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ABSTRACT

A detailed study of the flow regimes and internal tempera-
ture structure at 16 points in the convecting fluid in a
rotating annulus of liquid with a gap width of 15.28 cm. has
been made, The results have been analyzed with respect to the
position of the regimes of flow on a er versus TT; diagram and
the internal parameters of the fluid determined from the
temperature structure. The primary emphasis of the study was
placed on the temperature structure of the regular wave regime.

The results indicate that the value of TTJZ at the
transition from the symmetric flow to the regular wave regime
1s 3.746 * 0.360 for 2.750 x 107 < Ti ¢ & 9.721 x 107. The
value of ffrzi has a slight tendency to increase with increasing
?T;. The vacillating flow did not occur until'Trs was greater
than 1.737 x 109, and the irregular flow did not occur until
.TT; was greater than 7.259 x 107,

The vertical stability of the fluid increases with
increasing rotation rate in the symmetric regime and remains
almost constant within the wave regime. The value of the gady
number exceeds the critical value for the observed wave number
at several experimental points in the wave regime and always at
the transition between the symmetric regime and the wave regime.
The observed value of the wave number is seldom the wave number
with the theoretical maximum growth rate as determined from
Eadyt's theory.

The radial available potential energy of the fluid

increases with increasing rotation rate in the symmetric,



vacillating and irregular regimes, This value decreases with
increasing rotation rate in the wave regime,while the value of
the zonal avallable potential energy increases. The total
avallable potential energy increases with increasing rotation
rate in the symmetric, vacillating and irregular regimes,while
it i1s almost constant within the wave regime.

The maximum wave amplitude in the regular wave regime
generally occurs 1in the upper half of the fluid,while the
maximum amplitude of the disturbance in the vacillating and
irregular regime 1s more likely to occur in the lower half of
the fluid. The radially averaged phase of the regular waves in
the upper half of the fluid leads that in the lower half, and
the vertical difference in phase tends to decrease with increasing
rotation rate. The phase period of the disturbance increases
in the wave regime and increases more rapidly in the vacillating
regime with increasing rotation rate. The periods of the
disturbance in the irregular regime are more characteristic of
that in the wave regime than in the vacillating regime except
that the disturbance has at least two distinct and significant

components,
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) CHAPTER I
INTRODUCTION

The annulus experiments deal with the study of the thermal
convection occurring in a fluid in the annular region between
two concentric uniformly rotating cylinders which are maintained
at different but constant temperatures. The resulting flow
exhibits at least four distinct patterns whose presence depends
on the rotation rate of the apparatus and the impressed tempera-
ture difference. These flow patterns are indicated in Figure 1.
The flow is axisymmetric for low impressed temperature differences
and/or low rotation rates. At higher rotation rates a regular
wave pattern appears in the form of a jet with a large cross
stream temperature gradieﬁt which progresses from the inner to
the outer cylinder with a wave number,m. The wave number tends
té increase with increasing rotation rate, Vacillation appears
at higher rotation rates as a quasi-periodic oscillation in
either the wave amplitude or wave shape. At even higher rotation
rates the flow appears to be nonperiodic or irregular.

Previous experimental and theoretical results have indicated
that the regular wave regime is probably due to the baroclinic |
instability of the basic axisymmetric flow. This type of
instability was first discussed in relation to the long waves
and cyclones in the atmosphere and the production of the kinetic
energy of the atmospheric motions, Charney (1948) and Eady
(1949). Recently, Schulman (1967) has discussed the problem of
baroclinic instability in the mid ocean circulation. Consequently,

a quantitative study of the interior structure of the less



complex laboratory experiment could lead to some valuable insight
into the nature of these processes in the oceans and the atmos-
rhere. This paper presents the results of temperature measure-
ments at 16 positions within the convecting fluid of the annulus.

The experimental apparatus, shown schematically in Figure
2, conslists of two concentric cylinders of radius a, and b which
are maintained at the temperatures Ta and Tb, respectively. The
annular region thus formed is filled to a depth,d,with a fluid of density,
6_’,‘ kinetic viscosity,v; and thermal conductivity)(. The apparatus
is mounted on a turntable with a variable but steady rotation
rat%JL. A complete 1list of the experimental parameters which
define the convecting fluid are listed in Tables Iwoawnd Lo,

Fowlis and Hide (1966) have reported results from their own
and previous experiments which indicate that the transition from
éhe axisymmetric flow to the regular wave regime is best
characterized by a plot of 77; s, Tl -where

Ty= 8 29/ E (6-a)* 1.1
T = 42 o-af/ 3™ g 1.2

rove

oy en AC=0(TY-C(TYTOT Te?» Ta and ~ indicates the average
value; The position of the various regimes can then be plotted
as in Figure 3. Since the present study is more concerned with
the interior structure of the fluid than with the position of
the general transition curves, it was found convenient to intro-
duce a different set of nondimensional parameters., These are

the Grashof number:

G= 9A€ (Lr“CQB/Ce' j}a’ 1.3
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and the Ekman number based on the horizontal length scale or
an inverse taylor number; |
E = (- /;z\ﬁ,(b-éﬂz) ( d/(b“a)) £t

14
This cholce of parameters has the advantage 1n that for fixed
values of[lT:T;-Ta',,the variation of E with respect to a change
in rotation rate is pafallel‘to lines of constant G, The
disadvantage‘is.that the position of the flow regimes will not
necessarlily be independent of the other parameters: of the ex-
periment as in the 7777vsai'fzg~diagram., The data in this:
paper will generally be presented in terms of G%'and otk

The following parameters determined by the internal structure

of the flow will also be used in this presentation. A non-
dimensional measure of the vertical temperature difference is

given by Czdmherc;

C)'% = 2T
9T AT 1.5
In a similar manner, the nondimensional radial - . = temperature
gradient Cy?,ist
I > ~
Ov = Sy “aT 1.6

where the over bar indicates a volume average of the quantity
over the fluid vclume not contained within the boundary layerss
Using these values,. a Rossby number using the thermal wind

equation for a horlzontal velocity scale, can be written as
‘ 2,
Ro =(a oF AT/ ad) W)

where ci\is the coefficient of thermal expansion,’
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The Eady number or the ratio of the square of the Vaisalla Brunt
- frequency to the square of the inertial period times an aspect

ratio 1s; -

B=(Qa v oty d) (@ /e-a") 1.8

The main distinction between this work and the previous
experimental work is that the experiment was performed on an
" annulus with a much larger gap widthJ(b-a))than used previously.
This means that the viscous boundary layers in the apparatus
are much thinner in relation to (b-a))and‘consequently,the
~viscous effects should be less. The‘second distinection is that
simultaneous temperature measurements have been made at 16
different points in the fluid throughout the range of the
A experiment., The position of the experimental points are plotted
ié a T} versus 1] 5 diagram in Figure I and in a plot of GZ versus
E;l in Figure 5. The range of the experiment covers 0.4662 x
1oh£ G%é°-9765 x 104 and 0.0 < E'1_<_ 0.9319 x 105, corresponding
to 2.38 £ AT ¢ 9.86 ©C and 0.0 & s1£1.846 sec™l, |

The results have been analyzed with respect to the tran-
sition 1lines at the large wvalues of 77;5 the mean temperature
structure of the flow, the amplitude and position of the wave
disturbance, the frequency content of the disturbance and the
cospectrum amplitude, coherence and phase of the disturbance.
These results indicate that:

1. The mean value of 77; at the transition between the

syrmetric flow and the_vregular wave regime_is TT 4T = 3,746

+°0.360 for 2.750 x 107 215 £ 9.721 x 10(, The value of

TT 4% has a slight but not significant tendency to increase

with increasing TIg

2. The vacillating flow did not occur in this range of
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Ty until 5> 1,737 x 109, The irregular flow did not
ocdur under these conditions until Mg > 7.259 x 109,

3 The nondimensional vertical temperature gradient, % ,
increases to a maximum value in the symmetric regime just
at the transitlon to the regular wave reglme. The value of
* 0% 1s elther constant, or it decreases slightly with
increasing E-1 in the wave regime,
4, The value of the Eady number as defined above exceeds
the maximum critical vslue for instability of the wave number
occuring at the transition between the symmetric regime
to the regular wave regime and also at a few selected points
within the wave regime., The observed value of the wave
number 1s seldom the wave number with the thecretical
maximum rate of growth as determined from Eady's theory.

5. The total avallable potentlal energy per unit volume
of the fluld increases rapldly with increasing E-1 in the
symmetric flow, This value drops discontinuously at the
transition between the symmetric regime and the regular
wave regime, It has a sllight tendency to decrease within
the wave regime with increasing E~!., It increases again
wlth increasing ! in the vacillating and irregular re-
gimes., The radlal available potentlial energy per unit
volume behaves in the same way except within the wave
regime, where it decreases with increasing E°1, The zonal
avallable potentlal energy per unit volume increases with
increasing E-1 in the regular wave, vacillating, and
irregular regimes,

6. The position of the wave1disturbance occurs near the
upper surface of the fluld near the cold wall at a point

in the wave regime just beyond the transition from the
symmetric flow. This disturbance broadens and progresses
deeper into the fluid as E-! increases in this regime, For
the vaclllating and irregular regime polnts, the dlsturbance
is significantly more concentrated in the lower half of the
fl\.Iido

Te The radially averaged phase of the wave with respect to
the radially averaged phase at the mid depth of the fluid
leads Iin the upper half of the annulus and lags in the lower
half, The maximum phase lead of lag occurs at the mid
reglon of the respective layers. The vertical variation of
the radially averaged phase tends to decrease with lncreasing
E-! in the wave regime,

8. The phase period of the waves with respvect to the
rotating annu}us tends to increase in the wave regime with
increasing E The period of the vaclillation cycle increases
rapidly with increasing E-i, The periods of oscillation in
the irregular flow are more characteristic of that in the
regular wave regime., However, the oscillations are much

less coherent,. and there is an indication that there are at
lzast two disturbances with slightly different frequencies,

1< The amplltude and phase of the wave as used in this text
always refers to the amplitude and phase of the temperature
wave in the convecting fluid
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A major portion of the work involved in the presentation
was the design of modifications to and consequent construction
of the large 42 inch rotating annulus in the Rotating Fluid
Dynamlics Laboratory. This paper presents a synopsis of previous
experimental, numerical and theoretical work related to the
annuluse The synopsis leads to a description of the apparatus
and the experimental procedure followed by a presentation and
‘interpretation of the results, The repbrt is concluded with a
summary of the results and some suggestions for future work.
This work 1s supplemented by two appendices, the first describes
the apparatus in greater detall than presented in the main text,
and the second describes the methods of calculations employed

in obtaining the results,



Figurs 1.

Figure 2.

Figure 3.

Figure l4.

Figure 5.

Surface patterns of the convective flow in the
annulus. Reproduced and quoted with permission

A~ (7000

of Prof. R, Hlde P i and TiiAr (19000,

'(,‘- .

Schematic of basic apparatus ¢ . @ Lus
Reproduced with permission of Prof R Hide from

Fowlis and Hide (1965).

% versus ”T% plot of previous experimental
points M"illustrating the positions of the upper
symmetrical (A), steady waves (B), irregular (C)
nd lower symmetrical (D) flow regimes in a
%cal r gime diagram. g d ba /e)/
b-a) ) and T} (% a) % (see Table
aJ. The hedvy fuli lines are drawn through the
middle of the transition regions; the length of
the bar on each experimental point indicates the
width of the region, and the number(s) indicate(s)
the wave number(s) at the transition. Along each
of the heavy broken lines, the indicated wave
number occurred with maximum frequency. Each of

‘the diagonal full lines sloping from upper left to

lower right corresponds to a constant value of

AT = Tp-Tg. Experimental_details:—a = 3.48 cm,

b - 6 82 cm, d = 10 0 emy, T =20.00, - =1,01 X
sec™ = 0.998 gm em™”; liquid used--

water' upper surface-- ree. 111 = O. %35, TT2 =
3%, 1 4.82 X 1074 to 1.49°X 107%, T 7.19,
T T 212k 185"y 1648, g =18 x

106 to 3.&6 X 108." Reproduced and quoted with
permission of Prof. R. Hide from Fowlis and Hide

(1965).
versus T‘S plot of the experimental points for
th&s study.

G% versus E-1 plot of the experimental points for
this study.



FIGURE
ILLUSTRATING FLOW REGIME CHANGES AS THE EFFECT OF ROTATION INCREASES

(a) and (b) - symmetrical; (c),(d),(e),(f) - steady waves; (g) - vacillation; (h)-irregular
(After R.Hide, PhD.dissertation, 1953, Cambridge; also 1958,lPhiIos.Trans. Royal Soc.

Lond. 250 A, 441-478).



O
gt
N 4

P(r,8,2)

-
d
J[ z=0

T & T

- e — —_ —— ——— >\ tn— a— — arwn o]

e s s - - —  — v — a—— — — — ]

P - General point having cylindrical polar
coordinates (r,8,z) in frame rotating
with the apparatus

£l =(0,0,Q) - rotation vector
| g =(0,0,-g)- acceleration of gravity

b,a,d - fluid occupies region
- 2 2 2, 2
ar<b, 0Cz<d [1+Q (r“-1/2(b+a") /2gd]~d

T(r,6,z,t) - temperature at general point P and time t

Ta»Tp - T(a,8,z,t); T(b,8,2,t) respectively

FIGURE 2 SCHEMATIC DIAGRAM ILLUSTRATING ROTATING
FLUID ANNULUS
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TABIE I a~

Specification of System

Definition of Symbols

Sngol Units Definition

(1) (r, &, 2) em, rad, cm cylindrical polar coor-
: dinates of general point
P (see Figure Q)

(2) t sec time

(3) g = (0, 0, -g) em sec™2 acceleration of gravéty;
taken as 980 cm sec”
(L)A= (0, O, N) rad sec'l uniform angular velocity
of rotation of apparatus
(5) a, b cm, cm aé& r4b is horizontal
extent of ligquid in
convection chamber
(6) d cm voluge of liquigd 1is
! (b€ - a2)d cm3; iue
lagons) ho Wisure 1
(1) T =1r, & z, t) ©°C or %K temperature at point P
and time ¢
(8) ('>= P (T) gm cm“3 density of liquid at
, temperature T
(9) 77 ='v (1) . gm em™t sec~l coefficient of viscosity
of liquid (usually
strongly dependent on T)
(10) ¥V =V (1) em? sec™! kinematic viscosity, 7 /p
(11) ¢ = ¢(7T) erg gm'l (Co)"1 specific heat of liquid
(depends only weakly on T)
- - -1
(12) X = X(T) erg cm 1 sec™1(c0) thermal conductivity of
: liquid (depends weakly
on T)
(13).)2 = X(T) cm® sec™t thermometric conductivity

(L) T o4, T 4 ¢ or °K fr=4a,8, z; t),



Szgpol Units Definition

(14) Cont. T(r =b,0 , z, t); each
held substantially uniform
and constant in typical

experiment
(15) T . % or %K 3T 4+ T p)
o . :
(16) AT C , (7 =T ,)
(17) bHe gn cm C(T &) - &(T )
(18) @ gn om™> (@ +emy e
(19) P em? sec=1 [V o+ vz
(20) K em? sec'l ZK(T o) T K(T b)J/Z
(21) ¢ erg gm'l (¢®)"1 ic(T a) + ¢(T b)]/Z
2 -1
(22) AV em® sec y(r ) - U(T )
(23) bK em?® sec™! K(T ) - K(T p)
(24) De erg gn™1 (¢°)t e(T ;) = o(T p)
625)'x.1 erg em™ L sec™l (c%)=1 thermal conductivity of
' inner cylinder
(26) %o erg em~ ! sect (¢o)~1 thermal conductivity of
outer cylinder
(27) 7C£ erg em™L secl (C°)-l thermal conductivity of
’ base of convection chamber
(28) X 4 erg em™! sec-1 (C°)'1 effective thermal con-
ductivity of region in
contact with upper surface
of convecting liquid
(29) s(T) dyne et surface tension at free

upper surface of fluid in
contact with air

(30) Qs dyne em™t S(T g) = S(T )



TABLE I b*

External Dimensionless Parameters

Measuring Independent Variables

Symbol Def inition Symbol
M, (L"C"V CAMEY Tiq
T, d/6-e T
TS el (b‘-a'-‘)/agd T,

Ty 9d A€ [/ e nfle-at T

Me 4o (u-a3 /5" o T,
;TTQ V)% T,

1T+ 8T/3 Ths
T CT /2 (Lray T,

Definition

ODe /C
by /y
DR/Z
i/ (my
X, /2T

Yo [E(xGy
P AN )

Hel ST ¥
' * (7))

as /L(sCryrsm

%wTables lIa and Ib were reproduced with permission of R. Hids,

from Fowlis and Hide (1965).
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CHAPTER II
REVIEW OF PREVIOUS WORK

Previous experimental results.

The transition from the upper symmetrical regime (A), Figure

Jd,to the regular wave regime (B), Figure 3, is generally quite
well defined. Hide (1953, 1958) found that in the range of 106 <
TMg<1.3 x 107 the critical value of 1) is TI)f=1.58 ¥ 0.05
(standard error) where the flow was always symmetric forTT-u'>
—”‘H*° Subsequent work by Smith (1958), Hide (1953) and Fowlis
and Hide (1965) indicate that'ﬂ—ﬁ varies rapidly with TT5 for
1.85 ¥ 0,08 x 1052 g £ 10°
for all values of _ITS L'ﬂ'? where'fT? =1.85 ¥ 0.08 x 105

(standard error). Lambert and Snyder (1966) have further found

and that the flow is always symmetric

tPat when the aspect ratio TT2 = d/L,»-a is varied over the range
2 ¢]7;4-27 the critical value of'Tru also depends slightly onTT'g.

The lower transition from the symmetrical regime (D), Figure
3, to the wave regime (B) was first discovered with very low
heating rates by'Fulﬁz, et al. (1959)., Fowlis and Hide (1965)
have since found that this transition for TYS'>’2TT§ obeys the
equationf ‘

Los Ty (= - (08bHE 0.042) Log (1, Ty) + S.08 + 0.30

(standard errors)

The wave numbers Ma, Mc, and Md at the transition from the
regime A. to B,C to B, and D to B have been noted by Hide
(1953, 1958), Fultz, et al. (1959), and Fowlis and Hide (1965).
These results . indicated that the wave number is not a unique

function of the non-dimensional parameters, However, there does
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exist a value of-ﬂ.h(m) for which 1§ is the mosat likely wave
number. The variations of17-u(m) have been stated succinctly
by Fowlls and Hide (1965) and appear below.

"Conclusion 4. Ty (m) decreases with increasing m, the
variation with T j, "of the probability of m waves occurring
being roughly symmetrical about TTh_='Trh(m).

when T _ exceeds 211 *,‘n—%(m) is independent of TTS
except gerhaps at thg largést values of m (see Fig.”3).

Conclusion 5. When J]c is less than about 2 TJ.%, the de-
pendence of 7T ) (m) on 7JT; Ls evidently more complicated
than when 7T %xceeds 2 . {These complications have yet
to be examingd thoroughly?)

Conclusion 6, Within the limitations imposed on m by the
fact that this quantity must be an integer, the quantity

o5 = Mg (=) /TT (L+w s

depends main%y on TréTTg; moreover, when TrzTTg exceeds
about 3 x 10° this dependence is weak, Oz having a value of |
between 0.2 and 0.3. When ] 275 1s less than 3 x 10°, Op
Increases with decreasing Mot & variation due largely,
though perhaps not entirely, to”the dependence of Tru

(AyB) on TrSo

Conclusion 7. Except at the highest values ofJSl, when a
slow increase of m, with decreasing TI) occurs (see Fig.
3), the quantity m, is independent of ] },; the dependence
of m, on the other parameters of the pro%lem may be
summarized by the statement that

0. = M (L-a) /T (G+a)

is equal to about 0.7.

——

Conclusion 8. The quantity
Op = W\D(b—'a)/ﬂ'(b”"&) N
Lhe)
depends on T, this variation being largely associated
with the form of the transitional curve for the lower
symmetrical regime, })
Results of experiments designed specifically for the study
of the heat transfer indicate the following for the ﬁﬁsﬁﬂ+

number N. (Bowden (1961), Hide, et al, (1961), Bowden and Eden
(1965).)



a, N is greater for a rigid 1id than for a free surface

b. N varies between 9 and 3

¢. In the axisymmetric regime N decreases with increasing

L and decreasing AT until the transition to the regular
wave regime 1is reached where N increases abruptly by
approximately 20%.

d. N is nearly independent of d in both the symmetric and

regular wave regimes.,

e. There 1s no strong dependence of N on.S)Lin the wave

regime. '

Smith (1957) has made detailed temperature measurements at
two parameter points in the symmetric regime and three parameter
points in the wave regime for values of 1.49 x 1094 TV 5£1.80 x
107, TV, = 3.28 and AT approximately 20°C., These results when
@ombined with results from four temperature probes at other
values of de?:?%s indicate that the slope of the isotherms OE/CT}
is proportional toJLZ/o-;, AT in the symmetric regime and
proportional to Aﬁ?a&kLz in the wave regime. The vertical
.temperature differences for these experiments is always greater
than the horizontal temperature difference by a factor of two
or more. Bowdeﬁ and Eden (1965) indicate the same type of
temperature dependence for the syﬁmetric regime.

The temperature structure of the side wall boundary layers
hasc been examined by Bowden and Eden (1965) and Eden and
Piacsek (1967). These measurements indicate that there is a
region with very strong horizontal temperature gradients near

each wall and as rotation Increases this region concentrates
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nearer to the lower part of the hot wall and the upper part of
the cold wall. This indicates that the heat source has been
lowered and the heat sink raised. Outside this region the
isotherms reverse direction forming a hump and then reverse
direction)again§entering the interior ﬁegion,auﬁ sloping up-
wards towards the cold wall, The amplitude of the hump increases
with height on the hot wall and decreases with height on the

cold wall,

Hide (1953, 1958) and Smith's (1957) results also indicate that
the wave jet is a region of very strong cross stream tempera-
‘ture gradients with a zonal velocity which :oughly satisfies the
thermal wind equation. Thus, it flows in opposite directions
at the upper and lower surfaces. The width of the stream
increases with the square root of the 1mpfessed temperature
éifference and decreases with increased rotation)Smith (1957).
Smith (1957) also noted a discontinuous phase lag of 1/3 to 1/2
the wave length between the lower and upper portion of the wave
at the mid layer of the fluid.
| Detailed temperature measurements at one point in the wave
regime in a dishpan type annulus have been made by Riehl and
Fultz (1957, 1958). The results of the geostrophically computed
velocities indicate that the waveé are quasi-geostrophic and
tend to carry warm water upwards and cold water down.

Related experiments using modified annull: may also increase
the understanding of these regimes. Specifically, Fultz, et al.
(196l) have imposed an independent vertical temperature difference
in an annulus)and consequently, showed that the transition value of

TTL decreases with increased vertical stability, all other factors
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being constant. Also, Lambert and Snyder (1966) have shown
that the effect of an impressed horizontal shear on the annulus

regime is to increase the stability of the symmetfic flow.

Previous numerical and theoretical.vesuits.

The theoretical work has concentrated mainly on determining
the structure of the symmetric regime and the stability of this
flow with respect to small amplitude wave disturbances. 1In
order to facilitate a discussion of these processes the relevant
equations for the hydrodynamic flow in the annulus are presented
below. Thesewill be followed by a discussion of the numerical
experiments and the analytic theories for the symmetric regime,
Then, a discussion of the theoretical work on the wave regime

will be presented.

!
!
i

The equation of motion for the flow in an annulus can be

written in cylindrical polar coordinates as:

-~y _ - 2.1
du A T y(v 2y )

A oY rJ‘QG
A = - P 2 2
LY EY ranw =AY 4y (ViU +E 959_ ) 2.2
el N
dT _ 2
Further Y T 2.4
| 2.
C=GC (- d\(T"TQ) g
L2 (rw) Lo - 2.6
r or ¥ v 2 % =0

where ol
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Pr

T

: 2. 01 2 2
and v'= v F');x Y- oxr?t

Y oY or
and u, v, and w are the components of velocity ¢n the Y, 9, and T
directions, respectively.

In the case of steady axisymmetric flow, the problem is
reduced to that of finding a solution to the é;component of the
vorticity equation, the zonal momentum equation and the tem-
perature equation, fhe continuity equation can be satisfied

fdentically with the use of a stream functionly’l such that

WA= i‘%; Vle

we=-t %

These equations are respectively:

T (e R2)-L g Wy = (Ve -9 2
' - 9dTy +2Ug (F2+V/r)

));*1( r ¥V/) - i \frvz_ V(V v - ’U’/r?.) 1-8/

- 25L
’.2_;.&})%
FRTr T N Ty = V2T 24
where .9

2
viis 2,412 42
[ ay? For | 9wl
and the é component of the vorticity is:
S

Q .
I A R B W)
w =y (5.7 v 5 57
A further simplification can be introduced when the
horizontal length scale 6f the annulus Le~(b - a) is much

smaller than the mean radius'F = % (b + a). The equations can
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then be written in equivalent cartesian form by letting x =

-¥=-aand y =YpH as;

2.10
+’% Wy —PFywz=V Vﬁzw-sde*iﬂ'U;,

Y Ux ~H V=V Vyv-2aY, 2.0

— 2
$o Ty - KTe= kW T 2.12
where V_,L: .i '+ i
H dxt JyY*
and terms of order V' /y have been neglected with respect to

terms of order v'/L.. The stream funcfion is now defined as;
w = - ¥$x
L = Wy

;A These latter approximations are certainly valid in the side
ﬁall boundary layers where %/F is of order 10'?>and they are

also used without a large loss in accuracy in most of the
analytical theories for the interior flow.

The numerical experiments of Piacsek (1966) and Williams
(1966) have solved the complete set of Equations 2.7, 2.8, and
2.9, for the temperature distribution, zonal velocity and stream
functions. The results also indicate the main balance in these
equations occurring in the boundary layers and the interior flow.

These studies indicate that the boundary layer thickness
tends to increase with increasing height on the warm cylinder
and decrease on the cold, They are distingﬁished by two regions,

one near the wall wherelthe conduction of heat from the wall is

balanced by the vertical convection, and one further out from
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the wall where horizontal and vertical convection balance. The
isotherms leaving the warm wall rise sharply and reach a maximum
in height within the boundary layer. This forms a small hump

in the temperature structure near the wall., The amplitude of
this hump is largest at zero rotation rate and tends to increase
with height on the warm cylinder and decrease with height on

the cold cylinder. It also tends to decrease with increasing
rotation rate.

In the case of a free upper surface, Piacsek (1966) and
Williams (1966) both indicate that the upper region of fluid near
the warm wall is almost isothermal, The flow is a basic Hadley
type meridional circulation which releases potential energy by
flowing at a small angle across the isotherms. A narrow
secondary meridional circulation forms near the cold boundary
wﬁll but tends to decrease in strength as the rotation rate and/
or temperature difference 1is increased. The zonal veloccity has
a maximum occurring at or near the free surface near the inner
wall, Thefﬁgﬁxgﬁ value of the zonal velocity at any height
occurs on a conical surface sloping upwards towardsthe inner
cylinder. There is a marked déisymmetric variation with depth
for both the temperature field and the meridional and zonal
velocity fields, dqumainlyjto the fact that the free surface
cannot support the same convective mass and heat transport as
the rigid lower surface. The fieldé are much more symmetric: " -
for a rigid surface, except that at large values of AT there is

still a region of isothermal fluid near the upper surface of

the warm cylinder,
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Piacsek (1966) has computed the interior parameters of the
flow and found that the Rossby number of the zonal flow varied
for 0.15 to 0,30 as the rotation rate increased. (J, varied
from 0.8 to 0.76 in the symmetric flow as rotation increased and
reached a value of 0.55 when the symmetric solution obtained
would probably have been unstable. CT;'varied from 0.06 to 0,22
in the symmetric regime as the rotation increased and reached
a value of 0.42 at the possible unstable solution.

These experiments indicate that the main balance in the
interior is between the bouyancy term and coriolis term,
Further, the meridional circulation and the heat transport
occur:: mainly in the boundary layers except for the presence of
an inertial circulation flowing upwards across the upper region
of the annulus in the case of an upper free surface. The net
;esult of increasing /AT or decreasing J) 1s to increase the
heridional circulation, The Nusselt number decreases with
increasing rotation rate and is larger for the annulus with a
rigid 1id.

The results at low heating rates by Williams (196629
corresponding to the lower and middle symmetricsal regimesgindi-
cate that the isotherms are almost vertical in the interior.
Here, a secondary meridional cell forms near the boundary layers
and the cells are asymmetrical in 4 being very slightly lower
on the warm cylinder. The interior velocity field is viscously
driven through the boundary layers and the heat transfer 1is
largely by conduction,

Robinson (1959) has found an analytical solution for the
flow in the lower symmetric regime with a rigid upper and lower
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surface by assuming that the temperature field is determined by
thermal conduction. Hunter (1966) has corrected this result by
carefully matching the boundary layer flux to that in the
vertical boundary layer. Hunter has also extended the results
to the case of a free upper surface and solved for the first
order correction associated with a& small additional convective
temperature balance for a rigid upper and lower surface.

The horizontal boundary layers on the rigid surface are
Ekman layers with a thickness given by § ==(V7Ln>?l The interior
zonal veloclty has a linear vertical shear and is zero at the
midlayefyz = %. The flux through the Ekman layer is closed by
the side wall boundary layers which for two rigid surfaces are
Stewartson layers with a single structure of order El/B. The
meridional circulation occurs in the boundary layers. An
egtimate for the Nusselt number when small convection effects

are considered is given as;

N-1=210.13 2 PZTTE(%)Z d

32 (b-2)
d
for
= !

When the upper surface is freg)the Ekman boundary layer
associated with it 1s weakened and can only support a mass flux
of order E% times that occurring in the rigid surface case
(Hide 1964b). This complicates the analysis of the side wall
boundaries and t?ey now have a double structure comparable to
the Stewartson layers of order E]‘/3 and El/h. As in the case
of the rigid upper surface the meridional circulation occurs

mainly in the boundary layer.
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Hide (1967) has indicated how the Nusselt number and vertical
temperature contrast (proportional to Oa:) will vary in.the
syrmetric regime. He derives the results for a free upper and
lower surface (usf/Lsf), a free upper surface andf}igid lower
surface (usf/lsr) and a rigid upper and lower surface (usr/
lsr). These are considered for either a large Peclet number
(UL/k)Jindicative of convection dominated flow as in the upper
symmetfic regimg,or & small Peclet numbeg,or conduction dominated
flow as in the case of the lower symmetric regime. The method
of approach is to assume an appropriate temperature distribution
and realize that ﬁost of the convective heat transfer occurs
via the meridional circulation in the boundary layers.

Under these conditions the results for the case of both
surfaces rigid and low Peclet number predict that

,r’

dp=Y/2
and N-1=3% (Y’/;B)2
d
h =
where R b-a , andY=1/8TruP 8/4 y =
and P = QKK

The results for a free upper surface andoiigid lower surface or

a free upper and lower surface are:

O’%-'B‘Y d/g

= a €42
‘ N-1= 2(Y4Z2 EI)
In the case of a high Peclet number with both bounding

surfaces rigid, the additional assumption is used that most of
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the heat is conducted to or from the fluid near the lower part

of the warm wall or the upper part of the cold wall, respectively.
The results indicate that a reasonable estimate of Cfé and N
will be!

Oz =2/3 (1 - (xA)™0 (1 +(u/3) )

N=(1-da) (1+ 03Y/E7
These are the Magnostic"” values of J% and N recorded by Hide[ |9 67%
determined by setting the small correction factors occurring in
the original expression to zero., Since the case for high
Beclet numbers with an upper free surface must have some form
‘of inertial boundary layer to complete the circulation and
convective heat transfer, it could not be readily solved in
this manner.
; McIntyre (1967) has presented a scaling analysis for the
upper symmetric regime and a similarity solution for the
boundary layers in the case of rigid upper and lower surfaces,
The scaling assumptions are that %'Tru, P, g:E’ and b/a are all
of order unity; P 1s much greater than 1), .- - -~ 3
there are single scale thicknesses for each of the vertical and
horizontal boundaries; thermal convection 1s as important as
conduction in the boundary layers; and the meridional velocitics
in the boundary layer are at least as large as those in the
interior. The relevant equations'ére then Equations 2.7, 2.8,
and 2.9 with the additional assumption of the boundary layer
approximation,

Under these conditions the primary balance in the side wall

boundary layers is between the viscous torque Y Wy, and the
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bouyancy torque (See Equation 2,10) gck Ti-. This coupled with
the assertion that the horizontal conductive and vertical

convective heat transports must also balance, i.e.:

Wiy = KTpp

gives a scale factor of:

for the side wall boundary layers. The reason for the hump in
the
the isotherms (See page 10) can be found by integrating Equation-
V Wyy =, VWery =9 T v
838 from the side wall to the &dge of the boundary layer at

r=r,, 1.0.:

2
VU, =8d (T =T (%))

Téus, since the vertical velocity has maximum value within the
boundary layer on the warm wall, the temperature must have a
minimum value between the wall and the edge of the boundary
layer. The upper and lower boundary layers are non-divergent
Ekman layers which carry the total mass flux from the side
boundaries,

| The scaling on the interior equations indicates that the
zonal velocity is determined by the thqrmal wind equation.

M%zg‘g‘.rr/'l-ﬂ'

A further result of the scaling is that the meridional velocities
(u, w) in the interior are viscously controlled and are smaller

than in the boundary layers. This also means that both the
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convective and conductive transport in the heat equation are
important in the interior flow.

The solution to the side boundary layer equations leads
to certain restrictioné on the temperature distribution at the
edge of the layer. The form of the temperature distribution

just outside these layers is:
T (%) = BHAZ-2)3

where By =r%&v/b.36 and ﬁQI is the volume flux per radian in
the boundary layer. A similar form is valid for the dependence
near the hot wall., Since the Ekman layer flux Q& is related to
the zonal velocity at the edge of the bouﬁdary 1ayer,501 must
also be related to the interior temperature field through the
thermal wind equation. The small meridional velocities in the
1pterior help maintain the zonal flow against viscous dissipation
aﬁd also maintain the temperature field necessary for the thermal
wind against conductlive dissipation. The largest discrepancy.
between this theory and the numerical models appears to be in
the condition of zero entrainment in the side boundary layers.
The wave regime was initially proposed by Lorenz (1953) to
be the result of an instability in the axisymmetric zonsal flow.
Under this assumption the symmetric flow 1s always a possible
mathematical solution to the equations of motionjbut it may be
unstable such that it would not exist in.thé phyﬁical experiments.
This instability is baroclinic sincé the energy for its growth
is derived from the potential energy of the fluid. The original
studies of this ﬁrocess were mcde independently by Charney

(1947) and Eady (1949) in an effort to understand the nature of
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the long waves and cyclones in the atmosphere. Eady's study is
more relevant to the amnulus due to the neglect of the variation
of the coriolis parameter. For this reason it is reviewed below.
The relevant equation is the inviscid and non-conductive
parts of Equations 2.1 to 2.6. With the assumption for the
annulus that 2( -a)/(b+a)(.].and the cons sequent introduction

of cartesian coordinates,with the -boussinesq approximation, these

ares
: L o 1,'9"k+w33—2_s\v~~1 2P

a'b ‘i’% t j Co Dx 2013
av . v W o pasnwz -4 2P
S¢ T PV 5y E 9?=J' - 5y 2.1
aﬁ? dw 1,-3—5) oW _ .LQP
S YW ax PV oy T W = -2 T +3dT 2.13
3T T 2T AR
ok +$°5k+ EN tw gy =0 2.16
a’__-‘_*,' U ?_g-) - 0 |

where)contrary to the previous case discussed on page 103we

have Set X = rg y =b - r so that‘y‘goes from zero at the outer
wall to(%iggat the inner wall. This is the form in which the
experimental results will be presented. (A 1s now the zonal

velocity. These can be scaled by setting
(x:,, §) = (b - é) (x*, yh
;% . Z}
T = AT TI = (Th - Ta) f{‘:z

t = (b‘a) t!i.

e

The horizontal wvelocity U can then be scaled on the basis of
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the thermal wind, i.e.

= ( d«AHTd) )
A gtif AV

b-a}

where OHT = 03 AT . The Rossby number is then

RO - & Al G"\['AT d : 20'18
4 (f(b=a )<
where C%; in this equation corresponds to Jy 1in Equation 1.7.

The Eady number i1s the same as in Equation 1.8,
: L 2.19
B=zgd oGzATa"
4_as (b-a)?
Eady considered the problem of baroclinic instability

under the conditions:

a. Both viscous and conductive effects are negligible,

be The flow is gquasi~geostropnic so that Ro &«<«i,

c. The basic flow has uniform vertical and radlal
temperature gradients.

d. The slope of the isotherms 1s of the order of the

) Rossby number, or Jy/sz~Ro,

’ e The wave amplitude 1s small enough so that a

perturbation theory can be applied.

The basic symmetric state is then given ass
To = =AY + B/Ry & 2,20

where AL 1s a parameter of order unity. The first order

geostrophic velocity field is thens
U = A 2,21
Using the above assumption and  the baslic first order state,

the quasi-geostrophic equation for the flow can be found by

expanding the variables, u, v, w T’ and P; in the scaled set of
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equations derived from Equations 2.13 to 2.17,in powers of
Rossby number and equating terms of equal order. This 1s to

Fyvs+d order in Ro,letting Ty =‘f‘,‘z, . =~§[’y and v = ¥x

(‘%‘t +7£§5’x> (Vig# +B7 )= 0 2-22

where the primes have been dropped from the scaled variables.

The boundary condition of w =0 at z = 0, 1 is:
S 2\ _
and the boundary condition i v =0 at y =0, 1 iS
}4% =0aty=0,1 2.2,

The more general case of these equations for the atmosphere has
been derived by Charhey and Stern (1962) and Pedlosky (196l).
; To test for the stability we seek a solution of the form

Lhix =ct)
‘7‘('—'—' Re ¢(Z) (g S"Y\ (nn\}) 2.25

Any solution with Im (ke)» O will grow exponentially with time
and thus constitute an unstable condition, The boundary
condition at y = 0, 1 is o dentically satisfied. The boundary
condition at z = 0, 1 leads to a quadratic equation for C whose

roots are: } 2.26

Wi

ke = }f_.ﬁ\__ r KA ( §/2-tank ¥/2) ( &/2-coth §/2))

and Y= e +nmf?)
Thus, kc has a positive imaginary)part when coth ¢ /2 > 3’/2 or

J < XC , where Y .=2cotn b:/1= 2.399
This impliss that the flow will be unstable for all wave numbers
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k Lkn when
B (kp2 + T2 n2) 4 5.73 2.27

Marginal stability will occur for k = 0, n = 1 when B, =
0.581. Thus,all wave numbers are stable if B»B,. This
condition, when applied to the annulus results indicates that

ir

DT = O,AT = 2/3AT
then the flow should be stable for all values of TTLL <TT lic when

e

flow can be considered inviscid and is most likely to occur when

"6 x Bg = 3.5. This, of course, will only apply when the

E << 1 or equivalently for large gap widths,
There is &8 vertical phase variation implicit in the
solution for ?5 when Im (C)> 0. In this case gb (z) can be

rewritten in the polar form as;

. O ®)
¢(ﬂ ?1¢(ﬂie& ()
where QS(Z) = (sinh (¥ z)- YRe(c) costyh) 2 +
A

( zf;z_n(") cosh (§Z2) )a‘j 3

and S (z) = :l‘.aur‘;:l - ( Im(c) cosh(fz)/(sinh(éfz) -

[

d Re(e) cosh( ¥ z) ))

These vertical phase variations for the pressure,§9 , and tempera-
ture g&z have been calculated by Eady and are indicated in
Figure 6a. Thils indicates that the temperature at the upper
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surface should lead to that at the bottom.
The kinematics of these waves indicate that the colder
fluid flowing towards the warm boundary descends andj?g%nverse*ksiruc
for the warm fluid., Thus, the waves carry heat upwards and
maintain themselves at the expense of the potential energy of
the flow. Since there is no horizontal shear in the basic
velocity state, no kinetic energy is converted from the basic
state.
A solution to the second order problem by Pedlosky (1966)
indicates how the instability initially affects the basic sym-

metric state. Under the above assumption'we can write:‘

9’==%% + Rdfl + ROESKé

where(")"o = B/Ro z2/2 - Ayz and V& is the solution to Eady's

pfoblem. The equation for(fé is then

(A sy D (Vi + B—J'ﬁ%g =30H, 231
Vi¥ +B W)
where'J is the Jacobian with respect to x and y and is equal to
zeroy since wi is the solution to Equation 2.22. The boundary
conditions are then: v = 0 orr?%x =0at y=0, 1 and w =0 at
=0, 1

(9’ IREL ) Yoy - N = -7 (B, W)

The solution to this problem which modifies the basic state with
the previous solution for \[/1 and initial conditions of (/{2 =
at t = 0 is:
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5(/1: '(32 ( & R Tm) Jc_ i) /B /5 2L sinh(an ﬂ'@)
S iMhnmB) © sinh (ZU’)TTJEC%"/Z)) sin ANTTY

The changes to the initial temperature and velocity
distribution are indicated in Figure 6¢c. The absolute magni-
tude of the zonal flow is decreased in the center and increased
near the edges of the channel for z = 0, and 1. The vertical
shear is similarly decreased in the center and increased near
the edges. These effects, in turn, méan that the horizontal
slope oft?gitial isotherms must decrease in the center and
increase near the edges. |

Davis (1956) has obtained a solution ts the quasi-
geostrophic equation in an annular region with the curvature
#efm retained. The basic state is assumed as:

T:éﬁgz"'_b_ﬁ?_.z r2

d (be=a<)
The stability criteria is then given as:
@Y B @ %1+ 3 R (2.399)2
© " Sm
whereagg is the s!'th zero of the equation:
Jn (¥Yb) Ym (d2) - Jm (¥a) ¥m (Fb) =0

B=_9 ana ¢ = (b-a)

o—

b-a 2(b+a)

The first zero is obtained by asymptotic expansion as:

Vim= T (1 bn-D0-a)2
' b-a 8ﬂ'278.b
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Thus, the criteria is:

B (143 Roe)® (2+ (m2-1) (v-a)2 , )/ 4 ¢ 2.3
8 2ab

This reduces to the Eady criterion when the curvature'term, c,
is small,

Several authors have tried to ascertain the manner in which
viscous forces modify these results. Kuo (1956 a, b, 1957) has
considered the case with the conductive terms replaced by a
spatial heating function and the viscous terms treated as pro-
portional to the velocity. These assumptions eliminate the
possibility of boundary layer formations. However)the qualitative
results do predict the correct form of the stability curve.

Barcelon (196l) has solved the Eady problem for the annulus
with the neglect of the horizontal boundaries §or a rigid upper
and lower surface. In a similar manner Brindley (1960) has
extended Davies! solution in cylindrical coordinates fof the
case of & free upper surface and a rigid lower surface., In each
case the horizontal boundary layer is either a rigid surface
Ekman layer or a free surface Ekman layer., Thus, the boundary
layer problem can be reduced to that of finding the interior
solution which has the correct vertical velocity prescribed by
these layers; i.e., the vertical velocity at the upper and lower

boundaries are;

\ A A :
W= -2‘{ v,Q, > kv(Vx\\j ) rigid surface
w= -3 gj 3—:,_ (k- Vxw) free surface (Hide 19 (-45_)
i (19e32) -

where [ is the normal to the surface, Hide|has used this
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approach to solve the Eady problem in cartesian coordinates with
a rigid upper and lower surface, a free upper and lower surface,
and a froe upper surface and rigid lower surface,

Brindley (1960), Barc¢lon (196l;), and Hide (1963) obtained
the correct form for the stability curve and the approximate
wave number near the knee of the curve., However, the value of
E for the position of thé knee, i.e., that point at which for
larger values of E the flow is symmetric, is an order of
magnitude larger than the experimental results. This indicates
that the side wall boundary conditions play an essential role
in the determination of the viscous cut off.

Since the side wall boundary layers may affect the shape of
ﬁhe velocity profile in the Eady model, it is relevant to
consider the effect of introducing a small deformation in the
basic Eady felocity profile. Pedlosky (1965) has considered the
stability of the flow when the basic zonal velocity is of the
form Ug = X\ z + ug (y, 2z) where ud<l.

"The change of stability of the flow at the neutral curve

of the zero order problem depends only on that part of g

which is odd sbout z = % and even about y = 3"

This has been investigated experimentally with slightly inconclu=-
sive results by Lambert and Snyder (1966).

Lorenz (1962) has obtained a numerical solution for the
wave regime in the annulus with a two layer model. He employs a
simplified set of equations reduced to indicate the basic
physical processes. In this manner the nonlinear convective heat
transport terms are retained while the angular momentum transport
terms are neglected., The heating and viscous effects are

parametorized by linear formulae acting at the boundary of the
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two fluids. Thus, the solution can demonstrate the effect of
the waves on the mean temperature field, but barotropic in-
stability end boundary layer formation are suppressed. The
results show remarkably well the qualitative structure of the
stability regime. Direct comparison with the experiments is not
feasible, however, due to the unknown parameters for the heating
and viscous effects,

The structure of the jet stream in the wave regime has
been Investigated by Rogers (1959). In this case the Jjet is
treated as a free thermal boundary layer phenomenon. By neglect-
ing the viscosity entirely and assuming that the heat conduction
across the stream is balanced by the convection of heat along
the stream she was able to show that:
1. The temperature differsence across the stream end the
velocity along the stream both decrease in the downstream
i direction,

2. There is net outflow of ascending motion on the warm
gside and descending motion on the cold side of the stream

3. The width of the stream is

3%, =3 (Sffcof’o(b + a) k)%
gn AOC

where (WO is the phase speed and m 1s the number of lobes
of the wave.

The point of contact of this solution with the wall acts like a
discontinulty.

Davis (1959) has obtained an analytical solution to the
nonlinear heat equation under quasi-geostrophic conditions without
the boundary layer assumption., Using cylindrical coordinates
he obtains a unique wave solution by.assuming a form for the

angular momentum transport and then stating that the most likely
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wave to occur will be the one that carries the most heat. This
analysis is valid when the vertical temperature gradient is not
significantly larger than the horizontal temperature gradient

or equivalently in a deep annulus where
£5\1 -~ Qf%ag ‘5Ffr

Rogers (1961) has extended this solution to include the
side wall viscous boundary conditions with the neglect of the
horizontel boundaries. The boundary layers tend to increase the
horizontal velocity of the jet at the outer walls and decrease
it at the inner wall. The equaticn alsoc permitted an oscillating
gsolution such that the results could lead to an explanation for
the wave shape vaclllation in the annulus.

Lorenz (1963) has used slightly less simplified equations
than those in Lorenz (1962) to explain the existence of vacil-
lation and nonperiodic flow in the annulus. The variables of
- the two layer model are expanded in a truncated fourier series.
Further, only two modes in the cross channel direction are
allowed. The author then postulates that the Rossby circulation
of the first mode, corresponding to n = 1 in Equation 2,25 are
always possible solutions when the symmetric flow is unstable,
but may be unstable with respect to Rossby circulations of the
second mode, Ie n = 2,. The numerical solution of the resulting
set of equations indicates that as the rotation rate 1is increased
for a fixed IST, the symmetric flow first boecomes unstable with
respect to the first mode. At slightly higher rotation rates
both the first and sacond modes may occur without changing their

individual shape. This is called the mixed mode., The mixed
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mode, in turn, can bo unstable with respect to symmetric and
nonsymmetric vacillation. Symmetric vacillation has the
distinction of not changing the statistical properties of the
fully developed solution. | ovenz(9also finds a nonperiodic
region with more than two degrees of froeedom. Further
extension is not possible without considering the interaction

of the higher modes previously eliminated.
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Phase variation; Eady normal mode. (Eady 1949)
Basic state; Eady solution.

Second order convection to mean state; Eady
solution. (Pedlosky 1966)
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CHAPTER ITI

Description of the apparatus and the expsrimental procedurs

Apparatus

The basic apparatus is shown schematically in Figure 2,
and in greater detall in Figure 7a. A dotailed description of
the construction and operation of the apparatus is given in
Appendix‘l.

The -convection chamber is the annular region between the
outer and inner cylinders of radil b = 38.445em. T 0.01cm.
(maximum deviation) and a = 23,105 ¥ 0.002 cm. (maximum deviation).
These cylinders are fastened to & phenolic plate with O ring
sgals under each cylinder. The resulting gap width (b-a) after
careful alignment is 15.280 ¥ 0.016 cm. (maximum deviation).

The bottom of the convection chamber is formed with a 1 inch
thick plexiglas false bottom supported 15 cm. above the phenolic
base. It is flat to within ¥ 0.005 inches. Grid lines are
marked over 120 degreoes on the underside of the false bottom and
three 9 inch fluorescent lights are mounted directly below to
supply lighting for dye studies. The resulting chamber is filled
with water to a depth of 15.28 ecm. A plexiglas 1id 1s placed

on the top of the cylinders, not in contact with the water, to
roduce the effects of evaporation.

The outer bath is formed by mounting a 1 inch wide by 18
inchos high plexiglas cylinder with a 38 inch inside diameter

on the phenolic base outside of the outér cylinder. The inside
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bath is the inner volume of the smaller cylinder. The top of
each bath is sealed by a 3/ inch plexiglas top with side ring
seals. In this experiment the outer bath was always kept at a
warmer temperature than the inner bath.

A Haske circulator model NBS mailntains the temperature and
flow rate of the circulating water in each bath., The inflow
temperature is held constant in time to * 0.05°C. with a flow
rate of 2.4 gallons/minute. Due to the large heat flux. in the
annulus  the difference in temperature between the inflow and
outflow of the bath is about 8% of the resulting impressed
temperature difference. This drop tends to occur in the thermal
boundary layer near the lower part of the warm wall and the upper
part of the cold wall where most of the heat is extracted from
or added to the bath., Consequently, there is a vertical
v§riation of mesn temperature in each wall., This was reduced
té some extent‘by directing the circulating water at the walls
and increasing the local turbulent transfer in the boundary
layer. The circulating water is forced through four porous
circulation tubs located at different heights and released such
that the maximum temperature control is applied to the lower
region of the hot wall and the upper region of the cold wall.
The temperature of each wall is monitored with 24 thermocouples,
12 of which span the 15.28 cm. height of the convection chember.

The vertical variation of the deviation of wall temperature
from the mean wall temperature in the region of the convect-
ing fluid is shown in Figure 8; This was dotermined from an
azimuthal average of the 12 thormdcouples spanning the chamber

on the outer wall for Run 3L in the symmetric regime where the
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vertical variation should be largest. The local temperature
at each point on the wall may also vary by * 2.5% of the im-
pressed temperature difference as a wave passed that point.

The phenolic base holding the convection chamber and the
.baths is mounted l} inches above the turntable which is a L2
inch diameter by % inch thick ground steel plate. This plate
is supported by a 224 inch diameter ring bearing mounted on &
triangular stand with three adjustable leveling legs. A hollow
stainless steel shaft fastoned to the underside of the plate
supports a Browning notched gear, the fluid slip rings and the
eight coin silver power slip rings. The turntable is driven
with a & h.p. synchronous motor and a variable speed Graham
transmission. This is coupled to the table via a Browning gear
and belt system. The rotation rate of the table would be varied
over the range of 0 to 20 rpm. with a mean stability of * 0.089%
of the rotation rate.

The temperature of the convecting fluid is determined with
four vertical arrays of four thermocouples each. (See Figure-
9, T el “n.) These are constructed from 5/1000 inch copper
constantan thermocouple wire. Each junction is positioned
vertically to within * 0.025 em. of 1.04, 5.L4, 9.8L and 1.2
cm. from the false bottom. The four arrays are then positioned
with the same spacing from the outer wall and separated by 60°
in a counter clockwise direction from each other with decreasing
distence to the axis of rotaticn. Thus, the net rosult is an
array of 16 thermocouples, the outer edge being separated from
ecch verticsl and horizontal boundary by 1.04 cn., with the inner

points being separated by L.l cm. and 60° in azimuth.
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Each thermocouple is refereonced to a single thermocouple
in &n ice bath lccated on the turntable, The signals are
carried to the recording equipment via a set of 36 silver-
plated low noise level slip rings. The ocutput from either the
wall thermocouples or the thermocouple array cen be recorded cn
either a four channel Beckman Dynograph type SII recorder or in
digital form on punched paper tape using a digital data
acquisition system, The recorder has a response time of 100 cps.
and a noise level of 1 uv rms, The digital data acquisition
system consists of a Sigma Cohn stepping switch, a tthmiﬂg
circuit, a Dana D.C. data preamplifier,adigital voltmeter, and
a paper tape punch. The sampling rate is variablejbut in the
experiment it was generally set to samﬁle 16 thermocouples and
three zero references every 9.8 sec. The maximum sampling time,
dptermined by the length of ﬁhe paper tape, is two hours with
ﬁhis sempling rate. The schematic of the sampling sequence is
indicated in Figure 7b, After calibration and the noise lesvel
is considered the relative accuracy of the temperature measure-
ments is T 0,068°C for all thermocouples except the four near the
free upper surface where the error, due to larger calibration

errors, is ¥ 0.085%.

Experimental procedure

The experimental data collected for each run in Figure 5

consisted of the following:

1. The moan temperature of the baths determmined from the
thermometers reocording the tempsrature of the inflow and
outflow from each bath.
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2. Tne corresponding flow rates through each bath.

3. The mean temperature difference ccross the annulus de-
toermined from the mecan of the difference between the 12
thermocouples in each wall,

li. The mean rotation period dotermined from ten periods
measured with a Beckman counter.

5. The state of the flow determined by surface observ&tion
when possible.

6. A Bsclman chart record of at least four of the
convection chamber thermocouples.

7. A digital sample of the 16 array thermocouplec and
three reference positions for at least 15 minutes in the
syrmetric regime and at least the minimum of ten wave
periods or two hours in the regular wave regime, vacillating
rogime or irregular regimes,

This data was collected at a set of predetermined grid
points in G%énd E"l. The minimum increment in rotation rate was
set by choosing a logarithmic interval equivalent to a change
in rotation pericd of four sec. at the transition from the
s&mmatric regime to the regular wave regime with an impressed
temperature difference of 5°C% This determines the values of
E'l. The corresponding logarithmic intervals for G wers set by
choosing 9.3pC°and 2.67c°as the maximum and minimum impressed
temperature differences. These limits correspond to the moaxirmum
easily controllable tempcrature difference betweeﬁ the baths and
the minimum temperature difference necessary to produce reliable
and meaningful thermocouple output, respectively.

In the acquisition of the data it was not possible to
maintain the impressed temperature difference at these levels
due to the variation of the Nusselt number throughout the reange

of E’l covered, Consequently, the experimental runs will be

characterized by the mean value of L T for each set of runs at



that tempersature differonce. The actual values of A Tare indi-
cated in Tables IIa, IIb, and IIc, for each run. The corrosponding
mean values of AT for each set of runs are 9.12, 5.09, and
2.53 ¢% Each set of runs will be referrcd to in tho text by
thegzcharacteristic mean values. ', Preliminary experiments
wore run for each temperature at several multiples of the
intervals in E-1, Data was then collected at the smaller
intervals in E-1 near the regime transition points and near soms
of the wavo transition points until all of the experimental
points in Figure 5 were completed, The order in which each
point was sempled is indicated by the run number in Table IIla,
IIb, and IIc.

The experimental procedure followed was to set the inflowing
temperature for each béth to give approximately the required
' i@pressed temperature difference betwoen the convection chamber
walls. The mean temperature between the baths was chosen to be
as close asvpossible to room temperature. The apparatus was
then allowed to reach equilibrium for at least 48 hours with no
rotation., The state of the fluid at .= 0 was also used as a
reference check to be sure that all systems woere behaving well.
The rotation rate was then changed successively to the new
oexperimental points. The minimum setup time allowod beotwoon
oxperiments was five hours, and in most cases it exceeded ten
"hours in the wave regime, and was elways groater than 15 hours
in the symmetric regime., In cll cases no data was recorded
until " .~ - 7, the thermocouple output indicated on the
Beckman rocorder showed no dctcctable variations for a period

of at least 1.5 hours.



During the setup time tho thermocouples along the diagonal
in radius and éepth from the lower part of the cold wall anéd the
upper part of the cold wall wers recorded. After Run No. 36
the average wall temperature was also recorded for at lezst
15 min. just prior to the start of the digital sample. The 16
array thermocouples were then recorded with the digital data
acquisition system. The number of *: waves noted on Figure 5
was. obtained from observation of the surface flow pattern made
visible with aluminum flakes. This was not possible at very
high rotation rates and/or small temperature differences because
the surface patterns were not visible.

The resulting digital data matrix was then transferred to
magnetic tape and converted to a nondimensional temperature
matrix by dividing the converted temperature differences centered
at the mean temperature of the baths by the actual impressed
temperature difference. At the same time, the mean value, and
standard deviation for each element in the array werecalculated.
Contour plots of mean temperature and standard deviation were
drawn and the values ofcy}, Oz and available potential energy
calculated for each run. In addition to this a calcomp plot for

ach temperature vector was made in order to determine the
position and occurronce of incorrectly sampled data (which
occurred very seldom)., In addition to this, time series analysis
for power spectrum, complex cospectrum, and cohcrence was made
for each run in the wave, vacillating and irreogular regimes for
AT = 6,12°¢% and for the last sixz runs on Fizure 5 with AT =

5.09¢°

Some of the runs are not indicatcd in the results bescause
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no internal temperature measurcmonts were made. Thus, Run
Nos. 1 through 17 were made in the process of chocking and
corrocting variocus mechanical and cloctrical problems of the
apparatus. Run Nos, 19, 43, and 57 were calibration runs for
the thermocouploes.

During some of the runs one thormocouple was broken. When
this occurred the output of the thermocouple was replaced by a
linear interpolation between the adjacent vertical thermocouples
for each ssmple time. This process generally underestimates
the temperature at that point because the vertical temperature
gradient Iincreases with decreasing height. However, the obser-
vations of the data indicate that theo additional error due to
the interpolation is not greater than +2./% of AT. Thermo-
couple T (2,2) was broken for Runs 24 to Zéﬁand thermocouple T
91,3) was broken during Runs 69 to 73.



Figure 7a.

a. reference tharmocouple

b. 1ice bath and dewar flask

¢c. wall thermocouples

d. plexiglas false bottom

e. thermocouple plug

f. vertical thermocouple
array

g. circulation tubes

h. outflow tubes

i. thermocouple mounting
block

j. cannon plug and mount

k. electrical slip rings

1, plexiglas slip rings

m. O ring seal

n. plexiglas cover
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Figure 7b.

Figure 8.

Figurs 9.

Detailed schematic

q.

Thermocouple array.

of" apparatus.

cutflow tube

copper cyliinder; inner

coopper cylinder; outer
plexiglas outer bath cylinder
prenolic base plate

support blocks

steal turntable

“electrical power slip rings.

browning gear

steel shaft

fluid slip rings
adjustable foot screw
leg

turntable bearing

Schematic diagram of the sampling procedure,

Vertical variation of the wall temperature.
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Vertical Thermocouple Array
o T(1, )

/free surface

| T(3,3){ |T(4,3)

T3,2)§ |T(4,2)

T(3,1) § |T(4,1)

L L |
copper T(1,4) 4T(2,4) 2 T(3,4) 3 [T(4,4)
T(1,3) {T(2,3)
T(,2) §{T(2,2)4
; constantan T, 1) $T(2,1) ]

r=b

Figure 9

r=a

Radial Position of Vertical Arrays
OT(4, )

Azimuthal Position of

Vertical Arrays



PRESEETATION AND TUTERPRETATION OF TI% RTSULTS

(&5

Tho experimontal rosults will be discussed in three
sectiong, This first section formulates a description of the
temperature traces and surface flow patterns used to determine
the annulus regimes and an indication of the transition points
between the regimes., Secondly, the mean temperature structure
of the flow, the variation of the internal parameters, the
variation of wave amplitude, and the available potential energy
of the fluid will be presented. The third éection will discuss
the power spectrum, cospsctrum, coherence and phase of the
disturbance., In the foregoing discussion contour data from a
fow selected runs, mostly at AT = 9,12 ¢°, are indicated as
characteristic of the basic pattern involved. Any experimental
run which is at variance with these examples will be mentioned.
A discussion of the technigque used to Calculak the following
results is presented in Appendix 2.

The location of the experimental points is shown in
Figure 5. The experimental parametors &T,-t, the state of
* the flow, G% and E-l are listed in Tables IIEH}E,TIb, enéd Ke
for the set of runs at 9.12 ¢.°, 5,09 ¢° and 2.53 ¢°, in order
of increeasing E™L for each set. This should facilitate
identification of the plotted points in Figure 5 with the correct
run numbers as they are referred to in the text. This table
along with the wave numbors indicated on each of the graphs
should also enable the reedecr tec identify each point on the

ravhs with the corrsct run numbor.
grax
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Experimental Data for AT = 9.12°C

Yo Shete R xgg%& §§O‘3 sl
crit P

31 S 8.86 0.0 0.0 9.293

72 s 8.72 0.0 0.0 9.186

32 S 8.86 0,053 0.266 9.286 8.890

L7 S 9.06  0.094 0.468 9.367 3.118

3L S 9.86 0.188 0.942 9,771 0.943

36 L 9.27 0,205 1.028 9,475 0.650 0.415 -

39 I 9.10 0.215 1.077 9.437 0.618 0.415 -

Ly 5 9.08 0.267 1.338 9,408 0,392 0.357 3

L6 5 9.09 0.292 1.462 9.403 0.326 0.357 L

L5 7 9.11  0.317 1.587 9.413 0.281 0.260 5

35 7 9.08 0.392 1.968 9,419 0.180 0.260 7

41 7 9.11 0.458 2.298 9.433 0.130 0.260 8

L2 6 9.08 0.536 2.697 9.407 0.093 0.305 10

1,0 6 9.05 0.639 3.187 9.309 0.066 0.305 12

37 6 9.03 0,640 3,211 9.379 0.067 0,305 12

70 8 9.10  0.771 3.916 9.419 0.042 0.223 15

38 7 9.04 1.055 5,290 9.396 0.026 0,260 20

73 v 9.22 1.296 6.566 9.,LlO0 0,016

71 v 9.38 1.550 7.867 9.5h9 0.012

69 I 9.41 1.846 9.319 9.534 0.008

1. Berit is tne critical valuec of B for the obscrvod wave number,
Mp is that wave number waich should theoretically have the
raximum growth rate as calceculuted from the obsorved value
or B.



Run
No.
28
56
6l
21
20
61
59
22
60
62
634
2l
25
26
65
63B
66
67

3.

State

am
o¢

1,86

.86

4.90

L.oL

5.20
5.28
5.18
5.01
5.03
5.01
5.07
5.02

- 5.07

5.10

5,22 .

5.28
5.30

‘5.32

TASLE 130

L

sec"':'L

0.0

0.0

0.0

0.039
0.132
0.135
0.143
0.161
0. 22l
0.317
0.165
0.6L6
0.768
0.911
1.093
1.310
1.550
1.8L9

IS

Experimental Data for LT = 5.09

1
gt ¢ , B Bert.
10~k x107°

0.0 6.593
0.0 6.675
0.0 6.667

0.189 6.589 8.756
0.6L2 6.825 1,009
0.66, 6.896 0.889
0.703 6.824 0.736 0.4h72
0.789 6.708 0,589 0,L15
1,105 6.751 0.275 0.305

1.558  6.740 0.136  0.260
2,281 6.7L0 0.06L  0.305
3,179  6.725 0.035  0.260
3.756 6.685 ©.025  0.305
L.71 6.751  0.018  0.260
5,391  6.838  0.013

6.169 6.919  0.009

7.6L6  6.916  0.007
9.120 6,905  0.005

This wave pumber was inferred from the phase informacion
obtained from the spectral cnalysis of the thermocouple data.

12
15
20
24



Run
No.
55
18
L9
50
51
53
5L
52

$.

TLBLE T

BExperimental Data for

State f%g

S 2.38
S 2.53
3 2.7
61 2.9
™ 2.55
6t 2,58
v 2,62

2.59

-
sec'l

0,00
0.101
0.111
0.LL8
0.6L3
0.767
0.917
1,073

“f‘l"l
Bl

-l
xl

0.00
0.L97
0.551
2.228
3.186
3.777
L.s2l
5.331

= 2.53C°

5 n
A
1.662
.80 0.800
4.731  0.59%4
L.79L 0,035
L.827 0.018
4.867 0,013
L.897  0.010
4.886 0.007

Bert,

O L7l
0.306

0.261
0.306

This wave number was inferred from the phase of the wave at
the different vertical thermocouple arrays determined from a

calcoaup plot of the data.



e

=
jay

e typical temperature oscillations at thermocouplse T
(3.3) in the wave regime for Runs 36, L2 end 38 with AT =

9.12 ¢° are shown in Flgure 10a. Run 36 is a four wave pattern
near the transition from the symmetric. flow. The siightly
irregular wave pattern has persisted for at loast 12 hours. At
higher rotation rates the wave pattern becomes much more even

as in Run lj2. Run 38 denotes a regular wave pattern with some
slight irregularities. Figurc 10b indicates the typical
temperature trace from each thermoccuple in the vertical array.
T (2, J) J =1, It for Run 38. It is obvious that the wave form
passing the upper and lower thermocouples near the boundaries

is less regular than the interior ones, This structure also
appoars in the traces from thermocouples near the cylinder walls.
%here was a clearly discernable regular wave pattern on the
surface of the fluid for each of these runs. The characteristic
temperature trace in the symmuetric regime consists of much
higher froquencies whose amplitudes are at least one order of
magnitude below those in Figure 10 &, . -

Figure 10c illustrates the temporature traces which are

Y
¢a

more characteristic of the vacillating regime, Runs -73 and 71,
and irregular regime, Run 69. Thoe transition between the regular
wave regime and the vacillating rogime is not e&s clear as the
vransition from the symmetric flow to the regular wave flow.

Howover, thore iIs a distinct appearance of & higher frequency

he wave pattern cnd an incrcase in the wave

ct

oscillation in

Q

poriod. The higher frecquency oscillations ars probably due to



third trace in Figure 10c is indicative of the irregular flow in
that there 1s no real discornable resular wave pattern. The
trace appeers moroe like the results of an interaction betweon
several uncorrelated long waves coupled wilth some wavering in
cach wave shape which produces the high frequency component.
The transition from the vacillating to irrezular flow is also
not as clear as from the symmetric to rogular wave flow. These
conclusions, with the exéeption of the wavoring, alsoc ssem to
be substantiated 'Ugh the power spectrum rosults discussed in a
later section.

Treating the above temperaturs traces as characteristic
of each regime along with the observations of the free surface,
the regimes can be labelled as in Figures li and 5; The position
of the transitlon is taken as the midpoint betwoen the two
nearest points with the different characteristics of each ragime.
The three points representing the transition from the symmetric
regime to the wave regime have a mean value of‘TTubﬁ 3.746 *
0.360 for 2.750x107 £ [T g4 9.721 x 107, 4 1ine of best fit

between the three points is given as:

A ———

Log T, = (-0.1977 ¥ 0.9107) + (0.1000 7 0.1182) Log Il g

4

(standard error)

Consequentlgpwith only thres points)it is not significantly

L] T
different from being independent of 2)5.
The transition betuwsen the rojular wave regime and the

tho s&re manner for ths



This transition line indicates thet points - * - to the right
of this line howve the charactcristics of vacillation or irrsgu-
lar flow. It doos not indicate that vaciliation will not occur
to the left of the line, but only that this did not occur in this
series of experiments. Previous results on smailer annuli:
indicate that vacillation may occur 2t severcl points within
the wave roeginme,

The transition from the vacillating to thg irregular regime

is determined from only two points to be given by:
T g = 7.259 x 107
For 2.783 x 1072 LT ) £ 5.040 x 1072

This is significant because proviocus results indicated that

the irregulsr flow at large velues of TTS might occur at values

of TYH of order unity (see Pigure 3). Thsse results also

indicate that very high rotation rates will kave to be used in

order to study the irregulsar flow in annulis with large gep

widtas. The rotation period for Run 69, for cxzample, is 3.4 sec.
Finally, one must note that the wave numbers on Figure 5

do not increase monotoniczlly with increasing rotation., This

has been investigated at the surrounding points near, for

23 Wo. L, L2, Ul, L6,

L5 wors taken to verify the result of 35. The phenomenciappears

B8]

exam»lc, Run 35, where at & lator tims

to be renetitive though not necoszarily unicue since the point

; ) ,
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determined by Run 62 et AT = 5,09 ¢Y, wave nwabor 7, was
found on a previous run to bs 5 waves.

Interior teommerature structure

In the proscntation of the timo averansd data it is
implicitly assumed that the time average has roplaced the
azimuthal averag In this manner the avereged value of the
quantities can be plotted and contourod as if the vertical
thormocouple arrays were all in the same azimuthal position, The
implicd assumption is that the temperature field is advected by
cach thermocouple. This is probably truc in the wave regime
where the phase of the wave is propagated at an apparently
uniform rate at all levels, In the symmetric rezime, the
prosonce of the vertical shear means that there is at least one

LY

’
stationary surfaco which is not advocted by the probe. However,

3

i3 rogime is its azimuthal

o

since the main characteristic of i
symmetry this shouwld not prove to be a poor assumpiion.

The contour plots presented hers are drawn using a modified
computer progranm, the original of which was written by the
Geophysical Fluld Dynamics section at E.S.S.A. in Washington,
D.C. and supplied to the author by Dr. Stephon Piascek. This

progrom plots o given numbor of contours botween the maximum and

his means thav some care must be

[u
ju
(%]
o3
©
2]
i
£
4
L=

ninirnm points
exorcised in tho comparison betwoen plots of the same paramcier
because tne contour Intorvel wiil vary slightly. In order to
aid the com.°rison)tha conoour Intorval, the maximum value, and

the minimam valuwo of cach plot in tho figure

given in the

(]

by

0



caption, The advantago of this dlspliay is that the structure

of oach matrix is displayed clcarliy,cven when tho moan values

thos otz the

i’)

of the matrix vary from one rua to anotacr. In e

o]

0T,

warm outor cylinder is on the 1oft side of thae contour pl

(L=

\1

The gap betwoeen the edges of each contour represents, appro

botwaon the convoetion cncmbor bounduriocs

w

mately, the distanc
and the thermocouple array.

Piguros ila, 11b, aend llc show the coatour plots of mean
temperature for LT = 9,12 “in tho symotric regime, the wave
regime and the vacillating and irregular rogimes, rospectively.
They cre pressnted in order of increasing rovation ratve.

The contour interval for Figure lla changes from 0.059 at
Run 31 to 0.087 at the transition point, Run 3it. This fact along
with the characteristics of the actual plots indicates that the
vertical stratification is increasing in this region with
incroasing rotation rate. This figure &lso indicates that the
radiel temperaturc gradient is increasing with increasing
rotation rate. Further, thersc is an increase in the area of
relatively isothermal fluid near the upper surface of the warn
cylinder from Run 31 to Run 3li. The contours of meoan tempera-
ture Tor Run 31 with JL= 0,0 also compars favorably with the
rosults of the numsrical woerk discussod previously.

The isothorms for Run 36 (Figurc 11b) in the wave rogime

have a rmuch smaller slopo than those appcaring in the symmetric

[ &]

flow. Thia indicats.s that tho waves have released soms poten-
tial onergy from the fluid. ince shs contour intorvals aro
almost tho scme for each run in Pigure 11b, 1t appoars that the

vertical stability of the flow in the wave rogpiias does not
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Figure

Figurs 1lb.

Run No.

Figurse llc,.

Run No.

73

71

69

10b. Sim

10¢.

Moan Temp,

Mean Tenmp,

] . — - o 5 da
i0a. Temperaturse trace

Min. Valuo%
-0.154
-0.240
-0.33L

3
e

Max,

0.1;38
0.9
0.535

deviation; wave regime.

Mean Temp,
Stand, Dev.

Mean Tenp,
Stand. Dev,

Mean Temp.
Stand,., Dsv,

Moan Temp.
Stand. Dev,

2 p
Mean Temp,
Stard. Dev,

Az,

Min, Value™

"’O . 269
0.012

"Oo 262
0.01k

-0.292
0.022

s 3
Min. Valuse

-0,30C0
0.019

-0.3:5

10,020

"'O 'Bi“rl
0.023

3
<&

*, ’x‘
Max., Value

J.523
0.077

0.500
0,08l

0.1194
0.076

Max., Valuse

Value™

Contour
Interval

0.059
0.069
0.087

Contours of mcan tomperaturs and standard

Contour
Interval

0.079
0.013

0.076
0.01lL

C.079
0.011

Contours of mean temperature and standard
deviation; vacillating and irregular raegimes.

Contour
Interval
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* . . . -
The maximum and minimum values aro the nondimensional
meximum and minimum values of temperature and standard devi-
ations determined from the nondimeansionel temperature defined

as:

‘P = (T -T) /AT
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Run 42 Run 36

Run 38

o

TSN

5 min

Temperature Traces from Thermocouple T (3,3)

Figure 10a
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T(2,2)
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AWV

5 min
P
Temperature Traces from a Vertial A_r\rqy of Thermocouples for Run 38

Figure 10b
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Figure 10c
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change very much from Run 36 to Run 38, The radial temperature
difference has a slight tendency to decrease with increasing
rotation rate.

&be differences in the isotherm plots between the vacil-
lating and irregular flows in Figure llc are not so obvious.
There is an appearance of a larger region of isothermal fluid
near the upper region of the warm wall%%ompared to the tempera-
ture structure in the wave regime. This region tends to in-
crease with increasing rotation rate, i.e.: from Run 73 to 69.
There is also an increase in the slope of the isotherms near
the cold wall as compared to those in the wave regime, The mean
temperature structure seems to resemble that of the symmetric
flow more than that of the regular wave regime,

A diécussion of the internal parameters for the runs leads
éo a more quantitative interpretation of these characteristics.,
In the calculation of the parameters Oy and ¢, the limits of
integration were set ' at the edges of the thermocouple array.
These nondimensional estimates of the vertical and the radial
temperature differences are extended to the respective boundaries
by multiplying the result by the actual depth or gap width,
respectively, as in Equations 1.5 and 1.6, It should also be
noted that since this quantity 1s measured over the thermocouple
érray but extended toithe edges of the annulus, the sum of OUr
and O, is not necessarily less than unity.

Figures 12a, 12b, 13a and 13b show the values of O, and
0} for the set of runs at 9.12¢c°and 5.09Odi respectively. The

values for the set of runs at 2.53C° were not plotted since they

are so few in number., However, they are listed in Table III.
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The estimate of the vertical temperature difference, cf;, tends
to increase in the symmetric regime and then decrease just |
before the transition for the set of runs at 5.09C° and just
after the transition to the regular wave regime for the runs at
9,12C° and 2.53¢°, 6/; does not vary as much in the wave,
vacillating and irregular wave regimes for all the runs, and
with the exception of the three low values for the runs at 5.09C°,
it is almost constant. The mean values for t7; in the wave
regime are 0.783 T 0.026, 0.770 ¥ 0,033 and 0.78 ¥ 0.050 for
the runs at 9.12, 5.09, and 2.53ﬁ;$espectively. A least square
fit to the points in the wave regime for AT = 9,12 is:

O, = 0.983 * 0,14l - (0.046 * 0.033) log E-l. This also
indicates that CT; decreases very slightly with increasing
rotation rate or E-I,

; The value indicative of the radial temperature difference,

fO?; seemg.to behave in a strikingly similar manner to that of
5; for each set of’runs. However, some care mgst be exercised
in the interpretation of this value because,if thé limits of
integration were extended to the cylinder walls, 67} would be
identically equal to 1.0. Since the edges of the thermocouple
array may be affected to some extent by the side wall boundary
layers, a more reasonable estimate of the radial temperature
difference would be the value of Cﬁﬁacalculated from the four
internal thermocouples of the array. This value of Oyr is
given for each set of runs in Figures 1lha, 1Lb, and Table III.
The value of O defined in this way decresases significantly

within the wave regime for each set of runs. It has a tendency

to increase within the vacillating regime and then decrease
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again to the irregular regime. The net reéult is that)wbile

the temperature difference across the fluld just outside the

side boundary layers remains the same, the slope of the isotherms
in the center must decrease, This is the result predicted by

the second order Eady theory.

The value of O, can also be used to calculate the Eady
number for each of the runs. The value of B in the wave regime
for the runs at 9.12¢° is plotted in Figure 15. Since the value
of sz tends to be'rather constant in this regime, the variation
of B is dominated by the variétionlin SL with E'l. A best £it

to these points 1is given by,

log B = (7.9789 * 0.0823) - (2-0317 ¥ 0.0189) . ,4(5-1)

for G% £ 9,411 x 103

{

! The values of the nonéimensional wave number Y = ?$‘%%§§%
are tabulated in Table IV. Using these values, the critical
value of the Eady number for the observed wave number can be
computed for each run number in the wave regime. The values of
Beopit 8long with the wave number, mp , which should have the
maximum rate of growth for the observed value of B are contained
in Tables IIa, IIb, and ITIc. These results indicate that waves
will occur when the flow is theoretically stable, i.e.: B 0.581
for Runs 36, 39, 59, 22, and 49. In addition to this the value
of B also exceeds the eritical value of B for the observed wave
number at Runs Ll and 45. The value: of B for each of these

runs has also been calculated using the temperature difference

between T (3,4) and T (3,3), i.e. where the wave amplitude 1s
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a maximum, This value of B is not sufficiently smaller to
change the above results except at Run 45,

The decrease in the stability of the flow cannot be
explained with the addition of the curvature to Eady's model.
Equation 2,521ndicates that the critical value of B decreases
with increasing curvature. Further, the experimental results of
Lambert and Snyder (1966) indicate that a linear velocity shear
will also act to stabilize the flow. However, the results of
the numerical solutlions indicate that the velocity in the
symmetric state, in addition tbAablinear horizontal shear, may
have some component which is even sbout the radius ?:= fiE .
This effect could act to é@stabilize the flow so that
the waves would still develop at values of B greater than 0,581,
One further effect may be due to the fact that the measured
ﬁalues of B ar; determined from the fully developed wave state
énd not from the initial state. |

The most probable wave number:nfie.; that with the
maximum growth rate, becomes mmch larger than the observed value
at higher rotation rates., This is probably the fesult of the
fact that while the wave number increases in a limited channel,
such as the annulus, the interior viscous dissipation must
increase and act to counterbalance the larger growth rates of
these waves. Consequently, the inviscid Eady theory should not
be interpreted strictly in this range. |

When the wave disturbance represents a single mode of the
Eady theory; the standard deviation of the temperature gill be
a measure of the wave amplitﬁde. These values have been

calculated for each element of the thermocouple array for each
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run, Contour values have béen drawn and a volume average com-
puted for the standard deviation at each run. The results for
the average value of the standard deviation at AT = 9.120°¢are
plotted in Figure 16. This indicates that the amplitude of the
disturbance increases discontinuously at the transition between
the symmetric flow to the regular wave regime. This amplitude
has a tendency to increase within each wave number and to
increase with increasing rotation in the regular wave, vacil-
lating and irregular regimes. .

Extending this interpretation, the contours of constant
standard deviation indicate the strength of the wave over the
thermocouple array. These contours are reproduced for Runs 36,
42 and 38 in Figure 11lb. The position of the maximum distnrbancé
starts for low values of E-1 near the upper free surface near
qhe cold wall. As the rotation rate increases,the steady state

7
wave amplitude becomes more centered over the upper regions of

the fluid. At even higher rotation rates, Run 38, the'\g
disturbance is distributed much more evenly throughout the fluid.
The fact that the contour interval is less for Run 38 than for
Runs 36 and 2 strengthens this interpretation, indicating that
the wave amplitude is more uniform over the array for Run 38
than in the previous runs. A study of these contours and the
radially averaged value:&g%dicates‘that the maximum amplitude
of the wave generally occurs near or in the upper half of the
fluid.

The contours of constant standard deviation for the vacil-

lating and irregular regimes are indicated in Figure llc. These

indicate that the area of the disturbance decreases in size and
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Run
No.
55
18
L9
50
51
53
5L
52

TABLE LiL

Experimental Parameters for AT = 2.53°C

state BT

S 0.000
S 0.497
3 0.551
6t 2,228
7t 3.186
6t 3.777

h.52h

5.331

o,
0.633
0.855
0.804
0.746
0.776
0.810
0.816
0.803

Jr

0.4h56
0.336
0.220
0.24ly
0.260
0.276
0.248

Orz

RAPE

Central erg cm

0.661
0.580
0.017
0.039
0.029
0.058
0,072

0.166l
0.1023
0.0336
0.0422
0.0490
0.0571
0.0508

-3

ZAPE _
erg cm

0.00L8
0.0310
0.0L02
0.0375
0.0372
0.037hL
0.0430

3

TAPE
erg cm

0.1712
0.1333
0.0738
0.0797
0.0862
0.0945
0.0938

This wave number was inferred from the phase of the wave at the
different vertical thermocouple arrays determined from =

calcomp plot of the dats.

3



Vave
Number

Ne R e I I > W V2 U = S VU R OO =

T
v O

TABLE 1V

S = v Loy
2T W Lra

0.0789
0,1579
0.2368
0.3158
0.39L7
0.1L737
0.5526
0.6316
0.7105
0.789L
0.868L
0.9473
1.0263
1.1052
1.1842
1.2631
1.3421
1.11210
1.14999
1.5789
1.6573
1.7368

Valuesof $  and Bgpit for the ;2 Inch Annulus

Bcrit

0.5669
0.5283
0.L7L5
0.14153
0.3579
0.3062
0.2615
0.2239
0.1924
0.1663
0.1hh7
0.1266
0.1115
0.0987
0.0879
0.0787
0.0708
0.061,0
0.0581
0.0530
0.0L8l
C.0LLY5



Viave S = m (e Berit

Nunmber : - T Y

23 1.8157 0.0410
2l 1.89L7 0.0378
25 1.9736 0.,0350
26 2.0526 0.0325
27 | 2.1315 0.0303
28 2.21.04 0.0283
29 2.289L 0.0265

30 2,3683 0.0248
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tends to bocome concentrated near the lower portion of the
fluid at the cold wall., Since the contour interval increases
from Run 73 to Run 6?>it also supports this conclusion.

The volume averaged available potential energy (Lorenz
(1955)) of the fluid for each state can be determined from the
mean temperature field and the standard deviation. Thgzg#éilable
potential energy is proportional to the variance of the tempera-
ture along a geopotential surface. This is shown in lu:

Appendix II to be:

TAPE, = ﬁf ge, & (T“) ) dT

Velome

~ "
where . T(n%%):“T(C%)%~T'(@aJ1) R
@- = ?m( | - OL<T“Tm)3
o
| is the average temperature over a geopotential surfacepand

/

T and €m are the mean temperatures and density of the fluid,
respectively. If we assume that the time average of the thermo-
couple output is equivalent to an azimuthal average,we can then

set:
T (r,8,%) = T(vpR) + T (X,63)

The variance along a geopotential surface is then

h

T = ('T(nags-%%n%)+37kﬁ8fﬂv

stal
and théiQVailable potential energy per unit volumo is:

TAPE = &0 q@mdjgﬁ -7 (cu,> Ydrdz

Volume

+ 9 @mOL (s (T'Y (5% rdrded=

3’ umec
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since IT (—ruT)@J‘a) Cl@ O. by our asswnption, and ve
neglect the higher order correlation with —I:be computing E?

from the time averaged temperature field. The first term of the
right hand side measures the radial avallable potential energy
per unit volume.1 This can be calculated from the time. averaged
temperature field interpolated to the geppotentiél‘surfacesm

The second term represénts the zonal available potentlal energy
per unit volumef which can be calculated from the standard devia-
tion of the sample,

The calbulated values of these quantities, along with their
sum or total available potential energy, are shown in Figure 17a
and 17bs for the runs at 9.120° and 5;0900,.respectively; The:
values for the runs at 2.5300 are included in Table III. In
Flgure 17 the radial availlable potential’energy2 (RAPE) increases
rapldly in the symmetric regime,’ The value drops abruptly at
the transition tothe wave regime and tends to decrease within
this regime, The radial potential energy also tends to decrease
wlthin the wave numbers and increase slightly at the transition
between wave numbers, with the exception of Runs 44 and 46, where

1t increases within the wave number, This value increases again

£

with rotation rate in the vacillatin:

©

nd irregular regimes,

&

The line of best fit to all points in the wave regime for
RAPE with AT = 9,12C° 1iss
RAPE = (0.6581 % 0.1510) - (0.1303 % 0,0348) log E"!
(unitss: ergs/cm3?)
This does indicate a significant decrease or radial available
potential energy with increasing 1,
The zonal available potential energy (ZAPE) reflects the

See following paze for footnotes 1 and 2.
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1.. The radial avallable potential energy per unit volume as
defined in this text 1s the avallable potential energy per unit
volume of the azimuthally averaged fluid, Thils corresponds:

in the meteoroclogical context to the zonal available potential
energy per unit volume, The zonal available potential energy
per unit volume as defined in this text corresponds to the
eddy - availlable potential energy in the meteorological context.

2., The values of the radlal, zonal and total availlable potential
‘energy are recorded in terms of unit volume. However, since the
volume of the array 1s always constant, this will not be stated
explicitly in the proceeding.
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variation of the average standard deviation in that it tends to
increase with increasing rotation rate for the wave, vacillating
and irregular regime points. The line of best fit to all points
in the wave regime for ZAPE with AT = 9,12Cis;
ZAPE = (-0.302] * 0.0867) + (0.09l4)y * 0,0200) log E~L
units: ergs/cm3)
The line of best fit for the total available potential energy,
TAPE, for the wave regime under the same conditions is;
TAPE = (0.3553 * 0,1699) - (0.0357 * 0.0392) log E-!
(units: ergs/cm
Thu%

constant within the wave regime and increases with increasing

the total available potential energy remains almost-

rotation rate for the symmetric and vacillating flows.

The same pattern is not quite es evident for the runs at
AT = 5.O9DC°in Figure 1%9:. However, if as indicated in Figure
17a)the radial available potential energy changes within each
wave numbe?)then there are not enough samples taken for Figure
17b to indicate the variation sccurately. The same argument
would hold for the runs at AT = 2.53°C°in Table III where the
radial available potential energy actually shows a tendency to
increase in the wave regime,.

There 1s no accurate manner with which the kinetic energy
of this flow can be calculated dus to & lack of some reference
level from which to integrate the thermal wind equation,
However, the fact that the slope of the isotherm in the center
of the fluid decreases with increasing rotetion rate, whéreas,
the value of Oy defined at the edges of the thermocouple array

remalns constant would indicate that the slope of the isotherms

)]



Figure 17.

Legend
)

o

Figure 18.

ﬂegend
0]

o

Radial, zonal and total available potential
energy ver unit volume; T = 9,12°C.

Lowsr plot; radial available potential energy
per unit volume.

Zonal available potential energy
per unit volume.

Upper plot; total aveilable potential energy per
: unit volume.

Radial, zonal and total available potential
energy per unit volume; T = 5,09°C,

Lower plot; radial available potential energy
per unit volume. ,

Zonal available potential energy
per unit volume.

Upper plot; total available potential energy
per unit volume,
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near the edges of the fluid must increase with increasing
rotation. This means that the kinetic energy of the fluid
computed fronm fhe thermal wind would increase. Thié process

has been shown to occur in wave amplitude vacillation by
Pfieffer, et al., (1966), when the rotation rate of the apparatus

was constant,

Spectral analysis

Further insight into the structure of the éonvection in
the wave, vacillating and irregular flow can be obtained from a
time series analysis of the temperature oscillations. The
results of the analysis should indicate the frequency structure,
gﬁﬁpéﬁﬁéﬁﬁace and radlal and vertical phase variations of the
dee. To this end)the power spectrum, complex cospectrum and
doherence of all the thermocouples in the,array’with respect to
‘thermocouple T (3,3) (see Figure 9)>hava been computed for all |
the runs in the regular wave, vacillating and irregular regime
for AT % 9,12°C°and Runs 25, 26, 65, 63b, 66 and 67 a%i’is.09°c.
The computations were done using a fast Cooley Tukey Fourier
transform subroutine written by Dr. Ralph Wigginsat, MIT.
Further details of the computations are given in Appendix II.

The power spectrum results fof thermocouple T(3,3) for Run
L2 are shown in Figure 19, The 95% confidence level shown is
calculated using Fisher's (1929) test of significance in harmonic
analysis. This level represents the maximum ahplitﬁde obe could
expect 95% of the time from a harmonic analysis of a cémpletely
random set of data with the same standard deviation as the

actual sample (see Nowroozi, 1967). The typical power spectrum
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in the wave regime is characterized by a sharp peak at the
dominant frequency and a smaller peak near the third harmonic
of the frequency. The power spectrum curve for the vacll-
lating ,Run 71,and irregular,Run 69,flows are shown in Figure 20,
The peak power for Run 71 occurs at a much lower fréquency and
‘has a broader peak then any in the wave regime, In the irregular
flow the power is splif‘between two frequency components at a
higher frequency tham that in the vacillating flow and one low
frequency component, Some care must be exerclsed in the
1nterpetatioh of the low frequency components less than 0.,0087 sec"1
a8 these represent estimates of wave amplitudes based on waves
that occur less than 10 times in the original sample, Thus, wve
cannot really state whether the low frequency component in Run
69 is real or not,

" Figure 21 is a plot of the period at which the maximum power
occurs for each run at 9.‘120b in the regular wave, vacillating
and irregular regimes, This indicates that the period of the
disturbance tends to increase with increasing rotation rate in
the wave reglme, This increase ls even more pronounced in the
vacillating regime, This is followed with a decrease in period
to the irregular regime points

The contours of constant cospectrum amplitude at the period of

maximum power for the wave regime are shown in Figure 22,
These indicate the same characteristic variations as the contours
of the standard deviation. At low rotation rates the.wave dlstur-
bance is concentrated near the upper surface near the cold wall,

As the rotation rate is increzased the wave dlisturbance moves

into the center of the fluld and broadens to cover a larger



Figure 19. Power spectrum; Run 42, thermocouple T(3,3).

Figure 20, P?wer)spectrum; Runs 71 and 69, thermocouple
T(3,3).

Figure 21. Period at maximum power versus E'l; AT = 9,12°.
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volume of the fluid., The contours of constant phase, with
respect to thermocouple T (3,3), and projected to this azimuth
using the observed wave nﬁmberbare also shown in Figure 22.
These indicate that the wave tends to lead near the upper
section of the warm wall and lags near the lower section of the
cold wall, There also appears to be a region of maximum lag in
the middle sections of the fluid for Runs 36 and 42, The phase
lines for Run 38 do not show this variation. There is much less
overall phase variation for Run 38 than in the other twq’since
the contour interval is approximately one half that of the
other two runs.

A better idea of the vertical phase variation can be
obtained from a vertical plot of the radially averaged phase for
each run as shown in Figure 23. This plet indicates that the
?ave leads in the upper half of the fluid with a maximum lead,
lﬁust above the midlayer of the fluid’and it lags in the lower
section of the fluid with a maximum lag just below the midpoint
of the fluid. -The difference between the maximum and minimum
phase tends to decrease with increasing rotation rate in the
wave regime., The coherence of gach thermocouple at the point
of maximum poweg,with respect to thermocouple T (3,3)213 greater
than 0.9 for all runs except for a.few isolated cases near the
boundaries of the array.

The contours of constant cospectrum amplitude for the point
of maximum power are represented along with those of conﬁtant
coherence for Runs 73, 71, and 69 in Figure 2. The contours
of the cospectrum amplitude do not represent the exact

characteristics as indicated for the contours of standard devia-
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tion’sinca the contour intervals decrease from 7.4 x 10'5 at

Run 73 to 3.2 x 10~5 at Run 71 and 2,7 x 10~5 at Run 69. Thus,

it is not clear from this figure that the disturbance becomes

more concentrated in the lower region of the fluid near the

cold wall as rotation rate increases. This discrepancy occurs
because the standard deviation is an indication of the power

at all frequencies. However, fhe conclusion drawn from the
standard deviation amplitudes can be rejustified by considering
the contours of cospectrum amplitude for the other spectral

peak indicated in Run 69. (This contour plot not shown). This plet
has the same characteristic contoursplct as shown for Run 69 in
Figure 2. Thus, the sum of the two modes does indicate that

the disturbance has become more concentrated near the lower
ﬁection of the cold wall, |

? There was no obvious phase varlation to the cospectrum

" values for these runs which would indicate a wave number, Thus,
it was not possible to project the phase variation back to the
azimuth of thermocouple T (3,3). Further, the coherence for
these runs decreases rapidly away from the vertical thermocouple
array T (3,3))and therefore, the results of the phase variation
could not be very meaningful. The lines of constant coherence
Indicate this decrease. They also.indigate,that the overall
coherence decreases with increasing rotation rate. This decrease

is sven more pronounced than shown in the plot since the contour

intervals also increase from Run 73 to Run 69,



Figure 22.

phase; Runs 36, L2, and 38.

Min, "Val.

0.00006
-2015

0.00039
-2.04

0,0003l
‘1059

AT = 9,12°C,

Max, Val.

0.00231
1.0u

0.00302
0.72

0.00142
0.006

coherence; Runs 73, 71 and 69.

Run No.
36 Cospectrum
Phase
2 Cospectrum
Phase
38 Cospectrum
Phase
Figure 23.
Figure 2.
Run No.
73 Cospectrum
Coherence
T1 Cospectrum
Coherence
69 Cospectrum
Coherence

Min: Val o

0.00006
0.452

0.00001
00526

0,00001
0.213

Max, Val.

0.0004)
00999

0.00018
0.999

0.001l
0.999

Contours of meximum cospectrum values and

Contour
Interval

.0.000AS

0.6l

0.00053
0.50

0.00022
0.31

Average vertical phase variation; wave regime,

Contours of maximum cospectrum values and

Contour
Interval

0.00007
0.11

0.00003
0.09

0.00003
0.16
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CHAPTER V

SIDE WALL BOUNDARY LAYERS AND EFFECT OF
THE THRRMOCOUPLES ON THE FLUID

It has been noted previously that the side wall boundarj

layer scale thickness is:

ﬂ is of the order 0.2 cm, to 0.3 cm, for the range of these
experiments., This means that the thermocouples for most runs
are separated from the boundary by three times the boundary
layer thickness. However, some of the contours of standard
deviation showed a slight asymmetry in that the values reached
a minimum either near the upper surface of the warm wall or near
éhe lower region of the cold wall. For this reason, a short
series of experiments were designed to determine if the side
wall boundary layers biased the results of the previous work
significantly.

The first experiment tried to determine the temperature
variation at 1 cm. from the bottom of the convecting fluid
with S&= 0.0 and AT = 8,3°C% This was accomplished by moving a
single. thermocouple probe méunted in a 0,062%" stainless steel
needle in 0.1 cm, increments through the boundary layer. The
results of this experiment are indicated in Figure 25. The
amplitude of the hump on the warm wall is 0.1°d;and it occurs
3 mm, from the wall. Since the boundary layers grow with

increasing vertical distance from the source or sink of heat,
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the cold wall hump occurs at a greater distance from the wall,
The amplitude of the hump is approximately O.BOCe and it occurs
5 mm, from the wall, These measurements, since only a single
probe was used, have a relative accuracy of f O.OBOC?

It was, of course, 1mpossibia to perform these measurements
accurately when the apparatus was rotating. Consequently,
another experiment was performed with a horizontal string of
thermocouples suspended betw%en the two walls at 3.2 cm. depth
from the free surface of the fluid., These thermocouples were
located at 0.27, 0.45, 0.63, 0.84, 1.09, 1.34 and 1.61 cm. from
the cold wall and 0.30, 0.60, 0.83, 1,08, 1.40, 1.74, 2.08 and
2.59»cm. from‘the warm wall. The upper level of the fluild was
chosen since the upper regioﬁ near the warm wall is where the

nonlinear effects in the boundary layer are greatest.

{
!

recording the data from the thermocouple array. Runs were taken

The experimental procedure was exactly the same as used in

with AT set approximately at 9.12°C°for the valuesof E-1 of 0.0,
0.924 x 10k, 1.587 x 104, 2,747 x 104, 6.140 x 104, and

7.665 x 104, The results for mean temperature and standard
deviation for the run with E~1 = 2.747 i 10}+ are plotted in
Pigure 26. The nondimensional temperature scale is twice that
of the scale in Figure 25, but the horizontal distance scale 1s
the same in both cases. Figure 26 indicates a region of
slightly colder temperatures at 1.T4 em. from the warm wall with
an amplitude of 0,09°C. This region occurs at the same position
for all runs taken but with slightly smaller amplitudes. The
cold wall does not indicate the characteristic increase in

temporature, because it occurs too close to the wall to be
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detected by the above thermocouple array.

Because this experiment uses several probes, the relative
accuracy of the reading willlbe f 0.07°c, anqjconsequently,
these observed variatidns are just on the verée of being
significant, These experiments, although not‘accurate enough,
nor spaced closely enough, to indicate the structure of the
boundary layers, do, however, iqdicate that the preceding results
are not strongly biased by the proximit& of the thermocouples
to the boundary layers.,

Another consideration an¢ addition to the problem of the
boundary layers 1is howﬁﬁucﬁﬁ%he thermocouples disturb the flow
of the fluid., When dye 1s placed upstream of the thermocouple
in the zonal velocity maximum‘of the symmetric regime, it
appears to separate slightly in the wake of thé thermocouple,
Tbis separation is laminar and does not last for more than 3 cm.
distance downstream, The locél Reynolds number at this point
is less than or equal to five. The Reynolds number for all the
other thermocouples is significéntly less than five., This, in
addition to the fact that no thermocouple lies in the downstream
wake of the other thermocouples, leads the investigator to
believe that the effect is not significant in the present

context of the data.



Figure 25,

Figure 26.

———

Side wall boundary layer temperature; sSL= 0.0,
AT = 8.3°C, 1 em. from bottom.

Side wall bound%ry layer tem'gerature;
L= 0,549 sec~+, = 8.85°C, 3.24 cm. from
top.
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CHAPTER VI

SUMMARY AND SUGGESTIONS FOR FUTURE WORK

The positions of the various convecting regimes and the
interior temperature structure of a rotating annulus of 1liquid
have been investigated. ‘The principal distinctions between this
work and the previous work are the use .of an annulus with a
large gap width)and also that detailed temperature measurements
were obtained in the various regimes, The results indicate that
‘the critical value of TTLC at the transition between the upper
symmetric regime and the wave regime has a tendency to increase
slightly with increasing values of'TT; for TT5'2:2.7S x 107,
This result, however, was not statistically significant from
being independent of TTé in this fange. The point at which the
fiow becomes irreguiar does not occur until high rotation rates
are reached when the gap width is large or until Trg is greater
than 7.259 x 107,

The vertical stability of the fluid increases in the
symmetric regime and decreases slightly in the wave regime with
1pcreasing rotation rate. When this value is used to calculate
the Eady number, it is found that B exceeds the critical value
necessary for instability. The larger values of B at the point
of instability may be due to the‘fact that the part of the zonal
'velocity which is even about the mean radius of the gap acts to
destabilize the sjmmetric flow. The observed wave numbeq);g:
generally, does not correspond to the wave number with the
theoretical maximum rate of growth. It 1s suggested that this

result is due to the increase of the viscous dissipation within ‘
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the fluid as the wave number increasesjwhichjin turq)will
decrease the growth rate of those waves with the larger wave
number,

The total available potential energy of the fluid increases
with increasing rotation rate in the symmetric, vacillating and
irregular regimes. This value 1s almost constant with a slight
tendency to decrease with increasing rotation in the wave regime.
The radial available potential energy decreases with increasing
rotation ragg?°“$§§‘§g§;;al amplitude of the wave and,
consequently, the zonal available potential energy increases
with increasing rotation rate.

The position of the maximum wave amplitude in the regular
wave regime seems to be slightly more concentrated in the upper
-half of the fluid.A The maximum amplitude in the vacillating and
ﬁfregular flows tends to concentrate in the lower half of the
fluid., The phase of the wave in the regular wave regime leads
in the upper half of the fluid and lags in the lower half. The
vertical difference in the phase decreases with increasing
rotation rate.

The period of the wave tends to increase with increasing
E-l in the wave regime, and at a much faster rate in the vacil-
lating regime. The spectrum of the oscillations in the irregular
regime appears to be split into at least two components. The
coherence in this regime tends to decrease rapidly with disténce
from the thermocouple.

' The results presented here lend to interesting speculation

on future experiments, It would be quite valuable to obtain

the transition line between the symmetric and regular wave



-63-

regime using an annulus with an even larger gap width. These
results would produce a more significant estimate of the
dependence of 7TLG on IT;. Experiments with the larger gap
width would also indicate the behavior of the transition lines
from the regular wave to the vacillating regime and from the
vacillating to the irregular regimes. In the same context it
appears essential that some information be obtained for moderate
values of 773 using an apparatus with slightly smaller gap
'widths than in the present experiment. The results of this
latter work should be combined with the previous results of
Fowlis and Hide (1965) and the present work to determine the
behavior of the transition to the irregular regime throughout
this range of TTS'

It would also be useful to obtain the temperature structure
;f the convecting fluid when the upper surface is in contact
symmetric regime is more symmeﬁfic in depth. The resﬁi%s just
outside the boundary layer could be used as a comparison to
the results obtained theoretically by McIntyre (1967). It also
appears that a more detailed study of the structure of the
boundary layer in all regimes for both a free upper surface and
a rigid upper surface should be made. This study would also
lead to more information as to how the boundary layers affect
the flow, especially in the vacillating and the irregular regimes.

Accurate velocity measurement at various depths and radii
~wou1d lead to greater understanding as to the nature of the
stability of the symmetric flow. The measurements would have

to be spaced so that any horizontal parabolic variation of the
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zonal velocity‘could be detected 1n‘addition to the stronger
linear horizontal shear which occurs in these experiments,
These measurements, in conjuction with the measurement of
potential energy, would also indicate the total energy balance
occurring in the annulus regimes, Angular momentum transport
and heat transport within each regime ghould also be calculated,
Finally,.ﬁerhaps the most obvious experiment, is the
determination of the statistical properties of the vacillating
and irregular regimes. This study will require a long series
of samples from a much closer network of sensors than used in
the present experiment., The increase in the number of sensors
used increases the possiblility that the sensor will disturd the
flow. In addition to thls effect, there is the mechanical
problem of attaining the large and stable rotation rates neces-
sary to produce the irregular flow when an annulus with a large

gép width 1s used,
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APPENDIX 1
DESIGN AND CONSTRUCTION OF THE L2 INCH ANNULUS

Several years of previous experimental work on thermal
convection in a rotgting annulus have made it desirable to
obtain accurate and detailed measurements of the thermal structﬁre
and the velocity structure of the various convecting regimes.
In addition, the results also indicated the desirabiliﬁy'of
obtaining the state of the flow at large values of Ekman numbers
or when the percentage of total fluld under the effect of the
viscous side wall boundary was reduced from that of previous
experiments, The former investigation can only be done when
the dimensions of the sensor used or its disturbance to the flow
are much smaller than the physical scale of the apparatus., The
current version of the 12 inch annulus at the Rotating Fluid
D%namics Laboratory at M.I.T. was designed with these experiments
in mind. This apparatus will be set up in the Meteorological
office at Bracknell, Berkshire in the United Kingdom, under the
direction of Dr. Raymond Hide. A prototype of the apparatus
was originally built by Dr. Fowlis., In the interest of obtaining
greater accuracy and more vefsﬁtility this prototype was
redesigned and rebuilt with the exception of the turntable, the
turntable stand and the circulationvunits. This apparatus
conforms to the following specifications:‘

1. The walls of the convection chamber are concentric to
the axis of rotation within % 0.005 inches.

2. The gap width (b-a) is uniform with ¥ 04075 inches, and
consequently a false bottom with an 0 ring seal 1s water-
tight so lighting can be placsd below the convection chamber
and the position of the bottom variled.
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3. The turntable is level within * 0.5 min. over the area
of the convection chamber.

. The stability of the rotation rate of the apparatus is
* 0.089% (standard deviation).

5. The false bottom of the convection chamber is flat to
within * 0.005 inches.

The remaining section of the appendix will describe the
design ;nd construction of the apparatus which is shown

schematically in Figure 7A.

Turntable and drive mechanism

o
The turntable is a % inch flat ground steel plate with L2

inch outside diameter. This is mounted on a 22.5 inech diaﬁeter
four point contact radial and thrust ring bearing. (Kaydon
Engineering Corp. No. B-8090-1). The bearing is bolted on the
uUnderside to a % inch steel ring which in turn is fastened to

a welded triangular frame made of one inch square tubular steel.
The frame is supported with three steel legs with individual
leveling screws on each. When correctiy mounted the edge of the
turntable runs with a vertical deviation of 0,005 inches with
respect to the piane of rotation at a distance of el-inches
from the axis of rotation.,

A 'hollow stainless steel shelf is fastened underneath the
table concentric to the axis of rotation. This has been turned
at the top to 6.500 inches to support the eight coin silver
power slip rings (Airflyte Electronics Corp. part # CSR-342).
Below the slip rings, it has been turned to 6,543 inches in
order to make a positive, concentric mount for a reamed Browning'

72 teeth bulley. The four channel fluid slip rings are mounted



inside this shaft.

The table is driven by a 3 h.p. 220 volt synchronous motor
with a Graham variable speed transmission. This is coupled to
the table by an 18 or 36 notch Browning one inch pulley on the
transmission, a one inch wide Browning notched belt, and the 72
notch gear on the turntable shéft. The Graham transmission could
be modified to supply & maximum output speed of 20 rpm. as an
N30wW60 éeries or of ;8 rpm. as a N29W23 series. Experiment runs
1-56 were run with the former unit which means that the turntable
required about 1/3 the total output power of the drive.
Experiment runs 57-73 were made with the N29W23 and the turntable
required approximately one-half the total output power of the
transmission unit.

The average standard deviation calculated from 39 different
ﬁuns was 0,086%Z. This includes all the standard runs of
Experiment Number 1 with the exception of four runs whose
deviations were at least three times larger than the standard
deviation of the sample. These large errofs were probably due
to improper setting of the Beckman timing triggers and

associated circuitry.

Convection chamber and baths

On the top of the turntable six 3.5 x 2 x 17 inch canvas
phenolic support spacers are mounted at 60 degree intervals. IA
1 inch thick by 4O inch diameter phenolic plate is mounted on
top of these spacers. Each spacer is carefully shimmed so that

the top of the plate runs true in the vertical to 1 0,0025 inches
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and is level to within * 0.5 min. near the mounting points for
each cylinder, The copper cylinders which form the wall of the
convection chamber are fastened to this plate with six 5/16
inch stainless steel bolts. 1/8 inch Burna-N O rings placed in
grooves in the base plate under each cylinder serve as the seal
for each bath.

Three copper cylinders were made for the annulus so that
different gap widths could be used. These cylinders were made
from copper casting done at the Mystic Vailey Foundry, Somer-
ville, Mass, The castings were carefully turned and faced by
General Ship and Engine Works, Boston, Mass. The final di-
mensions and tolerances of each of the three cylinders are glven
in Table V. In this experiment only cylinders II and III were
mounted with final concentricities of * 0.0025 inches and
i 0.005 inches, respectively. The maximum variation of the gap
width is * 0.0075 inches. It is interesting to note that
careful alignment and tightening of cylinder III actually improved
the tolerances of the gap width.

The bottom of the convection chamber is made from a
circular disk of one inch type II plexiglas. O ring grooves for
3/16 inch Neoprene O rings are milled on the inner and outer
edges to form 8 wateﬁ:ﬁight seal between each cylinder. This is
supported six inches above the phenolic base by seven six inch
milled phenolic blocks. When carefully installed the vertical
deviation of the bottom with respect to the plane of rotation
is * 0.005 inches. Radial grid lines are drawn every 5 degrees

and azimuthal grid lines are drawn every 3 cm for a 120 degree
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sector on the underside of the false bottom. These are covered
with diffusing paper. Three fa'inch fluorescent lights are
mounted under this sector for lighting in dye studies.

The outer boundary of the outside bath is formed with a
one inch thick-by 18 inch high and 38 inch inside diameter
plexiglas cylinder. This was faced on both top and bottom, and
the top inside edge turned to be concentric for a depth of one
inch to accommodate an O ring seal. The inner bath consists of
the inside volume of the inner cylinder. Both baths are then
closed with a 3/I inch plexiglas type II 1id with 1/8 inch
Burna-N O ring grooves on each sealing surface. The outer and
inner bath capacities of the apparatus with cylinders III and
II mounted are 28.5 gallons and 18.0 gallons, respectively. ‘

‘ The walls of the convection chamber are maintained at an
élmost constant temperature by circulating water through the
baths., The temperature and flow rate of the circulating water
is maintained with two Haske Circulators Type N.B.S. These
have a temperature range from 0°C. to 50°C. with a setting
inecrement of 0,025°C, Under full normal operating conditions
the temperature of the inflowing water to each bath varies by
less than 0.1°C. and has a flow rate of 2.4 geallons/minute. 1In
the experiment the temperature of the colder bath was maintained
below room temperature by using two coolers in parallel with
the temperature control circuit of the circulator. The mean
temperature of the baths was adjusted to room temperature.

The baths are constructed so that this water is released

into the baths through any combination of four circulation
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rings. These rings are made from % inch rolled copper tubing
with 72 1/8 inch holes drilled in them such that the circulating
water is forced directly toward the wall., The circulation
tubes are mounted 1 % inches from each wall at the heights of
l, 6, 12, and 17 inches from the phenolic base., They are sus-
pended by meens of slots cut in six i}lé inch copper fins
mounted on the bath side of each copper cylinder, Each fin
consisted of two blades where each blade extends into the bath
3 inches,

In general more heat is removed from the baths near the
bottom of the warm wall and more heat is added near the top of
the cold wall; consequently, the optimum circulation pattern 1s
to add the fresh fluld near the lower two circulations in the
warm bath and extract the fluid from the top of this bggh. The
%everse is true for the cold bath. The bath liquid is directed
towards the wall in order to help create more turbulent boundary
layers and consequently decrease the temperature drop occurring
between the bath and the convection chamber wall.

The temperature of each well could be monitored with 2L
copper constantan thermocouples. These were constructed from
Leads and Northrup # 30-55-3 wire, threaded through clear
flexible tubing and sealed at the ends. Each thermocouple was
positioned 0.1 inch from the edge of the convection chamber
wall. The 2l thermocouples are mounted in three sets of five
vertical positions and three sets of three vertical positions.
The set of five thermocouples are mounted at 1%, 6, 9, 12 and
163 inches in helight from the phenolic base and at 120 degree

intervals. The set of three thermocouples are mounted at 13,
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9, 16% inches in height and 120 degree intervals, the latter
separated from the former by 60 degrees. These thermocouples
can be read individually or the thermocouples spanning the
convection chamber can be summed so that an average temperature
difference between the warm and cold wall can be obtained.

The vertical temperature variation in the wall due to the
preferential removal of heat is indicated in Figure 8. This
is a variation of ¥ 3% of A T. Since this effect 1s just the
opposite on the cold wall the deviation in the impressed
temperature difference at any one height is much less than this
variation. There 1s also a noticeable variation in the local
temperature of the wall as a wave lobe passes that point. This
amounts to a maximum local variation of ¥ 2.54 of AT. The
azimuthal average of this wvariation is zero.
|
Convection chamber thermocouples

After éeveral different methods of suspending movable
thermocouples in the bath were tried, unsucéessfuily, it was
decided to use thermocouples rigidly suspended from the upper
1id and the false bottom. This allows the use of very small
thermocouple wire, thus causing a minimum disturbance to the
fluid. These thermocouples can also be positioned accurately.
This is accomplished by having four 5/16 inch reemed holes at
1.02 em, 5.42, 9.82 and 14.22 cm from the equivalent edge of
the outer cylinder cut in the false bottom, each hole being
separated by 60 degrees in azimuth. In this way several- 5/16
inch plugs with a shallow grease ring cut in each to prevent

capillaryvaction can be used to plug up the hole and support one
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end of the thermocouple array. Several such plugs were made
with 0.005 inch Omega Engineering constantan thermocouple wire
suspended from a sesaled .025 inch center hole. The copper leads
were soldered to the constantan wire atab.OZS cm. scrape in the
constantan wire made at 1.02, 5.42, 9.82, 14.22 cm. from the
top of the plug. The other end of the constantan lead was
securely fastened at the top from a milled spacing block with a
0.025 inch hole for positioning. When tightened and set in
place the position of each thermocouple junction should be
known in the vertical direction by ¥ 0.025 cm and in the radial
direction by ¥ 0.033 cm. This uncertainty introduces a maximum
error of * 0.,012°C. with an impressed temperature difference of
10°¢%1n the upper symmetrical regime near the transition.

The constantan lead from each of the convection chamber
qhermocouples is connected to a reference junction in an ice
bath on the turntable made from a wide mouth dewer flask filled
with ice and water. All of the readings are then relative to
this reference point, and only 17 leads are needed to obtaln
the temperature of the 16 thermocouples in the bath.

The copper leads from each thermocouple and the reference
junction are connected to either a 15 pin or a nine pin cannon
plug. These can then be connected to the cannon plugs which
lead to the 36 silver plated thermocouple slip rings. These
slip rings are connected to the recording apparatus using a
five foot patch cord. In the same manner the individual leads
or the two leads indicating the sum\of the temperature differ-

ence for the wall thermocouple can be connected to the slip

rings.
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Electrical recording and measuring systems

Three different systems were used to record the thermo-
couple voltages., These are a four channel Beckman Instruments
analog recorder, a Leads and Northrup potentiometer and a digi-
tal da%gqg§g%&n. Each system can be connected directly to the
37 lead cannon plug patch cord or to a 2l position double deck
thermocouple selector switch. The commections to the analog
recorder and digital data acquisition system are indicated in
Figure 70.

The Beckman Instruments Dynograph type SII four channel
recorder can be used to obtain an analog record of any four
signals., A separate switching box allows an absolute reference
for each channel to be set with the digital voltmeter. The
#ecorder has a maximum sensitivity of 1 uv/div with a noise level
iess than 1 uv. rms. The Leads and Northrup potentiometer 1is
generally used in comnection with the selector switch for
individual thermocouple readings during calibration.

The digital data acquisition system consists of a stepping
switch and logic circuit, a preamplifier, digital voltmeter and
a paper tape punch adapter and punch. The stepping switch
(Sigma Cohn) is a twenty position triple deck switch driven by
a Sigma Cohn cycopulser unit. The upper deck is used for the
thermocouple signals while the lower deck is required to
program the logic circuit. The upper deck has been carefully
insulated and shielded, and it contains one reference zero posi-
tion on each side,

The logic circuit was designed by Mr. Don Sordillo of M.I.T.



-80-

with the use of Digital Data Corporation flip chip modules.
The circuit is shown schematically invFigure 27. The R 302 (A2)
is the flip flop unit and the W601 is the pulse conversion unit
which together signal the cycopulser to start to step the
stepping switc?. This moves the switch one position withma
period of the time consfant of the R 302 (A2) circuit, This is
initiated by grounding pin E .of R 111 (Al) with a microswitch.
The cycle 1s stopped when a signal of 3 volts is applied to
pin P of the R 302 (A2). A separate logic circuit exists for
programming the digital voltmeter., It consists of the flip
flop unit R 302 (B2), a pulse shaping unit R11ll (B3) and o
conversion unit W 600 (B4). The unit is triggered at the same
time the stepping switch steps. It 1is programmed so that the
digital voltmeter will read the signal.[baafter the stepping
sritch is positioned. ’f is the variable time constant of the
R 302 (B2) and was generally set at 300 ms. This read signal
éan be suppressed by programming the lower deck of the stepplng
switch to connect pin P of the R 302 (B2) to ground. |
During the experiments the logic system was set to step
through 20 positions continuously every 9.8 seconds. Nineteen
readings were recorded consisting of one zero reference, the 16
thermocouples in the array, and two zero references. The
maximum sample time, determined by the length of the paper tape,

was approximately two hours,

Discussion of error

The maximum error due to the measurement of the dimensions

of the convection chamber occurs in the determination of the
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depth. This measurement is accurate to t 0.5% of the reading
whereas, the gap width is known to within ¥ 0.014. The
rotation rate is approximately constant at#+0,089% (standard
deviation). The largest error in the determination of the
dimensionless parameters is then due to the variation of the
wall temperature which, as noted previously, can introduce an
error of 3% of AT, In addition to this the local temperature
of the wall may vary by ¥ 2,54 in the wave regime with a period
of the wave, This effect is also noticeabls in the determination
of the average temperature difference between the walls when
six waves are present and in phase with the six sets of wall
thermocouples. The results of this measurement correspond to
an average local temperature variation of f 0.0S°C. This
qffect was averaged out in the determination of A T and
éonsequently should not strongly affect the mean results for
the dimensionless parameters.

The determination of error for the temperature measurements
has many factors and since all thermocouples were referenced
to the same ice bath thermocouple, we will only discuss the
relative accuracy of each measurement. The maximum ergg; due
to misalignment and incorrect spacing of the thermocouple 1is
f 0.01°C. The noise level of the Dana preamplifier is f 0.75
uv or t 0,012°C., The digital voltmeter which was set to read
to the nearest uv int;oduces a maximum round off error of
* 0.0259C, Errors due to thermal differences across the cannon
plugs and other junctions in the stepping switch can be
estimated from the calibration results as ¥ l,uv or I 0.02500.

An additional error in the calibrations will occur for the four
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surface array thermocouples sinc; the local temperature near
the surface cannot be measured accurately enough. This error
(should be t 0.025°C, Thus, the maximum error for the 12
thermocouples at depths greater than 5 cm is + 0,072 and - 0.047°C.
The maximum error for the four thermocouples near the surface
is + 0.097 and - 0.00RPC. This latter error could have been
reduced simply by filling the annulus chamber with more water
during the calibration. In general the relative error will be
less than this since most results depend on a time'average of
these quantities and the random errors introduced by the noise
levels of the electronics will be reduced bj a factor of 1/ VY
where N is theytotal number of samples taken, N is generally

greater than 100,

Suggestions for future modifications
!

The apparatus runs very well in its present state., However,
some additional improvements should be made, Some attempt

should be made to improve the coptrol of the wall temperature
with the addition of several more circulation tubes in each bath,
In addition several more thermocouples should be added to each
wall in order to determine the actual temperature variation more
accurately., The inside edge of the outer bath leaks slightly
unless some silastic sealant is usea for an additional seal. This
can be stopped either by replacing the current 1/8 inch Burna-

N O ring wit%,?“%:gger and softer neoprene O ring, or by adding
an additional| 0 ring seal to the top. Finally, some modification

must be made to the turntable drive so that more stable and
larger rotation rates can be attained as necessary in the study

of the irregular regime.



Figure 27.  Stepping switch logic circuit.
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Inner Cylindersl

0.D. (inches)

I 9.982 % 0,001
II 18.239 ¥ 0.001

Outer Cylinder
III 31.237

TABLE 4

I.D. (inches)
8.966
17.200

30.272 * 0.008

Wall
Thickness

(inches)
0.508
0.520

0.432

Height
(inches)

17.997
18.000

18,000



APPENDIX 2

METHODS FOR THE CALCULATION OF EXTERNAL AND INTERNAL
EXPERIMENTAL, PARAMETERS, AVAILABLE POTENTIAL
ENERGY AND TIME SERIES ANALYSIS

The purpose of this appendix 1s to define the formulae used
to compute the external experimental parameters, the intérnal
parameters of the flow, the potential energy of the flow and
the manner in which the time series analyses were made, All of
these calculations were done at the M.,I.T. Computation Center
except for a small section which wass done at the computation
center at the State University of New York at Albany.

The external parameters were calculated from the measured
value of the mean temperature, T,,, determined by the average of
?he inflow and outflow temperatures of each bath, the mean
ﬁotation rate,JL , computed from the mean of ten rotation
periods, the mean temperature difference, AT, which was computed
from the.mean value of difference between the wall thermo-
couples,and the measured dimensions of the apparatus. Using

this notation, the mean density is:

g, = 0.99768L46 x (1 - 0.000232218 x (T, - 22.5)

5 A.2.1
- 0.000005052 (T, -22.5)° )

to within 0.001% of the range covered in this'experiment. The

mean temperature difference is given by

-

AT = AE AE R
L5 2473 - 0.00625 x (47/, 00 “ A.2.2

where A E is the mean difference'in uv of the wall thermocouples
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: output. This is accurate to within + 0,054 of AT over -the
range of the experiment. The density difference is then
calculated by substituting T,+ A T/2 and T,- AT/2 in il

+he twe resdlks
equation A,2.1 and subtractingk The resulting value of AQ is:

A e = 0.9976846 (0.000232218 + 0,000010104) (T - 22.5) 4.2.3
* AT

The mean viscosity is given by
V,,= 0.01 (0,9640 - 0,022 x (Tm - 22,0) ) A.2.h

The nondimensiogal parameters are calculated using these values
for the variables with g = 980 cm/sec?,

The temperature of the convecting fluid is determined from
the output of the thermocouples, E(I, J), in micro volts with
th following formula:

Temp (I,J) = 2.473 (E(I,J) - 900)/100 A.2.5
- 0.00625 ((E(I,J) - 900)/100)2 +22.50

The nondimensional temperaturq)Temp{Jcan be written as:
Temp! (I,J) = (Temp (I,J) - T,)/AT A.2.6

The internal parameters were generally defined in terms of
a volume average over the thermocouple array. The weight given
to each thermocouple was determined by the volume of fluid its
measurement could represent. Thus, the corner thermocouples
vrines were weighted with + and the other edge thermocouples

were weighted with & of the weight of the interior thermo-
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couples. The average defined in thils way extends only to the:
edge of the array. Let R(I), I = 1, L, denote the radial
position of each vertical thermocouple array. |

In this experiment (R(I), I =1, L) = 37.405, 33.005, |
28,605, 24,205, Further, let the incremental distance dR anddz

be written as:s K{I) =ud & 2{J) wvorooiivaios

(d R(1), I =1, L4) =2.2, h.h4, L.Y4, 2.2
(a 2(3), T =1, L4) =2.2. Ly, L.k, 2.2

Then the volume integral of a quantity A(I,J) whose I index
represents the different radial positions and whose J index

represents the different vertical positions is:

| L . .
MArdrdedz =2 > . A(I,J) R(I) aR(I) az(J)—  A.2.7

I,J=1

i

!
where we have implicitly assumed that A(I,J) already represents
"some type of equivalent azimuthal average. In this manner we

can compute the following:

AT om = dam T (TCr,d-Te)R@:, h-2.8
: Volume =3
dR (T)
SIS A. A.2.9
AT o = C-oar S 3 THETI-T(Tag 5=

Nolume . T=t3J=1

Y (RE) + Rzm) »d RIT) d (D

and

where the volume is 13.2 x ] x (R%(£) ) + R® (H){)ie.the volume
of the thermocouple array. The Eady number and Rossby number .
can then be computed from these values.

The potential energy of a stratified fluld of height d can

be written as:
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/(jig g © e(x, Y, %} t)2<iTT 4.2.10

volume

where Z represents the height above the level surface of the
isopycnal surface of densitys°.
Using the equation of state for water, the density can be

written as:
C =6, (1 -o(T -1)) A.2.11

where the subscript m indicates the volume average of that
quantity and T 1s the temperature at any point in the fluid.
Equation A.2.8 can be written as

PE=3%d(mg . Volume - g&, Sgg (T - ) L 2dT  A.2.12

wﬁere the triple integral is taken over the volume of the fluid
.and dT represents the differential volume element. This integral
can be evaluated by replacing Z by the sum of the heights Zpn

and 2! where Zr is the height of a geopotential surface along

which the mean value oE”Eggpgraigzgigg:gjand Z is the deviation

t—

in height of the isotherm T from the surface Z, at any point on
the surface. With the assumption that the height 7zt can be

oxpressed as a taylor series in température about the surface

1 )
or Z = -T‘(‘%__'ijl | A.2.13
hyA
where T’ = Tr -‘E’and Tr is the tamperéture at any point on

the surface, er Equation A.2.9 becomes



PE= Lden S Votmme - 460 (T (F 47T 20f v
~1
—) v —_"D A.Z.ll.).
+ %C‘.’m&g AT +T =Tm)T (517,—)0{—3'
Since the average of 7' over the surface Z, is zero, the above

equation can be written as:.
P.E. =5 dGy Ivetume = ge,, SI(T-TA 2, d T

1\ 2 | A.2.15
+ qem ffa (T ELY dT
The first term is the potential enérgy of a homogeneous fluid
of density ﬁm. The second term is a correction to the first
térm due to the horizontally averaged vertical stratification.
The last term represents the potential energy due to the
inclination of the isotherms or isopycnals to the geopotential
surface;

The available potential enargy‘of the fluid can be defined,
Lorenz (1955), as the difference between the potential energy
of present fluld state and that which would result if all the
isopycnal surfaces were made parallél to the geopotential
surfaces [e.T' = 0). The resultant of this difference in

Equation A.2.15 is

— 1.2 ) T~-1 |
APE = fﬂg @ A(T) (57) avt A.2.16

The available potential énefgy can be considered as the



~-88~

sum of two terms, the radial available potential energy and the
zonal available poﬁential energy. The radial available

potential energy is:

RAPE =fffg{7m A (F -'?F)?@;)‘l aT

and the zonal available potential energy is:
ZAPE = gf, (T )(_“) aT
, dZ

where ﬂﬁ (rye,Zr;t) = T (r,e,Zr;t) + T" (r,e,Zg;t)

and the bar indicates a time average which is interpreted in
this experiment as equivalent to the azimuthal average..

In thé calculation the surface Z, was chosen as that
geopotential surface whiéh crosses the radial mid point of each
Lorizontal row of thermocouples. The value of the temperature
'along this surface was interpolated from the neighboring vertical

values and the vertical temperature gradient af was estimated
by the difference in temperature between the two'%grtical probes

between which the surface Z, passes. The volume average can

then be computed as previously indicated.

Spectral analysls

The power spectrum, cospectrum and coherence for each run
were obtained from a Fourier transform of the temperature matrix.
The transform of the data is computed using a subroutine
supplied and written by Dr. Ralph Wiggins of M.I.T. This

routine uses an algorithm for fast computations of 2h frequency
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ostimates similar to that described in Cooley and Tukey (1965).
The power spectrum values for each frequency estimate n

are given by:

Baa (n) =Fq () Fa (0¥

where F, (n) is the transform of the data vector, % indicates
the complex conjugate, and the subscript, &, indicates the
specific thermocouple output used. The significance of the
power spectrum level can be tested using a method proposed by
Fisher (1929). This method determines a level with a confidence
of N percent, below which all harmonic peaks would fall if
calculated from ; similar set of completely random data with the
same standard deviation., Tables for the calculation of these
levels for 99, 98, 95 and 90% confidence levels are given in
m%wroozi (1967).

The complex cospectrum between two thermocouple outputs,‘

a and b, for each frequency estimate 1s:

@ap (m) =F () Fp (n)
The amplitude of the cospectrum is:

]g{, ()] = (P () (P '(n))*)%

The phase, e, of the cospectrum 15:

-1 (Pab (n))
Re ( Pap (n))

e = tan

The significance of the cospectrum values, ie, whether the

peaks relate to the same physical process or not, can be checked

-
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by determining if the phases of the neighboring frequencies
are in the same relstionship to each other. An estimate of

the relationship 1s the coherency defined as:

coherency®= 1 oK. ¢a L (3) -
Rit 52 0-55 (Do | | G

This quantity has a maximum value of unity when all the phases

2417

over the neighboring estimates are correlated.
In this text the Fourier transform for each thermocouple
was calculated from a smoothed digital output. Each data record

X(J) was smoothed sccording to the formula:
X(3) =3 X (3-1) + % X(J) + £ X (J+1)

This filters out any oscillation with a period less than 20 sec.
$ixty four estimates were made for each record and the power
spectrum, cospgctrum and phase calculated with reference to
thermocouple T(3,3). The significance level was estimated in
the manner indicated aboves <he coherency at each frequency |

estimate was calculated wiht k = 2 in Equation AJ2,17 .
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