable solutions this also means that ¥=o ., When the basic
current is symmetric about the central value of 2 we obtain two so-,
lutions: the symmetric wave (varicose) and the antisymmetric wave
(sinuous). This enables us to use boundary conditions at the mid-
point respectively of w=o and Dweo. We need no further bounda-
ry condition for our equation. This simplicity is due to the non dis-
sipative model we have chosen. Conditions on w are egquivalent to
conditions on W by the Z component of equation (2.12). A con-
dition of perfect conductivity at the walls implies that no tangential
electric field can be tolerated and thus, no perturbation transverse
magnetic field by Faraday's law.

Since our equation has only K* terms and the boundary condi-
tions are symmetric in X we can thus limit consideration to the
case Kzo without any loss in generality. We shall now prove the
property of this equation that if there is a solution, & , corres-
ponding to a wave speed,‘L C, , then there also is a solution F'.‘.
corresponding to a wave épeed ¢% . In other words so long as the
wave speed has an imaginéry part, the situation is an unstable one.

Splitting (2. 24) into its real and imaginary parts, we have



Re -
L - -cr-m] (e - 06 +

+ 2(0- ( D - X6 ) 4 2(DNW-) DR +

+ (D DR - AM(OMIDFK = o

YTm:
L0-ct- - ] (U - kR -

~20(0-¢N ¢ (DFq - Q) + 2 (DB DF; -

- 20D0) . DF: - AM(OW) DF;

Replacing ¥x by -® and ¢ by -¢, leaves the real

part the same and simply changes the sign of all terms in the imagin-
ary part so that the equation if solved by ( ¥, ¢ ) is also solved by
(F¥, c*).

Integral theorems are more difficult to derive in the magnetic
case because they contain the unknown, (¢ , in a non-positive
definite manner. It is mpch the same difficulty as is introduced in-
to the attempt to find intégral theorems when density effects are
added to the Rayleigh equation, but in the magnetic case the com-
plication is more severe. Thus, we have not been able to find a

theorem which places a limit on the stratification which will allow
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an unstable solution. An analog of Howard's semicirc}e theorem has
f)een proven for the homogeneous case by Stern(1963) and extends
somewhat more strongly to the heterogeneous case. It reveals the
surprising fact that as the magnetic field increases, whatever insta-
bility appears does so at wave speeds closer to the average velocity.
To prove the theorem, we multiply (2. 24) by ¥* and integrating

across 2 , we obtain
22
3 K_F‘bii_(o-c\‘-ﬂb% - K’ﬂ_(o-d‘-w \F\ - 'ék\\?\ﬁo\uo
2, :

To obtain a more convenient form, we integrate the first term
by parts and then use the boundary condition that ¥, é,_\ =0 .

We then have
L 38
S X-(_{o-o‘- W oet - KO- W] e R\t lde =0
2.

We then separate this equation into its real and imaginary parts,

4 .

each of which must equal zero. They are, respsctively,
-4y _
S \[ (O-ce¥- (2 -M) { IDF+ \F‘\"K ¥ Re \F\‘Xdz:o
<,

and
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I 3%
CLS (o-m{ IDF T+ k‘\F\‘} dr = O

2.

We conclude from the imaginary part that if we are to have an unstable

solution, C,e must be in the range of the basic current. Defining
IDF1* ¢ KYFP = R
we observe that
% n
URda = CeS Rz (2. 25)
2\ 2\ )
Now, we are guaranteed that

1%
S (D‘Umib (U'UMM) R dz €O

The real part of our integrated equation then appears as

2, L2Y
S Ko‘-(o.;n~0.gw x UNAUM-XRA‘& = g ‘ M & (Caed) -
2.

<,

2w
"(0\'\2,,\‘\' Umvcc + U“‘MUM‘X Rd% "S Qi\F\ld% < o .

i,
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where we have used the equation (2.25). Furthermore, since R <o
everywhere, we can drop the term it appears in and strengthen our

inequality. The right hand side thus appears as

S ‘ {(_C,- Ha (Vmin vOM-..\—_\I"_')a(U...,-U..;,SY.,. Mt Rae < O

So that we are assured that whenever
2 -

Ce = L (Vmin +Oner) +&4 £} & (Onew -Onid)| = M (2. 26)
where . My is the lowest absolute value that the magnetic field as-
sumes. When Ne=0 this reduces to Howard's result. If, how-
ever the magnetic field is never zero a more severe limit is placed
on the maximum possible value that €{ may attain and more se-
verely restricts the range of the phase speed, <. It should not
be assumed that a nonvanishing magnetic field acts only as a stabi-
lizing influence since examples have been found where the opposite
is true. Certain instabilities will, nevertheless, be ruled out, as
is discussed in chapter 3.

We see that all possibility of obtaining unstable solutions is
ruled out whenever the magnetic energy exceeds the kinetic energy

everywhere, i.e., whenever
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. 2
s z{ ‘;(uwum]

Taking  Uwi = ~ Ume,  , we see that
2 2 2 v

and thus
‘ c'f\ s \ Omo;,_" Me\

which shows more clearly the restriction placed on the range of the

wave speed.

C. Applicability to Gaseous Atmospheres, A Scaling Analysis
Because of the highly thebretical nature of the work in this
thesis, no intention is made of emphasizing practic al applications.
It is appropriate, however, to mention two examples to which this
thesis may bear relevance. The justification for suggesting a com-
parison between real phll:-nomena and our nondissipative model can
be illustrated by referring to the Benard problem. The stratifica-

tion necessary to produce instability varies inversely as the fourth

power of the depth of the fluid layer. Using typical values for vis-
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cosity and thermal conductivity, we find that by the time the dimen-
sions reach thunderstorm size, the dissipative forces are virtually
ineffec.tive in resfraining fnotion and virtually any lapse rate gréater
than adiabatic will produce instability. Our examples occur on large
scale so that the ideal model is reasonable.

By tracing the motion of sunspots, and more recently by analyz-
ing actual Doppler velocity measurements on the sun, observers have
noticed that the sun does not rotate as a solid body at photospheric
levels., The degree of this differential rotation is quite significant
and many attempts havé been made to explain its existence. The
theories assume that the sun is in sglid body rotation at some lower
level and we are thus faced with a situation in which there is a zonal
shearing current superimposed on whatev'er convective motions are
occurring. If this differential rotation is confined to the photosphere,
then the vertical component of the shear will be a rather strong. Re-
gardless of the cause for this situation, it then becomes subject to
a hydromagnetic stability a;lalysis which, if the shear is strong enough,
may occur on a time scale much shorter than that of solar rotation
and so be virtually independent of rotation.

{

Boller and Stolov (1569) have attacked the problem of the semi-

annual variation of geomagnetic activity. They attributed this varia;

tion to the semiannual periodicity of the alignment of the earth's mag-

netic field with sun. The varying phase of the magnetic field at the
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magnetopause is related to the ease with which the Kelvin- Helmholtz
instability may occur. Their theory fits_; the data with a good degree
of reasonableness and lends support to a consideration of the stébili-
ty characteristics of more general distributions of density, velocity

and magnetic field.

Since both of these phenomena occur in gaseous atmospheres,
it is important to see for what conditions, if any, our Boussinesq
liquid may be representative of a gas. The main d‘ifficulty in attempt-
ing to equate the behavior of liquids and gases lies in the differences
between the two equations of state. This is reflected in the added
role which the pressure assumes in a gas. For an incompressible
Boussinesq liquid, the pressure is passive and is invariably eliminated
by taking the curl of the equations of motion. In a gas, the pressure
has to adjust excessive density varia;tions and is generally not elimina-
ted by taking the curl except under rathef restrictive assumptions on
the scale of motions.

In somewhat unorthodox fashion, the approximations necessary
to make the gas appear the same as the liquid equations, (2.18), will
be made while scaling the equations and the restrict‘ions which they
place on the range of validity will be discussed afterwards. Partif
cular attention is shown to the case of the solar atmosphere at photo-

spheric levels.
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Our equation of state becomes the ideal gas law
-P-_-pRT 5] R= Ce -2~
Together with Poisson's law for adiabatic motions

T (2 )""f
(2] 1000

and the thermal equation expressing the conservation of pofential tem-

perature
do _
ot

it forms the distinguishing aspects of a gas. Logarithmic differentia-

tion of Poisson's equation leads to

1 99. , L Q0 - S L 2P (2. 27)
Do V2 Oa % ¢ B O

for the basic state which is denoted by the subscript, a. , Since the

basic state is in hydrostatic balance this becomes

In many theoretical works the density profile is chosen so that
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(a-g-“ = ConsY

Qo O

for reasons of mathematical simplicity. This, however, does not

give a constant stability factor as can be seen by a relatively simple

example., Set

1.9 = - & g
Qo B2 cp RVua

We then see that above this height, where

have
06, <O
Vo X
and below it, where Ta. > T ,

2.
LY

To. <V, , we will

Since an atmosphere is étably stratified when the potential tempera-

ture increases with height and unstably stratified when the potential

temperature decreases with height we see that our atmosphere has

both stable and unstable regions. For this reason, the basic strati-
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fication has been defined in terms of the potential temperature and
we note that because thermal conductivity has been néglected we need
not impose a basic state that has a linear temperature profile.

We can now scale our equations. Defining a time scale, € ,
to be the inverse of the average shear, and a length scale, \ , to
be equal to the depth of the fluid we may write

NV =

&6 v EN* & - 3 , ¥ — nondimensioaal

|

where € is the arbitrary but small amplitude of the velocity per-
turbation. Indicating an average magnitude for a variable by an over-

bar, we write

P- oRY
Pa= ?PS r
Qo ? 95
Ta = %‘T‘b
9a= @es

The variables are scaled in the following manner
p=Pplawfore

9 = '99*&\ ~§§)* PR
e = 563(.\ yBO ...
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where the symbol ~~ over the variable indicates the perturbation
amplitude which is of order ¢ . Finally, we scale our mag-

netic field to be
T——
B = {4md L(gver .
t

We determine the value of '\B’ by noticing that the pressure term
has the same order of magnitude as the acceleration terms. Thus to

first order in €

QEENLE&§EE*
¢ ot L §¢. ox

and the magnitude of 'fS is thus

~ \;'- |

P=c © + | (2. 28)
From Poisson's law we may write

",59‘—: -00 « S‘Zv. P | (2. 29)
| ®

So that the scaling for density and potential temperature is revealed as
[ad ~
9 =8 =

Ce R
=P
Ce
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The scaled continuity equation appears as (dro"'us stacs)

-§2’-"99-+00.9 + W29, - 2 [ dw
€ Lot

¥ Ps 2 X D

In order to have the continuity equation in the form

U L =
% bt

we must demand that

1 90s <<\ ;'Qa‘:i:?:«\
9861 C( ‘E‘P

The vertical equation of motion becomes

oW W L _LRPR L LD (Ry)-Dpp B
ot [ P, 3t @ 3 0s dx

Since we wish the pressure term to appear as a pure gradient term
and also since we don't want to see the Qs  in connection with the

magnetic terms, we rewrite our equation as

’D.‘Q..*Q'Qw_—_-,_.l EP’\-BB] 9—(9:,\+
DL D% o

+fz’m( _ PR R - Bhe.
g‘bx@ o o \'9; o2
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Defining a new magnetic field

- B T. A
e T

and a new pressure,

= BPs { My,
Qs

In order to render our set of equations analogous to (2.18), we
should express the buoyancy in terms of potential femperature.

From (2. 29)

’.‘ = é-&‘-‘- T = _E_q_ -\;l.~
% 9q =(08- & oF)a-Beg-Srk g

Since the term

—PP'Q&--—P-?;L+ —-2‘—@?
95 oz c??s o2 g*

which by the hydrostatic law becomes

)

\-: 0 Ps
=33 Ge.T

Our vertical equation thus becomes
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WL gW o _OF , 089 4 N,
ot [} D2 € X
(2. 30)

These approximations cause the fourth and fifth terms on the right of
(?. 30) to be less than the first and third terms respectively. Our final
adjustment must appear in the magnetic equations. The horizontal

magnetic equation becomes

}}\" -\-U.Ol‘_‘ﬁ *WQQ—J\-:\'\M-bw%
ot D% 0% [ O °%

and this reduces to the magnetic equation of (2.18) when

'\‘.@2‘ << \
Q: o2

Our equations are now formally identical to the set (2.18). Let

us investigate the meaning of the physical restrictions we have im-

N
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posed. Requiring g<«<\ simply means that the fractional range

of the potential temperature must be much less than unity. Requiring

that

-L-@i <<y
0s ©

means that

A 09 - c-\L\:—Q-S r B <<

Now, we have already set @ <<\ so that we want
2
L_ q = L <<\
©RY W

We thus want the depth of the layer to be but a fraction of the
scale height, W . Finally, to remove sound waves and other effects

of compressibility we have required that

T
S WP
it R
In dimensional terms since RY = A we now require that

t* > L/gd\_ | (2. 31)
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Let us now see when these approximations are valid for the sun.

CGS units are used throughoﬁt. Typical values in the photosphere are

) - 3
H= 2“‘? B= 10
(j:' \0 o s
-b 0O = ax\W

o= w0
Assuming that the motion is due to the differential rotation, we have
U< 3%t

In order to insure that Liw <<\ , the study must be restrict-

ed to fluid layers with

|
L< ax\o'

In order to satisfy (2. 31), we must have
{l » axio’
but since we have neglected rotation, we must also have
£ << axd® |

When t='lgx 10t , this means that the differential rota-
tion occurs over a depth of 15 KM and stronger shears are not ex-

pected. When t= 2x0" , the differential rotation occurs
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over a depth of 6,000 KM and the existence of stronger shears seems
quite likely.

Since the photosphere is a convective layer one might argue that
there is only unstable stratification. Several studies (Veronis, Kuo)
on ﬁonlinear convection have shown that in the body of the convective
layer the stratification is actually slightly stable.

Finally to show that the magnetic effects are important but not
overwhelming, we note that using a velocity of U= o+ , we

find that a typical value for M s

Mt = &——l = ‘02 = .\_9: ~ \0-\

4“90‘ \0°F .10 10?
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.JII. Examples

The Kelvin-Helmholtz instability was the first problém in hydro-
dynamic stability to be solved. Several other problems have been
completely solved since then, but all of these have one artificial char-
acteristic in common. Each of these solved examples possesses either
a number of homogeneous layers of distinct properties or, at best, a
number of piecewise linear layers.

Despite this artificiality, such profiles are useful. The Kelvin-
Helmholtz problem has been applied with considerable success to a var-
iety of ;;henomena ever since it was initially used to explain the gener-
ation of surface water waves by a wind in the overlying air. Kelvin de-
rived a critical wind speed necessary to produce waves when surface
tension effects were included. Since waves form at much lower wind
values, it is apparent that viscosity has an effect. Nevertheless, Munk
(1947) has observed that the critical wind speed derived by Kelvin is ac-
companied by an increase in whitecaps and convection in the air above.

If we consider a fluid which extends across a rather broad
expanse and in which there is a relatively narrow shear zone, then
Howard and Drazin (1962) have shown by dimensional arguments that
the fluid behaves like a Kelvin-Helmholtz fluid in the long wave length
limit. Furthermore, these discontinuous models are more amenable

to simple physical arguments than are the continuous models with any vel-
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ocity and density profiles. Sufficient motivatiqn therefore exists from
bdth the mathematical and physical sides of the problem to warrant an
investigation of the stability properties of discontinuous models.

The form that the equations take is slightly different from that
in the continuous models. In addition to this, we must satisfy some-
what different boundary conditions. When we consider an unbounded
fluid, we have one kinematic boundary condition at each of Z =t 0
and two boundary conditions, one kinematic and one dynamic, at each
fluid interface. We assume that the perturbation velocity as 12t— @
remains finite. We further assume that there is no discontinuity of
the velocity normal to the interface at the interface. The dynamical
boundary condition stipulates that the pressure must be continuous at
an interface so as to avoid infinite accelerations. |

Assuming tl’iatvthe height of the interface is given by 'l , then

to first order we have

- L0 WMoy |
%%%Q;&W | S (3.1)

When all the perturbation x}ariables have solutions of the form

. CkCx-c &)
fopo = toe
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(3.1) becomes

(3. 2)
'Lk(U~OQ =W

and the continuity of normal velocity at the interface is expressed as

D N ] =0 (3. 3)
L-¢c
where Qg indicates the jump in the term in brackets at the interface

height approximated by Z=2Zs . Our governing equation can be

derived from (2. 20) and takes the form

W-ODw + WDV + %—E—g —G‘i"-— + KWO-Ow
o -C :

(3. 4)

..k‘M"-.t_;N__ X M‘DK——W—— % aM(DMYb\—W—-
c

This is simply an alternate form of (2. 21). For each region of constant

U , WM and the governing equation reduces to
9 g g

T R S S

Whereas in the nonmagnetic case, piecewise linear velocity and density

profiles are governed by a relatively simple equation (Goldstein (1932) ),
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when W# © the resultant equation becomes prohibitive to solve
analytically. It is for this reason that we are restricted to discontinuous
models composed of several homogeneonus layers.

Rather than phrasing the dynamic boundary condition in terms of
pressure, we integrate the basic equation (3. 4) across the interface
from 24-€ to Zs +e and take the limit as € — ¢ . This
is mathematically equivalent to the condition that the pressure be

constant. We arrive at the result

As\-(\)-c\bw * hib(-ﬁz \ %—S(-&‘%—S\-‘-O (3. 6)

' Our basic approach will be illustrated by first reproducing the
solution to the standard Kelvin-Helmholtz problem in the presence of
_a parallel magnetic field (Figure 3). Equation (3. 5) is valid for each

layer and yields the solution

k2
We et®
Satisfying the boundary conditions at 12\ = e  and the kinematic
boundary condition at Z=2,= © leads to
-k '
W = (&)\-‘£3 e 2 %0
: (3.7)

W = (V- e* 2<0
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N\ >¢

Two iayer model.

Figure 3.
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We shall be able to determine € by satisfying the dynamical boundary

condition, (3. 6) by substituting (3. 7) into the former. We obtain
T 2 2 2 3-
Wt K+ WER Y (UK - AR + 9 (9i-p)=0
’ °

which: results in the following solution for .

C = 0.+ L, + X:(Urk)z)‘ r B+ (ne g@-‘ (3. 8)
2 A ‘R?o 2

| Equation (3. 8) appears in a slightly different form from (1. 20)
because we have neglected the inertial effects of density here, but
included the possibility thét the magnetic field varies from one layer
to the other. The two equations are:.identical otherwise ana both indi=
cate that the magnetic field acts solely as a stébilizing agent. \

We now consider two slightly more complicated problems. These

each consist of three fluid layers. The first problem reprgsents a
symmetric j.et and the second, an antisymmetric double shear layer.
The first problem has been considered by Axford {1960) when there is
a magnetic fieid only in thé two semi-infinite outer regions, and the -
.second problem has been solved without any magnetic fields by
Howard (1963). The method of solution for these pfoblems is exactly
the same as above, namely, obtain the general solution for each region

and then solve for € by satisfying the kinematic and dynamic boundary
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a. Three Layer Jet Ui My
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Figure 4. Three layer models.
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conditions, respectively. The reason for choosing three layer models

is justified in retrospect as the solutions exhibit several properties char-
acteristic of the continuous profiles. In the remainder of the chaptcr,

we normalize everywhere by considering W\ =\ and we. take our

interfaces at Z = X\ . All other variables are similarly normalized.

A. Three Layer Jet

Our governing equation for each of the three layers depicted in
Figure 4a is once again (3. 5). By satisfying the kinematic boundary

conditions at 2= Y and at the two interfaces, our solution for W

is givenby
w = -(Ae®™B)c e T Y
w = AG-9 YL B G- e.“u;‘) sy B9
w = -(ArRe™) e @D  2en

In order to eliminate one of the unknowns, A and R from
(3. 9) and solve for the growth speed, C , we make use of the dynami-

cal boundary conditions at 2 = ©«\ , which:are, respectively

[_c} LY - ME AN - B A v
4 (3. 10a)

4 L s - M- - Sk 1B= o
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and

EU-(.B" O ME- WM} G/\\ll\ ¥ (3. 10b)

Ler eme- -0 -mp -Gl ™=

where G is defined by

~ and is negative when the stratification is gravitationally stable. We

shall find it convenient to define
- . 7.. 6 -_“,_
"' V\o = P K M\ * / Y q—
By substituting the conditions (3. 10) into (3. 9) we obtain

ch-b—cﬂze““‘ -{ec-ac+p - cﬂi=o

which results in the following two equations for €

4¢t - acl v e "“] plire ™) - cﬁ\ ™= o
2¢ -acli-e ™) epli-e®) -qLue™o
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By defining
2
ac

the two solutions for ¢ become respcctively

|- e *"

osals |\

\

C,= 3-(:1-&‘} T i?&—of}"— 2Ca-c2)p +wq, (3.11)
and

C?. = 0} t % Q,q- QQ}'P*’ Q(Q‘Q?’)q, . (3.12)

The appearance of two distinct solutions is characteristic of a
fluid with symmetric velocity and magnetic fiéld profiles and antisym-
metric density profiles. The first solution representls the varicose
disturbance, i.e., the name-given b;r Rayleigh to waves which are
symmetric about the midpoint of the channel. The second solution
gives the sinuous disturbance, or the wave which is antisymmetric
about the midpoint. In the long wave length limit (a*= 0) o;' the
homogeneous nonmagnetic problem both these waves are marginally
stablé (unstable for W>0 ). The varicose wave at \';= O travels
with the maximum value of the current and the sinuous wave at W=0

has a wave speed equal to the minimum of the current.

Let us consider the homogeneous magnetic problem. At X=0Q
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the varicose wave has two solutions given by .
Ci= 1M,

and we see it is independent of the surrounding magnetic field. We
can see that neither of these waves is marginally stable and we

rewrite (3.11) as

Ch=1-& ¢ -‘-—X;Z-Q‘)K_Qﬂz}- a*) + 20 MY
a " a

Any value of Mo 3 Yq rules out all instability sincé then the
discriminant can never be negative. In fact, increasing either M
or \Mf ~ serves only to decrease instability wherever it exists and
can never serve to produce instability if it does not already exist.
This reasoning plainly extends to the stratified case as well. By

investigating the discriminant further, we see that it can never be

negative when M 210 for we then have

o.“.:m.‘- a+or) +2(a-0)M 2o

and thus a magnetic field of W20 causes stability.
. . ’ S N
We can determine the maximum value of WM, which can result
. . . 2 . T . . .
-in an unstable situation for ahy given Mo . This is accomplished

by taking the derivative of M determined from setting the discri-
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minant equal to zero with respect to o and setting that equal to zero.

We thus have
,SL M"- d K( 2 2 A2 L ‘X...
= - ) (2-e) Mo -~ Q =
da® dat "Q ° 1 Qo

= _ (aa%zwd) _
403

o

Marginal stability thus occurs at a wave number for which
Q= 2Me
and M& is then given by
V\'\l.': (\“"\o\‘ |
This formula is valid for all Me < ‘la sincé when WNMg 2 Vq ,
marginal instability for the maximum M} occurs for @'=\ and

M& s given by

M2= "o Lame -1\

This procedure has also been followed for various values of C.," and
the results appear in Figure 5.
The sinuous wave for the homogeneous case has a wave speed

given by the formula

ot 2 (V- M)+ 2-an (3.13)

o
~
t
o
1 ¥
v
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I4 8 .9 10
Mg
tFigure 5. Maximum instability for (3N M) pair of varicose

wave at three layer jet for homogeneous case.
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which, in the long wave length limit is given by

C,= tHh,
and therefore is not marginally stable whenever M,#* O . Once
again, increasing either MY or W3 serves only to decrease insta-
bility whenever it is present. Instability now may occur for any value
of Mg<\ so long as M =0 . We can rewrite the discriminant

of (3.13) as
(a-a? )Y.a M- 0.‘] + AGN

which is non-negative for all M@ % 1o so that W' > 'l implies
\ .
stability. This, we see, is the reverse of the situation for the varicose
wave. Using the same procedure as we did for the varicose wave, we
determine the maximum value of WM& for W¢ that may produce insta-
bility to be givlen by
ME = - My
at a's\ for Mo € o and by
a1 x®
M= (v- Mo)
at
K
Q"= 20V-My)
for e € Mo &\ . More complete details including the maxi-

mum value of M® for each Mo corresponding to given growth
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speeds, (C. , is presented in Figure 6. In Figure 7, a comparison
of the stability characteristics of the varicose and sinuous waves is
shown and we arrive at the simple result that if M ¢ no  we expect
the sinuous wave to dominate and if M?‘ >Mo  we expect the vari-
cose wave to dominate.

Our mathematical result, at least in the case of the sinuous wave -
for long wave length disturbance, may be given physical significance
by the extension of a rather ingenious heuristic argument, developed
by Backus (1960) and refined by Drazin and Howard (1966), to the mag-
netic problem for finding the wave speed, C

The logic involved is simply that for long wave length disturbances

(when compared to the width of the jet) of the sinuous type, we can

treat the jet essentially as a string. We have thus assumed that

3.'_“..>>\_

X

where | is the width of the jet. Disturbances die out with a scale
height of ‘I |
We take the height of the disturbance to be
Yk - -Aug . Uk (h-ctd
There are three forces which will balance the acceleration term. One,
due to the motion of the fluid, is a centrifugal force. The second,

due to the heterogeneity of the fluid is a buoyancy force, and the third
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Figufe 6. Maximum instability for (M\ ,V\o\ pair of sinuous

wave of three layer jet for homogeneous case.
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Figure 7. Comparison of maximum instability curves for

sinuous and varicose waves.
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is due to the tension which the magnetic field gives to the fluid. We
proceed by consideririg each of these forces individially.

The centrifugal force is given by
©
CF = S oL oxdz
| or

Since we are considering only the vertical comonent of force which

corresponds to the growth rate of the height amplitude, we have
SHp
= —_— X d\%
cF S $ =

et =

‘ To first order (since At%) is a small amplitude) we have
_\_— = - —.a—z%- = Kz‘l
o K3}
and thus

CF = S Ko U'n dzdx

Because the large part of the contribution to this term comes in the jet

area where VLE' Y\(% =0\ = "\o , We can approximate
' C. Cipgaa |
CF = KQo | o) Videom

We consider the wave disturbance from © to T so that
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CF = ‘K"g'o r\og U*de

The buoyancy force for that part of the wave from © to W
(where n>e°

as we have already assumed with the approximation for
the curvature) is given by |

e

But

m

(Don -

BN - ) 03230

2z N,
Therefore we simply have '
BF = (e 90

The magnetic force is composed of a pressure and a tension term

The pressure term is the integral of an exact differential so that we

can neglect it and consider the tension term above. We thus have

MF = &2) (M)W dz

and taking the vertical component this becomes

‘b\\a e ha \dz p\’h\m d (‘
&9 Mohe 4 * 89 ™ 3

—



Since in our ideal model the magnetic field lines are initially parallel

to the flow, they remain so and we have

t\z = M(B—%‘%-

Thus, the magnetic force is given by
2
MF= -0 S\V\‘m X rld?;

Since we are considering a magnetic field which varies only in

the jet region we may write

M= Mer Wy

so that
ME = - gg Me+ WY K'n de

= ;gthkz(\d% - gg M‘(am +Mv\\<"\ d2

=~ ki3

Now, we assume that YL < '\o e so that

gMék‘Sr\dz = OMg { Saqoe““d\z X

)

. So 'Loe“dzk = QM;,kg“(o
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and thus |
MF = - LY kl‘\og‘:‘ My (Mg~ Mv\di - aMg \\9 Qo

The sum of these three forces is equal {o the density times the

acceleration, which is given by

S? &(d% = - Qo\(lc."g { X:e'k?’o\a ¥ gpe“ 0\%}

ot -

= - Q\\C‘L?'ko = MF+ CE +QF

When we solve this for € our final result is then

\

sz - hS ‘_U"- M,(anymh‘}dz +V\; + 3&9::-‘-9-:3 (3.14)
Q Yoo

29K
Applying this to our three layer, jet,we obtain
= -KLi-meami) - y
= o+rMil * At M

To show how closely related this result is to the exact solution, consi-
der the discriminant of (3. 12) for small X . Approximating to first
order in K, we have

a = -e ™ = -y e E aw

and Q%= O() . Inserting this into (3.12), we obtain
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Clz -‘\*-(O ~ 4x(1-Mg) + 2 %‘ v AWM - AnEK)

which is exactly equal to the result given by our heuristic theory. We
will ha\ve further cause to refer to this argument when considering the
expansions for long wave length. Let us note here that by this argument
any basic magnetic field is always sufficient to stabilize the long wave
sinuous disturbances sfmply because there is not sufficient kinetic ener-

gy available to be converted into the magnetic energy of the disturbances.

B. Double Shear Layer

We now consider the antisymmetric double shear layer depicted

Yy

in Figure 4b. Because the flow indicates no p;‘eferred direction, it
seems plausible that instability will set in as a wav:e with Ce=0 soO
that' tﬁe Principle of the Exchange of Stabilities would then be valid.
Although it does seem as if this is often the case, it need 1o be so.
Howard (1963) showed that the curve C=o inthe G,k plane
does not define the stability boundary for the antisymmetric double shear
layer and that instability seis in as two waves travelling in opposite
dfrections. While there are unstable solutions with | Ce =0 , these

lie entirely embedded in the unstable regiocn.

When an aligned magnetic field is superposed on this pattern,

several new interesting features arise. A small magnetic field actually
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destabilizes the problem in many instanlces. This example therefore
proves to yield t}‘le first compiete analytical solution for an ideal mag-
netic problem in which the magnetic field destabilizes the ﬂui&. There
are even ranges of the parameters for which this destabilization occurs
when the magnetic field is constant. We shall now proceed to present an
analysis of the problem.

In each of the three regions, (3.5) is seen to bé the governing

equation. After satisfying the kinematic boundary conditions, the solu-

tion for W is given by

(AR M) (- e 1 224

i

W

W= - (AS™ ) vy R3S 2.

The dynamical boundary conditions at 2%\ respectively, are

given by L

“(\ O'- - M‘« My - c’h\-XA T
: (3.18a)

y LGP - mrome- 8l B=0

and

U vudy- wa-nr- Sl ) A (3. 16b)

*Y_ (Ce) - 4 My~ W - Gk Re ™ =g
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We shall find it convenient to define

m= \-Mr- Sl
= \-e™

We again obtain the solution for ¢ by substituting (3. 15) into (3. 16)

and thus

€2 - mohiza®) 4 L\q“.m’w—ma.u-m{mme}" 6.0
) <

Instability can arise in any of three manners. Since (3.17) is of
the form :
s 8T
we can see that ¢ has an imaginary partif S <o orif T >S*
orif T<o . Furthermore, whenever we have a solution for ¢
with an imaginary part we are assured that there is an unstable branch
(Ce>0) . Anexample of a stability diagram is presented in Figure
8 where we use the case of Mg =0 . Solong as we are within a
region bounded by any one of the marginal stability curves, T= o ,
S=0 , T=93* , there is an instability.

Before analyiing the problem in completest generality, let us
aﬁalyze the case where G= 0O and where we have W*=0 . Consi-

der first the nonmagnetic problem. Equation (3.17) becomes
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=>  indicates direction of instability a?

|
Figure 8. Schematic diagram for marginal stability curves

of double shear layer.
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ct= &)y l\of‘esea.n A (3. 18)

The first term on the right is negative for all Q*<\ and the discri-
minant is negative for all 0 > 42(3-1"s ') . so that we have
instability for all values of &' . When Q< "l; (3-17¢"), instability
of the type S <O occurs so that we have C¢ =0 . For larger
Q? , we see that €' and thus C are complex.

When we. include the effects of a magnetic field 'in the central
region only, the problem becomes slightly more complicgted. Formula

(3.17) becomes

—a 2

2
Ct= Q+Mt-\ -\i\a“.zq}(\-m"h G-a)Lrennd)® (3.19)
Q

Any increase in M&  increases the discriminant so that by substitut-

ing Mo" = Y2 into the discriminant we obtain
T= 0%-0* + %L\-qt)

which is negative for | &G*4 /4 only, and thus for |
Mo' 2 |2, instability can arise through Ce¢= © only. Setting

L At we find that
'b“ )
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ol = 4Ma
AMg + 1 + M

Instability will occur through T3> & whenever (Mg +a -\) > O
and alcae . The value for the magnetic field at which
Mo s Q2 =1 =0

is Mo = 295  and the significance of this point lies in the fact that
for any value

O < Mg R8s
we have instability for all values of o and for .

295 £ Mg <.§
there is an intermediate range of o’ for which we have stability but
there is instability at both the long and short wave length limits. As an
example, consider that case of Mo = O.‘\- . We find that T<O for
Ot 84S but S<0 for O'¢o0.0 so that there is a region |
between .£O0 ¢ Q* < .84S  in which S~ >0 and thus we have no
unstable solution for certain intermediate X
Instability may occur for virtually any value of Mg* . Take

the case of Q.‘-o . We then have

c = 35 (We-1) * %me

Taking the negative root we see that (i =\



-93-

We now solve for the growth speed for several values of We©

" First, take the nonmagnetic problem. For

—
- S
o< 3-1
o]
instability arises from Ce=0 and we have

cooa@ | {@aen

2 2
When
2 3-\Ss
a” > 2

instability is manifested by travelling waves and the growth speed is

given by

2 - Q'+ G+
Ciy = A

‘When Mg =\ , (3.19) becomes

act = Q £ \at-+aeq

=0t (-

Taking the negative root, we have
2
C= v-at
A plot of the ¢ values for various values of W~ appears

in Figures 9 and 10. We see immediately that for the long wave length
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Cr =0
--—= Cr #0O0

M% Values

Figure 9. Growth curves for the homogeneous double shear
layer with WM =0 , M= 0,12 .
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1

Values

Figure 10. Growth curves for the homogeneous double shear

layer with M=o , No = 0.5,0.2%
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disturbances, any value for N;ss can produce an instability greater than
for the nonmagnetic case at som'e wave number. Comparing Wo=o with
Mot =1 , we see that for all alsg (X<¢31L) the magnetic problem is
more unstable. The kink present in the curve for M¢=o is physically
meaningful. When Q2 , we find that

Ct= L . C = ‘*\'L

. 7 - T
Substituting this into (3. 16b), we find that A ~Re™ . Therefore,
by (3.15), any solution of magnitude Re'™ at z2a has magnitude
3 at .2 =-1 . Since % is large, any solution drops off rapidly
from either interface. We essentially have, as Howard mentioned,
two separate instabilities, one at each interface, travelling at the aver-
age velocity around that interface. For the magnetic problem, the sit-
uation is different. Taking the wave speed for the case Mg*»\ , we

have :
= -Cfﬁk' = C = i.e'l“ g

and substituting this into (3. 16), we obtain A~ B so that the dis-

turbance maintains its amplitude throughout the intermediate layer. We

thus see that Athere are two influences that the magnetic field exerts on

a fluid. A magnetic field in a fluid of infinite conductivity adds a tension

to the fluid, so that it becomes more difficult to produce an instability.

But it also adds a cohesiveness to the fluid which it may not have

possessed before. This cohesiveness may serve either to increase or

produce an instabilityby making available an extra energy source
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.which the nonmagnetic fluid may not be able to take advantage of. Thus,
the twa semi-infinite layers are always tied together in the magnetic
problem so that there is more kinetic 2nergy of the basic flow available
for transformation to perturbation energy than in the nonmagnetic
problem. It must be mentionéd that this "cohesiveness' is, in fact,

the tensién of the magnetic field lines, so that the. two influences spring
from the same source, but it is clear that the behavior of this one

force may manifest itself in a variety of ways.

We now generalize the discussion to include the effects of a
background magnetic field, W , and stratification & . For this
problem, we find that m<\ . Consider first the case M¢=o . We
find that T<Q* forall w and so inétability may arise by only two
means (S<o ,T< o) now so that if $SY0 instability may occur
only when T<o . To see for what range of v instability may
oc‘cur,' set

(\-adm* - aa*m +a® <O
or |
m2- 2a%m Q% = (Mm-a2) > atm?
so that instability occurs for

1
my
(0 SERY

and the stability boundary is given by
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. 2
m= -2
QA+

When we include the effects of Mg we find that T may be

greater than gt . In fact, the value of m for which $*a% is

found by solving the equation
LM e Mgt - and ;) - amim =0

so that

m= w2 £2-a)t 2y i-g

o (3. 20)

For all m with vdlues between these two roots, we have instability.
At Mo = o this range of vn degenerates to zero so that, as has
been mentioned above, no instability may occur in this way.

We are assured that instability will occur forr S<o , or for

Mm> 00+ Mg

Finally, when T<O , we also have instability. This mode of insta-
bility may occur only for Wg' < 'y , beyond that point, instability
occurs through Ce¢ =0

By inspecting (3.17), we see that instability may occur for any m
arbitrarily clouse to zerv for the proper ?v’\: . The range of M-

which will produce instability is given by
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m(a-ad -am{ - @ < Mi¢ Mm@-ad raml 1-a
o* | o’
This range shrinks to zero for nonzero &0 as wm approaches zero so
that at ™ =0 we no longer have instability.

A comparison of the marginal stability curves for various We*
values is given in Figure 11. The apparently unreasonable result that
as Wo decreases the bbttom line departs further from the line

Wt =0 is resolved by noticing that in the limit Wg¢ =0 the curves
designated with the asterik’( %¥ ) coincide with the Mg =0 marginal
stability curve. We see that the presence of a magnetic field in the
cent\ral layer may destabilize a stable configu.r‘ation for the nonmagnetic
problem at virtually any wave number and any value of le up to one.

That the instability is manifest ‘'with Ce = O fni'ght be antici-
pated by looki;lg at Howard's semicircle theorem. As the magnetic
field increases, if we still have an instability, then the range of
possible C+ becomes restricted to values closer to the average velo-
city. The factb that we may expect instability at C¢=0 might also
be inferred from the coherency which the magnetic field imparts to the
fluid so that the wéving at either interface is closely tied up with the
waving motions at the other interface.

If MW'=o , ‘we can compare the (’hg values for various

values of MQ . In Figure 12, we plot & vs W and find that for
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Mf‘, Values

Figure 11. Marginal stability curves for various M™Me

values of double shear laver,
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STABLE

Figure 12. Marginal stability curves for M= 0

ta terms of G and K

given in
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K ¢, 435 the problem with W& =t  is unstable at larger
stratification than the nonmagnetic problem.
The application of a conis';ant magnetic field may also destabilize
the dox‘xble- shear problem for a considerable range of wave numbers.

Consider the situation depicted in Figure 13. We see that the heutral

£
curve for Mo =W = 0,0 lies within the unstable region for ,
for Mo =M = 0.1 for a considerable range of wave number
(1s s o*s75) . By appropriate choice of &/ , we can destabi-

lize all wave numbers up to O.i=\ (w=) . As the magnetic field
increases, this property is valid for an increasingly restricted range
of wave numbers, until at about ‘.‘\:‘ =0.3 , where the destabilizing
effe\ct vanishes.

We can see that there is a range of ®/x for which the magnetic
problem will be stable while the nonmagnetic problem will be unstable.
To be able to tell by ph)-rsical means exactly what combination of mag-
netic field and stratification have destabilizing effect and which are
_stabilizing is not a simple matter. Energy considerations lead to no
new insights simply because of the artificiality of the model. Energy
exchanges are expressed in terms of pressure and the mathematical

formulation reveals no new information, because all terms are propor-

tional to ¢; and a Reynold's stress gives no contribution.
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tor
(A~ Cro)

. L . Tl A
Figure 13. ‘Marginal curve for M 3WMe' =006 ; M =2Ho =0
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1v. Generalized Stability Revealing Techniques

After succesfully presenting complete solutions to two problems,
it is disappointing to recall that we generally do not proceed with such
impunity in these problems. We are very often satisfied when we pos- *
sess sufficient information to tell if a problem will exhibit instability.
For this reason we do not trouble ourselves with the attempt to obtain
a complete solution in every case, but rather, utilize mathematical
techniques which reveal information about the time béhavior of the
problem. In this chapter, two general stabilty criteria are reviewed
and appiied to our problem.

The normal mode solutions, as we have seen from one example
presented in the Introduction, will not always give a full description of.
the time behavior. One must thenapproach the problem as one of initial
values taking into acc‘ount the nature of the initial perturbations by
Laplace transforming (2. 23) with respect to time. The initial value
approach yields whatever distinct normal mode solutions exist and
includes the effects of the c.ntinuum solution. Emphasis will be
placed on determining the time dependence of the continuum in the
first section of this chapter.

Whenever we know the form of the general solution of ( 2 23) we

may make use of a stability technique long known to electrical engineers.

The Nyquist Stability test was first applied to hydrodynamic stability
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problems by RosenHuth and Simon (1964). As we shall see, the require-
ment that we know the general form of the solution restricts the appli-
cability of this technique to the homogeneous problem at zero wave

number, but we may consider arbitrary distributions of velocity and

magnetic field.

A. Initial Value Treatment

We now solve the initial value problem for general distr:ibutions
of velocity, density and magnetic field profiles which are subject to the
conditions that the quantity

sz (=Y - M* | -
has, at worst, zeros of second order in 2 , but that nowhere does
(DLY = O™

We are,thus, restricting the discussion to shearing ﬂows and shall
follow mu.ch the same procedure as Case (1960).

It is necessary to begin by investigat ing the singulgrity properties
of (2. 24) and giving a solution valid in the region of the singular points.

Equation (2. 24) may be written as
DF + %—X—DF—\(’F'-%F’-O (4.1

where X has a n* order zero at Zo . For the homogeneous case,

X may have a zero of any order because the equation is always
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amenable to solutions by the Frobenius technique, but for the stratified
problem we are limited to, at mpst, second order zeros of X
because otherwise there is no assuramnce that the Frobenius technique
is valid.
We expand around the singular point, Z, , and define
1= 2-2

Then when X has an W™ order zero at 20 » We may write

‘D _ o0, Ny
el 2 9 o= - 'Xn‘"‘

(4.2)

We now proceed to solve (4. 1) in the neighborhood of 2,

Assuming a solution of the form

Sy¢
) F = Z A @3)

5%

we consider the case where A=\  first. Substituting (4. 2) into

(4. 1) and then using (4. 3) we obtain

Z A5 5'0-1(5*‘%(5*\("‘3 * io'As ((sw.l(>vr\ ¥
tE b vens @ (E o) Dhaf™e
Rs. - I U

. ZA.—\ Stc-2 | /Or. ZeAqus z(£°e>s‘qs>_ o

(4. 4)
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The coefficient of each power of :l must equal zero so that by

taking the case s=0 we obtain

AsCodle-) 4 fotrY = O

and thus =0 . In the case that the two r» values are iden-

tical we are guaranteed that there are two solutions given by

F, Z As rls

and

- S S
= (ZAS‘( 3"08'1 i 2(’%("*"3? (4. 5)
[of To)
Setting Ao =\, we determine from (4. 4) that

’D/Dr AO =0

Re, = | -
A= =Fdo ¢ /DM.._._B&_; A= dot 2R
(\*“)z DR, o°f DXo

and the recursion relation is given by

AS = \‘1A5-1. + AS-\'KLO Dhe ~ d:,-\ * &A:&_

Si.

where

v o Z (S'¢ € =) Agroy dgn

s'¥s¥ss

. Z Acace

[ SEEN
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The thing of importance for our purposes is knowledge of the
lowest power of n for that is what is connected ultimately with the
time behavior. For the case w=\ our solutions are similar to
those obtained by Kent (1968). Since the nature of the solutions is the
same in our case, we are assured:of stability because Kent ob;cained a
stable time dependence even when using a delta function initial amplifude
disturbance. Thus, we arrive at the rather surprising result that the
density configuration has no effect on the time dependence of the con-
tinuum solution so long as X has zeros of,at worst, first order.
Instability must then be manifest by distinct modes.

We now .consider the case when X has second order zeros.
This means that at the point where

(Vo-¢) - Mo = 0O
we also have

DUOL\).-cQ -CD\V\Q Mo =0
When WMe# O , we must have (Do) ;(bm.)z and when W,ro
we must have (DUg) = Pna)* or %e will have a zero of at
least third order. We restrict this discussion to problems in which
(buo)." - (DMQ)" is always of one sign for a reason which will be
made clear shortly. Upon substituting (4. 3) into (4.1) with W= 2

we obtain
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2 As st-v' v (s + Z_ A st-x (S¥cd) 2 +
SO Sso
IS iASﬂYIMrd (S\-\‘—‘B(ZJ ) - ZAS-'L \‘t‘.ffr-z -
S‘-o a

&'- -y

- ZA> Ste-1 ;QQL Z_A»\ sfr z(z By QS'H) =0

Equating powers of , we obtain for the case

ree- o - 2R | =g
A°X. ¥

Solving for  , we obtain

~ = -\ -}_X\*_ 8R“/D7“)\o - .
o}

Tv (4. 6)

N

where

- '\ -ﬁco
k¢ § 3 " Doy - (ohy

We can see that the two © values will generally not differ by
an integer, so that both solutions are of the form (4.3). Now that we
have knowledge of the solutions of ¥ (determination of the recursion re
relation for the coefficients is not necessary for our purposes), we
may procéed to solve the initial value problem.

We return to (2. 23) as our governing equation. We take the

Laplace transform with respect to time The Laplace transform pair
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of F is given by
® N '
FP = Sﬁ Q-P F‘U(\ d\’c
E = FP NP 0\9

am.

&
The Laplace transforms of ")F’/‘b-\. and o F/B'\"' may be redefined

in terms of the Laplace transform of ¥ . They are respectively

S BF o F(&Be'p‘\ PS Fhre ®at
o bt

= Fles + PF?
and

SQ bf}- e -¢ dt = 3; Feoy - P?“'Q_ +f \:?

Using these operations in (2. 23), it becomes

D {[(0 Pl - M"] bvk k"{_(o Pl - »\1\:9

(4.7)

~RFE =1 . LD\
R L\i(ao ol 2 MB=F + 2(00) UEX .

F (s>  is the initial amplitude perturbation and may be any

function of 2 subject to the boundary conditions
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LO-0) Fc:sg = ‘(U - ﬁ} Fp G2 =(0- .CEK) Foczy = O

The right hand side of (4. 7) contains all the inhomogeneous terms.
We shall solve (4. 7) by the method of Green's Functions and obtain
the time dependence by inverting the Laplace Transform.

The solution to the homogeneox'ls problem in the vicinity of

are given by
vl

R‘ t'( Qc

and
-V

P'z, = ‘1 Qz
where Q. and @, are analytic in the vicinity of 2, . The amplitude,
¥ , is given by
F=AF + 3R
and using our boundary conditions (dropping the subscript P where

¢ » Plix ) , we obtain

Afitqy » BFaqn=0

AFitq « B® o =0
In searching for a Green's Function we use two solutions, Y\
and WY, such that

b =0 = Yoo
The | are then defined by
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Wi=F o - Rep |

b= B Regy - Bop Sy

The Green's Function is then given by the formula

- lb—\'_\v‘cq,;m\l'ch‘;p]

(]

ch’ﬂ ‘JP)

where:

, o= Mo U
= ., 19 >

, >
|

~_ 51

SR
and - ' '
\ A=W (P E.(‘]ﬂ - F‘cq,s Vz.(').\

Values for which D=0  give the distinct mode solutions. We
neglect this part of the solution and consider only the continuum. The

colution to (4. 7) is given by

Fo - SZ Goplensld] (4.9

where ULCW.$7) s the right hand side of (4. 7).

We first invert ' the Laplace transform. The major contiibution
will come in the viéinity of Zo . A small change in C corresponds
to a linear change in tl solongas M, =0 at the point where %
has a second order zero. If ¥, #0 at a second order zero of \ ,

then the change in 2 corresponding to a change in ¢ is given by
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Ac ~ n*
Since we want to expand in terms of (Z2-¢ ) in the neighborhood of
the second order zero of X , we will consider the case when Mg=o©
at 2> . Since a change in ¢ by some real quantity. equals a
change in p by an imaginary quantity, such a change does not affect

“the value of the Laplace transform. We can thus write

0 =2Z-¢
Since the largest contribution comes when
2=C
we also write
= 2-2

The Greeh's function then takes the explicit form

G0 = - -L‘;KFI Enkan- | Li-nmm} .
{F.(i-q Faz) - R (Z-0F C?'\X Z>2
G, = - LX F(Z-O " - F,_c'z-csﬁcw\'
N

. X‘EQ‘Z\ Fay - Fo-2y . (2.\‘X Z<2
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The essential behavior of & is then given by

oL@ -(2) ]

REEAEECE R k-

(4.9)

where 7{ is a regular function for each region of G . We now invert

—

the Liaplace transform.
Yer (% *-ZS\ dp = G\'\\\A S P03 e Pidp

Setting

p- Ut = P
we have
AN OKEL 3oy
("‘ € AP~ e %
% (p")
Therefore, from (4.9) we see that the dominant behavior is given by
the term which has

(’Z-Q

We now integrate over 2 . ‘The integral is approximated for large

=Y ry)

values of time, since the mode which eventually dominates emerges
mathematically only at large time. This does not upset our assumption

of linearity since we can choose the amplitude of the initial disturbance
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to be as small as is necessary. The general form of the equation (4. 8)

then becomes

- -V #!
_ B .\..\'e"kit v ;,}X}Z Z)( h)+ (2- 'Z) X@ Y_“h{ldi

g B
(4. 10)

- &2; ety "L“&z £y "+(z-z§’""]§£vxs3o\é

2 &
For large time integrals of this form may be represented

approximately as

L e
S e 2t (33 ‘ﬂr-k-{k Bulo + O™
2 .
where

y _ : N
Bn(&\ = g AMCYSNY e“b(“ M _D:_ Y_‘Q Lems) &“Bé k2t
n\. DZ\\ :

(-4

\‘Or DSA<\

The term giving the dominant contribution to the time behavior

of (4.10) hgs the factor
’ ) =V riR)

the dominant terms of (4. 10) thus give a time dependente of

=3 - 1 )
Fat¥ = ,CQ[ ‘W‘f - R /E@u-©mss 3 ’;-& 411
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So long as  (DUgy =(D Mo >0 this answer seems reasonable.
It is analogous to the result for nonmagnetic flows, to w;vhich it reduces
as the magnetic field approaches zero. The continuum is stable for all
vélues of -R;.ﬁ ©  withstability increasing as the stratification
becomes more gravitationally stable. '(4.11) does not agree with the
result Kent derive;ﬁl, simply because Kent used a delta function distur;
bance for the amplitude, a disturbance which is physically questionable.
Equation (4. 11) is not unjversally applicable. When LDL)S' >(DMo)
the magnetic energy exceeds the kinetic energy and it would thus seem *
that instability should be ruled out for the continuum solution so long
as —Qtoﬁ © . (4.11) indicates instability increasing as the strati-
fic.':ttion becomes more stable. The fact that our result is undesirable
in this case does not imply that the technique is illegitimate. There
is one loophole. The Green's Function technique guarantees a unique
sblution only whenever X is always of one sign. For our problem,
X necessarily has a zero so that our result is not necessarily unique
and may be r'ejected if it contradicts common sense. - Whereas it is pos-

sible to accept a result which states that the stratification has no effect

on a certain part of the solution, as when X has at most a first order
zero, itis difficult to accept a result which indicates that the effect of
the density is exactly opposite that which is physically reasonable.for

any part of the solution.
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The Nyquist Stability Criterion

The guiding principle of the Nyquist Stability Criterion is so
simple that I regret not having thought of it independently. . Consider
an analytic function,* Q> ., of the complex wave speed, ¢ . For
every curve that ¢ traces out in the complex plane, there is a corres-
ponding curve in the complex plane that ¢ traces out. For every
value of € interior to the first éurve, there Will be a value of @
in terior to the @ curve (Figure 14). The interior must, of course,
be consistently defined with respect to the orientation of the curve.

We now consider our example. For a homogeneous fluid at zero

wave number, (2.24) reduces to

%& { (0-'- \"\‘.’3 %Ezl =0 (4.12)

The general solution to this equation is given by

r3 _
F@ =S S ;12, - (4.13)
Zn e 9 Y- (V\

and (4. 13) satisfies the boundary condition at g and 2, , namely

Sh dz
F(E1> = 2, Q.)-c\‘:- M’L

Clearly, this is true only for special values of ¢ . We consider the

function

* Actually, @ need only be single valued.
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$;

W

\\\\ interior

Figure 14. Mapping from € plane to @ plane.

¢
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2
@ CD =§ ¢ dz
2. (0-O - M2 . (4. 14)

When C is complex QO is integrable and single valued in ¢ so that
the basic principle of the Nyquist Stability Criterion applies. Consider
the curve in the ¢ plane whicﬁ includes the entire upper half plane
Cle> o) . The points where )\ is zero on the real axis are ex-
cluded so that when we compute @ along the real axis we are taking
the principle value of the integral in (4. 14). If the corresponding Qccy
curve then circies the origin, there is a root for which ®Clor=0
or Fexy =0 for some value of (;»o . For the fluid problem
it is not necessary that the orientation of the curves in thé ¢ and ®
planes be the same. The extra degree of freedom. is due to the fact that
if the ] curve circles the origin in the opposite direction, then there
is a root with (¢ <O and we are guarant:eed by one of the funda-
mental properties of (4. 12) that there is also a solution with C(> o
.Thus, all that is needed for instability is that the Q curves encircle
the origin a nonzero net number of times in either direction. Thus,
withouj; locating the eigenvélue, it is possible to determine’ when there
is an instability. This may be done for arbitrary distribitions of
velocity and magnetic fields.

Kent' (1968) has used this technique to show that a constant mag-

netic field may destabilize an otherwise stable flow. He chose a
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velocity profile which does not satisfy Fjortoft's necessary condition

and produced an instability. Stern (1963) found "the first instance in

which a magnetic field destabilized a perfect fluid. Using Couette flow

with a Piecewise linear magnetic field (Figure 15) he used e:;pansion

techniques to establish the existence of a solution with a positive (¢ .

Stern's problem will now be solved by using the Nyquist technique.
.More complicated profiles may: be handled by compu_:ter.

The expression

A g Lo-arm) o L 22(0DoM s 20MY0-0)
0z Lo% Co-0-m1) Cw-oyr- ]

so that (4. 14) may be rewritten as

Q) = /(nz LO-Oemd | 1\h

00w L 2mmo » 20w g,
(4. 15)

__Sz" (\(U-O\-Ml ) AEOIM + (PO dz
J2, l.og Lo~ -w) -DOYM + MYV -O

and this form will prove convenient for computing the real part of @ccy
for the examples. The polar plot for C .is given in Figure 16 and the
? curve corresponding to the ¢ values from points F-{—=2—3 —4q

is independent of the specific details of the velocity and magnétic pro-

files. For €~ Rg:_a"a » @ is given by
- XeC)

(P ~ \21.‘2\\ R-ze'
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Uz)

M(z)

Figure 15. . :Stern's example. .
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/7
lQ'
(U+M)min " (U-M)max
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(U-M)min (U +M)maoax

Figure 16. Nyquist diagram in ¢ plane.
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so that over |=2—8 theorigin is circled once in the clockwise
direction.

When & lies between 3 and ¢ or 8 and \ , the integral
for @ has no singulérities and is a pésitive real quantity in both
regions. This is all we can determine in general, and for the behavior
of ] when

(U-M),,;, € €< (0 “\)M
we must look at the individual profiles.

Consider first the magnetic field and velocity profiles given by

D=2z -l g2\
M = M,- a2 -\ 42¢0 a>o
Motbz ot s . b> o

where

LMD"'Q)( llQ,
' ( Mo"’\aX < 'lz

Mo 55> a
Mo >> 4

C- Lo

Substituting this into (4. 15), we obtain

~—Re"® = Lo \vMotb-c | . __ + 103\*\1-“.4-&-(.\.
. 3 V-Mo-b-e | 2(Merbdd -\-M,-a-¢C

(4.16)

A Mo-¢ | Chrad <
gt e
Cac-Me) e “Mo-C W, ®*@ ©
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For the pu'rposes of the technique, the only concern is to have
knowledge of the sign of the real and imaginary parts of @ for each
value of ¢ . Each of the three terms will dominate in some part of
the region

= 1=-Mo-a 2 C < Ir Mol

and we now consider the following subregions

—~\=Mo~G ¢ C S -\ 4Motle ¢ L)

S\ vMora € €S~y » ( &)

“Mot €S Mo (G

| Mot Lt - Mo (o)
- Mo-b € €S Ve Mo +b ()

'When

C= "'\."Mo—'o- + ¢
it is clear that the term giving the largest contribution is (@) which
is a large negative number. When

C= -\+tMer@-¢

term Q) again gives the largest contribution but here it is positive.
Thus in subregion ‘(i), Re:q@ changes from positive to negative.
This p’rocedure is fallowed throughout the five subregions and the

manner in which the real part of ¢ behaves is depicted in'Figure 117..
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Figure 17. Trace of QC¢d for M, Umex
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The imaginary part of @ 1is determined from

1) " ) "
Im:g= .Pg = ¥ -DS (4.17)

LG - (Me-az$) (-0 - (Mo s

The only contributions to this integral come from the places where
there is a zero in the denominator of the integrand and for this profile
the zeros are simple and of first order. Analyzing the zeros in each
subregion, we find one zero for (o-o> - m) in (i) which yields

° \

: \ | A
-\ C('E () = (Mo-ad) ULy v (Ms-aab) ,

— S U ) \
e \xOu {-Z(az-m\

and thus the imaginary part of @ is positive. In (ii), there are two
zeros, both of which occur for negative values of 2 . The contribu-
tions cancel so that in this subregion the imaginary part of § is zero.
The behavior in each region is depicted in Figur;z 17.

When the Nyquist plot is traced out (Figure 18) it is seen that
there is an unstable root since the origin is circled a net total of one

time. If we had chosen Me ¥% ')y , our subregions would have been
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Y

- Figure 18. Nyquist diagram in ¢ plane.
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“\-Mo-a $C < -He

~Mo § ¢ S -1 +Mora
-l +Mpora € C S V- MY
l- Mo-b € ¢ & W

Mo T €3 leMorh

and the behavior of @ is shown in Figure 19 and since there are no
net circlings of the origin, no instability arises. Here, the coherency
effect of the magnetic field is dominated by either the stabilizing
tension producing effect or boundary effects. Taking the case of a
constant magnetic field impressed on Couette flow leads to stability
for\all values of the magnetic field.

The usefulness of this technique is not limited to the case of zero
wave number. When (i #o , C is‘ continuously dependent on W
so that if (¢ ¢ O for K=0 , Ci# o for some regionof K>o

and thus instability is manifested for sufficiently long waves.
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P

Figure 19.

Trace of @

M.\M > .)10"‘“

and Nyquist diagram for Q
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V. Long Wave Theory for Unbounded Homogeneous Flow

Lateral boundaries place a constraint on the motions in a fluid
and therfore gener:ally exert a stabilizing influence for plane parallel
flow. When the boundaries are sufficiently close, it has been shown by
Tollmien (see Drazin and Howard 1966) for certain nonmagnetic flows :.
that all instability may be suppressed. On the other hand, boundaries
can occasionally destabilize a fluid as can be seen by considering
f’oise_uille flow. In fhis case, the boundaries .communicate the insta-
bility to the interior of tﬁe fluid through viscous effects. It is therefore
of interest to investigate those:stability characteristics whichare due
entirely to the fluid acting on itself and divorced from any boundary -
effect. This omission does not restrict the applicability of the material
severely for the effect of boundaries is small in mansr physical situations
where there are relatively narrow jets or shear layers present.

When considering ideal models which posses discontinuous pro-
files, we find that instability occurs for all wave lengths and, in fact,
the greatest instability often occurs for the shortest Waves. If we
inc.lude surface tension or viscosity, the short wave length end of the
spectrum is immediately stabilized. Models which posses continuous
velocity profiles are always stable to short wave length disturbances
for a homogeneous nonmagnetic fluid, as has been shown by Drazin and

Howard (1962). Unfortunately, a similar result has not been demon=::

strated for the mégnetic case. Eventually, it is hoped, a proof will be
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developed which will show exactly how a magnetic profile changes the
lowest unstable wave length corresponding to a given velocity profile.

When the zones in which shear is present is relatively narrow in
comparison to the lateral extent of the fluid, the differences between
different velocity profiles is not so important in the long wave length
limit because a shearing fluid may be approximated by a Kelvin-
Helmholtz fluid and (if momentum flux is conserved) a jet may be
approximated by a delta function flow.

It is of interest, then, to consider long wave length disturbances
in an unbounded fluid. ‘There are two procedures by which this may be
done. One can expand in powers of the wave number, K , or use an
inte\gral equation approach. Both give equivalent results but the inte-
gral equation approach leads to a somewhat simpler means for arriv-
ing at an explicit eigenvalue relation.

The work done in this and the following chapters represents an
extension of the treatments of Drazin and Howard (1962, 1961) respec-
tively to a magnetic fluid. The approach is more rigorous for the

homogeneous case which is considered in this chapter. In Chapter 6,

we will include the effects of density stratification.

A. Series Approach
Heisenberg (1924) was the first to use a wave number expansion

scheme to attempt the solution of a hydrodynamic stability problem.
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Writing the solution as .

F.\ = FOJ + KIF‘;‘ + KQF‘:\ t -
we can determine each of the terms R’-S by substitution into the
governing equation, (1.10). For example, to zeroth order in kKt
(1. 10) becomes

P DL W-'DF, ) =0

which, upon iﬁtegrating twice yields two independent solutions

2
VO\=X —L"td't 5 Foa=\
2, O-O

The higher order terms are then evaluated rather easily and take the

form

L 2
— \ - v . L=
‘RS - S;‘(U-c)‘ % S (-0 R-\.s Gz e

When the fluid has infinite lateral extent, this expansion scheme
does not converge uniformly because the limiting ¥ is dependent on the
order in which we take the limits Z—wee , ¥« — o
Restricting our . velocity profile to be of the form such that () -congy and

) N _‘
S \?—6\3 \d?; converges

in the limit K —w o ,F=o0 for all 2 values larger than the °
2 value at which VU=¢ . On the other hand, when 2 ~» « ,

F ~ e“\‘% so that the results are not in accord and besides,
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- . . . L :
e b cannot be expanded in a power series in X when 2 is

sufficiently large. Some other expansion scheme is necessary.

In the magnetic case, because of the formal similarity of (1.21)
and (1. 10), the situation is virtually the samed Equation (1. 21) may,
by using the transformation

Q=%"¥

be written as

Do - (\‘1*’ X D‘XX; (mj(i:() (5.1)

Whenever the integral

S‘” \ XK - (OO \dz

Xl

- ob

converges, and x---o tons¥ , We are guaranteed that we can write

(4.1) as \2i— ® as
DG - X'a=0
so that
-K\2\

Q~e

and,making use of the fact that X —= Const , this enables as to write
< k2
Fere*t 2s 2 — tw

also.

Making use of the agymptotic form of ¥ , it is now possible to
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=~ ki\2\

obtain a series expansion. The factor € has caused the diffi-

culty in the first place so here we write

t, = e %2 52y

F.

I

(5. 2)

Ye

and expand the variables ¥ and @ interms of K rather than doing

so for ¥ .. Thus

-
o =5 x"o.

This is the series expansion we want. The eigenvalue relation
\

is obtained by matching these two solutions at the origin. For boundary

i

(5.3)

{t

conditions, therefore, we require

E. (0 = tenst - F_(0y
DF, (o> = consy: V_¢0)

and this may be written without the constant as

EDF - EDR| =o (5.9

230
Substituting the first equation (5. 2) into (1. 21),

‘. \I DT’} — \“z‘\f\ F 0
We obtain.

Dle X (-ko *be\] -W\e*® =0



-135-

or

—~2KX DB + V(DB -WD) + XD =0

(5.5)

and by substituting in the first of (5. 3) and equating powers of X ,

(5. 5) then gives us the recursion relation which appears as

DLXDE, ) =0

(5. 6)

DLRDO.) = DLYBL ADY, wreown o)

Solving for ©s by integrating twice yields

@o= Sz ’Q"{“O\Z-,‘ ¥ Ca

The constants must be chosen so that 8p (o)
we normalize to @(.co) = \ , we must have

fore, C,® O and we have

is finite and since

S, (o> =\ . There-

Bo =\ (5. 8a)
Similarly for 8, , we have
b@ \ - eo % <—:-L
X
and
£
D, = S (1+ &ydz, ¥ Ca
- X
Bnd ;N 4 O , is equal to zero aund again requiring that
©.,00> is finite requires that
(5. 8b)

o= LU e
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.

where the subscript on X denoted the 2 value at which it is evalu-

ated. The next term is given by

po-1(- )+ L' xodn

so that
0, = B K g Q— R\ da, + —‘—S (x-x.)o\%,]de.
In the same manner we can evaluate the \Vn . Their recursion

relation is given by

DLXD \\’A =0

(5.9)
Dixb\")hn‘l = "'DY_\A\V“‘X-\D“),\ L L XICERT
and this leads to
q)o =\ (5. 10a)

' 2
- - )_(_:_-3 : (5. 10b)
q)\“' S_“( \ & x d%\ |

‘ \\’z""&% \ ng - %}dat + ‘i‘gzx'XQd?z Az, (5.100)

-
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The eigenvalue relation results from (5. 4) which becomes

Uios DO oS - Boy D Wy -~ 2kBerv Wiy = O (5. 11)

when written in terms of © and ¥ . Substituting (5. 3) into (5. 1)

and equating powers of X , the eigenvalue relation becomes

KY- VDB, « Y8, - Bob‘?\‘-g\b“lo - 290‘\';,\ ¥
¢ WLYEDE, + VDG + YoTB: - O DY, - 0,0¥- 12

- BoDY¥L- 20, - 2% 8, \+-- =0
After substituting the equations of (5. 8) and (5. 10) into (5. 12), we

obtain

e (o3 Gl
- QS;(-\ 4 &\a\dz x S:Q—- X\v_:} o\e} N
4 S: (\-— %3 dz » -\K’S:(K*Xq) dz +(\_ X_fbgl

.(.\ R }Sf da -S(;Q—~ \S\_‘: dz - tgﬁg&-&.}d%

‘ °
% -.»s-_..g -L.XZJ,....:O
GEDINGRO LR
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which, after manipulation (the third term in this series is almost
proportionally longer), reduces to a surprisingly simple form

\{1\,4,)\,“} ¢ \&S Q&g;%ﬁ_\ﬁ_-a;‘&ﬁ'd% b =0

(5.13)

We consider a normalized velocity so that if we are dealing with

a shear layer

UO‘=\ O-Q-;-\

4

and if we have jet flow

Ve=0-.=0 | 053\

The first order approximation to the wave speed is then given by
. % a 3
ac‘z = . i Ua + O-o - ( M- X V\-OBE

which for shearing flow is

AT = -2+ Ma+Ma
We therefore have instability whenever the average magnetic energy
is smaller than the average kinetic energy. In the jet case, the first
approximation to the wave speed is given by

acr= - (Mao+mia)
and thus the background magnetic field is a stabilizing agent. When
there is no background field the next approximation for the wave speed

is given by
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et = — kS__‘(Uz~ M) dz 5. 14)

This is seen to coincide exactly with the result of the heuristic arguinent
as given by (3. 14) which describes the long wave sinuous disturbances.
We therefore see that (5. 14) gives the correct second order approximat. .
tion for the sinuous wave disturbance of t)he three layer jet model of
Chapter 3. This agreemént is all the more pleasing when we consider
that if (5. 13) should given any trouble, it would much sooner be expected
to do so for a model with discontinuous velocity and magnetic field pro-
files than otherwise.

But, we may ask, does (5. 13) ignorée the existence of the varicose
wave? To this question, we may answer a cautious no. Considering

the three layer jet model fo Chapter 3, (5.13) becomes

a +
- (C1-MeMteac) 1* -6
C-hor K‘_ Q= - Mo

Multiplying by {0- C.S" - My t\ , we obtain

L(\-c\z" MJ’}‘.U - V\'\"} \\(_‘\ “MIrWo « Q(]i =0 (5. 15)
Taking the limit as X—=0 gives us |
Lo-e -Vl U\ =o
When the term inside the second set of brackets is set equal to zero,
the wave speed represents the sinuous disturbance, but if the term in

the first set of brackets equals zero, the wave speed then represents
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the varicose disturbance. The second order approximation to the

varicose mode is determined by an iterative process where to

first order

C= [t M

and then we write in (5. 15)

(_(\-CX‘ - MJ}Y, VE2Me + Mo - M)

d
¥ KY."\-M.‘« N IR T AR =90

The solution for € is then

g

C = \tisw&- A\ £ 200 g - )
\

(5.16)

When Me.—. O , K=o represents marginal stability and (4. 16)

becomes

c= 1ty -sli-ma)

Referring back to (3. 11), a may be approximated by

- = Q= 2k

R

for small Kk and (3.11) becomes

T N E N R S PR

which is essentially the same as (5.17).

(5.17)

For the Kelvin-Helmholtz fluid the first two terms of (5. 13) give
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C?.:___l_._ M;*‘M-:o
r

which is exact. For the double shear model considered in Chapter 3
when we approximate ol as
Q" = \-e = 4\

(3.17) becomes

ez - (- nrme -t -

5. 18)

N LA TR T L P (PR A TR R

Formula (5. 13) leads to

' Li2e -mrams (Lvec-mremg }

~
C¥- M,

02 2(\xe -0 *S

-\
. or

e, - me-me-anl + KO- meameY -weG-nd =0

Solving for ct , we obtain

1
e = -y (1- 13 - M- a1 L0 me me P G on) «and God

which coincides exactly with (5. 18).
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B. Convergence of the Eigenvalue Relation

The remarkable agreement between the series solution and those
two examples for which analytic soluticn do exist is quite encouraging.
It is possible to show that (5. 13) rep;c'esents a convergent series so long
as the imaginary part of the wave speed is nonzero. Such a result lends
considerable weight to the validity of the entire procedure. We now
prove convergence of the series for ® and remark here that the proof
for ¢ is entirely analogous. ‘

Using the recursion relation (5.7) for © in the forrﬂ

DIKADOW. ) = ©aDX + 2XDBn (5.19)
We find it convenient to define a new independent variable, rl , such

that

and therefore !
| - -4— = d. =
qdq dr D
Equation (5. 19) then becomes
X‘y\ Q der\v\ = fle d_x 2 dﬁl\
d T 4

or, upon integrating,

% % (le, dﬁ&dv\ g}w@no\ﬂ .20
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The restrictions which we place on the velocity and magnetic

field profiles are such that

\":L\<A°‘\ ; -t >0

We are. also guaranteed that
X' e O
Making use of these inequalities, we see that (5. 20) may be
written as
s ; XS 9«-.{/\ “{dn, + S?{ .}«L&a?}
dY\ ¢d d7,

This leads to

dey ¢ A A

dq Q;,zYl

|

and
< A g2
O, ¢ d-o.trl
Similarly,
d@-,_ < _\_ KS {A ?;A‘& m-c ]
) 0 el
< A in:zg \ ?u‘"
o’ =
and

A}' AN\ 28
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We compute one more term in order to obtain an idea of the

general form of the series

do: ¢ | (T A §u Li v 20| pd
0\\1 : Qt"‘l > CL‘O-*{ “'?-.Bz A Q 2&3’(. dq'

{nzl{nzzg()(s) r("’“'

oy < £ [ () (it 9™

Gtal

and now, by mathematical induction we can say

A‘\ an n
On g 2= U (Ve 2te-n) &
CX 2N

Since {L <\ we can write this as

On < ( 2
(}0} s o

The series will converge for every value of X for which the

problem supportsa (¢ ¢ © by the ratio test, since
!
nei '
‘S 9 Nt o, 2 A \'\
K" B vy & (5.21)

is necessarily less than unity for n sufficiently large. We should

expect that our series will thus give a good estimate for the shortest
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wave which will produce instability, so long as enough terms are included.
This is, of course, no simple matter and we have not been guaranteed
that such a lower wave length limit docs in fact exist,
For a jet velocity profile we know that ¢y —~o© as -0 so
‘that we must look more closely at the gbove result. Our first approxi-
tation for ¢, gives (i ~k't so that by.(5v. 21) we again expect con-
vergence, but it is desirable when possible to prove convergence without
first approximating €. . This can be cione by using an integral ’equa—

tion approach.

C. Integral Equation Approach

The integral equation approach actually has two advantages. The
convergence proof for the eigenvalue relation is more rigorous, and
also the eigenvalue felation‘itself is more easily obtainable in a compact
form than is the virtually equivalent relationship obtained by the series

expansion in powers of the wave number.

Once again, we utilize the governing équation in the form (1. 21)

and find it advantageous to write it as

DLADF Y - K* -Y-;—;; F = -‘\‘—E RS xi‘);: (5. 22)

We now solve (5. 22) by the method of Green's Functions and,

with the left hand side of (5. 22) as the homégeneous part, we can write
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X‘DY.X th] - A‘.’R =Q A": ‘(C‘X: o (5. 23)

Using a new independent variable such that
= d.. = .d.
K= % da dy

and

_ (tadz
\ = S X
(5. 23) becomes .
‘Q‘S‘ - AiFu =0
du\?

which has solutions _

Al &
\J te
\ Fﬂt = “‘\S* e = v

(A and v are two solutions which satisfy the boundary conditions at

-« and eo , respectively, and then the Green's Function is given by

{ NIVERLTEN N £}
6 (2,%\\ - - u(%} VL%|) B.'\ 2.’%

The constant & , is determined from the equation

AR

\ ) — 2 b <) T
WDV AR - N@RYDu () o

and is given by
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Substituting this into the expression for the Green's Function, we write
-l z
Gergad = -1akKa) epr_— KX Sgn (2-2) S 9‘{'_; 1
2

and the integral equation corresponding to (5. 22) is then given by

_ - X% (7 HeayFan da
F(z§_ QX_,S-A\/\ _,2'4.\ C ‘0\%

(5. 24)
where
- 2 2
Mgy = 22— UXapy - X2 -exp 1
D GEN
4z
- K X S0 (-2 &1
L \k
The eigenvalue relation is determined by the vanishing of a
quantity called the Fredholm determinant, which is given by
(<) ) n
D=1+ ——"——S Keade + 5 L K.
2\ J -t byl U
(5. 25)

: S da, .- &dzh dex| Y ez 2y

&)gn <o is ordinarily guaranteed for problems with finite functions
\
in finite intervals, but since we are dealing with an unbounded fluid,
a new proof of convergence must be given. Convergence depends -on the
restrictions which we place on the asymptotic behavior of the velocity

and magentic fields. It is sufficient to require, as before, that as 24~
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I X =Yl ¢ Const @ 12V aso

and we also want ,
u\
which necessitates that we restrict our consideration tothe case where

Moo= O for jet flows. This latter restriction is reasonable, since
we are investigating the case _of marginal stability but we are limited to
the case of the sinuous wave.

The argument for convergence now proceeds as follows. For

USi,i4n we write

det | K (2, 3\ = ‘ﬂ (_K(m - K«'}da\hcu W)\

where

2
k (?"-,LA\ = e&p&‘\( t 5%?\ (.2'("?:‘\ Sa:l

Since the determinant is symmetric in all variables, we are

guaranteed that
S "S‘ det \ drda, - duo= L Y" g‘"--- S;"o\e‘r Wdz--day,
hJo Jo )

It is advantageous to consider the interval 2 (€2, % &y $.°= S 2w
and then the determinant for R (2 _,L;.’\ may be written schemati-

cally as
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-Sh - <y

. e & e I.a‘

e‘ & ‘ N é Sh
-SZ; ~s3,

An = e’ " e ™.

. ’ ¢ e e & e e

- Sk
e e e e |
In order to facilitate computatic;n of tﬁe determinant, we multiply
the l.,‘”‘ row by the {¥** term of the (L+)s¥ row and subtract these
products from each term of the (4+1) st row. Since what is being
doné is to subtract a constant multiple of one r‘ow from another, the‘
value of the determinant is unchanged. But in the new term for A4 ,
all the terms below the principal diagonal vanish and the determinant is
evaluated by taking the product of the terms of the principal diagonal

so that

An= {\—ex‘)(-'z,\\‘(}g; Q\%)}
ettt 4]

a\'\-‘
We now show that £ is convergent under the restrictions mentioned .
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above. Since, for all 2 ,

[P (4
X

we have
‘S '\ l P . \ g “‘
I \ % pr(Z .\ L__Cé ( %._-.2.\%-" Y.t fexp(z\\ e (2 ?M\\]

< D\“u\expx_a\’\ \c' (,%\« t\._&

or, if we abandon the requirement that 2,€2.$¢3¢ '~ £ 2w | the last

line may be rewritten

£ ™ ex Y_a\\\ {\2.\ s lul v 4-\%“\}1

Therefore

detlezy, < T U\ua X..\exp(a\x“" \zy\\ (5. 26)

and (5. 25) converges whenever the integral of (5. 26) is finite. To show

that this is so we observe that

S \ (¥\1. }\.’A \m(‘)\: ..._\.. \z\sdz

".O

-

o0
< S \ \+%\\X-X«\exp(?.\& LA™ |3}
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which by our restriction on | X=X |

.

[ ]
<S 1\ ton - 14
< M\ v = \ st exp (~ata) exp(2h e 1) dke

which converges so long as

K < et
eyt .
We can thus see that for K sufficiently small, ) converges and the

first two terms of the eigenvalue relation for a jet flow are given by
: L)
*
e 27l so e
2(-' - o) o
Further terms are easy to write down formally, although they may

not be simple to evaluate analytically.

D. Completenéss of the Scheme’

One may ask whether there are solutions which‘ our perturbation
scheme (5. 13) leaves out. To this we cannot give a complete answer
for the magnetic problem. It is, however, possible to prove that the
limiting value ¢—~ |-M% as K—o in the shear case represents
the only solution with a wave speed which is not real in the limit K =0 .
This we prove by referring to (1.21). When k=o |,

ADF = wnsy
and in order to avoid divergence as \2\ —~ e© , this conétant must
equal zero. Thus, solongas X # O ,‘ which must be the case for

all 2 when ¢+ 0O ,¥ isconstant. At points where X = o ,
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¥ _may have a jump. Differentiating (1.21), we have

DHOXDFY - K*(XDF) = K*F DX

whose co.responding integral equation is
L -}
ADF = - lz\\g ex(s(~ \\\z-z.\\ DX - Fdz,
- a0
Differentiating this and making use of (1. 21), we have;

XF = KD OOFY =4 | Tere (- Wle-al) o (2-2) HF da,

Assuming that ¥ has no jumps and normalizing it to one, this becomes

R = 3@\_27(- Yo = % - |
in the limit, K= 0O

In the shear layer case we have
Ce = ( \ - »M%-M; ) L

and in the jet case € =Q . ¥ is therefore continuous only for
the unstable shear layer wave, which is the only wave which has a
nbnzero imaginary part to the wave speed at K=o , and ¥ is
continuous for the sinuous wave disturbance of a jet. There may b‘e
other marginal modes, as our examples clearly show, but they do not
have a continuous ¥ at K*o . Inthe nonmagnetic case it has
been proven that ét k=0 the only éther possible marginal modes:
occur for C values equal to the velocity at points where DO = O
(Drazin and Howard 1962). The case X=0 is seen to be exceptional

to the rule that a neutral solution musi occur at a point 0 -=¢ where
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D=0 . The case K=0 is exceptional for the magnetic
problem also so that the conditions found by Kent (1968) and mentioned
in the introductory chapter need not be obeyed. Unfortunately no
alternate condition has been found in the magnetic problem. In fact,
Kent's conditions are violated by the marginal mode of the double shear
layer model since marginal stability occurs at a (U =¢d) where M40 .
For the jet case, though, it seems that the magnetic field must vanish.

at the maximum value of U in order to support marginal stability.
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VI. Long Wave Theory for Unbounded Heterogeneous Flow

The stability theory for long wave length disturbances in an un-
bounded fluid is now extended to the care of a heterogeneous fluid. As
" before, we consider a fluid in which the buoyancy effects completely
overshadow the inertial effects of the heterogeneity and thus the gov-

erning equation is given by
D{_XDF—} - K'XF - /¥ =0  (2.20)

One of the restrictions we must place <;n the density profile is that
its percentual change is small. Indeed, we shall also demand that the
main vatriation of density occurs in the same region in which the
velocity and magnetic field also vary. It proves com;enient to define

R= - 6D

where

G = QLL.Q—-S
+t O-~

is the same as that of Chapter 3, and is defined so that N isa

normalized variable. Thus

Aoy =1
Aoy = -\

The governing equation thus takes the form

DEXDF} - *XF + GDVF =0 | (6.1
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In order to find the correct expansion scheme, we would like to
see the behavior of (6.1) as |Z\—> o | It is clear that if we retain
the restrictions placed on X and notice that the integral of D)

easily converges (it in fact equals two), the asymptotic form of (6.1) -

is given by ,
XD'E - Xx*¢ =0
and thus

A. Series Approach

Since the emphasis in this study is placed on the stability char-
acte\ristics as they are affected by the stratification, it is desirable to
form an expansion in terms of two parameters: the wave numbef, K ,
and a stratification parameter, G . The double expansion is neces-
sary because as K— o , any finite value of & guarantees stability.
It is of interest to find the critical value of & , which is an overall’
‘ Richardson number, for a given K , and this procedure proves ideal.
As with the homogeneous case, we first factor out the asymptotic
behavior of F before expanding and define two new variables, 6? and
g€ , such that

F; - e-\\'t g

F--e® g

(6. 2)
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These solutions are matched at 2=© by (5. 4) and are phrased in
terms of the new variables

€w> D‘?‘°> - Q(o;bécm -2k €y P> =0 (6.3)

The expanded forms of our new variables appear as

- & .
€y = Z g € k¢!

Lso J*e

Qe = 7 7 Qi ke

L=d J=zo

(6.4)

We solve for @ in some detail and then present the results
for g , since the latter is computed in similar fashion. By substitut-
ing (6. 2) into (6. 1) and equating powers of K and G by use of the

second equation of (6. 4) we arrive at the recursion relation

DLXDA ) =-D\X Qi )-XDg ¢ o
+ .D\ Q E'A"‘
where
¢ L,1=9
whenever one of the subscripts is less than zero.
q is normalized so that at 2 = - e it is equal to one. At
2= 0 , we require only that it be finite. Integrating
DL XD,y =0
twice we obtain

. 2 ‘
Q.o =S %\"dl\-\-Ql

~-ad
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)

Ci=0O tokeep QoolOd finite and C, =\ because @ (-=w)=|
Therefore
(‘)°° =\ (6. 6a)
The equation for Qo is given by

D[XDQIO = "DX

and upon integrating twice this becomes

t -
Qo= | Sfron v

-
Since @ (-®) =\ , all terms other than Qoo equal zero
at Z=-e ., Therefore ¢€+=0 and in the next few computations

we shall not bother inserting it at all, In order to render the integral
finite, we must have

C = Y\--e
where the subscript indicates the 2 value at which ¥ is evaluated.

Q- is then given by

-

Qo = Sz \&l“—"i—l a2, | (6. 6b)

For qo \ , (6.5) gives

DLXD, ) * DX =0

which becomes
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after integrating twice. To avoid an invinite answer, we choose
C\ = >\-oo = -\

so that
2
- Lu.d
B-a x °°

In like manner, the second order terms are found to be

®ro = S% \ g(x X.2) A2, - Sz' X)dela%\

S X' \+) -QQ\«, Xﬁdg *2\ ?!—Jo\a‘Xo\a‘.

| XH A 2‘0@\3 10\
QM-S (M (0, e

-

For €(32) the recuresion relation becomes

DIAD £ =D NG+ XDE . 4DV

and the terms up to order U ﬁri =2 are given by

€oo =\
- Lt

(e

(6.

(6.

(6.

(6.

(6.

(6.

(6.

6¢c)

6d)‘
6e)

6f)

7)

8a)

. 8b)

8c)
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T TP P PR

.- Ll e D o

_ (B Ny V(2 OY {6. 8f)
gbz SQK X SCD TO\Z;'—K- Sm_—i—)— d?.; dz,

When these relations are substituted into the boundary condition,

(6.3), we have, up to second order in U..\—j )

Xcox{ K(-2 +Dg,, - DG,) + GIDE,, +me\ v
X (29102810 +DE Qo - §:16DG1o +
1DE,, D)t kG (-260:-2Q, +
*Qo\’b §\0+ (¥\o‘D gm' go\.DQm" glob(poi +
+ DE, - b@n) + 62((90\ DE€oy - £0. OG0,
+DEer-DGged ) = O

(6.9)

After a finite amount of manipulation on the second order terms,

(6. 9) reduces to the surprisingly simple form

K\-_Y\w *)\,o;l -G | t gj:%(xnll\m\ \Y 6(.\")\\)-1 .

(6.10)

: ‘K‘\f\(x_x_m\{g(\-\)\\_} %%— v = 0O
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This is our e'igenvalue equation. For a shear layer the first order
approximation gives

kl2ct-Mmi - ML ) -2 =0
which is exact for the Kelvin-Helmholtz problem. Marginal stability

occurs for

%

G -\~ YorMe
K

2

For the double shear layer model 6f Chapter 3, (6.10) becomes

- G _ Li-2¢- My mg - @)
0z (\r-mr- & -ax) « g ,

. Y\-\-'Z(. - M+ M- C"\\‘X
Solving for ct , we get

= \ -
¢t = -1 - MM € Ak T L) (1 e

- g’i\ - - 4k(1-1r- & m Yy ang(1-mp N

which is exactly equal to (3. 17) whenthe latter is approximated for
long waves by Writing
ot = \-e N = qy
In the jet case, approximating (6.10) to first order leads to

the conclusion that
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Gl — O s k— o
When the background field is neglected we may have marginal stability
at X=©O for @& less than the critical value given by
Qe & S” O™ M) dz
z (6. 11)
We mention once again that this describes the sinuous wave, and
(6.11) agrees with the heuristic formula, (3.14). The critical G is
thus somewhat smaller than for the corresponding nonmagnetic problem.
Once again, if used properly, (6.10) yields information about the
varicose wave. For the three layer jet, (6.10) may be written to

second order as

\
Le-me- V-t ma | rk\i-ae-ms w6l ® o

(6.12)
One of the roots at W= © is given by
C= \tM,
which is marginally stable when M, = Q . To second order then,

(6. 13) may be written approximately as

- Lv-me- ) r k-vemte6) = 0

to which the solution for ¢ is given by

\
C = |\ & l.-Z\'-':\\\(\'-\\’\\."--- c’l\\\
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The agreement with the long wave approximation of (3. 12) is
good and captures the essence of this mode. The critical & is

then given by

G a
Sl

so that we can see that the varicose mode is more unstable to long wave

(6.14)

length disturbances for this example. A more general statement will
not be made although it would seem.as if the varicose mode is probably
marginally stable at K=o when M=o and OM= o at the point
where U has its maxim_um, and exhibits a larger critical Richards;)n

number than does the sinuous mode

B. Convergence of the Series and the Integral Equation Approach
Before attempting to solve for an approximate value for the
overall Riéharson number, & , for several shear velocity profiles,
it is desirable to investigate the convergence of the series. In Chapter
5, convergence was established for the case G=o but now as we
increase ©& towards its critictalivalue ¢ approaches zero and
convergence does not follow immediately fro.m the homogeneous case.
Since we are interested in \Obtaining the marginal stability curves,
convergence of the scheme is essential to the validity of the results.

The approach is essentially that of Chapter 5 where we first

prove the series converges and then reformulate the integral equation
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method and show that, here too, it leads to a simple means for obtain-
ing an explicit form for the eigenvalue relation. Convergence is proven
for € and extends without any essentlal changes to P
Retaining the restrictions on X and subjecting the density field
to the restriction that
\ % | <At

where, as before, we use a new independent variable, Q , such that

Q=e*® oM<\

and R
d - =

) qu %li =D

Writing the integral of the recursion relation (6. 7) leads to

dgi\-\jq—\ - - -\—-. ‘l L.“dld +
oK ), € M

53 X A8y d‘l. ¢ dn, - S}Gd‘; §in Q-X

(6. 15)

Obs ervmg that

\’—‘\ | c;-

(6.15) becomes
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o drl, o
Notice that we have already computed gt. ° in Chapter 5 since
gt‘o = 9 ,'“
Convergence of § o, follows simply. (6.7) gives

qgo_d Jd _fl__
dv[ qc. & A §

\
and by mathematical induction

3
g% < ( ,la,; 1 -\\: 6/\ —\— 3_

\ £

o-"",l

These two cases form the framework by which the convergence argu-

ment is completed. It follows immediately that

(A f oo

ANV 2
(c\a1 iU v

and therefore with G < K
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LK > 7 € ki

b=t

we see that the series converges for all K and & such that CL+#0O .
The change in the integral equation due to the indroduction of den-

sity variations is minor. The Fredholm determinant, & , given by

(5. 25) retatins the same functional form but the kernel K (,2¢J;J§ is

now defined as
K _{-—‘—-{x&m-x"}—g’-m}
('%‘3%3\ = X('%D ] @ Kt

When all the restrictions of the integral equation approach of Chapter 5
are retained and we now demand that

\ DA € Gt exp (-ata) as\2\ — <
for a positive Q. , convergence follows immediately for sufficiently

small K so long as G| is finite as -0 . The first two

terms of the eigenvalue relationship as given by , is then
o [yt W
W X (K-Xg _ _C?_b\),n,,... =0 (6. 16)
‘l .
: at J-=\ X K

We recall that this argument has been used for the sinuous wave of the

jet.
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C. Stability Boundaries for Shear Layers

Since the series expansions for § and ® converge, our
eigenvalue relation also converges for all X , G such that <t %O
and this suggests that we may look more closely at (6. 10) for a more
accurate estimate of the critical overall Richardson number. We
shall restrict consideration to the case when U and \ are antisym-
metric and M is symmetric about the point 2=0 . Physically, we
can expect instability being manifest at Ce =90 . For reasons
mentioned in Chapter 3, the double shear layer is an example of a flow
which may, for small enough magnetic field, exhibit instability by two
waves travelling at equal but opposite velocity. Generally, Ce= 0 when
C¢ O and although this result will not be -;ﬂ)roven, it will be used.

Taking the limit (L —~© , (6.10) becomes

[ 4]
ax -War M) - 26 »& LK (0 My cmd) o
- (6.17)

Y 6O KO- w-amiY s 6 RNt

O%- M

Whenever U =*M the integrand is singular and thus (6.17) is
strictly speaking not integrable. This difficully can be circumvented by
a method used by Drazin and Howard (1961). What we do is to subtract

a value from the integrand equal to the integrand at the singular point
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and; expressing the ;subtracted quantity as an exact differential, add

it outside the integral. Noting that

L 9\.\.@3 0-M \
O*-M*  da Urwn ) Q(MDU -0M)

and making use of the symmetry properties, (6.17) appears as

(Mm‘\’MmX QCT 28 {({Y\(O M-\+Mw31‘
+GLNLTREO- M- eng) 6 ()= (KT rma) s

£ G (1= %Ik € \m.w\*s(uxu,ﬂ{‘“m oo § (519

hdo- ows

__di J— E\’\L l-\-MmX*\vG‘(\ Xow«\*&
Ot (M- um«\o,ﬂ

EK(\+M°\+ GO +ho- ,\\1( {0\'“\ 3 =0

An equivalent formulation can be derived by using

1 _ 4 + gt \
0-M- da Y*Ldﬁ (o-m \’x 2(0D0 -MDM)

When the background magnetic field is zero, (6.18) reduces to
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G = m\cy &E:Y) Nien L MD0 - 0om) -L.}o\% (6.19)

K CTMDY - 0dDM Ny

or equivalently

SRR S {Q\ )x‘)*\:ow Lovu-mdm) da

K LODO - MOW e

(6. 20)

N AN .
LUV - MDM) \03 Mf" h

O

where, because =0
X = OF-M-
To see the initial effect of the magnetic field on the stability,

we define
afr?
M&= Mol Srw\ =\ , Dkev =0
and take the derivative of (6. 19) which respect to Mg and evaluate

this at Mo =O . It is first necessary to find

No=u
(MDo -ODM),

as functions of Mgy when Me is small. The point U =M’ occurs

close to the origin for Mo small, so that we can expand in a Taylor

series and write

V O+ 2D0w
M= Mro + o nm, O oy
h O 1 TOIwy
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Therefore, the 2 value at which U=™M is 'given by

2. = Mo
o DUco\

Therefore, we may write

.Dkto\
= M°
>\ VM DU

and
- _ _wt Do
IMDLU UMY, = Mo\_\ Mg DU;:&
so that
96 \= ’ {v@;\ =X -
AN, e o i 0“1

(6. 21)
_ bXLm) bk&gﬂ}& da
DU 0
By expanding near 2= O the two parts of the integrand which
become singular cancel, so that the integral converges. When (6. 21)
is positive, the magnetic field acts as a destabilizing agent since it
serves to increase the «critical Richardson number.
We now consider two. problems, Our formulas will not work for
the discontinuous models because they involve derivative terms but this
is not overly disappointing because by direct use of (6. 10) their solutions

have been depicted rather well. The two problems that are chosen are

among * the small number of examples for which the stability boundary
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is known in the nonmagnetic case. Since no analytic solutions exist for
any magnetic problem which fits our model there can be no comparison
of results. Nevertheless agreement is observed in the nonmagnetic
verson between the expansion results and the actual solution

For Goldstein's problem

-\ ,  Ze-)
O=N= 2  -szey
Vo, ase

the stability boundary is given by
CER T TERE S

and in the limit WM = O (6. 19) gives

G=k-%x
which is exact to second order. For Holmboe's probiem

U=X = tomh(@)
the nonmagnetic limit of (6. 19) gives

G = RW-\)

which is exact. With this somewhat encouraging information in view,

we now proceed.

In Goldstein's problem consider a magnetic field given by

0O , \z2\z,
M = M-2) ) Os¥sn
Mo (1¢) -1$2¢ 0

)
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(6.19) and (6. 20) both lead to

G=K+_\:\:_K1£Mi+\ + Mo‘L Mo"}
s 3 e (- MY °3 (6.22)

Taking the derivative with respect to Me we see

[SIC { K, K Kl m o 0-mgY
D M, 30 (-my U-mHe

4 LMe X* LL&M:' }
U-Ma)3

The dominant term for small Mo* is given by

| - K hog M3*
U- M) "

and is positive so that the magnetic field acts as a destébilizing influ-
ence for small values. A plot of (6.22) (Figure 20) indicates that the
magnetic field is destabilizing for all values of Mo $ 17 and >sta-
bilizing for Me 2\

Consider Holmboe's example with M =Mgsechz . Equation

(6. 19) then takes the form
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A = O0(K2) destabilization

\
Figure 20. Destabilization to OCKY) for Goldstein's

problem.
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0 k}
G=Kx K‘S {{'O\n\ 2 - Mlsechty - —Seh?
o h Yoz = Ms sec®

Jreme' Yok z - Matsech'2

After several pages of maniputation this becomes

G=k- "‘\'\'\—M‘-.&_ \\"'MD\ "'MO 5}
‘oK g Vet U1 vmge

and it is relatively simple to show that this produces greater stability

than in the nonmagnetic case for all Mo . The proof rests on the

fact that

Mb e >, (Ag(‘\ 1+ My YW \

\ \eM- - Mo

At M. =0 thereis equality and beyond it we take

{Mo\ e M- - U%Q\;:'.‘:‘:b *M'D\X d‘_-Li\fn, 20

so that the nonmagnetic problem is more stable.

If,however, we choose

M = Mo SQC)t\‘L%
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for the Holmboe problem, (6.21) becomes

_ ® T R
&)no-.o_ KzS) i;eo\ 2=\ W’-J

aus
- D Sech 2\1 d2

m . ;
= \\"S @Seo\\"z - sec,\\"‘z\o\% >0
O .

~ and since the integrand is always positiv’e, a small magnetic field |

causes greater instability.
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VII. Critique |

Roughly one hundred years of experience with hydrodynamic
stability studies of ideal parallel flow has shown that the problem is,
indeed, quite difficult. When a parallel magnetic field is added, th;e
situation becomes even more complex. The methodology employed in
the creation of this dissertation has been to attempt to apply the tech-
niques used in the hydrodynamic studies to thé magnetic version of the
problem. Some of these techniques have proven.to be fruitful but
many have not.

Most of the early work on magnetic fluids l;xas shown the magnetic
field to act as a stabilizing agent. In fact when the magnetic energy
is larger than the kinetic energy everywhere all possibility of instability
is ruled out for normal mode disturbances (see also, eg., Gilman 1966).
Several researchers, notably Kent, have been able to demonstrate,
without obtaining complete solutions, that magnetic configurations
which destabilize otherwise stable flows (of a homogenc;ous fluid) can
frequently be found. The technique most suécessfully used in this
connection is to expand for small wave number around the known (but
somewhat artificial) solution at zero wave nurﬁber. All that is deter-
mined from this procedure is knowledge of whether the wave speed has
an imaginary pe}rt.

The double shear layer model presented in this dissertation

represents the firsj analy;cically solved problem for parallel flow of
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an ideal magnetofluid which shows there are magnetic field values
which cause destabilization of the fluid, both with énd without stratifi-
cation. Because of the simplicity of the model, a tentative physical
explanation for the destabilizing effect that the magnetic field may
produce was offered. It seems quite possible that this mechanism may
extend to fluids with continuous distributions of velocity and density.

The value of this example suffers from one main drawback. The
distributions of velocity and density have discontinuities and when the
magnetic; field varies at all, it too does so discontinuously. The degree
to which discontinuous models are representative of the physical proces-
ses of continuous models falls somewhat short of completeness.

No complete solution for a continuous velocity and density profile
exists, even in the nonmagnetic case. Reliance is placed on generai
theorems such as Rayleigh's theorem for homogeneous flows
and Howard ‘s result for heterogeneous fluids that no instability can'exist
when the Richardson numbér is less than minus one quarter. In the
magnetic case a result analogous to Rayleigh's theorem has been
proven, but fof a heterogeneous fluid no result limiting the stratification
for ‘instability could be proved. For a homogeneous nonmagnetic flow
there is stability for sufficiently short waves and although a similar
result is expected for the magnetic problem, none has been found.

When dealing with a heterogeneous fluid, one often tries to locate

a stability boundary. This consists of a curve of values of the
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Richardson number as a function of wave number for which the real

part of the wave speed lies within the range of values of the velocity

and the imaginary part of the wave speed equals zero. The physical
situation is supposed to reflect the fact that any decrease of the
Richardson number at a given wave length below the "critical" value
leads to a situation where there is now sufficient energy to cause the
system to become unstable. Miles has provided mathematical support
for the conclusion for a certain class of shear flows. The same assump-
tion seems reasonable for magnetic flows but is, so far, without an
equivalent proof.

This shortcoming is not a pressing question at present, if only
because so far no marginally stable solutions have been obtained for
magnetic problems. This is vdue to the fact that whereas the singular-
ities of the nonmagnetic problem are generally algebraic, in the mag-
netic problem we have logarithmic singularities to contend with in most
cases. In several of the formulas of Chapters 4, 5 and 6, we see how
the logarithmic terms enter and complicate the situation. This diffi-
culty is furtht;,r reflected in the fact that whereas the nonmagnetic
problem has a governing equation which may be written in at least two
highly useful forms, in the magnetic case only one of the forms yields
much information r‘eadily. In any case, the obtaining of a marginally
stable solution is a very desirable goal and would give a better indica-

tion of the accuracy of the formulas at the end of Chapter 6 which
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purport to describe the stability boundary for unbounded shear flow.

No numerical techniques have been developed or used in this
work. It was felt thgt there was large enough ground to make progress
by more elemental methods, which would afford, at least in the early
stages of research, more iﬂsight into the nature of the problem.
Although it would be desirable to have some analytic result to which
the numerical results may be compared, the computer study might
still lend support to the expansion schemes of C,hapters 5 and especially
6. It is anticipated that this will provide an open avenue for future

research in this area.



-179-

Appendix A.

We take the \ component of the curl of the equations of motion
and then differentiate with respect to X . Using the fact that the vel-

ocity and magnetic field are divergenceless, the result is expressed as

b}_ﬁ .\.}:_\’9. - 'bi\‘- bz_\l = o -g-r‘; M’D.
Q( o dLY ok o 3 R} N b\‘( (A. 1)

2 2 2
Dhe , Tha) - 2ha TN
Kt o v DI
Taking QO (A.1) enables us to elitninate reference to V. by use of
the thermal equation. We must take Qq (A.1) in order to eliminate

‘reference to the perturbation magnetic field by use of the 2 component

of the magnetic equation in (2.18). Care must be taken since

o
Q2§ + 2 af

In fact using the operations

QL - 2gqf - Bk

————

oY) oz 2T OXK

*Olga [ Q(_%‘OB_&_QD_Q@,.Q_‘:

& (1% oY D AKX Dr . OF
repeatedly on the magnetic terms of Q:" (A.1) leads

directly to (2. 21).
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Appendix B.

Equation (2. 23) is now derived from (2. 22). Since
W=QaFr

we can write (2. 22) as

DL - B)nsy] - fe( - %)
+ §o(Pali-%1) + Riar =0

Now

(B.1)

DQF) = QAdDF + DAY
THQAF) = IDQYDF «+ ADF + DA +

so that (B. 1) can be written

Lo e (38 (1)
.ZDQ‘XBF +i(\- L’\_f_ DG Xi DW‘ bQ Sm

) K’(\‘ b\bQ(\ - WY - &of&r

Cancélling where appropriate and multiplying by & 1leads direct-
ly to equation (2. 23). Other general forms for (2. 23) may be derived
simply by substituting

F=Q " (@~WY"R
and when h=0 S M= Va we obtain another useful form of the

equation, given for the homogeneous case by (5. 1).
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