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ABSTRACT

MICROSEISHS ARD WATER WAVES

by
Eern Kenyon

Submitted to the Department of Geology and Geophysics on
May 22, 1961, in partial fulfillment of the requirsments for
the ‘degree af Master of Science.

Part I investigates a possible instrument for detecting
standing waves in deep water which is composed of three wave
meters arhnged in a triangle each of which measures the sur-
face elevation as a funetion of time at one position. Four
simple idsal ocean surfaces are investigated, andit is found
that by examining the aute and crosseorrelations of the time
series generated by the wave meters the instrument can detect
the presence or absence of standing waves,

In Part II the following problem is investigated: If
the ocean surface is compeosed of two infinite sine waves of
the same frequency whose directions make an arbitrary angle
@ s does there exist a second order pressure variation which
is independent of depth., The two simpler and well known
limiting cases g =0 (iraveling wave) and @ =180 degrees
(standing wave) are first reviewed, It is found that there
will be no second order pressure variation at depth which
might casnse microseisms unless g is almost exactly 180 degrees,

In Part III microseism and water wave records from the
Geophysical Field Station and weather data from the U. S.
Naval Station, both in Bermuda, are investigated in a man~-
ner similar to that used by Kazi llag. Amplitudes of water
waves and microseisms are plotted for four storms which passed
near Bermuda (one due to a hurricane and thres due to cold
fronts in which the isobars formed scute angles) and it was
found that it is impossible that the microseisms could have
been caused by wave action on shore. Some frequency spectra
are computed from one storm and it i1s found that the frequency
of the water waves is half that of the microseisms as predicted
by theo¥ in two out of three cases. The phenomenon of beats
was discovered in both microselsm and water wave records, and
the period of the beats in the microseisms is half the period
of the beats in the wabtsr waves.

Thesis Supervisor: Dr. Stephen ¥, Simpson
Assistant Professor of Geophysics
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INTRODUCTION
Most of this work was motivated by Kazi Haqg's Ph.D.

thesis on the nature and o igin of micraaaiam3% He
explains that the two main theories which try to explain
the origin of microseisms are 1) that microseisms are
caused by standing waves in the ocean and 2) that micro-
seisms are caused by surf beating against the shore. He
presents a convincing body of data in support of the first
theory, but there are still a number of loose ends. One
is that it is not pos:ible to guarantee which microseism
wave group ccrrcsgvndsyta &hinh water wave group. Wwhat
HBhaq' 444 was to assume that the ocean wave frequencises
remain comstant during a storm, and then carried out an
approximate verification of the theory. Another loose
end is that it is not clearly understood how or if the
winds create standing waves during the special meteor-
ological conditions under which microseisme are observed.
A more agcurate verification of the theory could be
made if there were an instrument which could guarantese
that at a certain point in the ocean at a certain time
standing waves existed, Several of these instruments could
be scattered over the ocean surface, and as a storm or
hurricane passed over each imstrument would register the
presence or absence of standing waves, 8Seismic stations
at different points would record microseisms during this
time, and the directions of travel of the microseisms
B



could be computed from the three components of ground
motion measured by each seismograph. If it happened that )
the eaﬁter of mieroseismic asctivity were located by two
or three seismic stations at a region where aqe'af these '
. .8tanding wave iastruments happened to be, andn%i the.
instrument had registered the existence of seéndins waves
at the appropiate time to have caused the microseisms,
then the first theory would be almost verified., The finish-
ing touch would be to mhack that the frequency of the
micero-seism group was twice that of the standing wave
group whieh produced the microseism group, as the theory
of Longuet-Higgins predicts, Partl, then, discusses one
possible standing wave instrument,

One special msteoralagiéal condition under which
Kazi Haq and others (for a good reference list secHaq (2))
observed microgseisms 18 a cold front moving rapidly over
the ocean surfaoe in deep water when the 4sobars which
intersec¢t the fromt form an acute angle, This means that
the directions of the winds on either side of the front
form an obtuse angle, and it is thought that in this case
(2) that since large components of the winds are blowing
in opposite directions, they might be offective in creating
standing waves, It seems equally likely, however, that the
winds might be effective in creating two wave trains whose
directions would form the same obtuse angle that the wind
directions form. Longuet-Higgins (6) shows that for a
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single frequency if the obtuse angle is 180 degrees, i.e.
a simple standing wave, then there exists a second order
pressure variation which is independent of depth and which
has a frequency of twice that of the standing wave; lLonguet-
Kiggina‘baaes his theory of the origin of mieroseisms on
this fact. It is alsoc kmown (4, 6) that if the obtuse
angle becomes zero degrees, i.e. simple traveling wave,
then the pressure decays expomentially with depth, and it
would be very unlikely that microseisms could be produced.
It seemed interesvimg to investigate the intermediate case
of an arbitrary obtuse angle to see if microseisms might
possibly be produced in this case, Part II treats this
case along with a review of the two special limiting cases,
In Part III the relationship between water waves and
microseisms is studied by examining actual data, This
problem hasbeen worked og for the last fifty years, and
eaazequsnt}x there exists a sisable body of literature
on the subject. A good bibllography is contained in Kazi
Haq's Ph.D. thesis (2). 9The present author has not made
an extensive search of the work of others but has followed

fairly c¢losely the progedure used by Kazi Hag. This was
felt to be weprthwhile because the data used here comes from

a different part of the world thah that used by Hag. He
used data tsken off the Bast coast of the United States
(Woods Hole, Mass.) where the water wave meter is quite
some distance from the deep ocean, whereas the data used

.,



bere comes from Bermuda whers the wave meter is quite
close to deep water, and this does make some difference.
The purpose in Part III is not to prove conclusively which
of the two theories is correct, but to present some data
which eould be intelpreted as evidence supporting the first
theory.



PART I
Discussion of Standing Wave Instrument

The purpose of this part is to investigate a possible
method for determining surface standing water waves at sea,
The standing wave instrument proposed here will be com=
posed of wave meters, each of which meassures the surface
elevation as a function of time at one point on the ocean
surface, The author is not aware of any work similar to
this whieh has been done. One might logically ask, why
not put pressure gauges an'the bottom? Bince standing
 waves produce a second order pressure fluctuation which
is independent of depth, standing waves should be de-
tectable in prineiple by a pressure meter on the ocean
floor. An answer might be that ome would anticipate nore
practical difficulties with lowering an instrument to the
bqttaﬁ and getting it to pperate properly, and an instru-
ment which works on the surface could be trapsported morse
readily from point to point.

Kach wave meter in the instrument might be a float
constrained to move along a vertical rod, for example,

I will not discuse the design of such an instrument but
rather give an idea of how many wave meters would be re-
guired and how far apart they should be spaced and then
see what information the instrument will give for simple

configurations of the ocean surface,
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Keeping in mind a simplified plcture of the ocean
surface a8 a single frequency sine wave with a plane wave
front, hbw many wave meters would be necessary to be avle
to determine if this sine wave is a traveling wave or a
standing wave? Obviously one wave meter would not be enough
unless it were placed at a node. For most cases two
would be enough, because in general for a traveling wave
the two meters would measure sine waves of the same am-
pliﬁﬁde with one out of phase with the other, whereas for
a standing wave the two meters would measure different
amplitudes and a phase difference of elcher zero degrees
or 180 degrees. It could happen that the two meters lie
along a line parallel to the wave fronts in which c¢ase the
second meter gives no additional information, To be safe,
then, there should be a minimum of three wuve meters, and
I suggsst an equillateral trianglé arrangement because there
is realiy no point in using a general triangle, If two
lie along a wave front, them the third will be sufficient
in the most ieneral csse to be able to distinguish between
the traveling and the standing wave.

The next qneatién is how far apart should the three
wave meters be spaced? If the direction of travel of the
wave were at right angles to one side of the triangle and
the projedtion of the other sides on the line of direction
were a multiple of the wave length or if the direction of
travel of the wave were parallel to one side of the triangle

] Q-



and thie side were an even multiple of the wave length,
then a standing wave and a traveling wave would give iden-
tical recordings at all three wave meters. Careful con-
sideration will show that if 4t can be guaranteed that a
side of the triangle is less than one half the wave leangth
of the sine wave, then the instrument will always be able
to tell if the wave is a standing or a traveling wave,

The most degenarate case is that in which two meters lie
along a wave front and these two and the third are symmetric
about a node or a line midway between two nodes. To the
three meters a standing wave will look like a traveling
w;;é“aa far as amplitude is concerned, but the phase
difference between the first two meters and the third will
tell the difference provided one side of the triangle is
less than one half the wave length.

An upper and lower bound on the size of the triangle
can be estimated, Including the effect of surface tension
in deriving the equation of the free surface of a fluid
from the linearized hydrodynamical eguations will give a
velocity of propogation for a sine wave? .

(1) ct = (9 + .r/p%) Fanh < h

= AM/) = wave homber
z 980 cm/ gact
+ surface temsion

density

>F O 4w R

= deplk of Flud

-1l=



A plot of velocity agaigat wave length will have a minimum,
and for wave lengths greater than this minimum the waves
are governad primarily by gravity; for wave leagths less
than the minimum the waves or ripples are primarily governed
by the surface tension. In deep water where tanhehal
(this is to be taken as the definition of deep water) and
T/ 270 cm / sec* for water, Cmin 25cm/sec and Aminzl.5em.
This would be the lower limit for the triangle side since
the interest is in gravity waves. A rough upcer bound
can be found from the fact that the aé&rags frequency of
storm wuves measured from power spectra computed by Kazi
Haq is roughly 0.12 cycles/sec. For deep water gravity
waves from(1) &5%%=.(xf)‘ where f is frequency. This
rough average frequency gives a rough avémge wave length
of 8 meters; thereforeif the triangle side were less than

4 nmeters, the instrument could detect stunding waves
during an average storm, still under tvhe restriction that
only one frequency is present. Within these limits it is
conceivable that a mansgeable instrument could be made
which could be easily transported by ship.

The standing wave instrument will now be aasumed

to consist of three wave meters at the three éarnera of
an equilateral triangle, a side of which is less than half
the wave lenghh of the waves being measured., Bach wuve
meter will record a time series, which for our purposes
will be considered infinite in length. A technique for
operating on these given time series to find out if stunding
waves are present will now he discussed.



Case 1) sgﬁg;e Frequency standing and traveling wave

The teechnique is that of auto and cross-correlations.
Taking the surface of the ocesn as the Xy plane with g-axis
poasitive upward taking the simples+surface as a sine wave
of single frequency w and amplitude A whose wave {ront is
parallel %o the y-axis, then the time series mezsured by

the various wave meters will be:

Standing #Wave Traveling Wave
Meter 1. ’ £, (t)=h, sinwt A sinf(ux, ~wt)
"2, £,(t)=4,8inwt A sin(ex, -wt)
" 3. £,(t)=A,8inwt A sin(xx,-wt)

where A: =Asinax; 1s1,2,3. Write 4sin (ax,-wt) as
Asin(ax, + &, -wt) etc., where §, =a(x,~x,) etc., and we can
take x, =0 for traveling waves without loss of generality.

The auto correlation function is defined as follows (5):
@) @i = bime L JT‘F.'H') fol(t+T)dt & :1,2,3
. T T .7

and the crosc-cerrelation funetion is:
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erent amplitudes in general und phase differences of either
zero or 180 degrees. (This may be seen by the fact that
the product A A, can be either positive or negative depend-
ing on whether Ax,and ax,are both greater or less than 150
degrees or one is greater and the other less than 180 degrees
ete.) Therefore, a computation of either the three auto or
the three crosscorrelations Qill be sufficient to indicate
whether the sine wave was a standing or a traveling wave,
and this will be true for the degenerate case as well.
Actuael technigues for computing these functions for finite
data will not be discussed; for a good summary see (3).

vor the simple sine wave surface the wvelocity of
propagation and the direction (mot the sense) of the wave
may be computed from knowing the time series from the three
meters, For a traveling wave of frequency w the projection

of the velocity along the sides 1,2 and 2,3 are (fizure 1.)

(7) VA,»‘.’ = C/W(Q"co“) - wc‘/sn
(8) Vg'; = C/ cor® = “’0./533

The phase differences &uetd. are found Irom ihe cross-

correlations.

(9) Vis/y,, = cev8/cora(e- o) *© $33/5,,

then

(10)  Tom® =3y, [2dnsg,, - 1]



Solving for © gives the direction of the wave, and together
with w and d the veloecity ¢ can be found from either (7) or
(8).

To determine the direction of a standing wave of fre~
quency w and amplitude A, where r is the distance measured
along the direection of travel T (figure 1.), the amplitudes
measured by the three meters at any instant of time will be

(ll) z,= 0 A Lo
(12) =z,
(13) 2,

and for deep water waves there is a fourth equation

1]

D am(toi+d coup) De2Asinw

D (kLo tdeoo(Got+p))

(A4) ¢ = 9/x Aowh o h

which becomes

(15) w¥= 94 when 27/ »>71
Given w these four eguations determine D, lo,x,,F from
which the direction and tharvelacity of the wave may easily
be found, and well a8 the amplitude A,

ilso in this simple case the pressure fluctuations on
the bottom may be colculated by a formula due to Longueté
Higgins (&)

A
(16) P(6)=d7at 1/ f 1/2z*dx
-}
% is the form of the surface
P(t) is the pressure variation for inlinite
depth
A =22/« is the wave lengzth
If the auto and crosscorrelations indicate a traveling wave



is present, we know that there will be no pressure varistion
on the bottom, and this is readily verified by the above
formula using z=Asinea(x-ct). On the other hand if the auto
and crosscorrelations tell us there is a standing wave present,
we know there will bv a secore order pressure variation on

on the bottom. Using z=2Asin x coswt in (16) gives

P(t)=24 w coswt
which shows the two to one frequency relationship. This will

be discussed further in Part II.

-l T



Cage 2) Sum of Single Frequency Standing and Traveling Waves

How imagine a slightly mere.cawgliaatgd form for the
ocean surface, that produced by the interference of two sine
waves of the same frequency but different amplitudes traveling
in opposite directions. This surface =ay bs tuousht of equive-
alently as a superposition of a standing wave and a traveling
wave. Forsimplicity take the direction of travel as the
x-~axis, the ocean surface still being the xy plane with z

positive upward. Then

z*&aimgxwai;) + Bainw x-——et%
17) sAgina(x-ct) + Asina(x+ct) + (B~A)sin«(x+ct)
=2Asinaxcoswt + Dsin«(x+ct)
DaBei
The three wave neters now measure the three time serice as

follows:

Yeter 1. £, (t)=4, coswt + Dain«(x,+ct)
"2, £, gtgnazaomt + Dasinfx x.mtga» $a.)
"oz, £y (8)=Agc0oswt + Dsinfi(x.+ct)+ 8a]

where the notation A =2Asinex; and Jj;=a(x;-x;) is the saze as
before., The suto and crosscorrelations may now be worked out
to be:

@, =K, coswT
(19) @2 =Koc08W T
@y, =H,c08WT

@,, =K,coswT + Kcos(wT +&y)
(20) &,y =Eyco8w? + Kcos(WT +3,,)
©;4 K, 00897 + Keos(WT +8&y,)

where ,=1/2[A% + AD/A + D']etc., K=aD, and
Ky, =A[Acosdy,~ (D+a)cosa(x, + X,)]ete.



The three asutocorrelations (19) have different amplitudes in
general (in the degenerate case two are the same) which would
indicate the presence of a standing wave. The crossecorrelations
show (20) a combination of the effects due to a stending
wave and a traveling wave,

in thiaqaxamgle it is mure complicated to calculate the
direction of travel of velocity of propagation from the auto
and croasscorrelations, Jrom (19) or (20) one immediately

finds w, snd if one plots equations (20) at wi=9Q .egrees

(21) 2’.'; “Koos f?.’ at wreT/2

€ay =Kcon(8,~ &) |
These equations may now be éclvaﬁ for the three unknowns K,
S0 S and then the veloeity and dim‘etim of the sine wave
can be calculated as was done for thé« $raveling wave in Case 1)
by using the phase differences Jyy Sy Knowing w and ¢ then
determines w4, and having found the §'sand K, the effeet of
the second terms in (20) /may be subtracted out. Then (20)

beconme:

) €2 =K, +Kcos &, |
(‘22) ‘(;, “KQ} +Koco8 &’l at *T‘(G
¢y, =Ksq +ECOB 8,5, .
and these will determine 4,D and thesefore B, and X,, say.
Finally from (19) the veflues of Ay, A p Ajmay de found. In
other words all the copsfants caj e solved for, and in par-
ticular the wave wlaai/%y, /wave length, and direction of travel

can be determined,



The mean pressure on the bottom of the ocean may now

be calculated from (16) to be:

P(t)=2ABw2coswd
As far as the pressure on the Lottom is concerned the
opposing waves must be of the same frequency and must be
traveling in exsctly opposite directions (however see rart II)
but need not have the same amplitude, which Longust-Higgins
pointed out (see (6)). '



Case %) Standing and Traveling Waves of Twp or kore Frequencies

The next more complicated case to be investigated is a
surface composed of two standing or travelin: waves of the
same amplitude but different angular freguencies w,and w

both oriented along the x-axis.

{(2%) ﬁnf(t)n&&(sim,xeosw,“& + B8indxcosw,t)
Wow the meters will record

@ Bt e

£q(t)=h cosw, t + A cosw,t

where A,; =2Asine;x; 3 i=i,2; J=i,4,5. Now using equation (2)
for the form of the autocorrelation, ths three autocorrelations

are computaed to be:

(2%) @, =1/2(8 cosw,t + £, cosw,r
qa,; «1/2 A‘:: cosw,T + A‘: c:oaw:r

since the cross terms vanish by the orthogonality of cosines.

@n =L/2(A%, cosw,T + Ay COBW.T
]

- I£ the surface had been composed of two tr:veling waves of the
same amplitude, i.e.

(26) z=f (t)wh sin(x - W, t) + 8infx ~ w,t)

then the autocorrelations would be:

(27) €, =A/2(cosw,T + cOSW,T) = U= @y,

In other words for the traveling #aves the autocorrelations are
identical, but for the standing wave they are diiferent. It
is posaible to extrapolate and say that 1L the ocean zurface
is composed of any nusber of pure traveling waves with tne
same direction, then the three autocorrelsacionz of the three



time series produced by the three meters will ve identical,
whereas if the surface is compossd of any number of pure
standing waves with the same direction, the three autocorr-
alations will be different in zeneral (&t least two will differ
in case of degenersacy). By pure traveling waves 1s meant amy
number of sine wayes of different amplitudes and Ireguenciles
traveling in either the +x or -x directions, say, such that
there are no waves of the same Irequency traveling in oppo-
site directions, and s pure standing wave is composed of two
sire wives of the same frequency and amplitude traveling in
opposite directions, The statement will also be Lrue if the
waves, standing or traveling, do not all have the same dir-
ection relstive Lo each other, provided all the wavas of the
same freguency 4o travel in the same direction. 'The reason
for this is that waves of toe same (requency traveling in
different directiona may be combined in a special form as
Case 4) points out, whereas waves of different frequencies
act indepandently of one asnother.

| The eresscorrelations for the two standing waves are of
the form:
(285 @.; *1/2[& icAo;cosw, T + Aj A,-,-casw;r] i¥3
and those for the two traveling waves have the form:
(29) @;; =8/2[cos(w,T + 8 (w))+ cos(w;T + §;(w;))]

&So(w)e a(x; - x;) ete,

The crosscorrelations contain information about the relutive

il S



phase difference for the two frequencies batwgan the pairs of
wave meters., The amplitude and phase 8pactru@ may be obtained
by taking the cosine and sine transform of th% crosscorrel-
ations as shown by Lee (5). For two standing?w§ves (28) is
an even function of the shift s0 ils sine trénsform is zero.
Thie faect indicatss that the relative phasge diffbranceﬁ are
either zero or 180 degrees whith we know to be tfue for
the standing wave. For the two traveling waves the phase
differences are given by ( see Lee (5))
(30) g‘.s(wé)»aretan{ e gn_;;
and from these the wave directions for each frequency
corresponding to a traveling wave may be calculated, vhen
two or more standing waves are present it is too complicated,
if not impossible, to find their orientations.

%hen there are two or more frequencies present in the
ocean surface it is not possible to use eqguabtion (16) to
find the pressure on tﬁ& ocean floor, and the reason for this

is the nopnlinear nature of the equations involved (see Part II).



Case 4) Intermsdiste Case Between Single Freguency Standing
raveling Vave

The last and crobably the most interesting case Lo be

examined is & surface coxnposed of two sine waves of {he same
frequency and amplituvde traveling in different directions, not
necessarily opposite ones., Consider one wave traveling along
the vector ¥, and the other along T, where tiue anzle between
T and £, isP (see figure 2,). ricking a convenient coord-
inate syé‘a’em in which the y~axis bisects the anglel (the
ccean surface is still the xy plane), the form of the surface
is:

mx&expi«(a,,x + 8% - ¢t) + Aexpla(~ayx + a,y - ct)
(31) =24¢08 X3,y ~ Wh)cosaa,Xx

taking the real part, and where a, =¢08é& , a, =8ine ., This
surface has the form of a wave traveling in the positive ¥y
direction with velocity c¢c=w/Ra,, =w/asin® whose amplitude
varies in the x direction with a wave length 2)-&..»21\5650. In
other words it looks like a traveling wave in tzhé y direction

and a standing wave in the x direction., 2€ +f =MW so when

X

Xb
) J

© -

Figure 2.



P =0, =N/2, and the surface reduces to a simple traveling
wave along the y-axis, and when p =0, © =0, and the surface
becomes a simple standing wave oriented along the x-axis, The
three meters have coordinates (X,,y ), (X,,7,) (x3,5, )y and

they record the time series:

(32) 3; =2Ac08 (@a,y, - wh)eosaa, X ; i=1,2,3

The autocorrelations are easily camputed; they are:

(33) ¢ =2Acos®a, X COBWT i=1,2,%
which are all different in genersl. This loocks like the
standing wave case; hawever, the crosscorrelations point cut/
the difference.
(34) @,; neazaada"xgaoa«anxjcaefda.;(3; - ¥) - wzld
1,321,2,3 14}

Each crosscorrelation contains a phase a,x(y; - y;) which
in general is neither zero or 130 degrees, and for this reason
this surface cannot be a simple standing wave, This surface
cannot be a simple traveling wave either beczuse (33) are
in general all different. Thus oh. the basis of equations (33)
and (34) it is possible to distinguish this surface from those
of Case 1).

Other information about this surface may be found, The
magnitude and direction (relative to the three waves meters)
of the velocity ¢ may be computed as in Case 1) from knowing
the phase differences between the three pairs of meters, which
are determined from the three equations (34)., w is found from
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either (33) or (34) and then from (15) «can be determined.
Now ¢=w/xsine may be solved forewhich gives the directions
of both sine waves relative to the wave meter netwerk, This

surfasce will be further discussed in rart I1.
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Conslusion

It is difficult to summarize the partieular surfsasces
to which the standing wave instrument has been subjected;
however, the general procedure for detecting standing
waves is to first preform the operations of auto and cross-
“Aéorr&iations on the three time series generated by the three
wave meters under the assumption of infinite data., I1f all
three autocorrelations are identical, one knows that there
are no standing waves present. If all‘three autocorrelations
differ among themselves and the crosscorrslations contain a
phase whieh is elther zero or 180 degrees, ﬁhﬂﬁ one con-
cludes that there is a standing wave present. These ideas
were extrapolated to cover any number of all standing or
all traveling waves, A nmixture of standing and traveling
waves was not discussed, but this case can be handleﬁ by
- taking the sine and cosine transforms of the crosscorrelations
to sort out which frequencies correspont to traveling and
which to standing waves, The intermediate case between a
standing and a traveling wave shows up as Jjust that when the
auto and crosscorrelations are examined.

Other information such as the wave direction and
velaéiﬁy can be computed for any number of traveling waves
but only for one standing wave, since the method is based on
using the phase differences between the three meters. Also
it is only in the case of a single standinz wave that the
mean pressure on the oceéan bottom can be computed.
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FART IX
Setting up the Problem

The main subject of this part is a caleculation of the
second order pressure veriation at the bottom of the ocean
when the surface of the ocean has a form consisting of two
infinite sine waves of the same frequency whose directions
make an arbitrary angle @ with each other. Two simpler
well known cases will first be rgviewad; they are 1) the
case in which the surface is a single sine wave and 2) the
case in which the surface is a simple standing wave. The
interest in the first two cases is a check to cvee that the
results of the third case reduce to those of the first two
when the angle @ is zero and 180 degrees. The ﬁracae&ura
used here for the first two cases is undoubtedly in the
literature, although I have not been able to find it. I

have used a copy of notes taken by Irofessor Cantwell on a

course on water waves given by Longuet-Higzins at HIT in 1958

as a guide,
X
otk Sz
nT y=0 defines the un-
water h disturbed surfaee
bottom
quu,ré 3.
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The following nay easily be found in Lamb (4). In
order to set up the equations which sovern the surface wave
problem, the usual simplifying statements are :irﬁt made
that the fluid is incmmpressiblé and irrotationai. the
possible consequences of these assumptions will not be dise~
cussed., Under these eén&iﬁions Euler's equations of motion
for the fluid can be replaced by Bernoulli's eqguation, and
the equation of continuity (conservation of mass) can be
replaced by laplace's equation for ﬁhe velocity potential .
(1) v*=0
This ia the basiec equation which governs the fluid.

f}:‘lm boundary conditions are three, one at the batmm,
and two at the free surface. The boundary condition at the
bottom is the statement that the component of the fluid
velocity normal to the bottom must vanish at thehboétam. It
is expressed by
(2) de/ay =@~0  at y=-h
One of the free surface conditions is the one which states
that a particle on the surface remains on tﬁs surface and is
expressed by | |
(3) DF/Dt =0 at y=0 D/Dt=3/0t + (Q.%)

F is the form of the surface; i.e. if the surface is given
by y=Ah(x,2,t), then F=y-A(x,8,t). 3=V is the velocity of
the fluid. The other free surface boundary condition is the
dynamic one which ztates that the pressure on either sile of
the surface must be equal to the same thing, namely zero. It
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is expreaaa‘d by Bernoulli's law in the form

(4) g,l,,.-i» Qe + 1/2(wy + l[;'-i»(p:)uO at y=0

& is the velocity potential, g is gravity, A is the eguation
of the surface, and the subseripts mfér to partial differ-
entiation.

The following may be found in Stoker (vage 20). The
main difficulty is solving the water wave problem is that the
two free surface boundary conditions are non linear. For
example the kinematic condition (3) for a surface of the
form y=A(x,t) becomes:

(5) @ = A Ayl
In order to cope with the two non linear equations the fol-

lowing two perturbation series are assumed:

6 € = € @ ¢V 2,

A oa s A A A,
where € is a parsmeter which gives an idea of the scale or
order of the term with which it is assaciamd. ¥hen these
excansions are inserted in (5) and like powers of £ are
equated to zero, the result ig:
(7) £ @ =AL=0
(8) e': St = A~ A
Third order terms will not be considered, Similarly (4)

at y=0

become:
(9) e:  gAl+ d =0

N q 8t y=0
10) & g+ @ AU -1/2[(@ + (@]
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Equations (7) and (9) may be solved for ¢ and 4% , then (8)
and (10) may be solved for ¥%and A¥, and in principle all
the hizher orders e#n be solved for by this procedure. Zach
@wmuat tnen satisfy (1) and (2),

The ultimste interest here is in the second order pres-
sure on the bottom., Fressure is calculated from Bernoulli's
equation
(11) Tl + @+ 1/2( @+ 07+ ¢ + gy=const.

P is the pressure and o is the fluid density. <In general the
constaent may be a function of time only, and its only eliect
is ﬁa add a constant to the second order pressure. Since we
are looking for second order pressure variztions, a constant
term is not of interest; theréfcre, it will be taken to be
Zero.,

The prceedure, then, is to assume a form for @“ and 4%
which satisfy (1) and (2), generate Qﬂ%ram (8) and, (10), and
check thet €% also satisfies (1) and (2). Then @ =€@% e*¢®
rut @ into (11) now to find the pressure; the pressure at the

bottom is then found by setting y=-h.



Case 1) Single Freguency Traveling Wave

‘he first case to be conslidered iz a surfsce whose form

is a single frequency infinite progressive sine wave traveling
in the positive x direction. This is a two dimensional sur-
face y= A(x,t). Assume to start with that

(12) ¢V =pcosha(y + h)cosx(x - ¢t)
A is a constant amplitude

o« is the wave number

h ig the depth of the water

¢ is the velocity of propagation of the wave
@"satisfies both (1) and (2) as is easy to check, Now AY
is found from (7) to be
(13) AY =-(i/c)sinhahsine(x - ct)
Longuet-Higgins assumes A” to be AY easino(x - ct) and then
tinds @“'from (7) which is equivalent but physically more
realistic. To relate the two procedures
(14) A==age¢/ainhah
Fow putting A”and €"into (9) gives for the wave velocity:
(15) da=fg/a ) banhoh
Kow from (8)
16) Oy - A=Al A,
A7) A% Y < (A'Y/5¢)sinh24bsin2u(x - ct)
(18) AP ¢ == (A4 )einh2xhsin2u(x - ct)
Then putting (18) and (17) into (16), we get:
(19) @, - 4= (442 )8inb24hsin2d(x ~ ¢t)

Now working ouf the following:

(20) (@5 =A™ *coshdh sidu(x - ct)
(1) (@YY =A'*sinheh cosfu(x - ct)



(22) AV ¢fm-A"odBinhahsina(x-ct)
Therefore, putting (20), (21), and (22) into (10), we getb:

(23) ¢ :‘Q gﬂﬁ;ﬁ(@ ina(x-ct)[sintikh - 1/ 2coshun] -
: - 1/2co8a(x~ct )sinhoh

Now differentiating (23%) with ruspect to time gives:
(24) l(::’«s» gﬁl’-(ﬁ‘d”w/&ﬁin?&(x-ah)[cosﬁ'&h - 3&1::33%] s Wae
Multiplying (19) by g and adding the result to (24) to elim~
inat&/tf, and then substituting from (1%) for g, we get:
(25) @7 + s@=(384"/2)s4n2&(x~ct)
How assume @ is of the form
(26) ‘(’w =Kcosh2ol(y+h)sin2 A(x~et )
This satisfies (1) and (2) as required, sutting @*into (25)
and again using (15), we find:

K=w3A'"/8wsinhah

¢¥=~(34**/8wsinhwh ) cosh2e (y+h )sinlol(x~ct )
or using (14)
27) e (3a*w/8s {nHeh Joosh2 K y+Hsin2 w(x~ct )
This result agrees with Longuei-Higgine except for a term
linear in ¢t ~(dwy4sinhdh)t which is added to (%7). This is
a consequence of neglecting the constatn in eguation (11).

From (11) the first order pressure comes Irom @, and is

(28) P/ ==gy + (awe/sinhoth)coshr(y+h)sink(x-~ct)
Por deep water, which is defined as lim h/)\ 9«0, (28) becomes:
(29) i e-gy + awcxpaypina(x~ct)

This decreases exponentially with depth (negative y) and
would be essentially zero at the botiom (y=-h)., One ter
which contributes to the second order pressure is:
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(30) f’w (3 w* /4sinthh e osh2d (y+h )cosl2o(X=Ct)
which becomes in deep water:
(31) €= (3e*w* /4)[exp2a(y-h)] coshax (x-ct)

and this cartéinly vanishes with depth. The linear term in
t which does not appear in (27) would only contribute a
constant term to the second order pressure since the time
derivative is- taken in (30). The two other terms wihich
contribute to the seéand ordsr pressure (4§D°an& (a&é’alﬁo
vanish with depth, which is Jjust as easy (o verily.

This is the well known result that at least as for as
first and second orders are concerned the pressure on the
bottom of the ocean is a constant function of time when an
infinite sire wave travels in deep water. In other words
it is exiremely unlikely that microseisms could be caused

by sueh_a model of the ocean surface.
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Case g) Jingle Frequency Standing Wave

The second case to be investigated gives the well known
amazing result that a standing wave af the surface does prow-
duce a second order pressure variation which is indesendent
of depth and which has a; frequency which is twice thali of the
standing wave., The procedure to be followed here is the .same
as in the first case but is 8llzitly differant from that used
by Longuet-iiggins (6). ‘(")ia now assumed to be:

(32) ¢ <rcosha (y+h) [a.sina(x~ct) + a,sina(x+ct)]

i.e. a superposition of two sine waves of the same frequency
and different amplitudes travelinz in opposite directions
along the x axis, Then from (7)

(33) A’ =(A/c)sinhanfa,cosa(x-ct) - a,cosa(x+ct)]

How working out the following expressions:

(54)  AYGY =(a*Y2¢)sinh2sh[a, cos x»-et% 8,608 gxw‘ts )
xf~a, sinx(x-ct 8, 8ina(x+ct)]

(35) Af'a';’; »(A‘-{"/Ec)ﬁinhEuh[a,aindsx«-ret) + a,&sin«gxwt
x[8,co8a(X~Cct) ~ a,c08A(X+ct

+ +

1

Combining (34) and (35) into (8) gives:
(36) @ - 42 =(&4*/2c)sinhown[-a} sin2e(x-ct) + ohsin(x+ct))
Now working out the following expressions:

(37) a) A'Qe=A""sinkn »a,coso(gx--ct) + a,aaaotgxa»et%
x[a, cosx(x~ct) ~ a,cosa(x+et

b) (‘?'3)‘wﬁ‘«‘coaﬁdh[&,cas%xmct) + &,cos«(x+ch )]z
¢) (lfg’)"wﬁ‘d‘sinhﬁh[a,ain«{x»ct) + a,smdixwt)]ﬁ
Taking time derivatives of a), b), and e¢) and combining these
with the time derivative of (16), we get:
2) 2
(38) Yt + ah? «(Aw/2)[at sin2u(x-et) - atsin2a(x+ct)
Bk +28, 8, 8in2wt][3sinhuh - eu§1x’e(}';]
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Multiplying (36) by g and adding the result to (38) to elim=~
inate A?zm& then using (15) for g on the right side

(39) (&? + 8 lpﬁc (A«w/2) [Zateinla(x-¢t) - 3aisinld(x+ot)
+ 28,8, (38intkh + coshWh)sinlwt]

Kow assume (has the form:

40) @™ =cosh2d (yb )by sin2&(x-ct) + bysin2e(x+ct)]
+ bysin

This sstisfies (1) and (2) as required. Putting ¢*back into
(40), using (15), and matching constants: |
b, == (3A% a?/Bwsinhuh ) b =(34%"a} /8wsinhnh)
b, =(A'a,a,/4w)(3sinkiath + coshth)
or using (14) and the identity:
(41) 3sinhdh + coshéh=cosh3eh/cosheth
b, =-(3e* wal/8sinth) b, =(3a“wal/Bsinhuh)
b, = (a* wa, a,cosh3ah/4s inkohcoshoh)
Therefore we have:

®2)  €®a(a*w/hsinth){[3cosh2a(y+h)/2sinten][~a}s in2e (x-ct)
+ay ain2«(x+at)] + (a, a,,coshiothainz_’wt/aoshuh)}

This agrees with Longuet~-Higgins again except for a term linear
in ¢, which again is not bothersome for our purposes. In the'
deep water 1imi£ it is easy to see that 1,90, b,50, and
byya*wa,a,, 8o that (42) reduces to:

(43) @ =awa,a, sin2wt

The sec¢ond order pressure produced by this term is

(44) Plp == @~ gy = -2a’wa,a,co82wt - gy

This is also the mean pressure along the bottom (i.e. in the

x direction). The second order pressure produced by the terms

o
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(Q@Y‘aﬂd (4@9‘&@ well as the first order uressurs can be
eagily shown to vanish with depth (see (6)). Thus (44)

shows the result that a standing wave at tihe surface produces
8 second order pressure variation which is independent of
depth and has twice the frequency of the standing wave.
Longuet-Higzing advanced his theory of the origin of microe-
seisms (6) based on this idea. le also solved the compres-
sible problem and showed that for certain depths there is a
regonance effaét which could boost the pressure st the bottom

by a factor of five,
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Case $o diate Case Between S ¢ Prequency Standi
S el T ey e Case Botuoen Single Frequency Standing

Imagine an idealized ocean surface to consizt of two

infinite sine waves of the sauwe frequency and &ii"famnt

| amplitude whose directions make an arbitrary angle 8 with
each other (see figure 2.). GSince the angle 8 is always a
positive angle between O and 180 degrees, the angle © =(T-p)/2
will always be positive., The ocean surface will now be the
xg plane so z replaces y in figure 2.

The gquestion to be asked is, cbum there exist a second
order pressure variation which is independent of depth when
the oceen surface has the form described abovel The same
yrwedu:ﬁe will now be followed as in the firat two cases
with slight modifications, Assume @ has the form:

(45) @ =Beoshd(y+h)[a, sinx(xcose+zsine~ct)
+a 8ine(~xcose+z8ine=ct )]

a, and a, are constants. This reduces to the previous expres-
sions for @Y (12) and (32) when © is put equal to 90 degrees
(traveling wave in the z direction) snd zere degrees (standing
wave in the x direection). This form for @ also satisfics
(1) and (2) as it should., As before A" is found from (7)

46) A «(B/c)sinhanla, cosx(xcose+zaind=ct)
+ 8ac08%(-Xcose+z8ing-ct )]

Equation (8) becomes modified because the surface is now a
function of x,z,t (see Stoker page 20.)

47)  OF AP AN AW AW, at y=0

The expressions to be worked out are now more complicated.



(48) 4 0;"» (BdY2e )sinhadheoa%{[a. cos K(Xcose+zsine—ct)
| ~8 ,c08«(~xcos0+28imo~ct )][ ~a, sin(xcose +z8ins-ct)
+&,8ind (~xcoB80+z8in6-ct )] }

49) Jf,’, @Y =(BYMY2¢)sinh2ehs in’o'{[a o8 k(xcose+zsind=-ct )
+8,c08o(~xc080+z8in0wct )} -2, sinu(xcoso+zain@~ct)
-8,8in(~xco80+z8inemct J}§

(50)  A'ey), =(B™72¢c)sinh2h {[a ) 8ino(xcose+28ingwct )
+assind(-xcose+zsirg-~ct )] [a, cosixcosa+zsine=ct)
+8,008k (~XecoB0+28ino-ct )]}

Now combining (48), (49), and (50) into (47), we have:

(1) Q;"' Ay = (B'®’/2¢ )8inh2dh[atsin2« (xcos0+281n0mct )
+83 81n2«(=Xc0o80+23in0~Ct )
+28, 3 ,8irsin2(zsine-ct )]

Egquation (10) becomes sligitly modified to be:
(52) @+ g e hW-1/2[(#) + (@) + (@)*] et yeO
Working out the following expressions:

(53) &) A% =-BWbindah[a, cosd(xcose+25in6~ct) 2
+ 8,c08«(~XcoBe+zsins-ct )]

b) (€9)=BNrodscostiu[a, cosn(xcose+zsino~ct) N
~ 8,008 (~Xcos0+25én0~Ct )]

¢) (%) ~B%'sidecostan] a, cosx(xcose+z8ino—~ct) .
+ 23008 K(~Xc0a0+z3ine—ct)]

4) (@) =BYsinhuh[a,sine(Xcos®+2z8inewct) 2
+ 8z8ina(-xcose+zsine~-ct)]

Before combining (53) into (52) it is easier to take the
time derivatives of both equations. Having done this, we getb:
(54) @3 + ghl= (B"d’e/E){[a}ﬁim’éo\(xcoawmin»et}
+ ajsin2o(~xcose+zaine—ct )] [ 3sinkxh -costoih]
+E?a.a,,am2d(amno~ct )][5sinh%¢h + wszoeoah‘d@}
Bultiplying (51) by g and adding to (54) to eliminate

and using (15), we get: 30



(55) 42+ g a-(8%/2){3a%sin2%(xc080+28 ihO—ct)
+ 3a38in2&(~xcoge+zs8ine—ct)
- [22,8,81024(z8inO~ct )x
x[3sinmiih + costeh(cose ~ 335.1?-6)];

This sloo reduces to the equivalent statements (25) and (40)
of the first two cases when O is set equal to 90 degrees and
zero respectively. @ aust now satisfy (1), (2), and (5%).
Assume @ has the form:

(56) e® =K ,cosh2d(y+h) [a'.‘amzo((xcoawzsm%m; )
+ a3 8in2&(~xco80+281ino=ct )] ‘
+ Kgcosh[2xsin®(y+h)}[ 2a,a,81in2e (zsin0~ct)]

It is easy to check thet this form for ¥ will satisfy (1) and
(2). rutting @ into (55) and matching constants, we get:
K, == (3B /Besintih )

i« (8%a/ho) |34

or using (15) as before with Bs-a¢/sinhoh , these becoms:
K, ==(3a* w/8ginh«h )

%= [

If © is set equal to zero, @ reduces to (42) vy way of (41).,

Al if 6 s set equal to 90 degrees and either a, or a,is
chosen to be zere and the other to bes a, then (56) reduces to

the corresponding expreassion {28) in the travellng wave casge

with x replaced by z. For an arbitiary angle &, @® boecoumes:
(57) @® =(~38*w cosh2«(y+h)/8siniin) [atsin2e(xcoserzsing-ct)
+ 8 8in2X(=xc0o80+23iro-ct )'\ + (@*w/4sinhah) x

e O



In the deep water limit the first two terms of (57) become
multiplied by exp[-2«(y-h)] and therefore vanish with depth.

Thus for deep water (57) becomes:
(58) W 2a*wa,ajexp(2uysine)](cos’s/8ino~2)sin2«(z8ino ~ct)

For © =0 this reduces exactly to (43), which is the deep
water limit for the standing wave case. One cannot set ©
equal to 90 degrees, however, because (58) will be 2era. It
one puts © &qual'to 90 degrees in (57) and then takes the
deep water limit, the expression obtained will be identical
to (31), which is the deep water limit for the traveling wave
case. In the general case, noting that © 18 always positive
as explained earlier, we see that ¢® decreases exponentially
with increasing ® . For example, for waves of period 10
seconds and velocity 14 meters/second in water of depth
2,000 meters the exponential factor in (58) becomes:

1/e for & = 0,11 degrees
0.1 for ¢ = 0,26 "
0.01 for © = 0.80 "

The second order pressure variation calculated from (11) is
proportional to @ﬁu and except for extremely small values of
© , i.e. essentially standing waves, it will be wanishingly
sxall. Therefore, it would seenm very unlikely that microseisms
would ne produced by two sine waves of the same frequency,
unless they traveled in almost exactly opposite directions,
under the assumpthbon of the idealized ocean surface considered.
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It is easy to verify that the other second order pressure terms
(quzetc. and the first order pressure vanish with depth. The
arguments of lLonguet-Higgins (6) follow with slight modifica-
tiona,

That (58) is a ressonable result can be seen by consid-
ering the potentlal energy of the surface, Longuet-Higsins
r¢lates the second time derivative of the potential enerzy of
the surface to the pressure variation at the ocean bottonm,
and this is summarized by Haq (2). The potential energy

PeBs is given by:

(59) F.E,=k H gphdsdx
P1is the density of the fluid
A is the height of the sufface above the
undisturbed surface y=0

For the equal amplitude case (a,=a&,) and using (15), we havey

(60) zﬁ"m-za‘ccs«Cxcaao)[@e&«(zsime)coswt +
' sinm(zsine)sinwﬁl
then L L
1)  r.E.nf pelrfazax
-84

where b and 4 are arbitrary limits. Since A is the first
order appr&ximatioh to the surface, the potential snerzy is
a second order gquantity. Working out the integral:

(62) P.E,=28'p g[‘b N -—-2-5\-—-9—-—-51“ ﬁ:gome)] [d + -—?-(—I-—-—-lcsm“ﬁdﬁf'”e osw{(

The limit of (62) ag © goes to O (standing wave case) is:

(63) ligg;E‘waafdpg(b + 8in24b/2 )(1 + cos2wt)
°
and the limit of this for large b ism:
(64) l%ff.ﬁ.uE&‘dbpg(l + coslwt)
o
b>oo

e o



The second time derivative of (64) with respect to time
is proportional to the pressure variation at depth, and in
this case the yressure varies with a frequency of twice that
of the standing wave as it should. It is easy to see that
(65) }.ﬁ wz:.s.aaa‘ bdeg

9%
80 that fmr the traveling wave the pressure at depth does
not vary/%ith time, which we know it shouldn't. For a
gensra;fﬁngla -0~ we geb:
(66) 1in p.E.=2¢ bdeg
which is also independent of time over a large area. In
other WOéés over a large area the surface for a general angle

© acts like a traveling wave and therefore causes no second

order pressure variation at depth.

v
L )\

C- crest
T- Trovgh
¢ - velacity
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In order to understand this more clearly (60) may also

be written as: '

(67) 42 =-2a*cosa(xco8®)cosa(z8ine-ct)

It was pointed out in PartAI that this surface resembles a
traveling wave in the 2z direction and a standing wave 1n the
x direction., In figure 4. the solid lines represent the
craats/anﬁ troughs of two intersecting wave trains, and the
arrows show their directions of travel. It can be seen that
the pattern between the dotted lines, which has infinite
extent in both directions along the x axis, moves as a unit
in the z direction with a velocity ¢/sine . Thus the overall
effect of the surface is that of a traveling wave, at least
as far as second order eflfects are concerned.

It was pointed out to me by Professor Madden that in the
range ¢ =0 to 1 degree where there exists a seecond order
pressure at depth there might be a special direction along
which especially high energy Rayliegh waves could travel., 1In
figure 4. the surfage pattern moves in the z direction with
a velocity c/sine/, where ¢ is the water wave velocity, and
for small angles this is large. If a Rayliegh wave started
in a direction which made an angle & with the z axis, and if
the component of the surface pattern velocity along this dir-
ection were equal to the Rayliegh wave velocity v, then there

would be strong coupling such that energy would be contin-

uouily fed into the Rayliegh wave, This special angle ¢

e



would be g;‘.‘.xf'em~ by:

Y =arccos(¢/vsine)
There is a smallest angle Ooritical for which this pnonomenon

could occur, and it will be given by:

Yeritical “2Fesin(e/v)

As an example, for ¢=15 meters/second and v=3 kilometers/second
then e’critical =0,3 degree and ¥ =0, 1If © =l degree then

¥ will be about 75 degrees.
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Conclusion

In summary, the main problem of interest in this part
is a study of what pressure variations as a function of depth
exist for the case of an idealized ocean surface consisting
of two infinite sine waves of the same frequency whose
directions make an angle 8 with each other. The two simpler
well known cases of a éingle frequency sine wave and a simple
standing wave were first reviewed. The first order pressure
variations of all three cases were seen to vanish with depth,
and it was only in the case of a simple standing wave that
there existed a second order pressure which is independent of
depth and which varies with twice the frequency of the
standing wave., The third case showed that for this to happen
the angleps must be almost exactly 180 degrees. It is
concluded, then that for the idealized models considered
there exists a pressure fluctuation at the ocean floor in
deep water which might cause microseisms only when two sine
waves of the same frequeﬁcy traveliﬁg in almost exactly
opposite directions superpose at the surface. Also it may
be possible in the smell range B =179-180 degrees where there
does exist a second order pressure fluctuation at depth for

the existence of a preferred direction of travel of Rayliegh

waves.
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PART 111

Two main investigations will be presented in this part
1) the relationship in time between the amplitudes of micro-~
selsms and water waves, and 2) the relationship between the
frequencies of the microseisms and those of the water waves.
These investigations are based on original data consisting of
weather maps and surface weather data, and microseism and
water wave records which came from the U. 8, Raval Station
and the Geophysical Pield Station respectively in Bermuda.

The recording of the wave records will be briefly
explained, Two low frequency‘traasduéers were installed off
the seuth shore of Bermuda at the ends of a sea cable which
lead ashore to amplifiers and a drum recorder, The micro-
seism transducer was located st 32 degrees 12 minutes 24
seconds North, 64 degrees 51 minutes 39 seconds West at a
depth of 165 fatnoms, and the water wave one was inboard of
this at a depth of 60 feet (this meams that the higuest
frequency it could measure would be about 0.5 ¢.p.s8.). The
two signals could not be recorded simultaneously, conse-
quently microseisms were recorded for twenty minutes, then
water waves were recorded for twenty minutes etc.

The transducers were hydrophones made by Western Electric
Co,, and their characteristics are classified. However, the
hydrophone is electrodynaméc, and the response curve on the
low side is 6 D.B, per octave, The amplifying system was
Sanberd cardiographic D.C. amplifier modified to pperate with
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a drum., The result is that only relative amnlitudes are
obtainable from the records, but this is enough for the
purpose here. Records were available from November 2, 1952,
to December 1, 1955,

The method of measuring the microseism and water wave
amplitudes is similar to that used by Hag (2). The average
of the four or five highest waves (crest to trough) within
the first an€ last three minutes of each twenty minutes of
record was uded to characterize the amplitude of the micro-
seisms or water waves for that twenty minute period. Admit-
tedly, this gives only a general picture, but a more exact
one would require an absurd amount of time.

The weather maps were fairly crude and were only avail-
able once every twenty~four hours{ however, most of the storms
considered here occurred in the vicinity of Bermuds where
surface weather informetion was available once every hour.
Low and high areas are usually marked with an L and an H.
The light closed lines are isobars and the hsévier lines
which cut across them are warm and cold fronts which have
been indicated by a C or a W. The hurricane center is marked
by what looks like two interlocking sixes at the center of a
number of concentric c¢circles. On some maps Bermuda is indi-
cated by the letters NWD,

Four different case histories will now be presented.
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Case 1) Jan, 7,8, 1954

Graph 1. isdicates the amplitudes of the water waves and

microseisms and maps la, lb, lc¢ are the pertinent weather
maps8. From the overall appearance of graph‘l« one might say
that if the water wave trace were gshifted to the left by
about two and a haif hours near 1200 G.8.T7. and by about wune
apd a half hours near 2100 6.3.T. and by about 40 minutes
near 1400 G.8.7., Jan 8, then the two traces would agree
pretty well, In 6ther words it looks as if high amplitude
microseisms preceeded the high amplitude water waves by much
more neur the beginning of the storm than near the end. ﬁy
the theory that microseisms are caused by standing waves in
deep water (theory 1) this would be expected if the storm
were approaching Bermuda, which is what actually happened,

The weather msps show that at 1200 G.S.T. on Jan. 6
therefvas a cold front west of Bermuda in about the middle of
map la, and the isobars which intersect it form fiarly sharp
angles. This means that the wind on one side of the front is
blowing at a fairly wide angle to the wind on the other side
of the front. At 1200 G.S.T. on Jan., 7 this cold front has
just passed over Bermuda, and exactly one day later it has
moved some distance beyond Bermuda to the east.

The surface weather reports show that from 2420 G.S5.T.
to 828 G.8.7. Jan, 7 the wind on Bermuda was blowing at about
N22ZB Qnd increasing steadily from 13 to 26 knots. From 928
G.5.7, to 1228 G.S.T. it was blowing N45E at an average 18
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knots, and from 1328 to 1828 G.S5.T. it was blowing due east
and its speed was increasing from 18 to 24 knots. ¥From 1828
to 3%0 5,8.T, Jan 8 the wind continued to blow east at an
average 22 knots, and from 0430 to 1728 G.S8.T. the direction
shifted to S67E and the velocity’was about .24 knots.

The total overall change in direction of th@ wind
during this time was about 90 degrees. This is a fairly
wide angle,.but it is nowhere near 180 degrees. It might be
possible that the wind direction shifted by a larger amount
somewhere out at sea and that standing waves were produced.
It should be pointed out here that it was not possible to
tell the direction from which the microseisms came bDecause
only one component of the ground motion was recorded. One
thing is clear, however, from graph 1, and that is that it
would not be possible for the microseisms to be caused by surf
beating against the coast, since the amplitudes do not rise
and fall simultaneously.

The first maximum in the microseism activity occurred
as the cold frauﬁ was passing over Bermuda when the wind was
shifting direction from N45E to east, and the second meximum
occurred about six hours later after the fromt had moved fur-
ther east.

It is possible to conclude from this case that somehow
the movement of the cold front c@used the microseisms, per-
haps by eréating standing waves, It is definite, though, that

the microseisms could not have been caused by surf beating on =

shoré,
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Case 2) Feb. 22-25, 1954

The amplitudes for this case are shown cn graphs 2a. and
2b,, and the appropriate weather maps are maps 2a, 2b, 2¢, 2d,
Prom graph 2a. it is fairly clear that the microscisms and
water wave,amplitudea do not have much to do with each other,
from which the conclusion is dréwn that the microseisms could
not have been caused by surf beating on the coast,

The first three maps show essentially the same situation
as in the first case, that is a cold front moving from west
to east and passing over Bermuda, Again the isobars inter-
sect the cold frond aﬁ fairly acute angles, Hap £b shows that
at about 1230 G.S.T. on Feb, 23 the front has just passed
over Bermuda, This correlates with the surface weather
reports which show that between 930 and 1430 G.5.T. Feb 23
the wind blowing from 15 to 20 knots shifted through 110
degrees in direction from due north to S567E, The micro
geisms reach a maximum about six hours after the iront passed
over Bermuda., This also occurred in the first case, and it
_shows that the maeximum microseismic activity doesn't neces-
sarily accur[éheg the centar of the storm is closest to the
recording ataﬁioa.

in graph 25 it appears that the amplitudes reach a
‘haximum at the same time, Actually the water wave peak
occurs about 40 minutes later than the microssism peak, Three
other %abéé‘wave peaks seem to correlate with three micro=-
seisw ygaES‘aﬁﬁ all three accﬁr about 40 minutes aftcr the

corresponding microseism peaks.



Surface weather reports show that between 630 and 2230
G.5.T, on Feb 24 the wind on Berﬁuda was blowing from ¥ to 15
knots and changed diredtions through 135 degrees from S45E to
due north. The microseisms reach their maximum during this
time at about 2100 G.8,T.. The weather maps do not show a
cald’frqaﬁ passing over Bermuda during this time, probably
be#ause they are two widely spaced. Again it is conceivable
that if the ﬁind cnanged directlon by such a wide angle on
Bermuda, it could have shifted through 180 degrees over some
area at sea.

The conclusions to be rcached from thisg case are that
microseisms are not produced by aﬁrf beating on shore, but
that they are probably caused by locally created standing

waves.,



Case 3) Sept . 1-2, 1954

Graph 5. shows the amplitudes, and the pertinent weather
maps are maps 3a,3b,%c. This case covers the time during
which a hurricane traveling northeast passed fairly close
to Bermuda on the west side. Graph 3. shows that the micro-
seisms begin to inerease and reach a nmaximum a little over
two hours before the water waves do, The microseisms con-
tinue at about the same avérage level, whereas the water
waves continue to increase. The usual conclusion is, then,
that the midroselisme could not be caused by the action of
waves on the shore. '

There are two highfwﬁter wave peaks near 600 G,3.T.,
Sept., 2, which are separated by a little over four hours,
~and above them are tWQ‘microseism peaké which are practie-
cally the same distance apart and which preceede the corres-
ponding water wave paﬁks by 20-40 minutes., Also there is a
third smaller peak inbetween the other two which corrslates
well orn both éurve&.f In Case 1) a similar feature was found.

Cenéidering the method used to neasure amplitudes; such
¢lose correlazien is not really expected, only general trends
are hoped to agfee, and besides there are far more peaks

which do not correélate betwsen the two curves. In theory
standing waves %hich produce microgeisms could be created in
such a direction that they would never he recorded by the one
station. In thi# case the hurricane is traveling roughly in
in & ﬂﬁﬁth»ﬁoutg direction, so that the standing waves it might
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create would have their wave fronts approximately parallel to
this direction. This means that the waves which made up the
standing wave at sea would have a good chance of being recor-
ded, since the hurricane passed by to the west of Bernuda.
Perhaps, then there is a correspondence between the above
mentioned set of peaks.

The hurricane on map 3a is not the main interest. It is
probably the cause of the fairly hizgh level of microseism
activity at 2400 G.5.T., Sept 1 (aug. 31). One guess is that
in between the time of mar 3a and map 3b viis hurricane
traveled over lund thus causing the decrease in the uwicro-
seisn amplitude shown at 400 G.85.T., Sept 1, on graph 3. Hap
2b shows that the first hurricane has gone and another is on
its way toward Bermuda. The highest aicroseism peak occurs
before the hurricane rcaches Bermuda. This may be due to the
hurricane's moving faster before it reached Bermuda than after
it passed, but there is no way of checking this.

The surface weather reports show that from 430, Sept 1,
to 127 ¢.8.7., Sept 2, the wind blew R22F% at 13 to 23 knots.
At 227 ¢.S5,T. the direetion changed %o due north and remained
80 for over twelve hours. During that time the wind velocity
varied from 19 to 27 knots with the maximum of 27 knots at 428
G.8.T, This seems about the right time for the hurricane's
closest approach to Bermuda, for it is at about this time that
the water wave amplitude makes a sharp increase. The micro-
seisms also make a slight increase in amplitude at this time,
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but this is not considered significant,

The same conclusion may be made here as was made in the
first twe cases, namely that microseisms are not caused by
wave actlion at the shore. One'may also say that a hurricane
moving,ovar the ocean surface causes microseisms probably

by creating standing waves,



Case 4) Jan 4-5, 1954

This last case is another example of a microseism storm

due to the movement of a cold front., Graph 4, shows the amp~
litudes, and maps 4a, 4b, and 4c¢c provide the sketchy weather
data that was available. The general trend of tha/micra~
seisms agrees guite well with that of the water waves, as a
glance at graph 4, will show. One's first thought is that
here is a case which proves that microseisms are caused by
sur{ beating against the shore, and it is true that of the
four cases examined this comes closest to verifying that
bypothesis. There is one other possibility, however, and

that is that the generating area for the micgroseisms passed
quite close to Bermuda, thus producing a simultaneous increase
and decrease of the water wave and microseism amplitudes.

This is entirely possible since Hermuda is surrounded by deep
water, whereas 1t does not seem to be possible along the Bast
Coast of the United States, for example, because the storms
there usually travel from land to sea, and the microseisms
don't show an appreciable increase until the storm has traveled
out over deep water. Thus the water waves would increase
first,tand the microséisms would increase at a later time.
This is Just what Hag obsefved.

The weather dats gives further c¢lues. Map 4a shows a
cold front with isobars meeting it at quite sharp angles lying
inland and roughly parallel to the Eastern seaboard, Twelve
hours later this front has blown some distance out Lo sea and
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is lying fairly close and to the west of Bermuda, The last
map 4c¢ shows that this cold front has passed quite some dist-
ance to the east of Bermuda, and one presumes that sometime
inbhetween it paésed over Bermuda.

Surface weather reports indicate that at 525 G.S8.7T.,

Jan 4, the wind was blowing due north at 18 knots on Bermuda,
that between 628 and 1128 G,.S8.T, the wind blew about N22E at
an average 17 knots, and that at 1128 G.8.T. the direction
changed to due east and the velocity dropped to 12 knots.
Betwesn 1229 and 1928 G,3.7, the wind direction was approxi-
mately S22E and the velocity was 10 knots on the average. At
1928 G.S8.T. the direction became due south aud remained so for
four hours, and the velocity was 10 knots decreasing slightly
during the next four hours,

During the whole fourteen hours the wind direction on
Bermuda ehanged through exactly 180 degrees from due north to
due south, andﬁt was shortly after (perhaps 40 minutes) the
wind direction changed to due south that the microsiesms
reached their meximum amplitude. One might suspect from this
that the generating area for the microscisms was quite close
to Bermuda which would explaln graph 4.; howevaer, there is
no absolute way to check this. A further clue would come [rom
a knowledge of the frequency spectra of the microseisms and
water waves, but time didnt't permit this caleculation.

In conclusion, the results of this case are not as defi-
nite aé those of the others. In the first three casss it was



guite clear thnat the microseisms could not have been caused
by wave action on the shore, and it was less clear but plaus-
able that théy were caused by standing waves. The glaus-
ability came from the fact that in all cases meteorological
conditions existed such tiat at one time the wind was blowing
in a certain direction over an area of ocean surface, and at
a later time it blew over the same area at an obtuse angle
(perhaps 180 degrees) to its earlier direction, so there is
a8 chance that standing waves could have been created, What
also adds to the plausability is thet Haq (2) observed micro=-
seisms under the same meteorological conditions, and by com~
puting a number of spectra of both water waves and micro-
seisms, he was firmly convinced that standing waves caused
the microseisms., In the last case one cannot say quite so
definitely that shore breakers &c not cause microseisms and
therefore even less definitely that standing waves cause them.
However, a fairly reasocnable hypothesis, which seems to be
supported by the weather data, has been suggested which
would bring this case in agreement with the other three,
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Frequency Relationship

The next subject to be discussed is the frequency rela-
tionship between water waves and microseisms during a storm.
This section is the weakest as far as quantity of results is
concerned due to the limitations of time and money; the
procedure was lenghty as well as costly.

The main idea was to calculate the frequency spectra of
a number of wabter wave and microselism records and then com-
pare them to see if there is a two to one frequency ratio
which the theory of Longuet-Higgins predicts (6). Asswuing
these records to be stationary time series, the method used
is to first compute the autocorrelations and then take their
cosine trensforms to obtain the power spectra, which measufe
the amount of energy present at each freguency. This method
is based on Horbert Wiener's generalized harmonic analysis,
a detailed exposition of which may be found in refererces
(34 74 8)

In computing the autocorrelations a modified version of
the ‘'transient approximation' was used. Reference (3) gives
a list of the different approximating formulas with a discus-

sion of their various limitastions. The formula used was:
T
(1) Q(t)u Zr"f‘?t T”Gglgaﬁam
(=0

In most cases the shift T was only carried out to one third
of the number of data polnts instead of the full number which
=58



the transient approximation calls for. The transiont approxi-
matlon grarantees that all the power will be positive, which
is desirable. However, modlfying it in this way causes the
guarentee nct teo hald any longer, but it 1is harmfull to shift
the auvtocorrelation by mueh more than one third of the data
length, because successively more and more of the data points
are multiplied by zero as the shift inecreases. In (1) ¥ is
the total number of data points.

The cosine spectra were computed by the lformula:

n
(2) @W)& Z‘e(‘r)cﬁsw‘r w"‘g; Tr/m’ »eo oy iﬂ/iﬁ‘ “nae

TS0

, T

|

whichriﬁ what J. Tukey uses except that no smoothing is used
here (see refersnce (3) appendix m).

- In order to compute equations (1) and (2) a program.
was written for ﬁhd:I.B.%; 709 at MIT, but first tﬁe data
had to be put in afformﬂﬁhmch the 709 cculd handle. This
procedure will be briefly described. First the wave records
were enlarged eight times. Then they were taken to Wolf
Carporak?aﬁ in Bostom which has a Bendix G-15 computer whieh
operates with a tracing table. As the records were traced
the computer recorded the amplitude at the specifisd increments
and yﬁngﬁad thig,infarmnﬁion on tape. In cother words the
records were digitalized by this process. The tapes were con-
verte@!fa ﬁardﬁ\%y another machine at Bedford Air Base, sand
then these cards were cenverted to a form which the 709 could use

1
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by a program written by Frofessor 8impsen.’

The main program used to compute (1) and (2), whieh is
given in the appendix, was basically designed to compute the
autocorrelation using all the digitalized data, and them to
compute its cosipne transform for a discrete set of frequen-
cies with arccosines between zero and 180 degrees; the
frequeney spacing was usually 1/120 c.p.s8., A certain amount
of flexability was incorporated into the program in order to
be able to vary the following quantities: the maximun shift
in the autocorrelation, the number of data points used in the
autocorrelation, and the highest desired frequency in the
cosine transform, The number of data points used was varied
by selecting every nth point of the original digitalized data
before the autocorrelation is computed, and this produces the
same effect as if the original record had besn digitalized at
1/n times the original rate (where n=1,2,3,...). The cosine
transforms of the 'thinned' data (same time length but fewer
data points) are then computed using the same Ifreguencies
starting from zero, but now the maximum allowable [requency
is smaller, because the higheat frequency one could hope to
get has one wave length equal to the distance between two
adjacent points in the autocorrelation, and the number of
points in the autocorrelation is now smaller, If one conm-
putes beyond the highest allowable frequency one will obtain
a mirror image of the original spectrum where the mirror is
located at this highest allowable frequency. This is not
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harmful, but for the purposes here it is a waste of computer
time,

The four records which were run through the 709 were
taken from Case 2) in the vicinity of 1900 G.5.T., Feb. 23,
1954, during which time the most intense period of that
particular microseismic storm was occuring. The records in
order of occurrence are: record 1) at 1840 G.8.T. (water wave),
record 2) at 1900 G.5.T. (microseism), record 3) at 1920 G.S.7T.
(water wave), and record 4) at 2000 G.3.T. (water wave), The
original records are shown in plate 1. along with a number of
others which were not digitalized. From looking at plate 1.
one can see Jjust by eye that in a number e£ rlaces the period
of the water waves is twice that of the microseisms. In
plate 1. every other trace is a microselsm recording with the
water wave recordings inbetween; the darker noisier looking

traces are the microseisms. The total length of record

éhown is approximately three minutes; the tic marks arevapaced
one minute apart. Plate 2. shows the digitalized product of
record 1). 'All four records were three minutes in léngth; the
microseism record was digitalized at the rate of 512 points
per minute, and the three water wave records were digital-
ized at half that rate, i.e. 256 points per minute of record.

The results of the autocorrelation and its cosine trans-
form for record 1) are shown in graph 5. The autocorrelation
appears extremely periodle, and it is obvious that three min-
utes of record was not sufficient teo make it die to zero.
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Corresponding to this period in the autocorrelation there is
a sharp spike in the power spectrum at 0,141 + 0.004 cup.s.
In this case the spectrum was -computed out to the ﬁigheﬁt
possible frequency, and after 0.25 ¢.p.s. the curve oscil-
lates about a constant low level; Remember energy is not
expected for frequencies greater than about 0.5 ¢.p.s. due
to the fact that the water wave transducer was under 60 feet
of water,

The results for the microseisms (record 2)#are shown in
graph 6. The autocorrelation again appears very periodic
and shows a beat phonomenon as well; the beat phonomenon will
be diséusaad later. The spectrum is more complicated, and
the msjor peaks occur at 0.25x 0,007, 0.275 % 0.007, 0.300
z 0,007, 0,338 £ 0.007, and 0,375 % 0,007 ¢.p.8,} the one at
0.200 c.p.s, has the mgst energy associated with it. The
peak which is moet nearly equal to twice the peak of record 1)
is the second one, and these two peaks satisfy the two to one
ratio within the resolution limits of the two spectra.

The peak of interest in the spectrum of water wave record
3) occurs at 0.133 % 0.004 c.p.s., and twice this frequency
Just barely agrees with the first major pesk in the microseism
spectrum., Graph 7. also shows a fairly large amount of energy
associated with extremely low frequencies., 7This seams reason-
able from looking at the autocorrelation, but other than that
an explanation for it is lacking.

The gpeectrum of water wave record 4) (graph 8.) has
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most of its energy concentrated at 0.117 % 0.004 c.p.s., and
there is really no peak in the microseism spectrum which is
twice this value. It is also curious thal none of the water
wave peaks correspond to twice the largest peak of the micro-
seism spectrum, However an idea of Jjust how constant the
water wave frequencies are during a microselismic storm can

be seen from the results of the three water wave spectra,.
During the hour and twenty minutes under consideration, the
water wave peaks varied from 0,141 * 0,004 to 0.117 £ 0.004
¢+pP«8. The fact that they decrease with time is not con-
sidered significant. The conjecture is that somewhere inbe~
tween the three minute sections sampled the frequency peak in
the water wave spectrum could easily have attained a value,
which when doubled would mateh the highest microseism peak,
without varying by more than it did during the hour and twenty
minute period.

Further unexpected results were obtained in connection
with the beat phonomenon mentioned above. In the microseism
autocorrelation (graph 6.) beats occur with an average period
of 40,0 seconds; the highest and lowest numbers in this aver-
age are about 35 and 50 seconds. This means that the hishest
peak in the spectrum should be split into two frequencies witu;
a freguency speead ziven by f=1/4T, where T is the beat per-
iod), which is 6.25xlddé.p.s, The resolving power of the
spectrum is only l;Zledt C.D+5., which is not enough to show
the split. What may be an amazing coincidence is that in



/wave record 4) (graph 8.) beats also occur with a half period
of about 50 seconds. Also in graph 10., in which the auto~-
correlstlion of wave record 1) was shifted 2/3, a hint of beats
is present with a half period of about 50 sceonds., In other
words, the period of the beats in the water wave antgecrralgu -
tion amd-the‘p&riad oﬁ the bééts in the microseism autocor-
relation ro&g&iy saticty the ﬁwo to vue r@lati@uahiﬁ which
Longuét~ﬁiggins would predict in this case, assuming that the
problem is linear, -

Another result was obtained which has more computational
interest than direet bearing on the main problem. Auto-
correlations were computed for water wave record 1) selecting
every point of the digitalized data, every second, third,
‘fifthf and tenth peint. The\power spectra were then computed,
and the results are shown in graphs 5. and 8. It will be
noticed that the highest spike occurs at the same frequency
in all cases; in fact, the general épyearancﬁ of the spectrum
is practically the same in all cases. This means that the
record caﬁld ;uaﬁ'as easily have been digitalized at 1/10
times the original rate, i.e. 25 points per minute of record,
and the same results wogld have been obtained. It will be’
noticed that the relative height of the spike to the back-
ground level decreases with fewer data points used; an explan-
ation for this is lacking.

N
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Conclusions

In conclusion, it has been found in the first three case
histories that the theory that microseisms are caused by the
surf beating against the shore cannot be correct, but that
the theory that microseisms are caused by standing waves on
the ocean surface is very likely the right one. The results
of Case 4) are not so definite, but a plausable hypothesis is
presented which would enable these results to agree with
those of the first three cases.

From the frequency analysis of four records (three water
wave and one microseism) selected from Case 2) we have seen
that the two to one frequency relationship, which must hold
if the standing wave theory of microseisms is true, was veri-
fied by two out of the three water wave records within the
accuracy of the method. The phonomenon of beats which
occurred in t-.e autocorrelation of the microsiesm rcscord and
in at least one water wave autocorrelation show a rough two
to one rutio in their respective periods.

Lastly, of computational iuterest is the result that
reliable spectra were obtained when the record was digital-
ized at as low a rate as 30 points per cycle of the desired
frequency, which seems reasonable because 30 is still quite

a large number,
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APPENDIX

Fortran Program for the I.B.M. 709 Used to Caleulate Auto-

correlations and Their Cosine Transforms,.

coMmpPuTES
AUTOCORRELATION

READS IN DATA AND CONSTANTS

L1

XEQ

. LIST

READ INPUT TAPE 4,5,MMM
FORMAT (116)

DO 17 LLel MMM

READ INFUT TAPE 4,4 ,KKK
FORMAT (116)

READ INPUT TAFE 4,6,JJJ
FORMAT (116)

READ INPUT TAPE 4,3,M
FORMAT(116)

' READ INPUT TAPE 4,2,JJ

FPORMAT (116)

no, of data decks

min, no. of datsa
points selected

max, no. of data
points selected

max, shift of |
sutocorrelation

max,. frequency
computed

DIMENSION D(100000),ACOR(3500),CT(3500)

READ INPUT TAPE 4,8,N
FORMAT (116)

READ INPUT TAFE 4,9, (D(I),I=1,N)

FORMAT (10F7.0)
CALI. REMAV(N,D)
CALL BRITER

CALL SCID(SH1459)

. CALL FRAWE

DO 17 Lu=KKK,JJJ
DO 12 IT=1,M,LM
ﬁQOR(IT)nﬂ.
WM=N-IT+1 -

DO 11 I=l,Mi,LH

JalT+I~1

ACOR(IT)=D(I)*D(J)+ACOR(IT)

CONTINUE

6~

total no, of data
points

data

mean removing
subroutine

writes 1459 on film
advances film

loop on no. of data
points
loop on shift

loop on products



COMPUTES
COS)NE T RANSFORM

12

26

14

- 20

15

17

Em=l . +FLOATP(IT)*2./FLOATF(M) plots autocor. on

Y=ACOR(IT)/AGOR(1) Doint nd norwal-

CALL SCOPE(X,Y) ized to max.
CALL SCOPE(X,0) plots axis
CORTINUE

CALI, PRANE advances film
WRITE OUTPUT TAPE 2,26, (ACOR(IT),1T=1,M,L#) prints
FORMAT(17H AUTOCORRELATION/(6E18.8)) .. Ou%
r=((H=1)/1M)

R=3.,1416/P

DO 20 K=1,JJ loop on freq.
S=K

Ws(S=1,)*R

CT(K)=0.

DO 14 IT=1,M,1¥ loop on products
T (17~1)/LH

CT(K)=ACOR(IT)*COSF (T*W)+CT (X)

CONPINUE

CONTIKUE

BI1G=0, finds max. in
DO 15 1=1,Jd spectrun
BIG=MAXIF(BIG,CT(I))

CONTINUE

DO 21 E=l,JJ,L# plots spectrum

XX wwl o + FLOATF (K ) *2. /FLOATF(JIT) normalized to max.
YY¥=CT(X)/BIG

CALL SCOPE(XX,YY)

CALL SCOPE(XX,0) plots axis
CONTINUR
CALL FRAME advances film

¥RITE OUTPUT TAPE 2§25,§,JJ,R,W,(CT(I),zul,JJ)
co 15 /6y HWe,15/4H L¥e,E18.8/
AIRHAT (3H M8y 34 Ros RS TRANSFORN/ (6E18.8)) writes

| out
CONTIRUE cosine transform

- CALL EXIT

ERD
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