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ABSTRACT

Results in nonlinear programming are used to prove a generalized
version of the maximum principle for fixed-time discrete optimal control
problems. Proofs are based upon the implicit function theorem and a
theorem of the alternative for systems of linear inequalities over a -

convex set; they do not, as in the past, require Brouwer's fixed-point

theorem.



Introduction

It is becoming apparent that optimal control theory and nonlinear
programming are highly related. This point of view is illustrated by the
recent text of Canon, Cullum and Polak [1]. It seems yet to be fully ex-
ploited, however.

Our purpose here is to utilize results from nonlinear programming to
establish a generalized version of the maximum principle for fixed-time
discrete optimal control problems. These problems have been treated in
various degrees of generality by a number of researchers [1], [3], [4], [5],
[9], [10], [11]. We shall consider an extension of a version originally
discussed by Halkin [3] and later generalized by Holtzman [4] and Cannon,
Cullum and Polak [1]. Thus{ we will not require convexity of the set of
admissible controls (though a certain convexity condition will be imposed)
nor do we require differentiability with respect to the control variables.
We also admit inequality constraints on the state variables as well as
equality constraints on the initial and terminal state vectors.

For motivation, we might note that linear optimal problems trivially fit
out framework. In addition, Halkin [3] has shown discrete approximations to
continuous problems satisfy the hypothesis that we shall impose.

The nonlinear programming approach that we adopt should be contrasted
with previous approaches. We do not require intricate arguments based upon
Brouwer's fixed point theorem, nor do we rely upon canonical approximations
{(1]. Instead, we utilize two basic results from nonlinear programming stated
as Lemma's 1 and 2 below. The first result is a direct consequence of the
implicit function theorem and a well-known lemma (see [7] ) due to

Motzkin. It was established by Mangasarian and Fromowitz [7], [8]. A short
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proof is given in [5]. Though the result is stated as a "maximum principle"
in [7], it has not been previously used in the present optimal control con-
text, but rather as a direct extension of the classical Fritz John theorem of

nonlinear programming applied with differentiability requirements that we -

do not enforce.

The second result is essentially a special case of a theorem of Fan,
Glicksburg and Hoffman [2], [7, p.63]. The version that we give can be
easily established via an elementary separating hyperplane argument.

Before stating these results, let us set some notation. R denotes the
n
real numbers, R n-dimensional real space (with the usual topology). Sub-
scripting denotes distinct vectors and superscripting vector components.

This same convention will be applied to functions in the sense that if g:RnﬁRm, then

i
g denotes the ith coordinate function, gi:Rp+R.

- agl
Vg.x) denotes the matrix (h,,) = (.fLSEl) . Similarly, if £:R™R
i axj X=X

is a function, Vf(x) is the gradient vector evaluated at x=x, i.e.,

of of
R )
9x 9X X=X
Finally, if o,v € R® and A is a real valued matrix, then ov denotes
4 0 '
inner product as does 0A and Av, i.e., (Av)i = jZ Ai,vJ. Also, vector
=1
equalities and inequalities hold componentwise.

Lemma 1 (First Linearization Lemma): Let C € R" be a convex set with a non-

empty interior and let f:Rn+R, ¢:Rn*Rni, E:Rn'*Rm2 be given functions.
Let x solve max f(x)
subject to Pxx) =20
§(x) £ 0

xeC .
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Assume that ¢(x) is continuously differentiable in a neighborhood of
%X and that f(x) and £(x) are differentiable at x. Then, if the vectors
{V¢j(§): j=1,...,ml} are linearly independent, the system

VE (%) (Ax) > 0

Vo (x) (8x) = 0

i - < < ] j -
VET(x)(&x) < 0 for 1efl = j = m,: & (x)=0}
x + Ax € {interior of C }

has no solution in the variables (Ax)k k=1,...,n.

Lemma 2: Let C € R" be a convex set and let A and B be my by n and m, by n

real valued matrices. If the system
Ax = 0
Bx < 0
x € C
m m,

has no solution, then there exist O€R l, aeR “, o £ 0, (0,0) # O such that

o(ax) + a(Bx) € 0 for all xeC. (1)

For convenience, let us record the following special case of this result

to be used later.

Remark I.: Let C € R" be a convex set; let Al’ AZ’ Bl and B2 be respectively

my by N, my by M, my by N, and m, by M real valued matrices. Then, by

Lemma 2 if the system

Alv + AZW +p=0 .
<
Blv 0
BZW <0



m1 my my,
has no solution, then there exist oceR =, yeR °, ueR ", ¥ <0, u <0,

(o, ¥,u) # 0 satisfying

[}
o

cAl + wBl

0A2 + uB

It
o

2
op< 0 for all peC.

If there are no B1 and/or 32 constraints, we may eliminate Y and/or u above.
To obtain the equality constraints above, simply take positive and

negative unit vectors for v and w in (*).



I. Problem Statement

Let QO’Ql""’QT—l be given subsets of R". Assume that each of the

following functions is given:

£, R“xszt - R" (t=0,1,...,T-1)
h: R" - RZ
gy: R * R
g : R% »R"
n Mt
q,: R =+ R (t=0,1,...,T) .
Problem: Determine state vectors XgrXpseeesXy € R™ and control vectors
r
uo,ul,...uT_1 € R to
max go(xT)
subject to h(xo) =0
X4~ ¥ = ft(xt’ut) (t=0,1,...,T-1)
gxp) =0 (®
q, (x,) S0 (t=0,1,...,T)
utEQt (t=0, D] ’T"l)

Suppose that xo,xl,...,xT and UgsUpseeeslp solve P. Some typical hypotheses

for the problem are:

Hl) for every usﬁ% the vector valued function ft(x,u) is continuously
differentiable with respect to x in a neighborhood of x=§t (t=0,1,...,T-1)
H2) for every xeR", the set {ft(x,u):ueﬂt} is a convex subset of R (t=0,1,..,T-
H3) the vector valued functions h(x) and g(x) are each continuously
differentiable in neighborhoods of x=i0 and x-iT respectively. go(x)
and the vector valued functions qt(x) (t=0,1,...,T) are differen-

tiable at respectively x=§T, X=X s X=X

0 " T



H4)

H5)

o

the vectors th(§) 3=1,..., % are linearly independent as are

the vectors ng<§T) (3=1,...,m
For each t=0,1,...,T either no qt(xt) = 0 (ial,...,mt) or there is no nonzero

0

m
t < -
XteR , At 0 satisfying Xtht(xt)

Xt qt(xt) = 0.

- .
(Note that if for each fixed t, the vectors {ti(xt):qt(xt)=0}are linearly

independent, then (H5) holds.)

The discrete maximum principle for P states that there exists (adjoint)

m
VeCtors PysPyse++sPp € Rp,and (multiplier) vectors At € R t, Até 0 (t=0,1,...,T-1),

2
vectors GER, BER" and a scalar B >0 satisfying:

0)
)

2)

3)

4)

Not all the quantities PgsPyscsesPpsls B and 80 are zero.
Hamiltonian maximization:
- - > -

for all uth, Pii ft(xt’ut) = Py ft(xt’u) (t=0,1,...,T-1)
Adjoint equations:l
Pr ~ Pea1 = Prap Vafe e Ut Ay Ve () (¢=0,1,...,T-1)
Transversality conditions:

Pg = th(io)
Pp = BVB(xp) + ByVe,(xp) + ApVaqp(xp)

Complementary slackness: At qt(it) =0 (t=0,1,...,T)

Our purpose will be to prove an extended version of the fact that

(H1)~(H5) imply this discrete maximum prinqiple. We will use the first

linearization lemma and Remark 1 as basic tools.

Towards this end, it will be convenient to consider a generalized version

of . Let U be a given subset of RL and suppose that each of the following

functions are given:

F : RN + R

H: RYxRxU - &F

N

G : R +»R®

s
Q: RV +R1

6 : dﬂ -+ R82

1 - '
fot(xt,ut) denotes the mat¥ix Vd(xt) where d(x)=ft(x,ut). This same convention

applies to any function of two or more vectors.



The new problem is:

Determine y € RN, z € RM and u € RL to

max F(y)
subject to G(y) =0
Qiy) S0
- ®")
Qz) 20
H(y,z,u) = 0
uel

Assume that y, z, u solve (P'). We shall impose the following analogs of
(H1)-(H5).
H1) For every ueU the vector valued function H(y,z,u) is continuously
differentiable with respect to (y, z) in a neighborhood of (v,2)=(y,2) .
H2) TFor every yeRN, zeRM, the set {H(y,z,u):ueU} is a convex subset of RF.
H3) G(y) is continuously differentiable in a neighborhood of y=y. F(y) and
Q(y) are differentiable at y=y and Q(z) is differentiable at z=z.

H4) The vectors VGJ(y) (j=1,...,m) are linearly independent.

H5) Let A = {ie{l,...,s }: ot )= o},
A = {ie1,...,8,): Q' (2)= 0} and
§l=|A|, §2=|Kl (|+| is cardinality.)

8
Also, let QA:RN > R 1 denote the vector valued function defined by

restricting the Qi (1=1,...,sl) to A and similarly define 6A(z). Then

8
A=@ or there 1s no non-zero uA€R 1 Uéf 0 with UAQA(§)=O and

A=0 or there is no. non-zero ﬁASRSZ, uA< 0 with ﬁAﬁA(E)=O.

X u
0 0
Note that problem P corresponds to the case where z= x) , u=f Y = xg



U = QXXX

F(y) = go(xT)

G(y) = gT(xT)

h(xo)
x0+f0(x0,u0) -Xy
H(y,z,u) = Xl+fl(xl’ul) -X,
. “Xp_o
xp_ gt Brorotra
95 (xg)
Qz) = a4 (%)
Qy) = qT(xT)
Note that Vh(xo)
I+v £ -1
[VZH(Y,Z,U),VYH(y,z,u) 1= X O(XO’UO)

4V £, (xp5up) -1

WV frg (kpopoupsy)

With these associations (HL)-(H5) are direct consequences of (H1)-(H5).

)

-X



IT1. Generalized Discrete Maximum Principle

The proof of a generalized discrete maximum principle that we are
to give will be based in part upon an elementary fact concerning matrix
valued functions. Let U be a given set and suppose that for each uel, v(u) is
a real valued matrix. We will call ¢ linearly independent
over U if there is no weRdl, m#0 such that ﬂw(ﬁ) = 0 for all u U.

Remark 2: ¢ is linearly independent over U if and only if there are

UpseeesUpe U such. that the matrix

M= (plup)s v(uy)seeesd(uy)]
has full row rank.
Proof: If ﬂERdl, m#0 and ™P(u) = 0 for all ucl, then ™ = 0 for any
choice of ul,uz,...,uDEU. Thus no M above has full row rank.
Conversely, suppose that § is linearly independent over U and

that M is given. Let rows TyseeesT) k < d1 be linearly independent
rows of M spanning its row space. Then any other row T4l of M can
be expressed uniquely via ™ = 0 with T =1, ﬂi =0 i#rl,rz,...,rk.

T
k+1
By the linear independence of Y, there is a Uil such that ﬂw(uD+l) # 0.

Thus, rows S EEERTE N of [w(ul),...,w(uD),W(uD+l)] are linearly
independent. This matrix either has full row rank or we may continue

adding w(uj) as above until the resulting matrix does. 11/
Remark 3: Suppose that J above is given by Y(u) = (ﬁ ¢(u)) for fixed real
matrices A and B where ¢(u) 1s a real valued matrix. Then { is

linearly independent if and only 1f there are u

A
v (B ¢(u1),---,<b(uD))

has full row rank.

l,...,uDgU such that

A A A
Proof: The row ranks. of B ¢(u1) B ¢(u2) g ¢(UD)

and M' are the same. /77

Using these results, the first linearization lemma and Remark 1, we now show:
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Theorem 1 (Generalized Discrete Maximum Principle)

Let y-§, x=x and u=u solve control problem P'; assume

ﬁi-ﬁ§ and H5. Then there exist a real number Bo 2 0 and vectors £eR™, 52R
ueRsl,ﬁeRsz,GeRN with u £ 0, ¥ <o, (80,8,0)#0, satisfying
(a) =8 = B, F() + 87 G(3) + w7 Q)
() &= ovyn(§,2,a)
0 = oV H(y,z,u) + WV Q(z)
(c) wQ(y) =0, W) =0

(d) o[H(y,z,u) - H(¥,z,u)] 2 0 for all ueU.

Proof: If the matrix valued function
Ve
Y(u) = - o -
VyH(y,z,u) V H(y,z,u)  H(y,z,u)
is not linearly independent over U, then there are BeEm, oeE"

(B,0) # 0 such that
5§ =-g VG = chH(§,§,G)
UVZH(§sE,E) =0
dH(;,E,u)v= 0 for all ueU.
Note that g # 0 since by H4 the rows of VG(Y) are linearly independent.

Taking B8, W, 7 all zero and incorporating H(y,z,u)=0 in cH(¥,z,u) = O,
(a)-(d) is satisfied.

On the other hand, if ¢ is linearly independent over U, then by
Remark 3, there are ul,...,uDEU such that
Ve
M =
VyH(Y,Zau) VZH(Y,Z,H) H(Y,Z,ul) e H(Y,Z,UD) H(Y,Z,u)
has full row rank. This will provide the hypothesis for an application

of Lemma 1.

r

3
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D+1
Let ueU be fixed. By H2, given any Bj 20 (j=1,...,D+1), jzl Gj =1,

1,...,6D+l,y,z)eU such that

D+1 D
H(y,z,u(8,,...,0 v,z)) = (1- L 6,)H(y,z,u) + I
Y 1°°" 2 D+’ j=1 j=1

yeRN, zeRM, there is a u(9

BjH(y,z,uj)
+ 6D+1H(y,z,u)

Consequently, y=y, z=z, 0 =§j5 0 (j=1,...,D+1) must solve the problem

3

(in the variables y, z, 61,...,6D+1):

max F(y)

subject to ¢(y) = 0

A <
Q' (y) =0 -
z (P)
Q' (z) S0
D+1 _ D
(1—jzlej)H(Y9Z’u) + jzl'ejH(y’z’uj) + 6D+1H(y’zgu) =0
N M
(y,z,Sl,...,6D+l)€C = {(y,z,el,...,9D+l):y€R , ZER ,
D+1
j£1 Gj <1, sz_O (j=1,...,D+1)}

Utilizing H1 and ﬁg, we see that this problem satisfies the hypothesis

of the first linearization lemma with the association x = (y,z,el,...,9D+1)

and the obvious associations for ¢ and &. Note that V {(x) = M' above

which has full row rank. By that lemma, the following system has no solution:

VFE(y)v >0 (1)
VGe(y)v=0 (2)
vAG)v < 0 (3)
vai)w < 0 (4)
. D
VyH(y,z,u)v + V H(y,z,u)w + jElH(y,z,uj)ej + H(y,z,u)eD+l = 0 (5)
D+1, .
£6,<1,8, >0 (j=1,...,D+1) ) (6)
j=1 3 3

Observe that we have used H(y,z,u) = O here.

Note that by scaling (1)-(6) has no solution if and only if (1) -(5) and
Gj>o (3=1,...,D+1) 6"
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has no solution. Also note that we may write (5) as
D

- e - - - e — - A
Vy H(¥,Z,u) v + v HE,Z,0) v+ jﬁl H(y,z,uj) Gj +p =0 5"

where p = H(¥,z,u) 6D+1

Consequently (1)-(4), (5') and (6') have no solution for any

A

. - - A
peS = {H(¥,z,u) 9D+l for some ueU, 9D+l> 01}
Observe that S is a convex set, since if pl, pze S
- - A
then Py = H(y,z,u) 9D+1
- - Ay A, . . A A
and Py = H(y,z,u") 9D+l for some u,u’el, 9D+l> 0, 9D+1>0
But then for any Ae[0,1], R
e - -
- ~- A DHl H(Y,z,u)
Ap, +(1-2)p, = [X6 + (1-06 .1 {5 — 240
1 2 D+1 D+1 §D+l + (1 A)GD+1
1-1)87
+ (1- ) D+1 H(S"szsu’) }

Pl AL
A9D+1+(1—X)9D+1
By H2, the bracketed term equals H(§,z,u) for some 7eU; thus

Xpl+(l—x)pzes

Consequently we may apply Remark 1 to system (1)-(4),(5') and (6') over S,

i.e., there is a scalar Bo > 0 and_vectors BeRm, cer, uAeRsl, ﬁAeRS2 with

ut < 0, Wt < 0 and (B,8,0, WA 5 40 satisfying

By VEG) + 8v6@) + i vt @) + oV H(F,Z,T) = 0

oV H(F,Z,0) + it 2) = 0

oH(¥,Z,u,)8, < 0 for all é‘j> 0 (j=1,...,D)

3773

- - A A )
oH(¥,Zz,u) 9D+l < 0 for all GD+ >0 and. ueU.

1
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If A# @, then 0 # 0 by H5. If A = § and o = 0, then (BysB) # 0

by H5.

Thus (BO,B,O) # 0. Also, the last consequence of Remark 1 above

implies that oH(¥,z,u) < O for all ueU. Incorporating H(Y¥,z,u) = O in this

i

last statement, defining 6 =oV yH(§,E,ﬁ) and letting ui=0 for idA, U” =0
for i¢A, (a)-(d) is satisfied.

Remark 4: If the vectors VGJ(§)

(j=1,...,m) are linearly independent,

then theorem 1 holds by taking BVG(y)=0, R#0 and (Bo,c,u,ﬁ,6)=0. Thus
H4 will rule out this trivial case.

Corollary 1.1

t

t

discrete maximum principle holds.

(Discrete maximum principle) Let ut=ﬁ , (t=0,...,t-1) and

X =§t (t=0,...,T) solve control problem P; assume Hl through H5. Then the

Proof: We previously showed that P is a special case of P” and that H1-H5

hold when we make this association.

be given by:

c = (-a’pO’pl’...’pT-l)
o= Ap

=1

(Al,...,AT_l)
8 =-Pr

Let o,u,u and & from Theorem 1

In these terms, consequences (a)-(d) of Theorem 1 are translated into

the following terms for P.

(a) pp = By Vgy(xp) + Bg(xp) + Apqp(xp)

(®) -pp = -p,
- th(XO) + p1[1+ foo(xo,uo)] + }\Oqo(xo) 0
...Pt + pt+l[1+ fot(it’l—lt)] + }\tqt(;(t) = (0 (talg-o-,t“l)
- Til
() ATqT(xT) =0, t=0 Atqt(xt) = 0
ol T-1
- - . _
(A 20 Pesr FeGpou)) 2 Ly Py f (Kpsu,) for all
(uo,...,ule) eﬂoxﬂlx...xQT
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Defining Py = th(iO), (a) and (b) become the adjoint equations

and transversality conditions. Since qt(it) < 0 and At < 0 (c) implies

;he complementary conditions Atqt(ﬁt) =0 (t=0,...,T-1). Successively taking
uj=uj (j#t) for t=0,1,...,T-1, (d) implies Hamiltonian maximization for

each t=0,...,T-1. Finally, pO,pl,...,pT,u, B and BO are not all zero

from Theorem 1 and the above associations.

Remark 5: (i) As in remark 4, H4 rules out the trivial case where
RVg(y) = 0 and gis the only non-zero multiplier or adjoint variable. Similarly

H4 rules out the analogous case where aVh(¥)=0, o#0.

(i1) In the case of no inequality constraints on state variable, non-
singularity of [I+fot(§t,ﬁt)] (t=0,...,t~1) implies that
pt#O(t=0,l,...,T—1). If in addition the vectors Vgo(xT), Vgl(iT),...,ng(§T)
are linearly independent then pT#O.

III. An extension

Holtzman [ 4] extended the discrete maximum principle by allowing g, to
be a function of u as well as X, and introducing the concept of directional
convexity. We show here that an analogous assumption permits our proof of
the generalized maximum principle to be easily extended. When only F and H
below are functions of u, assumption H2” is equivalent to Holtzman's definition

of directional convexity (see [1]).
Suppose that y=y, z=z, u=u solves the control problem:

max F (y,u)
subject to G (y,u) <0
Q (y,u) <0 @"
6 (z,u) <0
H (y,z,u) = 0

uel

Let H1' be the same as H1 and modify H2-H5 to:

H2') for every ysRN, zeRM; uelU, u'elU, Ae[0,1] there is a
UeU such that
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F(y,i) > AF(y,u) + (1-\)F(y,u”)
Q(y,u) < M(y,u) + (1-1)Q(y,u”)
Q(z,) < A(z,u) + (1-1)Q(z,u”)
G(y,0) = XG(y,u) + (1-2)G(y,u”)

H(y’zaﬁ) = AH(}UZ’U) + (1-M)H(y,z,u”)

ﬁB'). For every uelU, G(y,u) 1is continuously differentiable
in a neighborhood of y=y, F(y,u) and Q(y,u) are differentiable
at y=y, and Q(z,u) is differentiable at z=Z.

H4') The vectors VGj(i,ﬁ) (j=1,...,m) are linearly independent.
H5') H5 with Qi(§) and 61(§) replaced by Qi(§,ﬁ) and

@' (z,0) 1n the definitions of A and A.

With these modifications Theorem 1 becomes:

Theorem 1lA:

Let y=y, x=X, u=u solve control problem P"; assume H1'-H3' and 85'.

>0 and vectors BeR™, oeRY, ueR®l,

Ter®2, oer® with u<0, u<0, (80,8,0) # 0 satisfying

Then there exist a real number B

'y -8 = BV F(¥,0) + BV G(¥,u) + 1V Q(¥,u
(a") 8y yF(y,u) B yG(y,u) u yQ(y,U)
') &= ovyﬁ(y,z,ﬁ)

0= oV HF,Z,) + v, 2z, %)

(') uQ(@F,u) =0, UQ(F,u) =0
(d') [ M¥(Q) -M(u)] > 0 for all uelU
where )} (u) B F(7,u) + BG(F,u) + 1QF,u) + WQ(z,u) +
oH(y,z,u)

Proof: The proof is analogous to that of Theorem 1 and will be

omitted. We simply note that ¢(u) is now defined as

vyc(i',u) G(¥,u)
Y(u) =

VHE,Z,w) Y EEG,Z,0)  HE.z,w
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Also, in problem P, functions F, G, Q and Q are each
replaced by analogs of the form for H in that problem.
For example, F(y) is replaced by,

D+l D
- £ 0.\ F(y,u) + £ 6, F(ysu,) + 0 F(y,u)
( =1 J) j=1 3 i o

Remark 6: H4' admits a statement analogous to Remark 4. In additionm,
the statement of Theorem 1A can be specialized to an extended version
of problem P, giving an extension of the discrete maximum principle.

Details are omitted.
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IV. A Separation Property

Lot us consider the following linearized version of (P') about (;,;,G):

max VF(y)v
subject to VG(y)v = 0 : [v=(y-¥), w=(x-%) ]
v G)v < 0
vb‘K(E)& <0

vyH(§,E,G)v + VZH(§,E,G)W + H(y,z,u) = 0
uel .
This is a standard first order strict inequality approximation except for the
linearized H equation. Here we have omitted G(y)=0, QA(§)=0, EK(E)=O, H(F,z,0)=0

and the constant term F(?).

Let S1 = {veR®: VF(¥)v>0, VG(¥)v=0, VQA(§)v<0} and
8, = {veR™": vﬁA(Z)w<0, VyH(F,Z,u)v + vzu(y,i,ﬁ)w+u(§,z,u) =0

for some ueU, wsRM }

Sl and S2 each reflect half of the above linearized problem.

Halkin's [3] approach to the discrete maximum principle was to first
prove that there is a hyperplane separating S1 and SZ' He considered the case
with no state constraints Q or Q and with H having the associations for the
control problem P that were given in section I. Since this separation
property may be of independent interest, let us see how it results from the

arguments of Theorem 1.

Lemma 3 (Second Linearization Lemma):

Let y=§, x=x and u=u solve control problem P”; assume HI-H3 and H5.

— -

and that the matrix [VyH(?,E,ﬁ),VZH(y,z,u)] has full row rank.
Then Sl and 82 are separated by a hyperplane

Proof: For the most part, the proof is the same as the proof of
Theorem 1. Consequently, we adopt the notation there and

only sketch modifications to that proof.

If Y(u) is not linearly independent over u, then let
(B,0) # 0 and 6 be defined as before, that is



(<]
ftl

—BVG(?) = OVyH (§ ’E aa)

UVZH(ﬁ,E,G)
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=0

oH(¥,Z,u) = 0 for all ueU

Then consider the hyperplane {x:é8x=0}. Note that 6#0 since the

rows of VG(¥) are linearly independent as are those of

[VyH(§,E,ﬁ),VzH(§,E}ﬁ)]. For veS

l’

Sv= -BVG(¥)v=0. For ve52 there

- —— -— - -

are weRM and uel so that 6v=oVyH(§,E,ﬁ)v= c[VHy(y,z,u)v+VZH(y,z,u)w+H(§,§,u)]=0.

Thus {x:6x=0} separates S, and S,.

If y(u) 1s linearly independent over u, then let

. =
S2 = {veRN: VQA(z)w<0,

- . - - - —

- - —

D —_— ~ A
VyH(y,z,u)v+VzH(y,z,u)w+j£1 H(y,z,uj)6j+H(y,z,u)9D+l =0

j=1

where Upseeeslp are defined
argument used previously to
easlily establish that S; 1s
(1) - (6) in Theorem 1 have
disjo{nt hence separated by

(let 6D+1 -+1) so that S1

D+ll\ ~
I e,<1, 0,50,
J J .

and S

(j=1,...,D+1) for some uelU, weRM}

as in the proof of Theorem 1. By the
show that the set S is convex, we can
convex. Since S1 is convex a:d equations
no solution for ueU, Sl and 52 ari

a hyperplane. But S2 < closure S2

o are also separated.



10.
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