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Abstract

There have long been intuitive connections between robustness and regularization in statis-
tical estimation, for example, in lasso and support vector machines. In the first part of the
thesis, we formalize these connections using robust optimization. Specifically

(a)

We show that in classical regression, regularized estimators like lasso can be derived by
applying robust optimization to the classical least squares problem. We discover the
explicit connection between the size and the structure of the uncertainty set used in
the robust estimator, with the coefficient and the kind of norm used in regularization.
We compare the out-of-sample performance of the nominal and the robust estimators in
computer generated and real data.

We prove that the support vector machines estimator is also a robust estimator of some
nominal classification estimator (this last fact was also observed independently and si-
multaneously by Xu, Caramanis, and Mannor [52]). We generalize the support vector
machines estimator by considering several sizes and structures for the uncertainty sets,
and proving that the respective max-min optimization problems can be expressed as
regularization problems.

In the second part of the thesis, we turn our attention to constructing robust maximum

likelihood estimators. Specifically

(a)

(b)

We define robust estimators for the logistic regression model, taking into consideration
uncertainty in the independent variables, in the response variable, and in both. We
consider several structures for the uncertainty sets, and prove that, in all cases, they
lead to convex optimization problems. We provide efficient algorithms to compute the
estimates in all cases. We report on the out-of-sample performance of the robust, as well
as the nominal estimators in both computer generated and real data sets, and conclude
that the robust estimators achieve a higher success rate.

We develop a robust maximum likelihood estimator for the multivariate normal distri-
bution by considering uncertainty sets for the data used to produce it. We develop an
efficient first order gradient descent method to compute the estimate and compare the
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efficiency of the robust estimate to the respective nominal one in computer generated
data.
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Sloan School of Management
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Chapter 1
Introduction

Statistical estimation has a long and distinguished history. In the context of regression, the
idea of least squares has been used extensively. More generally, the established paradigm is

to use the maximum likelihood principles.

Researchers soon realized that data on which these estimators are based are subject to
error. The origins of the errors can be multiple (measurement, reporting, even classification
(a clinical trial can be classified as success while it can be indeed a failure)). In order to deal

with errors several researchers have introduced regularization methods:

a) Regularized regression. Given a set of observations (v, x;), vi € R, &; € R™, i €
{1,2,...,n}, Tibshirani [49] defines the Least Absolute Shrinkage and Selection Operator

(lasso) estimate as the optimal solution to the optimization problem

min ly — X8 ~ 5113 + I8l (L1)
where
)1 T 1
y= y:2 , X = 37:2 1= 1 n entries, (1.2)
Yn w'n 1

and p > 0. Tibshirani [49] demonstrated using simulation results that the lasso estimate
tends to have small support which yields more adaptive models and higher empirical

success. Tikhonov and Arsenin proposed the ridge regression estimate, which is the
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solution to

min|ly - XA - Boll3 + pllBII5, (1.3)

05,
see [50].

b) Support vector machines in classification problems, introduced by Vapnik et al. [10].
Given a set of data (y;,x;), 7 € {1,2,...,n}, y; € {—1,1}, x; € R™, the support vector
machines estimate is the optimal solution to optimization problem

n
min + i
min 8|2 Pglf

s.t. fi Z 1-— yz(ﬂ'% +BO)7Z € {1727 v ,TL} (14)
§i Z O,Z € {1,2,...,’”},

where p > 0. Support vector machines classifiers have been very successful in experiments
(see Scholkopf [43]). Note that Problem (1.4) has a regularization term ||B||2 in its
objective.

Huber [30] considers any statistical estimator T to be a functional defined on the space
of probability measures. An estimator is called robust, if functional T' is continuous in a
neighborhood around the true distribution of the data. Hampel defined the influence curve
to quantify the robustness of statistical estimators [26]. However, they did not provide an

algorithmic way to construct robust estimators.

1.1 Robust Optimization in Statistical

Estimation Problems

In this thesis, we use the paradigm of Robust Optimization to design estimators that are
immune to data errors. Before describing the specific contributions of the thesis, let us give
a brief overview of Robust Optimization.

Robust optimization has been increasingly used in mathematical programming as an
effective way to immunize solutions against data uncertainty. If the data of a problem is
not equal to its nominal value, the optimal solution calculated using the contaminated data
might not be optimal or even feasible using the true values of the data. Robust optimization

considers uncertainty sets for the data of the problem and aims to calculate solutions that

14



are immune to such uncertainty. In general, consider optimization problem
i -d
min f(z; d)

with decision variable x restricted in feasible set X and data d. The robust version of it, if

we consider uncertainty set D for the errors Ad in the data, is

Lnei}vlgfiaé% (z;d + Ad).

As we observe, the efficient solution of the nominal problem does not guarantee the
efficient solution of the respective robust one.

There are many ways to define uncertainty sets. Soyster [47] considers uncertainty sets
in linear optimization problems where each column of the data belongs to a convex set. Ben-
Tal and Nemirovski [4], [5], [6], follow a less conservative approach by considering uncertain
linear optimization problems with ellipsoidal uncertainty sets and computing robust coun-
terparts, which constitute conic quadratic problems. Bertsimas and Sim [8], [9], consider an
uncertainty set for linear or integer optimization problems where the number of coefficients
in each constraint subject to error is bounded by some parameter adjusting the level of
conservatism, and prove that this problem has an equivalent linear or integer optimization
formulation, respectively.

The idea of using robust optimization to define estimators that tackle the uncertainty of
the statistical data has already been explored. El Ghaoui and Lebret [20] have used robust
optimization to deal with errors in the regression data. They define the robust total least
squares problem, where the Frobenious norm of the matrix consisting of the independent
variables and the response variable of the observations is bounded by some parameter, and

prove that it can be formulated as a second order cone problem.

1.2 Contributions of the Thesis

In this thesis, we apply robust optimization principles to many classical statistical estimation
problems to define the respective robust estimators, that deal with errors in the statistical
data used to produce them. We study the properties of the estimators, as well as their
connection with the uncertainty set used to define them. We develop efficient algorithms that
compute the robust estimators, and test their prediction accuracy on computer generated as
well as real data.

In the first part of the thesis, we formalize the connections between robustness and

regularization in statistical estimation using robust optimization. Specifically
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(a)

We show that in classical regression, regularized estimators like lasso can be derived by
applying robust optimization to the classical least squares problem. We discover the
explicit connection between the size and the structure of the uncertainty set used in
the robust estimator, with the coefficient and the kind of norm used in regularization.
We compare the out-of-sample performance of the nominal and the robust estimators in

computer generated and real data.

We prove that the support vector machines estimator is also a robust estimator of some
nominal classification estimator (this last fact was also observed independently and si-
multaneously by Xu, Caramanis, and Mannor [52]). We generalize the support vector
machines estimator by considering several sizes and structures for the uncertainty sets,
and proving that the respective max-min optimization problems can be expressed as

regularization problems.

In the second part of the thesis, we turn our attention to constructing robust maximum

likelihood estimators. Specifically

(a)

We define robust estimators for the logistic regression model, taking into consideration
uncertainty in the independent variables, in the response variable, and in both. We
consider several structures for the uncertainty sets, and prove that, in all cases, they
lead to convex optimization problems. We provide efficient algorithms to compute the
estimates in all cases. We report on the out-of-sample performance of the robust, as well
as the nominal estimators in both computer generated and real data sets, and conclude

that the robust estimators achieve a higher success rate.

We develop a robust maximum likelihood estimator for the multivariate normal distri-
bution by considering uncertainty sets for the data used to produce it. We develop an
efficient first order gradient descent method to compute the estimate and compare the
efficiency of the robust estimate to the respective nominal one in computer generated
data.

The structure of the thesis is the following. In Chapter 2, the connection between robust

regression and regularized regression is quantified and studied. In Chapter 3, the Sup-

port Vector Machines estimator is proved to be the robust estimator corresponding to some

nominal classification estimator, and its properties are investigated. In Chapter 4, robust

estimators for logistic regression are defined and calculated. In Chapter 5, a robust normal

distribution estimator is defined, and an efficient algorithm to calculate it is developed.
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Chapter 2

Equivalence of Robust Regression and

Regularized Regression

2.1 Introduction

A way to improve the performance of the regression estimate is to impose a regularization
term in the objective function of the optimization problem which defines it. Given a set of
observations (i, z;), v € R, z; € R™, ¢ € {1,2,...,n}, Tibshirani [49] defines the Least
Absolute Shrinkage and Selection Operator (lasso) estimate as the optimal solution to the

optimization problem

min|ly — X8 — Bolllz + pllBlh, (2.1)
where
h Ty 1
Y= y:2 , X = ai2 1= 1 n entries, (2.2)
" . .
and p > 0.

Tibshirani [49] demonstrated using simulation results that the lasso estimate tends to
have small support which yields more adaptive models and higher empirical success. Candes
and Plan [13] proved that if the coefficient vector 3 and the data matrix X follow certain
probability distributions then, lasso nearly selects the best subset of variables with non-zero
coefficients.
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The connection between Robust Optimization and Regularization has been explored in
the past. El Ghaoui and Lebret prove that the minimization of the worst-case least squares
error can be formulated as a Tikhonov regularization procedure [20]. Golub et al proved that
Tikhonov’ s regularization method can be expressed as a total least squares formulation,

where both the coefficient matrix and the right-hand side are known to reside in some sets.

In this chapter, we prove that regularization and robust optimization are essentially
equivalent, that is the application of the robust optimization paradigm in statistical estima-
tion leads to regularized solutions. We investigate the nature of the regularized solutions
as the uncertainty sets in robust optimization vary. We present empirical evidence that
demonstrates that the application of robust optimization in statistics, which is equivalent to
regularization, has an improved out-of-sample performance in both artificial and real data.
We further investigate the effectiveness of different uncertainty sets and their corresponding
regularizations. In summary, the key contribution of this section is that the strong empirical
performance of regularized solutions, which we also observe in this paper, can be explained by

the fact that the process of regularization immunizes the estimation from data uncertainty.

The structure of the chapter is as follows. In Section 2.2, we prove that the robust
regression estimate for uncertainty sets of various kinds of norms can be expressed as a
regularized regression problem, and we calculate the relation between the norms used to
define the uncertainty sets and the norms used in regularization, as well as their coefficients.
In Section 2.3, we prove that the optimization problem used to define the support vector
machines regression estimate is the robust counterpart of the e-insensitive regression estimate
problem. In Section 2.4, we report on the improved out-of-sample performance of the robust
and regularized estimates in comparison to the classical ones in the experiments we carried

out on artificial and real data.

2.2 Robust Regression

Given a set of data (y;, @), y: € R, ¢ € R™, i € {1,2,...,n}, we consider the Robust L,
Regression optimization problem

min - max  [ly — (X + AX)B — Follly, (2.3)

where y, X, and 1 are defined in Eq. (2.2) and A is the uncertainty set for AX.

The uncertainty sets for AX are going to be defined by bounding various kinds of norms

of matrix AX. There exist several matrix norms (see Golub and Van Loan [24]). For
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example, norm || e ||,, for an n x m matrix A is defined by

| Az]|
”A“q,p = Sup ' P, q,p Z 17
TER™ #0 ”:B“q

see Golub and Van Loan [24], p. 56.
Note that

lAllgp = max ”Am”;n,

leellg=1

and that for some * € R™ with ||z*||, = 1, we have that
Allgp = Il AZ"|l,,

see Golub and Van Loan [24], p. 56.
Moreover, we define the p-Frobenius norm which is also going to be used in defining uncer-
tainty sets for AX.

Definition 1. The p-Frobenius norm || e ||,—r of an n x m matriz A is
n o m 1/p
= (33 1ar)
i=1 j=1

Observe that for p = 2, we obtain the usual Frobenius norm.
The following theorem computes a robust counterpart for the robust optimization Problem

(2.3) under the uncertainty sets

N ={AX eR"™ | |AX ]|y, < p}, (2-4)
and

Ny = {AX € R™™ | |AX - < p}. (25)

It proves that the robust regression problems under these uncertainty sets can be expressed
as regression regularization problems.
Theorem 1.

(a) Under uncertainty set N7, Problem (2.3) is equivalent to problem

minly — X6 — folll, + pllBlle: (2.6)



(b) Under uncertainty set Na, Problem (2.3) is equivalent to problem
win [ly — X8 — Follly + pllBllaw), (2.7)

where N1, Ny are defined in Eq. (2.4) and (2.5) respectively, and d(p) is defined in Eq.
(4.9)

Proof.

(a) The proof utilizes Appendix A.2 that performs certain somewhat tedious vector calcu-
lations. To prove the theorem, we shall first compute a bound for the objective function of
the inner problem in Eq. (2.3) and then, calculate a AX that achieves this bound.

Using the norm properties, we have that

ly = (X +AX)B-Bolll, = lly - XB—Fol — AXBl

< lly—XB - Bolll, + 1AXB,.
From Golub and Van Loan [24], p. 56, we have that
1AXBl, < [[AXlgp [1Bll-
Thus, for |AX]|,, < p,
1AXBl, < »lBllg,
and for any AX € M,
ly — (X +AX)B = Bolll, < lly—XB-Folll, + ollBll,: (2.8)

We next construct a solution AX° € N that achieves bound (2.8). Let

_ X8 -
AX° = o (2.9)
—pu[f (8,97, if y— XB— ol =0,

where f(z,p) € R™, x € R™, p > 1, is defined in Eq. (A.1) in Appendix A.2, v € R" is an
arbitrary vector with |lu||, = 1.

20



Fory — X8 — 31 # 0:

ly = (X +AX°)B - Golll, = lly—XB -Gl - AX°Bl|,

y—XB— [l
ly — X8 — Boll,

- Hy—-— XB—fol+p [F(B,9)"B

p

- or-x8-50) (14 —g) | (reea8 = 1610

ly = XB - Bolll,

p

=|ly — XB - Bolllp + pllBll,-

Note that when y — X8 -1 =0, [ly — (X + AX°)B~Bol|l, = [ly — X B~ Bolll, +pllBll
as well.

Moreover, using Propositions 1 and 3 in Appendix A.2, we have that if y — X3 — G1 # 0,

y—XB - [l
y—Xp —,301”17

| £(B, Dllag) = p,

p

qumw:pm

andify— XB8—G1=0,
IAX Nqp = pllullll £ (8, Dllag = p-

Thus, AX? € M.

Consequently, we conclude that

A ly — (X +AX)B - Bolll, = lly—XB—Bolll, +pllBlg

which proves the theorem.

(b) Following the same procedure, we conclude that
ly — (X +AX)B - Golll, < lly— XB - Bolll, + |AXB,-
From Golub and Van Loan [24], p. 56, we have that

IAXBl, < 1AX la)p 1B]lae)-
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Using Proposition 2 in Appendix A.2, we conclude that
IAXBll, < [1AX]p-r [1Bllaw),
and thus, for any AX € Nj,
ly—(X+AX)8-Polll, < lly—XB-0Golll, + pllBllaw-
Define AX?® as in Eq. (2.9) with ¢ = d(p). Then,

ly = (X +AX)B - folll, = lly—XB—Bolll, + pllBllaw)-

Furthermore, using Propositions 1 and 4 in Appendix A.2, we have that if y— X 38— ;1 # 0,

y—XB -5l
y— X8 - Bolll,

I F(B,d®)ll, = p,

14

JAX?],_r = p “ “

and if y — X8 — 51 =0,
1AX p-F = pllullpll £ (B, dp)ll, = p,

and consequently, AX° € N.

This allows us to state that

Amax lly — (X +AX)B -~ folll, = lly — X8~ bollly + pllBllaw),

which proves the theorem. O

Theorem 1 states that protecting the regression estimate against errors in the independent
variables data bounded according to certain matrix norms is achieved by regularizing the
corresponding optimization problem. The structure of the uncertainty set determines the
norm which is going to be considered in the regularized problem. The conservativeness of
the estimate is affected by parameter p, which determines the size of the uncertainty set as
well as the contribution of the norm of the coefficient vector to the objective function to be

minimized in the robust counterpart.
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2.3 Support Vector Machines for Regression

Consider the e-insensitive regression estimate which minimizes the e-insensitive loss function
n
. T
min g max(0, |y — 8" z; — fo| — €).
BBy

The corresponding robust regression estimate, which immunizes against errors described by
the uncertainty set N3 is

n

1 s — . . —_— ——
mg)l m%)ﬁ[a 2 max(0, |y; — BT (x; + Az;) — fo| — €), (2.10)
where N is defined in Eq. (3.4).

We next prove that, under Assumption 1, the robust estimate of Problem (2.10) is the same
as the support vector machines regression estimate.

Definition 2. The data set (y;,x;), i € {1,2,...,n}, vi € R, ©; € R™, is called -
approzimable if there ezists a (B,08y) € R™! such that for any i € {1,2,...,n}, |y; —
BTz, — fo| < €. Otherwise, the data set is called non-c-approzimable. In this case, for any
(B,Bo) € R™1, there exists ani € {1,2,...,n} such that |y; — BTx; — Bo| > €.

Assumption 1. The data set (y;,x;), ¢ € {1,2,...,n}, is non-e-approzimable.

Theorem 2. Under Assumption 1, Problem (2.10) has a robust counterpart

n
min it
Bt ;5 P”ﬁ“q

gizyi_:@Tmi_/BO_E7i€{172a"'an} (211)
&> —vi+BTzi+ B —ei€{1,2,...,n}
&>0ie€{1,2,...,n},

which is the optimization problem defining the support vector machines regression estimate.

Proof.
Let R, be defined as in Eq. (3.7), and R be defined as in Eq. (3.8). Then, similar to

Theorem 3, the inner maximization problem in Eq. (2.10) is expressed as

T
;- i+ Ax;) — —€), 2.12
( m?‘u;é i ;1 max(0, [y, — B (x; + Az;) — Bo] — €) (2.12)

23



which is equivalent to
n
max max max(0, |y; — BF (xz; + Ax;) — Bo| — €). 2.13
ma s 3 w0, — B ) — ol — ¢ (213)
Consider the inner maximization problem in Eq. (2.13)

max > max(0, [y — BT (@ + Am;) — fo| —€). (2.14)

Az |lp<rip <
i=1

This problem has a separable objective function and separable constraints. Consequently,

we can solve problem

max max(0, |y; — BT (x; + Ax;) — Bo| — ). (2.15)

lA;||p<rip

for any ¢ € {1,2,...,n} and add the optimal objectives to form the optimal objective of
Problem (2.14).

Since

min (BT Az)) = —7.plB|l,

lAzi|lp<rip

max (BTAz;) = rip||Bllq,

“Ami”pSTiP
we conclude that:

max — max(0, ly; — Twi-%—AiBi - —€
Az |lp<rip (0, |y = B( ) = Bol =€)

=max(0, max (y — BT (xi+ Az;) — B —e¢),

Az llp<rip

(—yi + BT (z; + Az;) + Bo — €))

max
lAz;||p<rip

= max(0,y; — ﬂTiUz‘ ~ By —€— min (5TA331‘),
lAz;ip<rip
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—yi+ 8Tz +fo—e+ max (BTAz,))
|Az;|lp<rip

= max(0,y; — BTz — Bo — € + 1ip||Bllg, —¥i + BTxi + Bo — € + 70| Bllg)

= max(0, |y; — BTx: — Bo| — € + ripl1Bllq)-

Thus, Problem (2.13) is equivalent to

n

max )  max(0, |y; — BT a; — fo| — e +ripllBlly)- (2.16)

To solve Problem (2.16), we will bound its objective value and then, construct an r € Ry
that achieves this bound.
Observing that

max(0, |y; — BTzi — Bo| — € + ripl|Bllg)

< max(0, [y — BTx; — Bol — €) + 7:0l|Bll);

we conclude that for » € R,

Z max(0, |y; — BTz — Bo| — €+ TipllBlly)
i=1

< Z max(0, |y; — B7@; — Bol — ) + Z rip||Bllq
i=1

i=1

< Z max (0, |y; — BTz — Bo| — €) + plIBll,-
=1

Using Assumption 1, the data is non-e-approximable, and thus, there exists an ¢, €
{1,2,...,n}, such that |y;, — B7x;, — Bo| > €. Let

1, 1=1,,
Ty = . .
0, 71,
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For this r € R,,

n

Z max(0, [y; — BT @; — Bo| — € + ripl|Bllg)

=1

n

= Z max(0, |y; — BT x; — Go| — €) + max(0, |y;, — B @;, — Go| — € + PllBllg)

i=1,iiq

n

= Y max(0, |y — BTx; — Bol — €) + |y, — BTxs, — Bol — € + p|Bll,

i=1,i#1,

(I3, — BT xi, — Bol — € + p||Bllq = 0)

= Z max (0, ly; — B x; — Bo| — €) + pllBllg-

i=1

Consequently, the optimal objective of Problem (2.12) is equal to

ZmaX(O, lyi — B @i — Bo] —€) + plIBllq,

i=1
and Problem (2.10) is equivalent to

n

Iglg)l max(0, ly; — B7@; — Bo| — €) + p||Bllq,

which can be expressed as Problem (2.11).

Theorem 2 states that the support vector machines regression estimate is a robust opti-

mization estimate, and that the contribution of the regularization term depends on the norm

used to define the uncertainty sets.

2.4 Experimental Results

To compare the performance of the robust and regularized estimators for regression to the

performance of their respective nominal estimators, we conducted experiments using arti-
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ficial, as well as real data sets. To solve all the convex problems needed to compute the
estimates, we used SeDuMi [36], [48].
The artificial data set used to evaluate the quality of the robust estimates was developed in

the following way:

1. A set of 200 random points @y, &s,..., %200 in R® was produced, according to the
multivariate normal distribution with mean [1,1, 1}7 and covariance matrix 513, where
I3 is the 3 x 3 identity matrix.

2. For each z;, y; = BTx; + By + r was produced, where Gy = 1,

and r is normally distributed with mean 0 and standard deviation 1.

The data set was normalized by scaling each one of the vectors containing the data corre-
sponding to an independent variable to make their 2-norm equal to 1.

The performance of regular regression, robust regression with (p=1,¢=1), (p=1, ¢ = 2),
(p=2,q=1), (p=2, q=2), e-insensitive regresion, and support vector machines regression

with ¢ = 2 was measured for various values of p according to the following procedure:

1. The normalized data set was divided randomly into two groups containing the 50% of
the samples each, the training set and the testing set.

2. A set of 100 random data points in R? following the multivariate normal distribution
with mean 0 and covariance matrix I3 was produced. These data points were scaled
by p and added to the training set data points to contaminate them.

3. The contaminated data were used to produce the estimates to be studied.

4. The total error of the predictions of the data in the testing set was recorded for each

estimate.

5. The procedure was repeated 30 times and the average performance of each estimate

was recorded.

Parameter ¢ in e-insensitive regression and support vector machines regression was set to

the 0.01 of the maximum absolute value of the dependent variables of the data.
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Figure 2-1: The average mean absolute error of the regression estimates according to p.

Using this procedure, the average mean absolute error and the average mean squared error
of each estimate in the testing set was calculated for values of p between 0 and 0.045. The
graphs of these errors according to p can be seen in Figures 2-1 and 2-2. The legends “Robust
Regression 1-1”, “Robust Regression 1-2”, “Robust Regression 2-17, “Robust Regression 2-
27 refer to the robust regression estimates with (p=1,¢=1),(p=1,¢=2),(p=2,¢=1),
and (p = 2, ¢ = 2), respectively.

We observe that as p increases, the difference in the out-of-sample performance between
the robust and the respective classical estimates increases, with the robust estimates always
yielding better results. The support vector and e-insensitive regression estimates performed
the best, while the ordering of the other methods in decreasing performance was: Robust
2-2, Robust 2-1, Robust 1-2, Robust 1-1.

The robust regression estimates were also tested using real data from the UCI Machine
Learning Repository [3]. Again, the sets were normalized by scaling each one of the vectors
containing the data corresponding to an independent variable to make their 2-norm equal
to 1. The sizes of the used data sets can be seen in Table 2.1.

The evaluation procedure for each real data set was the following:

e The data set was divided in three sets, the training set, consisting of the 50% of the
samples, the validating set, consisting of the 25% of the samples, and the testing set,
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Figure 2-2: The average mean squared error of the regression estimates according to p.

Data set n |m
Abalone 41771 9
Auto MPG | 392 | 8
Comp Hard | 209 | 7
Concrete 1030 | 8
Housing 506 | 13
Space shuttle | 23 | 4
WPBC 46 | 32

Table 2.1: Sizes of real data sets for regression.



Data set | Regular | Rob 1-1 | Rob 1-2 | Rob 2-1 | Rob 2-2 | e-ins | Supp Vector
Abalone 1.7517 1.7234 1.7219 1.7087 1.6700 1.6286 1.5474*
Auto *
MPG 3.2554 3.2412 3.2378 3.2265 3.1913 2.6661 2.5615
%Oar:é) 22.9119 21.3412 21.1217 22.6443 22.8445 | 19.8399 19.8239*
Concrete | 9.2977 9.2387 9.1923 9.1614 8.9876 8.6809 8.3653*
F}‘;?il:zsst 21.7727 21.6723 21.6321 21.7250 21.7330 | 18.3198 18.2675"
Housing 4.4950 4.4586 4.4489 4.4363 4.3821 3.3905 3.2341%
Space 0.5957 0.5617 0.5578 0.5865 0.5737 0.5036 0.4886*
shuttle
WPBC 50.1432 | 49.9716 | 49.7623 49.2981 48.9397 | 49.3230 48.4037*

Table 2.2: Mean absolute error in testing set for real data sets. * denotes the estimate with

the best performance.

consisting of the rest 25% of the samples. We considered 30 different partitions of the

data set which were selected randomly.

e For each one of the considered partitions of the data set:

— The regular regression estimate based on the training set was calculated.

— The robust regression estimates based on the training set for various values of
p were calculated. For each p, the total prediction error on the validating set
was measured, and the p with the highest performance on the validating set

was considered. The prediction error that this p yielded on the testing set was

recorded.

e The prediction errors of the estimates under examination were averaged over the par-

titions of the data considered.

Parameter € for e-insensitive regression and the support vector machines regression was

chosen in the same way as in the artificial data experiments.

The results of the evaluation process are summarized in Tables 2.2 and 2.3. Under the
mean absolute error criterion, the support vector machines are always performing the best.
In most cases, the ordering in the out-of-sample experiments is the same as in the artificial
data sets. Under the mean squared error criterion, in five out of the eight real data sets, the

support vector machines show the best performance, whereas in the rest three data sets, the

robust regression estimates yield smaller out-of-sample errors.
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Data set | Regular | Rob 1-1 | Rob 1-2 | Rob 2-1 | Rob 2-2 | e-ins | Supp vector

Abalone | 57430 | 5.6702 | 56543 | 56345 | 55369 | 5.3050 5.0483"
1‘:*4‘1?8' 187928 | 187245 | 18.7076 | 18.6981 | 18.5820 | 12.8846 | 12.5251*
%’a‘;‘g 2026.00 | 2014.32 | 1978.12 | 1965.75 | 1925.13* | 2463.03 2348.29

Concrete | 13247 | 13146 | 13132 | 131.08 | 12031 | 131.53 127.00"
F;?;‘Zsst 5526.00 | 5312.18 | 5220.14 | 4994.81* | 5266.40 | 5232.61 5229.52

Flousing | 39.8084 | 395412 | 304912 | 394257 | 30.0716 | 24.8051 | 24.6867°
Space 05323 | 05201 | 05177* | 05225 | 05265 | 0.5582 0.5501
shuttle

WPBC | 4723.07 | 467620 | 4657.98 | 4630.19 | 4489.20 | 449814 | 4410.46"

Table 2.3: Mean squared error in testing set for real data sets. * denotes the estimate with
the best performance.

2.5 Conclusions

Regularization in statistics can be interpreted as the application of robust optimization

techniques in classical statistical estimates to provide protection against uncertainty in the

data. The robust optimization paradigm offers a more adaptive and comprehensive control

of the estimates through the use of various norms in defining uncertainty sets, while, at the

same time, providing an insight of why the produced estimates yield improved performance

compared to their respective classical ones.
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Chapter 3

Support Vector Machines as Robust

Estimators

3.1 Introduction

Vapnik et al. [10] developed Support Vector Machines (SVM), a method which provides
classification estimates. Given a set of data (y;, z;), i € {1,2,...,n}, v; € {-1,1}, z; e R™,

the SVM estimate is the optimal solution to optimization problem

min + i
min, 181l pizzlfz

st &2>1—-y(Bz+f),i€{1,2,...,n} (3.1)
&>01€{1,2,...,n},

where p > 0. The term ||3||2 in the objective function is used to find a hyperplane classifier

n

that is as far as possible from the samples and the term p Y &; is used to allow misclassified
i=1

samples. Support vector machines classifiers have been very successful in experiments (see

Scholkopf [43]). Note that Problem (3.1) has a regularization term ||B3||2 in its objective.

The idea of applying Robust Optimization in defining classification estimators has already
been explored. Lanckriet, El Ghaoui et al. defined classification estimators by minimizing
the worst-case probability of misclassification [34]. The connection of SVM with robustness
has already been explored. Shivaswamy et al. propose a second order cone programming
problem that defines classifiers that can handle uncertainty [44].

In this chapter, we prove that Support Vector Machines are a particular case of robust
optimization estimators (this last fact was also observed independently and simultaneously

by Xu, Caramanis, and Mannor [52]). More specifically, in Section 3.2, we prove that the
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support vector machines problem, which yields the respective estimate for classification, is
the robust counterpart of some nominal problem which classifies binary data as well, and
we calculate the relation between the norms of the uncertainty sets and the norm used for
the regularization. In Section 3.3, we report on computational results of the Support Vector

Machines estimators and their respective classical ones.

3.2 Robust Properties of Support Vector Machines

Given a set of categorical data (y;, z;), v € {1,—1}, ; € R™, ¢ € {1,2,...,n}, we define
the separation error S(8, By, ¥y, X) of the hyperplane classifier 87 + 3, = 0, z € R™, by

S(B, B0,y X) = Y max(0,1 - y,(87a; + Bo)), (3:2)
=1
where
Y1 I
Y= y:2 , and X = o
" n

According to Eq. (3.2), an observation (y;, ;) contributes a non-zero quantity to S(3,
Bo, ¥, X) only if BTx; + F < 1, BTx; + By > —1, for y; = 1, y; = —1, respectively. The
amount of the contribution is the distance of 8Tx; + Gy from 1, —1, for y; = 1, y; = —1,
respectively.

The hyperplane which minimizes the separation error is the solution to the optimization

problem
Igl};?S(Bv/BO’y’X)) (33)

which can be expressed as the linear optimization problem

min i

B.Bo.§ ;g

s.t. yi(ﬁTmi+ﬁ0) 2 1_§i7i € {1,2,...,77,}
& >0i€{1,2,... n)

34



Consider the uncertainty set

N = {AXGR"X’"I Z“Awinpgp}. (3.4)
i=1
where || ® ||, is the p-norm.

The robust version of Problem (3.3), which immunizes the computed hyperplane against
errors in the independent variables of the data described by the set N3, is

min e S(B, o, y, X + AX). (3.5)

We next prove that under Assumption 2, this robust estimate is equivalent to the support

vector machines classification estimate.

Definition 3. The set of data (y;, x;), i € {1,2,...,n}, is called separable if there exists a
hyperplane BTz + By = 0, such that for anyi € {1,2,...,n}, v;(BTx; + o) > 0. Otherwise,
the data set is called non-separable. In this case, for any hyperplane BTx + By = 0, there
exists an i € {1,2,...,n} with y;(BTz; + ) < 0.

Assumption 2. The data (y;,x;), i € {1,2,...,n}, is non-separable.

Theorem 3. Under Assumption 2, Problem (3.5) is equivalent to

B)IBOrE
s.t. & > 1-— yi(BTxi + BO);i € {1,2, s ,’I’L} (36)
&>0ie{1,2,...,n},

min 21 i+l B llaw
1=

where d(p) is defined in Eq. (4.3), i.e., || ® ||ap) is the dual norm of || e ||,

Proof.

To prove the theorem, we are going to introduce a new set of variables r;, 7 € {1,2,...,n},
which will be used to bound each ||Az;||,, and thus, to control the contribution of each
|Az;||, to f: ||Az;||p, which determines the uncertainty set.

i=1
Consider

=1

Rl'—‘{reRnfETiSI,TiZO,i=1,2,~w"}w (3.7)
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and

R:={(AX,r) eER¥" X R" | r € Ry, ||Azi|l, <rip,i=1,2,...,n}. (3.8)

It is clear that the projection of Ry onto AX is N3. Thus, the inner problem in Eq. (3.5)
can be expressed as

9
(A%%RZS(IBMB():an—'_AX)v (3 )

which is equivalent to
max max S(B,06,y, X + AX). (3.10)

reR |Azi|lp<rip
Consider the inner maximization problem in Eq. (3.10)

|Az;||p<rip

Since

S(ﬂ?ﬁO» Y, X + AX) = Zm&X(O, 1- yi(ﬁT(wi + Awl) + 180))7

i=1
Problem (3.11) is separable and has separable constraints. Its solution is given by solving

max  max(0,1 — y,(8T (x; + Ax;) + (o)) (3.12)

Az, <rip

for any 7 € {1,2,...,n} and adding the optimal objectives.

Observe that:

max max(0,1 — yi(,BT(ZBi + Ax;) + fo)
Ax;|lp<rip

=max(0, max (1-wu(8"z:+ B) — uB" Axy))

b
lAz;|lp<r:p

=max(0,1 — (B x; + B) + max (~uBTAz;)).

lAz:|lp<rip
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We know that:

— min BTAgx;, ify; =1,

lAz||p<rip
Az |lp<rip . |
max B Ami; lf Y = _]_7
lAaz:|lp<rip
; T
min Am = —7; ,
jalin B Az = —riplBll,
and
T
max A:Bi =T .
jami, P PllBll,
Consequently,
T
max —Yi Ami =1 ,
||Amn|psnp( v ) =ripl|Bllg
and
max  max(0,1 - (87 (z; + Aw;) + fo))
“A‘Ei“pSTip

= max(0,1 — yi(,BTwi + fo) + max (*yiﬂTA-Ti))

lAzillp<rip

= max(0,1 — yi(ﬁT-’Bi + Bo) +7ipl|Bllg)

is the optimal objective of Problem (3.12). Thus, the optimal objective of Problem (3.11) is
> max(0,1 - y:(87z; + Bo) + ripllBll,).
i=1

Given this observation, Problem (3.10) is equivalent to
max 3 max(0, 1 - (67z: + o) + rioll Bl (3.13)

relR
V=1

To solve Problem (3.13), we find an upper bound for its objective value and then, we construct
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an r which achieves this upper bound.

Since

max(0,1 — y; (BT x; + B) + ripllBlly)

< max(0,1 — (BT z; + Bo)) + 7:0l18llq,

we conclude that for r € R4

Z max(0, 1 — y:(B @i + Bo) + ipllBlly)

< Z max(0,1 — y:(B8"@: + o)) + Z rip|Bllg

i=1

= S(B, Bo,y, X) + »_riplBlla < S(B, B0, y, X) + | Blla-

i=1

Using Assumption 2, the data is non-separable, and thus, there exists an ¢,, € {1,2,...

such that y; (87x;,, + o) < 0. We have:

1 -y, (BTx;, + B) >0,

and
1- yim(,BTmim + Bo) + plIBll > 0.
Let
1, =1y,
r; =
0, i #in
For this 7,

Z max(0,1 — yi(ﬁTiﬁi + Bo) + ripllBllg)
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n

- Z max(0,1 — y;(8Tx; + Bo)) +1 v, (B x;, + Bo) + pl1Bllq

i=1,iim

=Y "max(0,1 — %(BTxi + o)) + pllBll, = S(B, Bo, ¥, X) + pl|Bl,-
=1

Thus, the optimal objective value of Problem (3.13) is S(83, 8o, y, X) + p||B|l, and a robust
counterpart of Problem (3.5) is

%1,16{;1 3(67/807 y)X) + P“ﬁ”qv

which is equivalent to Problem (3.6). O

As Theorem 3 states, the support vector machines estimate is a robust optimization

estimate, attempting to provide protection against errors in the independent variables.

3.3 Experimental Results

To compare the performance of the Support Vector Machines to the performance of their
respective nominal estimators, we conducted experiments using artificial, as well as real data
sets. To solve all the convex problems needed to compute the estimates, we used SeDuMi
[36], [48].

The artificial data set used to evaluate the support vector machines classifier was generated
in the following way:

e A set of 100 points in R? obeying the multivariate normal distribution with mean
[1,0,0]7 and covariance matrix —JﬁIg was generated, where I3 is the 3 x 3 identity

matrix. The points were associated with y = 1, and added to the data set.

e A set of 100 points in R® obeying the multivariate normal distribution with mean
[0,1,0]7 and standard deviation —\}—§I3 was generated. The points were associated with
y = —1, and added to the data set.

The performance of the separation error estimate and the support vector machines esti-
mate was measured for values of p ranging between 0 and 0.045 using the generated data set
and the same procedure as in the regression artificial data case described in Chapter 2. The
results are summarized in Figure 3-1. The performance metric used was the classification

error of the estimate. We observe that the support vector machines estimate, which is the
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Figure 3-1: The average classification error of the classification estimates according to p.

robust version of the separation error estimate, yields a smaller error for most of the values
of p, confirming the effectiveness of the robustness and regularization procedure.

The classification estimates were also tested using real data from the UCI Machine Learn-
ing Repository [3]. The procedure followed was the same as in the regression estimates case
described in Chapter 2, and the performance metric applied was the classification error. The
sizes of the used data sets can be seen in Table 3.1. The results are summarized in Table
3.2. The support vector machines estimate yields better results than the separation error
estimate in all cases. The maximum improvement is obtained in the “Lenses” set, where
the support vector machines estimate, which is characterized by the robust optimization and
regularization ideas, is 6.25% better than the classical estimate.

3.4 Conclusions

Support Vector Machines for classification is a particular case of an estimator defined using
the robust optimization paradigm. We proved theorems that facilitate the choice of the
norm and the coefficient used in regularization based on the structure and the size of the
considered uncertainty sets. The robust estimator shows improved performance in artificial

and real data sets compared to its respective nominal one.
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Data set n (m
Pima 768 | 8
Spam 4601 | 57
Heart 270 | 13

Ionosphere | 351 | 33
Lenses 24 5
SPECTF | 267 | 44
TAE 151 ¢ 5
WDBC 569 | 30
Yeast 1484 | 8
Wine 178 | 13

Table 3.1: Sizes of real data sets for classification.

Data set | Sep error | Supp vector
Pima 0.2451 0.2330*
Spam 0.0779 0.0744*
Heart 0.1676 0.1627*

Ionosphere 0.1496 0.1481*
Lenses 0.2667 0.2500"

SPECTF 0.2505 0.2413*
TAE 0.3311 0.3184*

WDBC 0.0469 0.0445*
Yeast 0.1440 0.1395*
Wine 0.0330 0.0326*

Table 3.2: Classification error in testing set for real data sets. * denotes the estimate with
the best performance.
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Chapter 4

Robust Logistic Regression

4.1 Logistic Regression

Logistic regression is a widely used method for analysing categorical data, and making pre-
dictions for them. Given a set of observations (y;, «;), ¢ € {1,2,...,n}, y; € {0,1}, =; € R™,
classical logistic regression calculates the maximum likelihood estimate for the parameter
(B, Bo) € R™1 of the logistic regression model (see Ryan [40], Hosmer [28])

exp(BTx + Go)

PrlY = X = a] = ;oo s (4.1)

where Y € {0, 1} is the response variable determining the class of the sample and X € R™
is the independent variables vector.

Very frequently, the observations used to produce the estimate are subject to errors. The
errors can be present in either the independent variables, in the response variable, or in
both. For example, in predicting whether the financial condition of a company is sound, the
economic indices of the company used to make the prediction might have been measured
with errors. In predicting whether a patient is going to be cured from a disease given several
medical tests they undertook, the response variable demonstrating whether the patient was
indeed cured might contain errors.

The presence of errors affects the estimate that classical logistic regression yields and
makes the predictions less accurate. It is desirable to produce estimates that are able to
make accurate predictions even in the presence of such errors.

In this thesis, robust optimization techniques are applied in order to produce new robust
estimates for the logistic regression model that are more immune to errors in the observations’

data. The contributions achieved include:
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1. New notions of robust logistic regression when the estimates are immunized against
errors in only the independent variables, in only the response variable, and in both the

independent and the response variables are introduced.

2. Efficient algorithms based on convex optimization methods on how to compute these

robust estimates of the coefficients (3, 3) in Eq. (4.1) are constructed.

3. Experiments in both artificial and real data illustrate that the robust estimates provide

superior out-of-sample performance.

The structure of the chapter is as follows. In Sections 4.2, 4.3, and 4.4, the methodology
of computing robust logistic regression estimates that are protected against errors in their
independent variables, in their response variable, or in both respectively is outlined. In
Section 4.5, the performance of the proposed algorithms in comparison with the classical
logistic regression for both artificial, and real data sets is reported.

4.2 Robust logistic regression under independent vari-

ables uncertainty

Given a set of observations (y;, Z;), ¢ € {1,2,...,n}, we assume that the true value of the
independent variables of the observations is ; + Ax;, where the p-norm of Ax; is bounded
above by some parameter p, that is ||Az;||, < p.

Let X be the matrix in which row ¢ is vector @;, AX be the matrix in which row ¢ is
vector Ax; and y be the vector whose i-th coordinate is y;, ¢ = 1,2,...,n. Let function
P(y, X, B, B) denote the log-likelihood on the given set of observations

P(y,X,B,5) = Z [yi(,@TiBz‘ +Bo) —In (1 + exp(,BTa:i + ﬁo))} . (4.2)

i=1

Let
dpp)=—, p21 (4.3)

We also define that d(1) = co and d(oo) = 1. Note that || @ ||4) is the dual norm of || e ||,.
Let

Sy ={AX | ||Az], <p, i=1,2,...,n}. (4.4)
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The robust estimate we propose is defined by:

in Ply. X +AX . 4.
max  min (y, X +AX,B,6o) (4.5)

In other words, (B, 5) is evaluated by the worst case log-likelihood as the error in the

measurement of the independent variables lies in the uncertainty set S;.

In the next theorem, we calculate an analytical formula for the optimal objective of the

inner minimization problem in Eq. (4.5) as a function of (3, 5).

Theorem 4.

(a) An optimal solution to
Zl(ﬂ)ﬂ()) = Algl(ler?gl P(y7 X + AX7 167 /80) (46)
is AX°, where the i-th row Ax? of matrit AX°, i € {1,2,...,n}, is given by
Axg = (-1)% p f(B,d(p), i €{1,2,...,n}, (4.7)

and f(z,p) € R™, ¢ € R™, p > 1, is defined in Appendiz A.1.
(b) The optimal objective value Z1(B, Bo) is given by

n

Z1(B,80) = Y, [wi(B @i + o + (1%l 1Bllacs)

i=1

~In(1 + exp(87a: + By + (~1)%pllBlla))] . (49)

Proof.

(a) Given that the objective function of Problem (4.6) is separable and that each of its
constraints involves a single Ax;, the optimal solution for each Az; is the optimal solution
to

min 3[BT (x; + Az;) + Bo] — In (1 + exp(BT (z; + Az) + Ho)) - (4.9)

lAz:llp<p

Defining

1
T =Y _1 PR B ‘:1a2a"'7 )
gi(w) =y;w —1In <1+exp(w)) 7 n
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we observe that the objective function of Problem (4.9) is equal to

98T (z: + Az;) + Bo)-
The first derivative of g;(w) is
exp(w) I
do(w) _ __ew) ) TTrexpw) < ify: =0,
dw 1 + exp(w) 1 > 0 ify =1

1 + exp(w)

Thus, for y; = 0, function g;(w) is strictly decreasing, whereas for y; = 1, function g;(w)
is strictly increasing. This implies that to solve Problem (4.9), it suffices to maximize or
minimize BT Az;, according to whether v; = 0 or y; = 1 respectively.

Using Holder’s inequality (see Boyd [12], p. 78), we conclude:

~lAzil, 1Bllag < B"Az: < | Az, [|Bllac)-
For any AX € S;, we have that ||Az;||, < p and hence,
—pllBllay < BT Az; < pllBllagy)- (4.10)
Let AXP° be defined as in Eq. (4.7). Using Proposition 1 in Appendix A.1, we have that:
BT Az} =BT (-1)" p F(B,d(p)) = (=1)% p £(B,d(p))" B = (1% p |1Blluw)-

Thus, if y; = 0, 87 Az; attains its maximum value p||B|qp) in Eq. (4.10), and, by the
monotonicity of g;(w), Ax? is an optimal solution to Problem (4.9). Similarly, if y; = 1,
BT Az; attains its minimum value —p||Blap) in Eq. (4.10), and hence, it is an optimal
solution to Problem (4.9). We conclude that AX? is an optimal solution to Problem (4.6).

(b) Using the observation that BT Az¢ = (—1)¥pl||B|lap), we conclude that the optimal
objective value of Problem (4.6) is given by Eq. (4.8). d

Function P(y, X + AX, 3, 8) is concave in (3, 5y) for any AX € S; (see Ryan [40],
Hosmer [28]). Thus, Z1(8, o) = An}%ins P(y, X + AX, (3, ), which constitutes the mini-
€51

mum value of P(y, X + AX, 3, 5y) over the feasible set Sy, is concave in (3, By) (see [12],
p. 81).
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Using Theorem 4, the robust counterpart of Problem (4.5) is formulated as

Z1(B, Bo)- 4.11
Ig%gi 1(8, Bo) ( )

Problem (4.11) is an unconstrained concave maximization problem. However, the func-
tion Z1(8, ) is not differentiable at any (3, ;) € R™*! with B = 0. For this reason, we
apply the subgradient maximization method (see Shor [45]), which converges to the optimal
solution of (4.11). The details of the method are outlined in Appendix B.1.

4.3 Robust logistic regression under response variable

uncertainty

Given a set of observations, the response variable of each one can either be affected by an
error or not. In this model, we immunize the estimate under the uncertainty set defined by
an upper bound I' on the number of errors in the response variable of the observations. In
this way, we restrict “nature” to modify up to I" observations. The parameter I' makes a
tradeoff between robustness and optimality.

Let Ay; be a binary variable which is equal to 1, if there is an error in the nominal
value of the response variable of observation i, and 0, otherwise. The true value of the
response variable of observation ¢ is then equal to |y; — Ay;|. Let Ay be the vector whose
i-th coordinate is Ay;, i € {1,2,...,n}. Each value of the parameter (3, 3;) is evaluated as
the worst case of P(|ly — Ay|, X, 8, 5), when Ay lies in the uncertainty set

3 Ay < F}. (4.12)

i=1

SQ = {Ay € {0, 1}"

Formally, the robust estimate in this case is the optimal solution to

in P(ly — Ay|, X, 8, ), 4.13
max  min P(ly - Ayl, X, 5, fo) (4.13)

where P(y, X, 3, f) is defined in Eq. (4.2).

A substantial difference between the uncertainty set S, considered here and the uncer-
tainty set Sy considered in Section 4.2 is that the uncertainties in S; are separable, whereas
in Sy are not. In the next theorem, we calculate an equivalent maximization problem for the

inner minimization problem in Eq. (4.13).
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Theorem 5. Problem

AyeSy
has the same objective value as problem

max Ip+ iqi + ‘; [:(BTx: + Bo) — In(1 + exp(BTx; + 5o)))

s.t. P+ ai+ (_1)1_yi(6Tm'i +ﬂ0) < 07 1€ {1727 s ,'I’l}
p<0,g<0.

(4.15)

Proof. Since |y; — Ay| = (—1)»Ay; + y;, the objective function of (4.14) is expressed as

n

P(ly - Ay, X,8,5) = >, [lvi — Auil (872 + Bo) — In (1 + exp(B”z: + fo))]

i=1

= Z("‘l)yi (BT i + o) Ayi + Z [:(B ; + Bo) — In (1 + exp(B7z; + )] - (4.16)

i=1

n
The only term in Eq. (4.16) affected by Ay; is Z(—l)y" (BT x; + Bo)Ay;, implying that
=1
the optimal solution of Problem (4.14) is the optimal solution of the integer optimization

problem
i ~1)¥ (8T z; + o) Ayi
min ;( ) (872 + Bo) Ay w1
st. Ay € Ss.

r
Since the polyhedron {Ay | S>> Ay; < T',0 < Ay; < 1} has integer extreme points,
i=1

Problem (4.17) has the same optimal solution as its linear optimization relaxation

min Y (=1)%(87x; + o) Ay;
i=1

st 3 Ay <T (4.18)
i=1

0<Ay <1, ie€{l,2,...,n}.
By strong duality in linear optimization, the optimal objective value of Problem (4.18)
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is equal to the optimal objective value of its dual

n
max ['p-+ Z i

=1 4.19
st p+q < (—1)"(BTz; + Bo) (4.19)
r<0,4<0,
and hence, Problem (4.15) has the same optimal objective value as Problem (4.14). d

Using Theorem 5, we express the robust counterpart of Problem (4.13) as

max Z?(pa Q7ﬁ7ﬁ0)
st. pH+a+ (—1)"Y(B Tz + F) <0, i€ {1,2,...,n} (4.20)
p<0,g <0,

where

Z3(p, 4,8, 50) =Tp+ Y ¢+ Y [1:(B7x: + o) — In(1 + exp(BT; + Bo))] -

i=1 =1

The objective function of Problem (4.20) is concave in (p,q,8,3) subject to linear
constraints. Problem (4.20) is a concave maximization problem with twice continuously
differentiable objective function and twice continuously differentiable constraints, solvable
with an interior point method (see Bertsekas [7], Boyd [12]). The details of the method are
outlined in Appendix B.2.

4.4 Globally robust logistic regression

Globally robust logistic regression provides an estimate for the parameters (3, 3;) of the lo-
gistic regression model taking into consideration that both the independent and the response
variables of the observations are subject to errors.

The proposed estimate is defined as the solution to

i Plly— Ayl. X + AX 4.21
max = omin o (ly — Ay|, X + , B3, Bo), (4.21)

where P(y, X, B, o) is defined in Eq. (4.2), and Sy, S, are defined in Eq. (4.4), Eq. (4.12),
respectively.
In Theorem 6 below, we calculate a formula for the optimal value of the inner minimization

problem in Eq. (4.21). To present this formula we need to introduce some notation.
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Definition 4. If v' = (v},v3,...,v)), v2 = (v}, v3,...,v2) are length n binary sequences,

rvn
vl is lezicographically smaller than v?, or equivalently v! <iex V2, if there exists some g €

{1,2,...,n} such that for anyi € {1,2,... 19— 1}, v} =7 and v} < v

If a = (a1,as,...,a), let S(a) be the set of optimal basic feasible solutions to problem
min Zai:z:i
iil
st. » z; <T (4.22)
i=1

0<z<1, i=1,2,...,n
Let

ns(a) = |S(a)l;

and s9(a), ¢ = 1, 2, ..., ng(a), be the binary sequence which is placed at position ¢ if we
order the binary sequences of set S(a) according to relation “<je,”, i.e.,

s! (a) <lex 32(0') <lex -+ - <lex sns(a)(a)7

where relation “<je” is defined in Definition 4.

For example, if @ = (a1, ag, . . ., ag) with
ap < ap=az3=a4<0=ua5=ag
and I' = 3, then

S(a) = {(1,1,1,0,0,0),(1,1,0,1,0,0),(1,0,1,1,0,0)},

sl(a) = (1,0,1,1,0,0),
s’(a) = (1,1,0,1,0,0),
s*(a) = (1,1,1,0,0,0).
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Note that if h is a strictly increasing function with ~(0) = 0, then

S(h(a)) = S(a),
ns(h(a)) = ns(a),
sl(h(a)) = s%a), ¢g=1,2,...,n5(a),

where h(a) is a vector whose ¢-th coordinate, ¢ = 1,2,...,n, is h(q;).
We also define functions U(ﬁ: 60)7 nU(ﬁ7ﬂ0)a u’q(ﬁ) ﬂﬂ)? q = 17 23 s 7nU(ﬁ7/30)7 (ﬁ? BO) €

R™! as

UB,6) = Sla),
ny(B,6) = ns(a),
ui(B3,6) = s%a), ¢g=1,2,...,n5(a), (4.23)

where a = (a1, ay,...,a,) and
a; = (-1)%(BTz; + B),i = 1,2,...,n.
The next theorem solves the inner minimization problem in Eq. (4.21).

Theorem 6.

(a) An optimal solution to

Z3(B, Bo) = P(ly — Ay|, X + AX, B3, Bo), (4.24)

AXeS AyES

i (AX07 Ayo) = (R(ul(ﬂ7 BO))r ul(ﬁvﬁO))}
where u'(B, Bo) is defined in Eq. (4.23), R(v) is a matriz whose i-th row is vector

"'i(v) = (ﬂl)wi—vil P f(ﬁ’ d(p)), S {L 2,... 7n}7 (425)

v s a length n binary sequence, and f(x,p), € € R™, p > 1, is defined in Appendiz A.1.
(b) The optimal objective value Z3(8, Bo) is given by

Z5(8,80) = |Iyi = ul(8,80)| (B7wi + By + (~1)lr OB | ] )

=1

— (1L + exp(B72; + fo + (~1)~HEM | 3] )] (4.26)
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Proof.
(a) Problem (4.24) can be expressed as

An;égz Auin P(ly— Ay|, X + AX, 3, 5). (4.27)

Using Theorem 4, we conclude that the optimal solution to the inner minimization problem
in Eq. (4.27) is R(Ay), and its optimal objective value is

n

3 [l = Awl (872 + Bo + (— 1)1 Bl )

i=1

—In(1 + exp(BT@; + By + (— 1)V 2%p|| Bl 4y))] -

Thus, Problem (4.24) is equivalent to

n

. A 1(AT 1\l
An;géz Z[I% Ay (B xi + Bo + (-1) P”,@”d(p)) (4.28)

=

—In(1 + exp(8Ta; + Bo + (—1)¥ 2% Blaip)))] -

Defining

Fio(B, B0) = vi(B i + Bo + (—=1)%pl|Bllacs))
—In(1 +exp(BTz; + Bo + (—1)¥pl|Bllaw)), 7 € {1,2,...,n},

Fi1(B,80) = (1 = y:) (B i + Bo + (=1) ¥ [|Blla))
- ln(l + exp(,@Ta:i + ﬁO + (—1>1_y'pl|ﬁ“d(13)))’ 1€ {17 27 s 7”’}7

we observe that

lys — Ayl (BT s + Bo + (= 1) 2%0p|| Bllan))
—In(1 + exp(B7@; + Bo + (1) 2%0p||B]la))

_ ) FiolB.Bo), if Ay =0,
Fi1(B,60), if Ay, =1,
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= Fio(B,50) + Y _(Fin(B,Bo) — Fio(B, 5o)) Ay
i=1 i=1

Problem (4.28) has the same solution as

min E( 11(13 /30) z,O(ﬁ»BO))Ayi- (429)

AyeSz =

Defining

hi(w) = w = (=1)p|Bllag) + In (1 - exp((=1)hw + (—1>“pllﬂnd<p>>>

1+ exp((—1)%w — (=1)%pl|Bllaw)) / ’

We express
Fi1(B, Bo) = Fio(B, o) = hi((—~1)%(B"x: + o). (4.30)

We observe that

dw

(=D)¥ (exp((=1)%w + (=D¥pllBllap) — exp((—1)%w — (=1)%p||B]lu)))
(1+ exp((=1)¥w + (=1)%pl|Bllaz))) (1 + exp((=1)%w — (= 1)%p||B]la)))

exp((=1)*w — (=1)*p|Bllap) (—1)*[exp(2(—1)%p||Blac) — 1]
(1 +exp((=1)%w + (=1)%p|Bllap)) (1 + exp((~1)%w — (=1)%p||Bllar)))

Since for y; = 0,

exp(2(=1)*pl|Bllag)) — 1 > 0,
and for y; =1,

exp(2(=1)¥pl|Bllag)) — 1 <0,

we have that

T > 0,

implying that function h;(w) is strictly increasing in w.
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Furthermore,

he(0) = —(=1)¥ pllBllagy + In ( - exp(H)mpHﬂHd(p)))) -

1+ exp(=(=1)*p|| Bllaep)

Given Eq. (4.30), the fact that h;(w) is strictly increasing in w, and the fact that h;(0) = 0,
we conclude that u'(3, 3), defined in Eq. (4.23), is an optimal solution to Problem (4.29)
and that (AX° Ay°) = R(u'(83, %), u' (B, Bo)) is an optimal solution to Problem (4.24).

(b)If we apply (AX,Ay) = (R(ul(8, o)), u' (B, 5)) to the objective function of (4.24),
we obtain the expression in Eq. (4.26) for the optimal objective. O

Given Theorem 6, Problem (4.21) has a robust counterpart

max Z5(8, Bo)- (4.31)

Function P(|ly — Ay|, X + AX, B3, Bo) is concave in (B, §,) for any AX € 51, Ay € S, (see
Ryan [40], Hosmer [28]). Thus, function

Z3(B, Bo) = min  P(ly — Ay|, X + AX, B, %),

AxeSy,AyeS,

which is equal to the objective function of Problem (4.31), is concave in (3, 3) (see Boyd

[12], p. 81). Problem (4.31) is an unconstrained concave maximization problem.

Since function Z3(3, 3;) depends on u!(3, 3), which in turn depends on the ordering of
(-=1)¥%(BTz; + Bo), 7 € {1,2,...,n}, it is not differentiable at all (3, By) € R™+!. Hence, we
need to calculate left and right derivatives, which is conceptually simple, but notationally
cumbersome, and therefore, we present the details of the calculation in Appendix C.

Since Problem (4.31) is an unconstrained maximization problem with a concave objective
function, it can be solved using the subgradient method. The details of the method are
outlined in Appendix B.3. Note that if p = 0, we have another method to calculate the
robust logistic regression under response variable uncertainty estimate. In this method,
we calculate the objective function of the inner minimization problem in Eq. (4.13), and
apply the subgradient method to find its optimal value, whereas the method in Section 4.3
computes the dual of the inner minimization problem in Eq. (4.13), and then, unifies the

outer with the inner maximization problems.
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4.5 Experimental Results

In this section, we report computational results on the performance of the methods outlined
in Sections 4.2, 4.3 and 4.4 involving both artificial and real data sets. The results were
produced using Matlab 7.0.1, where the algorithms for calculating the robust and the classical

estimates were coded.

4.5.1 Artificial Data Sets

To evaluate the proposed robust estimates, we produced an artificial data set in the following

way:

e A set of 100 points in R? obeying the multivariate normal distribution with mean
[I,O,O]T and covariance matrix —\}—513 was generated, where I3 is the 3 x 3 identity
matrix. The points were associated with y = 1, and added to the data set.

e A set of 100 points in R*® obeying the multivariate normal distribution with mean
[0,1,0]7 and standard deviation —\}—iIg was generated. The points were associated with
y = 0, and added to the data set.

The generated data set was normalized by scaling each one of the vectors containing the
data corresponding to an independent variable to make their 2-norm equal to 1.

The performances of the classical logistic regression and the robust logistic regression under
independent variables uncertainty estimates were measured for various values of p according

to the following procedure:

1. The normalized data set was divided randomly into two groups containing the 50% of

the samples each, the training set and the testing set.

2. A set of 100 random data points in R? following the multivariate normal distribution
with mean 0 and covariance matrix I3 was produced. These data points were scaled

by p and added to the training set data points to contaminate them.
3. The contaminated data were used to produce the estimates to be studied.
4. The prediction success rate in the testing set was recorded for each estimate.

5. The procedure was repeated 30 times and the average performance of each estimate

was recorded.
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Figure 4-1: Success rate of the robust logistic regression under independent variables uncer-
tainty estimate in the testing set.

Figure 4-1 illustrates the results of the experiment. We observe that the robust estimate
is always superior to the classical one. As p increases, the success rate for both estimates
drops, and the difference between the estimates grows.

To evaluate the performance of the robust logistic regression under response variable
uncertainty estimate for various values of I', we followed the same procedure. The contam-
ination of the response variable data was simulated by producing a random permutation of
the 200 samples of the training set and changing the value of the response variable for the
first I' samples in the permutation. Figure 4-2 illustrates the results. The robust estimate
yields a better success rate and its performance drops at a lower rate as I increases.

To evaluate the performance of the globally robust logistic regression estimate for various
values of p and I, we followed the same procedure as for the other robust estimates and
produced contamination of both the independent and response variables in the same way.
Figures 4-3 and 4-4 illustrate the results. For both values of ', the robust estimates have a

higher success rate than the classical one.

4.5.2 Real Data Sets

The following real data sets were used to test the performance of the robust logistic regression
estimates:
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1. “Banks” from N. R. Patel [35]. The independent variables are the ratio of the total

loans and leases over the total assets and the ratio of the total expenses over the total
assets of the bank. The response variable is equal to 1 or 0, according to whether the

bank is financially strong or weak respectively. It consists of 20 samples.

. “WDBC”, the Breast Cancer Wisconsin Diagnostic Data Set, from the UCI Repository

[3]. The data set consists of 569 samples, each one referring to a patient who was
examined for breast cancer. The independent variables are 30, the mean, the standard
deviation and the mean of the 3 largest values for 10 real-valued characteristics of the
cell nucleus. The response variable is 0 or 1, according to whether the person suffers
from the disease or not respectively.

. “Chocs” from SAS Real Data Sets [2], [42]. To produce the data, 10 people were given

8 chocolate bars with varying characteristics. After eating the bars, they were asked to
choose their favorite. The independent variables are DARK, which denotes if it is milk
or dark chocolate, SOFT, which denotes if it has a hard or soft center, and NUTS,
which denotes whether it has nuts. Each person were given a chocolate for each one of
the eight combinations of those 3 variables, and their preference or no preference was
listed. There is a sample for each combination of a person and a chocolate category,
making 8 - 10 = 80 samples totally.



Dataset | n | m
Banks 20 | 2
Breast | 569 | 30
Chocs 80 | 3
Crash 58 | 3
PTSD |948 5

Table 4.1: Sizes of real data sets.

4. “Crash dumies” from SAS Real Data Sets [2], [42]. It provides information for the
calibration of crash dummies in automobile safety tests. There are 3 independent
variables, the acceleration, the velocity, and the designed “age” of the crash dummy.

It consists of 58 samples.

5. “PTSD” from SAS Real Data Sets, [2], [42]. The samples were generated by inter-
viewing 316 people who survived residential fires in the Philadelphia area at 3, 6, and
12 months after the fire. The dependent variable PTSD is coded 1, if the person had
symptoms of post-traumatic stress disorder, and 0, otherwise. The independent vari-
ables are CONTROL, a scale of a person’s perceived control over several areas of life,
PROBLEMS, the total number of problems reported in several areas of life, SEVENT,
the number of stressful events reported since the last interview, COHES, a scale of
family cohesion and TIME, equal to 1, 2, or 3 if the interview is 3, 6 or 12 months
after the fire respectively. There is a sample for each combination of a person and an

interview, making 3 - 316 = 948 samples in total.

The sets were normalized by scaling each one of the vectors containing the data corre-
sponding to an independent variable to make their 2-norm equal to 1. The sizes of the used
data sets can be seen in Table 4.1.

The evaluation procedure for each real data set was the following;:

e The data set was divided in three sets, the training set, consisting of the 50% of the
samples, the validating set, consisting of the 25% of the samples, and the testing set,
consisting of the rest 25% of the samples. We randomly selected 30 different partitions
of the data set.

e For each one of the considered partitions of the data set:

— The classical logistic regression estimate based on the training set was calculated.

— The robust logistic regression under independent variables uncertainty estimates

based on the training set for various values of p were calculated. For each p,
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Data set | Classical | Robust Indep | Robust Resp | Glob Robust
Banks 0.7120 0.7133 0.7667* 0.7133
Breast 0.6182 0.6589* 0.6378 0.6421
Chocs 0.7833 0.8509 0.8502 0.8517*
Crash 0.8098 0.8133 0.8444* 0.8133
PTSD 0.6861 0.6861 0.6987* 0.6861

Table 4.2: Success rate in testing set for real data sets. * denotes the estimate with the best

performance.

the success rate on the validating set was measured, and the p with the highest
performance on the validating set was considered. The success rate that this p
yielded on the testing set was recorded.

— The robust logistic regression under response variable uncertainty estimates based
on the training set for various values of I' were calculated and the same procedure

was followed to determine the I" which was used to calculate the success rate of

this estimate in the testing set.

— The same procedure involving combinations of values of p and I' was used to

determine the success rate of the globally robust logistic regression estimate.

e The success of the estimates under examination were averaged over the partitions of

the data considered.

The results of the evaluation process are summarized in Table 4.2. The robust estimates
have a higher success rate than the classical ones. In three of the data sets, the estimate
that is shielded against errors in the response variable has the highest success rate. The
improvement that the robust estimates yield ranges from 1.84% in the “PTSD” data set to
8.73% in the “Chocs” data set.

4.6 Conclusions

In this chapter, the robust optimization paradigm was applied in producing estimates for
the logistic regression model. Uncertainty sets for the independent variables, the response
variable, and both of them were considered. The robust logistic regression estimates im-

proved the success rate in the out-of-sample prediction compared to the classical one in both

artificial and real data sets.

60




Chapter 5

Robust Maximum Likelihood In
Normally Distributed Data

5.1 Introduction

In Chapter 4, we defined robust estimators for logistic regression. In this chapter, we develop
a robust maximum likelihood estimator for the multivariate normal distribution. We develop
an efficient algorithm to calculate the robust estimator. More specifically, in Section 5.2, we
formally define the estimator, and provide a first order gradient descent method to calculate
it. In Section 5.3, we use computer generated data to show the efficiency of the robust
estimator in providing accurate predictions even in the presence of errors. We test and

compare the nominal and the robust estimator under various circumstances.

5.2 Method

Consider samples x;, ¢ = 1,2,...,n, for which it is known that they follow a multivariate
normal distribution parametrized by its mean g € R™ and its covariance matrix X, a
symmetric positive semidefinite m x m matrix. Multivariate normal distributions arise in
many practical situations, such as in studying large populations. The maximum likelihood
method receives this set of samples and returns estimators i and 3 for parameters p and
3. Let f(p,X;x) be the probability density function for the data:

Fl, S w) = W/%EFE exp (—%(w TS @ — u)) . (5.1)

If the values of the parameters used to generate the samples are g and ¥, and the samples
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x; are independent, the probability density function evaluated at them is H f(p, X5 x;). The
=1
maximum likelihood method returns the values of g and X that maxnmze this density, or

equivalently the logarithm of this density.

Let X be the n X m matrix having sample x; in its i-th row. If we define
(s, B X) = log (H Flp, %5 an)) =max » _log(f(u, %)), (5.2)
i=1 ’ i=1

the maximum likelihood estimates for u and ¥ are the solution to

max ¥(u, X; X). (5.3)
JT >

The solution to Problem (5.3) is proved to be given by

. 1
Hnom = ‘7'1‘ Z i, (54)
i=1
1 n
2nom - E Z—;(wz - ﬂnom)(mi - I}'nom)Tv (55)

see [31).

Maximum likelihood seeks the values of the parameters which maximize the density
evaluated at the observed samples. It is a Bayesian method, assuming no prior knowledge
on the parameters, and thus, concluding that the parameters maximizing the density of
the data have the highest probability to be the true parameters. Following the robust
optimization paradigm, we consider an uncertainty set for the samples and define the robust
normal distribution estimate to be the value of the parameter which maximizes the worst-
case density. In this way, we seek an estimate which is secured against errors residing in the
uncertainty set. Let x;, 2 = 1,2,...,n, be the samples contaminated with errors, and X be
the n X m matrix having the contaminated sample ; in its i-th row. We use the decision
variable Az;, ¢ = 1,2,...,n to model the error of the i-th sample. The n x m matrix AX
has Az; as its ¢-th row. Then, the true value of sample i is x; + Az;. Formally, the robust

normal distribution estimator is the solution to

max AH)](lél P(p, 5 X +AX) = max AIT}}lél Zlog f(p, 3z + Axy)), (5.6)
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where N is given by:

Aa:l

Az
N={AX = _ lAz;|l2 <p, i =1,2,...,m p. (5.7)

[

Az,

Through this uncertainty set, the error for each sample is restricted to be in a ball with
radius p. Notice that there is no correlation among the errors of the samples, which is

reasonable for errors in reality.

We define ¢(u, ¥; X)) to be the worst-case density, which is the objective value of the inner
minimization problem. Formally,

M, X, X) = AIEl(lélN’QD(p,, 3 X+ AX). (5.8)
Knowing how to calculate ¢(p, ; X)) and at least its first derivative at any (u, X) enables
us to compute the robust estimates, using a gradient ascent method.

Consider the inner minimization problem in Eq. (5.6) where uncertainty set A is defined
in Eq. (5.7):

o, B X + AX) = min P(p, %5 X)

nm n
= min -—-—Ilog(27)— =log|X
|lAz;|la<p 2 8(2m) 2 g|2|

n 1 _
+Y —5 (@i + Az; — p) 7N (@, + Az — p). (5.9)

=1

Problem (5.9) has separable objective function and separable constraints in Az;, ¢ =

1,2,...,n. Thus, to solve it, it suffices to solve
1
min —=(x; + Az; — )T Yz, + Az, — 5.10
i 5 p) E(z i~ M) (5.10)
foreachi=1,2,...,n.
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Since the objective function of Problem (5.10) can be written as

1
_E(mi + A(I:i — u)TE_l(m,- + Aa:z - [J,)

1 1
= “§A$?2_1A$i — [ Y& — p)) Az - 5(‘1% - )=z - p),

it is a trust region problem. This is solved via its convex dual, which has 0 duality gap [12].
To express the dual, we introduce some special notation. Consider the spectral decomposition

of matrix X:
%= nga;. (5.11)
i=1

Let 7in be the minimum eigenvalue of X, or, more formally,

Nmin = min {n,} (5.12)
je{1,2,...m}y "

Let H;, be the set of indices corresponding to the minimum eigenvalues of X

Hun={j €{1,2,...,m} | 55 = nuin } - (5.13)
Define
1 . . T
5 ,+oo |, ifforall j € Hyin, (®: — )" q; =0,
Thmin
A = (5.14)
1 )
( ,+oo) , otherwise,
277min
and
I [(: — ) qy)? 2 o U — )Tl [ )
wi(A) = — —Ap° — — = \E ,+oo ), (5.15
( ) ; 2773(2/\711 — 1) ; 2773 277min ( )
1=1,2,...,n,
where

| +oo, if (xi — p)Tq; # 0 and 2Xn; — 1 = 0.

(i—w)Tq)* |0, if (xx—p)Tq=0and 2\ —1=0,
2n;(2An; — 1)
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Using this notation, a dual to Problem (5.10) is

max  w;(A)

5.16
s.t. AE Ai, ( )

see [12]. Problem (5.16) can be solved using a gradient ascent method to obtain the optimal
solution A}.

Since the derivative of the objective function of Problem (5.10) is given by

1
Vae, <—§($i + Az — p)' Sz + A, — M)) = -27Az, - X7 (z; — p),

and the derivative of its constraint is 2Ax;, using the Karush-Kuhn-Tucker conditions [12],

we conclude that any z € R™ that satisfies

~37'z2 - 7Yz — p) + 26z =0, (5.17)
2Tz = p?, (5.18)
k>0 (5.19)

is an optimal solution to Problem (5.10). We will use these conditions to express an optimal

solution to Problem (5.10). To achieve this, we are going to introduce some special notation.
Define

Kip,2)={j€{1,2,...,m} | 2X\n; —=1>0}, :=1,2,...,n, (5.20)
( (z; — pu)Tq; .
e Ki(p, ¥),
1/2
7 (p2 - Z uzz,j) ;] = min ({1,2,,7?1}\}(1(”,2)) ’ ( )
]EK:,(M,E)
L 0, otherwise,

and
m
Ail?:([.l,, Z) = Z Ui jq5, 1= 17 27 ey (522)
j=1
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We can easily verify that Az} (u, X) satisfies the Karush-Kuhn-Tucker conditions (5.17),
(5.18), (5.19), for & = A} and, thus, is an optimal solution to Problem (5.10). Let Az (1, %)
be the j-th element of Az} (u, X) and AX*(pu, X) be the n x m matrix having Az} (pu, X)
in its rows. Since Problem (5.9) is separable in Az;, AX*(pu,X) is an optimal solution to
Problem (5.9).

We have developed a method to calculate ¢(u, 3; X) using

b1, 35 X) = (i, T X + AX* (1, D)), (5.23)

We now show how we can use AX*(p,X) and ¥(p, X; AX) to calculate the derivatives
V,s(é(p, X; X)). We will prove that:

Vus(d(p, %; X)) = Vs (s, 5 X + AX7)), (5.24)

where AX* = AX*(pu,X). Let Az} be the i-th row of AX™ and Az, ; the j-th element of
the i-th row of it.

Using the chain rule of derivation, we have that:

Viuz(d(p, Z; X)) = Vs (s, 3 X + AX(p, 2)))

— 0v(p, 5 X + AX™)
)

= Vs, T X + AX)) + ) Viuz(Az];(p, X))

i=1 j=1 OAzi,
Since A X * is an optimal solution to the inner Problem (5.9), there exist vy, vy, ...,1, > 0,
such that:
o (m, Z(;Aij AXY) L i, = 0.
Thus,

Ves(d(n, 5 X)) = Vs, T X + AX") =Y u Y 2081}, V,s(Az](p, X))

=1 j=1

= V@, T X + AX) =) v Y Vus(Az](p, X))
i=1  j=1
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n

= Vs (1,5 X + AX) = Y _uiVusllAzi(w, D) (1A (4, 2| =4")

i=1

= V,s®(p, ;X + AX")).

In this way, we can calculate the derivatives of ¢(p,3; X) using AX*(u,X) and Eq.
(5.24), and use a gradient ascent method to calculate the robust estimator.

The objective function ¢(u, X; X) in not convex in both g and X, because its second
derivative is not a positive semidefinite matrix. Thus, the solution algorithm converges to
a local minimum. In summary, the algorithm to calculate the robust normal distribution
estimator defined in Eq. (5.6) is:

1. Start with some initial g and .

2. For each i = 1,2,... n, find the optimal solution Az} (x,3) of Problem 5.10, via its
dual Problem (5.16).

3. Use

Azi(p, X)

Axi(p, X

AX(,3) = | AT
Az (p, %)

and Egs. (5.23) and (5.24) to calculate ¢(u, X; X) and its derivative.

4. Update p and X using the descent direction given by the derivative of ¢(u, X; X),

until the norm of the derivative is smaller than some tolerance parameter e.

The convergence of the algorithm is linear, since it is a first order method.
We investigate the possibility of using second order mathods. If we apply the chain rule to
obtain the second derivatives of ¢(u, ¥; X), we obtain:

Vis(@ X)) = Vis(@(p, ;X + AX* (4, X))

= V2 s(¥(p,T; X + AX"))

n m avy ¢”727X+AX* *
#33 FeE TS AR (Ve 2)

i=1 j=1

67



We observe that the second derivative consists of two terms. The first term is the sec-
ond derivative of the objective function of the nominal problem and the second term ac-
counts for the dependance of the worst case error AX™* on g and ¥. The calculation of

V,us(A};(p, X)) complicates the calculation of the second derivatives of ¢(p, X; X).

5.3 Experiments

To evaluate the robust estimator, we conduct experiments using computer generated random
data. We generate samples following a multivariate normal distribution. As our estimators
are designed to deal with errors in the samples, we generate errors following both a normal
and a uniform distribution, and use them to contaminate our samples. First of all, the
worst-case and the average value of the probability density function is calculated for both
the nominal and the robust estimator. Furthermore, the nominal and the robust estimator
are calculated on the true and the contaminated samples and their performance in prediction
is evaluated. Finally, a comparison in the performance between the cases of normally and
uniformly distributed errors is conducted.

More specifically, the following process is followed in conducting the experiments. A
number of n = 400 samples in R?* following the multivariate normal distribution with some
random mean and some random covariance matrix is generated randomly. Let X" be the
400 x 4 matrix having the samples in its rows, and ™, i = 1,2,...,400, be the samples.

"™ are the true samples, which are not affected by any errors.

Also, we generate errors for the samples in the following way. AX;, k=1,2,...,40,isa
400 x 4 matrix containing errors corresponding to the samples in the 400 x 4 matrix X. The
errors in A X, follow the normal distribution with mean 0 and covariance matrix I, where
0 is the zero vector in R* and I, is the 4 x 4 identity matrix. The reason we use normally

distributed errors is that most real errors are closely related to this distribution.

We are going to evaluate the performance of the estimators using the worst-case and
average value of the probability density, as well as their distance from the value of the
nominal estimator on the true data. Initially, we are going to use the normally distributed
errors. In the end, we are going to compare the results with the case that we have uniformly
distributed errors.

The experimental section is organized as follows. In Section 5.3.1, we evaluate the esti-
mators based on the worst-case and average value of the probability density. In Section 5.3.2,
we evaluate the estimators based on their distance from the nominal estimator on the true

data. In Section 5.3.3, we compare to the case that we have uniformly distributed errors.
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5.3.1 Worst-Case and Average Probability Density

As defined in Eq. (5.6), the robust estimator maximizes the worst-case density evaluated on
the observed samples. Therefore, in order to check the efficiency of the estimator, we are
going to check the worst-case and the average value of the probability density, as we add
properly scaled errors from the set denoted by A X to the true values of the data.

In particular, we calculate the robust maximum likelihood estimate fiop (X, p), Srob
(X', p), on the true data X', for the values of p varying between 0 and 3 with a step of
0.1. For p = 0, we have the nominal estimates finom(X""®), ﬁlnom(X trie) - To calculate the
nominal estimates, we use Egs. (5.4) and (5.5). To calculate the robust estimates, we use
a first order gradient descent method with initial point the robust estimate for the previous

value of p, in the considered p sequence.

For each estimate fi, 3 that we calculate, we compute the probability density of the
observed samples ([, 3 X L apAX,y), k=1,2,...,40, where p is the same parameter
as the one used to compute the robust estimate. We record the worst-case value, as well
as the average value over the set of errors indexed by k. We consider the cases a = 0.5,
a = 1.0, and a = 1.5.

Figure 5-1 shows the results. As we observe, for small values of p, the nominal and the
robust estimator depict almost the same performance. As p grows, the difference between
them increases, with the robust always showing a better performance than the nominal. This
is true for both the worst-case and the average value of the probability density. It can be
explained by the observation that for larger errors, the robust has an advantage, because
it always considers the worst-case. The superiority of the robust is detected for values of p
greater than or equal to 1. The robust is better than the nominal up to a factor of 10%. As

« increases, both nominal and robust performances deteriorate at a higher rate.

Y(ilp), £(p), X + apAX) normalized
¥(i(p), £(p), X + apAX) normalized

-10}| = = = Nominal| N ~10}| = = = Nominal
—— Robust —— Robust

0 05 1 15 2 25 3 0 05 1 1.5 2 25 3

3 p
Figure 5-1: Worst-case (left) and average (right) value of v, normal errors
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5.3.2 Distance From the Nominal Estimator

The purpose of defining the robust estimator is to be able to deal with errors. Thus, to
evaluate its perfomance, we compute both the nominal and the robust estimator on con-
taminated data having errors of various magnitudes. Then, we compare it to the nominal
estimator computed on the true data, which is the estimator we would get if there were no

€ITorS.

More specifically, we compute the robust maximum likelihood estimators fi,on(X ™™ +
A Xy, p), ﬁ)rob(X trie 1 §A Xy, p) on the contaminated data X' + §A X}, for the sets of
errors k = 1,2,...,40, for the values of ¢ ranging between 0 and 1 with a step of 0.05, and
for the values of p ranging between 0 and 3 with a step of 0.1. For p = 0, we have the

~

nominal estimators finom (X ™ + 6AX}), Xonom (X + A X}).

For each estimate that we computed, we calculate its distance from the nominal estimate
on the true data

tzob( X" + SA X, p) = ftnom (X ™)
and

”z’\]mb()(tme + 6AXk') ,0) - gnom(xtrue)”frm

Note that || A||go is the Frobenius norm of an n x m matrix A defined by

Al =

where A, ; is the (¢, 7)-element of matrix A. We average the calculated distances over the
error sets k, k = 1,2,...,40. We use the Frobenius norm because it takes into consideration

the differences of the variances of the variables, as well as their cross-correlation terms.

Figure 5-2 shows the results. The performance of the nominal estimator is the one
showed for p = 0. In all cases, for an interval of p starting from 0, the robust shows an
almost stable performance, equal to the nominal one. As p grows, the performance of the
robust improves compared to the nominal one up to some point. There is an interval of p,
where the robust is up to 15% better than the nominal. Then, the performance of the robust
deteriorates significantly. This can be expected, because, in this interval, p is big compared
to the magnitudes of the errors that are added to the true samples and the robust estimator

becomes very conservative.
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The area where the robust outperforms the nominal depends on ¢, the size of the errors.
As ¢4 increases, the interval where the robust shows increased performace moves to the right.
This is explained by the fact that the robust estimator is secured against errors with norm
up to some p, and thus, it cannot deal with higher errors. The errors in p and ¥ estimation

show the same qualitative patterns, as we would expect.
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Figure 5-2: Error in p (left) and ¥ (right), normal errors

5.3.3 Comparison of the Error Distributions

To check the dependance of our observations on the distribution that the errors follow,
we conduct the same experiments using uniformly distributed errors. Now, AXy, k£ =
1,2,...,40, is a 400 x 4 matrix, where each of its rows follows the uniform distribution in
the ball with radius 1. The uniform distribution is also closely related to real errors.

In Figure 5-3, we can see the performances of the nominal and the robust estimators in the
case of uniformly distributed errors. The same patterns, as in the case of the normally dis-
tributed errors, apply. However, by comparing Figure 5-3 to the respective one for normally
distributed errors Figure 5-2, we observe that for the same §, the region where the robust
is superior is moved to the left. This is explained by the fact that the uniform distribution
has its samples concentrated in the ball with radius ¢, whereas the normal distribution can

have samples outside of this region.

5.4 Conclusions

In this chapter, we defined a robust maximum likelihood estimator in normally distributed

data to deal with errors in the observed samples, based on the robust optimization principles.
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Figure 5-3: Error in p (left) and X (right), uniform errors

We developed an algorithm to efficiently calculate the robust estimator. We conducted
extensive experiments to compare the performance of the robust estimator to their respective
nominal one, which confirmed that the robust estimator, when correctly tuned, can be

resistent to errors.
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Appendix A

Algebraic Propositions

We define function f(z,p) € R™, & € R™, p > 1, which is used in vector calculations, and

prove some propositions on the matrix norms which are considered in the uncertainty sets.

A.1 Properties of function f(z,p)

Definition 5. Function f(x,p) € R™, where € € R™, and p > 1, is defined by

p—1
sgn(z;) ( 2] ) , ifx#0,

|z ||
0, ifx =0,

[f(z,p); = j=12,...,m, (A1)

where function sgn(z), x € R, is defined by

1, ifz>0,
sen(v) = ~1, ifz<0

Function f(z,p) has some interesting properties.

Proposition 1. For any x € R™ and p > 1:

(@) [f(z,p)]"z = [zl
(b) | f(z,p)|la) = 1, where d(p) is defined in Eq. (4.3), i.e. || ®|lap) is the dual norm of

e llp-

Proof.
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(a) For ¢ # 0:

Fp)fe = ngn m»(“ ”p)

~ -1Z|Jl (sen(a;)a; = Iz;])

I
= et -
P

Note that for ¢ = 0, [f(z,p)]Tx = 0 = ||z||,. Also, note that if p = oo,

1 [ 1, if j = argmax(fay, ),
( |z;] ) _ j

J1
lll, 0, if j # argmax(|z;,|),
J1

and if p =1,

(b) We observe that:

m 1/d(p)
1F (@, P)llagy = (Z nf(w,pn,wd(f’))

mo » 1/d(p) Lo 1/d(p)
; = 17 =1
(Z n:cnp) (nmnz 2l )

A.2 Propositions on matrix norms
The following proposition connects the norm || e || ), with the p-Frobenius norm ||  ||,—r.

Proposition 2. For any n x m matriz A,

lAlla)p < [|Allp-r,
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where d(p) is defined in Eq. (4.8).

Proof.

For some € R™ with ||z||4p) = 1,

n 1/p
| Alla)» = l|Az|, = (Z IAiwI”) ;
i=1

where A; is row 7 of matrix A.

Using Holder’s inequality,
|Aiz| < || Aillpllzllag) = [ Asll,-

Thus,

n 1/p n m 1/p
||AHd(p),pS(Z||Az'H§> =(ZZ|AM|”) = [|Allp-~-

i=1 i=1 j=1

d

Norms || ® ||;p» and || ® ||, can be expressed through the product of norms of vectors for

special kinds of matrices, as the following propositions state.
Proposition 3. For u; € R*, uy € R™, p,q > 1,
lurugllep = lluallplluzllg)-

Proof.

Since for any & € R™,
lwrugzll, = ||(ujz)wll, = [ugzlflull,,
we have that:
lwius llgp = max wugzl, = max (juzz|lully) = llull, max [uzz|.
lllg=1 llllq=1 lellg=1
Using Holder’s inequality,
luzz| = [zTus| < Nl2llgllusllag,
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and for any € R™ with ||z||, =1,
luj x| < ||luslla)-
We have that:

luj f (w2, d(q))] = | f(uz, d(q)) uz| = [Jualla)-

Thus,
T
max |uy x| = ||uzllag),
llellg=1
and
llwrwg llgp = llwallp [max, [ug x| = [Jur ||l wallag)-
o

Proposition 4. For u; € R?, us e R, p > 1,

lwrweg llp-r = [l [lplluszlp-

Proof.
We have that:

n

m 1/p
llwrug |lp-r = (Z > lux,z‘uz,ﬂp)

i=1 j=1

n 1/1’ m 1/1’
= (Z |uu|”> (Z |u2,j|P> = [fuaa [l aea -
i=1 j=1
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Appendix B

Robust Logistic Regression

Algorithms

B.1 Robust logistic regression under independent vari-

ables uncertainty solution algorithm

At any (83,00) € R™! with 3 # 0, the subdifferential of Z; contains VZ,(8,5). At
any (8,00) € R™! with 8 = 0, the subdifferential of Z;(8,3) contains any vector

- aZl + 821 -
m+l o ey Sm), <55 < ’
(s,50) € R™! s (31,8;,2 ,Sm), in the box defined by (8ﬁj> > 5 = (3@,)
e {12, .. d so= ==
J € {17 ’ ’m} and so 8/80

Let €; be a convergence parameter. The subgradient method used to find the optimal solution
of Problem (4.11) is (see Shor [45]):

1. Initiate (3, B) := (0,0).

2. If there exists a vector (s, so) in the subdifferential of Z;(3, B) such that [|(s, so)|leo <

€1, then, terminate.

3. Determine a descent direction (s, sg), $ = (51,82, ..,Sm), in the following way:
e fB3#0,
07,
=22 12 om.
s; 5, J m
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o If 3=0,

L((0Z\ |, (0Z:\") .
85 = 2((8@) +<8ﬂj) ),]—1,2,...,m.
07
9o

4. Apply the Armijo rule on direction (s, so) to update (3, 5y) (see Bertsekas [7], p. 29).

.SOZ

5. Go to Step 2.

B.2 Robust logistic regression under response variable

uncertainty solution algorithm

The interior point method for solving Problem (4.20) involves the solution of the uncon-

strained problem

H(P, qaﬂ’ﬁO)a (B]-)

where

H(p,q,B,B) = Z2(p.q,8,50) + Zln —p— g + (=1)* (8" + 5))

—+— ln (—p) Zln( &), (B.2)

for various values of t > 0, through the Newton method.

Let €2 be a convergence parameter and u a running parameter. The interior point algorithm
used to find the optimal solution of Problem (4.20) is (see Bertsekas [7], Boyd [12]):

1. Initiate (p7 Q)ﬁ)ﬂO) = (—15 —1;070)a t:=
2. Calculate

(Apa A(L A:Ba AﬁO) = —(V2H(p7 q, ﬂv 60))_1VH(p7 q, :87 /80)

3. If “VH(paqa/ByﬁO)“oo < €3, g0 to Step 6.
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4. Apply the Armijo rule on direction (Ap, Aq, AB, Afy) to update (p, q, 3, Bo) (see
Bertsekas [7], p. 29).

5. Go to Step 2.

2
6. If ZL———I:T—-I_ < €9, terminate.
7. t:=p-t.

8. Go to Step 2.

B.3 Globally robust logistic regression solution algo-

rithm

At any (83, 3y) € R™*!, the subdifferential of Z3(83, 3;) contains any vector (s, sy) € R™+1
Zs\ " Z3\~
s = (81, 82,...,8m), in the box defined by (8—3) <s; < (8 3) ,7€{L,2,...,m}, and

N op;) aB;
323 (9Z3 -
(-37) = %= (W) |

Let €5 be a convergence parameter. The subgradient method used to find the optimal solution
of Problem (4.31) is (see Shor [45]):

1. Initiate (3, Bp) := (0,0).

2. If there exists a vector (s, sg) in the subdifferential of Z3(3, o) such that ||(s, so) |l <

€3, then, terminate.

3. Determine a descent direction (s, sp), § = (51,82, .., ), in the following way:

1 (8zs\" | (9Z:\T\ .
'Sf—5<(a—ﬁz) ~(5) )’J“”"“’""'
® S —-l <%>—+ % ¥
2\ \ 95 ) )
4. Apply the Armijo rule on direction (s, so) to update (3, Bo) (see Bertsekas [7], p. 29).

5. Go to Step 2.
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Appendix C

The partial derivatives of Z1(3, 5;) and
Z3(8, Bo)

In this section of the Appendix, we describe the way to calculate the partial derivatives
of functions Z,(8, fo) and Zs3(B, fo), that return the optimal objective values of the inner

minimization problems in robust logistic regression.

Define:

9B + Bo + (—1)¥plIBllaep)] ) T

Di(y,x,p,p, B, 60) = ( 98;
J

z; + (=1)%pf(B,p), B#0, j>1,
=4 z; F(=1)¥ B8=0,j2>1,
1’ ]: 07

7j20,ye{0,1},zeR™, p>0,p>1,8€R™, 5 eR.

USing D;F(yv Z,p, D, IBa /80)) We exXpress

07\ 7T
()
- (=D exp((1 — 3:)(B7: + Bo + (= 1)%7||Bllaw)))

= D:F L B hH My ’
> DF(yi, i, p,p, B, o) 1+ exp(BTz; + fo + (=1)¥p||Blla))

i=1

j€{1,2,...,m}.

To calculate the partial derivatives of Z3(3, 3), we need to introduce some special nota-
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tion. Consider vector a = (ay,as, ..., a,).

Definition 6. O(a) is the set of permutations of {1,2,...,n}, such that if iy preceeds iy in
the permutation, then, a;, < a;,.

We observe that O(a) contains all the permutations of the members of {1,2,...,n}, such

that as the index ¢ of the permutation increases, the value a; stays the same or increases.
Definition 7.

m(a) = {i€{1,2,...,n} | a; <0}.
Definition 8.

no(a) = {z €{1,2,...,n} | a; < 0}.

Recall that S(a) is the set of optimal basic feasible solutions to problem

min i a;T;
i=1

Lemma 7. S(a) is the set of length n binary sequences v, such that there exists a permutation
o € O(a), and iy, min(ny(a), ') <4 < min(ne(a), '), with v,, =1, for ¢ <4, and v,, =0,
for v > 1.

Proof. Consider the following algorithm that returns a set of length n binary sequences:
1. T:=0.

2. For each 0 € O(a) and for iy = min(ny(a),I’), min(n(a),I’) + 1,..., min(ne(a), ),
construct binary sequence v, such that v, =1, for ¢ <4y, and v,, = 0, for ¢ > 4;. Add
vtoset T.

3. Return T

It is obvious that T contains the optimal basic feasible solutions of Problem (C.1) and that
T = S(a). O
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Using the same principles, we now define another set of length n binary sequences that
takes into consideration the ordering according to length n vectors @ and b = (by, bs, ..., b,).
This is a hierarchical ordering. In the case that a; and a;, are equal, their ordering is

determined by the relation between b;, and b;,.

Definition 9. O(a, b) is the set of permutations of {1,2,...,n}, such that if i, preceeds iy

in the permutation, then, either a;, < a;, holds, or a;; = a;, and b;; < b, both hold.

Definition 10.

m(a,b) ={i€{1,2,...,n} | a; <Oor (3 =0and b; < 0)}.
Definition 11.

no(a,b) = {i € {1,2,...,n} | @i <0or (3 =0and b; <0)}.

Definition 12. S(a,b) is the set of length n binary sequences v, such that there exists a
permutation o € O(a,b), and i;, min(ni(a,b),T’) < i; < min(ng(a, b),T’), with v,, = 1, for

i <1y, and v,, =0, fori > ;.

Let
ns(a,b) = |S(a,b)],

and s%a,b), ¢ = 1,2,...,ng(a,b), be the binary sequence which is placed at position ¢ if
we order the binary sequences of set S(a, b) according to relation “<j”, i.e.,

s'(a, b) <pex 82(a,b) <jex - - - <tex 8"5(*Y(a, b),

where relation “<j.” is defined in Definition 4.
We also define functions WH¥(83, Bo), nlif (8, ), w?¥(B,5), ¢ = 1,2,...,755(B, Bo),
(ﬂ;ﬁO) € Rm+1’ as

WiH(B,6) = S(a,b),
n{ﬁ(ﬂ)ﬁo) = nS(a’b)’
wF(B,0) = s%a,b), ¢=1,2,...,n) (a,b),

where a = (a1, az,...,a,), b= (b1, ba,...,by,),

a; = (-1)%(BTx; + Bo), i=1,2,...,n,
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and

4,99 f>17 . .
bi_—_x(—l)y"{ T’J ;f;:O ,1=12....n, 7=1,2,...,m.

It is obvious that

Wj’q:(ﬁ>ﬁ0) g U(IBHBO)7 ] = 1727"' U

because WHF(3, 3y) is produced using a “stricter” ordering than the one used to produce

U(B, Bo).

Definition 13. d»~ € R™*! is the vector having —1 at the coordinate corresponding to B;
and 0 at all other coordinates, j = 1,2,...,m. d»* € R™! is the vector having 1 at the
coordinate corresponding to B; and 0 at all other coordinates, j = 1,2,...,m. dj@’jF s the

component of d>~ corresponding to 3 and djﬁf is the component of d?F corresponding to (3.

The following theorem is used to calculate the partial derivatives of Z3(3, 5y) with respect
to any member of 3 and [,.

Theorem 8. For any (3, By) € R™! and any direction d’F, there exists an € > 0 such that
forany 0 <t <e,

Zy((B, Bo) + ) = 3 [l = wlI (B, Bo)| (BTwi + i + (1) T @) )

i=1

1,5,F

—In(1+ exp(BTa; + fy + (=1) TR B 1) |

Proof. Let
ai(t) = (~1)%((B + tdg™) x, + (o + tdfT )],
and
bi:q:(—l)y"{ T 2L o
1, ifj=0,
Since

W7¥(8, Bo) C U(B, Bo),
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we conclude that

n

Z5(B,Bo) = 3 |lvi = W} (B, Bo)] (BT + o+ (1" TEMp]|B] )

i=1
~In(1+exp(B7a: + fo + (= 1) T OB )|
It is obvious that there exists an € > 0 that preserves the ordering of i € {1,2,...,n},
according to a;, i.e. if a;, (0) < a;,(0), then, a;,(t) < a;,(t). We observe that:
_ Oay(t)

b=~ i=12..n.

Thus, if a;,(0) = a;,(0), the ordering of a;,(t) and a;,(t) is the same as the ordering of by,
and b;,, for 0 < t < e. This implies, that

WF (B, Bo) C U((B, Bo) + td¥),

which completes the proof. O
The following is a direct corollary from Theorem 8.

Corollary 9. The partial derivatives of Z3(3, Bo) are:

023\ _ F Lj,F
(5?) :ZDJ (lyi_wi” (B?IBO)lvmiap:pthBO)

i=1

(_1)1 = |y — w; (8, Bo)l

exp((1 — |y; — W F(B, Bo)|)(BT; + Bo + (= 1) 7B || B]| 4))
L+ exp(BTa; -+ fo + (1) " @M p] Bl

je{L,2,...,m}
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