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ABSTRACT

The relative dispersion of artificially generated sodium vapor cloude
at altitudes between 100 and 117 km is investigated in this study. From
sequential photographs the apparent radial expansion is measured both by
densitometry and by visual techniques. Interpretation of the apparent
expansion of the cloud requires distinction between several optical effects0
such as the changing sky background brightness and film sensitivity, and
the dispersive effects of the atmosphere0 such as turbulent and molecular
diffusion.

The variance (relative dispersion) of the radial distribution, which
is assumed to be a Gaussian function0 is shown to be a linear function of
time above 110 km (molecular diffusion). Below 110 km the variance is shown
to approximate a t2 functional form for a morning twilight cloud- and a t3

form for an evening twilight cloud. Although it cannot be uniambiguously
demonstrated at this time, the author suggests that the observed t 3 form for
the evening twilight case reflects the non-dispersive effect of a decreasing
sky background brightness.

The mean square "turbulent" velocity associated with the accelerated
cloud growth below 110 km Is of the order 2 to 4 a /sec 2 .

Thesis Supervisor: Norman A. Phillips
Title: Associate Professor of Meteorology
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Within recent years various types of rocket experimentO have become

an increasingly important tool for probing. the.upper atmosphereo In one

such experiment luminous trails of sodium vapor are f6i4at twilight

The expermental objective of which is a determination of tthe wind field

from the time transport of the cloud axis0  The sodium vapor in these

trails, when illuminated by solar radiation0 emits the characteristic

"yellow" D line fluorescence at 5890 and 5896 %0 At twilightp when the

sun is depressed from 6 to 9 degrees below the horizons the cloud at 90

to 120 km Is still illuminated by the sun, while the intensity of the

diffuse sky background illumination is reduced sufficiently to obtain

cloud photographs.

From successive cloud photographs the atmospheric wind field is ob-

tained. Usually the wind field is determined from the first two to three

minutes of the photographic sequence0 during which time the changes in

sky background brightness do not influence the accuracy of the wind deter-

mination. Thus, when film was selected and camera stop settings programed0

the emphasis was on selecting yellow sensitive film with mmax m response

to a narrow range of luminous intensityo rather than a lesser response to

a broader range of luminous intensity, (For diffusion studies , a flatter

response is more advantageous for recording changes of light intensity

over the total period in which the cloud is photographed).
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The present study will demonstrate that a more precise Oelineation

of film sensitivity is needed to determine the time dependent form of the

sodiuma cloud expansion. Since this precision was not necessary tdo deter-

mine wind profiles, we may expect to find limitations when using the photo-

graphic sequences to study cloud expansion. There is, nevertheless, value

in analyzing these photographs.

In this study we analyze photographs of sodium vapor trails for evi-

dence concerning the nature of their diffusive growth. Among the questions

that must be considered are the following. How is the atomic particle den-

* sity distribution obtained from photographs which record the distribution

and time variation of the cloud luminous intensity? How are the time changes

in the width of the luminous trail to be interpreted? Are they due solely

to diffusive processes? How do changes in sky background intensity or attenu-

ation effects within the atmosphere affect the apparent growth of the luminous

trail? What does the apparent growth of the luminous trail indicate about

atmospheric dispersion; is it molecular or turbulent?



I1. B EKGROOID TO O "THE PROBLEM

A Background to Turbulent Dispersion Theory

Turbulent diffusion is a familiar experience to all who observe stack

amoke on windy days or stir cream into their coffee, Despite its comnon

occurence in the physical world very little progress has been made in de-

veloping an adequate and complete theoretical description. . Turbulent motions

are diselpative ,dispersive, and characteried by random but continuous velo-

city fluctuations* The unpredictability of the random turbulent velocity

forces the sacrifice of detailed understanding of the motion to descriptions

by probability density functions (p.df.). The p.df, may be obtained by

theoretical arguments or, emplrically, from a large number of reproducible

experimental trials.

Consider the case of two particles released into a turbulent fluid. The

ensemble of such experiments will generate the joint probability distribution

function Q('o o t',; ai" t" I to; .0o to)o This is the probabillty that

particles which originated at 0 and 3 at to and t", respectively, will have

tiavelled to O and Le' at tI and t". By replacing jO and "' by I = x - xQ

and y = z" -E0 we may distinguish the translation of the particle pair

from their separation. If we conside? only the relative displacemento , of

the two particles at x ' and a' then the function of interest becomes

Q'1o t I o0 to) =f Q(; x. tl ; X0 t ) dx (2.1)

where QCV, tl o e to ) is called the separation p.d.f.
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For dispersion studies the most meaningful parameter derivable from

the separation p.d.f, is its second integral moment, which we call the re-

lative dispersion tensor. A typical element of this tensor is designated

01j ( = 19203; J = 10203)

CIj (tl2 to )= y Ct) M j Ct)> = Yyj Q(0 t!io. to) dy (2,2)

The symbol, < >, represents an ensemble average. Furthermorev the relative

dispersion may be related to the relative velocity of the two particles as

follows

t

< y I M Y M > i (t o y + " d to, f dt" < v (t) v (t") > (23)

0

The one-dimensional form of the relative dispersion 02c. Vfllows from (2.2)

2 (tlyo0 t, o ( 2 ct I Q (y tyo'. t o dy (2.4)

The"shape" of a luminous sodium cloud is direotly related to the possi-

bility of a vector y being Cdopletely immersed in the cloud As -Batchelor

(1952) has shown, once the initial shape of a luminous cloud is known, its

subsequent tendency to change will be determined by the statistical properties

of the separation of two "particles", i.e. the separation p yadt Specific pre-

dietionsof cloud growth in the form

02 = < r2 ta

where a is one, two, or three may be obtained from the various theoretical

formulatlon* of turbulent diffusion theory discussed in the next section.



B. Theoretical Predictions of Turbulent Diersion

The most widely known theory of turbulent diffusion is Kolmogoroves

similarity or universal equilibrium theory (See Batchelor, 1950). The

similarity theory develops from the idea that some kind of statistical

decoupling accompanies the transfer of energy from the large scale to

the small scale motions where the small eddies tend to be statistically

isotropic. The theory is formulated into two similarity hypotheses.

(1) "The statistical properties of the small-scale components of

any turbulent motion with large Reynolds numbers are determined uniquely

by the quantities 71 and e " (kinematic viscosity and turbulent energy

dissipation).

(2) "At sufficiently large Reynolds numbers of the turbulence there

is an inertial subrange in which the average properties are determined

uniquely by the quantity e " (Batchelor, 1950).

One can associate a characteristic length 1 with a range of wave
0

numbers in whbich most of the energy is contained, and a characteristic ra

speed, o  1/3.< u > If the initial separation vectoro y o is

mall in compariWon with the length scale, l1 then the universal equili-

2brium theory may be assumed valid. The relative dispersion, < y >o is

expressed as a universal function of the parameters, i and *, describing

the turbulence, and the variables, t and yo. Batchelor (1980, 1952) gives

the following predictions as a consequence of the simillarity theory:

2/3 -1/3At mall values of timei t << y /

< y > _ < y > t (Ey) 2 / 3  (2o5)1 0



at intermediate values of time, t >> 2 / 3 E -/3 (provided .y 1 still

within the limits of the inertial range)

< 2 t (2.6)

A similar prediction results from a recent theory of Lin (1960) in

which he assumes that the forces acting on the dispersing particles may

be described by a stationary random anisotropic processo but the relative

velocity covariance (of two particle separtion) may not* The final form

of this theory is an asymptotic result for diffusion times within a certain

time interval < < t < r2o The timeo ' 1, is determined by the acceleration

covariance becoming negligibly mall. The time. r, although greater than

• t1o is still all enough so that the relative velooity autocorrelation

is not independent of diffusion time. The final predictien takes the form

< > = 2/2 ?t t(o7)

This form of the relative dispersion (mean square separation) is similar to

the similarity prediction (2.6). Although i ande are dimensionally the same

they are not necessarily equal (Lin propose, without proof, that / E is equal

to a universal function of the Reynolds number). Furthermoreo Lines result

does not require the assumption of local isotropy.

One other theory deserves brief mention. It was proposed by C. X. Tchen

(1954 1961). From predictions for the energy spectrum function and the

shear spectrum function in the inertial subrange (Fourier wave number space)o

Tchen derives relative diffusion laws for large and small values of mean flow

shear. When the mean flow shear is large, the prediction of relative disper-

sion id



< Y > ~ t2 (2.8)

and when the mean flow shear Is amallO the prediction is similar to (246)

and (2.7)

< 2 t 3  
(2.9)

(the factors which would change the proportionality in (2.9) to an equality

are unspecified by Tohen).

A final example of the prediction of a t 2 regime for relative disper-

sion follows from a simple model developed by Kraichnan (1962)o Consider

the three dimensional problem where the velocity field ui(x) has an isotropic,

multivariate normal distribution0 wbich is indejendent of time in each reall-

zation, and the concentration qp satisfies the equation

+ a --- KV29 (2.10)
Ot exI

where K is the molecular diffusity. The initial mean concentration is given

as the three-dimensional Dirac function and the problem reduces to Sining

the mean concentratl on

P( ] (ast to ) = (<p ,t) > O2ll)

Kwrechnan then distinguishes two asymptotic ranges in which P(, t o t o )

has'a simple forms They are t << & /v and t >> t /v where t and v are

the correlation length and root-aean-esquare speed associated with ui(#). The

two independent Gaussian processes, molecular diffusion and a Gaussian distributed
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displacement t u (0) determine the distribution so that

2 2 -3/2
P, t10,0) = 4w(Kt + v t -3/2 exp - / 2 V (2.12)

4Kt + 2v2t 2  o
o0

and

< 2 > = X12 P (o t0o 0 ) d = 2Kt + v2 t(21

where < x 1
2 > is the mean square displacement in one direction. The effect

of molecular diffusion is related to the ratio L v /K. For tv /K >> 1
ooo o

molecular diffusion is negligible except for vey short times t << K/v.

If therelative dispersion of the sodium cloud with an assumed Gaussian

distribution of line-of-sight..concentration were given b.

=r2 > = r 2 Q(r.tlO,O) dr = 2Kt + 2/ it (2.14)

then, ph sically, this woul again imply two independent Gaussian displace-

ments that are mean square additive (Taylor (1925) was the first to suggest

this as a useful assumption, and Townsend (1954) has since shown that its

closest approximation to experimental result occurs for small diffusion time).

The relation < r 2 > = 2Kt + 2/3 Bt' implies that the velocity is not constant

for an independent turbulent displacement, ut, as in (2.12), but is a func-

tion of , Dimensionally this Implies that U -".Bt. where B is dimensionally

equivalent to C of the Kolmogorov similarity theory.

The dispersive influence of the atmosphere upon the cloud will be in-

dicated by the functional form of the time. dependence of the variance c2 de-

rived from the observed cloud expansion. The quantitative problem of sodium

vapor trail expansion is to determine the functional form of the variance



associated .with the assumed Gaussian distribution of the sodium" density.

C. Cloud Photography

An understanding of photographic image formation is necessary to inter-

pret the measurements of sodium cloud expansion. Recording the sodium cloud.

image requires the proper choice of camera optics and adjustments: focal

length of lens, camera aperture opening, exposure time, and film and filter

combination.

The various combinations of these elements proper to sodium cloud in-

tensities is discussed in detail by. Manring and Levy (1961), In this seec-

tion a brief review is presented to emphasize the care that must be taken

in relating changes in luminous intensity recorded on a film to the diffu-

sive changes in concentrations of light scattering atoms.

The intensity of radiation coming from the cloud is defined as follows.

Consider any differential element of area, dA, of any surface in the volume

of space. This surface may or may not correspond with'-the actual physical

surface of the cloud. The radiation in the frequency range v to v + dv,

passing per unit time through dA, and confined within the truncated cone de-

fined by dA, and the solid angle, do, is denoted by d Ey(erg/sec). The

specific intensity, 1 , Is energy per unit

frequency interval, transported across unit

area perpendicular to the direction of the

beam (in direction ((, i), where X is a co-

latitude or zenith angle and I is an. .azimuthal

angle) in a unit solid angle per unit time; dA
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it Is expressed symbolically

dE = I cos d Ad v d

The integrated IntensjitY~ , is

S 1 dv (2.15)
0 -

where the units off. are erg/ca 2 sec sterad. When the unit area in the

definition of the integrated intensity also corresponds with the surface

of an emitting source, such as a sodium cloud, the surfae, brightness B

of the cloud is defined by ~T1bhere the units are org/cm2 eco (Surface

brightness is eomeetim expressed in units of photon/ca 2 sec or rayleighs,

One rayleigh is 10 photon/cm2 sec; one hoton (at X5893%) is V.$7 x 10" 12

erg.)

The relatlon between the surface brightness, B, at the Cloud and the

energy received by a recording device, such as a camera, is illustrated in

the folloUqg mamr. The solar illuminated sodium cloud is locat*d at a

line-of-sight distance, s, from a camera. If the camera has a lens aperture
A

area, A, then this area subtends a solid angle - steradian at a point on

the cloud surface. The total number of photons emitted from the cloud into
A

this solid angle is

The total energy, E, received at a point on the camera- film plate from

a point on the cloud surface during an exposure of t seconds is represented

by
IAt ~BAt

E ~2 (2.16)

where r is the total attenuation between cloud and film, Among the attenuation
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factors that reduce the total energy received at the camera plate are the

transmission of the camera lens system, the filter transmission, and atmos-

phere transmission effects such as scattering, both Rayleigh and Mle, ab-

sorption by the Chappuli bands of ozone (4400 to 7400 1) and absorption

by the natural sodium, nayer at a height of about 80 Ik. The logarithmic

relation between cloud surface brightness and energy received at the fill

is expressed

In E = In B- (2.17)

where the attenuation and other factors are included in the)j term.

The total intensity of energy per square centimeter incident upon the

film determines the degree of darkening of the film negative. This dark-

ening is called the film density, D. The law of darkening for each film

is represented by empirical curves of D vs In E such as those in figure 1

taken from Manring and tevy (1961). (Note that log E in figure 1 is to the

bass 10.) If the "geams" of a film is defined by the relation

dD

Y = "---- (2.18)
d In E

then there are regions of the-D vs in E curve for which y has a constant

(and maximum) value for a finite range of In E values. The region of con-

stant y is also the region of sharpest film darkening for a given change in

In E. Energy values to either side of the constant gamma region give darkest

film densities on the shoulder of the D vs in E curve and lightest den-

sities on the toe. In both the toe and shoulder regions there is very mall

contrast for a finite change in energy received by the film.
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We now may stumarize the relationship between the cloud Image as repre-

sented by the film density D, and the atomic sodium number density0 p. in

the cloud (atoms per cC.). The integration of the number density of solar-

illuminated sodium atones over the line-of-sight distance, *so I called the

"column density"o no where

n = p (s) d (atoms per cm2) (2.19)
0

For an optically thin cloud, the surface brightness, 8, Is proportional to

n. If this is expressed

B = qn (erg/c2  -sec) (2.20)

where q has the dimensions erg/atom-sec0 then from (2.16), (2.17), and (2.18)

it follows that

dD
S= d(l ) = d l (B )  d In (q n e) (2.21)

Y
A simpler relation follows if we consider the relative magnitudes of no Do

and B at different radial distances from the cloud axis (for a fixed time).

It n, D, and E represent the respective qualities at a distance r from the

cloud axis, and noEo  and D represent the same quantities along the cloud

axieo then for an optically thin cloud (2.21) may be expressed

D-D
----- = In E/ = In/n (2.22)

Y0

(2.22) is valid if the range of energy E associated with the sodium cloud

remains within the region where y is a constant To help accomplish this,

filters are chosen with a cutoff to the short wave side of 58931 and films



are chosen which are relatlvelfyltseriitive to the long-wvveiidd of S8931

Thus the £ilm-filter combination is chosen to maximize sensitivity to in

tensity near 5893% and minimize sensitivity to intensity coming from the

sky background at other wave lengths0
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111. METHODS OF CLOUD GROWTH MEASURIMENT AND ANALYSIS

A. Jtroduct in

The observational data available for this study are sequences of photo-

graphic negatives from five camera sites. Three film and lens combinations

are used: 80 m £f/2.8 lens with 70 m roll film, and a K-24 aerial camera

using 5" x 7" strip film with either 7" f/2.5 or 20" f/56. lens. Exposure

times used with the 70 me film were 3, 60 and 12 seconds.-

An example of the Wallops Island photographs used in this study is

given in figure 2. These photographs show wind distorted clouds whose sur-

face appearance runs from faint and irregular to bright and smooth. This

gradual evolution into a smooth trail characterizes, to my knowledge, all

sodium clouds, One might characterize the stages as "irregular", "globular",

and "smooth." The globular region is particularly well pronounced in the

17 September cloud in 2b. Whether these irregularities in appearance are

due to atmospheric turbulence, or to an irregular deposition during the ejeo-

tioA process (the irregularities are progressively obscured by the increasing

rate of molecular diffusion at higher levels) is not known, But, as we shall

show later, accelerated cloud expansion may occur in the smooth regions be-

low 110 km.

Figure 3 indicates the relative location of the five camera sites. In

order to compute cloud height and position, images from five simultaneous

photographs are projected onto a hemispheric dome, each projector being lo-

cated and oriented as the camera which it models. The intersection of taut
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(a) 9 December 1960 (AM)

6 min. after rocket launch 5 min. after rocket launch

Note that the straight region just before loop in the up trail cloud is
irregular and the corresponding parallel straight region in down trail
is smooth.

(b) 17 September 1961 (AM)

6 min. after rocket launch 5 min. after rocket launch

Fig. 2. View of clouds from Wallops Island
rocket launch site

(K-24 7" f/2.5 data)
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139.3 km

20 APR. '61
CAMP HILL

164.5 km

128.8 km

17 SEPT. '61

WALLOPS ISLAND
launch site

9 DEC.'60

0

DAM NECK

Fig. 3. Relative position of camera sites to the Wallops Island
Launch Site. Dashed arrows represent the solar azimuth angle
of the sun at 70 soler depression during cloud photography of
four specific sodium ~ails.



nylon string~ runnizg frem each projector to its respective cloud image

determi nes the spatial position of "points" in the cloud. The measured

cloud coordinates in the model geometry are conve.tted to actual heights

and distances by appropriate scaling factors,

B, MeasUrement Techniques

Diameter measurements are obtained by two methods. In the "microscope"

method ue use a small microscope mounted on a lead screw with one dimen-

sional motion and calibrated to .01 am .obtained from the David Mann Company,

Concord0 Massachusette). This device is capable of measuring a well de-

fined cloud edge to 0.02 am, This represents about 30 to 40 meters at the

typical cloud range from the outlying camera sites. For late diffusion times

the luminosity gradients are smaller and the accuracy of microscope measure-

meants deteriorated rapidly. More objective measurements of cloud diameters

are then obtained by densitometry across a cloud diameter. In addition to

the diameter of the cloud0 a distribution of film density D with distance

across the diameter is obtained. In all densitometer measurements an attempt

is made to duplicate the measurements of the "microscope" method The dia-

meter of the cloud on the negative (in ma) is converted to actual cloud dia-

meter (in kin) by multiplying by the ratio of the range (ki) to the focal

length of the lens (mA).

Measurements of cloud diameters are made in the irregular part of the

cloud for 9 December 1960 (A.M.) and 20 April 1961 (P.M.). They are made

in the "globular" reglonD or just above, on 17 September 1961 (A.M.) and

24 May 1960 (P.M.). The heights at which these measurements are made varied

from 99 to 109 ks. On films illustrated in figure 2a for 9 December



-19-

measurements are also made well up in the smooth part of the trail at 116

to 117 km. The crosmarks on the overlay to figure 2 indicate locations

where cloud diameter was measured or densitometer traces obtained. Measure-

aents of cloud diameters in the 20 April 1961 (P.M.) photographa are made

between 100 and 104 ka, and are indicated by the portion of trail between

"a" and "b" in figure 4.

Cloud diameter measurements cannot be made at every height on a cloud

photograph. The reason for thi is illustrated by the trail image marked

"c" in figure 4, The direction of cloud transport in the plane of the photo-

graph is marked by the arrow in figure 4 and, as can be seen, is essentially

perpendicular to the trail axis or parallel to the cloud diameter, The amount

of cloud tran port in the six second exposure time for the film contributes

a spurious thickness to the trail diameter at "c", With a transport of 50

m/sec perpendicular to the .direction of the camera line-of-sight, the cloud

is tranaported 300 meters during a 'ix... second exposure. The-fi-m integrates

the intensity emitted by the cloud and a significant error will result in mea-

sured cloud diameters when the actual cloud diameter is 1 or 2 km or less.

The motion of cloud material at "a" and "b" in figure 4 is essentially

along the trail axis. This stretches the cloud along the line "a" to "b"

but the motion does not contribute to the image of the cloud diameter. A simi-

lar effect of notion on cloud image occurs in photographs from the outlying

Cacrs sites. On the negatives for these sites, diameter measurements (or

densitometry) are only made across diameters at those heights there the wind

transports the cloud in a direction toward or away 'from the recording camera.



Fig. 4. View of cloud on 20 April 1961 (-.M.) from Wallops
Island launch site (K-2 7" f/2.5)
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Co Analysis Techniques

A measured sodium cloud diameter on a film negative represents the die-

tance between certain equivalent intensity levels of the sodium fluorescence,

As long as the surface brightness received by the film is proportional to

2
the number of atoms/cm along a line-of-sight, something can be learned about

the diffusion of sodium atoms by following an isophote expansion in time.

Care must be maintained that conclusions about diffusion of sodium clouds

are always based upon isophote changes caused by sodium density changes,

For an approximately cylindrical cloudo
eJ1es .4e.,ticalI c(l.oA

whose central axis is initially vertical 0

the line-of-sight distance through the cloud,

Aso will be related to the horisontal thick- '  s9 # e-

ness of the cloudo Ahy by As = - where S g rdd
cos 4

* is the elevation angle of the camera. , adE

Vertical shear of line-of-sight wind con-

ponent, Vy will cause a rotation of the
L - elevation angle

cloud axle. The resulting relation between . rctanI A 1
line-of-sight through the cloud, and the rs

Sco s.e + sLn t, tan( 4)
horizontal thickness of the cloud, is ex-+

pressed As. = - , where . is a geometrical factor which includes the

effects of wind shear in addition to the zenith angle of observation (see

figure insert). For a cylindrical cloud in which the horizontal distri-

bution of atomic sodium is a Gaussian lunction, the number of atoms per

square centimeter columno no is

N r

n(rot) 1 p1)



where

n is the number of sodium atoma 2 per square centimeter
line-of-sight column (atom/cm );

N is the linear density of atomic sodium deposited in
the atmosphere by the rocket (atom/cma);

r is the horizontal radial distance from cloud axis in
a plane perpendicular to the line-of-sight;

i2 is the time dependent variance of the Gaussian function n;

tA is a geometrical factor determined by wind shear and ale-
vation angle of observation.

As long as n is less than 1011 atom/cm2 the cloud is optically thin and

the surface brightness of the luminous cloud is proportioiial to n (Donahue

and Foderaroo 1955)o At some distance from the central axis of the cloud

there is a value of n at,which the surface brightness of the cloud is Just

distinguished from the sky background surface brightness (either visually

or by densltometry). This value n defines the visual diameterF D e of
D e

the cloud ( r = )°
• 2

The distrJbution of darkening in a photographic image of the cloud can

be related to the number of sodium atoms per square centimeter column . when

the cloud is optically thin and the film sensitivity is known, The mean

square dispersion of the sodium vapor (the variance, 0,. of the Gaussian dis-

tribution of n) can then be computed directly from cloud photographs. To

estimate the quantitative nature of the diffusivity of the upper atmosphere,

the time rate of change of the variance0 Co must be determined. In what

follows, we derive three different methods for obtaining 62 from cloud photo-

graphs. For brevityo we call the methods: the central intensity, the gradient

loj column densityj and the maximum radius.



a) Central intensify method

At the cloud a:is ( r = 0 ) the column density0 no  for a particular
0

height is 'given by (3.1)

N
n (t) : - (3.2)

0 f(2To2

Ifi does not change and there are no sources or siaks to change the value

of No the ratio of n at t and a later time t + At is
0

a t) 02 (t +At)
(3,3)

n t + +At) 2 (()

If y andK are both constant, then it follows from (2.21) that (at a tixed

radius).
D (t +At)- D t) + At)o. o In o (3.4)

o (t)

Substituting (3.3) into (3.4) gives

D (t) - D (t +At) 2 (t +At)

2 r: o2 (t)
From this last relation, 02 may be computed from successive cloud photo-

graphs, if 02 is known at any one time, say, at t = 0.

The requirements for using this method are most likely to be found in

mall spherical puffs of alkali metal vapor and not in the more optically

dense sodium trails. For exampleo the usual sodium payload is 2kg or approxl-

mately 87 moles; the total number of sodium atoms is about 5 x 102 atoms.

The linear density (atom/cm) of sodium atoms ejected along the rocket tra-

Jectory is not known exactly, but a rough estimate is possible. If the so-

diua ejection Is uniform over the three minutes of vaporizer burning tiae,

about 2 x 102 atom/sec can be released into the atmosphere. Radar tracking
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indic&tes the upward Bpeed of the rocket averages about 1000 meters/sec
-~m5

at 100 to 117 I; in 10 second the rocket moves 1 cmo Linear densities

(atom/cm) up to 2 x 1018 atos/cm are generated if the vaporization pro-

ces is 100% etficient. A more reasonable efficiency ay be closer to 5%

(faro, set al 1960). Thus, N Is estimated to be 1017 to 1018 atoms/ca.

The initial visual diameter of the sodium cloud0 about one second after

rocket passage9 is estiated from photographs to be about 140 meters. For

a Gaussian distribution the initial variance 0 can be computed (see equation
0

4.2) for reasonable assumptions about the column density at r = 50m. If

the range of a is 5 x 10 to 1010 atoms/acm (hamberlain 0 1961), and N

17 18
ranges from 10 to 10 atoms/cma the go value ranges from 21.8 to 23.5

asters, For the vftlues, ao = 22 meters and H = 5 x 1017 atom/co, the initial

column density through the trail axis (r = 0) is approximately 1014 atom/cm2 .

This indicates an optical thickness of 10 if - = 1 is equivalent to n = 1011

atom/cm2 . Thus, the surface brightness of the cloud at r 0 Is not pro-

portional to the column density and the central intensity method is not appli-

cable. This method has not been used in this study.

b) The maximum radius method

In this method we assume the visual edge of the cloud corresponds with

the same lsophote at all times. In terms of the sutface density, n. the

assumptlon implies that the darkening of the ftilm negative by the sky back-

ground neither increases nor decreases in time. Thus the visual edge of the

cloud is defined at all times by a constant value of n, n From (3.2) ~= 1
dn e.

and -~ = 0 it follows that
dt 2 d-

4= .. 1) (3.68)
d t dt 0
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Since is positive by definition (the mean square dispersion increases
d t

2 2with time), the expansion of the isophote defined by r ends when r =e e

while at the sam time, equation (3.2) reduces to

n 1 1
= - = (3,7)

N 2 J 2
e

dn n
Furthermores since o = o is a constant whcoh may be eliminated from

dt N2  2
(3.2) and (3.7). If we -let p = r (max) the resulting equation is

ee

This transcendental equation io nl p and r 2 may be used to compute
2 2

for any measured r 6  provided p Is also known.

The utility of this method is affected by the chaongin surface bright-

ness of the sky. During the period of cloud photography the solar depression

angle varies from about 6 to 9 degrees. The relative zenith brightness of

the night sky may be inferred from a study by Korchignia eto al. (1959) who

have measured the relative zenith brightness between 3300A and 5000A from

night through day. Their results are plotted in figure 5 as a function of

solar depression angle. It should be noted from figure 5 that the zenith

brightness changes by about two orders of magnitude during the period of

sodium cloud photography. A change in brightness of this magnitude is equi-

valent or greater than the range of in E (in figure 1) for which 'is effec-

tively constant. Thus, the changing surface brightness of the night sky is

seen to be an important consideration in the interpretation of cloud photo-

graphs.
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c) Gradient log coallmn density method

For a Gaussian distribution of sodium vapor the rate of change of n

with radial distanme fram the cloud axis (at a given time, and therefore0

fiXed cf) may be expressed

On r N r rn
- = exp - = dm-

Or

so that

22 2 a2

= -& 2P (309)
8 In n in --n2

The profile of film densityo D, against radius, ro is obtained from den-

dD
sitmeter tracese, When " is a oanstant it oan be expressed

S= I n ( E 1

Y

If we neglect any variation in absorption cross-section and incident solar

flux between the line-of-sight through the cloud at radius r, and r 2 o then

for colmn denstitiesl an less than 10 atom/oa in E is proportional to

In n

in (1E,1) a in (in2/ 1 )  in (n2/n 1 )

The variance may then be obtained from the differenoe in film density at

these two radii in the form

2 2

= - - 2 (3.10)
2 D2 - D1

where r1 is greater than or equal to the radius where the surface density

is 1011 atom/c 2



With this method the variance may be computed for a given photograph

from the distribution of film density (for a particular height). Changes

in sky background will not influence the magnitude of the computed 02 value

in (3.10) (if y remains constant). In a morning twilight it will 0 however 0

2 2 2
contract the range, ,r 2  between re and r1 (if in (3.10) we associate

r2 with an n equal to 1011 atom/cM 2 ) for clouds on successively later nega-

tives.

Approximations to the gradient in (n) method are used by Manring et

al (1961) and Blamont and a6guette (1981) to compute molecular diffusion

coefficients. In addition to making most of their measurements above 104 ka,

where the trails are usually smooth, they also assume that C2 in (2.10) has

the form 02 = 2 Et for cylindrical trailse and " = 4 Kt for spherical puffs.

As a first approximation to c 30 Blamont and Baguette chose the radius,

r2, where the film denasty is .2M8 or (l/e) of the cloud axis film density,

D . They compute:values of K from the slope of r2
2 vs t. In terms of (3.10)

this may be expressed

Sr 2 0- ) 2
: = r - - (3.11)

2 o 1.26 D• e o o
2- 2 * *

so that = r2  implies - 1.26 or 2 126 DO . Thus, th chnique
D0

used by Blamont and Baguetl.. is exaetly euivalent to the Xra....it In (n)

method, if y and the film density at the center of the cloud image satisfy

the relation, y ; 1.26 D . Since the film used by Blamont and Baguette is

TRI-X with a y of about 0.4 (see figure 1), this suggests that Bleamont's

diffusion coefficients will be greater than those computed with the exact

formula when D > 0.3 and less when D < 0.3. Our measurements of the
o o



maximum film density of sodium clouds on TRI-X negatives would suggest that

Blamont and Baguette s diffusion coeficients can be a factor of three or

four larger than the value obtained with the exact formula (with Y - 004)0

In Manrings technique for computing molecular diffusion coefficients

another approximation to (3.10) is used. He computes diffusion coefficients

K from the formula
o2 r2 r2

K = = 2 1 (3. 12)
4t 4t In 1

2

where 1 D nd2 -D are the-relative dilm density of the cloud at
0 0

radil rl and r2 respectively, and D iso as before the film density at r = 0.

/ 2 is D1 /D 2 . (3.12) is equivalent to (3.10) when E1 /i 2 is equal to the

equivalent surface density ratloo n/n 2 . But we know from theory that D1/D2

Is the ratio of functions of the logarithm of surface density, fa and

mathematically these are not equivalent ratios. But, surprisingly0 Manringgs

approxiation can, under certain conditions, give equivalent magnitudes of

the diffusion coefficient K. The condition under which (3.12) is equivalent

to K values computed from (3.10) is shown in the following manner. (3.10)

may be expressed

S2 - l) 4Kt (D - D)

1 2
Y Y

Take D1  2 D and D2 = E2D, and solve for K, so that

2 .2

( == (3.13)
4t (4 - mlD

Equivalence of the two expressions (3.12) and (3.13). for K requires

Y -1
- . (3.14)1 - E2DJ10

Do ED 2nj)lo0 2 o 2
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or

Y E1 - E
1 2E-- = £2- (3.15)

D tn (G1)
0 E2

D
The range in that can be obtained for different combinations of E1 and0
E2 magnitudes is illustrated in Table 1.

E2
.2 .3 .4 .6

.4

.6

.8

0.66 0.81

0.84 1.00 1.14

1,00 1.18 1.33 1.62

Table 1. Magnitude of y/Do

The degree to which Manring's technique approximates the exact calcu-

lation of the diffusion coefficiento if y is known, depends upon the choice

of a1 and B2. For the types of films used in sodium trail photography (we

may classify them as high gama films (y ~ 0.4) as in figure 1. a knowledge

of the film type can be utilized to chose values of E1 and 9E2 so that Manring's

technique would give consistently better approxtmations to the molecular dif-

fusion coefficients computed from (3.10), This does not seem to have been

noted previously. It may be meantioned in passing that Blamont and Baguettegse

and Manring's approximation techniques are equivalent when El = 1 and E2 = l/e.

In stmary, none of the methods for obtaining the variance are without

difficulties. This Is especially so for the irregular trail below 108 kms.
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The method of central intensity is unsatisfactory because of the large column

densities0 no associated with the trail axis. The maximum radius technique

also has a greater applicability for small concentrations. For longer-dif-

fusion times (associated with larger concentrations) the background brightness

changes are large; and the assumptions behind the technique no longer hold,

The gradient log coltmn density method assumes that the distribution of sodium

vapor adrons a cloud diameter is a Gaussian function and its application isf

at least, uncertain when the trail is of an ermueior form. gome of these

uncertainties are illustrated in the next section where we discuss the results

of the relative dispersion computation for the different methods.



IV. DICUSSION OF ANAiLYSIS

Figure 6 will serve to introduce our discussion of the nature of the

sodium cloud expansion. This is a plot of molecular diffusion coeffcients

computed from sodium cloud photographs. They represent .different seasons

and different geographical locations. The dashed line in the figure repre-

sents the molecular diffusion coefficients computed by Rees (1961) frm= the

theoretical formula (Chapman and Cowling 1939)

K = Y } Q1 (4.1)
-3p " Qj

1 = mM/m+M

The atmospheric number.density0 p0. the amean molecular mass, M , and the ten-

perature, T, are taken from the 1959 ARDC standard atmosphere. Qd is the

crose-section for diffusion.

The agreement between the theoretical curve and Manring's dffuslion coef-

ficient above 110 ke is good, certainly within the 30% uncertainty that Rees

(191i) suggests is associated with the magnitude of the diffusion crose-section

Qd. The diffusion coefficients reported by Rees and Blamont are greater than

the theoretical, even allowing for the uncertainty in Qd. We remarked earlier

that, with low y film (TRI-X)o Blamont's technique should overestimate the

magnitude of the diffusion coefficient by a factor of three or four. Correc-

tion for this would bring Blamont's values into closer agreement with the

other studies. The two points ascribed to Rees (1931) are also greater than
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the theoretical and serve to indicate the general magnitude of his measured

coefficients.

Although he reported using a method similar to Blamont and .tanring,

no comment can be made about these points since he fails to indicate how

he determined (or neglected) y. Of interest to the question of turbulence

is the indication that the measured diffusion coefficients in figure 6

begin to become much larger than the theoretical Values below about 105 kmo

One reasonthat there are so few determinations of diffusion coefficients

below 105 is the irregular appearance of the trail. The gradient log "column"

density method is of uncertain application when the distribution of film den-

sity across a diameter has two or three peaks and is highly non-Gaussian.

Even in instances when the irregular appearance ceases at heights of 100 to

102 km there can still be an uncertainty in the calculation of C2 from cloud

photographs greater than 7 to 8 ainutes after cloud formation. This point is

illustrated in figure 7. In that figure we plot three measurements for each

densitometer trace: the measured r 2 values (O ). the measured r 2 at .368 D
S2 0

(+) (Blamont's technique for approximating C2 ). and values computed by
Y

the gradient log "column density" method (A). The measurements represented

by these points are made at a height of 107 to 108 km where the cloud image

has a smooth appearance, It is evident from figure 7 that r at D /e follows

closely the variations of the visible radius squared as is expected.

In figure 7 an apparent discontinuity in the three different sets of

measurements between 280 seconds and 310 oeconds is also evident. The "dis-

continuity" between the A points is not considered to be significant in view

of the obvious scatter of the A points in figure 7 (see discussion to follow
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of 24 May 1960. The equivalent height Of the cloud is 1t8ll km.



on the large scatter between the "dark' and "light" delta values for 380

to 515 seconds). Both sets of r2 points (o and +) at 310 and 340 seconds

are about 25% lower than the general trend of other sets just prior to and

after the in figure 7. By a similar percentage they are also lower than

2
the other more numerous r points (of the same section of cloud and from

the same negatives) illustrated in figures 9 and 10. An explanation of this

"discontinuity" would run as follows. For the re2 and r2 (at D /e) values

in figure 7, we consistently select the minium visible diameter froa the

densitometer trace whenever we are uncerta$n about the flmb density level

representing the sky background and cloud intersection. Furthermore, the

2magnitude of the minimum re points plotted in figure 7 at 370 seconds is

about 25% less than a maximu possible magnitude r 2 = 1.6 km2 . The 25%

figure is one estimate of the possible uncertainty in re2 (for a given time)

when ther is an uncertain definition of the "visible" cloud diameter. Why

is this more evident in the r2 points (o and +) at 310 and 340 seconds? The

most plausible answer to this question involves camera stop changes. Unfor-

tunately the camera operator's log for these particular photographs does not

indicate when stop changes were made and our answer, although plausible, is

nevertheless hypothetical. (see Note 1. page 63)

The computation of was terminated at 515 seconds because of the

wide range in . The extent of this range is illustrated in figure 7

by the two delta values at each of 380, 400 and 470 see and the three

delta values at 515 se. The three arruws aid in identifying these lat-

ter three delta points. The lowest solid delta point in each instance

is the lowest magnitude of for the particular densitometer trace. This
2 Y

variation in (for a given time) rasults from the dependece of the
Y

difference ratio on D (which is characteristic of a non-ausselan D vs

-38-



2
r curve). For a Gaussian shaped D-curve0 the differential0  r2o used to

evaluate o is independent of D.

From this brief comparison of r 2 .368 r 2 and in figure 7, it is
e a 6

evident that the time period of most interest to the problem of turbulent

expansion of sodium cloud corresponds with the time period of cloud expan-

sion about which there is the most uncertainty concerning the magnitude of
2

. The r pointsin figure 7 (and in later figures also) indicate a more
T e
rapid growth than can be explained by molecular diffusion alone. The points

Y
between 380 and 515 seconds could be interpreted in either of two ways de-

pending upon whether the maximum (A) or minimum (4) values of are valid.

With the minimum values the general growth of is linear in time. This
Y

is indicated by dashed lines running out from the boundaries. The range of

diffusion coefficent represented by these dashed lines is 8.8 y x 106 cm /sec

(lower) and y x 10 c/sec (upper). The maximum values of 2 are well fitted

by the solid curve in figure 7 which represents

V2 2 + 2t + V 2 t
0 O 0

YY

Even if the upper A are valid, changes in y a'uld make possible a. . t

relation. When y is constant, it should be about 0.8 in this case.. Otherwise

it is a decreasing function of time (through changes in In with time). With-

out more precise quantitative infirmation onb-first the absolute magnitude of

the sky background, secondly, onthe aperture setting of the camera, and finally

on the combined effect of both of these on y. we must recognise the possibility

that y may have a t dependence so that g 2 t 2 may still be ( 2 t.
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this section) we shall obtain a t dependence for the relative dispersion

where we know qualitatively that both the changing sky background bright-

ness and distortion of the cloud by wind shear enhance the apparent cloud

expansion rate. Since these effects do not infl.mnce, to the same degree,

the determination of by the gradient In (n) method, it is of importance
Y

to 'or understanding of the time dependent nature of sodium cloud diaper-

slon that further effort be made to obtain reliable estimates of from

2
the non-Gaussian D vs r curves for late dit' ,ct-on time.

Although we cannot0 at this time0 obtain, by the gradient In n method,

information on trail dispersion for times greater than 500 seconds, we can

2
use (3.1) to draw inferences from the r data beyond 500 seconds. We shalle
assume the form of the relative dispersion, either turbulent, molecular, or

both, and solve for parameters by fitting theoretical re curves to measured

r point, It is recognized that we are forfeiting, in this instance, oure

ability to use the data to generate their own dispersion statistics. But,

in view of comparisons with other studies to be made in section V. there is

a need for comparable values of turbulence parameters. Furthermore this is

a useful technique for emphasizing the difference between dispersive and non-

dispersive changes in a cloud Image.

In a Gaussian cloud, it follows from (3.1) that the visible radius

squared may be represented by the following formula

2r 2 ?= -- - r o(.2) (4.2)
Et
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We assume that the relative d1sperson d, is mean oquare additives the

turbulent dispersion is represented by either of the two theoretical pre-

2 3
dictions of the form.of its dependency: - t or ~t ; and molecular dis-

persion is represented for a cylindrical cloud by 2 Kt. An summarized in

section 2.B the two forms of O which result from these assumptions are

a = d + 2Kt + v 2 t2  (4,3a)
o o

S2= a2 + 2Kt + 2/3 t3 (4.3b)

If we make plausible assumptions about the numerical magnitudes of the vari-

ables I n , eVand B or v 2 compute theoretical curves of r2 vs-time, and
N o e

compare the fit of the computed curve with the measured values, it is possible

to draw some limited inferences about our original assumptions concerning

-4e K0 and B or v 2N o

Physically, we parameterize all of the optical effects into the factor

nO: changes in background intensity, changes in y., changes in atmospheric

attenuation at 5893 %, and changes ing. All dispersive effects on r are

included inthe 12 variable. But since we do not let 21 change with time,

the only way that we can determine whether or not background and other non-

dispersive changes are influencing the visible size of the cloud, is by die-

placement of the measured points from the computed curves. With increasing

time, the measured r 2 values should cross from one constant value curvea N

to another. For late diffusion time in an evening twilight the measured

points should cross from high to low values of Ns to reflect the decreasing

background brightness; for late diffusion time in a morning twilight the

measured points should cross from low to high values of e.
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In order to determine a plausible magnitude for Ne 
a we consider the

natural atomic abundance or column density. Chamberlain (1961) summarizes

a number of twilight observations, and indicates that the natural background

column density of sodium against which the clouds are photographed varies

from 109 to 1010 atoms/ca2. We choose the upper value of 1010 to be the sur-

face density defining the edge of a visible (photograph) cloud. For linear

trail density, N, we take 1017 atom/cm (see page 24). This gives us an ap-

proxiaste value of 10 ca for

The late diffusion time e measurements for 24 May 1960 [the same cloud

analysed in figure 7] are shown in figure 8. The curves in figure 8 repre-

2sent the theoretical growth of re computed from (4.2) with assumed values

forN and with 02 rap sented by (4.3b). The differences between the five

curves in figure p result from different assumed magnitudes for N and B0

since all curves are computed with p4 of unity, an assumed K of 106 cm2 /sec.

2 4 2and a O of 22 x 10 cma . The great majority Of points are bounded by curves

(4) and (3) representing a range of -f from 4 x 10 - 7 to 4x 10-  c i and a

value of 90 erg/g sec for B. The general trend of measured r 2 is from curve
e

(4) (for microscope measurements 0 ) and from curve (2) (for densitometer

meauments (+))to curve (3) very soon after 500 seconds. The observed drift

of the measured r 2 values toward re2 curves computed with smaller values

of 0 represents the combined effect of dcreasing sky background and atmo-

spheric dispersion. If there were no changes in sky background the turbulent

contribution to 02 would be represented by a t 4 or tS dispersion law. (With
t5 4 2a t or t law in (4.2) the resultinag r ourve would grw at a steeper rate

and therefore give a better fit to the measured r2 values.) Purthermore, the
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CLOUD EXPANSION DATA 24 MAY 1960 (PM) 108-110
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Fig. 8. Variation in time of the measured visible cloud radius
souared and theoretical curves of the visible radius squared[4.2).
The equivalent height is 108± 1 km for the evening twilight
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value of ,. , which we have taken to be unity0 is also a time dependent

function which interacts with the changing sky background through the pro-

N
duct in (4.2). For the 24 May measurements is a linear function

of time0 but one whose magnitude decreases and then increases in a compli-

cated manner. The variations in 4are accessible fromthe photographic data

ando with some additional effort, they can be evaluated when the wind field

is obtained from the cloud photographs.

For comparison with the 24 May evening twilight cloud (4.2) is applied

to the 17 SepteaMer 1961 morning twilight cloud. In figure 9 the two solid

2curves represent theoretical r values in which.the turbulent form of the

2 2 2dispersion is assumed to be v t o These computed r curves have values
o e0of 2 2 2 2 2 -7

of v equal to 4 m/sac and 2 a/sec and values of aqual to 4 x 10
-1 -8 -1 nt

ca and 4 x 10 ca respectively. These. N: magnitudes are chosen because

they represent the most probable extreme values (see page 24).

In figure 9 the measured re 2 values for 24 May 1960 (denstitmeter only) 0

17 September 1981 (densitometer and microscope), and 20 April 1961 (microscope)

are also plotted. (The theoretical r 2 curves computed with the 2 Bt 3 assump-

tions are illustrated in figure 8 and may be reviewed by references to that

figure.) The densitometer traces, represented by the r 2 points for 17 September

and 24 May, were taken with care and particular emphasis on determining the

visible radius, r .
2

The r2 values for 20 April 1961 represent an average of ten different

visual measurements between "a" and "b" in figure 4 (Wallops Island negatives).

Although the total length of the photographic sequence is too short to allow

a distinction between either the t2 or t dispersion law, the r do establishe
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a constraint on 02. Whatever the assumed functional form of &? in (4.2)o

2 2it must result in an approximate t growth for r 2 between 100 and about

300 seconds.

2Beyond 400 seconds the divergence in the r growth for the 17 September

morning twilight cloud and the 24 May evening twilight cloud very evident

in figure 9. Ignoring the effect of changing sky background brightness on

the magnitudes of re 0 these tiD sets of measurements suggest for one cloud

an effective relative dispersion ~ t 2 and one certainly greater than tS for

the other (see figure 8), Bringing background brightness changes back into

consideration we can only suggest 0 since we have no quantitative estimates0

that the relative dispersion after 400 seconds is something less than t 4 and

greater than or equal to t2 . It is also worth noting0 for those tempted to

cite the existence of atmospheric turbulence on the basis of cloud morphology

(Udwards et, al,, 19683 Blamont and de Jager, 1961; Rees, 1961), that a smooth

"non-turbulent" cloud appearance can also be associated with accelerated cloud

growth.

Of further interest in figure 9 is the spread between the microscope

(Wallops Island) and densitometer (Andrews Air Force Base) measurements for

the 17 September cloud. These measurements represent the size of the same

cloud mass (107 to 108 km) but for a different viewing angle and different

combination of camera lefs and film. Unfortunately we have no way to appor-

tion the cause of this systematic difference in r between differences in

camera site location: range, viewing angle, etc., and differences in measure-

ment technique: microscope and densitometry.
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The rate of growth of the two P.M, clouds (different heights) of

220 April and 24 May could be fitted more closely to theoretical r curvese
Swith the same values of *, r 2 is computed using v 2 equal to 1 and'4N.. the sae valus of

2 2 2 22 a /see This suggests that 2 to 4 Ia /see can be considred repre-

sentative of an effective mean equare velocity associated with t)e sodium

cloud grdth. Even the 24 May r 2 points would support this estimate if the6

following quantitative demonstration could be made. The solid triangles in

figure 9 represent r2 at a film density level .1 above the sky brightness

file density level. If this magnitude film density change corresponds with

the actual changes in sky background, then the t2 dispersion law would be

confirmed. This demonstration involves quantitative knowledge of both sky

brightness and film sensitivity changes.

In the concluding analysis we consider the maximum radius technique.

For the morning twilight sequence of September 17. 1961, d2 values are cow-

puted from an arbitrary selection of measured re2 values(at the 108 1 km

height. The 02 values are computed from equation 3.8. (?.8 is Osiilar to

equation 4.2 which is used to compute the r 2 curves in figure 9, The

difference is that P In 4.2 is replaced in 3.8 by the a value determinedN N
by 8.7), Figure 10 illustrates the results of this computation in which the

maximum radius squared, p , is 14 k (p2 is represented by the A point at

810 seconds). The four 02 values between 200 and 700 seconds may be fitted

to a 0 = v 2 t2 curve (dashed) for which v 2 ~ 6/sec2. The twd early0 o

points at 55 and 85 seconds are slightly above thedashed curve which is to

be expected from the increasing relative importance of molecular dispersion

in the total dispersion, 02. as t -' o.
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2The last A point, representing p. is displaced well above the inter-

section of the solid curverepresenting 02 = v 2 t and the 810 second ab-

scissa line. This displacement could indicate a transition to turbulent

dispersion with a higher power time dependence, if the sky background were

constant, or a premature contraction of the visible cloud due to increasing

2sky brightness. The late time deviations of the measured r*. points (o) from

curve (1) in figure 0 are an example .of the latter. This is better illus-

trated by the accompanying inserted 'drawing. The full lines represent an ac-

tual measured r 2 curve and a computed 02 curve. One dashed line representsle
2

the measured r points 'if there had been no increase in sky brightness; thee.

other dashed cUrve represents the corresponding a2 values computed from 3.8.

The increasing sky brightness causes the maximum radius to be measured at time

t2 rather than t3 ,

tUC CWe .' VEUS of S, O': 6f se -t va P.Are Constant

ad 1 cures.,d , ,, ba4pnd ts r

T acta c e • /

actllcmpus~~/11
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CLOUD EXPANSION_ DATA
17 SEPITEMBER 1961 107- 108km oao
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Fig. 10. Variation in time of the measured visible radius squared
and the variance , a computed from the maximum clour radius.
The equivalent height is 10 km for the morning twilight of 17
September 1960.



and the effect on computed 0" is seen to be a displacement of these values

above the "true" dashed curve after time t 1 . (Note: "true" values are

those values which would have been observed or computed had the sky back-

ground brijhtness actually beenconstant with time,)

This reduction in the magnitude of the "true" d2 values below the

actual computed 02 values can be. illustrated with the sodiuma data. In figure

11 the circles represent averaged measured r (microscope) from Wallopse

Island negatives for 9 December (figure 6a). The height of the cloud is

116 to 117 Im and is considered sufficiently high so that molecular diffusion

dominates the cloud growth. Two different values, 3.48 and 4.68 km2 , are

assumed for the maximum vis$ble radius and they are represente by e and

)( respectively in figure 11. (No uniqueness is attached to these values.)
/2

For the make of this hypothetical example, 3,48 km is the observed maximum

radius and 4.68 km2 is the "true" maximum radius. From equation (3.8), values

of 2 are computed from each of the ( 0 ) points for both ae~e values of

the maximum r 2. The individual 0 2 computed with 4.86 i 2 (A) are less thane

those computed with 3.48 km2 ( O ). The A points at earlier times (t < 200)

are seen to fit a molecular diffusion law (the straight lines represent 02 t),

At later timea there is a greater growth of the ( O ) points than the linear

law. This is quite pronounced for the points computed with the smaller of the

two assumed radii. The C( 3 ) points suggest a higher power time dependence

than molecular diffusion which is a spurious result.

This demonstration of the increasing sky background effect illustrates

how important it is, in diffusion studies, to consider optical effects.
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CLOUD EXPANSION DATA 9 DECEMBER 1960(AM)

o measured r 116-117 kme
- e,2 2 2- kmC r2 computed for assumed max r of 3.7 km (e)
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Fig. 11. Variation in time of the measured visible radius
squ;red and variance computed from two assumed values of the
maximum cloud radius squared, re = 3.7 and 4.7 km . The
measured rf are ; 116 to 117 km flor the morning twilight
cloud of :9 December 1960.
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How do e s-nmarize the proviou anlaysis? The application of the

maxiaum radius method (figure 10) to the 17 September A.M. cloud results

in a relative dispersion0, 0 t- t2 for t up to 620 seconds,. Beyond that

time the departure of the computed 2 from the 02 ~ t 2 relation is coa-

sistent with changes in sky brightness, and does not necessarily indicate

a transition to a higher order dispersion law. The result of the gradient

In n method is. less definite, Either a t or t2 dependence for C 2/Y is indi-

cated, Finally the application of (4.2). as evidenced in figures 8 and 9o

indicates a t (possibly t ) dependence when the cloud expands against a de-

creasing brightness and t 2 dependence when it expands against an increasing

background brightaeas. In both instances the films are hiiL y (te refore

smaler range of In E over which y is constant). Quite definitely, we should

expect an influence of non oonstant y in these resulta.

Taken altogether, these results indicate that the most probable form of

the accelerated diffusion is 0 - t 2 with a slight possibility that either a

t 3 or t could result when the effects of the changing background brightness

and film sensitivity are considered quantitatively,



V, CCUPAR.]SO 1 H PREVIOUS STUDIES

Other studies of alkali vapor cloud expansion have'been published by

Blamont and De Jager (1981)o Noel (1963)0 and Zimmerman and Champion (1963),

Blamont and De Jager have determined cloud expansion from photographs of a

sodium vapor trails In the other two studies the expansion of cesium vapor

clouds has been determined from photographs obtained during Project Firefly

experiments (Rosenburg, 1959; 1960).

Blamont and Do Jager measure the expansion of a morning twilight sodium

cloud from 60 to 120 seconds after cloud formation. The height at which this

expansion occurs is not stated but may be inferred0 from other remarks in

their study, to be below 102 kmo During the sixty seconds between meaure-

ments-the average c-loud "diameter increased from 90 to 500 meterso To these

two "diameters" and a sequence of four meteor trail "radli" measured by Greenhow

(1959) Blamont and Do Jager fit the relation Cl2 = 4/3G t 3 . The approximate

magnitude of E Is 70 erg/g-sec 0 the sasme vaiuo obtaidid by Greenhow (1959)

from meteor trail expansion at 90 ka.

By this procedureo Blamont and De Jager Implicitly assume that the standajd

deviations do is to a good approximation0 equal to their average visible cloud

"diameter". This Is luually not a good assmnaption, as shown in connection with

the determination of molecular diffusion coefficients .(see page 28). That

Blamont and De Jager obtained an estimate as lQw as 70 erg/g sac is surprising

when we consider the much larger estimates that would be obtained by using

their method with Wallops Island sodium trail data for comparable altitudes.



For example if this technique of Blamont and De Jager is used to ob-

tain an estimate of G in figure 80 the same relation = t
2

would require an,, of about 430 erg/g-sec to fit the measured r points

This contrasts with the 15 to 45 erg/g-sec range of C associated with the

2 4 3 2 3theoretical r curves in figure 8, when G t is substituted for - Bta 3 3
Thus, there is a difference of about a factor of ten between the C value

obtained from the r 2 data in figure 8, using the Blemont and De Jager ap-

proximatlon, 0 - r e2 and using (4.2) with 4 t3 as the turbulent form

of the relative dispersion.

There is, of course, an inverse relation between assumptions about the

form of o2 and the magnitude o in (4.2). Certainly the more accurate our

knowledge of the 20, the better will be our determination of the form of 02.

With sodium clouds, the value of n defining the minimum clpud intensity,

just distinguishable against the A~tural sky background0 is takeh to be the

natural sodium abundance which is well known from a large number of twilight

airglow studies (Chamberlain 1961; Donahue and Foderaro, 1954). This know-

ledge gives us some confidence in the use of (4.2) with sodium cloud expan-

sIon data, With cesium clouds, discussed in the next 'paragraph, the number

of cesum atoms per square centimeter column, whose brightness is equivalent

to the natural sky background at 8521, would have to be estimated,

In the othar studies of alkali metal clouds, both Noel (1963) and Zimerman

and Champion (1963) study the expansion of cesium vapor clouds. These are ex-

tremely energetic releases (see Groves, 1963)o in which visible cloud diameters

are of the order of 1 km within tenths of seconds after the explosive burst

which vaporizes the cesium (RosenbergS 1959), All these clouds are initially
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spherical but through wind shear they assume0 over a three to four kilometer

depth of atmosphere, the appearance of a trail within approximately two minutes

after the time of burst.

Noel 0 in his study0 measures the visible radii of small "globular" masses

within the cloud. These vary in height from 104 to. 109 kn. To the values

4 3of the measured visual radii squared Noel also fits a 8 C t curve0 and ob-

tains an average value of equal to 320 erg/g sec. Noels four sets of mea-

sured r values and0 for comparison, measured r 2 values for the 17 Septembera e

1981 Wallop Island trail are plotted in figure 12. In addition, we have aver-

aged the respectlve re for the three sets of Noelos points that all have val-

uas at 255 315 and 375 seconds. These average points are represented by the

A08 in figure 12. The solid curves in figure 12 are computed from (4,2)

with ( = 2 + 2Kt + 4 t 3 to agree with Hoelges assumpton. If theo 3 N

are comparable for both cesium and sodiua clouds (and there s easome evidence

for thlaq (Manring, 1961), then and fit of the A points to curve (1) in figure

12 indicates that Noel's assumption of r can overestimate the the turbulence

parameter E by a factor of ten ( E in curve (1) is 30 org/g see) PFurthermore

Noel's t 3 growth curve for cesium "glob" contrasts with our estimate of a t 2

growth for the 17 September sodium trail (the -- points in figure 12)o

Since they do not represent the actual visible cloud radius squared but,

instead, the visible radius squared of amaller "globe" of cesium vapor within

the cloud itself (Noel, 1964), there remains sowe question concerning the iso-

phote level associated with the successive measurements of "glob" size. With

the actual visible cloud diameter the sky background brightness determines the

isophote level, Although it is changing, it can be determined, The question
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is raised because Noeles measurements very definitely indicate a 02  t

relation for a morning twilight cloud0 in contrast with other cesium cloud

analyses by Zimmerman and Champion(which follow)and with our analysis of

the 17 September A.M, sodium cloud expansion.

Ziamerman and Champion measure the cloud growth for three cesium vapor

clouds _from the 1959-1960 Project Firefly Series. The measured r 2 values
e

for two of these morning twilight clouds, "Echo" and "Bravo", are plotted

in figure 13. The straight solid lines In. figure 13 represent curves for

which the radius squared is proportional to the first power of time, There

is an interesting contrast in cloud growth between the measurements for

"Echo" and "Bravo". The height of cloud "Echo" is 100 + 1 kin; the height

of cloud "Bravo" is 112± 1 km. (Rosenberg 1959).

"Bravo" expands up to about 300 seconds at an apparent rate that is

slightly less than the straight t curve. Beyond 300 aseonds the growth ac-

celerates markedly. Although Zimerman and Champion do :rt i comment upon

this behavior, it ihould be studied further to verify that it is a real effect

of the dispersion of the cesium vapor by atmospheric motions. These measure-

ments.were made above 110 ka. Above that height the behavior of sodium clouds

suggests that molecular disperslon predominates. The valdity of these mea-

surements have a real Iaportance to our understanding of atmospheric dispersion

at these heights.

For the lower cloud0 "Bho" (height about 100 kr) the growth may, on the

one hand, be interpreted as fitting the lower r 2 - t curve drawn in figure 13

up to 100 seconds, and the middle r2  t curve after 200 seconds. The accel-

erated growth rate occurs between 100 and 200 seconds, and it, again may-reflect
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Fig. 13. The measured visible radius squared for twko" cesium
vapor clouds. The equivalent heights are 99± 1 ("Echo") and
112±1 ("Bravo"). (After Zimmerman and Champion, 1963)



either a dispersive or an optical effect (ouch as changes in exposure time

or stop number).

2On the other hand, the "Mcho" r values may be interpreted in terma
2 2

of a 2 t growth law .not jst between 100 to 200 seconds., Zimerman

and Champion assume that Tchensa prediction for relative dispersion (large

mean shear flow case) is valid and take c? equal to v 2 t2. They assume
o

2 2 2a maximum r of 20.25 km (no r values of this magnitude are actuallye a

reported by them). Instead of computing 02 for each r 2as we do in figure

100 they essentially use the maximum radius to evaluate e in equation 4.2,
2 2 2 2assume v is equal to 15 m /sec, and compute re at 100 a, 330 seconds,0 3

2Their theoretical r values are indicated by the g symbol in figure 13

They report that "the calculated values [of r agree with [measured r 2

values."

ZiSmemam and C]amptones analysis of the "Echo" measurements could have

2been performed with more care. They do not show that the maximum r is
e

actually measured. Otherwise0 if it has not been measured.' any other value

a little higher or lower is of equal validity to 20.25 km2 which, in turn.

would result in a higher or lower evaluation of . Assuming that 20.25 kmN

2is actually measured by them, the agreement between computed r e and measured
e

r 2 could be better.

Closer agreement in figure 13 between their calculated re2 (the ) points)

and their measured r 2 (the o points) Involves a larger value of 02 for ae

fixed -. This may or may not increase the estimate of v 2 since they haveN'o

neglected to include in 2 the initial variance of the cloud, which is not

negligible and the contribution of molecular diffusion such as expressed in
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equation 4o3ao To illustrate how the inclusion of theso other factors

would reduce the estimate of v,2 obtained by Zimmerman and Champion con-

aider the followingo Rosenberg (19.59) reports that cloud ".Echo", has a

diameter of 2 km at 1.75 seconds after burst and 1.2 km at .75 seconds

after burst. Zimmerman and Champion report an initial radius of .o00 m.

If we accept their estimate of 1200 m as the diameter at the beginning of

the diffusive growth, one estimate of their initial variance might be

2 42 2 4(2 q0m) 5.29 x 10 For a 10 and a molecular diffusion0
a 2 2coefficient equal to 10 cm /sec. then for the calculation of v the total

o
42 2 42variance of 15 x 10 a is reduced by 0 2 + 2Kt = 7 x 10 m , from which

we obtain v 2 = m2/sec 2 . If the beginning of the diffusive stage of cloud

growth was after 1.75 seconds when the cloud was about 2 km in diameter,

then a correspondingly higher ao, say, 200 meters , would give a value of

2 2 2v equal to 4 m /sec

These smaller estimates of v 2 are more consistent with those obtainedo

from the sodium trails. In figure 10, if we evaluate the 0 2 curve in terms

of 02 = v 2 t 2 the value ) a 2/sec 2 is obtained for v ; in figure 7 theo o

value of v2 obtained by the gradient log column density method was 8 y m /sec;

2 2 2 2eand in figure 9 the computed r were based upon av of 2 and 4 a /sec bute o
2 2the range of v represented by the extreme sequences of measured r Sn that0 e

figure is closer probably to 1 to 6 m2/sec 2

The order of magnitude of the turbulence parameter, v 2, is fairly well

established by these initial analyses of sodium and cesium clouds. But,

unless the question of optical effects (such as changes in exposure time or

stop number) On the time dependent photographic growth of the cloud is con-

sidered with some care (and more quantitatively than we have done in this
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study), the real value of these vapor cloud experiments as a means of dis-

tinguishing the time dependent form of atmospheric disa.persion ill be vitiated

by ad Boc as~a ptions about atmospheric dispersion processes.
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VI. CONCLUSIONS

a) In photographic studies of a dispersive ,'ght-ecattering cloud, insuf-

ficient attention to the details of image formation can lead to errors when

interpreting image growth in terms of atmospheric turbulence.

b) Below 110 km and over a time interval of 700 to 800 seconds, the most

probable interpretation of the horizontal accelerated expansion of sodina

clouds Is the relative dispersion law C2 f t , in which the rate of change

of standard deviation is about 2 m/sec.

c) The variability in the evidence for accelerated cloud expansion suggests
2 3 2that a 2 t dispersion law is as likely a o t law. The determination

of the true dispersion law representing sodium cloud expansion requires the

separation of atmospheric dispersion effects from the non-dispersive optical

effects on image growth.

d) The results of the cloud exapnsion on 24 May 1960 and 17 September 1961

at heights of 108 to 109 km indicate that there is not a unique equivalence

between the rate at which.a cloud grove and its physical appearance, '"irregulacr"

"globularo" or "smooth."
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VI, RECOMMENDATIONS FOR FUTURE RESEARCH

1. Obtain a larger sample of dispersion statistics.

a) Apply the maximum radius method. gradient Ia n metCodand (4.2)

to cloud expansion data for the other morning end evenin-: photo-

Yraphs which are available.-

b) Compare the results of the different analysis techniques on dif-

ferent fiis type from the same camera site (for the same cloud).

2C) Consider how to best determine c! when the distribution of luminous

intensity across the cloud image is non-3aussan. Determine, if

possible, under what conditions the other techniques for computing

2 (such as gradient In n and 4.2) can still be used when the dis-

tribution of luminous intensity is non-Gaussian.

2. Design future vapor trails experiments to maximize the continuity of

non-dispersive (optical) effects on Itage formation0

a) Use films with overlapping regions

,ot constant y in separate cameras

at the same site. (see insert)

b) Unless the effects of stop changes

on cloud growth can be made quanti- )

tative, maintain a constant aperture

opening (f/stop) and a fixed exposure .- total P-a.ge over-

sequence (st -8 second qexposure se

e*3 E
quence every 30 seconds, for example)
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to eliminate abrupt chaa ge in bWkground density.

2c) Various time intervals in the growth of cloud size (r ) might be

observed by adjusting the time of rocket launch with respect to

solar depression angle so that the cloud image for longer diffusion

times may be obtained. A better analysis of the Firefly data, with

their larger initial size, should be performed.

d) Determine as accurately as possible the functional form of y for all

films used in these (twilight sky) diffusion studies.

3, In the event that film with a region of constant y cannot cover all times

of twilight photography, then attenuation effects of the natural sodium

and ozone layers should be considered as a further non-dispersive effect

on cloud image formation (and analysis), particularly when the incoming

solar rays pass throught these layers at grazing incidence.

4.. Puff-type experiments should be designed to compensate for the deficiencies

of the trail experiments: they could be used oelow 95 km (the rate of

chemical consumption could be treated as a variable) and they would not be

subject to the image overlap of the trails (they must have a less energetic

formation mechanism than the Firefly puffs).



- Note I -

One possible explanation would te suggested:

First, if two camera stop changes had been made, one .between 220

and 250 seconds and the other between 340 seconds and 380 seconds,

Second, if the sky background intensity decreased enough between

220 seconds and 310 seconds to decrease the total magnitude of In ~,

which determines the cloud edge, to the point where the magnitude of

y would decrease significantly with further decreases in sky beack-

ground.

The decrease in y would decrease the degree of contrast between cloud and

sky (making definition of the visible diaeter uncertain) until 340 seconds.

At 340 seconds, the stop change (increase in aperture size allowing the film

to subtend a greater solid angle for each point in the cloud) would hypotheti-

cally increase the In E values defining the cloud edge back into the range

where y would again be constant and the contrast between cloud and sky would

be maximized.
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