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Abstract
This thesis has two parts. In Part I, we present the results of a combined experimental and theoretical investigation of the vertical impact of spheres on a water
surface. Particular attention is given to characterizing the shape of the resulting air
cavity in the limit where cavity collapse is strongly influenced by surface tension.
A parameter study reveals the dependence of the cavity structure on the governing
dimensionless groups. A theoretical description is developed to describe the evolution of the cavity shape and yields an analytical solution for the pinch-off time and
depth. We also examine low-density spheres that decelerate substantially following
impact, and characterize the deceleration rate and resulting change in behavior of the
associated water-entry cavities. Theoretical predictions compare favorably with our
experimental observations. Finally, we present a theoretical model for the evolution
of the splash curtain formed at high speeds, and couple it to the underlying cavity
dynamics.
In Part II, we present the results of a combined experimental and theoretical
investigation of the motion of a sphere on an inclined flexible beam. A theoretical
model based on Euler-Bernoulli beam theory is developed to describe the dynamics,
and in the limit where the beam reacts instantaneously to the loading, we obtain
exact solutions for the sphere trajectory and descent time. For the case of an initially
horizontal beam, we calculate the period of the resulting oscillations. Theoretical
predictions compare favorably with our experimental observations in this quasi-static
regime. Inertial effects are also addressed. The time taken for descent along an elastic
beam, the elastochrone, is shown to always exceed the classical brachistochrone, the
shortest time between two points in a gravitational field.
Thesis Supervisor: John W. M. Bush
Title: Associate Professor of Applied Mathematics
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Chapter 1
Introduction
In all things of nature there is something of the marvelous. - Aristotle
The study of falling bodies can be traced back to Aristotle, the Greek philosopher
and scientist, who ascribed to the belief that the world is made of four elements: earth,
water, air, and fire. Aristotle claimed that a body is attracted towards its natural
place by means of its heaviness (mass). The natural place for heavy bodies, he wrote,
is the center of the Earth, and for light bodies, the region contiguous with the sphere
of the moon [7]. This widely accepted belief persisted well into the Renaissance but
did not satisfy Galileo, who disproved it in his text Dialogues Concerning Two New
Sciences [34].
Galileo was not the first to consider alternatives to the Aristotelian view of falling
bodies. Benedetti had already demonstrated that if a large stone and a small pebble
are dropped from the same height, they reach the ground at roughly the same time
[11]. What distinguished Galileo from his predecessors was his methodical pursuit
of an empirical relationship to describe the motion of falling bodies. In the early
17th century, Galileo built an inclined ramp on which he rolled spheres of different
size and density [34]. From his measurements, he deduced a relationship between
the sphere's position and the elapsed time, and so inferred the apparent constancy of
Earth's gravitational acceleration. Galileo's writings, along with Kepler's observations
of planetary motion, would later lead Newton to the law of universal gravitation
[32]. Galileo also argued that the path of quickest descent between two points in a
gravitational field would be an arc of a circle, but as demonstrated by Johann and
Jakob Bernoulli, Leibniz, and arguably Newton [8], such a path was found instead to
be an inverted cycloid, the travel time along which corresponds to the brachistochrone
[20].
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In this thesis, we investigate the dynamics of falling spheres in two particular
scenarios. In Part I, we consider a sphere that falls through an air-water interface
and creates a transient air cavity in its wake. In Part II, we consider a sphere that
descends along a flexible beam. In both cases, we will find that heavier spheres
fall faster, but for reasons altogether different from those considered by Aristotle.
While this thesis is unified by a common theme, the dynamics of falling spheres,
the research presented herein encompasses the two branches of continuum mechanics.
Despite being developed in parallel, fluid and solid mechanics are taught separately,
and so typically represent two distinct areas of expertise. By addressing the dynamics
of water entry and descent along a flexible beam, I have gained experience in both
fields of study, and have contributed to our fundamental understanding of this class
of problems.
An outline of this thesis is as follows. In Part I, we investigate the vertical impact
of a solid sphere with a water surface. Chapter 2 begins with a historical introduction
to the water-entry problem and a discussion of its relevance towards military, geophysical, and biological applications. The dimensionless parameters governing impact
are introduced, and the scope of the present study is defined. We shall be primarily
interested in two regimes that have not been previously considered: the water entry of
small spheres, and the water entry of light spheres. In the former and latter regimes,
we elucidate, respectively, the role of surface tension and sphere deceleration on the
cavity dynamics.
In chapter 3, we present the results of our experimental study of the water-entry
problem. High-speed imaging is used to capture the motion of the spheres and the
evolution of their water-entry cavities. We first consider the impact of small dense
spheres whose decelerations are negligible, and examine the evolution of the cavity
dynamics as the impact speed is progressively increased. We then investigate the
water-entry cavities formed by buoyant and nearly buoyant spheres whose decelerations cannot be neglected.
In chapter 4, we present the results of our theoretical analysis of the water-entry
problem. First, we present a model for the sphere dynamics, from which we deduce the
deceleration of the sphere. Then, we develop a model for the evolution of the cavity
shape. Particular attention is given to rationalizing the pinch-off time and depth of
the cavity and the dependence of the cavity shape on the governing dimensionless
groups. Next, we present a theoretical model for the evolution of the splash curtain
formed at high impact speeds and couple it with the underlying cavity dynamics.
Finally, we summarize our contributions to the understanding of the dynamics of
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water-entry. We present an expanded picture of the cavity dynamics, where the
predicted cavity type depends on both the sphere's size and impact speed. The value
and limitations of our theoretical model are also discussed. Particular questions to
be addressed are the following:
* Q1: What is the deceleration of a sphere following its impact with a water
surface?
* Q2: How does the deceleration of a sphere affect the evolution of its water-entry
cavity?
* Q3: How does the size of a sphere affect the evolution of its water-entry cavity?
In Part II, we investigate the motion of a sphere on an inclined flexible beam.
Chapter 5 begins with a historical introduction to the problem and a discussion of its
relevance to the design of various engineering structures including suspension bridges.
The distinction between the present study and previous studies of beam dynamics is
clearly made: in all previous studies, the load speed or acceleration is prescribed and
is independent of the resulting beam deflection. In our study, the coupling between
load and beam is critical to the dynamics of the rolling sphere.
In chapter 6, we describe our experimental technique and report our observations.
We first observe that heavy loads traverse the beam faster than light loads owing
to the coupling between the load mass and beam deflection. For initially horizontal
beams, an oscillatory motion takes place, the period of which decreases with increasing
load mass. When the load-to-beam mass ratio is sufficiently large, the sphere may
lift off the beam. These observations are rationalized in chapter 7, where we develop
a theoretical model for the beam-and-mass dynamics based on Euler-Bernoulli beam
theory, and deduce the travel time along a flexible ramp. Particular attention is given
to the quasi-static limit in which an analytical expression for the sphere trajectory
and descent time may be obtained. Inertial effects are also addressed. The time
taken for descent along an elastic beam, the elastochrone, is compared to the classical
brachistochrone. Finally, we summarize our findings and discuss the shortcomings of
our theoretical model. Possible extensions are envisaged and discussed. Particular
questions to be addressed are the following:
* Q4: What is the acceleration of a sphere that descends along a flexible beam?
* Q5: What is the elastochrone, the descent time of a sphere on a flexible beam?
* Q6: Can the elastochrone beat the brachistochrone?
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In chapter 8, we conclude our study of the dynamics of falling spheres, and return
to the questions that motivated this study. We discuss the relevance of our findings
to specific engineering applications, and propose directions for future research.
Roughly two-thirds of the research presented in this thesis has been published by
the author (see Aristoff & Bush [31, and Aristoff et al. [4]). A third manuscript is
under review (see Aristoff et al. [5]).

Part I
The dynamics of water entry

Chapter 2

Background
Worthington & Cole [102, 103] used single-spark photography to examine the air
cavity formed by the vertical entry of spheres into water and so initiated the scientific
investigation of solid-liquid impacts. Subsequent studies by Mallock [60] and Bell
[10] provided some qualitative explanation for the observed cavity shapes and sphere
trajectories. The advent of high-speed cin6-photography allowed for quantitative
measurements, the first series of which explored the influence of the atmospheric
pressure on the water entry of missiles [38, 74]. Additional investigations of the
water-entry cavity and surrounding flow field were performed by Birkhoff & Caywood
[15], Birkhoff & Isaacs [16], Birkhoff & Zarantonello [17] and Abelson [1], the most
extensive of which were conducted by May [62, 63, 64] with a view to naval ordinance
applications.
Military applications also prompted studies of the impact forces generated during
landing and sliding of planes on liquid surfaces [97, 98]. During World War II, Barnes
Wallis developed a spinning cylindrical bomb that could skip along the water surface
toward its target, thereby bypassing underwater nets [100]. Commonly known as
Dam Busters, these bombs were successfully used to breach the Moehne and Eder
dams. Drag reduction on underwater projectiles via supercavitation, a process that
surrounds the projectile with a sustained vapor cavity, is currently being refined, and
holds promise in air-to-sea weaponry [6].
Impacts also arise in both geophysical and astrophysical settings. High energy
meteorite impacts may liquefy both the impactor and target, leading to features (e.g.
crater formation, secondary meteorites, impact jetting) reminiscent of high Reynolds
number solid-liquid impacts. For a review of cratering mechanics associated with
meteorite impacts, see for example Melosh [66] or Melosh & Ivanov [67]. Fluid-like
flow of granular materials has been demonstrated in the laboratory by dropping metal
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spheres into loosely-packed sand. Granular impacts possess several similarities with
their fluid counterparts, including void collapse and jet formation [89, 57], and offer
insight into the dynamics of quicksand [58].
Biological applications of solid-liquid impacts include locomotion at the air-water
interface [21]. Large water-walkers such as basilisk lizards and some shore birds rely
on inertial forces generated by the impact of their driving leg for weight support.
Glasheen & McMahon [39] demonstrated that a Basilisk Lizard supports itself on
water by slapping the surface and stroking its foot downward to create an expanding
air cavity. The lizard then retracts its foot before the cavity collapses in order to
minimize drag. By studying the vertical water entry of disks, Glasheen & McMahon
[40] found an empirical relationship for the time of cavity closure. Small waterwalkers such as insects and spiders rely on surface tension for both weight support
and propulsion, and their rough hairy surface render them water-repellent [22]. The
impact of small hydrophobic bodies on a water surface thus has implications for
the locomotion of small water-walkers. Moreover, the dynamics of small-scale cavity
closure is relevant to a number of insects, including predacious diving beetles and the
ichneumon wasp, that violently penetrate the free-surface in search of prey [99].
Consider a solid sphere with density p, and radius Ro impacting a horizontal
water surface with vertical speed Uo as depicted in figure 3-1(b). The impact may
be characterized by five dimensionless groups: Weber number W = pUO2Ro/a, Bond
number B = pgR/lor, Reynolds number ' = pUoRo/q, solid-liquid density ratio
D = pls/p, and the air-liquid density ratio D = pa/p, where a is the surface tension, 7r
the dynamic viscosity of the liquid, p the liquid density, Pa the air density, and g the
gravitational acceleration. We note that W describes the relative magnitude of fluid
inertia to capillary forces, while B describes the relative magnitude of gravitational
to capillary forces. High B (B > 1) impacts are typically classified by their Froude
number, F = UO2/gRo = W/B, and may be divided into distinct dynamical regimes
based upon the type of cavity collapse. One may also introduce a sixth parameter, 0 a,
the advancing contact angle, to characterize the surface properties of the solid. For
air-water entry, this parameter has been shown to determine the threshold impact
speed for air entrainment, and hence cavity formation. Duez et al. [31] demonstrate
that for W > 103, hydrophilic spheres require a larger impact velocity to produce
a cavity than do their hydrophobic counterparts. We shall observe a similar trend
at lower W. Finally, for high-speed impacts, cavitation bubbles may form if the
cavitation number Q = (p - pv)/(1/ 2 pU2) < 1, where p is the local water pressure
and Pv the water vapor pressure. In our study, Q > 1, so the creation of cavitation

bubbles in the liquid need not be considered.
Generally speaking, studies of water entry examine either the initial stages of
contact, or the subsequent growth and pinch-off of the associated cavity. The former
topic has been considered by Korobkin & Pukhnachov [47], Howison et al. [44],
Seddon & Moatamedi [78], and Oliver [71], and is relevant for an impacting sphere
whose submerged depth is much less than its radius. Thoroddsen et al. [88] observed
that for R > 2 - 104 , a nearly horizontal sheet may emerge from the edge of an
impacting sphere within 100 us of impact, accounting for an estimated 90% of the
total kinetic energy transferred from the sphere to the liquid in this initial stage.
Although our camera is not capable of recording events at this time scale, the 1 in
our study are generally below this critical value. In the present study, we consider
the latter topic, the post-impact dynamics of a sphere with an attached air cavity.
Theoretical modeling of water-entry cavities is typically simplified by examining highdensity impacting bodies (such as steel spheres) that have negligible deceleration over
the time scale of cavity collapse. In general, however, hydrodynamic forces cause the
impacting bodies to decelerate.
The growth and pinch-off of cavities at high B have been investigated by Gilbarg
& Anderson [38], Birkhoff & Isaacs [16], May [63], Glasheen & McMahon [40], Gaudet
[35], and Bergmann et al. [13] for various F ranges. Gekle et al. [37] investigated
the cavity formed behind a vertical cylinder pulled at a constant speed through a
water surface. They observed two asymptotic F scalings for the dimensionless pinchoff depth, one for F < 10, the other for F > 10, separated by discrete jumps. The
discontinuous behavior was rationalized in terms of the capillary waves initiated when
the top of the cylinder passed the water surface; numerical simulations confirmed this
rationale. In §3.1, we will observe analogous behavior for low B impacts, the rationale
for which will be provided in §4.2.2.
Duclaux et al. [30] investigated the cavity formed by freely-falling steel spheres
and cylinders at high B and 1 < F < 80. They developed a theoretical model for
the cavity evolution based on an extension of the method used to solve the RayleighBesant problem: the collapse of a spherical cavity in a fluid of infinite extent [73, 14].
By considering a purely radial flow that is initiated by the passing of the projectile,
Duclaux et al. [30] derived an approximate analytical expression for the evolution of
the cavity and thus rationalized the empirical scalings found by Glasheen & McMahon [40] and Lohse et al. [57]. A similar approach will be taken in our theoretical
developments.
Bergmann et al. [12] considered the transient cavity created by the controlled
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impact of disks on a water surface at B - 125. Constant-speed descent was achieved
by pulling the disks into the fluid with a linear motor. The authors observe an
asymmetry of the radial dynamics between the expansion and contraction phase of
the cavity. Specifically, PIV measurements indicate that when the cavity starts to
collapse, it creates a reversed-flow region near the cavity wall that grows in time.
This feature is reproduced in both their boundary integral simulations and theoretical model, and gives rise to a weakly F-dependent correction to the pinch-off time
predicted by Duclaux et al. [30].
Studies of low B solid-liquid impacts have been primarily limited to low W. Vella
et al. [95, 94], for example, consider the forces acting on a low W impactor, and show
that a quasi-static description of the resulting cavity is sufficient in order to describe
the contact line motion. Further insight into the maximum weight supportable by
an interface is provided by Vella & Metcalfe [96], who study the impact of a line
mass in which the liquid inertia is entirely negligible. Lee & Kim [52] investigated
a striking phenomenon in which a small superhydrophobic sphere may bounce off
a water surface, even for D > 1, and propose a rebound criterion that is in good
agreement with experiment. For a detailed study of the forces acting on and between
floating bodies, see for example Mansfield et al. [61] or Kralchevsky & Denkov [48].
The importance of sphere deceleration on the cavity evolution may be determined
by considering the characteristic time scales associated with water entry. Let -pbe the
time scale of cavity collapse, and 7, the time scale over which the sphere decelerates
to a speed U* < Uo. For buoyant spheres, ps/p < 1, we take U* = 0, and for
ps/p > 1, we take it to be the terminal speed of the sphere, U* - V/ApgRo/p, where
Ap = Ps - p. Let m ~ p,Rg be the sphere mass and ma - pR' the added mass.
Equating the product of the effective mass, m + ma, and the characteristic sphere
deceleration, (Uo - U*)/%r, to the characteristic drag force, pU2R , yields
Uo

Ro

(

D9+1
(D+i1)(i-

for D < 1,
for D > 1.

(2.1)

At high B, one may take for T- the pinch-off time predicted by Duclaux et al. [30] for
the case of spheres sinking at constant speed: T7(Uo/Ro) r aiSF, where a = 0(10 - 1)
is a geometric constant. At low B, one may take for

Tp

the pinch-off time to be

subsequently derived in §4.2.2. Provided that r, > TF, the sphere deceleration is
negligible over the time scale of cavity collapse. Conversely, for 7, <
<-,the sphere
dynamics necessarily influence the cavity evolution.

The characterization of sphere deceleration following impact has been considered
by relatively few authors. The post-impact dynamics of a high B sphere with an
attached air cavity has been investigated by May & Woodhull [65], Lee et al. [54], and
Truscott & Techet [93]. May & Woodhull [65] estimate the drag coefficient, Cd, of steel
spheres shot vertically into water, and propose the dependence Cd = 0.0174 ln(7zF 1/ 2)
over the range 500 < F < 65000 and 104 < R < 106. The applicability of this
expression for use in our study is limited, however, as we shall be examining relatively
low F impacts (20 < F < 170). Lee et al. [54] considered the water entry of
arbitrarily shaped projectiles, and focused primarily on high F impacts (F > 150).
A theoretical model was developed by assuming that the kinetic energy lost by the
projectile equals that fed into a horizontal fluid section, and by approximating the
combined effect of the projectile and the cavity on the fluid motion using distributed
point sources along the vertical axis. At a given depth, their model predicts the cavity
evolution only when the cavity diameter exceeds that of the projectile. Despite this
shortcoming, they rationalize the observations of Gilbarg & Anderson [38] regarding
the apparent independence of the pinch-off time on the impact speed.
Truscott & Techet [93] investigated experimentally the water entry of both spinning and non-spinning spheres at 8 < F < 340. The authors provide experimental
V f), is
evidence that the pinch-off time, p V/-Ro/g (or equivalently, Tp(Uo/Ro)
roughly constant, even for spheres whose densities are comparable to that of water.
However, they observe that the sphere depth at pinch-off decreases significantly with
decreasing sphere density. In the present study, we extend the work of these authors
by considering the water-entry cavity formed by decelerating spheres and developing a theoretical description thereof. Specifically, we develop a model for the sphere
dynamics and deduce exact expressions for the cavity pinch-off time and pinch-off
depth.
In the present study, we first restrict our attention to small (B << 1), high-density
(D > 1) spheres that sink even at low W, and focus on the shape of the resulting air
cavity. One expects a small sphere impacting at sufficiently high speed to generate
a slender cavity with characteristic radius Ro. If the cavity dynamics are dominated
by surface tension, one then might further expect its breakup to be governed by a
Rayleigh-Plateau-like instability, that will result in its pinching off into a chain of
bubbles of characteristic volume Q 137rR3 after a time tpinch a 1.2/pRO/r [23].
We shall demonstrate that this physical picture is incomplete on two grounds. First,
even at low B, gravity becomes important in the cavity pinch-off at depths greater
0.27cm is the capillary length. Second, the cavity
than 12/Ro, where c,= V/-upg

expands radially following impact, and its W-dependent shape necessarily influences
pinch-off.
We then examine large (B > 1), low-density (D - 1) spheres that decelerate
substantially following impact, and characterize the deceleration rate and change in
behavior of the associated water-entry cavities. The sphere dynamics is coupled to
the cavity dynamics through hydrodynamic forces that are encapsulated by the drag
and added-mass coefficients. The sphere deceleration effects the characteristics of
the cavity at pinch-off, most notably the pinch-off depth and the sphere depth at
pinch-off.

Chapter 3

Experimental study
Our experimental study consists of two parts. In §3.1, we consider the impact of small
high-density (1 < 1, D > 1) spheres whose decelerations are negligible, and examine
the evolution of the cavity dynamics as the impact speed is progressively increased.
In §3.2, we examine the cavities formed by large low-density (B > 1, D - 1) spheres
that decelerate substantially following impact.

3.1

Water entry of small high-density spheres

We proceed by examining the impact of small high-density (B < 1, D > 1) spheres
on a water surface.

3.1.1

Setup

Figure 3-1(a) is a schematic of our experimental apparatus. A hydrophobic steel
sphere is held by an electromagnet at a height Ho above a water tank 40 cm long,
20 cm wide, and 25 cm deep. The sphere is released from rest and falls toward the
water, reaching it with a speed U0 - vlgHo. The impact sequence is recorded at
2000 to 5000 frames per second using a Vision Research Phantom V5.1 high-speed
video camera. Midas 2.1 imaging software is used to analyze the images and measure
the precise impact speed.

A hydrophobic spray coating, WX2100 by Cytonix Corp., was used to prepare
the spheres. Two coats were applied, the second a day after the first. The coatings did not appreciably affect the sphere densities, ps = 7.7 ± 0.1 g cm - 3 , or radii
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Figure 3-1: Schematic of (a) the experimental apparatus and (b) the impact parameters. Oa is the advancing contact angle, and Oc the cavity cone angle.
0.6 mm < Ro < 9.0 mm, but did increase the advancing contact angle from Oa = 90±50
to Oa = 120 + 50, values measured using the sessile drop method [42]. Surface roughness measurements were made using a Tencor P-10 surface profilometer. The root
mean square displacements of the roughness profiles were computed for the polished
spheres (0.0318 pm + 5%) and coated spheres (1.824 pm ± 0.01%), and indicate a
50-fold increase due to the surface treatment. The experiments were performed at
atmospheric pressure and the temperature of the water remained between 21 and
23°C. The relevant dimensionless groups and their range in our first experimental
study are listed in Table 3.1.

3.1.2

Observations

An important foundation of the present study is the observation reported by Duez
et al. [31] that hydrophobicity promotes air entrainment by impacting spheres. In
figure 3-2, two steel spheres, identical in every aspect but their surface coatings,
are shown 3.4 ms after impact. The polished sphere (figure 3-2(a)) entrains relatively
little air; the sphere with a hydrophobic coating (figure 3-2(b)) generates a substantial
axisymmetric air cavity with a well-defined shape. Coated, hydrophobic bodies were
examined in all subsequent experiments reported in §3.1.2.

The presence or absence of an air film trapped between the water and the impacting sphere determines whether the surface is in a Cassie-Baxter or Wenzel state,

---

- --

-

-----

Dimensionless group

~-3

Symbol

Definition

Weber number

pUO'Ro

Bond number

pgRo

Reynolds number

pUoRo
pUoRo
77

Order of magnitude
10-1-

103

10-2 - 10
102 - 104

Density ratio (solid-liquid)
Density ratio (air-liquid)

10-3

Advancing contact angle

Oa

115 - 1250

Froude number

Uo2

gRo

10 -

Cavitation number

p-pv
1/2pU0

1

-

105

10 - 104

Table 3.1: Relevant dimensionless groups and their characteristic values in our experimental study of small-scale water entry. Sphere radii were between Ro = 0.6 mm
and 9.0 mm, and impact velocities between U0 = 10 cm s- 1 and 1000 cm s- 1.

~(a)

(b)

Figure 3-2: The influence of surface coating on a water-entry cavity at low B. (a)
Polished steel sphere. (b) Steel sphere with hydrophobic coating. Both photographs
were taken 3.4 ms after impact. The level of the undisturbed free-surface corresponds
to the top of each image. 13 = 0.20, W = 170, and D = 7.7.

II,,

I,

I-,

III

I

Cassie-B axter
00ui

air

---------- - --Wenzel

U
Figure 3-3: Idealized model of surface roughness illustrating the possibility of two
wetting states. Pockets of air are trapped between the solid and water in the CassieBaxter state, while in the Wenzel state, the solid surface is entirely wetted. The
roughness is exposed to an intrusion pressure pU 2 cos 2 P + pgZ.
respectively, and may be rationalized by the simple model illustrated in figure 3-3.
In a Cassie-Baxter state, only a fraction of the solid surface is wet by the liquid; conversely, in a Wenzel state, water penetrates the roughness elements and fully wets the
solid. Let the roughness be represented by a periodic array of posts with separation w
and height h, and let the sphere center have depth Z and speed U. Pockets of air will
remain trapped between the posts if the characteristic curvature pressure (uh/w 2 if
h < w and u/w if h > w) exceeds the impregnation pressure (pU 2 cos 2 0 + pgZ), that

has both dynamic and hydrostatic components [28]. Estimates of the characteristic
post spacing w f 20 pm and post height h e 1 pm were deduced from the profilometer measurements. Hydrostatic pressure will cause impregnation beyond a wetting
depth Z ,
'
- 2 cm. Likewise, dynamic pressure will cause impregnation for
speeds exceeding a wetting speed Uw

40 cm s-.

Note that the latter

condition depends on 0, so the sphere could have a mixed state, Wenzel at the nose
and Cassie-Baxter at the equator (figure 3-3).

For high-speed impacts, it is difficult to observe the detailed contact line dynamics;
in lieu of a detailed examination thereof, we introduce the parameter, 0c, defined as
the angle that the cavity makes as it leaves the sphere with respect to the vertical
tangent (see figure 3-1(b)). We call this the cone angle, and observe that, after an
initial adjustment phase, it is approximately constant as a function of depth and body

I_-----

~--

speed for a given surface material. Thus, it can be measured by a single experiment.
We do not attempt to characterize the relation between 0c and the advancing contact
angle Oa in this study, but instead simply report that 1600 < Oc < 1700 for the
impacting spheres studied.
For the impact of hydrophobic spheres at low B, we have observed four distinct
cavity types that we will describe in turn. A typical low W impact of a hydrophobic
sphere is shown in figure 3-4. The sphere sinks and is completely immersed in water
after - 0.01 s. Both the vertical and radial extent of the cavity are on the order
of the capillary length. The measured contact angle remains nearly constant as the
contact line slips around the sphere, an observation consistent with those of Ablett
[2] for a hydrophobic solid at an air-water interface, and those of Vella et al. [95] for
the sinking of a dense horizontal cylinder. Cavity collapse occurs when the contact
line approaches the apex of the sphere (figure 3-4h), at a depth of approximately Ic.
Air entrainment is minimal. Only a tiny bubble remains attached to the sphere after
pinch-off (figure 3-4i). We also observe what appears to be an air layer surrounding
the sphere, as indicated by the sphere's halo in figure 3-4. In this regime, we expect the
dominant balance to be between gravity and surface tension as for a static meniscus.
We thus define this regime as quasi-static: to leading order, the cavity should take the
shape of a static meniscus adjoining the sphere at the advancing contact angle. The
maximum vertical extent of a two-dimensional static meniscus is on the order of the
capillary length [61]. The analogous axisymmetric, quasi-static impact is considered
in §4.2.1, where we demonstrate that the sphere's depth at cavity pinch-off can be
significantly less than the capillary length.

As W increases, the impact generates a substantial air cavity, and ripples that
propagate down the resulting free surface at speeds less than that of the sphere (figure
3-5). In §4.2.4, we will show that these ripples correspond roughly to the capillary
waves expected to arise on a cylindrical cavity. Following an initial adjustment phase,
the contact line appears fixed near the level of the sphere's equator, from which the
interface is swept upwards, resulting in a highly sloped cavity wall. Deceleration of the
sphere is minimal, and after descending 13 sphere diameters, the cavity first pinches
at a depth on the order of the capillary length, entraining a volume of air much
greater than that of the sphere. The entrained bubble may subsequently pinch-off at
depth, the likelihood of which is determined by the bubble size. This impact regime
is characterized by its near-surface collapse and the presence of capillary waves, and

Figure 3-4: Quasi-static impact cavity. Video sequence of the water entry of a hydrophobic steel sphere at low B (Ro = 0.14 cm, p, = 7.7 g cm - 3 , Uo = 30 cm s-1). The

time between successive images is 1.1 ms. W = 1.9, B = 0.27.

32

Figure 3-5: Shallow seal impact cavity. Video sequence of the water entry of a
hydrophobic steel sphere at low B (R = 0.10 cm, p, = 7.7gcm - 3 , Uo = 230 cm s-).

The time between successive images is 1.9 ms. W = 72. B = 0.14.
is henceforth referred to as shallow seal.

Further increases in W give rise to a cavity of the form shown in figure 3-6. The
impact is reminiscent of the shallow seal regime, generating a substantial air cavity
and ripples that propagate down the resulting free surface. However, the pinch-off
occurs at a greater depth, approximately half-way between the surface and the sphere.
Moreover, the ripples are observed to propagate at speeds less than half of that of
the sphere (see §4.2.4), and thus do not appear to influence the pinch-off depth. This
impact regime is henceforth referred to as deep seal.

At the highest W considered, the cavity dynamics are as shown in figure 3-7.
Here, the deep seal (figure 3-7j) is preceded by a closure event at the surface, known
as surface seal (figure 3-7e). The splash curtain created at impact domes over to seal
the cavity from above, its collapse due to some combination of the curvature pressures
O (a/Ro) and aerodynamic pressures O (PaU2) acting on the splash curtain, the ratio
of which is prescribed by WD. After the surface seal, the underlying cavity expands
and its pressure decreases, resulting in detachment from the surface (figure 3-7f).
Subsequently, a water jet penetrates the cavity from above (figure 3-7g). Initially, we
suspected that the jet was caused by a Rayleigh-Taylor instability, occurring when
the hydrostatic pressure pgz,, where z, is the minimum cavity depth, surpasses the
curvature pressure a/R, i.e. when pgRzla > 1. However, the time scale of such an
instability, t ~

3

(

15 ms, is much longer than that observed. Instead, the

Figure 3-6: Deep seal impact cavity. Video sequence of the water entry of a hydrophobic steel sphere at low B (Ro = 0.079 cm, p, = 7.7gcm-3 , Uo = 310 cms-1).

The time between successive images is 1.9ms. W = 109, B = 0.088.
jet may result from the radial collapse of the cavity walls. In the underlying cavity,
multiple pinch-offs may occur, with each successive pinch-off producing a bubble of
decreasing volume. A second image sequence of a surface seal cavity is shown in
Figure 3-8. We note that only the evolution of the subsurface cavity was recorded.

A parameter study was conducted by varying the sphere size and release height,
thus elucidating the influence of W and B on the water-entry cavity (see figure 3-9).
At low B, the cavity type transitions from quasi-static to shallow seal to deep seal and
finally to surface seal as W is increased. The transition between the quasi-static and
shallow seal regimes is slightly arbitrary, but was taken as the W at which a volume
of air comparable to that of the sphere is entrained by the sphere. The distinction
between the shallow, deep, and surface seal regimes was made on the basis of the
pinch-off depth, zinch: for 0 < z'inch < 2 1c, the pinch-off was considered shallow, and
for Zinch >_ 2 1c, the pinch-off was considered deep. The theoretical curves demarcating

the transitions between the regimes will be rationalized in §4.2.2.

Figure 3-7: Surface seal impact cavity. Video sequence of the water entry of a hydrophobic steel sphere at low B (Ro = 0.10cm, Ps = 7.7gcm - 3 , Uo = 540cms- 1 ).

The time between successive images is 1.9 ms. W = 420, B = 0.14.

Figure 3-8: Surface seal impact cavity. Video sequence of the water entry of a hydrophobic steel sphere at low B (Ro = 0.079cm, ps = 7.7gcm-3, Uo = 315cms- 1 ).
The time between successive images is 3.3 ms. W = 112, B = 0.088.
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Figure 3-9: Regime diagram indicating the dependence of the observed cavity type on
B and W for 0 a = 1200. The triangle, asterisk, circle, and diamond symbols denote
the quasi-static, shallow seal, deep seal, and surface seal regimes, respectively. The
dash-dotted line is defined by (4.57a), and the solid curve by equating the pinch-off
times defined by (4.34) and (4.37) for oa = 0.065 (0c = 166°), 0a = 1200, and Ca = 1/2.
The dashed line is given by the empirical fits W = 320 at low B (present study) and
2
high B
B [161.
[16].
F
.F=
= (1/6400)D(1/6400) -2 at high

For a particular B = 0.088 (R = 0.079 cm, Ps = 7.7g cm-3 ), the cavity evolution
was studied in detail for 10- 1 < W < 10' and the pinch-off depth and time recorded.
In figure 3-10, the observed W-dependence of the pinch-off depth is shown. In the
quasi-static regime, the pinch-off depth is approximately constant and equal to 75%
the capillary length. In the shallow seal regime, a local maximum is achieved for
W = 35. Gekle et al. [37] observed analogous non-monotonic behavior for B = 50,
and attributed it to the capillary waves generated at impact that propagate down
the cavity walls. In §4.2.2, we will demonstrate that this explanation is also valid
for low B impacts. Further increases in W result in the pinch-off depth increasing
progressively until the surface seal regime is reached, upon which the pinch-off depth
goes to zero. The abrupt increase in pinch-off depth observed between the shallow seal
and deep seal regimes is exemplified in figure 3-11, where two nearly simultaneous
pinch-off events are observed, one deep, the other shallow. In figure 3-12, the Wdependence of the pinch-off time is shown. The pinch-off time is roughly independent
of W for a given B in the quasi-static regime, then increases in the shallow seal and
deep seal regimes, before finally decreasing in the surface seal regime. The observed
W-dependence of the pinch-off depths and times reported in figures 3-10 and 3-12
will be rationalized in §4.2.1 and §4.2.2.

For W < 1, the dependence on B of the depth of the sphere's equator at which its
cavity collapses (henceforth, the penetration depth) was recorded for 0.03 < B < 3.
This dependence is shown in figure 3-13, and will be rationalized in §4.2.1. Impacts
for W <K 1 were obtained by attaching the spheres to rigid wires that were connected
to a mechanical traverse. The spheres were then lowered into the water at speeds
0.4 cm s- 1 < Uo < 1.0 cm s- 1 to achieve impact Weber numbers in the range 10- 4 <
W < 10-2
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Figure 3-10: The dependence on W of the dimensionless pinch-off depth of the cavity
generated by an impacting sphere for B = pgPN/a = 0.088, corresponding to Ro =
0.079 cm and p, = 7.7 g cm - 3 . The cavity types, quasi-static, shallow seal, deep seal,
and surface seal are denoted by the triangle, asterisk, circle and diamond symbols,
respectively. The solid line denotes our theoretical prediction for the pinch-off depth
of a quasi-static or shallow seal cavity and is given by (4.33) for 8a = 1200. The
dashed curve denotes our theoretical prediction for the pinch-off depth of a deep seal
cavity, defined by (4.55a) with a = 0.065 (8c = 1660). Characteristic error bars are

shown.

Figure 3-11: Video sequence of the water entry of a hydrophobic steel sphere illustrating two nearly simultaneous pinch-off events (Ro = 0.079cm, Ps = 7.7 gcm - 3,
Uo = 280 cm s- 1 ). The time between successive images is 1.0 ms. W = 88, B = 0.088.
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respectively. The solid line denotes our theoretical prediction for the time of shallow
seal, defined by (4.43) with a = 0.065 (0, = 166'). The dashed lines denote our
theoretical prediction for the time of shallow seal and deep seal in the appropriate
asymptotic limits, defined respectively by (4.44a) and (4.56a)= with a
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to R
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Figure 3-13: Penetration depth of a low speed (W <K 1) impactor with a quasi-static
cavity. The triangles denote the experimental data for impacting spheres (10-4 <
W < 10-2), and the solid curve is defined by (4.32) for Oa = 1200, corresponding to
the measured advancing contact angle. A characteristic error bar is shown.
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Figure 3-14: Schematic of the experimental apparatus used to examine low-density
impacting spheres.

Water entry of large low-density spheres

3.2

In our second experimental study, we examine the impact of large low-density (B > 1,
D

-

1) spheres on a water surface.

3.2.1

Setup

A schematic of our experimental apparatus is presented in figure 3.2.1. A sphere
is held by a camera-like aperture at a height H above a water tank. The tank
has dimensions 30 x 50 x 60 cm 3 and is illuminated by a bank of twenty 32-Watt
fluorescent bulbs. A diffuser is used to provide uniform lighting, and care is taken
to keep the water surface free of dust. The sphere is released from rest and falls
towards the water, reaching it with approximate speed Uo a V H. The impact
sequence is recorded at 2000 frames per second using an IDT XS-3 CCD high-speed
camera. The resolution is set to 524 x 1016 pixels (px) with a field of view of 10.4
x 20.16 cm yielding a 50.39 px/cm magnification. The trajectory of the sphere and
its impact speed are determined with sub-pixel accuracy through a cross correlation
and Gaussian peak-fitting method [93] yielding position estimates to within 0.025 px
(0.0005 cm).
Table 3.2.1 lists the properties of the spheres used in our study of the water entry
of large low-density (B > 1, D ~ 1) spheres. Bond numbers ranged from 13 = 12 to
23, so surface tension can be safely neglected. Surface roughness measurements were
made using a Tencor P-10 surface profilometer, and the root mean square (RMS)
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Material

Density ratio Radius
[cm]
(D = ps/P)

Steel
Delrin
Nylon
Polypropylene
Hollow Aluminum
Hollow Polypropylene

7.86
1.41
1.14
0.86
0.65
0.20

1.27
1.27
1.27
1.27
0.96
1.27

Adv. Contact
Angle [deg]

Roughness
RMS [prm]

122
83
81
76
120
103

2.40
1.79
2.14
0.98
1.50
4.42

Table 3.2: Properties of the spheres used in our experimental study of large scale
water entry. The error in contact angle measurement is +10'. The error in roughness
measurement is ±0.01p/m. A hydrophobic spray coating, WX2100 by Cytonix Corp.,
was used to prepare the metal spheres.
displacements of the roughness profiles computed. The spheres were released from
a minimum height of H = 20 cm. Given their impact speed, contact angle, and
roughness, this height ensured that an air cavity was formed upon water entry [31].
The maximum release height, H = 80 cm, was chosen so that pinch-off at depth
(deep seal) occurred prior to the splash curtain closing the cavity from above (surface
seal). In our experiments, the Froude number thus ranges from F = 20 to 170, and
Reynolds number from R? = 104 to 105.

3.2.2

Observations

The impact of a sphere that creates a subsurface air cavity has several distinct features. Figure 3-15 shows a time series of four impacting spheres that differ in density
but have the same radius and impact speed (T = 46, B = 23). An axisymmetric
cavity is evident below the surface and a splash curtain above. The evolution of the
splash curtain is to be detailed in §4.3. The cavity adjoins the sphere near its equator,
and its radial extent is on the order of the sphere radius. As the sphere descends,
it transfers momentum to the fluid by forcing it radially outward. This inertial expansion of the fluid is resisted by hydrostatic pressure, which eventually reverses the
direction of the radial flow, initiating cavity collapse. The collapse accelerates until
the moment of pinch-off, at which the cavity is divided into two separate cavities.
The upper cavity continues collapsing in such a way that a vigorous vertical jet is
formed that may ascend well above the initial drop height of the sphere [36]. The
lower cavity remains attached to the sphere and may undergo oscillations [41].
The most obvious differences between the four impact sequences are the trajec-
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Figure 3-15: Image sequences showing the water-entry cavity formed by four spheres
with different decelerations. The radius (1.27 cm) and impact speed (240 cm s- 1 )
were held constant (F = 46, 3 = 23), while the density ratio D = pl/p is increased:

I) 0.20, II) 0.86, III) 1.41, IV) 7.86. Times after the sphere center passes the free
surface (t=0) are shown.
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Figure 3-16: a) Measured mean sphere depth versus time for the four impact sequences
shown in figure 3-15. Every fifth data point is shown. The solid and dashed curves
denote the theoretically predicted trajectories and are given, respectively, by (4.8) and
(4.10). The pinch-off event is denoted by *. b) Measured sphere speed versus time
for these four impact sequences. The slope of each line is indicated, and represents
the measured dimensionless average acceleration: -A.

tories of the spheres and the cavity shapes near pinch-off. We address the former
in figure 3-16(a) by plotting the mean depth of the sphere, Z', versus time up until
the moment of pinch-off. Using the position data and the centered finite difference
scheme of lowest order, we compute the dimensionless speeds U = U'/Uo, and report
these values in figure 3-16(b).
We now focus on the cavity shape near pinch-off, as are highlighted in figure 3-15.
As the sphere density decreases, several trends are readily apparent. First, the depth
of pinch-off decreases. Second, the depth of the sphere at pinch-off decreases. Third,
the pinch-off depth approaches the sphere's depth at pinch-off. Finally, the pinch-off
time generally decreases. The exception to the latter trend is the lightest sphere
(figure 3-15(I)), which ascends in the fluid column before pinch-off, thus obstructing
cavity collapse.

Chapter 4

Theoretical model
In this chapter, we develop theoretical models to describe the sphere dynamics, cavity
dynamics, and splash dynamics, respectively.

4.1

Sphere dynamics

Following impact, the sphere sinks under the combined influence of gravity and its
own inertia, and is resisted by buoyancy, capillary, and hydrodynamic forces. A
vertical force balance on the sphere may be expressed as
(m + m,) 2' = mg - F6' - F, - F',

where Z' (t) is the mean depth of the sphere, m =

4pswR'

(4.1)

is the sphere's mass, and

primes denote dimensional quantities. F = pg f fA z dA is the upward buoyant force
due to hydrostatic pressure acting over the sphere's wetted surface area A. F =
27Ro
0 sin 0 sin V is the upward force due to surface tension a where V is the angle
the cavity adjoining the sphere makes with respect to the horizontal, and 2wRo sin 0
is the length of the contact ring (see figure 4-3). The vertical component of the total
hydrodynamic force is given by Fh' = - f fA f - T - z dA where T is the stress tensor.
We have separated the unsteady component of F', the force required to accelerate
the surrounding fluid, and expressed it in terms of an added mass, ma, ~ CmpV,
where C,, is the added mass coefficient, and V is the sphere volume. While we
expect C, to increase from zero at impact [69], for the sake of simplicity we assume
a constant value, corresponding to its mean over depths 0 < Z < Z*, where Z* is the
maximum depth reached by the sphere prior to its cavity pinching off. Substituting

the dimensionless variables
Z =

and forces

F
F = F
Ro

(4.2)

t= t'

Ro ' t

Ro)

F'
b
pgRZ"

Fb

h

(4.2)
F'
pROU

(4.3)

into (4.1) yields

D + Cm

DFb

W

-

(D + Cm)w

F - (D + Cm) FFh.

(D + Cm)w

(4.4)

Although Fb, Fc, and Fh are not explicitly known, their magnitudes are O (1), allowing
us to simplify the description of the sphere's trajectory in various limits.

In our experimental study of the water entry of small high-density spheres (§3.1),
D - 7.7, B < 1, R > 1, and 10-1 < W < 10 . Thus, the gravitational, buoyancy,
and hydrodynamic forces given in (4.4) are negligible with respect to the curvature
force, that gives rise to a characteristic dimensionless deceleration of order (WD)- 1.
For VD > 1, (4.4) further reduces to 2 = 0, and although the sphere's speed may
thus be treated as constant to leading order in this limit, we will retain a term for
the velocity of the sphere, U(z), in our model, as it is straightforward to do so. We
note that while the relevant parameter for determining the constancy of the sphere
speed at low B is WV, the relevant parameter for the cavity dynamics is W, as will
be shown in §4.2.

In order to rationalize the sphere trajectories observed in our experimental study
of the water entry of large low-density spheres (§3.2), we require estimates for F,
F', and Fh. If we assume that the cavity adjoins the sphere at its equator, then
F'= rRpgZ', F, = 2iR 0o-, and Fh = lp2'Z'CdfRf
1'
is the resisting force due to
form drag, where we have neglected skin friction. The drag coefficient, Cd, is typically
taken to be constant with respect to the impact parameters and penetration depth
in studies of subsonic water entry [54], and we shall do likewise. Substituting the
dimensionless variables Z = Z'/Ro and t = t' Uo/Ro into (4.1) yields
(D +

Cm) Z

=

D
.F

-

3Z
4.

--

31
2W1

3
CdZIZI.
8

-

(4.5)

Integrating (4.5) once in Z gives an expression for the sphere speed:

U(Z) = _

(

2

b

sign(U) ())

2csign(U)Z

+ b

sign(

a - bZ

(4.6)
where
a=

3 Cd
3
3
W
b=
c=
8 (D + Cm)'
4.F (D + Cm)' c
S(D + Cm) 2WV (D + Cm)'

D

(4.7)

and we have used the initial condition U(Z = 0) = U.
We characterize the sphere dynamics with its mean deceleration, A, over depths
0 < Z < Z*. The sphere trajectory is then described by the quadratic function
Z(t) =

t2 + Ut.

(4.8)

The value for A is found by using (4.5) and (4.6):
A =--

1
2

fZ*

(2c 2 U2 - 2ac - b)(1 - e - 2 cZ*) + 2bcZ*
CU2
z *
(a - bZ - cU2)dZ =4c

(4.9)

For spheres whose speed does not change sign prior to pinch-off, including negatively
buoyant spheres, Z*=Z(tpinh) is the sphere depth at pinch-off. Conversely, for sufficiently buoyant spheres, Z* may be found by solving U(Z*) = 0 using (4.6). The
solid curves in figure 3-16(a) denote the theoretically predicted sphere trajectories,
given by (4.8), where the measured value of U is used. Good agreement is observed.
In our subsequent analysis, we take the dimensional sphere speed when it is halfsubmerged, U', to equal the impact speed, so that U = 1, and (4.8) reduces to
Z(t) = -At2 + t.

(4.10)

Differentiating (4.10) gives the sphere speed:
U(Z) = ±V1 - 2AZ.

(4.11)

We note that in our experiments, |Uo - U'f/Uo < 0.08, so the error incurred by this
assumption is small. The dashed curves in figure 3-16(a) denote the theoretically
predicted sphere trajectories, given by (4.10). The slight discrepancy arises from the
approximation U r 1, that overestimates the sphere speed and becomes poor as the
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Predicted deceleration ( A)

0.08

0.1

Figure 4-1: The dimensionless average deceleration, A, of a sphere upon water entry.
The theoretically predicted deceleration is given by (4.9) for U = 1. Symbols correspond to the density ratios D = ps/p : 0 D = 0.65, O 7D = 0.86, A D = 1.14, V
D = 1.41, and o 7D = 7.86. The error in the measurement of average deceleration is
+0.1%.

density ratio D = ps/p becomes much less than one.

In figure 4-1, we compare the measured average deceleration from each experiment to that predicted by (4.9) for U = 1, where we take Z* to be the measured
sphere depth at pinch-off. We choose Cm = 0.25, half what would be appropriate
for a sphere moving in an unbounded fluid [9], and choose Cd = 0.12, the drag coefficient that minimizes the sum of squares of the error between the predicted and
measured average decelerations. Note that we do not include data for experiments
with D = 0.20 in which the contact line rises, as our model does not account for such
motion. The agreement between experimental observations and theoretical predictions suggests that (4.10) provides an adequate description of the sphere dynamics.
A similar agreement is obtained by instead choosing Cm = 0.5 and Cd = 0.17, indicating that the model is not highly sensitive to our choice of C, and Cd. We note
that the theoretically predicted sphere depth at pinch-off (to be defined subsequently
by (4.70)) could also be used together with (4.9) to determine A.

water

(a)

(b)

+
7.

z

....................
.......................................................

Figure 4-2: Sketch of (a) cavity model and (b) contact line model for shallow, deep,
and surface seal cavities. The cone angle, 0c, is shown. A sketch of the contact line
model for quasi-static cavities is illustrated in figure 4-3.

4.2

Cavity dynamics

The impact creates an axisymmetric air cavity that expands radially before closing
under the combined influence of hydrostatic pressure, surface tension, and aerodynamic pressure. A sketch of the cavity is shown in figure 4-2(a). We proceed by
developing a general theoretical description of the cavity evolution, then examining
the limits corresponding to the four observed cavity types: quasi-static, shallow seal,
deep seal, and surface seal. Particular attention is given to answering the question
that motivated this study: at low B, when and where does the cavity collapse?

In the high R limit, the motion of the liquid may be described to leading order
by the Euler equations:
1
au
p, V -u = 0.
+ u - Vu = -at
p

(4.12)

I_~_~_~___
_~___I__~__I__~_I__;^;i
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Defining a velocity potential q such that u = V,
unsteady Bernoulli equation:

LOt

+ - +
2
p

we integrate (4.12a) to obtain the

(4.13)

0,
A

where A and B represent any two points in the fluid. Choosing A to be at the interface
and B to be far from the cavity but at the same depth gives
U2

t

V

SIR+
IR=
2

fi

CaPaU

2

+

Pgz

p

(4.14)

where R(t, z) is the radius of the cavity. In (4.14), we have included the pressure
jump across the interface due to surface tension aV -fi, and that due to air entering
the cavity with characteristic speed U, where Ca is assumed to be a constant. This
assumption is consistent with previous experiments that found that at high B, 7.5 <
Ca < 10 and no appreciable pressure gradients arose within the cavity over a range
of impact speeds [1]. In writing (4.14), we neglect any unsteadiness in the airflow,
an assumption that is likely to be violated when the cavity becomes constricted near
pinch-off. Next, we seek an appropriate potential q that satisfies compressibility:
V 2 0 = 0.
Experiments conducted by Birkhoff & Caywood [15] on water entry at high B
and W have shown that the cavity motion is primarily radial or perpendicular to the
cavity axis. We assume that this is likewise true at low B, and so assume a purely
radial motion ru = RR, prescribed by that of the cavity walls having radial speed
R(t, z). This approach thus yields a variant on the Rayleigh-Besant problem, the
collapse of a spherical cavity [73, 14], and suggests a potential of the form

RR
0

,

forR<r<R(4.15)
for r > R,,

corresponding to the collapse of a cylindrical cavity of infinite vertical extent. The
parameter R, is a function of time that ensures that the energy in a horizontal
cross-section is finite, and will be prescribed in what follows. Duclaux et al. [30]
demonstrated the range of validity of cavity shapes predicted on the basis of (4.15)
for high B impacts. Note that by choosing (4.15), we eliminate the axial fluid motion
that typically accompanies the capillary instability of a vertical fluid cylinder, in
particular, both traveling waves and classical Rayleigh-Plateau [23]. Nevertheless, we

shall demonstrate in §4.2.2 that (4.15) provides an adequate description of the flow
at low B, where collapse is expected to be driven by surface tension.
Using (4.15), the total kinetic energy of a radially expanding fluid layer with
thickness dz is
1 R
T=-

2rxrpu2drdz = pR 2 7rR 2 In (R,/R) dz.

(4.16)

2JR

Following Duclaux et al. [30], we assume that In (R/IR) r 1, and thus find that
the radial fluid motion extends over a region comparable to the size of the cavity
(R, ? 2.7R). Substituting (4.15) into (4.14) yields
RR + ~3 R(2

P

(4.17)

f) - Ca U.

P

We note that the equation obtained by Rayleigh and Besant has been generalized
by Plesset [72], and differs from (4.17) only by its right-hand-side. We proceed by
non-dimensionalizing lengths by Ro and time by Ro/Uo. In doing so, (4.17) becomes
W(RR + 2k

2)

= -Bz-(V-fi)-CablW .

(4.18)

To describe the time-dependent axisymmetric interface, we define the cavity surface f (r, z, t) = r - R (z, t) . The normal to the surface and its divergence are then
fn =

Vf

IVfI

f - R_Z
=and
(1+ R2)/ 2

V -f =

(1 + RZ)/R - Rzz
(1 + R)2)

3/ 2

(4.19)

We assume the cavity walls have large slopes (Rz < 1) and that the
longitudinal component of the curvature is negligible (Rzz < 1) to obtain
where Rz

=

.

(

(R+

2

= -BZ

1

-

Cb/V.

(4.20)

These assumptions provide a good description of the cavity sufficiently far from the
surface (z > lc/Ro) where the cavity is narrow and deep. There, we may consider the
water-entry problem in terms of independent horizontal fluid layers, each governed
by (4.20).
The initial radial velocity of the cavity wall, R(t = 0), is related to the cone angle,
0c, via a geometric argument illustrated in figure 4-2(b). Consider a contact line
adjoining the sphere at depth Z. After an infinitesimal time dt, the sphere descends

a distance (dZ/dt) dt, and the cavity expands by an amount R(t = O)dt. Provided the
contact line remains fixed with respect to the sphere, we find

(

7r
2t

(dZ/dt) dt
R(t = O)dt

U(z)
R(t = 0)

1

where we have defined
R(t = 0) = Va-U(z).

(4.22)

Note that as a -+ 0, O~ -+ 180'. The assumption of the contact line remaining fixed
near the sphere's equator was validated experimentally for the shallow, deep, and
surface seal regimes. Thus, we take R (t = 0) = 1.
The initial radial velocity of the cavity wall may also be linked to the drag coefficient. Across a given depth with thickness dz, the energy transferred to the cavity
via drag corresponds to the total kinetic energy of the radially expanding fluid layer.
At high R7, we may safely neglect skin friction, and it follows that
pU2 Cd'idz = pTR2 rR 2 dz,

(4.23)

2

where we have used the dimensionless equivalent of (4.16) and our assumption for the
radial extent of the fluid motion. Since i = v U(z) when R = 1, we find that a is
proportional to the drag coefficient:
a

Cd

-.

(4.24)

2

Therefore, our assumption of constant a is consistent with the choice of velocity
potential, provided that Cd is also constant.
At a given z, (4.20) may be integrated once in R to obtain:

(2 U2+2Bz+ 1
3W

W

2

1

2Bz

1

3

R3

3)/V

WR

(4.25)
3

a

'

where we have used the initial condition (4.22). The maximum radius achieved by
the cavity at a given depth, R*, is found by setting (4.25) equal to zero and solving
the resulting cubic to find:
R* = m +

q+

q2 - m

6

+

q-

q-

6

,

(4.26)

where
rw = -1

1
2Bz + 2CaDW

(4.27)

and
q = ms

3

m (aWU2 + 1) + 2
2
2

(4.28)

In the high W, high F, zero-P limit of (4.25), R = 0 has no solution and thus the
cavity expands for all time and its radius evolves according to:
R (t, z) =

U + 1 2/5i

5

t 2/ 5

(4.29)

as t goes to infinity. The time dependence of the cavity radius at a given depth
is analogous to that of a blast wave generated by a nuclear explosion [86]. Surface
tension, gravity, and air flow are negligible in this limit, and the cavity expansion is
resisted only by the inertia of the fluid.
The cavity profile at time t* is readily determined by integrating (4.25) from z = 0
to z = Z (t*) , the dimensionless depth of the sphere's center, and for each z from
t = 0 to t = t* - t (z), the time elapsed since the sphere passed the depth z, with

the initial condition R (t = 0) = 1. While (4.25) gives an expression for the cavity
velocity, numerical integration is generally required to find the cavity evolution and
pinch-off time. Nevertheless, in a few interesting limits, (4.25) may be integrated
analytically.

4.2.1

Quasi-static impacts

While the dynamics of cavity collapse is the thrust of our study, we here briefly
describe the quasi-static case, for which W <c 1, (4.18) reduces to the Young-Laplace
equation, and the cavity adjoining the object is in hydrostatic equilibrium. In this
limit, the cavity shape, R (z) , is given by
Bz = -V

i=

Rzz - (1 + R ) /R

zzz)
(1 + R2)3 / 2

(4.30)

with the boundary conditions
Rz (z = Z*)

=

cotO,

R (z = 0)

--

o00,

(4.31)

water

Figure 4-3: A hydrophobic sphere sinking through an air-water interface at W <K 1.
In this quasi-static limit, inertial effects are negligible and the interface shape is
prescribed by a static meniscus.
where Z* = Z + cos 3 is the height of the contact line and V)= a + 3 - r as illustrated
in figure 4-3. The time-dependence enters only through the first boundary condition,
rendering the problem quasi-static. We note that in the analogous planar problem,
for the case of an infinitely long horizontal cylinder, it is possible to find a closed-form
solution for the cavity shape [50]. In the axisymmetric case, however, the boundary
value problem given by (4.30) and (4.31) must be solved numerically.

The penetration depth can now be understood as the maximum depth of the
sphere's center for which a solution to the boundary value problem exists. Let us
denote this dimensionless depth as Zmax = Zax/RO, where we use the prime symbol
to signify dimensional quantities. In order to calculate Zma, we use the following
method. First, for a given B and 0 a, we pick a depth Z and search for a solution to
(4.30) and (4.31) over all possible positions of the contact ring (parameterized by 3).
If a solution exists, we increase Z and repeat the search. If no solution exists, we have
found a depth for which a static meniscus cannot reach the sphere with the required
contact angle. This method is repeated until the penetration depth is found.
Our results indicate that for B -+ 0, the meniscus makes an angle 7P -

0,a/2 with

the horizontal when Z = Zmax. The maximum sphere density that an interface can
support for B -- 0 is also attained when b 0 a/2 [94], and thus provides validation
of our numerical algorithm in this limit. On the other hand, we find that for B > 1,
pinch-off takes place at the apex of the sphere: 0B 0a, as one expects. Anticipating
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Figure 4-4: Penetration depth for a W < 1 impact. Theoretically predicted dependence of the dimensionless penetration depth on B for four values of the advancing
contact angle, 0a. Inset: data collapse showing that the solid curve, defined by (4.32),
captures the dependence of the penetration depth on B and 0a.

this asymptotic penetration depth dependence on the contact angle, the penetration
depth data for 10-2 < B < 102, shown in figure 4-4, is fit to the curve

ZMax/Ro ,

0.83 B - 0.0351Iog

s

o-0.31

sin

1.6

+ 1,

(4.32)

given by the solid curve in figure 4-4 (inset). We note that the solid curve is simply
a parabola on a doubly-logarithmic plot, and that (4.32) sufficiently collapses the
numerical data. Note that the maximum penetration depth occurs for Oa = 180', and
that the penetration depth predicted by (4.32) does not scale with the capillary length,
as would be the case for a sinking horizontal cylinder, where the meniscus is twodimensional, and Zmax

_

B-

1/2

[95]. In figure 3-13, we plot (4.32) for Oa = 1200 as the

solid curve along with the accompanying experimental data for W < 1. Satisfactory
agreement is observed.

For W < 1, the pinch-off depth,
ric relation

Zpinch,

and penetration depth satisfy the geometfor B >( 1

icr Zmax - 1
Zmax + cos (r -

)

for

l 1,

where the numerically deduced dependence of 0 on the contact angle has been incorporated. Likewise, we can express the pinch-off time in terms of the pinch-off
depth:
Uo

Zpinch

+ 1,
(4.34)
+
where we take t = 0 to correspond with Z = 0. The theoretically predicted pinch-off
time (4.34) differs from that proposed by Lee & Kim [52], who estimate the pinch-off
time to be the time for a capillary-gravity wave to travel the capillary length, leading
tpinch
tpinchRo

to tpinch

W

'

R

1/ 2

In figure 3-10, the pinch-off depth predicted by (4.33) is given by the solid line,
and in figure 3-12, the pinch-off time predicted by (4.34) is given by the dash-dotted
line, in both cases for B = 0.088 and Oa = 1200. We note that inertia has been entirely
neglected in the derivation of (4.34). For W = 0(1), the observed pinch-off time is
greater than that given by (4.34) since dynamic effects, specifically the inertia of the
radial outflow, presumably become significant and act to resist cavity collapse.

4.2.2

High speed impacts of high-density spheres

For W > 1 at low B (or .- > 1 at high B), the inertial resistance to collapse must be
included, but we may render the problem tractable by assuming Rz < 1 and Rzz < 1,
as is appropriate for z/lc > 1. The collapse time for a particular depth is found by
integrating (4.25):
R=R*

tc (z)

R=R*

G (R,

=

, Bz, Ca , aU2) dR +

R=1

G (R, W , Bz, Cab, (aU2) dR,
R=O

(4.35)
where
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2Bz

1

2

3W/

W/

3

)

1

2Bz

1

2

R3

31/V

WVR

3

-1/2

and R* is defined by (4.26). The pinch-off time is the minimum time over depths
0 < z < oo of the cavity collapse:
tpinch =

(4.37)

min (t (z) + tc (z))

O<z< co

where t (z) is the time taken for the sphere to arrive at depth z. We note that t = 0
corresponds to Z = 0, and Zpinch corresponds to the depth of fluid pinch-off. We

proceed by seeking the pinch-off time and depth in the low and high B limits.

Shallow seal
For Bz < 1 and 1 < W <K -1, hydrostatic and aerodynamic pressures are negligible
with respect to curvature pressures, and we expect pinch-off near the surface (see
figure 3-5). This may be understood by considering the zero-B limit of (4.25), that
reduces to
2+

2

) R13

1
WR"

(4.38)

According to (4.38), the evolution of the cavity depends on depth only through U(z).
For jUo - U'(z)I/Uo < 1 (or equivalently, U(z) = 1), the speed of cavity collapse is
depth-independent; therefore pinch-off occurs where the cavity was first initiated, at
z = 0, and at a time given by (4.37), that reduces to
R=R*

R=R*

(4.39)

dRdR

tpinch =

1

R1

11R=1R

1O

The maximum radial extent of the cavity (4.26) reduces to
(4.40)

R* = v/W + 1,

and by making the substitution R = R* sin t, and noting that R* E [1, oc), we reduce

(4.39) to
tpinch

3/ 2

sin3/

2

9

sin 3 / 2

+

dd

,

(4.41)

0
J*

where 0* = sin - 1 R*- 1 . The integrals in (4.41) can be expressed in terms of the
elliptic integral of the first kind,
F (4, m) =

(1 - msin2

)

-1/2 d,

(4.42)
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to yield:
3tpinch

= 2F (

- 20* 2) + VK (

2

4

R*3/2W1/2

+ 2 cos 0* sinl/ 2 0*'

(4.43)

where K(m) = F(r/2,m). The asymptotic limits of (4.43) are found to be

f20

3 / 4 W5/ 4

c0

tpinch-

Coa3/4

/4

1

for cW
for aW

«

1,

(4.44)

for aW < 1,

Co VW
where
Co =

K

3

-

2

(4.45)

0.874.

In figure 3-12, we plot the theoretically predicted pinch-off time (4.43) along with
the asymptotic prediction (4.44a). The agreement between experiment and theory is
good for W < 100, above which (4.43) and (4.44a) begin to over-predict the pinchoff time. Here, we no longer observe shallow seal cavities, but instead observe that
pinch-off occurs at greater depths (see figure 3-6), where hydrostatic pressure becomes
increasingly important and accelerates pinch-off. The influence of hydrostatic pressure
on the cavity evolution in this low B regime will be considered in the next section.
The theoretically predicted pinch-off time (4.44) may also be understood by considering a simple balance between inertia and surface tension (pU2 , a/ao), that
leads to cavity collapse over a characteristic time scale
(4.46)

tpinch r

Note that the same scaling is obtained through consideration of the capillary instability of a hollow inviscid cylindrical jet in the absence of gravity, a variant on the classic
Rayleigh-Plateau instability [92, 231. If we take ao to be the maximum radial extent
of the cavity walls, RoR*, where R* is defined by (4.40), (4.46) may be expressed as
Uo
tc

pinch -f

3/4W5/4
'(4.47)

for aW

1

(4.47)

for cxV < 1.

We thus conclude that the theoretically predicted pinch-off time of a shallow seal
cavity (4.44) is consistent with its being a Rayleigh-Plateau-like instability, if one
accounts for the initial expansion of the cavity walls as predicted by our theoretical
v/-W, is retained only
model. The classic Rayleigh-Plateau pinch-off time, tpinchh

when aW < 1, i.e. the cavity walls do not expand. This limit is described further in
Appendix A in the context of impacting vertical cylinders, for which the vW scaling
is indeed observed.
A comparison between the zero-B model (4.38) and a particular shallow seal cavity
is shown in figure 4-5, where we estimate 0c = 168' and prescribe the sphere trajectory
from the video images. While the pinch-off time is predicted to within 5% of its
observed value, we observe that shallow seal occurs not at the surface, but at a depth
of roughly the capillary length (see figures 3-5, 3-10, and 4-5). This discrepancy
between experiment and theory may be attributed to the neglect of the longitudinal
component of curvature in our theoretical model, that resists collapse for z < I and
so tends to increase the pinch-off depth from

inch = 0 to

inc

I.

Moreover,

the ripples observed on the cavity walls are not predicted by our theoretical model
due to the use of a purely radial velocity potential, and hence do not appear in the
model results shown in figure 4-5. For certain W ranges, we observe that the ripples
reach the pinch-off depth at approximately the pinch-off time. The precise pinch-off
depth is therefore influenced by the propagation of these waves, whose presence may
account for the non-monotonic behavior illustrated in figure 3-10. We note that the
shallow seal regime is the most poorly described by our model, which neglects the
longitudinal component of curvature that dominates the dynamics for z/, < 1.

The transition W between the quasi-static to shallow seal pinch-off may be estimated by equating the corresponding pinch-off times, (4.34) and (4.44). In doing so,
we find
for aW{ > 1
(2Co) - 4 / 5a - 3/ 5 t 4 / 5
W = {

2C

4pinch

C0-2tpinch

(4.48)

p

for oW4V < 1.

When aW* = 0(1), the pinch-off time given by (4.43) rather than (4.44) should be
used to estimate the transition W. We do so numerically for a = 0.065 (Oc = 166'),
and 0 a = 1200, values appropriate for the impacting spheres used in our experiments,
in order to deduce the solid curve in figure 3-9 for B < 1. The discrepancy may be
attributed to the neglect of inertia in the derivation of (4.34), that resists collapse for
W > 1, and would thus tend to increase both tpinch and W.

Deep seal
The zero-B model presented in the previous section predicts that pinch-off occurs
at the surface z = 0. We expect this result to be flawed for two reasons. First, it

Figure 4-5: Zero-B cavity model (4.38) alongside video sequence of shallow seal (Ro =
0.10cm, p, = 7.7gcm-3, Uo = 1l0cms- 1 ). The time between successive images is
1.1 ms. W = 17, B = 0.14 (experiment), B = 0 (model).

Note that the model

predicts pinch-off at the surface owing to the neglect of the longitudinal component
of curvature.
neglects the longitudinal component of curvature that necessarily resists pinch-off at
the surface. Second, hydrostatic pressure becomes important at depth, specifically,
when Bz - 0(1). Thus, provided the W is sufficiently large that the sphere reaches a

dimensionless depth B - 1 prior to pinch-off, hydrostatic pressure will be dynamically
important during cavity collapse, and favor pinch-off at depth (see figure 3-10). We
proceed by developing a description of deep seal pinch-off.
For Bz > 1 and F < D - ', hydrostatic pressure dominates cavity collapse and
(4.25) reduces to
?2

=(aU

1

+2z

IF R 3

-

where we recall that W = BT. Provided that IUo - U'(z)
(4.35), reduces to
=

/Uo

< 1, the collapse time,

R=R*

R=R*

dR(z)
R=1

(4.49)
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(4.50)

R=O

-3(a+2

where
R*=

R/3aF

2z

+ 1.

(4.51)

Substituting R = R* sin2/ 3 t9 reduces (4.50) to

t(z) =

where V,*= sin

-1

R
2Y~~7(s/2 sin2/ 3

2/3
7r /2 sin
Vd)
sR*

d2 +

,

(4.52)

R*- 3 / 2 . For aF/z < 1 (R* -- 1, d* --+ 7/2), the first integral in

(4.52) vanishes, and for a.F/z > 1 (R* -- c, d* -- 0), the two integrals become
equal. Thus, (4.52) may be expressed as
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( 2C)
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for a.F/z

(4.53)

<

where C1 may be expressed in terms of the gamma function:
C)

C 2v r(11/6)
~ 0.747.
5F(4/3)

(4.54)

By solving (4.37) using (4.53), we find the pinch-off depth
11
inch
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1 /3
C3jF

for a172/ 3

1

(

)

for aF 2/ 3 « 1,

where C2 = 1(3)1/11(10COC)6/11 and C3 = 1(3C2) 1/3 . Note that in our experiments,

5 < aF 2 / 3 < 15 for 60 < W < 315. In this W range, the theoretically predicted
pinch-off depth, (4.55a), represented by the dashed curve in figure 3-10, is in good
agreement with experiment. This W range corresponds to the deep seal regime, where
the cavity evolution is prescribed by (4.49), and it is safe to neglect surface tension.
The pinch-off time, t(zpinch) + tc(zpinch ) , is given by
pin
C 4 a2/ 1 1 F

C 5 .F1/3

C2 and

where C4

5/ 11

for
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2/3

2/3

1

(4.56)

< 1,

5 = 3C3. The theoretically predicted pinch-off time (4.56a),

given by the dashed line in figure 3-12, is also in good agreement with experiment
in this deep seal regime. We note that both (4.55) and (4.56) are compatible with
the approximate analytical solutions and experimental observations of Duclaux et al.
[30], in which they propose tpinch
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The lower boundary of the deep seal regime, that is, the W at which the cavity
type transitions from shallow to deep seal, may be estimated by equating the shallow
seal and deep seal pinch-off times, (4.44) and (4.56) respectively. Doing so yields the
following transition W in various limits:

(c

44/35
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2Co)
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/3

>
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for a.F2/3 < 1 and aW > 1

for aJ 2 / 3 < 1 and aW)/

A) L3 -

(4.57)

< 1.

We plot (4.57a) as the dash-dotted line in figure 3-9 for a = 0.065, appropriate for our
impacting spheres. The discrepancy for B = 0(1) likely arises from the admittedly
arbitrary use of 21c as the cut-off depth used to distinguish between the deep and
shallow seal regimes in our experiments.
In figure 4-6, we show a comparison between the theoretical model that includes
both surface tension and hydrostatic pressure (4.25) and an experimentally observed
deep seal cavity, where we prescribe the sphere trajectory from video images, and estimate 0c = 1600. The model captures the significant features of the cavity evolution,
with the exception of the capillary waves and near surface profile, shortcomings that
result from neglecting vertical fluid motion and the longitudinal component of curvature. Despite the limitations of our theoretical model, the pinch-off time is predicted
within 10% of its observed value, and the pinch-off depth to within 20%.

For B > 1, one may estimate the transit ion from quasi-static to deep seal regimes
by equating the corresponding pinch-off tinLes, (4.34) and (4.56), to find
{ C6a-2/5
7=

where C

-C011/5

and C 7 = C

-3 .

for a1';2/3 > 1

for a.F 2 /3

1,

(4.58)

Note that the shallow seal regime does not exist

for B > 1, nor does the deep seal regime exist for B < 1.

-
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Figure 4-6: Cavity model (4.25) alongside video sequence of deep seal at low B
(Ro = 0.08cm, Ps = 7.7gcm-3, Uo = 310cms- 1 ). The time between successive
images is 2.3 ms. W = 109, B = 0.088.
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Surface seal
While the theoretical model developed in §4.2.2 does not allow us to consider events
above the surface, it does allow for consideration of the dependence of the cavity
evolution on aerodynamic pressure. For W > D - '1 and FJ > D - 1, we may neglect
curvature and hydrostatic pressures in favor of aerodynamic pressure. As described
previously, provided that IUo - U'(z)I/Uo < 1, pinch-off occurs where the cavity was
first initiated, at z = 0. In this limit, (4.35) and (4.37) reduce to
R=R*

R=R*

+C

tpinch =

)

+ 2

~

-

R=D

2

R=O

2 Ca

)1

(4.59)

1

and (4.26) becomes
R* =

/3a/(2CaD) + 1.

(4.60)

Substituting R = R* sin2/3 0 into (4.59) yields
2

tpinch = R* 1
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,

(4.61)

where t* = sin - ' R*- 3/ 2 . Depending on the magnitude of a/D, (4.61) reduces to the
following:
1/3(C
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)-5/ 6

- 1/ 2

for a/D >( 1
for
< 1,

(4.62)

Cl(2)1/2, and C1 is given by (4.54). We note that a

simple balance between inertia and aerodynamic pressure (pU2 ~ paU2) leads to the
dimensionless pinch-off time scaling tpinch

, b-1

/ 2,

which is retained when al/ < 1

in (4.62), and is in accord with a theoretical result obtained by Lee et al. [54].

4.2.3

High speed impacts of low-density spheres

In §3.2, we observed that light spheres may decelerate appreciably over the time scale
of cavity collapse, thereby altering the cavity dynamics. Moreover, in §4.1 we observed
that the sphere dynamics can be described by an dimensionless average deceleration,
A, defined by (4.9). We thus considered trajectories of the dimensionless form
Z(t) = -At2 + t,

2

(4.63)

with the corresponding speed
(4.64)

v/1 - 2AZ.

U(Z) =

Shallow seal
Although the influence of sphere deceleration on the pinch-off depth and time of a
shallow seal cavity is trivial, we here consider the impact of small (B < 1), lowdensity (D - 1) spheres.

In the limit of A = 0, the pinch-off time of a shallow

seal cavity is given by (4.44). For a decelerating sphere at low B, cavity collapse is
favored at depth due to a decrease in the initial speed of the cavity wall. However,
this effect is countered by the additional time required for the sphere to penetrate
into the fluid. Thus, we expect pinch-off to remain near z = 0, and (4.44) to be a
good approximation for the pinch-off time. Combining (4.44) and (4.63) gives the
sphere depth at pinch-off

i2Coa3/4 W5/ 4 (1 - ACoa 3 / 4
CoVW - 1

5 / 4)

for

> 1

(4.65)

for aW < 1,

Co

where Co is defined by (4.45).

Deep seal
The evolution of the water-entry cavity formed by large decelerating spheres is given
by

z
3
R2 =
(4.66)
Fr
2
where we have taken the appropriate limit of (4.20) relevant to the spheres used in
our experimental study: B > 1 and F << - 1 . Next, we use the identity R2
Rj +

2
d (R2)

=

2(RR ± R 2 ), to rewrite (4.66) as
dt2

2z

R2 +

(4.67)

2= _

Initially, R = V/ U < 1, and so the cavity dynamics may be approximated by
2

,

(4.68)

Figure 4-7: Image sequence of the water-entry cavity formed by a nylon sphere with
density p, = 1.14 g cm - 3 , radius R

= 1.27 cm, and impact speed Uo = 281 cm s -

.

The dashed curves denote the theoretically predicted cavity shape, given by (4.17)
for a = 0.14 (0c = 172o). The time between successive images is 6.4 ms. F = 63.

that should be valid at the beginning of the collapse, but fail close to pinch-off.
Duclaux et al. [301 demonstrate the validity of this approximation for the radial
motion of the cavity walls, and use it in their subsequent analysis where the sphere
speed is taken to be constant. Since the sphere speed simply provides a boundary
condition for the evolution of the cavity, we may also use (4.68) in our theoretical
developments.
The water entry of a large low-density sphere is shown in figure 4-7. The dashed
curves denote the cavity shapes predicted by (4.68), and the agreement suggests that
(4.68), if used in conjunction with a model of the sphere trajectory, can adequately
predict the cavity evolution. The observed discrepancy can be rationalized in terms
of the assumed form of the velocity potential, that neglects the three-dimensionality
of the flow that one expects to be non-negligible in the near-surface region.
Using our approximation for the sphere speed, (4.64), we may integrate (4.68) to
obtain an expression for the collapse time at a given depth:
tc(z) = 2V/-&1 - 2AzFz - 1 .

(4.69)

In writing (4.69), we have taken the asymptotic limit relevant to our experiments,
aU

2

/z > 1, in which the cavity expands before collapsing.

Provided that the radial collapse of the cavity is unobstructed by the sphere, we
may solve (4.37) using (4.69) to find the pinch-off depth
pinch

= VaF 2A 2 + 2V/-F - v-FA.

(4.70)

A first-order Taylor series expansion of (4.70) about A = 0 yields
Zpinch =

1

-1/4

/ 2

-

v7FA.

(4.71)

Similarly, the pinch-off time, t(zpinch) + tc(Zpinch), is given by
1
1
tpinch = 2va l/4F l/2 -

FV/-A,

(4.72)

and the sphere's depth at pinch-off by
Z(tpinch) = 2V2

1

l/4

1 /2

- 5V/aFA.

(4.73)

The pinch-off depth relative to the sphere's depth at pinch-off may then be expressed
as
+

c
Z(tpinch)

2

3V2 a 1 / 4 1

l/2A.

8

(4.74)

Although closed-form solutions are available, for convenience, we give only the firstorder Taylor series expansion in A in writing (4.72)-(4.74). We note that the theoretical predictions given by (4.69)-(4.74) reduce to those of Duclaux et al. [30] for
A = 0, corresponding to the limit of constant sphere speed.
In figure 4-8 we present a quantitative comparison between experiment and theory
for cases of unobstructed cavity collapse. The solid lines denote the theoretical predictions given by (4.71)-(4.74). The black symbols denote the experimentally observed
pinch-off characteristics when the sphere deceleration is included (A > 0), the white
symbols when it is neglected (A = 0). By considering the sphere decelerations, the
agreement between experiment and theory is significantly improved. We note that
the exception is the pinch-off time (4-8(b)), for which the agreement is comparable,
but still within our experimental uncertainty.
Our theoretical model captures the four salient features of the water-entry cavity
formed by decelerating spheres (A > 0). Relative to a sphere sinking at constant
speed, the pinch-off depth, pinch-off time, and sphere's depth at pinch-off decrease.
Moreover, the pinch-off depth approaches the sphere's depth at pinch-off, while the
volume of the entrained bubble necessarily decreases. These features are all observed
in figures 3-15 and 3-16, with the exception being the case in which cavity collapse is
obstructed (figure 3-15(I)). In this limit, owing to the upward motion of the sphere
and the shallow extent of the air cavity, one expects the vertical component of the fluid
velocity to become significant and our choice of velocity potential to be inadequate.

_l~~~j_:~_~~?_^il~F____~~_:L_~L~__~i~_~~

I
<

10

+

+

1

S1010
00

O

Fr= U I gR

Fr= U /gR

(b)

(a)
0.8

1-

+

LO

gA

o 0.4

'

0.3
010-5

N

Fr= Uo / gR o

(c)

0.7

o% V
2.'7

0.2

10

10

Fr= U I gRo

(d)

Figure 4-8: Characteristics of the water-entry cavity formed by large decelerating
spheres. The symbols denote the experimentally observed (a) pinch-off depth, (b)
pinch-off time, (c) sphere depth at pinch-off, and (d) ratio between pinch-off depth
and sphere depth at pinch-off. The black symbols denote the pinch-off characteristics

when the average sphere deceleration (A > 0) is included. For comparison, the hollow
white symbols denote the pinch-off characteristics when the sphere deceleration is
neglected (A = 0). The solid lines denote the theoretical predictions and are given
respectively by (4.71), (4.72), (4.73) and (4.74) for a = 0.14 (Oc = 1720). Symbol
types correspond to the density ratios 19 = ps/p : O1 = 0.65, O 19 = 0.86, A D
= 1.14, V 1) = 1.41, and o = 7.86. The error in measurement is on the order of the
symbol size.

4.2.4

Cavity ripples

In §3.1, we observed the presence of waves propagating along the vertical cavity walls
(see figures 3-5 and 3-6). We here briefly examine the dynamics of these waves, that
we propose may be understood by considering the stability of a hollow inviscid cylindrical jet in the absence of gravity. Tomotika [92] demonstrated that axisymmetric
perturbations with wavelength A less than the jet circumference 27rao are neutrally
stable and propagate along the jet with the dispersion relation
w2

a3

(

pao Ko(()

(~1
(2

1) ,

=

kao,

(4.75)

where Ko and K1 are modified Bessel functions of the second kind of order zero and
one respectively, ao is the radius, k the wave vector, and w the frequency.
The initial disturbance is presumably associated with the large curvature at the
surface, created by the sphere impact. Provided that the impact speed exceeds the
capillary wave speed, that is, W > 1, we may apply Tomotika's theory to the ripples
on the water-entry cavity, noting that the condition W > 1 roughly coincides with
the onset of the shallow seal regime. In our experiment, the Ohnesorge number,
( = r 2/(pRoa) is low (10-6 < ( < 10-4), so waves will not be greatly affected by
viscosity. By tracking the positions of the wave crests for the deep seal impact shown
in figure 3-6, we estimate the phase speed c = w/k and dominant wavelength A = 27r/k
for each crest. In figure 4-9, we compare the observed phase speed for a given k and
local radius ao to the theoretically expected behavior for capillary waves (4.75). The
reasonable agreement suggests that the observed ripples are indeed capillary waves
generated by the impacting body. Possible sources of error include the use of linear
theory to describe the waves, as well as the neglected influence of the cavity motion
on their propagation.

4.3

Splash dynamics

The theoretically predicted pinch-off time (4.62) is found without considering the
splash curtain dynamics; nevertheless, we expect it to set an upper bound for the
time of surface seal. Moreover, we will demonstrate that our cavity model provides a
good approximation for the initial conditions for the splash curtain. We proceed by
considering the splash curtain dynamics.
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Figure 4-9: Analysis of ripples on a deep seal cavity for W = 109. Observed phase
speed versus theoretical phase speed for the capillary waves supported by an inviscid
cylindrical cavity in the absence of gravity. The theoretical phase speed is found by
substituting the local values of ao and k = 27-/A into (4.75). A characteristic error
bar is shown.

For high B impacts, the time of surface seal is determined by the evolution of the
splash curtain [38, 63]. At low B, we observe likewise (see figure 3-7), and so propose
the following supplement to our cavity model. As illustrated in figure 4-10(a), we
consider the splash curtain to be an axisymmetric liquid sheet with thickness 6(s)
and speed V(s), the evolution of which results in a closed bell shape [24]. Provided
that T, = V 2 /(gH) > 1, where H is the characteristic splash height, H _ Ro, and
Vo the initial ejection speed, we can safely neglect gravity. Provided that air friction
is negligible, one may further assume that V(s) = Vo. The evolution of the waterbell
is then described by a balance of inertia, surface tension, and aerodynamic pressure.
In dimensional variables, this balance takes the form
(WsR'(t*) - r')

dsf

- cos

-

2u

r

(4.76)

where W, = pV 26 o/(2) is the Weber number of the sheet, s' the arc length along
the sheet centerline, and Ap the pressure difference between the outside and inside
of the bell [24]. R'(t*) is the radial position at a time t* = t' - s'/Vo of the underlying
cavity at z' = 0, that evolves according to (4.25) and so couples the dynamics of
the cavity and splash curtain. Note that the existence of the splash curtain requires
that V > V where V = /2o-/(p6) is the retraction speed owing to surface tension
[87, 26]; thus, necessarily Ws > 1.
The shape of the splash at time t' is obtained by integrating (4.76) from s' = 0
to s' = Vot', with the initial conditions r'(s' = 0) = R'(t', z' = 0) and tan p(s' =
0) = R'(t', z' = 0)/Uo, corresponding to the position and slope of the underlying
cavity. Note that in writing (4.76), we assume that the initial sheet thickness 6 o is
independent of time. If one takes the characteristic pressure, length scale, and time
scale to be respectively paU2, Ro, and Ro/Vo, (4.76) may be written in dimensionless
form as
dp
(WR (t - s) - r) d=
ds

-cos

WD
+ -- r.
2

(4.77)

In the present study, W < 2D - 1 r 1700, therefore, collapse of the splash curtain
is driven primarily by surface tension, and aerodynamic pressure may be safely neglected. Since the splash is axisymmetric, the initial sheet curvature draws the sheet
inward, resulting in a closed bell. The closure time of the splash curtain is obtained
by considering the trajectory of the sheet's leading edge as prescribed by (4.77) for
t = s, the time elapsed since impact, with the initial conditions r(s = 0) = 1 and
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p(s = 0) = r - 0c. The solution is the catenary
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(4.78)

with integration constants
C10 = (1 -W

) cos 0 and C1 = C10 I

n

,c

(4.79)

where the dependence on the cavity growth enters through the cone angle 90, the
initial slope of the cavity wall defined by (4.22). Surface seal occurs when the sheet
tip reaches zero radius, that is, when r' = 0 in (4.78). Using the relation s' = Vot',
the closure time is simply the arc length of (4.78) from z = 0 to r = 0:
Cl [
tos u V° = Clo
closure

o

10

)2
(Si ll
W s) 2 - 1 + COS20c
1)cos
2(sin +
C
1o
2 (sin Oc + 1) cos Oc

(4.80)

A comparison between model (4.77) and experiment is made in figures 4-10(b)
to 4-10(c). In the experiment, we measured Vo/Uo = 0.25 ± 75%. While direct
measurements of 6(s) were not possible, we used Jo = 0.02cm to initialize our
simulations, which yielded a reasonable agreement. The dimensionless sheet thickness (o0/Ro = 0.14) is roughly consistent with those measured by Cossali et al.
[25] (0.1 < 6(t')/Ro < 1.0) in an investigation of droplet impact on thin films for
140 < W < 430. Using Jo = 0.02 cm, we find V, = 85cms - 1 that is small relative
to Uo - 540 cm s-1; the difference between impact and sheet speeds thus cannot be
rationalized wholly in terms of the rim retraction speed.
It is worth highlighting that the assumptions required to derive (4.25), including
the neglect of the longitudinal component of curvature, are well satisfied in the surface
seal regime. Specifically, since po
0 in the experiments, (4.25) provides a good
approximation for the radius and slope of the splash curtain at z = 0. The principal
shortcoming of our model for the splash curtain results from uncertainties in the sheet
thickness and ejection speed, which may be influenced by sheet instability and droplet
ejection (figure 4-10(b)). Nevertheless, our investigation has made clear that both the
cavity and splash curtain need be considered to provide a full description of a surface
seal cavity, and our model represents the first attempt to do so.
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Table 4.1: Summary of cavity pinch-off results for the water entry of dense hydrophobic bodies, where tpinh has been scaled by Ro/Uo, Zmax and Zpinch by R 0 . Recall
that IW = B.F. The results are given respectively by (4.32), (4.44a), (4.44b), (4.56a),
(4.55a), (4.56b), (4.55b), (4.62a), (4.62b), and (4.29).

4.4

Discussion

We have presented the results of a combined theoretical and experimental investigation of the vertical water entry of spheres. For small spheres (B < 1), where the
resulting cavity collapse is caused by both surface tension and gravity, our parameter study has revealed four distinct cavity types that arise as the W is progressively
increased: quasi-static, shallow seal, deep seal, and surface seal. In the quasi-static
regime, the cavity takes the shape of a hydrostatic meniscus and air entrainment is
minimal. Both the shallow seal and deep seal regimes are characterized by considerable air entrainment, a long slender cavity, and the occurrence of capillary waves,
but differ in terms of their pinch-off location. In the surface seal regime, the splash
created upon impact domes over to seal the cavity prior to its pinch-off at depth.
A theoretical model based on the solution to the Rayleigh-Besant problem has
been developed to describe the evolution of the cavity shape. The principal advantage
of our model over full numerical simulations is its relative simplicity. In particular,
it provides exact solutions for the evolution of the cavity, and simple expressions for
the pinch-off time and depth. A summary of our new results for the cavity dynamics
of dense impacting bodies is given in Table 4.1.

We have considered the influence of both curvature and aerodynamic pressures
on the cavity evolution. The inclusion of surface tension allows us to describe low
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Figure 4-11: Regime diagram for the air-water entry of hydrophobic spheres indicating
the scope of the present study and observed cavity types (see §3.1). For all studies,
R > 1, Q > 1, and = 1.2. 10-. . The theoretically predicted boundaries between
the cavity regimes are given in §4.2.2, with the exception of the deep seal to surface
seal boundary, given by the empirical fit W = 320 at low B (present study) and F =
(1/6400)- 2 at high B [16]. Note that cavitation is expected to arise at sufficiently
high speed; specifically, when Q = (p - p,)/(1/ 2 pU2) < 1, where p, is the liquid
vapor pressure.
B impacts. Aerodynamic pressures become significant to the cavity dynamics when
both F > 1 and WD > 1. We may interpret the two distinct F scaling regimes
observed by Gekle et al. [37] for B = 50 as manifestations of the quasi-static and deep
seal cavity types. We similarly observe a W regime in which the depth of pinch-off
does not increase monotonically. In figure 4-11, we thus present an expanded picture
of the cavity dynamics of water entry, where the predicted cavity type depends on
both F and B.

Our theoretical model captures the essential features of the water-entry cavity, as
demonstrated by its ability to adequately predict the cavity shape, pinch-off time,
and pinch-off depth. Our simplified description of the contact line dynamics pro-

vides a potential source of error, although the model does particularly well in the
quasi-static, shallow seal, and deep seal regimes. In the shallow seal and deep seal
regimes, there are several possible sources of discrepancy between model predictions
and experiment. First and foremost, the model neglects the longitudinal component of
curvature, thus precluding adequate treatment of the near-surface region. Second, the
model velocity field is purely radial, an assumption that is also likely to be violated
in the near-surface region. Taken together, these assumptions preclude treatment
of either the capillary waves propagating along the cavity walls or classic RayleighPlateau instability. Third, the two-dimensional geometry of the cavity obliged us to
approximate the radial extent of the fluid motion generated by impact; shortcomings
of this approximation are discussed by Bergmann et al. [12]. The cavity model's
ability to predict the time of surface seal is limited, as one expects the dynamics of
the splash, which domes over to seal the cavity, to become important. Therefore, we
have presented a supplemental model for the splash curtain dynamics that couples to
our model of the cavity evolution. The splash is described as a waterbell that evolves
under the combined influence of surface tension, aerodynamic pressure, and inertia.
We thus obtain the dependence of the time of surface seal (4.80) on the sheet Weber
number.
A quantity of considerable interest to the military is the average deceleration of
a sphere that impacts a water surface. Our combined experimental and theoretical
investigation of the water entry of low-density spheres has shown how a simple model
for the sphere dynamics provides a reasonable estimate of this quantity in terms of the
impact parameters. The sphere dynamics is coupled to the cavity dynamics through
hydrodynamic forces that are encapsulated by the drag and added-mass coefficients,
respectively Cd and Cm. By taking these coefficients to be order one constants, we
infer the average sphere deceleration and obtain good agreement with experiment.
Our experimental study has revealed how the evolution of the water-entry cavity
formed by an impacting sphere is altered by its deceleration. A theoretical model
for the evolution of the cavity shape, introduced by Duclaux et al. [30], has been
generalized in order to describe the cavities formed by decelerating spheres, and yields
simple expressions for the pinch-off time and depth. This is made possible because
the cavity dynamics is entirely determined by the sphere trajectory. One can thus use
(4.70)-(4.74) to rationalize the water-entry cavity formed by spheres whose densities
are comparable to that of water and whose decelerations cannot be neglected. A
summary of our new results for the cavity dynamics of large low-density spheres is
given in Table 4.2.

Result
Zpinch =

V/201/4

/2 -

1

11

1/ 2 -

/4-F
tpinch = 2V/'0
Z(tpinch) = 2V2'a 1/ 4 T
Zpinch/Z(tpinch) =

Equation

a

+

1/ 2

/

A

(4.71)
(4.72)

FA

(4.73)

1/2A

(4.74)

,/.FA
V- 5v'
1/4

Table 4.2: Summary of cavity pinch-off results for the water entry of large low-density
spheres, where A is the dimensionless average deceleration, tpinch has been scaled by
Ro
0 /Uo, Zmax and Zpinch by Ro. The theoretical predictions in this table are valid in
the limit B > 1, 1 < F < D-1, and aY 1 / 2 > 1.

The lowest-order theoretically predicted corrections to the dimensionless pinch-off
time, pinch-off depth, and sphere's depth at pinch-off vary in magnitude by the ratios
1:2:5. Thus, one expects changes in the pinch-off time between two spheres with
different densities (fig. 4-8(b)) to be least discernible, while their depth at pinch-off
(fig. 4-8(c)) to be the most. This is consistent with the experimental observations
of Truscott & Techet [93], who report changes in the depth at pinch-off but not the
time of pinch-off.
Discrepancies between our experimental observations and theoretical predictions
in this high B regime can be rationalized in terms of the assumed velocity potential.
By assuming that the flow is purely radial, we are implicitly considering the limit
in which the cavity depth is much longer than its breadth: the applicability of our
model thus depends on the slenderness of the cavity, and is expected to fail for weak
impacts of relatively light spheres. A theoretical description of such impacts is left
for future work.

Appendix A
Water entry of small hydrophobic

cylinders
The cavity created in the wake of a vertical cylinder was examined in order to yield
insight into the 0c -

1800 (a -- 0) limit, and specifically, to test (4.44b). One expects

to observe an earlier pinch-off time with respect to that of a sphere of equivalent W
and B, because in this limit the cavity collapses without initially expanding. For a
particular set of experiments, hydrophobic steel cylinders with radii Ro = 0.8 mm
were released from an electromagnet, and the resulting cavity evolution recorded
using high-speed video. The cylinders were sufficiently long (12 cm), that the cavity
formed following the initial entry of the cylinder had collapsed by the time the top
of the cylinder entered the water. A hydrophobic spray coating, WX2100 by Cytonix
Corp., was used to prepare the cylinders.
For the impact of hydrophobic cylinders, we observed two distinct cavity types
impact of a vertical cylinder is shown in
at low B according to W. A typical low /VW
figure A-1. As the top edge of the cylinder enters the water, a transient air cavity is
formed. The free-surface attaches to the rim of the cylinder and is pulled downward,
taking the shape of a static meniscus. The radial extent of the cavity is comparable
to the cylinder radius, and pinch-off occurs when the top of the cylinder reaches a
depth on the order of the capillary length. Air entrainment is minimal. We denote
this cavity type as quasi-static.

As the W increases, a substantial air cavity is formed in the wake of the cylinder
(see figure A-2). Following water entry, the contact line becomes pinned to the
cylinder's trailing edge and the angle between the free-surface and the vertical remains
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Figure A-i: Quasi-static impact cavity formed by an impacting vertical cylinder.
Video sequence of the top water entry of a steel cylinder at low B (Ro = 0.079 cm,
ps = 7.7gcm - 3 , Uo = 60cms-'). The time between successive images is 1.0ms.
W = 4.0, B = 0.088.
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Figure A-2: Shallow seal impact cavity formed by an impacting vertical cylinder.
Video sequence of the top water entry of a steel cylinder at low B (Ro = 0.079 cm,
p, = 7.7gcm - 3 , Uo = 141cms-1). The time between successive images is 0.7ms.
W = 23, B = 0.088.
fixed at nearly 1800. The radial extent of the cavity is on the order of the cylinder's
radius and the top of the cylinder is deeper than the capillary length at pinch-off. The
cavity pinches-off at a depth of approximately the capillary length. The free-surface
is smooth and we do not observe the generation of ripples. We denote this cavity
type as shallow seal.

For W < 1, we predict the pinch-off depth for the axisymmetric meniscus adjoining a cylinder by using a similar method to the one described in §4.2.1. Let the
cylinder have length 21 and radius Ro. As the cylinder sinks below the surface, the
contact ring, located at depth Z*, is pinned on the top edge of the cylinder, and ?0
becomes independent of the contact angle. Thus, we have Z* = Z - 1/Ro, and allow
, to take any value 0 < V < rr. Given a depth Z of the cylinder, we search for a
solution to (4.30) with the boundary conditions given by (4.31). In this case, the
maximum depth is achieved for 0 = rr/2 and the pinch-off depth is given by
zinch/RO MaL

- 0 0 52

.

oglo 8

- 0 35

.

(A.1)

for 10- 2 < B < 102. Note the asymptotic behavior in the limit of u = 0 (B -- oo):

zinch --+ 0. In this limit, complete immersion takes place once the top edge of the
cylinder reaches the surface.
For B = 0.088, we present in figure A-3 the experimentally observed pinch-off
depths for the cavity created in the wake of a cylinder, along with the theoretically
predicted pinch-off depth defined by (A.1). The small discrepancy in the quasistatic regime may be attributed to the neglect of inertia in the derivation of (A.1),
that resists collapse for W > 1, and would tend to increase Zpinch. The deviation
between experiment and theory is expected to increase with increasing W. In figure
A-4, we present the experimentally observed pinch-off times, that are in reasonable
agreement with our theoretical predictions: (4.44b), given by the solid line, and
(A.1), given by the dash-dotted line. The neglect of inertia in the derivation of (A.1)
leads to a discrepancy in the quasi-static regime. In the shallow seal regime, the
neglect of the longitudinal component of curvature, that necessarily resists pinch-off,
may account for the discrepancy. The study of impacting cylinders demonstrates
that our theoretical model reasonably describes the cavity evolution in the limit of
aW -- 0, where, according to (4.47b), the standard Rayleigh-Plateau pinch-off time
tpinch ~

v/

is obtained.
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Figure A-3: Dimensionless pinch-off depth of the cavity generated by an impacting
vertical cylinder versus W for 3 = pgR /a = 0.088, corresponding to Ro = 0.079 cm.

The cavity types, quasi-static and shallow seal are denoted by the triangle and asterisk
symbols respectively. The solid line denotes our theoretical prediction for the pinchoff depth of a quasi-static or shallow seal cavity and is given by (A.1). Characteristic
error bars are shown.
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Figure A-4: Dimensionless pinch-off time of the cavity generated by an impacting
vertical cylinder versus W for B3 = pgR /a = 0.088, corresponding to Ro = 0.079 cm.
The cavity types, quasi-static and shallow seal are denoted by the triangle and asterisk
symbols respectively. The solid line denotes the theoretical pinch-off time of a shallow
seal cavity and is given by (4.44b). The dash-dotted line denotes the theoretical pinchoff time of a quasi-static cavity, corresponding to (A.1) for B = 0.088. Characteristic
error bars are shown.

Part II
The dynamics of descent along a
flexible beam

Chapter 5

Background
A fundamental understanding of the dynamic behavior of flexible beams subjected
to moving loads is central to the design of many engineering structures, including
bridges and railways. Aspects of this problem have been studied extensively, beginning with Willis [101], Stokes [84] and Zimmermann [104], who considered a beam
with negligible mass traversed by a single load moving at constant speed. Subsequently, Krylov [49], Timoshenko [90] and Lowan [59] investigated the limit where
the load mass is negligible relative to that of the beam. Steuding [83], Schallenkamp
[77], Bolotin [19] and others included both the beam and load mass in their analysis
of loads moving at constant speed. The generalization to load motion at variable but
deflection-independent acceleration has received recent attention, and is discussed for
example by Lee [53] and Michaltsos [68].
One-dimensional elements resistant to stretching but not to bending, such as
strings, cables, chains, and ropes, are frequently used in modern structures. Vibration studies of these elements subjected to moving loads began with Smith [81],
who studied the motion of a mass moving at constant speed along a stretched string.
Flaherty [45], Sagartz & Forrestal [76], and Rodeman et al. [75] considered variablespeed load motion, and Derendyayev & Soldatov [29] and Blinov [18] included the
load's inertia. For a comprehensive review of the dynamic response of solid structures
under moving loads, see for example Fryba [33], or from a historical viewpoint, see
Timoshenko [91].
Civilian and military operations on floating ice are common in Arctic regions and
have motivated a number of scientific studies. Kerr [46] surveyed early research on
the response of floating ice to static loads. Nevel [70] considered the local stresses
generated by a load moving at constant speed, and Davys, Hosking & Sneyd [27]
analyzed the far-field wave patterns. Considerable effort has been made to predict
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the critical load speed, above which flexural-gravity waves can propagate freely, and
below which no such waves are generated (e.g. Hosking, Sneyd & Waugh [43] and
Strathdee, Robinson & Haines [85]). For a review of the modern theory of moving
loads on ice plates, see Squire et al. [82] and references therein.
In all previous studies of beams, the load speed or acceleration is prescribed and
independent of the resulting deflection, but in general this need not be the case.
Consider the motion of a solid steel sphere with mass m along a simply supported
flexible beam with length L, mass M, Young's modulus E, area moment of inertia I,
stiffness EI, and initial beam inclination 0, as depicted in figure 5-1. Provided the
beam is inextensible, the system may be characterized by three dimensionless groups:
the load-to-beam mass ratio M = ', initial beam inclination 0, and torque ratio
K = ML

which represents the tendency of the beam to bend under its own weight

(g is the gravitational acceleration). This classification allows us to identify four regions in the phase space (M, K1)as shown in figure 5-2. Region I (K: < 1, M < 1)
corresponds to Galileo's rigid ramp and a uniformly accelerated sphere. In region II
(K > 1, M < 1), the beam bends under its own weight, independent of the sphere
dynamics. In region III (KI< 1, M > 1), the beam does not deform under its own
weight, but rather under the weight of the sphere, and the beam shape is thereby
coupled to the sphere dynamics. In region IV (KC > 1, M > 1), the beam bends
under its own weight and that of the sphere, and one expects that the beam's inertia may generate waves as the sphere rolls. In the present study, we consider the
system dynamics in regions II, III, and IV, where the sphere acceleration is deflectiondependent.

Further insight into the beam-and-mass dynamics may be obtained by considering the characteristic length scales and time scales associated with the load motion. Along an initially horizontal beam, the characteristic deflection length scale e
is found by equating the bending energy El (j~)2 L to the gravitational potential
energy e (m + M) g, yielding
(m + M) gL 3
(5.1)is
E
that
corresponds
the
to
maximum
static
deflection. The characteristic load speed
that corresponds to the maximum static deflection. The characteristic load speed is
E~
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Figure 5-1: a) Photograph of a simply supported meter-long beam with mass M =
0.33kg, stiffness El = 4.03kg m3 s- 2 ,and initial inclination 0 = 10.0'. b) Overlaid
images taken at 0.1 s intervals following the release of a 2.5 inch diameter steel sphere
= 0.744.
= 3.14,
weighing m = 1.0 kg onto the beam. M =

MgL2
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Figure 5-2: Regime diagram depicting the beam-and-mass dynamics and indicating
the scope of the present study (regions II, III, and IV).
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and the time scale associated with the load motion is therefore

T

El

L/U

(m + M)g

2

(5.2)
L(

Along a rigid beam with inclination 0, vertical motion occurs over a length scale
L sin 0 and a time scale
L
g sin 0
For T < T2 or equivalently KC (1 + M) > sin 0, the beam deflection is principally
responsible for load motion, while for T > T2 , the initial inclination provides the
impetus.
A third time scale, the reaction time Tb of the beam to an applied load, may
be estimated by comparing the kinetic energy of the beam M (_)
energy. Doing so yields
I

Tb

to the bending

(5.3)

:.

K lV

Provided the relevant time scale of load motion min (Ti, T2 ) > Tb, the beam adapts
instantaneously to the loading. We shall primarily be interested in this quasi-static
limit arising when

K/ < csc 0

for T 1 > T2 ,

(1 + M)

S<

-1 / 2

for T1 < T 2 .

Both the load's inertia and weight contribute to the beam deflection, the ratio
of which is prescribed by the Froude number F =
s
where R, = L 2 /e is the
characteristic radius of curvature of the beam. One may thus neglect the load's inertia
provided F < 1, or equivalently

{
(

<cot 0

for T 1 > T 2 ,

)2

forT 1 <T

COSo

(5.5)
(5.5)

2

Note that F is not an independent parameter, but instead depends explicitly on K,
M, and 0 through (5.1).
In §6 we describe our experimental technique and report our observations. In
§7 we develop a theoretical model for the beam-and-mass dynamics, and deduce the
travel time along a flexible ramp, the elastochrone. Particular attention is given to
the quasi-static limit in which an analytical expression for the load trajectory and

descent time may be obtained.

Chapter 6

Experimental Study
6.1

Setup

A photograph of our experimental setup is shown in figure 5-la. The beam used
in our study is 0.96m long, 5.0cm wide, 2.5 mm thick, weighs 0.33kg, and is constructed from an aluminum grade 6061 T6 standard rule. The stiffness of the beam
is determined by clamping it to a level surface at various distances from its free end,
and measuring the tip deflection. The data are then compared to the deflection predicted by nonlinear beam theory, and the best-fit value for the stiffness is found to
be 4.03 + 0.12 kg m3 - 2 , yielding K: = Mg = 0.744. For the remaining experiments,
each end of the beam is attached to a pair of ball bearings in such a way that the
beam is free to rotate. At the upper end of the beam, the bearings are clamped to
a support, and at the lower end, the bearings rest on a level surface. Fixed- and
hinged-end boundary conditions are thus obtained. Photographs of the upper and
lower ends of the beam are shown, respectively, in figures 6-1(a) and 6-1(b). Each
support weighs 0.011 kg and has a rotational inertia of 3.38 - 10-6 kgm 2. A digital
level, accurate to ±0.05', is used to measure the initial inclination of the beam.
Nine steel spheres (density 7700 kg m - 3 ) are used in the experiment, and pictured
in figure 6-2. The diameters of the steel spheres range from one to three inches in
increments of 1/4 inch, corresponding to a nearly tenfold variation in mass, from 0.22
to 1.8 kg. The spheres traverse the beam length-wise, rolling along a shallow groove
cut into the beam, 0.76 mm deep and 4.6 mm wide, that prohibits the spheres from
moving laterally. While movement of the supports gives rise to friction, it may be
neglected on the grounds that the rotational and translational inertia of the supports
are negligible relative to those of the sphere and beam, respectively.

(a)

(b)

Figure 6-1: a) Photograph of the upper end of the beam that is clamped to a support
and free to rotate. b) Photograph of the lower end of the beam that is free to translate
and rotate.

Figure 6-2: Photograph of the spheres used in the experimental study.

An experiment is initiated by placing the sphere at the desired starting position.
The sphere is then released from rest and its motion recorded at 200 frames per second
using a high-speed video camera. A typical resolution of one pixel per millimeter in
32-bit gray scale is obtained. Backlighting provides sufficient contrast to visualize
both the beam and sphere dynamics.

6.2

Observations

A first series of experiments were performed in which each sphere was released from
one end of an initially horizontal beam. This series is presented in figure 6-3. Motion
occurs as a result of the unbalanced gravitational force along the tangent to the beam
that arises due to the beam bending under its own weight. A periodic motion of the
beam-and-mass system is observed: the sphere traverses the beam back-and-forth,
with a period of several seconds. The oscillatory motion continues, and the change
in length e of the trajectory over a single period is measured: A?/f = (2.4 + 1.3)%.
Thus, we conclude that dissipation due to friction is negligible over a single period. In
order to quantitatively summarize the experimental results, we construct a space-time
diagram for each experiment. The diagram is constructed by taking a one-pixel-wide
vertical slice of each frame, and stacking each slice horizontally. We choose a slice
through the center of the beam in order to capture the maximum beam deflection,
and plot the resulting montage in figure 6-4 for each experiment. As the mass of
the sphere is increased, we observe several key features that we shall rationalize in
§7. First, the deflection amplitude increases. Second, the period of load motion
decreases from approximately 8 to 4 s. Third, for M > 2, bending waves arise with
increasing amplitude and a frequency that decreases from approximately 6 to 4 s- .
The dependence of the deflection amplitude and vibration amplitude on the load-tobeam mass ratio is shown in figures 6-5 and 6-6 respectively.
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Figure 6-3: Image sequences showing the first 7.2 seconds following the release of
steel spheres of different masses onto a meter-long initially horizontal beam. The
time between images is 0.6 s. a) 1.5 inch diameter sphere, M = 0.68; b) 2.0 inch
diameter sphere, M = 1.61; c) 2.5 inch diameter sphere, M = 3.14; d) 3.0 inch
diameter sphere, M = 5.43.
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Figure 6-4: Space-time diagram of beam centerline deflection for increasing load-tobeam mass ratios, AM, indicating deflection amplitude, vibration amplitude, vibration
frequency, and period of sphere motion. The vertical patches correspond to the times
when the sphere passes the beam's midpoint. KC = 0.744, 0 = 0.
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Figure 6-5: Dimensionless dynamic deflection amplitude versus load-to-beam mass
ratio m/M for an initially horizontal beam. The x-marks denote the experimentally
observed beam deflections. The solid curve is defined by (7.12) and the dashed curve
by (7.25). A characteristic error bar is shown.
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Figure 6-6: Dimensionless vibration amplitude versus load-to-beam mass ratio for the
motion of a sphere along an initially horizontal beam. The solid line is given by the
difference between the dynamic and static deflections, defined by (7.25) and (7.12)
respectively. Characteristic error bars are shown.

A second series of experiments were performed in which each sphere was placed
at various distances from the midpoint of a beam with endpoints at equal heights,
from a position corresponding to the static equilibrium of the bent beam. The sphere
was then released, and the periodic motion of the mass and beam again observed.
In figure 6-7, we plot the observed period versus release position x 0 . Two trends are
readily apparent from the data. First, the period of motion remains nearly constant
(within 5% of its average value) for a given mass, provided that the sphere is released
sufficiently close to the beam center, Ixo/L - 0.51 < 0.25. Second, as the release
position departs farther from the beam center, the period increases, a dependence to
be rationalized in §7.
A third series of experiments were performed in which the beam was given an
initial inclination 0 = 10.00, and each sphere released 2.5cm from the upper end
of the beam. The resulting motion is shown in figure 6-8 for three experiments. We
observe that as the sphere's weight is progressively increased, the deflection amplitude
increases and the descent time decreases. In figure 6-9, we present the descent time
7 as a function of sphere weight. The time T is scaled by the descent time along
, where J = mR2 is the rotational inertia of
the sphere, and 1 = L - 2.5 cm the distance traveled. We first note that descent
is faster along a flexible than rigid beam. Moreover, we observe that the heavier
spheres descend faster, until AM r 5, beyond which the sphere may lift off the beam
before reaching the opposite end. As the load-to-beam mass ratio M approaches
zero, the descent time is observed to approach a constant, since the beam does not
bend beneath the weight of the sphere. However, since the beam bends under its own
beam:
m G)
a rigid(1+
=

weight, the descent time is still less than that along a rigid incline.
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Figure 6-7: Period of sphere motion versus release distance from beam center of an
initially horizontal beam for various load-to-beam mass ratios. A characteristic error
bar is shown.

___- 1

I,

a)

b)

c)

Figure 6-8: Image sequences of steel spheres traversing a meter long beam with initial
inclination 0 = 10.0'. The time between images is 0.1 s. a) 2.0 inch diameter sphere,
M = 1.61; b) 2.5 inch diameter sphere, M = 3.14; c) 3.0 inch diameter sphere,
M = 5.43. Note that the sphere loses contact with the beam in the final image of
sequence c.
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Figure 6-9: Descent time T relative to that along a rigid beam, rG = 1.21 s, versus load-to-beam mass ratio ' for loads released 2.5cm from the top of the beam.
The solid curve is determined by numerically integrating (7.16). For comparison,
the descent time along the brachistochrone curve (7.21) is given by the dashed line.
We note that the quasi-static approximation will fail before the curves intersect. A
characteristic error bar is shown. Initial beam inclination 0 = 10.00.
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Chapter 7

Theoretical model
We consider the motion of a rigid sphere with radius R, mass m, and rotational inertia J, that traverses a simply supported, inextensible, undamped beam with length
L > R, mass M, stiffness EI, and initial inclination 0. The motion takes place in
a gravitational field and is depicted in figure 7-1. Let x denote the coordinate along
the line adjoining the beam endpoints, and w(x, t) the beam deflection from this line.
Let s (t) denote the position along x of the sphere. If we assume that the behavior
of the beam is governed by Euler-Bernoulli beam theory, the equation for the beam
displacement takes the form:
(7.1)

EIwxx + - wtt = P,

L

where P = P1 + P2 is the loading force per unit length [33], and we have taken the
small slope limit: w < 1. The terms on the left-hand-side of (7.1) arise respectively
from the bending and kinetic energy of the beam, and P = M;-g cos 0 is the distributed
loading due to the normal component of the beam's weight. Applying D'Alembert's
principle and assuming continuous contact between the sphere and beam, the normal
component of the sphere's weight gives rise to the loading
P2 =m(

cos

d2

(2 t))

where 6 (x - s) is the delta function and the term m

(x - s),

(7.2)

accounts for the inertial

forces. The appropriate boundary and initial conditions for (7.1) are
w (0, t) = w (L, t) = wxx (0, t) = wx (L, t) = wt (x, 0) = wtt (x, 0) = 0.
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Figure 7-1: Schematic of a sphere with mass m traversing a simply supported inclined
beam having length L, mass M, stiffness EI, and initial inclination 0. A particular
beam deflection w(x, t) is shown.
In 7.1.3, we justify the use of the small slope approximation to describe the observed
motion.
The motion only along x of the sphere is prescribed by
m

d2 s

+ mwttwx8 (x - s) = F (t),

(7.4)

where the second term accounts for the tangential acceleration imparted to the sphere
by the beam motion, and F (t) is the tangential forcing. We note that in the engineering literature, F (t) is typically prescribed so as to describe the motion of a vehicle that
is traveling at either constant speed or acceleration [53, 68]. Here, F (t) is coupled to
the beam so that the sphere acceleration becomes deflection-dependent, arising from
the unbalanced gravitational force along the tangent to the beam:
F (t) = mg (sin 0 + w~6 (x - s) cos 0) - f.

(7.5)

The force due to friction, f, gives rise to rotation of the load, but does not dissipate
energy in rolling because the base of the load is at rest at each point of contact
with the beam surface. If the load rolls without slipping, a torque balance requires
Ja = R f, where a is the angular acceleration of the load. Since

f= J

2

.

d2

= Ra, we find

Note that J = 2mR if the sphere rolls, and J = 0 if it slips.
2

In §5, we deduced the appropriate time scale for the sphere's motion, Tmin
min (TI, T 2). Thus, by introducing the dimensionless variables t = x/L, w = w/e,
= s/L, and f = t/Tin, (7.1) and (7.2) may be combined and the beam motion
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described by
SE
L
-wT.B

K

K cos 0

, + ICsin 0-

L

cos

- sin

0

E d2 (S t
L
dt2

((76)

(7.6)

for T > T2 , and
~

d (

K(1 + M

cos0+KML cos0-

=

,+C2(1+M)

L

L

L

-

J

(7.7)
for T < T 2 , where e is the characteristic deflection (E < L).

7.1

Quasi-static approximation

Provided the motion is quasi-static as defined by (5.4), and that the load's inertia is
small relative to its weight as defined by (5.5), then both (7.6) and (7.7) reduce to

L

where IC'= C cos 0. We shall proceed by seeking a solution to (7.8). A correction for
the beam shape due to the load's inertia will be presented in §7.2.
The delta function in (7.8), that corresponds physically to a discontinuity in the
shearing force, obliges us to solve for the shape of the beam separately on either side
of the load. For 0 < t < s, we obtain the beam shape via integration of (7.8):
_

L

w1

()

_

=

C'

24

-

C2
+ -

2
+ C3X-+ C4 .

2

6

Likewise, for s < ii < 1 the beam shape is given by
E

4
-w 2 () = -.VA x+
24
L

C5

3 + C6

6

2

-

+

2

t+

C

+ C8

The eight boundary conditions required to determine the eight unknown constants
cl...cS are as follows. At t = s, we have the matching conditions wi (9) =

2

(8),

(moment
Wl,x (S) =- KML At 2 = 0, the beam is fixed (fs (0) = 0) and supported
free, C1,;E (0) = 0). As a consequence of the small displacement approximation, the
longitudinal displacement of the hinged end is of second order smallness compared
wl,x (9) = w 2 ,:

(S), and wl,

(s) = zw2 ,Z (9), and the jump condition w2,

()

with the transverse deflection, and thus we may take w 2 (1) = 0 and w 2 ,22 (1) = 0

103

,)

[51]. By solving the system of equations defined by this set of boundary conditions,
the beam shape may be expressed as a function of the load position:
E
-Wi

L

K.'2(2

(2, s) -

3

- 22 2 + 1 - 422M + 422M - 12 52M + 89M + 45 3 M)

24

(7.9)

and

-w2 (Z, ) =

C' (2

- 1)(23 - 22 - 2 + 4225M - 825M + 4 3 4M)

L

(7.10)

It follows that the contact between the load and the beam occurs at the point
If the load is a sphere with radius R, the trajectory of its
1 (8, 8) = W2 (s,
).
center of mass is therefore
-Wsphere
L

()

VK'L(2 - 1)(8

2

- 8t4

+

2 - 2-

1)

=

R
L

(7.11)

The maximum static deflection,
(8M + 5)
384

2' 2)

L

(7.12)

is given by the solid curve in figure 6-5, which is in good agreement with the experimentally observed deflection amplitude.

By combining (7.4) and (7.5), one obtains an expression for the load dynamics:

(1

J

d 2g

)

dt 2

+ WR 2

G(2 - 9) = gT
L-2

+(L)

L

L

(t - g) cos 0 + sinO , (7.13)

where we have introduced the dimensionless variables 9 = s/L, and t = t/T. Since
the second term in (7.13) is of second order smallness in L, we may rewrite (7.13) as

( 1+

J

mR2

)

d2

d-

-z6 (2 - g) cos 8 + sin 0,

L

(7.14)

where we choose T = L/-lg for the sake of simplicity. Combining (7.14) with the t
derivative of (7.9) yields
J

(1+mR2

)

d2t2

C' cos 0 (2§ - 1) (8.52M - 8,§M + 2g2 - 2, - 1)
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+ sin 0. (7.15)

Integration of (7.15) yields an expression for the load speed:
+-

+ 29sin 0 +

12
12

dt

mR

12'
(7.16)

where C = -K' cos 0 t (o - 1) (4 MA- 40aM + t2 -o - 1) - 24o sin 0, and to
is the initial position of the load. In the quasi-static limit, the elastochrone is thus
defined by
01
TE

'C,
cos 0 s (9 -

1)(4 2

12 (1 + -)
mR2
M _ 4.M +

'

2

- g - 1)+ 249 sin 0

d9

(7.17)

in which xo = 0.

7.1.1

Horizontal beam: 0 << 1

For small initial inclinations, the load motion in the quasi-static limit is described
by a nonlinear oscillator, the period of which is mass-dependent. The period may be
approximated by considering small amplitude oscillations about the stable equilibrium
position =1. If we define 9 = + e, then (7.15) reduces to the pendulum equation
(7.18)

S= -C2O,
where we have neglected terms of O (E2) and defined

2= (-R

) KC

(8 +

1). The

period predicted by (7.18) assumes the form
T* = 4rx/2

T/V

J
J

mR2

El
Mg2L

1
1 +

(7.19)
(7.19)

that is compatible with (5.2).
We now return to the data presented in figure 6-7, where the dependence of the
period of load motion on both the load-to-beam mass ratio and release distance is
shown. If we consider only experiments for which the release distance from the beam
center is less than one-quarter the beam length, and plot the period versus load-tobeam mass ratio, we obtain the data collapse shown in figure 7-2. The solid curve
denotes the theoretically predicted period defined by (7.19).
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Figure 7-2: Dimensionless period of load motion versus load-to-beam mass ratio for
loads released near the center of an initially horizontal beam, lxo/L - 0.51 < 0.25.
The theoretically predicted period is given by the solid curve and defined by (7.19).
A characteristic error bar is shown. KIC
= 0.744, 0 = 0. To = 5 630
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Figure 7-3: Collapse of the period data presented in figure 6-7. Dependence of the
oscillation (non-dimensionalized by T* as defined in (7.19)) on the release distance
from the center of an initially horizontal beam. The period obtained via numerical
integration of (7.16) is given by the solid, dash-dotted, and dashed curves for MA4 =
0.68, 2.29, and 5.43 respectively. A characteristic error bar is shown.
In figure 7-3, we present the collapse of the period data presented in figure 6-7.
The model adequately collapses the observed period data to T* for loads released
near the beam center, Jxo/L - 0.51 < 0.25. For loads released substantially off center,
the period is found numerically by integrating (7.16) for various load-to-beam mass
ratios, and given by the solid and dashed curves. Note that while (7.16) captures
the observed upward trend in period with increasing release distance, it over-predicts
the period for heavy loads released near the beam's ends. The discrepancy likely
arises from shortcomings of the quasi-static approximation, specifically the neglect of
the beam's inertia. The discrepancy arising from the small slope approximation is
discussed in §7.1.3.

7.1.2

Inclined beam: 0 > 1

Unlike in Galileo's classical study of rolling spheres along a rigid ramp, the sphere's
mass affects both its trajectory and velocity when descending along a flexible beam.
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In particular, as the load-to-beam mass ratio M = m increases, the descent time
decreases. This trend is observed in figure 6-9 for a particular incline, 0 = 100, where
the theoretically predicted descent time is obtained via numerical integration of (7.16).
The agreement between the theoretical prediction (solid curve) and experiment is
excellent, with the exception of the data point representing the heaviest sphere. We
note that in this case, the sphere loses contact with the beam (see figure 6-8c), so
(7.16) is no longer valid. For the sake of comparison, the descent time along the
corresponding brachistochrone curve is given by the dashed line in figure 6-9. Recall
that the brachistochrone curve, the curve of fastest descent in the absence of a beam,
may be defined parametrically as

/3(-

S=
r

=

sine),

(1-

(7.20)

cosq),

where we take the origin of the Cartesian coordinate system (J, r) to be the upper
end of the beam, with 7 aligned with the direction of gravity. By specifying the lower
end of the beam (o, ,ro), the coefficient 3 is found by solving numerically the relation
o
Yr0

* - sin *
1 cos 0*

for 0* and substituting the result into (7.20). The descent time along the brachistochrone curve is therefore

TB

i(

1+ mR2

2g 2d=

(1+

mR2

g (1 - cos*)

(7.21)

The elastochrone tends towards the brachistochrone as M increases (figure 69). However, if the two ever intersect, it would be at a load-to-beam mass ratio
beyond that consistent with the quasi-static approximation, for which (5.4) is not
satisfied, and (7.16) cannot be reliably used to determine the descent time. In fact,
the brachistochrone can never exceed the elastochrone.
Consider the path P taken by a sphere descending along a flexible beam between
two points in a gravitational field. Let P' be the same path taken by a sphere along
a rigid ramp. At each point along P' the kinetic energy of the sphere will exceed
that along P by an amount equal to the sum of the bending and kinetic energies of
the beam, both non-negative quantities. Therefore, the elastochrone is bounded from
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Figure 7-4: Predicted trajectories of a rolling point mass along a rigid ramp (solid
line), a flexible beam (dashed curve, CK= 1, M = 3), and a brachistochrone curve
(dash-dotted line) for 0 = 10' and 0 = 300. The shading denotes the positions at

equal times, spaced by equal intervals At = 0.2.
below by the descent time along a rigid ramp that yields the same trajectory, that is
in turn bounded from below by the brachistochrone.
A comparison between the brachistochrone and elastochrone curves is shown in
figure 7-4 for 10- and 30-degree initial inclinations, where we present the trajectories
of a rolling point mass for a particular M and IC. In both cases, descent along the
brachistochrone curve is faster than that along the elastochrone curve, as illustrated
by the shaded circles separated by equal time intervals At = 0.2. The trajectory
along a Galilean ramp is also included for the sake of comparison.

7.1.3

Small slope approximation

We here consider the range of validity of the small slope approximation, w., < 1, for
determining the quasi-static shape of the beam. In the quasi-static limit, the shape
of an Euler-Bernoulli beam with arbitrarily large slopes is given by
Elw_

1+

1+ w =

+ m6(x

-

s)

gcos0,

(7.22)

and may be solved numerically using the shooting method. We do so for the beam
used in the experimental study, and present the predicted deflection amplitude versus
load-to-beam mass ratio as the dash-dotted curve in figure 7-5. For comparison, the
predicted deflection amplitude in the small slope, quasi-static limit is given by the
solid curve. For load-to-beam mass ratios m/M < 10, the error due to the small slope
approximation is negligible. Moreover, both predictions are in good agreement with
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Figure 7-5: Dimensionless static deflection amplitude versus load-to-beam mass ratio
m/M for an initially horizontal beam. The solid curve denotes the small slope approximation and is defined by (7.12). The dash-dotted curve denotes the numerical
solution to (7.22), the nonlinear beam equation in the quasi-static limit. A characteristic error bar is shown.
a series of experiments wherein each of the nine spheres were placed statically at the
beam's midpoint and its deflection amplitude measured.

7.2

Inertial effects

The inertial effects of load motion are twofold. First, the load's inertia may augment
the gravitational loading, and so give rise to additional deflection. Second, the beam's
inertia may generate bending waves as the load rolls. For a beam of uniform mass
density M/L, the dispersion relation is given by
w = k2

I:

(7.23)

where k is the wave number and w the angular frequency [51]. Using a wavelength
A = 2w/k = 2L, the value predicted by (7.23), 5.8 s - 1 , is consistent with that observed
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in figure 6-4. The observed decrease of vibration frequency with increasing load mass
reported in §6.2 may be roughly understood by reconsidering a beam of uniform mass
density (m + M)/L.
In §7.1, we demonstrated that the beam's inertia is negligible in the quasi-static
limit (5.4). We then considered the limit in which the load's inertia is also negligible
(5.5), and so obtained an expression for the load trajectory (7.11) and load speed
(7.16). We here extend our theoretical model to include the load's inertia by using
our results from §7.1 to approximate the load dynamics.
The load's inertia becomes important in the beam-and-mass dynamics when gravitational and inertial loading are comparable, specifically, when F - 1. The inertial
loading is encompassed by the total differential in (7.2), that may be expanded to
yield:
d 2W (s,
2 t)

dt
dt2

-

ds
dt

Wtt + 2wt-- + wxx

-

s2

dt)

d 2s
.
dt2 '

+ wX d2

(7.24)

To derive the corrected beam shape l, we include (7.24) in the jump condition, using
(7.9) and (7.10) to approximate the beam shape, (7.15) to approximate the load
acceleration, and (7.16) its speed, and proceed as in §7.1. Rather than present the
lengthy result here, we instead present the maximum dynamic deflection for J = 2
and 0 = 0:
E
L

1 1
2' 2

=

L

v

5
5
25
1 1
+
K 3M +
C3M42 + 63,3
64512
36864
516096
2' 2

(7.25)

corresponding to the parameters of the experiment presented in figure 6-3. The
deflection amplitude predicted by (7.25) is given by the dashed curve in figure 6-5,
and provides a small improvement to that predicted by (7.12), the derivation of which
neglected load inertia. The observed dependence of the vibration amplitude on the
mass ratio is shown in figure 6-6. The dependence may be understood by considering
the increased deflection caused by the inertial loading, Z - w, given by the solid line.
The influence of the inertial loading on the sphere dynamics is readily determined
by substituting z, for ix in (7.14). For J = , 0 = 0, and 0 < :o < 1, we numerically
integrate the resulting equation for load-to-beam mass ratios 0.68, 2.29, and 5.43. The
theoretically predicted descent times are plotted in figure 7-3 and are indistinguishable
from those predicted without consideration of the load's inertia. We thus conclude
that the discrepancy between experiment and theory apparent in figure 7-3 cannot
be attributed to the neglect of the load's inertia alone, but more likely arises from
the neglect of the beam inertia.
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Discussion

We have presented the results of a combined theoretical and experimental investigation of the dynamic behavior of flexible beams subjected to moving loads with
deflection-dependent acceleration. We first observe that heavy loads traverse the
beam faster than light loads owing to the coupling between the load mass and beam
deflection. For initially horizontal beams, an oscillatory motion takes place, the period of which decreases with increasing load mass, unlike for a simple pendulum.
We have rationalized the observed behavior by developing a theoretical model for
the beam-and-mass dynamics based on Euler-Bernoulli beam theory. In the quasistatic limit, we obtain an exact expression for the load trajectory and a simple expression for its velocity, both of which are found to be in excellent agreement with
experiment. For an initially horizontal beam with IC= MgEI 2 = 0.744, our theoretical
model reasonably predicts the period of load motion for load-to-beam mass ratios

M~ = m
M < 3. For M > 3, the discrepancy may be attributed to shortcomings of
the quasi-static approximation, that neglects the kinetic energy of the beam. While
the small slope approximation provides a potential source of error, numerical results
indicate that this error accounts for less than one percent of the observed difference
in descent times between experiment and theory for M < 6. Finally, we have demonstrated that the descent time along a flexible beam, the elastochrone, always exceeds
the classical brachistochrone.
There are several outstanding questions that warrant further consideration. While
our theoretical model provides a first approximation for the load motion in the regime
in which the quasi-static assumption breaks down, it over-predicts the period of motion. A more sophisticated model would entail consideration of the influence of beam
vibrations on the load motion.
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Chapter 8

Concluding remarks
8.1

Summary

Through a combined experimental and theoretical approach, we have elucidated the
dynamics of falling spheres in two particular scenarios. In Part I of this thesis, we
used high-speed imaging to examine the water entry of spheres that entrain air in
their wake. We here reiterate and answer directly the questions posed in chapter one
regarding the dynamics of water entry.
* Q1: What is the deceleration of a sphere following its impact with a water
surface?
Hydrodynamic forces cause light spheres, with relatively low inertia, to decelerate
faster than dense spheres. By considering a vertical force balance on the sphere, we
obtained an expression for the sphere deceleration, and thus rationalized the experimentally observed sphere trajectories. Particular attention was given to the high
Bond number limit, but our theoretical model is general and so readily extended to
the low Bond number limit.
* Q2: How does the deceleration of a sphere affect the evolution of its water-entry
cavity?
The sphere deceleration has a profound effect on the evolution of the associated
water-entry cavity. While the pinch-off time is relatively unaffected, the depth of
pinch-off and volume of entrained air decrease substantially with increasing sphere
deceleration.
* Q3: How does the size of a sphere affect the evolution of its water-entry cavity?
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We examined the water entry of millimetric and sub-millimetric spheres, a regime
that had been unexplored by previous researchers. At small scales, hydrophobicity
can be exploited to induce the creation of a water-entry cavity, the evolution of which
depends on both surface tension and gravity. As the impact speed was progressively
increased, we observed four distinct cavity types that we refer to as quasi-static,
shallow seal, deep seal, and surface seal. A theoretical model, developed to describe
the cavity dynamics, yielded simple expressions for the pinch-off time and depth that
were in good agreement with experiment.
In Part II of this thesis, we examined the motion of a sphere on an inclined
flexible beam. We here reiterate and answer directly the questions posed in chapter
one regarding this system.
* Q4: What is the acceleration of a sphere that descends along a flexible beam?
In Galileo's inclined ramp experiments, the slope beneath the rolling sphere and
the resulting acceleration were constant; conversely, along a flexible beam both quantities vary with the initial inclination, sphere mass, and sphere dynamics. In general,
heavy spheres produce steeper slopes and thus traverse the beam faster.
* Q5: What is the elastochrone, the descent time of a sphere on a flexible beam?
A theoretical model was developed to describe the coupled beam-and-sphere dynamics. In the limit in which the beam reacts instantaneously to the loading, we
obtained exact expressions for the sphere trajectory and descent time, the latter of
which corresponds to the elastochrone.
* Q6: Can the elastochrone beat the brachistochrone?
The elastochrone was shown to always exceed the brachistochrone, the shortest
time between two points in a gravitational field, owing to the gravitational potential
energy diverted into elastic bending.

8.2

Future work

Having answered the questions originally posed in chapter 1, we here consider a number of new questions, both fundamental and applied, that our study has raised. First,
our study of water entry has made clear the important influence on the cavity dynamics of the wetting properties and roughness of the impactor. While the dependence
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of the cavity shape on the cone angle has been quantified, the precise relation between the cavity shape and wetting properties has yet to be elucidated. Second, while
relatively high-speed, cavitating impacts have been examined experimentally by Shi
et al. and Shi & Kume [79, 80], little has been done in terms of characterizing the
influence of cavitation (specifically, the phase change from liquid water to water vapor
arising at very high speeds) on the cavity shape. One notable exception is the work
of Logvinovich [56], that offers a first attempt at modeling the cavity shape in the
presence of cavitation. Accurate models of water-entry are essential for the effective
design of air-to-sea projectiles. A question of particular interest to the military is
how to design a supercavitating projectile that fits entirely within its own vapor cavity in order to achieve a drag-reduced state [6]. With the advent of supercavitating
torpedoes that travel upwards of 100 miles per hour, ships no longer have time to maneuver to safety. Instead, attempts must be made to destroy the incoming torpedo,
and super-cavitating bullets are a promising option. The stability of such water-entry
projectiles is a critical consideration. Bullets with too large a diameter-to-length ratio
may tumble inside their water-entry cavity and so lose significant momentum.
Our study of rolling spheres on flexible beams also raises a number of interesting
questions. First, how would the dynamics of descent change if the beam stiffness or
density varied along its length? Second, can one predict the maximum dynamic load
supportable by the beam before it fails? Third, while the loss of contact between a
load moving at constant speed and its supporting structure was considered by Lee
[55], the general case in which the load motion is deflection-dependent has yet to be
investigated. Finally, how would the dynamics of descent change if the beam was both
extensible and flexible? In terms of applications, elastic emergency exit ramps are
used in airplanes, and might also provide an effective means of emergency evacuation
from tall buildings. In both situations, the goal is to minimize descent times while not
inducing harmful accelerations. Our study and its extensions should provide insight
into this class of problems and so may inform the design of escape ramps.
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