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Abstract

Given a function f on n inputs, we consider the problem of testing whether f belongs to
a concept class C, or is far from every member of C'. An algorithm that achieves this goal
for a particular C is called a property testing algorithm, and can be viewed as relaxation
of a proper learning algorithm, which must also return an approximation to f if it is in
C. We give property testing algorithms for many different classes C, with a focus on
those that are fundamental to machine learning, such as halfspaces, decision trees, DNF
formulas, and sparse polynomials. In almost all cases, the property testing algorithm has
query complexity independent of n, better than the best possible learning algorithm.
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Chapter 1

Introduction

This thesis is about learning and festing, and the relationship between them. Although this
seems to be a topic for a different kind of thesis- perhaps one on education, rather than
mathematics or computer science- there is a twist. The objects of our study, the ones doing
the learning and testing, are not people, but machines.

What resources are required for a machine to learn a new concept? And what resources
are required for a machine to test whether its understanding of a concept is accurate? These
are the questions that lie at the heart of this thesis. They are difficult questions to formal-
ize, and we will not claim to provide definitive answers to them here, but we will look at
two reasonable and established ways that the theoretical computer science community has
modeled them, and compare the two models. What we will find is that for a variety of types
of concepts, there is a rich relationship between the problem of learning a new concept and
the problem of testing whether a concept has a given form. Techniques from one are often
applicable to the other, and in most cases, the testing problem requires significantly fewer

resources.

1.1 Computational learning theory

We formalize the notion of a concept by representing it as a classification function. For
example, consider the “concept” of email spam. Surely, we each know spam messages

when we see them. In fact for each of us, there is some function fk, consisting of a complex
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set of rules, that correctly classifies our emails as “spam” or “not spam” according to our
tastes. Unfortunately, this function f is not known to the computer that handles our email
(and often it’s not consciously known to us!). We cannot expect the computer to read our
minds, but we can hope that by observing some emails that have already been classified, the
computer will be able to infer a good approximation to f, which it can use to automatically
classify emails in the future.

The spam scenario summarizes the goal of a learning algorithm: given access to ex-
amples labeled according to an unknown function f, design a hypothesis A that is a good
approximation to f. The hypothesis is considered “good,” or close to f, if it is likely
to classify a random input the same as f. More formally, if 2 is a distribution over
the domain of f, then we say that a hypothesis h is e-close to f with respect to € if
Pro-alf(2) # h()] <.

In general, without making any assumptions, it is impossible to recover a good ap-
proximation to f without seeing nearly all of f (i.e. seeing labeled examples of the form
(z, f(z)) for nearly every input z). The reason, of course, is that the unseen part of f
could differ arbitrarily from any purported approximation. However, if one assumes that f
comes from some class of functions C, then the problem of approximating f may become
tractable. The question then becomes: for which concept classes C is this the case?

One of the most well-known ways to formalize this question is via the Probably Ap-

proximately Correct (PAC) model of Valiant [61]:

Definition 1 (PAC Learning). Let C and ‘H be classes of functions. We say that C is PAC
Learnable by H using algorithm A if when given '

1. parameters 0 < €,6 < 1, and

2. access to points distributed according to a fixed distribution () and labeled by an

unknown function f € C,
with probability at least 1 — 6, A outputs a hypothesis h € H that is e-close to f.

The model has many parameters, but the origin of the "PAC” name should be clear.

The ”probably” comes from the fact that the learning algorithm succeeds with probability
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at least 1 — §, while the “approximately” comes from the fact that the learning algorithm
outputs an e-approximation.

The PAC model has many variants, a few of which will be important to us here. If the
algorithm A requires the ability to query f, we refer to it as learning with queries. If the
hypothesis class H is the same as C, we say that C is properly learnable. Finally, if the
distribution {2 is the uniform distribution then we say that C is PAC learnable with respect

to the uniform distribution.

1.2 Property testing

The learning problem, as formalized by computational learning theory, is in some sense
a problem of emulation; the goal of a learning algorithm is to find a way to emulate any
function f, assuming it comes from a pre-specified class C. But instead of full-blown
emulation, we might simply want to determine something about f, without making any
prior assumptions. Specifically we might ask: given access to a unknown function f, can
we simply determine if it belongs to the class C? Although providing an exact answer to
this question requires seeing all of f, if we ask it in the right way, we might hope to get an
approximate answer.

Property testing, initiated by Rubinfeld and Sudan [54] and Goldreich, Golwasser, and
Ron [29], provides a framework for doing this. The goal of a property testing algorithm is
to accept an object if it has a certain property, and reject the object if it far from having the
property. In our case, the objects are functions, the property is membership in the class C,

and being far from having the property means being e-far from every function in C.

Definition 2 (Property Testing). A property tester for a class C is an algorithm that when

given query access to a function f, outputs
e YES with probability > 2/3if f € C
e NO with probability > 2/3 if f is e-far from all f' € C.

The complexity of a testing algorithm is measured both in terms of the number of

black-box queries it makes to f (query complexity) as well as the time it takes to process
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the results of those queries (time complexity). Since queries are often assumed to be the
limiting resource, we will primarily concern ourselves with query complexity, but both

measures are important.

1.3 Learning versus testing

In [29], Goldreich et al. observed that the testing problem is essentially a relaxation of
the proper learning problem. This is because an algorithm for properly learning a class C
(more precisely, for properly learning C under the uniform distribution with queries) can
be converted into an algorithm for testing membership in C. To test whether a function
f is in C, we can simply run the proper learning algorithm with parameter €/2 to obtain
a hypothesis f/, and then evaluate f and f’ over O(1/e) random examples to verify that
they are close. If f belongs to C, then the proper learning algorithm will find an e/2-
accurate hypothesis f’, so a multiplicative Chernoff bound can be used to show that the
verification step passes; if f is e-far from C, then it is clearly impossible to find such an f”,
so the verification step fails. (Note here that it is crucial the learning algorithm be proper.
Otherwise, even if the algorithm verifies that f’ is close to f, there is no guarantee that f is
closeto C.)

The disadvantage to using learning algorithms for testing is that proper learning algo-
rithms for virtually every interestingiclass of n-variable functions must make a number of
queries that depends on n. The reason is information-theoretic. Suppose a class C contains
k different functions that are all a constant distance ¢ away from each other. In order for the
learning algorithm to output a good hypothesis when € < ¢/2, it must have the capacity to
output any of the & different functions, and thus must make at least [log k| queries merely
to specify which one. This means that learning algorithms even for such simple classes as
dictator functions (i.e. single boolean literals, a class that contains 2n functions, all at least
distance 1/2 from each other) must make Q(logn) queries. Thus, this raises the natural
question: when does testing require strictly fewer queries than learning? Is it possible to
~ test membership in a class C with a number of queries that is less than O(log n), or perhaps

even independent of n?
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1.4 Our results

The main result of this thesis is that a large number of classes are testable with query com-
plexity independent of the dimension n, and polynomial in the other relevant parameters.
This asympototically beats the query complexity of the best possible learning algorithms
for these classes. Our primary focus is on classes of Boolean functions, but our techniques
are often not limited to the Boolean case. For some classes, such as s-sparse polynomials
over GF(2) and +1-weight halfspaces, we prove more fine-grained results, showing lower
bounds as well as upper bounds. Table 1.1 summarizes our testing results, as well as a
selection of previously known results.

Here in more detail is a description of what we prove, along with an outline of the rest

of the thesis:

e In Chapter 3, we describe a general method for testing whether a function on n input
variables has a concise representation. The method, called “testing by implicit learn-
ing,” combines ideas from the junta tests of [26] and [6] with ideas from learning
theory, and yields property testers that make poly(s/e) queries (independent of n)
for Boolean function classes such as s-term DNF formulas (answering the question
posed by [51]), size-s decision trees, size-s Boolean formulas, and size-s Boolean
circuits, as well as non-Boolean valued function classes such as size-s algebraic cir-

cuits and s-sparse polynomials over finite fields.

We also prove an Q(\/E) query lower bound for nonadaptively testing s-sparse poly-
nomials over finite fields of constant size. This shows that in some instances, our
general method yields a property tester with query complexity that is optimal (for

nonadaptive algorithms) up to a polynomial factor.

e In Chapter 4 we focus specifically on the problem of testing s-sparse G F'(2) polyno-
mials. In contrast to the algorithm from Chapter 3, which makes poly(s, 1/€) queries
but has running time exponential in s and super-polynomial in 1/, in Chapter 4 we
give an algorithm that makes poly(s, 1/€) queries and also runs in time poly(s, 1/e).

We achieve this result by extending the “testing by implicit learning” methodology
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Class of functions | Number of Queries | Reference |
Boolean functions f : {0,1}" — {0,1}
linear functions (parities) O(1/e) [9]
Boolean literals (dictators), 0(1/e) 51]
conjunctions
s-term monotone DNFs O(s?/e) [51]
O(72/e) [26]
J-juntas O(J/e) [6]
Q(J) (adaptive) [13]
decision lists O(1/¢€?) Chapter 3
size-s decision trees, = 4,9
size-s branching programs, O(s*/¢) Chanter 3
size-s Boolean formulas, Q(log s/ loglog s) (adaptive) p
s-term DNFs & 808 i
. O(s*/€?), Q(y/3) Chapter 3
s-sparse polynomials over [, O(poly(s, 1/€)) (time) Chapter 4
size-s Boolean circuits O(s%/€?) Chapter 3
functions with Fourier degree < d 0(2%/€?), Q(+/d) Chapter 3
halfspaces O(poly(1/e)) Chapter 5
6
+1-weight halfpsaces (?2((1\/01/ ;)) Chapter 6
Functions on Finite Fields f : F" — )
1/ 2
s-sparse polynomials over field of size |F| & (\/Ogg(;l]fl]l‘|/ 6_ )b (1) Chapter 3
size-s algebraic circuits, = 413 9
size-s algebraic computation trees over O(s*log™ |F|/€*) Chaper 3

Table 1.1: Selected previous and new testing results. All the bounds pertain to query
complexity, except where indicated by (time). The lower bounds are for non-adaptive algo-
rithms, except where indicated by (adaptive). Finally, the upper bounds in Chapter 3 are for
adaptive algorithms, though in all cases very similar bounds for non-adaptive algorithms

can be achieved (see Section 3.4).
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from Chapter 3. While the learning component from Chapter 3 involves a brute-force
exhaustive search over a concept class, here the learning component is a sophisti-
cated exact learning algorithm for sparse GF(2) polynomials due to Schapire and
Sellie [55]. Applying the algorithm of [55] is nontrivial; it requires us to prove new
theorems about how sparse G F'(2) polynomials simplify under certain restrictions of

“low-influence” sets of variables.

In Chapter 5 we consider the problem of testing whether a function f is a halfspace,
i.e. a function of the form f(x) = sgn(w-xz —8@). We consider halfspaces over the con-
tinuous domain R™ (endowed with the standard multivariate Gaussian distribution)
as well as halfspaces over the Boolean cube {—1,1}" (endowed with the uniform
distribution). In both cases we give an algorithm for testing halfspaces using only

poly(2) queries, again independent of the dimension 7.

In turns out that halfspaces are not amenable to the “implicit learning” approach
from the previous chapters. Thus, to achieve our testing algorithms, we prove new
structural results about halfspaces. Two simple structural results about halfspaces
are at the heart of our approach for the Gaussian distribution: the first gives an exact
relationship between the expected value of a halfspace f and the sum of the squares
of f’s degree-1 Hermite coefficients, and the second shows that any function that
approximately satisfies this relationship is close to a halfspace. We prove analogous
results for the Boolean cube {—1, 1}" (with Fourier coefficients in place of Hermite
coefficients) for balanced halfspaces in which all degree-1 Fourier coefficients are
small. Dealing with general halfspaces over {—1,1}" poses significant additional
complications and requires other ingredients, including, again, utilization of work on

testing juntas.

Finally, in Chapter 6, we consider the problem of testing whether a Boolean func-
tion f is a =1-weight halfspace, i.e. a function of the form f(z) = sgn(wiz; +
Wy + - - - + w,x, ) Where the weights w; take values in {—1,1}. While one may be
tempted to conclude from the previous chapters that all natural classes of functions

are testable with query complexity independent of n, in Chapter 6 we show that this
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is not the case. In particular, to test whether f is a £1-weight halfspace versus e-far
from all such halfspaces we prove that nonadaptive algorithms must make 2(logn)
queries. We complement this lower bound with a sublinear upper bound showing

that O(y/n-poly(2)) queries suffice.

1.5 Previous work

Both computational learning theory and property testing are rich fields that have inspired
an enormous amount of prior work. Here we will review just a small selection of this work,
specifically results on testing classes of functions that are of interest to the learning theory
community.

One important class of functions is the class of J-juntas, or functions that depend on
at most J variables. Fischer et al. [26] gave an algorithm to test whether a function f :
X™ — {0,1} is a J-junta with query complexity polynomial in J and 1/¢. Diakonikolas
et al. [17] later generalized their work to function with non-Boolean ranges, and Blais [6]
improved upon both of these results, giving an (adaptive) algorithm for testing J-juntas
with only O(J/e) queries. This nearly matches an Q(J) lower bound préved by Chockler
and Gutfeund [13]. v

One of the motivations for the work in this thesis is the work of Parnas et al. [51], who
gave algorithms for testing whether Boolean functions f : {0,1}"—{0, 1} have certain
very simple representations as Boolean formulae. They gave an O(1/¢)-query algorithm
for testing whether f is a single Boolean literal or a Boolean conjunction, and an O(s?/e)-
query algorithm for testing whether f is an s-term monotone DNF. They also posed as
an open question whether a similar testing result can be obtained for the broader class of
general (non-monotone) s-term DNF formulas (we resolve this question in Chapter 3).

A variety of papers have looked at the problem of testing whether a function has a
special algebraic structure. Blum ez al. [9] gave an O(1/¢)-query algorithm for testing
whether a function can be represented as a linear form over a finite field. Their algorithm
was subsequently generalized in several works to test whether f can be represented as a

low-degree polynomial. In particular, [1, 33, 37] consider the case when f is defined over
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a small finite field.

Other research in the area includes the work of Kearns and Ron [38], who gave testing
algorithms for the classes of interval functions over the continuous interval [0, 1] and for
neural networks and decision trees over the continuous cube [0, 1]". However their results
differ from the “standard” property testing results in several ways; for one thing, they view
the dimension n as a constant and their algorithms have query complexity that depends
(exponentially) on n.

Some of the techniques in this thesis have already been used in subsequent work in
property testing and learning. In [30], Gopalan et al. show how to test whether a function
f has a sparse representation in the Fourier basis, and whether f is a function of a small
number of parities. Their techniques are similar in spirit to the junta testing techniques of
[26], and the ones we employ in Chapter 3. In [50], O’Donnell and Servedio consider the
problem of learning halfspaces from their degree-1 Fourier coefficients. They solve this

problem in part using the techniques from Chapter 5.
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Chapter 2

Notation And Preliminaries

Functions come in many shapes and forms. In this thesis our primary interest is classifi-

cation functions, or function that map to a finite range. Some classification functions of

particular interest to us are:

e Functions on the Boolean cube. Boolean functions are a cornerstone of theoretical
computer science, and the titular subject of this thesis. Throughout this document,
when we say “Boolean functions,” we mean binary classification functions with

Boolean inputs. We typically represent these functions as f : {—1,1}"—{—1,1}.

¢ Functions on R". Occasionally (see Chapter 5), we will also consider binary classi-
fication functions with real-valued inputs. We will typically represent these functions

as f: R"—{-1,1}.

e Functions on arbitrary product domains. Generalizing the previous two notions,
we sometimes (see Chapter 3) consider classification functions from an arbitrary
product domain to an arbitrary finite range, i.e. functions of the form f : X—)

where X = X x Xy x --- X A}, and ) is a finite set.

2.1 Decomposition of Functions

One of the most powerful ideas in theoretical computer science, and indeed all of math-

ematics, is that of decomposing a function into parts. A functional decomposition is par-
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ticularly useful if the parts are orthogonal, or have limited interaction with each other.
Such a decomposition allows one to analyze the parts independently, and can often shed
new light on the structure of the function at hand. We now look at three different ways of

decomposing functions, one for each type of function discussed above.

2.1.1 The Fourier Decomposition

We can think of Boolean functions represented as f : {—1,1}"—{—1,1} as a subset of the
set of all functions of the form f : {—1,1}"—R. This set forms a 2"-dimensional inner

product space with inner product

(£.9) = B [f(z)g(z)]

where (2 is the uniform distribution on {—1, 1}™. This inner product defines a natural norm
on functions given by || f|| = 1/(f, f).

An orthonormal basis for this inner product space is provided by the set of 2" parity
functions or characters, i.e. functions of the form xs(x) = [[;cq#; where S C [n]. Itis
trivial to verify that this basis is indeed orthonormal, in other words ||xs|| = 1 for all S,
and (xs, xs/) = 0 for all S" # S. Thus, every function in the space can be expressed as a

linear combination of parity functions:

Fact 3 (Fourier Decomposition). Every function f : {—1,1}"—R has a unique decompo-
sition of the form

fl@)= ) f(S)xs(a)

SCn)

where the f(S)’s are Fourier coefficients given by f(S) = (f(z), xs(z)).

We will often be interested in f’s degree-1 coefficients, i.e., f(S) where |S| = 1. For
notational ease, we will sometimes write these as f(i) rather than f({i}).

A simple consequence of the orthonormality of the characters is that the inner product
of two functions is given by the inner product of their Fourier coefficients. This gives us

the following:
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Fact 4 (Plancherel and Parseval’s Inequalities). For any functions f,g : {—1,1}"—>R we

have Plancherel’s Equality:
(f,9) = Elf(@)g(@)] = D f(5)3(5)
SC[n]

and in the special case when f = g we have Parseval’s Equality:

AP =Y f(S)?

SC[n]

In particular when f is Boolean (with range {—1, 1}) this implies f (S =1

2.1.2 The Hermite Decomposition

Now we turn our attention to classification functions with real-valued inputs. We represent
these as f : R"—{—1,1} and think of them as a subset of all functions of the form f :
R™—R. We treat the set of square-integrable such functions as an inner product space. As

before, we use the inner product

(f.0) = B [/(@)g(x)]

but here €2 is the standard n-dimensional Gaussian distribution (that is, each component of
x drawn from () is distributed according to the standard normal random variable N (0, 1)).
Again, this inner product defines the natural norm given by || f|| = v/{f, f)-

In contrast to the last section, where the parity functions formed an orthonormal ba-
sis for function from {—1,1}"—R, here it is not as easy to find an orthonormal basis
for functions from R"—R. In fact, even in the case when n = 1, the associated in-
ner product space is infinite dimensional, and finding a complete orthonormal basis is
non-trivial. Suffice it to say, for n = 1 there is a sequence of polynomials called Her-
mite polynomials that form a complete orthonormal basis for the space. The first few of
them are p, = 1,p1(z) = z,p(x) = (22 — 1)/v/2,..., and in general they can be de-
fined via exp(Az — A2/2) = 3% (A?/v/d")pa(x) where  is a formal variable. In the
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case of general n, given S € N", we have that the collection of n-variate polynomials
Hg(z) := [1i—; ps;(z;) forms a complete orthonormal basis for the space. Thus we have

the following analogue of Fact 3:

Fact 5 (Hermite Decomposition). Every square-integrable function f : R"—R has a

unique decomposition as

f@)= 3 J(S)Hs(a)

SeNn

where the f(S)’s are Hermite coefficients given by f(S) = (f, Hs).

We note that it follows immediately from the orthonormality of the Hg’s that Plancherel
and Parsevel’s identities (the analogue of Fact 4, where the sums are taken over all S € N")
also holds in this setting.

While Hermite coefficients seem more difficult to analyze than Fourier coefficients, we
remark that we will almost always be interested in only “degree-0” and “degree-1” Hermite
coefficients, and these are the same as the corresponding Fourier coefficients. To be precise,
there is a single “degree-0" coefficient f(0), which is just equal to E[f(z)], and there are
n “degree-1” coefficients f(e;), which are just equal to E[f(z)z;]. The only difference
is that the expectations here are taken over the n-dimensional Gaussian distribution rather

than the uniform distribution over the Boolean cube.

2.1.3 The Efron-Stein Decomposition

Now we turn our attention to more general functions of the form f : X—) where X =
X1 X Xy x -+ - x X, and )V is a finite set. One way to represent such functions is by thinking
of the range ) as a subset of R, and identifying element y; in )V with the standard unit
basis vector e; in R¥! . We call these functions of the form f : X —) pure-valued functions
and think of them as a subset of f : X—RY (henceforth, for notational convenience, we
will implicitly assume ) = {ey, ...ey|} unless otherwise stated, and we will abbreviate
RP! by simply writing RY ).

Let Q = Q; x 3 X --- X {2, be a product probability space over X. Then the set of

functions of the form f : X—RY forms the inner product space L?(Q2, RY) under the inner
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product

(f.9) = B [(f(x), 9(2)eo]

wher (-, -)gy denotes the standard inner product over RY. Note that this is essentially the
same as the previous inner products we’ve defined, however inside the expectation we take
(f(z), g(x))gy instead of f(x)-g(x), since the range of the functions is a vector rather than
a scalar. As before, the inner product gives way to the norm || f|| = v/(f, f), and it is easy
to see that pure-valued functions have norm 1.

It turns out that even in this more general setting, the functions in L2(©2, RY) can be

decomposed quite elegantly due to the following theorem:

Theorem 6 (Efron-Stein Decomposition [19]). Every function in L?(2, RY) has a unique

decomposition of the form

fl@) =" f(x)

SCin]

such that the following properties hold:
o Each f° depends only on the coordinates in S.

e Forevery S’ 2 Sandanyy € X, we have E, o[f°(z)| zs = ys/] = 0, where zg

and ys' denote the inputs x and y restricted to the coordinates in S'.

The Efron-Stein decomposition is an orthogonal decomposition. That is, for any function
f(z), and any two components of its Efron-Stein decomposition f°(z) and f7(z) where
S # T, we have (f5, fT) = 0. Note however that this is not the same as having an
orthonormal basis. The components of the decomposition vary for each f. They do not
form a basis for L?(Q2,RY), and they do not necessarily have norm 1. Fortunately, the
orthogonality of the decomposition is enough to guarantee us the following generalized

version of Parseval’s equality:

Fact 7 (Generalized Parseval’s Identity). For every function f € L*(Q, RY), we have

1A =S 1510
SC[n]
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In particular when f is a pure-valued function, SCin) I fS||2 =1

Remark The careful reader will note that so far we have actually introduced two ways of
representing Boolean functions. Earlier we used the representation f : {—1,1}"—{—1,1}
while in this section we’ve suggested the representation f : {—1,1}"—{e;,ez}. Both
representations are useful in different contexts. With either representation the Efron-Stein
decomposition exists, however the decomposition depends on the representation. When f
is represented as f : {—1,1}"—{—1, 1}, the Efron-Stein decomposition is given by the
Fourier decomposition (that is, /5 = f(S)xs for each S C [n]). In this sense the Efron-
Stein decomposition is a generalization of the Fourier Decomposition to functions which

are not necessarily Boolean.

2.2 More on Functions: Distance, Influence, and Juntas

We now introduce some more notation regarding functions. First, we need a way of mea-

suring the distance between functions:

Definition 8 (Distance). For functions f,q : X—Y and a probability measure Q, we say
that f and g are e-far if
Pr[f(2) # g(2)] > ¢

Otherwise we say f and g are e-close.

We will often omit the €2 in the subscript when the context is clear. In particular, when
[ is a Boolean function we will implicitly assume that the probability is evaluated with
respect to the uniform distribution over the Boolean cube. Similarly, when f is over R"
we will implicitly assume the probability is with respect to the standard n-dimensional
Gaussian distribution.

As we have already seen in the definition of the Efron-Stein decomposition, for inputs
z = (21, ...,z,) € X we will often be required to refer to subsets of coordinates. Here we

develop some convenient shorthand for notating this.
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For the elements z = (z1,...,x,) € X and the set S C [n], we let xg represent the
ordered list (z; : ¢ € S), and for z,y € X we use the notation zsyg to represent the
element z € X where zg = zg and z5 = ys.

For a subset S C [n] and a setting w of the coordinates in .S, the restricted function
fw(x) refers to the function on n — |S| coordinates defined by fixing the coordinates in S
according to w, and evaluating f on the rest (in other words, f,(z) = f(wsz3)).

Finally, for a product probability measure @ = Q; x --- x ,, we define 2(S) to be
the product probability measure over just the coordinates in S (i.e. Q(S) = ], ).
Correspondingly, we use the notation z ~ Q(S) to indicate that z is an |S|-coordinate

input drawn randomly from (.S).

2.2.1 Influence

We now come to one of the most important definitions in this thesis, that of the influence of
a set of variables of a function f. The influence is a measure of the set’s ability to control
the output of the function.

In order to define influence, we must first define variance:

Definition 9 (Variance). The variance of a function f : X —RY with respect to a probability
measure () is

2
V@] = EIf@)I7 - || E,f@)]]
This is a generalization of the standard notion of the variance. Usually the variance of
a random variable X is given by E[X?] — E[X]?, but here the || - || has been added since
the range of f is potentially a vector rather than a scalar. Notice that functions which are
pure-valued or which map to {—1, 1} have norm 1, so the variance of such functions is
given by 1 — ||E,q[f(2)]||” and is therefore bounded between 0 and 1.

We are now ready to define influence:

Definition 10 (Influence). For a function f € L*(Q0,RY), the influence of the set S C [n]

of coordinates under the probability measure € is defined as

Inf;(S) = zwlg;:(g)[”}{(s)[fz(x)]]
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Let us take a moment to reflect on this definition. The closer a function is to constant,
the closer its variance to is to zero. Thus, the influence of S is a measure of how “non-
constant” you expect the function to be when you randomly restrict the coordinates outside
of S. If the function does not depend on the coordinates in .S at all, then Inf;(.S) will be
zero; otherwise it will be something larger.!

This definition of influence is intuitive, but rather hard to work with on its own. For the

functions we care about, influence can be nicely expressed as a probability:

Proposition 11. Let f : X—Y be a pure-valued function. Then for any set S C [n] we

have

2~82(S)
z,y~§H(S)

Proof. The proof follows easily from the definitions and the fact that || f|| = 1 for pure-

valued functions.

Infy(5) = B | V@l
= NQ(S)[1—|| Q(S)[fz( 2)]|I”]
- E [l_zy QS)[(fz( z), ()]
,yNQ(S)

O

Proposition 11 is important enough that it motivates the definition of a small subroutine

IThere are multiple different definitions of “influence” in the literature, so the one we give here merits
some discussion. Our definition of influence is a direct generalization of the quantity called variation in [25].
It is also, as we show in Proposition 11, consistent with the the definition of influence given in [6] (whereas
[6] proposes the equation in Proposition 11 as a definition, here it is a consequence of the definition). Our
definition is also consistent with the notion of single-coordinate influence discussed in Proposition 14.

We choose our definition of influence because it unifies the definitions in much of the literature. How-
ever, we point out that for sets S of more than one coordinate, our definition is different from the def-
inition of influence given by Kahn, Kalai, and Linial [34]. They define influence to be the probabil-
ity over the setting of coordintes not in S that the resulting restricted function is not constant (in other
words, EZNQ( g)[l #. () not constant))-  For functions that we care about (with norm 1), this is equivalent to
E, a5 [[Ve~a(s)[fz(2)]]], thus the quantity that they call influence is always greater than or equal to our
influence. Their definition of influence makes sense for some applications, but our definition makes sense for
others, in particular, as we shall see in the next section, for analyzing distance to juntas.
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called the Independence-Test, shown here in Figure 2.2.1. The independence test was first
defined by Fischer et. al. in [25], and we will use it ourselves in Chapters 3 and 4. It is

easy to see from Proposition 11 that the probability the test rejects is exactly Inf(.S).

Independence Test (inputs are S C [n], and black-box access to f : X —))

1. Choose z ~ Q(S) and z,y ~ Q(S).

2. If f.(z) = f.(y), accept. Otherwise, reject.

Figure 2-1: The subroutine Independence-Test.

The independence test gives us an easy algorithmic way to estimate the influence of
a set of variables, but from an analytic standpoint it does not tell us much about how to
analyze the influence. For this, it turns out that we can relate the influence of a function to

its Efron-Stein (or Fourier) decomposition using the following remarkable formula:

Proposition 12 (Decomposition of Influence). For any f € L*(Q,RY) and any S C [n]
2
Infs(S)= >[I/l
T: SNT#0

A proof of Proposition 12, or its equivalent with Fourier coefficients in place of Efron-
Stein magnitudes, is elementary and appears in several places in the literature (see, for
instance, [6] for a proof in this setting).

An immediately corollary of Proposition 12 is the monotonicity and subadditivitiy of

influence:

Corollary 13 (Monotonicity and Subadditivity). For f € L%(Q,RY) and any S, T C [n]
Inff(S) < IIlff(S U T) < Inff(S) + Inff(T)

Single-Coordinate Influence for Boolean Functions

We will often be interested in the special case of the influence when f is a Boolean function
and the set S consists of a single coordinate 7. In this case we will use the shorthand

Inf;(7) instead of Inf;({i}) to denote the influence of variable 7. The influence of a single
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coordinate is a well-studied quantity in computer science, dating back to the seminal works
of Ben-Or and Linial [3], and Kahn, Kalai, and Linial [34], who showed that every balanced
Boolean function has a coordinate with influence at least {2(logn/n).

Typically, for a Boolean function the influence of coordinate 7 is defined as the prob-
ability that on a random input, flipping bit ¢ changes the function’s value. In fact, if the
function is represented appropriately, this definition is just a special case of our definition.

This is made precise by the following:

Proposition 14 (Single-Coordinate Influence). Let f : {—1,1}"—{—1,1} and i € [n].

Then the influence of variable i is given by

Inf; (i) = Prlf(e") # /(&™)

where ¥~ and x'" denote x with the i’th bit set to —1 or 1 respectively.

Proof. According to our definition of influence, we have Inf;(i) = ZNQ](%‘n]\i) [mN\é(i) [f-(2)])-

Here the restricted function f, is just a function of the single coordinate 7. It is easy to see
that f, has variance 1 if f,(z'~) # f.(z*") and variance 0 otherwise. Hence the expectation

of the variance is just equal to Pr,[f(z~) # f(z*")] and the proof is complete. O

In Chapters 5 and 6 we will be particularly interested in functions which are unate:

Definition 15 (Unate functions). A Boolean function f : {—1,1}" — {—1,1} is unate if it

is monotone increasing or monotone decreasing as a function of variable x; for each i.

It turns out that for unate functions, single-coordinate influences have a particularly

nice relationship to Fourier coefficients:
Fact 16. If f : {—1,1}" — {—1,1} is unate then Inf ;(i) = | f(3)].

We will prove this fact explictly in Lemma 152 in Chapter 6.

2.2.2 Juntas

An important special type of function that we will refer to over and over again in this thesis

is the junta:
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Definition 17 (Juntas). A function f is a junta on J C [n] if f only depends on the coordi-

nates in J.

It follows immediately from the definition of juntas and influence that the property of

being a junta on J is characterized by the variables outside of J having no influence:
Proposition 18. A function f is a junta on J if and only if Inf;([n]\J) = 0.
In fact this characterization is somewhat robust, as the following proposition shows:

Proposition 19. Let f : X—) and suppose that for some set J, we have Inf¢([n]\J) < e

Then f is e-close to a junta on J. In fact it is e-close to the junta given by
h(x) = Plur(f(z27)

where Plur denotes the “plurality” or “most-common-output” operator (with ties broken

arbitrarily).

The following proof is taken from [6], generalizing an argument from [25]. It is in-

cluded here only for completeness:

Proof. ([6])

Prf(z) # h(z)] = 1- E’[(f(x)a h(z))]
= 1- B [(Blf(2s2))). h(z))w]
= 1-E[|[Blf@)l|_|[BlAs=) ]

xT

< 1-E|[elre)]]

= 1=,

scJ

= > £l

S:SN([n]\J)#0
= Infs([n]\J)

The first equality follows from the fact that f and h are pure-valued. The second fol-

lows from the fact that h only depends on the coordinates in J and linearity of expecta-
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tion. The third equality from the fact that (E,[f(zsz5)], h(z))ry = ||E.[f(zs25)]|,, and
|E.[f(zs25)]|l; = 1 for pure-valued functions. The inequality is a special case of Holder’s
inequality. The following equality follows from the fact that E, [f(zr25)] = Dogcs 5 ().

The next eqliality uses Parseval, and finally the last equality is Proposition 12. (|

2.3 Probability Bounds

In addition to the standard Markov and Chernoff bounds, we will often make use of the

following claims:

Proposition 20. If X is a random variable taking values in the range [—1, 1], its expecta-
tion can be estimated to within an additive te, with confidence 1 — 6, using O(log(1/5)/€?)

queries.

Proof. This follows from a standard additive Chernoff bound. We shall sometimes refer to

this as “empirically estimating” the value of E[X]. O

Proposition 21 (Fischer et al. [26]). Let X = Zi=1 X; be a sum of non-negative indepen-
dent random variables X, and denote expectation of X by . If every X; is bounded above
by t, then

Pr[X < na] < exp (%(ne - 1))

for everyn > 0.
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Chapter 3

Testing for Concise Representations

3.1 Introduction

In this chapter we study the problem of testing whether a function has a concise represen-
tation. Our main result is a general algorithm that can be used to test whether an unknown
function belongs to one of many different representation classes, as long as the representa-
tion class satisfies certain conditions. We show that this algorithm yields property testers
for many classes that were not previously known to be testable. These include Boolean
function classes such as decision lists, size-s decision trees, size-s branching programs,
s-term DNF (resolving an open question of Parnas et al. [51]), size-s Boolean formulas,
size-s Boolean circuits, and s-sparse polynomials over [F5, as well as non-Boolean classes
such as size-s algebraic circuits, size-s algebraic computation trees, and s-sparse polyno-
mials over finite fields. For each of these classes the testing algorithm uses poly(s,1/€)
many queries, independent of the number 7 of inputs to the function (the running time is
exponential in s, though linear in n). These testing results are included in the top part of
Table 1.1. We note that our general algorithm can also be easily shown to yield property
testers for all of the classes tested in [51]; the query complexities would be slightly larger
than in [51], but would not require a specialized algorithm for each problem.

We also prove a lower bound; we show that any non-adaptive algorithm to test s-sparse
polynomials over finite fields of constant size must make Q(\/E) queries. Since this is

within a polynomial factor of our upper bound, this result shows that in at least one instance
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our general algorithm yields a tester that is nearly optimal. (For testing other representation
classes, there is a larger gap between our upper and lower bounds. We give some simple

but fairly weak lower bounds for other representation classes in Section 3.7.)

Our techniques. Our approach combines ideas from the junta test of Fischer et al. [26]
with ideas from learning theory. As mentioned in the introduction to this thesis, the basic
idea of using a learning algorithm to do property testing goes back to Goldreich ez al. [29],
who observed that any proper learning algorithm for a class C can immediately be used
as a testing algorithm for C. However, it is well known that proper learning algorithms
for virtually every interesting class of n-variable functions must make at least Q(logn)
queries. Thus this testing-by-learning approach did not previously yield any strong results
for testing interesting function classes.

We get around this impediment by making the key observation that many interesting
classes C of functions are “well-approximated” by juntas in the following sense: every
function in C is close to some function in C;, where C; C C and every function in C;
is a J-junta. For example, every s-term DNF over {0,1}" is 7-close to an s-term DNF
that depends on only slog s/ variables, since each term with more than log s/ variables
can be removed from the DNF at the cost of at most 7/s error. Roughly speaking, our
algorithm for testing whether f belongs to C works by attempting to learn the “structure”
of the junta in C; that f is close to without actually identifying the relevant variables on
which the junta depends. If the algorithm finds such a junta function, it accepts, and if it
does not, it rejects. Our approach can be characterized as testing by implicit learning (as
opposed to the explicit proper learning in the approach of Goldreich et al. [29]), since we
are “learning” the structure of the junta to which f is close without explicitly identifying
its relevant variables. Indeed, avoiding identifying the relevant variables is what makes it
possible to have query complexity independent of n.

We find the structure of the junta f’ in C; that f is close to by using the techniques
of [26]. As in [26], we begin by randomly partitioning the variables of f into subsets and
identifying which subsets contain an influential variable (the random partitioning ensures
that with high probability, each subset contains at most one such variable if f is indeed in

C). Next, we create a sample of random labeled examples (z',y'), (z%,4?), ..., (2™, y™),
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where each z° is a string of length J (not length n; this is crucial to the query complexity
of the algorithm) whose bits correspond to the influential variables of f, and where y"
corresponds with high probability to the value of junta f’ on z°. Finally, we exhaustively
check whether any function in C; — over J input variables — is consistent with this labeled
sample. This step takes at least |C,| time steps, which is exponential in s for most of
the classes we test; but since |C;| is independent of n, we are able to get away with an
overall query complexity that is independent of n. (The overall time complexity is linear
as a function of n; note that such a runtime dependence on n is inevitable since it takes n
time steps simply to prepare a length-n query string to the black-box function.) We explain
our testing algorithm in more detail in Section 3.2 and prove correctness of the algorithm
in Section 3.3. We apply the theorem to obtain new testing results for different classes of
Boolean and non-Boolean functions in Section 3.5.

Finally, we prove our lower bound for testing s-sparse polynomials over finite fields in
two stages. We first show that any non-adaptive algorithm that can successfully distinguish
a linear form z;, + --- + x;, (over s randomly selected variables from z1,...,z,) from
a linear form x;, + - - - + x;,,, (over s + p randomly selected variables, where p is the char-
acteristic of the finite field) must make €2(,/s) queries. This is a technical generalization
of a similar result for [F5 in [26]; the heart of our proof is an extension of a convergence
type result about random walks over Z3 with arbitrary step distribution to random walks
over Z!. (As an interesting side product, the latter also partially answers a question posed
in [26] as to what groups possess a similar convergence type property.) We then prove that
every s-sparse polynomial g over finite field IF is “far” from every affine function with at
least s + 1 non-zero coefficients. This result does not have an analogue in [26] (that pa-
per establishes a lower bound on distinguishing size-s parities from size-(s + 2) parities,
and it is trivially true that every size-s parity is far from every size-(s + 2) parity) and its
proof requires several ideas; our argument uses random restrictions chosen according to a
distribution that depends on the structure of the polynomial g. We present these results in

Section 3.6.

Notational Note: The techniques in this chapter are applicable to functions with non-

Boolean domain and range. We will denote functions in this chapter as f : X"—)), where
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X and Y are finite sets, and we will let {2 denote the uniform distribution over X™. (Note
that this is a slight abuse of notation from the preliminaries section, where we represented
the domain as a product X; X --- x &, of n potentitally different sets, and we placed no

restrictions on the probability measure €2).

Bibliographic Note: The results in this chapter originally appeared in [17], however the
presentation here has been simplified. While [17] contained a technique for generalizing
the junta test of Fischer et. al. [25] to functions with non-Boolean range, here we use the
Efron-Stein decomposition instead, obviating the need for the previous technique. This was

inspired by Eric Blais’s junta test in [6], and we are grateful to him for the improvement.

3.2 The test and an overview of its analysis

In this section we present our testing algorithm and give an intuitive explanation of how it
works. We close this section with a detailed statement of our main theorem, Theorem 23,

describing the correctness and query complexity of the algorithm.

3.2.1 Subclass approximators

Let C denote a class of functions from X™ to )). We will be interested in classes of functions

that can be closely approximated by juntas in the class. We have the following:

Definition 22. For 7 > 0, we say that a subclass C(1) C C is a (7, J(7))-approximator for

Cif

o C(7) is closed under permutation of variables, i.e. if f(z1,...,2,) € C(T) then

[(@s1, ..., %s,) is also in C(7) for every permutation o of [n]; and

e for every function f € C, there is a function ' € C(7) such that f' is T-close to f

and f' is a J(7)-junta.

Typically for us C will be a class of functions with size bound s in some particular
representation, and J(7) will depend on s and 7. (A good running example to keep in mind

is X = {0,1}, ¥ = {-1,1}, and C is the class of all functions that have s-term DNF
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Identify-Critical-Subsets (input is black-box access to f : X" — Y and € > 0)

1. Partition the variables z;,...,z, into r random subsets by assigning each of
Zi,..., &, equiprobably to one of Iy, ..., I,.
2. Choose s random subsets A, ... ,A; C [r] of size J(7*) by uniformly choosing

without repetitions J(7*) members of [r]. Each set A; determines a block B; o

U,ea, £;- (Note that we do not guarantee that the blocks are disjoint.)

3. Apply h iterations of the independence test (see Figure 2.2.1) to each block B;.
If all of the independence test iterations applied to block B; accept, then B; is
declared to be influence-free, and all the subsets I; with j € A; are declared to be
influence-free on its behalf.

4, If:

(a) atleast half of the blocks By, .. .,B; are influence-free; and

(b) except for at most J(7*) subsets, every subset in the partition I, ... I, is
declared influence-free on behalf of some block,

then output the list [;,...,J;; of those subsets that are nor declared to be
influence-free. (We call these the critical subsets.) Otherwise, halt and output
“NotinC.”

Figure 3-1: The subroutine Identify-Critical-Subsets.

representations. In this case we may take C(7) to be the class of all s-term log(s/7)-DNFs,
and we have J(7) = slog(s/7).) Our techniques will work on function classes C for which
J(7) is a slowly growing function of 1/7 such as log(1/7). In Section 3.5 we will consider
many different specific instantiations of C and corresponding choices of C(7).

We write C(7); to denote the subclass of C(7) consisting of those functions that depend
only on variables in {z1, ..., x;}. We may (and will) view functions in C(7)j as taking k

instead of n arguments from X’

3.2.2 Explanation of our testing algorithm

Our algorithm for testing whether a function f : A™—) belongs to C or is e-far from C is
given in Figures 3-1 through 3-3. Given ¢ > 0 and black-box access to f, the algorithm

performs three main steps:

43



Construct-Sample (input is the list I;,, . . ., I;, output by Identify-Critical-Subsets and
black-box access to f)

1. Repeat the following m times to construct a set S of m labeled examples (z,y) €
XJ(T*) X y, where X = {wo,wl, . ,LU|X’_1}Z

(a) Draw z uniformly from X™. Let X, &f {i : z = wy}, foreach 0 < ¢ <
|X] — 1.
(b) For/=1,...,J

. def
i w=0

ii. Fork=1,...,[lg|X]|]

A. Xy % union of (X, N I;,) taken over all 0 < ¢ < |X| — 1 such that

the k-th bit of ¢ is zero

B. X, ¥ union of (X, N I;,) taken over all 0 < ¢ < |X'| — 1 such that

the k-th bit of g is one

C. Apply g iterations of the independence test to Xy. If any of the g
iterations reject, mark Ap. Similarly, apply g iterations of the inde-
pendence test to Xj; if any of the g iterations reject, mark X;.

D. If exactly one of Ay, X; (say A}) is marked, set the k-th bit of w to
’ b.

E. If neither of X, &} is marked, set the k-th bit of w to unspecified.
E. If both A, &) are marked, halt and output “no”.
iii. If any bit of w is unspecified, choose w at random from {0, 1, ..., |X| —
1}.
iv. If w ¢ [0, |X| — 1], halt and output “no.”
V. Setzp = wy,.
(c) Evaluate f on z, assign the remaining J(7*) — j coordinates of z randomly,

and add the pair (z, f(z)) to the sample of labeled examples being con-
structed.

Figure 3-2: The subroutine Construct-Sample.
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1. Identify critical subsets. In Step 1, we first randomly partition the variables z, . . .,
x, into r disjoint subsets I, ..., I,. We then attempt to identify a set of j < J(7*)
of these r subsets, which we refer to as critical subsets because they each contain
a “highly relevant” variable. (For now the value 7* should be thought of as a small
quantity; we discuss how this value is selected below.) This step is essentially the
same as the 2-sided test for J-juntas from Section 4.2 of Fischer et al. [26]. We will
show that if f is close to a J(7*)-junta then this step will succeed w.h.p., and if f is

far from every J(7*)-junta then this step will fail w.h.p.

2. Construct a sample. Let [; , . .., I;; be the critical subsets identified in the previous
step. In Step 2 we construct a set S of m labeled examples {(z*,y!),..., (z™,y™)},
where each ¢ is independent and uniformly distributed over X7(™"). We will show
that if f belongs to C, then with high probability there is a fixed f” € C(7*) s(-+) such
that each g is equal to f”(z"). On the other hand, if f is far from C, then we will

show that w.h.p. no such f” € C(7%) j(,+) exists.

To construct each labeled example, we again borrow a technique outlined in [26].
We start with a uniformly random z € A™. We then attempt to determine how the
j highly relevant coordinates of z are set. Although we don’t know which of the
coordinates of z are highly relevant, we do know that, assuming the previous step
was successful, there should be one highly relevant coordinate in each of the critical
subsets. We use the independence test repeatedly to determine the setting of the

highly relevant coordinate in each critical subset.

For example, suppose that X = {0,1} and I; is a critical subset. To determine the
setting of the highly relevant coordinate of z in critical subset I;, we subdivide I into
two sets: the subset X, C I; of indices where z is set to 0, and the subset X; = I;\ X}
of indices where z is set to 1. We can then use the independence test on both Aj and
X to find out which one contains the highly relevant variable. This tells us whether
the highly relevant coordinate of z in subset /; is set to O or 1. We repeat this process
for each critical subset in order to find the settings of the j highly relevant coordinates

of z; these form the string z. (The other J(7*) — j coordinates of x are set to random
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Check-Consistency (input is the sample S output by Identify-Critical-Subsets)

(a) Checkevery function in C (7*) s(-+) to see if any of them are consistent with sample
S. If so output “yes” and otherwise output “no.”

Figure 3-3: The subroutine Check-Consistency.

values; intuitively, this is okay since they are essentially irrelevant.) We then output

(z, f(2)) as the labeled example.

3. Check consistency.

Finally, in Step 3 we search through C(7*) s+, looking for a function f” over X7("")
that is consistent with all m examples in S. (Note that this step takes Q(|C(7*)¢r+)|)
time but uses no queries.) If we find such a function then we accept f, otherwise we

reject.

3.2.3 Sketch of the analysis

We now give an intuitive explanation of the analysis of the test.

Completeness. Suppose f is in C. Then there is some f' € C(7*) that is 7*-close to f.
Intuitively, 7*-close is so close that for the entire execution of the testing algorithm, the
black-box function f might as well actually be f’ (the algorithm only performs <« 1/7*
many queries in total, each on a uniform random string, so w.h.p. the view of the algorithm
will be the same whether the targetis f or f’). Thus, for the rest of this intuitive explanation
of completeness, we pretend that the black-box function is f’.

Recall that the function f’ is a J(7*)-junta. Let us refer to the variables, z;, that have
Inf¢(x;) > 6 (recall that Inf¢(x;) is a measure of the influence of variable z;, and  is some
threshold to be defined later) as the highly relevant variables of f’. Since f’ is a junta, in
Step 1 we will be able to identify a collection of j < J(7*) “critical subsets” with high

probability. Intuitively, these subsets have the property that:

e cach highly relevant variable occurs in one of the critical subsets, and each critical
subset contains at most one highly relevant variable (in fact at most one relevant

variable for f');
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o the variables outside the critical subsets are so “irrelevant” that w.h.p. in all the
queries the algorithm makes, it doesn’t matter how those variables are set (randomly

flipping the values of these variables would not change the value of f’ w.h.p.).

Given critical subsets from Step 1 that satisfy the above properties, in Step 2 we con-
struct a sample of labeled examples S = {(z!,%!),...,(z™,y™)} where each z' is in-
dependent and uniform over X”/(""). We show that w.h.p. there is a J(7*)-junta f’ €

C(7*).(r+) With the following properties:

e there is a permutation o : [n] — [n] for which f"(z (1), ..., Zs((r)) is close to

fixy,. .. xn);

e The sample S is labeled according to f”.

Finally, in Step 3 we do a brute-force search over all of C(7*) j(,+) to see if there is a
function consistent with S. Since f” is such a function, the search will succeed and we

output “yes” with high probability overall.

Soundness. Suppose now that f is e-far from C.

One possibility is that f is e-far from every J(7*)-junta; if this is the case then w.h.p.
the test will output “no” in Step 1.

The other possibility is that f is e-close to a J(7*)-junta f’ (or is itself such a junta).
Suppose that this is the case and that the testing algorithm reaches Step 2. In Step 2,
the algorithm tries to construct a set of labeled examples that is consistent with f’. The
algorithm may fail to construct a sample at all; if this happens then it outputs “no.” If the
algorithm succeeds in constructing a sample S, then w.h.p. this sample is indeed consistent
with f’; but in this case, w.h.p. in Step 3 the algorithm will not find any function g €
C(7*)(-+) that is consistent with all the examples. (If there were such a function g, then
standard arguments in learning theory show that w.h.p. any such function g € C(7*) j(;+)
that is consistent with .S is in fact close to f’. Since f’ is in turn close to f, this would
mean that g is close to f. But g belongs to C(7*) ;(-+) and hence to C, so this violates the

assumption that f is e-far from C.)
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3.2.4 The main theorem (Theorem 23)

We now state our main theorem, which is proved in detail in Section 3.3. The algorithm .4
is adaptive, but in Section 3.4 we discuss how to make it non-adaptive with only a slight

increase in query complexity.

Theorem 23. There is an algorithm A with the following properties:
Let C be a class of functions from X™ to ). Suppose that for every T > 0, C(1) C C
is a (1, J(7))-approximator for C. Suppose moreover that for every ¢ > 0, there is a T

satisfying

62

=" (&) - J(r)? (I(7) - Inin(J (7)) - I*(|C(r)a(n)]) - (L 1n lc(T)J%I)l’)

where k > 0 is a fixed absolute constant. Let T* be the largest value T satisfying (3.1)

above. Then algorithm A makes:

2sh + (2¢J () [1g|X|] + 1)m
- © (%J(T*f In?(J(7*)) loglog J(7*) 1n(IC(»T*)J(T*)D)
+0 (51 e(r) e (1)

= o (M strpee )

many black-box queries to f, and satisfies the following:
o If f € C then A outputs “yes” with probability at least 2/3;
o If f is e-far from C then A outputs “no” with probability at least 2/3.

Here are some observations to help interpret the bound (3.1). Note that if J(7) grows
too rapidly as a function of 1/7, e.g. J(7) = Q(1/+/7), then there will be no 7 > 0
satisfying inequality (3.1). On the other hand, if J(7) grows slowly as a function of 1/7,
e.g. log(1/7), then it is may be possible to satisfy (3.1).
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In all of our applications J(7) will grow as O(log(1/7)), and In |C(7) j(-)| will always

be at most poly(J(7)), so (3.1) will always be satisfiable. The most typical case for us will

be that J(7) < poly(s)log(1/7) (where s is a size parameter for the class of functions in

question) and In |C(7) )| < poly(s) - polylog(1/7), which yields 7% = O(€?)/poly(s)

and an overall query bound of poly(s)/O(€?).

3.3 Proof of Theorem 23

Let us describe how the parameters s, h, g and m mentioned above (and others) are set.

(The table below should perhaps be glossed over on a first reading, but will be useful for

subsequent reference.) Given € > 0, let 7* be as described in the theorem statement. We

set:
def
r = 25J(%)?2 O(J(1%)?)
s ¥ o57(r) (7T +1In7) | O(J(r*)In J(r*))
€ def 5 O(e)

m déf 1n6|C(T*)1(7*)|
€2
def 3
€1 = 300m
def €, J(r*)
- Ger
def In(100mJ(r*)1g|X]7)

(4

def
h def (3+261ns)

O In(|C(T*)s()))

O/ In(IC(7*) ¢r+1))

O(e/(In(IC(7) sy ) T (7))

6 (L7(r) n(IC(r) gy 10 (LI () (I () aem) ) )
O(L In(|C(r*) ) J(r*) In J(r*) Inln (7))

where e is the base of the natural logarithm. Note that €; + €2 < €.

Observe that for some suitable (small) absolute constant < > 0, our setting of parame-

ters and choice of 7* yields the following bounds that we will use later:

e 2mgJ(7*)[lg|X|] - 7* < 1/100 (used in Lemma 31)

e 2sh -7 < 1/100 (used in Corollary 30),

e m(e; + 7) < 1/100 (used in Lemma 31).
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3.3.1 Step 1: Identifying critical subsets.

Step 1 of the algorithm consists of running the procedure Identify-Critical-Subsets, re-
produced for convenience in Figure 3-1. This procedure performs 2sh q:leries to f. The
procedure is nearly identical to the “two-sided” junta test of Section 4.2 of Fischer et al.
with two small differences. The first is that we have adjusted various constant factors
slightly (we need a smaller failure probability because we are using this in the context of a
larger test). The second is that Identify-Critical-Subsets outputs the list of subsets that are
declared to be not influence-free (whereas the Fischer et al. test simply accepts or rejects
f), since we will need these subsets for the rest of our test.

We now prove two quick lemmata that will be useful in establishing the soundness and

completeness of the algorithm.

Lemma 24. Let f be a function with at most J(7*) variables x; that have Inf¢({i}) > 6.
Then with probability at least 1 — 1/400, each of the variables x; that have Inf;({i}) > 6

occurs in some subset 1, that is not declared influence-free by Identify-Critical-Subsets.

Proof. Fix a variable z; such that Inf;({i}) > 6. Let I, denote the subset to which z;

belongs. By the monotonicity and subadditivity of influence (Lemma 13) we have that
0 S Inff({z}) S Inff(fg) S Inff(Bk)

where By is any block such that £ € Aj. This implies that for any such block B, the
probability that all / iterations of the independence test accept is at most (1 —6)" < =1 <
W. So the probability that any block that contains z; is declared influence-free is at

mOst 7557775y BY a union bound over all at most J(7*) variables z; that have Inf({i}) > 0,

1
4007
the probability that any block that contains such a variable causes any subset I, containing

the variable to be declared influence-free is at most 1/400. O

Lemma 25. Let V be any set of < J(7*) variables from x,, . .. , x,,. Then with probability

at least 1 — 1/25, every subset I, 1 < £ < r, contains at most one variable from V.

Proof. For any fixed pair of variables in V/, the probability that they end up in the same
subset /; is 1/r. Thus by a union bound the probability that any pair of variables from V
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end up in the same subset is at most

LV IV IR
r\ 2 2 T 25

A
I
|

O

Let K C [n] denote a set of coordinates satisfying Inf;(K) < ¢;. Lemma 19 states that
the following function:

def

h(z) = Plzur[f(x;czf)] (3.2)

is €;-close to f.

Let J denote the set of those coordinates on which f has binary influence at least 6. To
prove the soundness of Identify-Critical-Subsets, we must prove that if f passes Identify-
Critical-Subsets with probability greater than 1/3, then it is €;-close to a J(7*)-junta. This
is accomplished by showing that | 7| < J(7*), and that 7 can be used in place of K above,
i.e., Inf;(J) < €;. Then we can invoke Lemma 19 to finish the proof. In addition, we will

also prove some properties about the subsets [;,, . .., I;; output by the algorithm.

Lemma 26. If f passes Identify-Critical-Subsets with probability higher than 1/3, then:
(i) | T < J(r);
(i) Inf;(T) < ey,

and f is thus €,-close to a J(7*)-junta by Lemma 19.

Let h be defined as in Equation (3.2) using J as the set K. Suppose that f passes
Identify-Critical-Subsets with probability greater than 1/3. Then given that f passes, the
sets output by the algorithm, I, ..., I;,, have the following properties with probability at
least 6/7:

(iii) Every x; € J occurs in some subset 1;, that is output;
(iv) Every subset I;,, 1 < { < j, contains at most one variable from J .

Proof. Condition (i): (paraphrasing Prop. 3.1 and Lemma 4.3 of [26]) Suppose |J| >

J(7*). Then with probability at least 3/4 (using the same argument as in the proof of
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Lemma 25), the number of subsets J;, containing an element from (7 is at least J(7*) + 1.
For any fixed subset I;, that contains an element from J and any fixed block B containing

I;,, the probability of B being declared influence-free is bounded by:

1
20s(J () + 1)

(1 _ (9)h — (1 _ 0)(3+2lns)/6 <

Union bounding over the at most s blocks to which the subset I;, can belong, and union
bounding over J(7*) + 1 subsets that contain an element from 7, we have that with proba-
bility atleast 2 - 22 > 2, at least J(7*) + 1 subsets are not declared influence-free and con-
sequently f does not pass Identify-Critical-Subsets. Thus, if f passes Identify-Critical-
Subsets with probability at least 1/3, it must be the case that | 7| < J(7%).

Condition (ii): (paraphrasing Prop. 3.1 and Lemma 4.3 of [26]) Suppose Inf;(J) >
€1. We will show that each block B, has high influence with high probability. This will
imply that the number of blocks not declared influence-free is larger than s/2 with high
probability, so the test will reject with probability at least 2/3.

In order to show that each block has reasonably high influence, we will make use of the

following technical tool which was defined by Fischer et al. [26].

Definition 27. Let f be a function that maps &A™ to {—1, 1}, and let 7 C [n] be a set of
coordinates. For each coordinate 7 € [n|, we define the unique variation of i with respect
to J as

Urs(i) = Infs([{)\J) — Inf([i — 1\T),

and for I C [n] we define the unique variation of I as

Ury (1) € 3" Ury(i).
iel
The most important property of the unique variation that distinguishes it from the other
notions of influence is that for any set of coordinates, its unique variation simply equals the
sum of the unique variation of each of its coordinates. This makes it easy to compute the
expected value of the unique variation on a random subset of coordinates. Furthermore, the

following properties hold.
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Lemma 28 (Fischer et al. [26]).

e For any coordinate i € [n], Urs({i}) < Infs({i}).
e For every set I C [n] of coordinates, Ury(I) < Inf;(I\J).

e Urs([n)) = Ury([n\J) = In,(I0)\7).

Proof. The proof is straightforward from the definition and Proposition 12. O

Now fix any value ¢ € [s]. The block By is a random set of variables independently
containing each variable z; coordinate with probability J(7*)/r. Let Ur([) be the unique
variation of a set I with respect to 7 (see Definition 27). Then the expected value of the

unique influence of B is

Ue,(@) = 20me,7) > 1)

r

J(T*
B[Ur (8] = 7
By Lemma 28 and Lemma 21 (taking n = 1/2e,t = f and o = “Jr& in Lemma 21), we

have

erJ(7%) erJ (1) erJ (1) 5 1
_— < _— B —— = _—
Pr |Inf;(By) < ey ] <Pr |:UI'f(Bg) < Sor < exp ot e’ < 13

Hence the probability that the influence of B is less than e J(7*)/2er = 36 is less than
1/12. This implies that the expected number of blocks with influence less than 36 is smaller
than s/12. From Markov’s inequality we get that with probability at least 1 — é, there are
less than s/2 blocks with influence smaller than 36.

The probability of a block with influence greater than 36 being declared influence free

is at most:
1

1 — 30\ = (1 — 39)B+2W9)/6 _ —(9+6Ins)
(1 =307 = =30 =€ < 10005’

and therefore with probability at least 1 — ﬁ none of these blocks are declared influence
free. So with overall probability at least 1 — (% + 1—010—0) > %, more than s/2 blocks are
declared influence-free and the test rejects.

Condition (iii): We may suppose that f passes Identify-Critical-Subsets with proba-

bility greater than 1/3. Then we know that | 7| < J(7*) by Condition (i). By Lemma 24,
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given that f passes Identify-Critical-Subsets, the probability that some z; € J does not
occur in some subset I;, output by the algorithm is at most 3/400. (The bound is 3/400
rather than 1/400 because we are conditioning on f passing Identify-Critical-Subsets,

which takes place with probability at least 1/3.)

Condition (iv): As above we may suppose that f passes Identify-Critical-Subsets
with probability greater than 1/3. By Condition (i) we know that | 7| < J(7*), so we
may apply Lemma 25. Hence conditioned on f passing Identify-Critical-Subsets (an
event which has probability at least 1/3), the probability that any subset I;, output by the
algorithm includes more than one relevant variable of A is at most 3/25.

Summing the probabilities, we get that conditions (iii) and (iv) are true with probability

atleast 1 — (23 +2) > &, O

Fischer et al. establish completeness by showing that if f is a junta then with probability
at least 2/3 conditions (a) and (b) are both satisfied in Step 4. However we need more than

this, since we are going to use the subsets I;,, .. ., I;; later in the test. We will prove:

Lemma 29. Suppose that f is a J(7*)-junta. Let K be the set of variables satisfying
Inf;({i}) > 6. Then with probability at least 6/7, algorithm Identify-Critical-Subsets

outputs a list of j < J(7*) subsets I, ..., I; ; With the property that:
(i) eachvariable x; € K occurs in some subset I, that is output;
(ii) Inf;(K) < €1;
(iii) Every subset 1;,, 1 < { < j, contains at most one relevant variable for f.
Proof. Condition (a): Fix any partition Iy, ... ,I.. If f is a J(7*)-junta, then it is indepen-

dent of all but at most J(7*) subsets in the partition. Hence for any fixed #, the probability
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over the selection of the blocks that f is independent of B, is at least:

("“ }(ﬁf))/ (J(Z*)) g <2'2—$)J(Tj<f*>
- (12250

J(1*)?
1— 2 7
> r— J(7%)
23
> —
- 24

The probability that f depends on more than half of the blocks is therefore smaller than 522

using the Markov inequality. (See [26], Lemma 4.2).

Condition (b) fails with probability at most:

s 25J(7*)(7+Inr)
1 L 1 ! <r-S L !
r — =T — S =
25T () 257 () 1000r 1000’

(see [26], Lemma 4.2, which uses s = 20J(3 + Inr) instead).

Condition (i): Since we assume that f is a J(7*)-junta we may apply Lemma 24, and
thus the probability that any variable z; that has Inf¢({i¢}) > 6 occurs in a subset I, that is

declared influence-free by Identify-Critical-Subsets is at most 1/400.

Condition (ii): Let £ denote the relevant variables for f that are not in X, and let 7

denote [n] \ (KU £). By Lemma 13 we have

Inff(ﬁ) S Zlnff({z}) S J(T*)e = J(T*)Ge%(}-(:’)*y < €1.

el

We have that K = £ U 7T, so by Lemma 13 we get

Inf;(K) = Inf;(LUT) < Infs(L) + Inf;(T) = Inf4(L) < €.

Condition (iii): Suppose there are precisely j' < J(7*) many relevant variables. Then
by Lemma 25, the probability that any subset I, . .., I, ends up with two or more relevant

variables is at most 1/25.
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Summing failure probabilities, we find that all the required conditions are fulfilled with

probability at least 1 — (1/12 + 1/1000 + 1/400 + 1/25) which is greater than 6/7. [

We are ultimately interested in what happens when Identify-Critical-Subsets is run on

a function from C. Using the above, we have:

Corollary 30. Suppose f is T*-close to some J(7*)-junta f'. Then with probability at least

5/6, algorithm Identify-Critical-Subsets outputs a list of j < J(7*) subsets I;,,... I
with the property that

(i) each variable x; which has Inf ({i}) > 6 occurs in some subset I, that is output;
(ii’) Infp(K) < €;
(iii’) Every subset I;,, 1 < £ < j, contains at most one relevant variable for f'.

Proof. Observe that each of the 2sh queries that Identify-Critical-Subsets performs is on
an input that is selected uniformly at random from X™ (note that the query points are not all
independent of each other, but each one considered individually is uniformly distributed).
Since f and f’ disagree on at most a 7* fraction of all inputs, the probability that Identify-
Critical-Subsets queries any point on which f and f’ disagree is at most 2sh - 7% < 1/100.
Since by Lemma 29 we know that conditions (i), (ii’) and (iii’) would hold with probability
at least 6/7 if the black-box function were f’, we have that conditions (i), (ii) and (iii) hold

with probability at least 6/7 — 1/100 > 5/6 with f as the black-box function. O

3.3.2 Step 2: Constructing a sample.

Step 2 of the algorithm consists of running the procedure Construct-Sample. The algo-
rithm makes (2g7[1g |X'|] + 1)m many queries to f, and either outputs “no” or else outputs
a sample of m labeled examples (z,y) where each z belongs to X'7/(™").

We introduce some notation. Given functions f : X"—Y and f’ : X7—) with
j < n and a permutation o : [n]—[n], we write f < f’ to indicate that Vz € X" :
(%), - To() = f(@1,. .., 2n). If f : ") is a function with j relevant variables,

we use f7 to mean the function over j variables that results by mapping the i-th relevant
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variable under f to the i-th character of a j-character string over X’; i.e. if ¢ is a permu-
tation which induces such a mapping, then f7 is the function satisfying f < f7. Given
a function f : X/—) and permutation ¢ : [n]—[n], we write f7 to denote the j-junta

satisfying f7 < f.

Lemma 31. Given f : X"—) and some J(7*)-junta ' that is T*-close to f, let K be
the set of variables satisfying Inf ({i}) > 6. Suppose Construct-Sample is given oracle

access to f and inputs I, . .., I;,, with j < J(77), where:
1. Each variable x; € K is contained in one of I, . .., I;;
2. Infp(K) < €5
3. Every subset I;,, 1 < { < j, contains at most one relevant variable for f'.

Let h be the function defined as in Equation 3.2 using the set K. Let H C K be the set of
relevant variables for h, and let o : [n]—[n] be some permutation which maps the variable
from H in bin I, to bit £. Then with probability at least 1 — 3/100, Construct-Sample
outputs a set of m uniform, random examples labeled according to a J(7*)-junta g which

depends on no variables outside of K and satisfies Pr.cxn[97(2) # f'(2)] < 1.

Proof. By Lemma 19 we have that Prcx[h(z) # f'(2)] < €. We now show that except
with probability less than 3/100, Construct-Sample produces a set S of m examples that
are uniform, random, and labeled according to g def hS(T*) (note that g7 = h).

Consider a particular iteration of Step 1 of Construct-Sample. The iteration generates

an example z that is uniform random and labeled according to g if

(a) for every bin I;, which contains a variable from H, Step 1(b)ii constructs the index

w such that X, contains that variable;

(b) for every bin I;, that contains no variable from H, in every iteration of Step 1(b)ii(C)
at most one of X, X; is marked, and the value w that is considered in Step 1(b)iv lies
in [0, |X| — 1]; and

(©) h(z) = f(2).
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Item (a) ensures that if I;, contains a variable from H, then x, takes the value of that
variable under the assignment z (and, since 2 is a uniform random value, so is z,). Item (b)
ensures that if /;, contains no variable from H, Construct-Sample does not output “no”
and assigns z, a uniform random value, because x; either gets a fresh uniform random value
in Step 1(b)iii or gets the value of z (which is uniform random). Together, these ensure that
9(z) = 9(25(1) - - - » Z(s(+)))» and item (c) ensures that the label for the example = will be
h(z) = g(a).

It remains to bound the probability that any of (a), (b), or (c) fail to hold. Suppose first
that every query of every iteration of the independence test is answered according to f’.
Then item (3) implies that (a) can only fail to hold if we do not manage to figure out some
bit of w in Step 1(b)ii for some ¢ for which I;, contains a variable from H (which means
that all g executions of the independence test pass for that bit failed), and it also implies that
condition (b) holds (it is possible for a bit of w to be unspecified, but not for both Xy, X; to
be marked or for w to be set to an out-of-range value). Thus the probability that either (a)

or (b) fails to hold is at most

g |X[1(1 - 0)° + 2jg[lg|X]] - 7%,

where the first term bounds the probability that all g [1g | X'|] executions of the independence
test pass for some £ and the second term bounds the probability that any execution of the
independence test queries a point z such that f(z) # f’(z). Finally, the probability that (c)
fails to hold is at most ¢; + 7*.

Now considering all m iterations, we have that the overall probability of either out-
putting “no” or obtaining a bad example in the m-element sample is at most mj [1g | X |](1—

0)9+25gm[lg | X|]-7*+(e1+7*)m < 1/100+1/100+1/100, and the lemma is proved. [

3.3.3 Step 3: Checking consistency.

The final step of the algorithm, Step 3, is to run Check-Consistency. This step makes no
queries to f.

The following two lemmata establish completeness and soundness of the overall test
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and conclude the proof of Theorem 23.

Lemma 32. Suppose that f € C. Then with probability at least 2/3, algorithm A outputs

yes.

Proof. Let f' be some J(7*)-junta in C(7*) that is 7*-close to f. By Corollary 30, we
have that except with probability at most 1/6, f passes Identify-Critical-Subsets and the
inputs I; ,. .., I;, given to Construct-Sample will satisfy conditions (i")-(iii’). Let K be
the set consisting of those variables that have binary influence at least § under f'. We
use Lemma 31 to conclude that with probability at least 1 — 3/100, Construct-Sample
outputs m uniform, random examples labeled according to some J(7*)-junta g satisfying
Pr.[gf(z) # f'(2)] < €. Let o’ map the variables in K to the same values as o, but also
map the remaining, possibly relevant variables of f’ to the remaining J(7*)— j bits. Clearly
Pr.[g?'(2) # f'(2)] < €1, and since the relevant variables of ¢’ (which are contained in
K) are a subset of the relevant variables of f’, we have that Pr,[g(x) # (f’)j'(T*)(:c)] < €.

Assuming that Construct-Sample outputs m uniform random examples labeled ac-
cording to g, they are also labeled according to f}‘?;*) € C(1*)j(r+) except with probabil-
ity at most e;m. Summing all the failure probabilities, we have that Check-Consistency
does not output “yes” with probability at most 1/6 + 3/100e;m < 1/3, and the lemma is

proved. O

Lemma 33. Suppose that f is e-far from C. Then the probability that algorithm A outputs

“ves” is less than 1/3.

Proof. We assume that f passes Identify-Critical-Subsets with probability greater than
1/3 (otherwise we are done), and show that if f passes Identify-Critical-Subsets, it will
be rejected by Construct-Sample or Check-Consistency with probability at least 2/3.

Assume [ passes Identify-Critical-Subsets and outputs /; ,..., ;.. Using Lemma

ije
26, we know that except with probability at most 1/7, 7, the set of variables with binary

influence at least 6 under f, satisfies:
° Inff(j) < €
e cach variable in J is contained in some bin I;, that is output;
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e cach bin J;, contains at most one variable from 7.

As in Lemma 31, we construct a function h using the variables in J according to Equation
3.2in Section 3.3.1. Let H C J be the set of relevant variables for 4, and let o : [n]—[n] be
as in Lemma 31. We have that Pr,cxn[h(2) # f(2)] < €;. We show that with probability
greater than 1 — 2/100, Construct-Sample either outputs “no” or a set of m uniform,
random examples labeled according to g o hZ(T*).

Consider a particular random draw of z € X™ As in Lemma 31, this draw will yield a

uniform, random example 2 € X7/ for g as long as

(a) for every bin I;, which contains a variable from H, Step 1(b)ii constructs the index

w such that X, contains that variable;

(b) for every bin I;, that contains no variable from 7, in every iteration of Step 1(b)ii(C)
at most one of Ay, A is marked, and the value w that is considered in Step 1(b)iv lies

in [0, |X| — 1]; and

© h(z) = f(2).

The probability of (c) failing is bounded by €;. The probability of (a) failing is at most
j[lg|X|1(1—6/2)? < 15— If neither (a) nor (c) occurs, then the example satisfies (a), (b)
and (c) unless it fails to satisfy (b), but if it fails to satisfy (b) Construct-Sample outputs
“no” in Step 1(b).ii.F or Step 1(b).iv. a Thus if f passes Identify-Critical-Subsets, we

have that with probability at least
1-1/7-1/100 —eym >1—-1/7-2/100>1-1/6

Construct-Sample either outputs “no” or it outputs a set of m uniform random examples
for g.

Suppose Construct-Sample outputs such a set of examples. We claim that with prob-
ability at least 1 — 1/6 over the choice of random examples for g, Check Consistency
will output “no”. Suppose that Check Consistency finds some g' € C(7*) (-~ consis-

tent with all m examples. Then ¢’ cannot be es-close to g. (Otherwise, we have that
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Pr.[g7(z) # 97(2)] < ea, from which it follows that Pr.[g77(2) # f(2)] < &2+ &1 < e
since g7(z) is €;-close to f. But g’ € C(7%)j(+), s0 gf” € C(7*) C C which contra-
dicts our assumption that f is e-far from C.) By choice of m, the probability there ex-
ists a ¢’ € C(7%)(-+) consistent with all m examples that is not e,-close to g is at most
|C(7*) 1) (1 — €2)™ = 1/6. Thus, if f passes Identify-Critical-Subsets, then Construct-
Sample and Check-Consistency output “yes” with probability less than 1/6 +1/6 < 1/3.

This proves the lemma. O

3.4 Making the algorithm non-adaptive

The algorithm A presented in the previous section is adaptive. In this section, we show that
A can be made non-adaptive without considerably increasing its query complexity.

The only part of our current algorithm that fails to be non-adaptive is Step 2, the
Construct-Sample subroutine, which relies on knowledge of the critical subsets identified
in Step 1. To remove this reliance, one approach is to modify the Construct-Sample sub-
routine (in particular the for-loop in step 1(b)) so that it iterates over every subset rather
than just the critical ones. This modified subroutine can be run before the critical subsets
are even identified, and the queries it makes can be stored for future use. Later, when the
critical subsets are identified, the queries made during the iterations over non-critical sub-
sets can be ignored. Since there are ©(J(7*)?) total subsets compared to the ©(J(7*))
critical ones, the cost of this modified algorithm is an additional factor of ©(.JJ(7*)) in the
query complexity given in Theorem 23. For all of our applications, this translates to only a
small polynomial increase in query complexity (in most cases, merely an additional factor
of O(s)).

We briefly sketch a more efficient approach to nonadaptivity; this is done essentially by
combining Steps 1 and 2. Specifically, each of the m examples that we currently generate
in Step 2 can be generated using the techniques from Step 1. To generate a single example,
we take a random assignment to all of the variables, and we split each set I; of variables
into |X| sets I;,, where I;, consists of those variables in I; that were assigned w. We

get O(|X|J(7*)?) sets of variables. Now, as in the Identify-Critical-Subsets subroutine,
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we create k = O(J(7*)log(|X|J(7*))) blocks, each consisting of exactly |X|J(7*) sets
I;,, chosen at random. We run the independence test ©(3 log(km)) times on each of these
blocks, and declare influence free those not rejected even once. If for each critical subset I;,
atleast |X'| — 1 sets [;, are declared influence free on behalf of some block, the remaining
I; ., which are not declared influence free give us the values of the influential variables. One
can show that this happens with probability 1 — O(1/m). Therefore when the procedure is
repeated to generate all m examples, the probability of overall success is constant. Without
going into a detailed analysis, the query complexity of this modified algorithm is essentially
the same as that given in Theorem 23, namely O (I—“—ELXJ J(T)2I0?(|C(7) 5 |)> . Thus,
for all of our applications, we can achieve non-adaptive testers with the same complexity

bounds stated in Theorems 34 and 38.

3.5 Applications to Testing Classes of Functions

The algorithm .4 in Theorem 23 can be applied to many different classes of functions that
were not previously known to be testable. The following two subsections state and prove
our results for Boolean and non-Boolean functions, respectively. These testing results are

collected in Table 1.1.

3.5.1 Boolean Functions

Theorem 34. For any s and any € > 0, Algorithm A yields a testing algorithm for
1. decision lists using O(1/€?) queries;
2. size-s decision trees using O(s*/€?) queries;
3. size-s branching programs using O(s*/€?) queries;
4. s-term DNF using O(s*/€®) queries;
5. size-s Boolean fbrmulas using O(s*/€?) queries;

6. size-s Boolean circuits using O(s°/e?) queries;
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7. functions with Fourier degree at most d using O(2%¢/¢?) queries.

Proof. We describe each class of functions and apply Theorem 23 to prove each part of the

theorem.

Decision Lists. A decision list L of length m is described by a list (¢1,b1), ..., (€m, brn),
b,.+1 Where each /; is a Boolean literal and each b; is an output bit. Given an input z €
{0,1}" the value of L on x is b;, where j > 1 is the first value such that /; is satisfied by
z. If ¢; is not satisfied by z forall j = 1,...,m then the value of L(z) is by 11

Let C denote the class of all Boolean functions computed by decision lists. Since
only a 1/27 fraction of inputs z cause the (j + 1)-st literal /; in a decision list to be
evaluated, we have that the class C(7) e {all functions computed by decision lists of
length log(1/7)} is a (7, J(7))-approximator for C, where J(7) & log(1/7). We have
IC(7)smy| < 2 - 4980/ (log(1/7))!. This yields 7* = O(€?), so Theorem 23 thus yields
part (1) of Theorem 34.

Decision Trees. A decision tree is a rooted binary tree in which each internal node is
labeled with a variable z; and has precisely two children and each leaf is labeled with an
output bit. A decision tree computes a Boolean function in the obvious way: given an input
z, the value of the function on x is the output bit reached by starting at the root and going
left or right at each internal node according to whether the variable’s value in z is 0 or 1.
The size of a decision tree is simply the number of leaves of the tree (which is one more
than the number of internal nodes).

Let C denote the class of all Boolean functions computed by decision trees of size at
most s. It is obvious that any size-s decision tree depends on at most s variables. We may
thus take C(7) 4f ¢ and we trivially have that C(7) is a (7, J(7))-approximator for C with
J(7) .

Now we bound |C(7)s(-)| by (8s)°. It is well known that the number of s-leaf rooted
binary trees in which each internal node has precisely two children is the Catalan number
Cs—1 = 1(*77), which is at most 4°. For each of these possible tree topologies there are
at most s°~! ways to label the s — 1 internal nodes with variables from z, . .., z,. Finally,

there are precisely 2° ways to choose the leaf labels. So the total number of decision trees
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of size s over variables 1, . .., T, is at most 4° - 5571 - 25 < (8s)°.

We thus have 7* = O(€?/s?) in Theorem 23, and we obtain part (2) of Theorem 34.

Branching Programs. Similar results can be obtained for branching programs. A branch-
ing program of size s is a rooted s-node directed acyclic graph with two sink nodes labeled
0 and 1. Each internal node has fanout two (and arbitrary fan-in) and is labeled with a vari-
able from z,...,z,. Given an input z, the value of the branching program on z is the
output bit reached as described above.

Let C denote the class of all s-node branching programs over {0, 1}™. As with decision
trees we may take C(7) < C and J(7) & 5. We show that IC(7)5(r)| < 5°(s +1)%.

The graph structure of the DAG is completely determined by specifying the endpoints
of each of the two outgoing edges from each of the s internal vertices. There are at most
s + 1 possibilities for each endpoint (at most s — 1 other internal vertices plus the two sink
nodes), so there are at most (s + 1) possible graph structures. There are at most s°® ways
to label the s nodes with variables from {z1, ..., z,}. Thus the total number of possibilities

for a size-s branching program over z1, . .., z is at most s%(s + 1)25.

Again we have 7 = O(e?/s%), so Theorem 23 yields part (3) of Theorem 34.

DNF Formulas. An s-term DNF formula is an s-way OR of ANDs of Boolean literals. A
k-DNF is a DNF in which each term is of length at most k.

It is well known that any s-term DNF formula over {0, 1}" is 7-close to a log(s/7)-DNF
with at most s terms (see e.g. [62] or Lemma 35 below). Thus if C is the class of all s-term
DNF formulas over {0, 1}", we may take C(7) to be the class of all s-term log(s/7)-DNF,
and we have that C(7) is a (7, J(7))-approximator for C with J(7) & slog(s /7). An easy
counting argument shows that |C(7) ji-)| < (2slog(s/7))*18(/7). We get 7 = O(e?/s%),
so Theorem 23 yields part (4) of Theorem 34.

Boolean Formulas. We define a Boolean formula to be a rooted tree in which each internal
node has arbitrarily many children and is labeled with either AND or OR and each leaf is
labeled with a Boolean variable z; or its negation Z;. The size of a Boolean formula is the
number of AND/OR gates it contains.

Let C denote the class of all Boolean formulas of size at most s. Similar to the case of
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DNF, we have the following easy lemma:

Lemma 35. Any size-s Boolean formula (or size-s circuit) over {0,1}" is 7-close to a
size-s formula (or size-s circuit) in which each gate has at most log(s/7) inputs that are

literals.

Proof. If a gate g has more than log(s/7) many inputs that are distinct literals, the gate is
7/s-approximated by a constant function (1 for OR gates, O for AND gates). Performing
such a replacement for each of the s gates in the circuit yields a 7-approximator for the

overall formula (or circuit). O

We may thus take C(7) to be the class of all size-s Boolean formulas in which each
gate has at most log(s/7) distinct literals among its inputs, and we have that C(7) is a
(1, J(7))-approximator for C with J(7) e log(s/7). An easy counting argument shows
that |C(7) s(r)| < (2slog(s/7))*1°8(/7)+¢; for each of the s gates there is a two-way choice
for its type (AND or OR) and an at most s-way choice for the gate that it feeds into.
There are also at most log(s/7) literals from z1, ..., Zs10g(s/7)s T1, - - - » Tslog(s/7) that feed
into the gate. Thus there are at most (25 log(s/7))°8(*/)+1 possibilities for each of the s

gates, and consequently at most (2s log(s/7))?1°8(s/7)+* possibilities overall. Again we get

7 = O(€®/s*), which gives part (5) of Theorem 34.

Boolean Circuits. An even broader representation scheme is that of Boolean circuits.
A Boolean circuit of size s is a rooted DAG with s internal nodes, each of which is la-
beled with an AND, OR or NOT gate. (We consider circuits with arbitrary fan-in, so each
AND/OR node is allowed to have arbitrarily many descendants.) Each directed path from
the root ends in one of the n + 2 sink nodes z1,...,2,,0, 1.

For C the class of all size-s Boolean circuits, using Lemma 35 we may take C(7) to
be the class of all size-s Boolean circuits in which each gate has at most log(s/7) distinct
literals among its inputs, and we have that C(7) is a (7, J(7))-approximator for C with
J(7) & slog(s/7). It is easy to see that [C(7) ()| < 925+4s  To completely specify a
size-s Boolean circuit, it suffices to specify the following for each of the s gates: its label

(three possibilities, AND/OR/NOT) and the set of nodes to which it has outgoing edges (at
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most 22512 possibilities, since this set is a subset of the s 4 2 sink nodes and the s internal
nodes).
This results in 7% = O(e?/s°), and consequently Theorem 23 yields part (6) of Theo-

rem 34.

Functions with bounded Fourier degree. For convenience here we take X = {—1,1}.
Recall that every Boolean function f : {—1,1}" — {—1,1} has a unique Fourier repre-
sentation, i.e. a representation as a multilinear polynomial with real coefficients: f(z) =
2 _5Cn] FOTI ;s Ti- The coefficients f(S) are the Fourier coefficients of f. The Fourier
degree of f is the degree of the above polynomial, i.e. the largest value d for which there is
a subset | S| = d with f(S) # 0.

Let C denote the class of all Boolean functions over {—1,1}" with Fourier degree at
most d. Nisan and Szegedy [48] have shown that any Boolean function with Fourier degree
at most d must have at most d2¢ relevant variables. We thus may take C(7) & ¢ and

def

J(7) = d2°. The following lemma gives a bound on |C(7) s(r)|:

Lemma 36. For any d > 0 we have |C(7) )| < Qd? 2%

Proof. We first establish the following simple claim:

Claim 37. Suppose the Fourier degree of f : {—1,1}" — {—1, 1} is at most d. Then every

nonzero Fourier coefficient of f is an integer multiple of 1/2471.

Proof. Letus view f : {—1,1}" — {—1, 1} as a polynomial with real coefficients. Define

the polynomial p(zy,...,z,) as

fx—1,...,22,—1)+1
5 .

p(z1,. .. Ty) =

The polynomial p maps {0,1}" to {0,1}. Since f is a multilinear polynomial of degree
at most d, so is p. Now it is well known that there is a unique multilinear polynomial
that computes any  given mapping from {0,1}" to {0,1}, and it is easy to see that this

polynomial has all integer coefficients. Since

1+z 142z,
f(wl,...,xn)=2p( 21,..., 5 >—1,
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it follows that every coefficient of f is an integer multiple of 57, and the claim is proved.

O

To prove Lemma 36 we must bound the number of distinct Boolean functions with
Fourier degree at most d over variables 1, ..., Z4q4. First observe that there are at most

D=Y1%, (dfd) < (d24)? monomials of degree at most d over these variables.

If f: {—1,1}92° — {—1,1} has Fourier degree at most d, then by Claim 37 every
Fourier coefficient is an integer multiple of 1/2¢!. Since the sum of squares of all Fourier
coefficients of any Boolean function is 1, at most 22¢=2 of the D monomials can have
nonzero Fourier coefficients, and each such coefficient takes one of at most 2¢ values. Thus

there can be at most

( D ) ) (2d)22d—2 < (Dzd)22d72 < 2d2'22d
92d—2 -

many Boolean functions over x, . . ., 44 that have Fourier degree at most d. ]

We thus get that 7% = O(e2/2%?), and Theorem 23 yields part (7) of Theorem 34. [

3.5.2 Non-Boolean Functions
Theorem 38. For any s and any € > 0, Algorithm A yields a testing algorithm for
1. s-sparse polynomials over finite field F using O((s|F|)*/€®) queries;
2. size-s algebraic circuits over finite ring or field F using O(s* log® |F|/€?) queries;

3. size-s algebraic computation trees over finite ring or field F using O(s*log® |F|/€?)

queries.

Proof. We describe each class of functions and apply Theorem 23 to prove each part of the

theorem.

Sparse Polynomials over Finite Fields. Let F denote any finite field and let Y = F. An s-
sparse polynomial over [ is a multivariate polynomial in variables x4, ..., z, with at most

s nonzero coefficients.
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Let us say that the length of a monomial is the number of distinct variables that occur

in it (so for example the monomial 3z2z3 has length two). We have the following:

Lemma 39. Any s-sparse polynomial over ¥ is T-close to an s-sparse polynomial over F

in which each monomial has length at most |F|In(s/7).

Proof. If amonomial has length ¢ greater than |F| In(s/7), then it can be 7/ s-approximated
by O (for a uniform random z € ™, the probability that the monomial is not 0 under z is
(1 — 1/|F|)*). Performing this approximation for all s terms yields a 7-approximator for

the polynomial. [

For C = the class of all s-sparse polynomials in n variables over finite field [F, we
have that the class C(7) of all s-sparse polynomials over finite field F with all monomials
of length at most |F|In(s/7) is a (7, J(7))-approximator with J(7) = s|F|In(s/7). The

following counting argument shows that
1C(T) s)| < (s[F[* In(s /7)) ¥/,

Consider a single monomial M. To specify M we must specify a coefficient in IF, a subset
of at most £ of the J(7) possible variables that have nonzero degree (at most .J(7 )¢ possi-
bilities), and for each of these variables we must specify its degree, which we may assume
is at most |F| — 1 since o/fl = « for every « in finite field F. Thus there are at most
|F|(J(7)|FF|)* possibilities for each monomial, and consequently at most |F|*(J(7)|F|)* =
[F|*(s|F)? In(s/7))*Fn(/m) < (5] F|3 In(s/7))*FI=(/7) possible polynomials overall,
Setting 7* = O(e2/(s|F|)*) and applying Theorem 23 yields part (1) of Theorem 38.

Algebraic Circuits. Let F denote any finite ring or field and let ) = F. A size-s algebraic
circuit (or straight line program) over [F™ is a rooted directed acyclic graph with s internal
nodes (each with two inputs and one output) and n + k leaf nodes for some & > 0 (each
with no inputs and arbitrarily many outputs). The first n leaf nodes are labeled with the
input variables 1, . . ., Z,, and the last k leaf nodes are labeled with arbitrary constants «;
from F. Each internal node is labeled with a gate from {+, x, —} and computes the sum,

product, or difference of its two input values (if IF is a field we allow division gates as well).

68



Let C denote the class of all Boolean functions computed by algebraic circuits of size at
most s over variables z1, ..., x,. (Here we analyze the simpler case of circuits with +, X,
— gates; our analysis can easily be extended to handle division gates as well.) Any size-s
algebraic circuit depends on at most 2s variables. We may thus take C(7) 4 ¢ and we
trivially have that C(7) is a (7, J(7))-approximator for C with J(7) &1 95. Now we show
that |C(7) )| < (75]F|%s%)%.

A size s algebraic circuit can read at most 2s leaves as each internal node has two inputs.
Thus it can read at most 2s constant leaves, and at most 2s input leaves. To completely
specify a size-s algebraic circuit, it suffices to specify the 2s constant leaf nodes and the
following for each of the s gates: its label (at most three possibilities) and the two nodes to
which it has outgoing edges (at most (5s)? possibilities, since it can hit two of the at most
4s leaves and the s internal nodes). Thus there are at most |F|?*(75s2)* different algebraic
circuits.

Equation 3.1 in Theorem 23 is satisfied for small 7’s, but we do not care how large the

optimum 7* is as J(7) does not depend on 7. Eventually, Theorem 23 yields part (2) of
Theorem 38.

Algebraic Computation Trees. Let F denote any finite ring or field andlet Y = F. A
size-s algebraic computation tree over input variables zi,...,x, is a rooted binary tree
with the following structure. There are s leaves, each describes an output value which is
either a constant, an input variable, or one of the variables computed in the ancestors of
the leaf. Each internal node has two children and is labeled with y,, where 4, = ¥, 0 Y.,
and vy, ¥, are either inputs, the labels of ancestor nodes, or constants, and the operator o
is one of {4, —, x, <} (the last one only if I is a field). An input that reaches such a node
branches left if y, = 0 and branches right if y, # 0.

Let C denote the class of all functions computed by algebraic computation trees of size
at most s over xy,...,Z,. Any size-s algebraic computation tree depends on at most 3s
variables. So similar to algebraic circuits, we can take C(7) “candJ (1) L 35. Now we
show that [C(7) j(r)| < 16°(|F| + 4s)%.

As in the boolean case, the number of s-leaf rooted binary trees in which each internal

node has precisely two children is at most 4°. A tree has s — 1 internal nodes and s leaves.
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For each of these possible tree topologies there are at most 4(|F| + 4s)? ways to label the
s—1 internal nodes (with one of 4 operations on two constants, variables or ancestor nodes).
Finally, there are at most (|IF| + 4s)° ways to choose the leaf labels. So the total number of
decision trees of size s over variables z, . .., T3, is at most 4° - (4(|F| + 4s)%)*~L . (JF| +
45)* < 16°(|F| + 4s)*.

As before we do not care what the optimal 7* in Theorem 23 is. Finally, we obtain query

complexity O(s* log® [F|/¢?) by Theorem 23, that is, we obtain part (3) of Theorem 38. [

3.6 Lower bounds for testing sparse polynomials

One consequence of Theorem 23 is a poly(s/e)-query algorithm for testing s-sparse poly-
nomials over finite fields of fixed size (independent of n). In this section we present a
polynomial lower bound for non-adaptive algorithms for this testing problem. Our main

result in this section is the following theorem:

Theorem 40. Let IF be any fixed finite field, i.e. |F| = O(1) independent of n. There exists
a fixed constant € > 0 (depending on |F|) such that any non-adaptive e-testing algorithm

for the class of s-sparse polynomials over F"™ must make Q(+/s) queries.

To prove Theorem 40 we use Yao’s principle [63] in (what has become) a standard way
for proving lower bounds in property testing (e.g. see [23]). We present two distributions
Dygs and Do, the former on inputs satisfying the property (i.e. s-sparse polynomials from
F" to IF), the latter on inputs that are e-far from satisfying it, and show that any deterministic
(non-adaptive) algorithm making “few” queries cannot distinguish between a random draw
from Dygg versus a random draw from Dyo. By standard arguments (see for example
Lemma 8.1 in [23]), it suffices to argue that for any query set Q@ C ™ of cardinality
g = O(y/5) the induced distributions on F¢ (obtained by restricting the randomly chosen
functions to these ¢ points) have statistical distance less than 1/3.

Throughout this section we write [ to denote the finite field with P elements, where

P = p* is a prime power. We consider the following two distributions over functions

mapping F™ to IF:
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o A draw from Dygg is obtained as follows: independently and uniformly (with repe-

titions) draw s variables z;,, ..., z;, from zy,...,2,, and let f(z) = z;, +- - + x4,.
e A draw from Dy is obtained as follows: independently and uniformly (with repeti-
tions) draw s + p variables z;,, ..., z;,,, fromz,,..., z,, and let flz) =z +- -+
N Lpe
It is clear that every draw from Dvygg is an s-sparse polynomial over I, and that for any

n = w((s + p)?) almost all the probability mass of Dyo is on functions with s + p distinct

nonzero coefficients.

Theorem 40 then follows from the following two results:

Theorem 41. Let A be any non-adaptive algorithm which is given black-box access to a

function [ : F* — F and outputs either “yes” or “no.” Then we have

1
Pr [A7 outputs “yes”] — Pr [A outputs “yes”]| < =
feDYES[ puts “yes”] feDNo[ puts “yes”]| < 3

unless A makes Q(+/s) queries to the black-box function f.

Theorem 42. Let
CI)(P) def 1/(PP2+P10P2+26).

Fix any s < n — 1. Let g be an s-sparse polynomial in Flzy, ..., x,]. Then g is ®(P)-far
from every affine function over F in which s+ 1 or more variables have nonzero coefficients,

i.e. every function of the form
a1ry + -+ QsyrTorr + b 3.3)

where 0 # a; € F, b €T, andr > 1.

Theorem 41 shows that any non-adaptive algorithm that can successfully distinguish a
random linear form z;, + - - - + z;, from a random linear form z;, + - - - + x;,, , must make
Q(+/s) queries; this is a technical generalization of a similar result for F, in [26]. Theo-

rem 42 establishes that every function z;, +- - -+, is far from every s-sparse polynomial
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over If'. Together these results imply that any testing algorithm for s-sparse I polynomials
must be able to distinguish length-s linear forms from length-(s+ p) linear forms, and must
make (,/5) queries. We prove these theorems in the following subsections.

We note that it is conceivable that a stronger version of Theorem 42 might be true in
which ®(P) is replaced by an absolute constant such as 1/3; however Theorem 42 as stated

suffices to give our desired lower bound.

3.6.1 s-sparse linear forms are indistinguishable from (s + p)-sparse

linear forms.

First, let us recall the definition of statistical distance:

Definition 43 (statistical distance). Let S be a finite set and P, Q be probability measures on
(S, 25). The statistical distance between P and Q is defined by |[P— Q|| % max acg [P(A)—

Q(A)].

The following fact is an immediate consequence of the definition:
+
Fact44. [P~ Q|| = 3 ¥,c5 [B(z) — Q)| = 5,5 (P(x) — Q)™

We now explain how Theorem 41 can be reduced to a convergence-type result about
random walks on the group Z] (Theorem 45 below). We remark that the argument given
here is an immediate generalization of the corresponding argument in Section 6 of [26].
Our main technical contribution is in fact the proof of Theorem 45.

Recall that a non-adaptive testing algorithm queries a fixed subset Q of the domain ™,
where |F| = P = p" is a prime power. To prove Theorem 41, it suffices to argue that for
any query set Q C F” of cardinality ¢ = |Q| = O(+/s) the induced distributions on F4
(obtained by restricting the randomly chosen functions to these ¢ points) have a statistical
distance less than 1/3.

Let us now describe the distributions induced by Dygs and Do onF9. Letry, ..., 1 €
™ be the queries, and let M be a ¢ X n matrix with rows 71, ..., 7,. To choose an element

x € [F9 according to the first (induced) distribution, we choose at random (with repetitions)
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s columns of M and sum them up. This gives us an element of 4. The same holds for the
second distribution, the only difference being that we choose s + p columns.

For z € F? = 7*9, let P(x) be the probability of choosing = when we pick a column of
M at random. Consider a random walk on the group Z’Ijq, starting at the identity element,
in which at every step we choose an element of the group according to P and add it to the
current location. Let P; be the distribution of this walk after ¢ steps. Observe that P, and
P, , are exactly the distributions induced by Dygg and Dyo. We want to show that for s
sufficiently large compared to g, the distributions P, and P, are close with respect to the

statistical distance. To do this, it suffices to prove the following theorem:

Theorem 45. Let r be a prime, ¢ € IN* and P be a probability measure on Z3. Consider
the random walk X on 22 with step distribution P. Let P, be the distribution of X at
step t. There exists an absolute constant C > 0 such that for every 0 < § < 1/2, if
t > CRELL ptlogr - ¢?log?(q + 1) then |P, — Py || < 6.

Indeed, since the underlying additive group of the field I is Z’;, by applying the above
theorem for r = p and ¢’ = kq the result follows. We prove Theorem 45 in the following

subsection.

3.6.2 Periodicity in random walks

To prove Theorem 45, we start with some basic definitions and facts about random walks
on (finite) groups. For a detailed treatment of the subject, see [16] and references therein.

For basic facts about Fourier Analysis on finite groups, see [58, 60].

Let (G, +) be a finite group. For any probability measures P, Q on G, the convolution
(P % Q) of P and Q is the probability measure on G defined by:

(P+Q)(y) = > P(x)Q(z +y)
z€G

Let Py, ..., P, be probability measures on GG. The convolution product of the P;’s, is

defined as follows:
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j def
HIDLE R,
Similarly, P*", the n-fold convolution product of P with itself is defined by: P*! e p
and Pn & P01 4 P if p > 1.

A distribution (probability measure) P on G induces a random walk on G as follows:
Denoting by X, its position at time 7, the walk starts at the identity element of G (n = 0)
and at each step selects an element &, € G according to P and goes to X,,.; = &, +
X,,. Denote by P, the distribution of X,,. Since X,, is the sum of n independent random

variables with distribution PP, it follows that IP,, = P*".

We will be interested in such random walks on finite abelian groups and in particular
on the group (Z%,+) , where + denotes componentwise addition modulo r. We remark
that for abelian groups, the convolution operation is commutative. In fact, commutativity

is crucially exploited in the proof of the theorem.

For a function f : Z2 — C, we define its Fourier transform ]?: 73 — C by

where w, % €27/ and for z,y € 72 we denote (z, ) = oL, ziy;) mod 7.

Fact 46. Let P, Q be probability measures on Z2. Then, M(y) = 17 P(y) - Q).
y € Z4.

Forp > 1and f : Z? — C, the [, norm of f is defined by | f||, o {Epezsl f ()] }V/P.

The inner product of f, g : Z¢ — C is defined as: (f, g) o Eeza[f(z)g(x)].

Fact 47 (Parseval’s identity). Let f : Z¢ — C. Then, ||f|2 = (f, f) = X,z | f2(@).

Proof of Theorem 45.

The special case of this theorem for r = 2 was proved by Fischer et al. [26]. Our proof is a

technical generalization of their proof. Moreover, our proof has the same overall structure
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as the one in [26]. However, one needs to overcome several difficulties in order to achieve

this generalization.

We first give a high-level overview of the overall strategy. Any given x € (Z%)*
partitions the space into 7 non-empty subspaces V;* = {y € ZI : (y,z) = i} for
i=0,1,...,7r — 1. We say that an = € (ZJ)* is degenerate if there exists some ¢ whose
probability measure P(V/*) is “large”. (We note that the definition of degeneracy in the
proof of [26] is quite specialized for the case r = 2. They define a direction to be degen-
erate if one of the subspaces V7, V|* has “small” probability. Our generalized notion - that
essentially reduces to their definition for » = 2 - is the conceptually correct notion and
makes the overall approach work.)

We consider two cases: If all the Fourier coefficients of P are not “very large” (in
absolute value), then we can show by standard arguments (see e.g. [16]) that the walk is
close to stationarity after the desired number of steps. Indeed, in such a case the walk
converges rapidly to the uniform distribution (in the “classical” sense, i.e. ||P; — U|| — 0
as t approaches infinity).

If, on the other hand, there exists a “very large” Fourier coefficient of P, then we ar-
gue that there must also exist a degenerate direction (this is rather non-trivial) and we use
induction on the dimension g. It should be noted that in such a case the walk may not con-
verge at all in the classical sense. (An extreme such case would be, for example, if P was

concentrated on one element of the group.)

Remark: It seems that our proof can be easily modified to hold for any finite abelian
group. (We remind the reader that any such group can be uniquely expressed as the direct
sum of cyclic groups.) Perhaps, such a result would be of independent interest. We have
not attempted to do so here, since it is beyond the scope of our lower bound. Note that,
with the exception of the inductive argument, all the other components of our proof work
(in this generalized setting) without any changes. It is very likely that a more complicated

induction would do the trick.

Now let us proceed with the actual proof. We make essential use of two lemmata. The

first one is a simple combinatorial fact that is used several times in the course of the proof:
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Lemma 48. Let n be a positive integer greater than 1 and ¢ € (0,1/2] be a constant.
Consider a complex number v € C expressible as a (non-trivial) convex combination of the

n-th roots of unity all of whose coefficients are at most 1 —e. Then, we have |v| < 1—¢/2n2.

Proof. We can write v = Z}:& vjwd, with w, = €™/, v; > 0, ;:3 v; = 1 and
max; v; < 1 — e. For the proof it will be helpful to view the w?’s as unit vectors in the

complex plane (the angle between two “adjacent” such vectors being 6,, = 27 /n).

By assumption, it is clear that at least two distinct coefficients must be non-zero. We
claim that the length of the vector v is maximized (over all possible “legal” choices of
the v;’s) when exactly two of the coefficients are non-zero, namely two coefficients corre-

sponding to consecutive n-th roots of unity.

This is quite obvious, but we give an intuitive argument. We can assume that n > 5;
otherwise the claim is straightforward. Consider the unit vector e (this vector corresponds
to one of the w’’s) whose coefficient v, in v is maximum. We want to “distribute” the
remaining “mass” 1 — v, to the other coordinates (n-th roots) so as to maximize the length
|v|. First, observe that vectors whose angle with e is at least 7/2 do not help; so we can
assume the corresponding coefficients are zero. Now consider the set of vectors “above”
e (whose angle with e is less than 7/2). We can assume that their “mass” (i.e. sum of
coefficients) is concentrated on the unit vector e, adjacent to e (whose angle with e is
minimum); this maximizes their total contribution to the length of the sum. By a symmetric
argument, the same holds for the set of vectors “below” e (denote by e, the corresponding
adjacent vector). Finally, it is easy to see that in order to maximize the total contribution
of e, and e, to the length of the sum, one of them must have zero weight (given that their

total mass is “fixed”™).

Now let us proceed with the proof of the upper bound. By symmetry, it is no loss
of generality to assume that vg,v; > 0 with vy > v;. The claim now follows from the

following sequence of elementary calculations:
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[v|? = vg + v} + 2upvy cosb, = 1 —2uvovi(1 — cosb,)

1 — 2vp(1 — vo) (1 — cos(2m/n))

I

IA

1—2¢(1 —€)(1 — cos(27/n))

IN

1 —€(1 — cos(2m/n))

INA

1—¢/n?

The last inequality above follows by observing that cos(27/n) < 1—1/n% n > 2. The

elementary inequality v/1 — z < 1 — z/2 completes the argument. 0

Our second lemma is an analytical tool giving a (relatively sharp) upper bound on the
statistical distance between two distributions. It should be noted that this result is a variant
of the “upper bound lemma” [16], which has been used in numerous other random walk

problems.

Lemma 49 (upper bound lemma, [16]). In the context of Theorem 45, for any t > 0, we

have:

[Py — Pry||* < 77 Z o).

ze(Z)*
Proof. We have:

Py = Per | = (r?/4) - |[Pr = Pry I3 (3.4)
< (F%/4) - [P = Py 3 (3.5)
= (r%/4)- 3 |Pu(z) — Pryr ()| (3.6)

z€Z}
= (Pa/a)- Y [rt D (B(a) - D (B) )T (3

z€(Z3)*
= (7/4) Y |o'(z) - o't ()| (3.8)

ze(Z?)*
< Y o) (3.9)

ze(Z3)*
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Step (3.4) follows directly from the definitions of the statistical distance and the /; norm.
Step (3.5) easily follows from the Cauchy-Schwarz inequality and step (3.6) from the Parse-
val identity. For Step (3.7) notice that P,(y) = 74¢~1) (P(y))" and P(0) = 1/r. Step (3.8)

is immediate by the definition of o and Step (3.9) follows from the triangle inequality. [J

Let X, € ZZ be the position of the random walk at time ¢ and [P, its distribution. By
assumption Xy = 0. As previously mentioned, P, = P*. It is easy to show that the
statistical distance ||P; — P;.,|| is monotone non-increasing in ¢; we are interested in the

first time ¢ = ¢(r, ¢) for which P; and ;.. are d-close.

Notation. For ¢ € IN, define b(q) o 2 log?(q + 1), d(r) & rlogr, Sy o > 5= 3/0(),
g« lim; ., S; and ¢, def de(r)b(q).

Throughout the proof, we assume for simplicity that ¢, is an integer. If IP is a probability
measure on ZZ and P is its Fourier transform, we denote a(z) o riP(z). A word con-
cerning absolute constants. The letter C' will always denote an absolute constant, but as is
customary the value of C' need not be the same in all its occurrences. Also note that .S is

an absolute constant, so C can depend on S.

Theorem 45 follows from the following claim:

Claim 50. There exists a universal constant C > 0 such that for any 0 < 6 < 1/2, any

t > t, and any probability measure P on 7 it holds ||P; — Py, || < & - S, < 6.

We will prove the claim by induction on q.

Base case (¢ = 1). Given an arbitrary probability measure P on the discrete circle Z.,,,

n € IN*, we will show that, for all t > ¢; = C% -ntlogn, it holds ||P; — Py, | < 4.

Set ¢y := L—q‘% and consider the following two cases below:

Case I (There exists a k € Z,, such that P(k) > 1 — ¢;.) In this case, we claim that for all
t € IN* it holds ||P; — Pyl < meg = §/S. (In fact, this holds independently of the value

of the time ¢.) This should be intuitively obvious, but we give an argument.
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Recall that the statistical distance ||P; — P;,.|| is a monotone non-increasing function

of t for any constant c. Hence, |P; — P1p || < ||P —P,41]| and it suffices to argue that ||P —
P,11|| < neo. The crucial fact is that for all ¢ € Z,, we have P,,1(¢) > (1—neo)-P(¢). This
directly implies that [|[P—Pr11]| = 37,z (P() —Pat1(4))* < neo 3 (i) sp,y iy P <
neo - Y iz, P(i) = neo.

To see that the aforementioned fact is true, observe that for any ¢ € Z,,, conditioned on
the walk being at position ¢ at time ¢ = 1, with probability at least (1 — €)™ each of the next

n steps is k, so with probability at least (1 — €y)" > 1 — neg the walk is at position ¢ again
attimet =n+ 1.

Case II (For all k € Z, it holds P(k) < 1 — ¢.) Note that, for k¥ € Z,, we can write
a(k) = 7 P(1) - wk, where w, = €2™/™. Since P is a probability measure, it follows
that «(0) = 1. Now observe that for k € Z?, a(k) is a convex combination of n-th roots
of unity with coefficients at most 1 — ;. Hence, an application of Lemma 48 gives the

following corollary:

Corollary 51. For all k € Z, it holds |a(k)| < 1 — 52.

We have now set ourselves up for an application of Lemma 49. For any t € IN with ¢ > ¢;,

we thus get:

1P = Peall? < 1Y Jali)
i€Z,
k) 2t ) 2t1
= "2(1‘ 25'n3) S"2(1_ 25n3)

5
< n2(e—m)2t1 — n2e-—C'nlognlog(l/5)/S

where we used the elementary inequality 1 — z < e™7, for z € [0, 1]. For large enough C,

we have [|P, — Py, ||> < (6/S)? and the base case is proved.

Induction Step: Assume that the claim holds for ¢ — 1, i.e. that for any ¢ > ¢,_; and any
probability measure P on Z2~! it holds [Py — Py, || < £ - Se—1. We will prove that the

claim also holds for q.
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Forz € (Z%)*andi =0,1,...,r — 1 define V* oo {y € 27 : (y,z) = i}. At this point we

are ready to formally define the notion of degenerate direction:

Definition 52. We say that x € (Z2)* is a degenerate direction if there exists an i €

{0,1,...,r — 1} such that P(VF) > 1 — \/62r+37(¢1)'

We distinguish the following two cases below:

Case I (For all z € (Z2)* itholds |a(z)| < 1— \/— o i) Note that, since IP is a probability
distribution, we have a(0) = 1. Now, for ¢t > ¢, Lemma 49 yields:

1P~ Pewrl” < 77 Y Jafa)®

z€(ZH)*

2 5 %, 5 2,
<7 (1—7_&3—1)((])) <r (1—\/@—4{1{)@)

_ )
< ,r2q(e WZ;G;)%;, — ,r2q6—2qlog'r\/alogl/5

Similarly, if C is large enough, we have ||, — Py, < 6/S < £ -5,

Case II (There exists some zo € (Z4)* such that |a(z)| > 1 — \/afffb(q) J)

Since r is a prime, we may assume without loss of generality that zo = &; = (10,_;).
Then, fori = 0,1,...,r — 1, wehave V; = V™ = {y = (y1,¥2,---,Yg) € Z% : y1 = i};
note that each V; is isomorphic to Z¢ 1.
Now observe that we can write a(zo) = 7~ _o P(V;)wi with > P(V)) = LP(V;) > 0.
Thatis, a(z) is a convex combination of r-th roots of unity whose absolute value is at least
_28q

— € /2r?, where ¢ := = o) Thus, (the contrapositive of) Lemma 48 implies that there

must exist some j € {0, L...,r=1}with P(V;) > 1 - —\/—5% (i.e. zo is degenerate).

Clearly, it is no loss of generality to assume that j = 0, i.e. P(V5) > 1 — \/52;1‘2 oL

Fori=0,1,...,7r—1and j = t,,t, +r, consider the conditional probability measures
IP% = (IP;|V;). All the 2r distributions obtained in this manner can be viewed as distributions

on Z2~'. By the law of total probability, we can write: P; = >/ ' P, (Vi) - IP’;
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Since P(Vp) > 1 — \/62:52%(11)’ it follows that |P;(V;) — P (Vi) < \/—722%, for all
i € {0,1,...,r—1}. (In fact, this holds independently of the value of the time ¢). This can

be shown by an argument similar to that in Case I of the induction basis.

We will show using the induction hypothesis that forz = 0,1,...,r —land t > ¢, it
holds:

i i o q
1B = Pl < 5+ (S + 5505)

We claim that this will conclude the proof. This follows from the following chain of in-

equalities:
r—1
[Py = Pyyr|| < Z“Pt( i) — Per (Vi |+|]ZIF}(V -P)| (.10
=0 =0
260q ) q
< + <SS+ == 3.11
< Jag s ag) e
< -55,— q (3.12)

Step (3.10) follows easily from the triangle inequality (recall that the statistical distance
is a norm) and by using the fact that the ]P’j»’s are distributions. For Step (3.11) observe that
the second summand in (3.10) is a convex combination and Step (3.12) assumes that C' is

large enough.

To finish the proof we show that ||P — P{, || < £ - ( -1 1 3 )> The proofs for the
r — 1 remaining cases are very similar.

Fori = 0,1,...,r — 1 denote P* = (P|V;). Let N; = (N},...,N/"") be a random
vector such that the random variable N, Jl (I =1,2,...,r — 1) counts the number of times
the walk makes a step x € Z? with z; = [ during the first j steps. Consider a vector
s = (s1,82,...,5_1) such that |s| = oo S lsi < jand Y ksp =0 mod r. Then, we

have:

(PN, = s) ({*H}r Py )  (P°)GD
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where by {*]]} we denote the convolution product. The above equality holds for the
following reason: The distribution on the left hand side is the distribution on V, & Z¢-!
given that the walk makes s; steps x with z; = [ ({ = 1,2,...,r — 1) (and j — |s]| steps
with z; = 0). The equality follows by commutativity.

Therefore, by the law of total probability, we can write ]P"; as the following convex

combination of conditional distributions:

PO = 3 Pr[N; = s] ({* [Ty @y ) + (PO)<G—1sD

(525 ksk=0 mod r) and (|s|<j)

Using this fact, we can bound ||P} — PY, || for ¢ = ¢, as follows:

IP? — PP, |l < Pr[N; # Niy] + Pr[IN| > 4gr®log rv/Clog(1/6)]
+ Z Pr[N; =s]| - “ {* 1_[}1_1 (PE)*st) % [(P0)*(t-lsD — (]PO)*(t-l-r—|s|)]”
s such that
( 2:1 ks, =0 mod r)
(s| < 4gr?logrv/Clog(1/9))

The first summand is equal to the probability that a non-trivial step in the first coordinate

(i.e step z with z; # 0) was made in one of the times ¢ + 1,...,¢ + r and this is at most

20q/v/Crb(q) (because P(Vp) > 1 — 26q/v/Cr2b(q)).

To upper bound the second summand, we observe that |N;| = S7_! N{ is a binomial
random variable with parameters ¢ = t, and p < 25q/v/Cr?b(q). Thus, by a standard
Chernoff bound, we get that the second summand is also very small, so that the sum of the

first two summands is at most <

3 2b( ) for large enough C.

Now consider the third summand. Since |s| < 4¢r?logr/Clog(1/6), it follows that

ty — |s| > t,—1 and the induction hypothesis implies:
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“ <{* H} (IP’1 *sl> * [(IPO)*("«—\SI) _ (]P)O)*(t+r—|s|]

IN

l‘(]P’O)*(t—|s|) _ (PO)*(HT*ISI)

5
< 2.5,

The first inequality follows from the fact that {* [J}/Z] (P!)** is a distribution. There-

fore, the expression % - Sq—1 is an upper bound for the third summand and the proof is

complete.

3.6.3 s-sparse polynomials are far from longer affine forms

Recall that the length of a monomial is the number of distinct variables that occur in it
(so for example z2x3 has length two). Recall that an affine function is simply a degree-1
polynomial.

Let f : F* — F be any function. We say that the influence of variable z; on f is
Inf;(7)  pr [f(z1, .. T 1, T, Ty, Tn) # f(T1, 0 Tim1, Yy Tigs - -, T

If f is a single monomial of length / that contains the variable z;, then the influence of
z1 on f is (1— %) (the probability that the other £ — 1 variables besides x, all take nonzero
values is (1 — 5)"~', and then there is a 1 — & probability that the value of z; changes
when we re-randomize). Similarly, if g is an s-sparse polynomial in which z; occurs in r

monomials of length ¢, . .., ¢, then the influence of z; is at most

1\% 1\*
1- — (1= .
3o )

The total influence of f is the sum of the influences of all variables. Each monomial of
length ¢ in a polynomial g contributes at most £(1 — +)* to the total influence of f (i.e. if
a polynomial has k£ monomials of lengths 43, .. . , ; then the total influence of g is at most

81(1 _ %)h 4+ - +‘€k(1 _ %)Zk
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Note that each variable in an affine function of the form (3.3) has influence 1 — %, and
the total influence of such a function is precisely (s + r)(1 — ).

The following fact will be useful:

Fact 53. Let f,g : F* — F be two functions such that for some variable x; we have
[Inf () — Inf,(¢)| = 7. Then f is T/2-far from g.

Proof. We may assume without loss of generality that Inf,(¢) = Inf(¢) + 7. Let = denote
a uniform random input from F and let ' denote x with the i-th coordinate re-randomized.

We have
Prigle) # 9(=)] < Prig(a) # £(2)] + Prlf(2) # f@a")] + Prf(e") # ()]
Rearranging, we get

7 = Prlg(z) # g(a)] - Prlf(2) # /()]
Prlg(z) # f(2)] + Pr[f(a') # g(«")] = 2 Prlg(2) # f(2)]

IA

where the final inequality holds since both x and z’ are uniformly distributed. This gives
the fact. O

Finally, recall that in any polynomial g(z1,...,z,) over F, we may assume without
loss of generality that no variable’s degree in any monomial is greater than P — 1. (The

multiplicative group is of size P — 1 and hence af = o for every o € F.)

Proof of Theorem 42.

The high-level idea of the proof of Theorem 42 is as follows. Let M be a particular mono-
mial in g, and consider what happens when g is hit with a restriction that fixes all variables
that do not occur in M. M itself is not affected by the restriction, but it is possible for a
longer monomial to “collapse” onto M and obliterate it (i.e. if M is z;22 and g contains

another monomial M’ = —z;z33, then a restriction that fixes x3 < 1 would cause M’ to
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collapse onto M and in fact obliterate M). We show that g must have a short monomial M
(which, however, has degree at least 2) with the following property: for a constant fraction
of all possible restrictions of variables not in A/, no longer monomial collapses onto M.
This implies that for a constant fraction of all such restrictions p, the induced polynomial
g, is “substantially” different from any affine function (since g, —a polynomial of degree at
least two — is not identical to any affine function, it must be “substantially” different since
there are only length( /) surviving variables), and hence g itself must be “far” from any
affine function.

Now we give the actual proof. Let g be an s-sparse polynomial in F[zy,...,z,] and
let A(z) be a fixed affine function given by equation (3.3). We will show that g must be
®(P)-far from A and thus prove the theorem.

First note that without loss of generality we may assume g has no term of degree 1.
(Suppose g has t such terms. Let ¢’ be the polynomial obtained by subtracting off these
terms. Then ¢’ is (s — t)-sparse and is ®(P)-close to the affine function A’(x) obtained
by subtracting off the same terms; this affine function has at least s + r — ¢ nonconstant
terms. So we can run the following argument on g’ with s — ¢ playing the role of “s” in the
lemma.)

Now we observe that g must satisfy
1
Inf,(1) + -+ + Infy(s) > (1 — 4®(P))s(1 - F) (3.13)

If this were not the case, then some variable z; in x4, . . . , £, would necessarily have influ-
ence at most (1 — 4®(P))(1 — %) on g. Since the influence of z; on (3.3) is 1 — +, by
Fact 53 this would mean that g is at least 20(P)(1 — &) > ®(P)-far from (3.3), and we

would be done.

Notation. We will henceforth refer to monomials in g of length less than P? as short
monomials, and we write S to denote the set of all short monomials in g. For P2 < ¢ < P&,
we refer to monomials in g of length £ as intermediate monomials, and we write  to denote
the set of all intermediate monomials in g. Finally, for £ > P® we refer to monomials in g

of length ¢ as long monomials, and we write L to denote the set of all long monomials.
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Observe that

o Each monomial in g that is intermediate or long contributes at most 1/4 to Inf (1) +
.-+ + Inf,(s). This is because each monomial of length £ > P? contributes at most
£(1 — )* to this sum, and for integer ¢ the value max,>p2 £(1 — %)* is achieved at

¢ = P? where the value is at most 1/4 (the upper bound holds for all integer P > 2).

e Each short monomial in g contributes at most P/e to Inf,(1) + - - - + Inf(s). This is

because maxy>1 £(1 — 5)¢ < P/e (the max is achieved around £ = P).

Since the RHS of (3.13) is at least (1 — 22)s, we have the following inequalities:

1 +1Ll , ISIP

1.2
- — <
1 . _(1 P)s and lI| +|L| < s

(the second inequality holds simply because there are at most s long monomials). These
inequalities straightforwardly yield |S| > 5%.

Let m, denote the number of monomials in g that have length exactly . Note that we
have Y, ps me = |L| < s.

Given two monomials M, M, that occur in g, we say that M; covers M, if all variables
in M, are also in M, (note we do not care about the degrees of the variables in these
monomials). We refer to such a pair (M, M,) as a coverage; more precisely, if M; is of
length £ we refer to the pair (M7, M>) as an £-coverage. (One can view each /-coverage as
an edge in a bipartite graph.)

Let S C S be the set of those monomials M in S which are “maximal” in the sense

that no other monomial M’ € S (with M’ # M) covers M. -
Claim 54. We have |S'| > s/(3PF").

Proof. Since S is finite it is clear that S’ is nonempty; suppose the elements of S’ are
M, ..., M. Each of the (at least s/(3P) many) elements of .S is covered by some ;.
But each M is of length £ for some £ < P? — 1, and hence can cover at most P* monomials
(any monomial covered by A/ is specified by giving £ exponents, each between 0 and P — i,

for the £ variables in M;). O
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Fix any ¢ > P2. Each fixed monomial of length ¢ participates in at most ( }fz)PP ' <
(ep)* * many {-coverages of monomials in S’. (There are ( If?) ways to choose a subset of
P? variables, and once chosen, each variable may take any exponent between 0 and P —1.)
Consequently, the length-¢ monomials in g collectively participate in at most m,(¢P)* ’

many /-coverages of variables in .S’ in total. By Claim 54, it follows that

. me({P)F*  3mgP* PP’
MEE‘,SI[# ¢-coverages M is in| < . /Z((SPI)’Z) = . :

By Markov’s inequality, we have
Pr [# ¢-coverages M is in > 3m, 07" +2 P2 /5] < 1/,
Mes'

So for each ¢ > P2, we have that at most a 1/¢? fraction of monomials in S’ are covered
by at least 3m¢¢” +2 P?"* /s many length-¢ monomials. Since Y, p» 1/6* < 1/2, we have

that at least half of the monomials in .S” have the following property:
e Forall £ > P2, at most 3my¢"*+2 P2F* /s many length-¢ monomials cover M.  (f)

Fix M to be some particular monomial with property (t). Since M belongs to .S’, we
know that no short monomial in g covers M ; we now show that for a constant fraction of
all restrictions p of variables outside of M, no intermediate or long monomial in g, covers
M. (Once this is accomplished, we will be almost done.)

First observe that for any value ¢ with P2 < ¢ < P8, using the fact that m,/s is at most

1, we have that at most

3€P2+2P2P2 < 3P10P2+16 < P10P2+18

many length-¢ monomials cover M. So in total there are at most (P® — P2 4 1) P10P*+18 <
POP?+26 many intermediate monomials that cover M; let T denote the set of these inter-
mediate monomials. Each intermediate monomial in 7" has length strictly greater than the
length of M, so each such monomial contains at least one variable that is not in M. Let

V be a set of at most P19P?+26 yariables such that each monomial in 7" contains at least
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one variable from V, and let p; be the restriction that sets all variables in V' to 0 and leaves
all other variables unfixed. Note that for each long monomial in g, applying p; either kills
the monomial (because some variable is set to 0) or leaves it unchanged (no variable in the
monomial is set) in g,, . Thus the result of applying p; is that no intermediate monomial in

gp, covers M.

Now let p, denote a random restriction over the remaining variables which leaves free
precisely those variables that occur in M and fixes all other variables independently to
uniformly chosen elements of F. Suppose M’ is a long monomial (of length £ > P®) from
g that survived into g,,. It must be the case that M’ contains at least £ — P? variables that
are neither in M nor in V, and consequently the probability that M is not killed by p, (i.e.
the probability that all variables in A/’ that are not in M are set to nonzero values under
p») is at most (1 — £)¢-7*. Consequently the expected number of length-£ monomials in
gy, that cover M and are not killed by p is at most 3m,”* P27*(1 — £)*-F* /5. Summing

over all / > P8, we have

E[# long monomials that cover M and survive p; p] (3.14)
p2

3 3mett” PP (1 — Ly’

>p8 5
< (¥ M) . max3eP* P2P(1 — l)’~’—P2. (3.15)
- e S >p8 P

We have ), ps ™ < 1. A routine exercise shows that for all P > 2, the max in (3.15)
is achieved at £ = P® where the value is at most 1 /2 (in fact it is far smaller). So (3.14) is

certainly at most 1/2, and we have

E[# long monomials that cover M and survive p;p;] < 1/2.
p2

So the probability that any long monomial that covers M survives p; p, is at most 1/2. Since
we already showed that no short or intermediate monomial in g, ,, covers M, it follows
that with probability at least 1/2 over the random choice of p;, no monomial in g,,, ,, covers

M except for M itself.
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Now let p denote a truly random restriction that assigns all variables not in M uni-
formly at random and keeps all variables in M free. Since the variables in V' will be as-
signed according to p, with probability 1/PF 10P2+26, we have that with probability at least
1/(2P? 10PZHG) > 1/(P? 1OPZ+26+1) over the random choice of p, no monomial in g, covers
M. Suppose p is such a restriction. Since M itself clearly survives the restriction p, we
have that the function g, (a function on length(M) < P? — 1 many variables) is different
from the function A, — this is simply because the polynomial g, contains the monomial M,
which is not of degree 1, whereas all monomials in A, have degree 1. Hence the functions
g, and A, differ on at least one of the (at most) pri-1 possible inputs.

So, we have shown that for at least a 1/(PF 10PQ+26+1) fraction of all restrictions of the
variables not occurring in M, the error of g under the restriction in computing A is at least

1/P? *~1 This implies that the overall error of g in computing A is at least
2
1/(PP10P +26+P2) _ (P(P)

and we are done with the proof of Theorem 42. O

3.7 Lower Bounds for Boolean Function Classes

By adapting techniques of Chockler and Gutfreund [13], we can also obtain Q(log s) lower
bounds for many of the other testing problems listed in Table 1.1. More precisely, we prove
lower bounds on the query complexity of testing size-s decision trees, size-s branching
programs, s-term DNF, and size-s Boolean formulas (Theorem 55), and Boolean functions

with Fourier degree at most d (Theorem 58).

Theorem 55. Let ¢ = 1/1000. Any e-testing algorithm for any of the following classes of
functions over {0, 1}" must make Q(log s/ loglog s) queries: (i) size-s decision trees; (ii)

size-s branching programs; (iii) s-term DNF; (iv) size-s Boolean formulas.

Proof. The proof combines a counting argument with the result of Chockler and Gutfreund
[13] showing that (J/k) queries are required to distinguish between J-juntas and (J + k)-

juntas over {0, 1}". More precisely, consider the following distributions:
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1. Dyo is the uniform distribution over all functions (on n variables) that depend on (at

most) the first (J + k) variables.

2. Dygsg is the distribution obtained in the following way. Choose a k-element subset
T uniformly and randomly from the set {1,...,J + k}. Then choose a uniformly
random function from the set of all functions on n variables that depend on (at most)

the variables indexed by the set [J + k] \ Z.

Chockler and Gutfreund show that with very high probability a random draw from Dyo
is far from every J-junta, whereas clearly every draw from Dygg is a J-junta. Given any
putative testing algorithm, the distributions Dygs, Dno over functions induce two distri-
butions Cygg, Cno over “query-answer histories”. Chockler and Gutfreund show that for
any (even adaptive) algorithm that makes fewer than (.J/k) queries, the statistical differ-
ence between Cy gg and Cyo will be at most 1/6. This implies that any successful testing

algorithm must make Q(J/k) queries.

We adapt this argument to prove Theorem 55 as follows. Let C; be a class of functions
for which we would like to prove a lower bound (e.g. C, could be the class of all Boolean
functions over n variables that are computed by decision trees of size at most s). We
choose J (as a function of s) such that any J-junta is a function in C,; with this choice the
distribution Dygg described above is indeed a distribution over functions in the class. We
choose k& (as a function of J) so that with very high probability, a random function drawn
from Dy (i.e. arandom function over the first J + k variables) is e-far from every function
in C,. This gives an Q(.J/k) lower bound for testing whether a black-box function is in C,
or is e-far from every function in Cj.

For all of the classes addressed in Proposition 55 we can take J = log, s and k =
O(log J). We work through the analysis for size-s decision trees, sketch the analysis for
size-s branching programs, and leave the (very similar) analysis for s-term DNF and size-s

Boolean formulas to the interested reader.

Decision Trees (of size s): We set J = log, s and k£ = log, J. It is clear that any J-junta

can be expressed as a size-s decision tree.
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Lemma 56. Fix ¢ = 1/1000. With very high probability, a random (J + log J)-junta over
the first (J +log J) variables is e-far from any size-s decision tree over the first (J +log J)

variables.

Proof. For any size-s decision tree over the first (J + log J) variables, the number of

.2J+log‘1 <2J+%og J) FOI’

(J + log J)-juntas (over these variables) e-close to it equals > ;)
e = 1/1000, this is at most 2012777 = 2(//10)27 (recall that the sum of the binomial

a—1

coefficients 3°7/% (1) is O(C(a)™), where C(a) = a*/*(25)% )

Now we upper bound the number of size-s decision trees over the first J + log J vari-
ables. There are at most 4° = 22'2J) distinct decision tree topologies for trees with s leaves.
For each topology there are at most (J + log J)* < 22slogloss — 9(2los)2” different la-
bellings of the nodes.

Thus, the number of (J + log J)-juntas that are e-close to any decision tree of size s

J/10+2l0g 1)2” " Thjs js a vanishingly small

(over the first J + log J variables) is at most 2
fraction of the total number of (J + log J)-juntas over the first (J + log J) variables, which

) Jtlog J od
is 22777 = 9727 O

We are not quite done, since we need that with very high probability a random function
from Dy is e-far from every size-s decision tree, not just from size-s decision trees over

the first (J + log J) variables. This follows easily from the previous lemma:

Corollary 57. For e = 1/1000, with very high probability a random (J +log J)-junta over

the first (J + log J) variables is e-far from any size-s decision tree (over n variables).

Proof. Let f be any (J + log J)-junta over the set {x1,...,Z 1105} Suppose that g is a
size-s decision tree over {z1,...,x,} that is e-close to f. It is not hard to show that then
there exists a size-s decision tree g’ over the relevant variables {z1,...,Z 1105} that is
e-close to f as well (¢’ can be obtained from g by fixing all the irrelevant variables to the

values that maximize ¢’s agreement with f). O

We have thus established part (i) of Theorem 55.

Branching Programs: We only sketch the required analysis. We set J = log, s and

k = 10log, J. Any J-junta can be expressed as a size-s branching program. Simple
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counting arguments show that for e = 1/1000, a random (.J + k)-junta over {x1,...,Z %}
is with high probability e-far from every size-s Branching Program over {z1,...,2zj.x}
An analogue of Corollary 57 completes the argument.

This completes the proof of Theorem 55. [

Remark: We note that these simple arguments do not seem to give any non-trivial testing
lower bound for the class of Boolean circuits of size s. It would be interesting to obtain

lower bounds for this class.

Finally, we point out the following:

Theorem 58. Let 0 < ¢ < 1/2. Any non-adaptive e-testing algorithm for the class of

Boolean functions over {0, 1}" with Fourier degree d must make Q(+/d) queries.
Proof. Consider the following two distributions over Boolean functions on {—1, 1}™:

n

1. Dyo is the uniform distribution over all ( a2

) parities of exactly d + 2 variables from

T1y..vyTn,

2. Dypgg is the uniform distribution over all (Z) parities of exactly d variables from

Tiy,.eo. 3Ty

Every function in the Dygg distribution clearly has Fourier degree, whereas every func-
tion in the Dyo distribution has distance precisely 1/2 from every function with Fourier
degree d (this follows immediately from Parseval’s identity). Fischer et al. showed that
any non-adaptive algorithm for distinguishing draws from Dygg versus Dyo must make

Q(V/d) draws; this immediately gives the desired result. O

3.8 Conclusion

There are many open questions raised by the work in this chapter. One is whether our lower
bounds can be strengthened. Can poly(s) query lower bounds be obtained for classes such

as size-s decision trees, s-term DNF, etc?
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On the upper-bound side, our results are all achieved via a single generic algorithm that
is not geared toward any particular class of functions. For many classes of interest, the
query complexity of this algorithm is poly(s, 1/€), but the running time is exponential in
s. This raises the natural question: can we also improve the running time for any of these
classes? One approach to achieving better runtimes is to replace our “implicit learning”
step with a more efficient proper learning algorithm (the current learning algorithm sim-
ply gathers random examples and exhaustively checks for a consistent hypothesis in the
concept class C(7*) j(,+)). For some specific concept classes, proper learning is known to
be NP-hard, but for other classes, such as s-sparse GF'(2) polynomials, polynomial-time
proper learning algorithms are known. In next chapter, we leverage this fact to get a tester

for s-sparse GF'(2) polynomials that is both query and time efficient.
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Chapter 4

Efficiently Testing Sparse GF(2)

Polynomials

4.1 Introduction

In the previous chapter, we gave a general technique called “testing by implicit learning,”
which we used to test a variety of different function classes that were not previously known
to be testable. Intuitively, these classes correspond to functions with “concise representa-
tions,” such as s-term DNFs, size-s Boolean formulas, size-s Boolean circuits, and s-sparse
polynomials over constant-size finite fields. For each of these classes, the testing algorithm
in the last chapter made only poly(s, 1/¢) queries (independent of n).

The main drawback of the previous algorithm is that for each of the classes mentioned
above, the algorithm’s running time is 2(*) as a function of s, and w(poly(1/¢)) as a

' Thus, a natural question is whether any of these classes can be tested with

function of e.
both time complexity and query complexity poly(s, 1/e).

In this chapter we focus on the class of s-sparse polynomials over GF(2). Polyno-
mials over GF(2) (equivalently, parities of ANDs of input variables) are a simple and

well-studied representation for Boolean functions. It is well known that every Boolean

1'We note that the algorithm also has a linear running time dependence on n, the number of input variables;
this is in some sense inevitable since the algorithm must set n bit values just to pose a black-box query to f.
Our algorithm has running time linear in 7 for the same reason. For the rest of the chapter we discuss the
running time only as a function of s and e.
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function has a unique representation as a multilinear polynomial over GF'(2), so the spar-
sity (number of monomials) of this polynomial is a very natural measure of the complexity
of f. Sparse GF'(2) polynomials have been studied by many authors from a range of dif-
ferent perspectives such as learning [8, 27, 55, 10, 12], approximation and interpolation
[35, 31, 53], the complexity of (approximate) counting [20, 36, 41], and property testing
[17].

The main result of this chapter is a testing algorithm for s-sparse GF(2) polynomials

that is both time-efficient and query-efficient:

Theorem 59. There is a poly(s,1/€)-query algorithm with the following performance
guarantee: given parameters s, € and black-box access to any f : {0,1}"—{0, 1}, it runs
in time poly(s, 1/€) and tests whether f is an s-sparse GF'(2) polynomial versus e-far from

every s-sparse polynomial.

This answers the question left open by the previous chapter, by exhibiting an interesting
and natural class of functions with “concise representations” that can be tested efficiently,
both in terms of query complexity and running time.

We obtain our main result by extending the “testing by implicit learning” approach.
The “implicit learning” step from the previous chapter used a naive brute-force search for
a consistent hypothesis; here we employ a sophisticated proper learning algorithm due to
Schapire and Sellie [55]. It is much more difficult to “implicitly” run the [55] algorithm
than the brute-force search. One of the main technical contributions in this chapter is a new
structural theorem about how s-sparse GF'(2) polynomials are affected by certain carefully
chosen restrictions; this is an essential ingredient that enables us to use the [55] algorithm.

‘We elaborate on this below.

Techniques. In the last chapter we showed that for many classes of functions defined by
a size parameter s, it is possible to “implicitly” run a (very naive) proper learning algo-
rithm over a number of variables that is independent of n, and thus obtain an overall query
complexity independent of n. More precisely, weobserved that for many classes C every
f € C is “very close” to a function f’ € C for which the number r of relevant variables

is polynomial in s and independent of n; roughly speaking, the relevant variables for f’
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are the variables that have high influence in f. (For example, if f is an s-sparse GF(2)
polynomial, an easy argument shows that there is a function f’ — obtained by discarding
from f all monomials of degree more than log(s/7) — that is 7-close to f and depends on
at most r = slog(s/7) variables.) They then showed how, using ideas of Fischer et al. [26]
for testing juntas, it is possible to construct a sample of uniform random examples over
{0, 1}" which with high probability are all labeled according to f’. At this point, the proper
learning algorithm we employed was a naive brute-force search. Our algorithm tried all
possible functions in C over r (as opposed to n) variables, to see if any were consistent
with the labeled sample. Thus we obtained a testing algorithm with overall query complex-
ity poly(s/e) but whose running time was dominated by the brute-force search. For the
class of s-sparse GF(2) polynomials, our algorithm used O(s*/¢?) queries but had running

time at least 29(5) . (1/¢)loglos(1/e),

The high-level idea of this chapter is to employ a much more sophisticated — and ef-
ficient — proper learning algorithm than brute-force search. In particular we would like to
use a proper learning algorithm which, when applied to learn a function over only r vari-
ables, runs in time polynomial in 7 and in the size parameter s. For the class of s-sparse
GF(2) polynomials, precisely such an algorithm was given by Schapire and Sellie [55].
Their algorithm, which we describe in Section 4.2.2, is computationally efficient and gen-
erates a hypothesis h which is an s-sparse GF'(2) polynomial. But this power comes at a
price: the algorithm requires access to a membership query oracle, i.e. a black-box oracle
for the function being learned. Thus, in order to run the Schapire/Sellie algorithm in the
“testing by implicit learning” framework, it is necessary to simulate membership queries
to an approximating function f’ € C which is close to f but depends on only r variables.
This is significantly more challenging than generating uniform random examples labeled

according to f’, which is all that was required before

To see why membership queries to f’ are more difficult to simulate than uniform ran-
dom examples, recall that f and the f’ described above (obtained from f by discarding
high-degree monomials) are 7-close. Intuitively this is extremely close, disagreeing only
on a 1/m fraction of inputs for an m that is much larger than the number of random exam-

ples required for learning f’ via brute-force search (this number is “small” — independent of
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n — because f’ depends on only r variables). Thus before, it sufficed to use f, the function
to which we actually have black-box access, rather than f’ to label the random examples
used for learning f’; since f and f’ are so close, and the examples are uniformly random,
with high probability all the labels will also be correct for f’. However, now that member-
ship queries are required, things are no longer so simple. For any given f’ which is close
to f, one can no longer assume that the learning algorithm’s queries to f’ are uniformly
distributed and hence unlikely to hit the error region — indeed, it is possible that the learn-
ing algorithm’s membership queries to f’ are clustered on the few inputs where f and f’

disagree.

In order to successfully simulate membership queries, we must somehow consistently
answer queries according to a particular f’, even though we only have oracle access to f.
Moreover this must be done implicitly in a query-efficient way, since explicitly identifying
even a single variable relevant to f’ requires at least 2(logn) queries. This is the main

technical challenge we address.

We meet this challenge by showing that for any s-sparse polynomial f, an approximat-
ing f’ can be obtained as a restriction of f by setting certain carefully chosen subsets of
variables to zero. Roughly speaking, this restriction is obtained by randomly partitioning
all of the input variables into r subsets and zeroing out all subsets whose variables have
small “collective influence” (more precisely, small variation in the sense of [26]). It is im-
portant that the restriction sets these variables to zero, rather than a random assignment;
intuitively this is because setting a variable to zero “kills” all monomials that contain the
variable, whereas setting it to 1 does not. Our main technical theorem (Theorem 64, given
in Section 5.5.1) shows that this f’ is indeed close to f and has at most one of its relevant
variables in each of the surviving subsets. We moreover show that these relevant variables
for f’ all have high influence in f (the converse is not true; examples can be given which
show that not every variable that has “high influence” in f will in general become a rele-
vant variable for f’). This property is important in enabling our simulation of membership
queries. In addition to the crucial role that Theorem 64 plays in the completeness proof for
our test, we feel that the new insights the theorem gives into how sparse polynomials “sim-

plify” under (appropriately defined) random restrictions may be of independent interest.
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Organization. In Section 4.2.2 we describe in detail the “learning component” of the algo-
rithm. In Section 4.3 we state Theorem 64, which provides intuition behind the algorithm
and serves as the main technical tool in the completeness proof. In Section 4.4, we present
our testing algorithm, Test-Sparse-Poly, along with a high-level description and sketch of
correctness. The proof of Theorem 64 is presented in section 4.5, while the completeness

and soundness proofs are given in sections 4.6 and 4.7, respectively.

4.2 Notation and Background

In this chapter we require some additional notation and background.

4.2.1 Low-influence, high-influence, and well-structured subsets

First we define the notion of low- and high-influence subsets with respect to a partition of

the set [n] and a parameter a > 0.

Definition 60. For f : {0,1}"—{—1,1}, a partition of [n] into {I;}}_, and a parameter
a > 0, define L(a) = {j € [r] | Infs(I;) < a} (low-influence subsets) and H () f
[r] \ L(«) (high-influence subsets). For j € [r]| and i € I}, if Inf;(i) > a we say that the

variable z; is a high-influence element of I;.
Next, the notion of a well-structured subset will be important for us:

Definition 61. For f : {0,1}" — {—1, 1} and parameters o > A > 0, we say that a subset
I C [n] of coordinates is («, A)-well structured if there is an i € I such that Inf;(i) > «

and Inf;(I'\ {i}) < A.

Note that since o > A, by monotonicity, the 7 € I in the above definition is unique.
Hence, a well-structured subset contains a single high-influence coordinate, while the re-

maining coordinates have small total influence.
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4.2.2 Background on Schapire and Sellie’s algorithm

In [55] Schapire and Sellie gave an algorithm, which we refer to as LearnPoly, for exactly
learning s-sparse GF'(2) polynomials using membership queries (i.e. black-box queries)
and equivalence queries. Their algorithm is proper; this means that every equivalence
query the algorithm makes (including the final hypothesis of the algorithm) is an s-sparse
polynomial. (We shall see that it is indeed crucial for our purposes that the algorithm is
proper.) Recall that in an equivalence query the learning algorithm proposes a hypothesis
h to the oracle: if h is logically equivalent to the target function being learned then the
response is “correct” and learning ends successfully, otherwise the response is “no” and
the learner is given a counterexample z such that h(x) # f(z).

Schapire and Sellie proved the following about their algorithm:

Theorem 62. [[55], Theorem 10] Algorithm LearnPoly is a proper exact learning al-
gorithm for the class of s-sparse GF(2) polynomials over {0,1}". The algorithm runs
in poly(n, s) time and makes at most poly(n, s) membership queries and at most ns + 2

equivalence queries.

We can easily also characterize the behavior of LearnPoly if it is run on a function
f that is not an s-sparse polynomial. In this case, since the algorithm is proper all of its
equivalence queries have s-sparse polynomials as their hypotheses, and consequently no
equivalence query will ever be answered “correct.”” So if the (ns + 2)-th equivalence query
is not answered “correct,” the algorithm may infer that the target function is not an s-sparse
polynomial, and it returns “not s-sparse.”

A well-known result due to Angluin [2] says that in a Probably Approximately Cor-
rect or PAC setting (where there is a distribution D over examples and the goal is to con-
struct an e-accurate hypothesis with respect to that distribution), equivalence queries can
be straightforwardly simulated using random examples. This is done simply by drawing
a sufficiently large sample of random examples for each equivalence query and evaluting
both the hypothesis & and the target function f on each point in the sample. This either
yields a counterexample (which simulates an equivalence query), or if no counterexample

is obtained then simple arguments show that for a large enough (O(log(1/4)/€)-size) sam-
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ple, with probability 1 — ¢ the functions f and h must be e-close under the distribution D,
which is the success criterion for PAC learning. This directly gives the following corollary

of Theorem 62:

Corollary 63. There is a uniform distribution membership query proper learning algo-
rithm, which we call LearnPoly'(s, n, ¢, d), which makes Q(s,n,¢€,0) f poly(s,n,1/e,
log(1/8)) membership queries and runs in poly(Q) time to learn s-sparse polynomials

over {0, 1}" to accuracy € and confidence 1 — § under the uniform distribution.

4.3 On restrictions which simplify sparse polynomials

This section presents Theorem 64, which gives the intuition behind our testing algorithm,
and lies at the heart of the completeness proof. We give the full proof of Theorem 64 in
section 4.5.

Roughly speaking, the theorem says the following: consider any s-sparse GF'(2) poly-
nomial p. Suppose that its coordinates are randomly partitioned into r = poly(s) many
subsets {/;}7_;. The first two statements say that w.h.p. a randomly chosen “threshold
value” o =~ 1/poly(s) will have the property that no single coordinate 4, i € [n], or sub-
set I;, j € [r], has Inf,(¢) or Inf,(I;) “too close” to a. Moreover, the high-influence
subsets (w.r.t. «) are precisely those that contain a single high influence element 7 (i.e.
Inf,(7) > «), and in fact each such subset I; is well-structured (part 3). Also, the num-
ber of such high-influence subsets is small (part 4). Finally, let p’ be the restriction of p
obtained by setting all variables in the low-influence subsets to 0. Then, p' has a nice struc-
ture: it has at most one relevant variable per high-influence subset (part 5), and it is close

to p (part 6).

Theorem 64. Let p : {0,1}"—{—1,1} be an s-sparse polynomial. Fix 7 € (0,1) and A
such that A < Ay & 7/(1600s3 log(8s%/7)) and A = poly(7/s). Let r o 4Cs/ A, for a
suitably large constant C. Let {I;}’_, be a random partition of [n]. Choose o uniformly
at random from the set A(1,A) &t {Z + (80 —4)A : € € [K]} where K is the largest
integer such that 8K A < 5. Then with probability at least 9/10 (over the choice of a

and {I;}_,), all of the following statements hold:
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1. Every variable z;, i € [n], has Inf,(i) ¢ [a — 4A, a + 4A)].
2. Every subset I;, j € [r], has Inf,(I;) ¢ [ — 3A, a + 4A)].
3. Forevery j € H(), I; is (o, A)-well structured.

4. |H(a)| < slog(8s®/7).

def _y . . . . .
Letp = p|0<_uj cr@l; (the restriction obtained by fixing all variables in low-influence

subsets to 0).

5. Forevery j € H(a), p' has at most one relevant variable in I; (hence p' is a |H(a)|-

Jjunta).
6. The function p' is T-close to p.

Theorem 64 naturally suggests a testing algorithm, whereby we attempt to partition the
coordinates of a function f into “high-influence” subsets and “low-influence” subsets, then
zero-out the variables in low-influence subsets and implicitly learn the remaining function
f’ on only poly(s, 1/¢) many variables. This is exactly the approach we take in the next

section.

4.4 The testing algorithm Test-Sparse-Poly

In this section we present our main testing algorithm and give high-level sketches of the ar-
guments establishing its completeness and soundness. The algorithm, called Test-Sparse-
Poly, takes as input the values s, € > 0 and black-box access to f : {0,1}"—{—1,1}. Itis
presented in full in Figure 1.

The first thing Test-Sparse-Poly does (Step 2) is randomly partition the coordinates
into 7 = O(s*/7) subsets. In Steps 3 and 4 the algorithm attempts to distinguish subsets
that contain a high-influence variable from subsets that do not; this is done by using the
independence test to estimate the influence of each subset (see Lemma 11).

Once the high-influence and low-influence subsets have been identified, intuitively we

would like to focus our attention on the high-influence variables. Thus, Step 5 of the
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Algorithm Test-Sparse-Poly( f, s, €)

Input: Black-box access to f : {0,1}"—{—1,1}; sparsity parameter s > 1; error
parameter € > 0

Output: “yes” if f is an s-sparse GF(2) polynomial, “ne” if f is e-far from every
s-sparse GF(2) polynomial

1. Let7 = O(¢), A = O(poly(r,1/s)),r = O(s/A),d = O(poly(r,1/s)).?

2. Set {I;}’_, to be a random partition of [n].

3. Choose « uniformly at random from the set A(7, A) o {Z=+@-4)A:1<

¢ < K} where K is the largest integer such that SKA < 5.

4. For each subset I, . .., I, run the independence test M o % In(200r) times and
let Inf¢(1;) denote 2 x (fraction of the M runs on I; that the test rejects). If any

subset I; has Inf;(/;) € [a@ — 2A,a 4+ 3A] then exit and return “no,” otherwise
continue.

5. Let L() C [r] denote {j € [r] : Ianf(Ij) < a—2A < o} and let H(a) denote
[r]\ L(a). Let f": {0,1}*—{—1, 1} denote the function flo._,

jeL(li’

6. Draw a sample of m & 2 In 12 uniform random examples from {0, 1}" and eval-

uate both f' and f on each of these examples. If f and J?I disagree on any of the m
examples then exit and return “no.” If they agree on all examples then continue.

7. Run the learning algorithm LearnPoly’ (s, | H (a)],€/4,1/100) from [55] us-
ing SimMQ(f, H (@), {1;},cii(a), @ A, 2,6/Q(s, |H(a)|, €/4,1/100)) to simu-

late each membership query on a string z € {0, 1}/#(®! that LearnPoly’ makes.

If LearnPoly’ returns “not s-sparse” then exit and return “no.” Otherwise the
algorithm terminates successfully; in this case return “yes.”

“More precisely, we set 7 = €/600,A = min{A, (7/85?)(6/In(2/8))}, r = 4Cs/A

(for a suitable constant C from Theorem 64), where A, < 1/ (1600s°log(8s®/7)) and & -

1/ (1003 log(8s%/7)Q (s, s log(85%/7), /4, 1 /100))

Figure 4-1: The algorithm Test-Sparse-Poly.
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Algorithm Set-High-Influence-Variable(f, I, o, A, b, §)

Input: Black-box access to f : {0,1}"—{—1,1}; (a, A)-well-structured set I C [n];
bit b € {0, 1}; failure parameter 6.

Output: assignment w € {0, 1} to the variables in I such that w; = b with probability
1-46

1. Draw z uniformly from {0, 1}’. Define I° % {j € I : z; = 0} and I' &f {j e

2. Apply ¢ = 21n(2) iterations of the independence test to (f,I°). If any of the c
iterations reject, mark I°. Do the same for (f, I*).

3. If both or neither of I° and ' are marked, stop and output “fail”.

4. If I® is marked then return the assignment w = z. Otherwise return the assignment
w = T (the bitwise negation of z).

Figure 4-2: The subroutine Set-High-Influence-Variable.

algorithm defines a function " which “zeroes out” all of the variables in all low-influence
subsets. Step 6 of Test-Sparse-Poly checks that f is close to f’

The final step of Test-Sparse-Poly is to run the algorithm LearnPoly’ of [55] to learn a
sparse polynomial, which we call f” , which is isomorphic to f’ but is defined only over the
high-influence variables of f (recall that if f is indeed s-sparse, there is at most 6ne from
each high-influence subset). The overall Test-Sparse-Poly algorithm accepts f if and only
if LearnPoly’ successfully returns a final hypothesis (i.e. does not halt and output “fail”).
The membership queries that the [55] algorithm requires are simulated using the SimMQ
procedure, which in turn uses a subroutine called Set-High-Influence-Variables.

The procedure Set-High-Influence-Variable (SHIV) is presented in Figure 4-2. The
idea of this procedure is that when it is run on a well-structured subset of variables I, it
returns an assignment in which the high-influence variable is set to the desired bit value.
Intuitively, the executions of the independence test in the procedure are used to determine
whether the high-influence variable ¢ € I is setto 0 or 1 under the assignment z. Depending
on whether this setting agrees with the desired value, the algorithm either returns z or the
bitwise negation of z (this is slightly different from Construct-Sample, the analogous
subroutine from Chapter 3, which is content with a random x and thus never needs to

negate coordinates).
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Algorithm SimMQ(f, H, {I;};en, o, A, 2,0)

Input: Black-box access to f : {0,1}"—{—1,1}; subset H C [r]; disjoint subsets
{I;};cn of [n]; parameters o > A; string z € {0, 1}/#1; failure probability

Output: bit b which, with probability 1 — 4 is the value of f’ on a random assignment x
in which each high-influence variable ¢ € [; (j € H) is set according to z

1. For each j € H, call Set-High-Influence-Variable(f, I;, o, A, z;,6/|H|) and get
back an assignment (call it w?) to the variables in ;.

2. Construct z € {0, 1}" as follows: for each j € H, set the variables in I; according
to w’. This defines z; for all ¢ € Ujep ;. Set z; = 0 for all other i € [n].

3. Return b = f(x).

Figure 4-3: The subroutine SimMQ.

Figure 4-3 gives the SimMQ procedure. When run on a function f and a collection
{I,}jen of disjoint well-structured subsets of variables, SimMQ takes as input a string z
of length |H| which specifies a desired setting for each high-influence variable in each I;
(j € H). SimMQ constructs a random assignment z € {0, 1}" such that the high-influence

variable in each [; (j € H) is set in the desired way in x, and it returns the value f'(z).

4.4.1 Time and Query Complexity of Test-Sparse-Poly

As stated in Figure 4-1, the Test-Sparse-Poly algorithm runs LearnPoly’(s,|11~1 ()], €/4,
1/100) using SIMMQ(f, H(a), {L;} ey @ A, 2, 1/(100Q(s, |H(a)|, 2,1/100))) to
simulate each membership query on an input string z € {0, 1}Iﬁ (@I, Thus the algorithm
is being run over a domain of | H (a)| variables. Since we certainly have |H(a)| < r <
poly(s, 1), Corollary 63 gives that LearnPoly’ makes at most poly(s, 1) many calls to
SimMQ. From this point, by inspection of SimMQ, SHIV and Test-Sparse-Poly, it is
straightforward to verify that Test-Sparse-Poly indeed makes poly(s, %) many queries to
f and runs in time poly(s, 1) as claimed in Theorem 59. Thus, to prove Theorem 59 it

remains only to establish correctness of the test.
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4.4.2 Sketch of completeness

The main tool behind our completeness argument is Theorem 64. Suppose f is indeed an
s-sparse polynomial. Then Theorem 64 guarantees that a randomly chosen a will w.h.p.
yield a “gap” such that subsets with a high-influence variable have influence above the gap,
and subsets with no high-influence variable have influence below the gap. This means that
the estimates of each subset’s influence (obtained by the algorithm in step 4) are accurate
enough to effectively separate the high-influence subsets from the low-influence ones in
step 5. Thus, the function f’ defined by the algorithm will w.h.p be equal to the function p’
from Theorem 64.

Assuming that f is an s-sparse polynomial (and that f’ is equal to p’), Theorem 64
additionally implies that the function f’ will be close to the original function (so Step 6
will pass), that #' only depends on poly(s, 1/€) many variables, and that all of the subsets
I; that “survive” into f’ are well-structured. As we show in section 4.6, this condition
is sufficient to ensure that SimMQ can successfully simulate membership queries to f” .
Thus, for f an s-sparse polynomial, the LearnPoly’ algorithm can run successfully, and

the test will accept.

4.4.3 Sketch of soundness

Here, we briefly argue that if Test-Sparse-Poly accepts f with high probability, then f
must be close to some s-sparse polynomial (we give the full proof in section 4.7). Note
that if f passes Step 4, then Test-Sparse-Poly must have obtained a partition of variables
into “high-influence” subsets and “low-influence” subsets. If f passes Step 6, then it must
moreover be the case that f is close to the function J?’ obtained by zeroing out the low-
influence subsets.

In the last step, Test-Sparse-Poly attempts to run the LearnPoly’ algorithm using f’
and the high-influence subsets; in the course of doing this, it makes calls to SimMQ. Since
f could be an arbitrary function, we do not know whether each high-influence subset has at
most one variable relevant to ]7’ (as would be the case, by Theorem 64, if f were an s-sparse

polynomial). However, we are able to show (Lemma 78) that, if with high probability all
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calls to the SimMQ routine are answered without its ever returning “fail,” then f’ must be
close to a junta g whose relevant variables are the individual “highest-influence” variables
in each of the high-influence subsets. Now, given that LearnPoly’ halts successfully, it
must be the case that it constructs a final hypothesis h that is itself an s-sparse polynomial
and that agrees with many calls to SImMQ on random examples. Lemma 79 states that, in

this event, h must be close to g, hence close to ]T’ and hence close to f.

4.5 Proof of Theorem 64

In Section 4.5.1 we prove some useful preliminary lemmas about the influence of indi-
vidual variables in sparse polynomials. In Section 4.5.2 we extend this analysis to get
high-probability statements about influence of subsets {I;}_; in a random partition. We
put the pieces together to finish the proof of Theorem 64 in Section 4.5.3.

Throughout this section the parameters 7, A, r and « are all as defined in Theorem 64.

4.5.1 The influence of variables in s-sparse polynomials

We start with a simple lemma stating that only a small number of variables can have large

influence:

Lemma 65. Let p : {0,1}"—{—1, 1} be an s-sparse polynomial. For any § > 0, there are

at most slog(2s/8) many variables x; that have Inf,(i) > 0.

Proof. Any variable z; with Inf,(¢) > 0 must occur in some term of length at most
log(2s/8). (Otherwise each occurrence of z; would contribute less than §/s to the influ-
ence of the i-th coordinate, and since there are at most s terms this would imply Inf,(¢) <
5-(8/s) = 4.) Since at most s log(2s/4) distinct variables can occur in terms of length at

most log(2s/d), the lemma follows. O O

Lemma 66. With probability at least 96/100 over the choice of a, no variable x; has

Inf,(i) € [a — 4A, a + 4A].
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Proof. The uniform random variable o has support A(7,A) of size > 50slog(8s®/7).
Each possible value of « defines the interval of influences [o — 4A, o + 4A]. Note that
a—4A > 7/(4s%). In other words, the only variables which could lie in [o — 4A, o + 4A]
are those with influence at least 7/(4s2). By Lemma 65 there are at most k = s log(8s3/7)
such candidate variables. Since we have at least 50k intervals (two consecutive such in-
tervals overlap at a single point) and at most k candidate variables, by the pigeonhole

principle, at least 48k intervals will be empty. O O

Lemma 65 is based on the observation that, in a sparse polynomial, a variable with “high”
influence (influence) must occur in some “short” term. The following lemma is in some
sense a quantitative converse: it states that a variable with “small” influence can only appear

in “long” terms.

Lemma 67. Let p : {0,1}"—{—1,1} be an s-sparse polynomial. Suppose that i is such
that Inf, (i) < 7/(s* + s). Then the variable x; appears only in terms of length greater

than log(s/T).

Proof. By contradiction. Assuming that z; appears in some term of length at most log(s/7),
we will show that Inf, (i) > 7/(s® + s). Let T be a shortest term that z; appears in. The
function p can be uniquely decomposed as follows: p(z1, s, . .., Z,) = z; - (T" + p1) + P2,
where T' = z;-T”, the term 7" has length less than log(s/7) and does not depend on z;, and
P1, p2 are s-sparse polynomials that do not depend on x;. Observe that since T is a shortest
term that contains z;, the polynomial p; does not contain the constant term 1.

Since 7" contains fewer than log(s/7) many variables, it evaluates to 1 on at leasta 7/s
fraction of all inputs. The partial assignment that sets all the variables in 7” to 1 induces
an s-sparse polynomial p/ (the restriction of p; according to the partial assignment). Now
observe that p/ still does not contain the constant term 1 (for since each term in p; is of
length at least the length of 7", no term in p; is a subset of the variables in 7"). We now

recall the following (nontrivial) result of Karpinski and Luby [36]:

Claim 68 ([36], Corollary 1). Let g be an s-sparse multivariate GF(2) polynomial which
does not contain the constant-1 term. Then g(z) = 0 for at least a 1/(s + 1) fraction of all

inputs.
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Applying this corollary to the polynomial p}, we have that p is O on atleasta 1/(s+1)
fraction of its inputs. Therefore, the polynomial 7" + p; is 1 on at leasta (7/s) - 1/(s + 1)
fraction of all inputs in {0, 1}"; this in turn implies that Inf,(:) > (7/s) - 1/(s + 1) =
T/(s* + s). O O

By a simple application of Lemma 67 we can show that setting low-influence variables

to zero does not change the polynomial by much:

Lemma 69. Let p : {0,1}"—{—1,1} be an s-sparse polynomial. Let g be a function ob-
tained from p by setting to 0 some subset of variables all of which have Inf, (i) < 7/(2s%).

Then g and p are T-close.

Proof. Setting a variable to 0 removes all the terms that contain it from p. By Lemma 67,
doing this only removes terms of length greater than log(s/7). Removing one such term
changes the function on at most a 7/s fraction of the inputs. Since there are at most s terms

in total, the lemma follows by a union bound. U O

4.5.2 Partitioning variables into random subsets

The following lemma is at the heart of Theorem 64. The lemma states that when we
randomly partition the variables (coordinates) into subsets, (i) each subset gets at most one
“high-influence” variable (the term “high-influence” here means relative to an appropriate
threshold value ¢ < «), and (i) the remaining (low-influence) variables (w.r.t. t) have a
“very small” contribution to the subset’s total influence.

The first part of the lemma follows easily from a birthday—paradox type argument, since
there are many more subsets than high-influence variables. As intuition for the second part,
we note that in expectation, the total influence of each subset is very small. A more careful
argument lets us argue that the total contribution of the low-influence variables in a given

subset is unlikely to highly exceed its expectation.

Lemma 70. Fix a value of o satisfying the first statement of Theorem 64. Let t e
AT/(4C's), where C' is a suitably large constant. Then with probability 99/100 over

the random partition the following statements hold true:
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e For every j € [r], I; contains at most one variable z; with Inf,(i) > t.

o Let I].St def {i € I; | Inf,(i) < t}. Then, forall j € [r], Infp(IjSt) <A

Proof. We show that each statement of the lemma fails independently with probability at
most 1/200 from which the lemma follows.

By Lemma 65 there are at most b = slog(2s/t) coordinates in [n] with influence more
than ¢. A standard argument yields that the probability there exists a subset I; with more
than one such variable is at most b?/r. It is easy to verify that this is less than 1/200, as
long as C is large enough relative to C’. Therefore, with probability at least 199/200, every
subset contains at most one variable with influence greater than ¢. So the first statement
fails with probability no more than 1/200.

- Now for the second statement. Consider a fixed subset I;. We analyze the contribution
of variables in I jst to the total influence Inf,(I;). We will show that with high probability
the contribution of these variables is at most A.

Let S = {i € [n] | Inf,(i) < t} and renumber the coordinates such that S = ['].
Each variable z;, i € S, is contained in I; independently with probability 1/r. Let
X1, ..., Xy be the corresponding independent Bernoulli random variables. Recall that, by
sub-additivity, the influence of I jst is upper bounded by X = Zf;l Inf,(7) - X;. It thus suf-
fices to upper bound the probability Pr[X > A]. Note that E[X] = Eflzl Inf,(7) - E[X;] =
(1/r)- Zf;l Inf,(z) < (s/r), since Zf;l Inf,(z) < > » , Inf,(¢) < s. The last inequality

follows from the following simple fact (the proof of which is left for the reader).
Fact 71. Let p : {0,1}"—{—1,1} be an s-sparse polynomial. Then ) , Inf,(i) < s.
To finish the proof, we need the following version of the Chernoff bound:

Fact 72 ([46)). For k' € N*, let ay,...,arp € [0,1] and let X4,. .., Xy be independent
Bernoulli trials. Let X' = Zf/:l o; X; and p o E[X'] > 0. Then for any v > 1 we have
Pr{X’ > - ] < ()"

’y’Y

We apply the above bound for the X,’s with a; = Inf,(i)/t € [0,1]. (Recall that the
coordinates in S have influence at most t.) We have u = E[X'] = E[X]/t < s/(rt) =
C's/C, and we are interested in the event {X > A} = {X’ > A/t}. Note that A/t =
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4C's/T. Hence, v > 4C and the above bound implies that Pr[X > A] < (e/ (40))4015/ "<
(1/4C4)C"s/7,

Therefore, for a fixed subset /;, we have Pr[Infp(IjSt) > A] < (1/4C*HC's/". By a
union bound, we conclude that this happens in every subset with failure probability at most
r - (1/4C*)C'*/T. This is less than 1/200 as long as C” is a large enough absolute constant

(independent of C), which completes the proof. O O

Next we show that by “zeroing out” the variables in low-influence subsets, we are likely

to “kill” all terms in p that contain a low-influence variable.

Lemma 73. With probability at least 99/100 over the random partition, every monomial

of p containing a variable with influence at most o has at least one of its variables in

Ujer(a)dj-

Proof. By Lemma 65 there are at most b = slog(8s3/7) variables with influence more
than . Thus, no matter the partition, at most b subsets from {I;}7_, contain such variables.
Fix a low-influence variable (influence at most «) from every monomial containing such a
variable. For each fixed variable, the probability that it ends up in the same subset as a high-
influence variable is at most b/r. Union bounding over each of the (at most s) monomials,

the failure probability of the lemma is upper bounded by sb/r < 1/100. O d

4.5.3 Proof of Theorem 64

Proof. (Theorem 64) We prove each statement in turn. The first statement of the theorem
is implied by Lemma 66. (Note that, as expected, the validity of this statement does not
depend on the random partition.)

We claim that statements 2-5 essentially follow from Lemma 70. (In contrast, the va-
lidity of these statements crucially depends on the random partition.)

Let us first prove the third statement. We want to show that (w.h.p. over the choice of
aand {I;}_,) for every j € H(a), (i) there exists a unique i; € I; such that Inf,(i;) > o
and (i) that Inf,(I; \ {i;}) < A. Fix some j € H(a). By Lemma 70, for a given value

of « satisfying the first statement of the theorem, we have: (i’) I; contains at most one
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variable z;; with Inf,(i;) > ¢ and (ii’) Inf,(I; \ {i;}) < A. Since t < 7/4s* < o (with
probability 1), (i) clearly implies that, if I; has a high-influence element (w.r.t. o), then it
is unique. In fact, we claim that Inf,(i;) > «. For otherwise, by sub-additivity of influence,
we would have Inf,(I;) < Inf,(Z;\{4;}) +Inf,(i;) < A+a—4A = a—3A < a, which
contradicts the assumption that j € H(«). Note that we have used the fact that « satisfies
the first statement of the theorem, that is Inf,(i;) < o = Inf,(i;) < o — 4A. Hence, for
a “good” value of o (one satisfying the first statement of the theorem), the third statement
is satisfied with probability at least 99/100 over the random partition. By Lemma 66, a
“good” value of o is chosen with probability 96/100. By independence, the conclusions of
Lemma 66 and Lemma 70 hold simultaneously with probability more than 9/10.

We now establish the second statement. We assume as before that « is a “good” value.
Consider a fixed subset I;, j € [r]. If j € H(a) (i.e. I; is a high-influence subset) then,
with probability at least 99/100 (over the random partition), there exists z; € I; such that
Infy(i;) > a+4A. The monotonicity of influence yields Inf,(I;) > Inf,(i;) > a+4A. If
J € L(a) then I; contains no high-influence variable, i.e. its maximum influence element
has influence at most o — 4A and by the second part of Lemma 70 the remaining variables
contribute at most A to its total influence. Hence, by sub-additivity we have that Inf,,(I;) <
a—3A. Since a “good” value of « is chosen with probability 96/100, the desired statement
follows.

The fourth statement follows from the aforementioned and the fact that there exist at
most slog(8s®/7) variables with influence at least « (as follows from Lemma 65, given
that o > 7/(4s%)).

Now for the fifth statement. Lemma 73 and monotonicity imply that the only variables
that remain relevant in p’ are (some of) those with high influence (at least o) in p, and,
as argued above, each high-influence subset /; contains at most one such variable. By a
union bound, the conclusion of Lemma 73 holds simultaneously with the conclusions of

Lemma 66 and Lemma 70 with probability at least 9/10.

The sixth statement (that p and p’ are 7-close) is a consequence of Lemma 69 (since p’
is obtained from p by setting to 0 variables with influence less than oz < 7/(2s%)). This

concludes the proof of Theorem 64. O O
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4.6 Completeness of the test

In this section we show that Test-Sparse-Poly is complete:

Theorem 74. Suppose f is an s-sparse GF(2) polynomial. Then Test-Sparse-Poly ac-
cepts f with probability at least 2/3.

Proof. Fix f to be an s-sparse GF(2) polynomial over {0, 1}". By the choice of the A
and r parameters in Step 1 of Test-Sparse-Poly we may apply Theorem 64, so with failure
probability at most 1/10 over the choice of « and I3, ..., I, in Steps 2 and 3, statements

1-6 of Theorem 64 all hold. We shall write f’ to denote f|o—y Note that at each

jeL(a)ds
successive stage of the proof we shall assume that the “failure probability” events do not
occur, i.e. henceforth we shall assume that statements 1-6 all hold for f; we take a union
bound over all failure probabilities at the end of the proof.

Now consider the M executions of the independence test for a given fixed I; in Step 4.
Lemma 11 gives that each run rejects with probability %Inf #(I;). A standard Hoeffding
bound implies that for the algorithm’s choice of M = -2 1n(200r), the value I/I:%f(]-j)
obtained in Step 4 is within +A of the true value Inf;(;) with failure probability at most
. A union bound over all j € [r] gives that with failure probability at most 1/100, we
have that each Inf #(Z;) is within an additive +A of the true value Inf;(/;). This means
that (by statement 2 of Theorem 64) every I; has Inf #(I;) ¢ [a — 2, a + 3A], and hence
in Step 5 of the test, the sets L(a) and H(a) are identical to L(c) and H(e) respectively,
which in turn means that the function f’ defined in Step 5 is identical to f’ defined above.

We now turn to Step 6 of the test. By statement 6 of Theorem 64 we have that f and
f disagree on at most a 7 fraction of inputs. A union bound over the m random examples
drawn in Step 6 implies that with failure probability at most 7m < 1/100 the test proceeds
to Step 7.

By statement 3 of Theorem 64 we have that each [}, j € H () = H(a), contains
precisely one high-influence element i, (i.e. which satisfies Infs(i;) > «), and these are all
of the high-influence elements. Consider the set of these |H ()| high-influence variables;

statement 5 of Theorem 64 implies that these are the only variables which f’ can depend on

(it is possible that it does not depend on some of these variables). Let us write f” to denote
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the function f” : {0,1}#(@)I—{—1,1} corresponding to ' but whose input variables are
these |H (a)| high-influence variables in f, one per I; for each j € H(a). We thus have
that f” is isomorphic to f’ (obtained from f’ by discarding irrelevant variables).

The main idea behind the completeness proof is that in Step 7 of Test-Sparse-Poly, the
learning algorithm LearnPoly’ is being run with target function f”. Since f” is isomorphic
to f’, which is an s-sparse polynomial (since it is a restriction of an s-sparse polynomial
f), with high probability LearnPoly’ will run successfully and the test will accept. To
show that this is what actually happens, we must show that with high probability each call
to SimMQ which LearnPoly’ makes correctly simulates the corresponding membership

query to f”. This is established by the following lemmas:

Lemma75. Let f, I, o, A be such that I is (o, A)-well-structured with A < ad/(21n(2/9)).
Then with probability at least 1 — §, the output of SHIV(f, I, «, A, b, ) is an assignment
w € {0, 1} which has w; = b.

Proof. We assume that I° contains the high-influence variable i (the other case being very
similar). Recall that by Lemma 11, each run of the independence test on I? rejects with
probability $Inf;(1°); by Lemma 13 (monotonicity) this is at least 2Inf (i) > a/2. So the
probability that I° is not marked even once after c iterations of the independence test is at
most (1 —a/2)¢ < §/2, by our choice of c. Similarly, the probability that I? is ever marked
during c iterations of the independence test is at most ¢c(A/2) < §/2, by the condition of
the lemma. Thus, the probability of failing at step 3 of SHIV is at most d, and since i € I?,

the assignment w sets variable ¢ correctly in step 4. O O

Lemma 76. With total failure probability at most 1/100, all the Q)(s, |ﬁ ()], €/4,1/100)
calls to SImMQ(f, H(a), {I;};eqi) & A 2, 1/(100Q(s, |H ()|, /4,1/100))) that

LearnPoly’ makes in Step 7 of Test-Sparse-Poly return the correct value of f"(z).

Proof. Consider a single call to the procedure SimMQ(f, H (a), {Ij};e fia) @ A 2,
1/(100Q(s, |H ()|, €/4,1/100))) made by LearnPoly’. We show that with failure proba-
bility at most & < 1/(100Q(s, |H(a)|,e/4,1/100) this call returns the value f”(z), and
the lemma then follows by a union bound over the Q(s, |H(a)|, ¢/4,1/ 100) many calls to

SimMQ.
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This call to SimMQ makes |H(a)| calls to SHIV(f, I;, a, A, z;,8'/H(c)|), one for
each j € H(a). Consider any fixed j € H(a). Statement 3 of Theorem 64 gives that I;
(j € H()) is (o, A)-well-structured. Since o > 12, it is easy to check the condition of
Lemma 75 holds where the role of “5” in that inequality is played by &’ /| H ()|, so we may
apply Lemma 75 and conclude that with failure probability at most &’ /| H (a)| (recall that by
statement 4 of Theorem 64 we have |H(a)| < slog(8s%/7)), SHIV returns an assignment
to the variables in I; which sets the high-influence variable to z; as required. By a union
bound, the overall failure probability that any I; (5 € H (c)) has its high-influence variable
not set according to z is at most ’. Now statement 5 and the discussion preceding this
lemma (the isomorphism between f’ and f”) give that SimMQ sets all of the variables that
are relevant in f’ correctly according to z in the assignment x it constructs in Step 2. Since
this assignment z sets all variables in U,z I; to 0, the bit b = f(z) that is returned is the

correct value of f”(z), with failure probability at most ¢’ as required. O O

With Lemma 76 in hand, we have that with failure probability at most 1/100, the
execution of LearnPoly’ (s, |H(a)|,€/4,1/100) in Step 7 of Test-Sparse-Poly correctly
simulates all membership queries. As a consequence, Corollary 63 thus gives us that
LearnPoly’ (s, | H ()], ¢/4,1/100)) returns “not s-sparse” with probability at most 1/100.
Summing all the failure probabilities over the entire execution of the algorithm, the overall

probability that Test-Sparse-Poly does not output “yes” is at most

Theorem 64 Step 4 Step 6 Lemma 76 Corollary 63

b et erte- et Tt
1/10 +1/100+1/100+1/100+ 1/100 < 1/5,

and the completeness theorem is proved. (Theorem 74) W ]

4.7 Soundness of the Test

In this section we prove the soundness of Test-Sparse-Poly:

Theorem 77. If f is e-far from any s-sparse polynomial, then Test-Sparse-Poly accepts

with probability at most 1/3.
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Proof. To prove the soundness of the test, we start by assuming that the function f has
progressed to step 5, so there are subsets I, . . ., I, and H(a) satisfying Inf 7(I;) > a+2A
forall 5 € H (a). As in the proof of completeness, we have that the actual influences of
all subsets should be close to the estimates, i.e. that Inf;(I;) > o+ A for all j € H(a)
exbept with with probability at most 1/100. We may then complete the proof in two parts

by establishing the following:

e If fand f’ are e,-far, step 6 will accept with probability at most &,.

o If f’ is e,-far from every s-sparse polynomial, step 7 will accept with probability at

most .

Establishing these statements with €, = ¢, = €/2, §, = 1/12 and §, = 1/6 will allow us to
complete the proof (and we may assume throughout the rest of the proof that Inf(1;) > «
for each j € H(a)).

The first statement follows immediately by our choice of m = i In i with €, = €/2
and 6, = 1/12 in Step 6. Our main task is to establish the second statement, which we do
‘ using Lemmas 78 and 79 stated below. Intuitively, we would like to show that if LearnPoly’
outputs a hypothesis ~ (which must be an s-sparse polynomial since LearnPoly’ is proper)
with probability greater than 1/6, then f’ is close to a junta isomorphic to h. To do this,
we establish that if LearnPoly’ succeeds with high probability, then the last hypothesis on
which an equivalence query is performed in LearnPoly’ is a function which is close to
f’. Our proof uses two lemmas: Lemma 79 tells us that this holds if the high influence
subsets satisfy a certain structure, and Lemma 78 tells us that if LearnPoly’ succeeds with
high probability then the subsets indeed satisfy this structure. We now state these lemmas
formally and complete the proof of the theorem, deferring the proofs of the lemmas until
later.

Recall that the algorithm LearnPoly’ will make repeated calls to SimMQ which in turn
makes repeated calls to SHIV. Lemma 78 states that if, with probability greater than 4., all
of these calls to SHIV return without failure, then the subsets associated with H(c) have a

special structure.
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Lemma 78. Let J C [n] be a subset of variables obtained by including the highest-
influence element in I; for each j € H (a) (breaking ties arbitrarily). Suppose that
k > 300|H(a)|/e; queries are made to SimMQ. Suppose moreover that Pr| every call
to SHIV that is made during these k queries returns without outputting ‘fail’] is greater

than 6 for 6o = 1/Q(k). Then the following both hold:

o Every subset I, for j € H(a) satisfies Inf (I, \ J) < %, /|H(a)

;s and

o The function f' is ex-close to the junta g : {0, 1}‘g(a)’—>{—1, 1} defined as as:

g(x) € Plur(f(z,27)].

Given that the subsets associated with H (a) have this special structure, Lemma 79 tells

us that the hypothesis output by LearnPoly’ should be close to the junta g.

Lemma 79. Define Qg as the maximum number of calls to SimMQ that that will be made
by LearnPoly' in all of its equivalence queries. Suppose that for every j € H (), it holds

that Inf;(I; \ J) < 2e/ |H(a)| with e, < Then the probability that LearnPoly’

800Qzs "
outputs a hypothesis h which is €/4-far from the junta g is at most d3 = 1/100.

We now show that Lemmas 78 and 79 suffice to prove the desired result. Suppose that
LearnPoly’ accepts with probability at least §, = 1/6. Assume LearnPoly’ makes at least
k queries to SIimMQ (we address this in the next paragraph); then it follows from Lemma
78 that the bins associated with H () satisfy the conditions of Lemma 79 and that fis
€o-close to the junta g. Now applying Lemma 79, we have that with failure probability at
most 1/100, LearnPoly’ outputs a hypothesis which is €/4-close to g. But then /" must be
(€2 + €/4)-close to this hypothesis, which is an s-sparse polynomial.

We need to establish that LearnPoly’ indeed makes k > 300|H(a)| /e, SimMQ queries
for an ¢, that satisfies the condition on ¢, in Lemma 79. (Note that if LearnPoly’ does not
actually make this many queries, we can simply have it make artificial calls to SHIV to
achieve this. An easy extension of our completeness proof handles this slight extension of
the algorithm; we omit the details.) Since we need €2 < «/800Q) g and Theorem 62 gives

us that Qp = (|[H(a)|s + 2) - 4In 300(|H(a)|s + 2) (each equivalence query is simulated
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using £ 1n 300(|H(a)|s + 2) random examples), an easy computation shows that it suffices

to take k = poly(s, 1/¢), and the proof of Theorem 77 is complete. O O

Before proving Lemma 79 and Lemma 78, we prove the following about the behavior
of SHIV when it is called with parameters o, A that do not quite match the real values

o', A’ for which I is (o/, A")-well-structured:

Lemma 80. If I is (o/, A")-well-structured, then the probability that SHIV(f,I,«, A, b, )
passes (i.e. does not output “fail”) and sets the high influence variable incorrectly is at

most (6/2)*7% - (1/a) - A -1n(2/9).

Proof. The only way for SHIV to pass with an incorrect setting of the high-influence vari-
able ¢ is if it fails to mark the subset containing ¢ for c iterations of the independence test,
and marks the other subset at least once. Since Vr(i) > o and V(I \ i) < A/, the proba-
bility of this occurring is at most (1 — ¢//2)¢- A’ - ¢/2. Since SHIV is called with failure

parameter 6, cis setto 2ln 2. O O
We now give a proof of Lemma 79, followed by a proof of Lemma 78.

Proof. (Lemma 79) By assumption each Inf;(I; \ J) < 26 /|H(a)| and Inf;(I;) > o,
so subadditivity of influence gives us that for each j € H (), there exists an ¢ € I; such
that Inf;(i) > o — 2e;/|H (). Thus for every each call to SHIV made by SimMQ, the
conditions of Lemma 80 are satisfied with Inf(i) > o — 2e5/|H(a)| and Infs(I; \ J) <

2¢5/|H(a)|. We show that as long as €5 < the probability that any particular query

50005
z to SImMQ has a variable set incorrectly is at most 03/3Qg.
Suppose SHIV has been called with failure probability d4, then the probability given

by Lemma 80 is at most:

(64/2)12ea/ (@ @) 2. (3) 25/ |FH(), @1
(0% 54

We shall show that this is at most ds/3|H()|Qr = 1/300Qg|H(a)|. Taking e, <
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a/800Q g simplifies (4.1) to:

L (syreselie), 3y 2
300Qg|H (o) 4 4
which is at most 1/300|H (a)|Qg as long as
7 3. 2
9/5 1722/ (lH(@)) 5 Z1p 2

which certainly holds for our choice of €, and the setting of 8; = 1/100k|H(a)|. Each call
to SImMQ uses |H(a)| calls to SHIV, so a union bound gives that each random query to
SimMQ returns an incorrect assignment with probability at most 1/300Q .

Now, since f’ and g are €y-close and e, satisfies eQp < d3/3, in the uniform random
samples used to simulate the final (accepting) equivalence query, LearnPoly’ will receive
examples labeled correctly according to g with probability at least 1 — 243/3. Finally, note
that LearnPoly’ makes at most | H ()]s + 2 equivalence queries and hence each query is
3(|H()|s+2)

3

random examples (for a failure probability of ﬁm for

each equivalence query). Then LearnPoly’ will reject with probability at least 1 — d5/3

simulated using 4 In

unless g and h are €/4-close. This concludes the proof of Lemma 79. O O

Proof. (Lemma 78) We prove that if Inf¢(1; \ J) > 2¢5/|H(c)| for some j € H(a), then
the probability that all calls to SHIV return successfully is at most d,. The closeness of 7
and g follows easily by the subadditivity of influence and Proposition 3.2 of [26].

First, we prove a much weaker statement whose analysis and conclusion will be used
to prove the proposition. We show in Proposition 81 that if the test accepts with high
probability, then the influence from each variable in any subset is small. We use the bound
on each variable’s influence to obtain the concentration result in Proposition 82, and then

complete the proof of Lemma 78.

Proposition 81. Suppose that k calls to SHIV are made with a particular subset I, and
let i be the variable with the highest influence in I. If Inf(j) > €2/100|H(a)| for some
j € I\ i, then the probability that SHIV returns without outputting ‘fail’ for all k calls is

at most 6* = e */18 4 e~
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Proof. Suppose that there exist j, j/ € I with Inf;(j) > Inf;(j') > €/100/H(c)|. A
standard Chernoff bound gives that except with probability at most e */18, for at least
(1/3)k of the calls to SHIV, variables j and j' are in different partitions. In these cases,
the probability SHIV does not output “fail’ is at most 2(1 — e,/100|H(a)|)¢, since for
each of the c runs of the independence test, one of the partitions must not be marked. The
probability no call outputs “fail’ is at most e /18 + 2(1 — e,/100| H (a)|)?*/3. Our choice
of k > 300 H(c)| /e ensures that (1/e)cke2/300H@] < (1/e)e, O O

Since in our setting |I;| may depend on n, using the monotonicity of influence with the
previous claim does not give a useful bound on Inf¢(7\ 7). But we see from the proof that if
the influence of each partition is not much less than Inf ;(1\i) and Inf ;(I\i) > 2e/|H(c)|,
then with enough calls to SHIV one of these calls should output “fail.” Hence the lemma

will be easily proven once we establish the following proposition:

Proposition 82. Suppose that k calls to SHIV are made with a particular subset I having
Inff(I\ i) > 2€/|H(a)| and Inf;(j) < e/100|H ()| for every j € I\ i. Then with
probability greater than 1 — §** = 1 —e™*/18 at least 1/3 of the k calls to SHIV yield both
Inf;(I') > ninf¢(I \ 4)/2 and Inf;(I°) > nlnf (1 \ 7)/2, where n = 1/e — 1/50.

Proof. We would like to show that a random partition of I into two parts will result in parts
each of which has influence not much less than the influence of I \ 7. Choosing a partition
is equivalent to choosing a random subset I’ of I \ ¢ and including 7 in I’ or I \ I’ with equal
probability. Thus it suffices to show that for random I’ C I \ 4, it is unlikely that Inf ;(I")
is much smaller than Inf;(I \ 7).

This does not hold for general I, but by bounding the influence of any particular variable
in I, which we have done in Proposition 81, and computing the unique variation (see
Definition 27 from Chapter 3) of I', we may obtain a deviation bound on Inf¢(1").

Now Inf;(I’) is lower bounded by a sum of independent, non-negative random vari-

ables whose expectation is given by

Y Urs(j) Z 1/2)Urs(j) = Infp(I\4)/2 %

jer j=1
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To obtain a concentration property, we require a bound on each Urs(j) < Inf(j), which

is precisely what we showed in the previous proposition. Note that Ur(:) = 0, and recall

that we have assumed that y > €5/|H(c)| and every j € I \ i satisfies Inf¢(5) < p/100.
Now we may use the bound from [26] in Proposition 3.5 with n = 1/e — 2/100 to

obtain:

PrY" Ury(j) < mu] < exp(*(ne — )] < 1/e

jer
Thus the probability that one of I° and I' has influence less than nu is at most 1/2. We
expect that half of the & calls to SHIV will result in /° and I* having influence at least 7,
so a Chernoff bound completes the proof of the claim with 6** < e~*/18, This concludes

the proof of Proposition 82. O O

Finally, we proceed to prove the lemma. Suppose that there exists some I such that
Inf¢(I\7) > 2ey/ |H(a)|. Now the probability that a particular call to SHIV with subset

succeeds is:
Pr[marked(7°); - marked(I*)] + Pr[marked(I"); - marked(I°)].

By Propositions 81 and 82, if with probability at least 0* + 6** none of the k calls to SHIV
return fail, then for & /3 runs of SHIV both Inf ;(I') and Inf ;(I°) are at least ne;/|H (o/)| >
€2/4|H(a)| and thus both probabilities are at most (1 — e3/4|H(a)])°.

As in the analysis of the first proposition, we may conclude that every subset I which
is called with SHIV at least k times either satisfies Inf /(I \ i) < 2e5/|H ()| or will cause
the test to reject with probability at least 1 — 0** — 26*. Recall that §* = e~¢+ e~*/18; since
SHIV is set to run with failure probability at most 1/ |H(a)|k, we have that &, is 1/Q(k).
This concludes the proof of Lemma 78. O O

4.8 Conclusion and future directions

An obvious question raised by this work is whether similar methods can be used to effi-

ciently test s-sparse polynomials over a general finite field F, with query and time com-
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plexity polynomial in s, 1/¢, and |F|. The algorithm from Chapter 3 uses O((s|F|)*/€?)
queries to test s-sparse polynomials over IF, but has running time 2<([Fl) . (1 /¢)loglos(1/e)
(arising, as discussed in Section 4.1, from brute-force search for a consistent hypothesis.).
One might hope to improve that algorithm by using techniques from this chapter. However,
doing so requires an algorithm for properly learning s-sparse polynomials over general fi-
nite fields. To the best of our knowledge, the most efficient algorithm for doing this (given
only black-box access to f : F"—IF) is the algorithm of Bshouty [11] which requires
m = sOUFlleg[F) Jog 1, queries and runs in poly(m,n) time. (Other learning algorithms are
known which do not have this exf)onential dependence on |[F|, but they either require evalu-
ating the polynomial at complex roots of unity [42] or on inputs belonging to an extension
field of F [31, 35].) It would be interesting to know whether there is a testing algorithm that
simultaneously achieves a polynomial runtime (and hence query complexity) dependence
on both the size parameter s and the cardinality of the field |F|.

Another goal for future work is to apply our methods to other classes beyond just poly-
nomials. Is it possible to combine the “testing by implicit learning” approach with other
membership-query-based learning algorithms, to achieve time and query efficient testers

for other natural classes?
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Chapter 5

Testing Halfspaces

5.1 Introduction

A halfspace is a function of the form f(z) = sgn(wyzy + - - - + wpx, — 6). Halfspaces are
also known as threshold functions or linear threshold functions; for brevity we shall often

refer to them here as LTFs. More formally, we have the following:

Definition 83. A “linear threshold function,” or LTF, is a Boolean-valued function of the
form f(zx) = sgn(wizy + ... + wpx, — ) where wy,...,w,,0 € R. The w;’s are called
“weights,” and 0 is called the “threshold.” The sgn function is 1 on arguments > 0, and

—1 otherwise.

LTFs are a simple yet powerful class of functions, which for decades have played an
important role in fields such as complexity theory, optimization, and machine learning (see
e.g. [32,64,7,49, 45, 57)).

In this chapter, we focus on the halfspace testing problem: given query access to a
function, we would like to distinguish whether it is an LTF or whether it is e-far from any
LTF. Our main result is to show that the halfspace testing problem can be solved with a
number of queries that is independent of n. In doing so, we establish new structural results
about LTFs which essentially characterize LTFs in terms of their degree-O and degree-1
Fourier coefficients.

We note that any learning algorithm — even one with black-box query access to f —
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must make at least {2(2) queries to learn an unknown LTF to accuracy € under the uniform
distribution on {—1, 1}™ (this follows easily from, e.g., the results of [40]). Thus the com-
plexity of learning is linear in n, as opposed to our testing bounds which are independent
of n.

We start by describing our testing results in more detail.

Our Results. We consider the standard property testing model, in which the testing algo-
rithm is allowed black-box query access to an unknown function f and must minimize the
number of times it queries f. The algorithm must with high probability pass all functions
that have the property and with high probability fail all functions that have distance at least

e from any function with the property. Our main algorithmic results are the following:

1. We first consider functions that map R"—{—1, 1}, where we measure the distance
between functions with respect to the standard n-dimensional Gaussian distribution.
In this setting we give a poly() query algorithm for testing LTFs with two-sided

CIror.

2. [Main Result.] We next consider functions that map {—1, 1}"—{—1, 1}, where (as is
standard in property testing) we measure the distance between functions with respect
to the uniform distribution over {—1, 1}". In this setting we also give a poly(%) query

algorithm for testing LTFs with two-sided error.

Results 1 and 2 show that in two natural settings we can test a highly geometric prop-
erty — whether or not the —1 and +1 values defined by f are linearly separable — with
a number of queries that is independent of the dimension of the space. Moreover, the de-
pendence on % is only polynomial, rather than exponential or tower-type as in some other
property testing algorithms.

While it is slightly unusual to consider property testing under the standard multivari-
ate Gaussian distribution, we remark that our results are much simpler to establish in
this setting because the rotational invariance essentially means that we can deal with a 1-
dimensional problem. We moreover observe that it seems essentially necessary to solve the

LTF testing problem in the Gaussian domain in order to solve the problem in the standard
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{—=1,1}" uniform distribution framework; to see this, observe that an unknown function

f:{-1,1}" — {—1,1} to be tested could in fact have the structure

”<x1+"'+$m x(d—l)m+1+"'+xdm)

f(l'17~--717dm):f \/ﬁ P \/ﬁ

in which case the arguments to f behave very much like d independent standard Gaussian
random variables.

We note that the assumption that our testing algorithm has query access to f (as opposed
to, say, access only to random labeled examples) is necessary to achieve a complexity
independent of n. Any LTF testing algorithm with access only to uniform random examples
(z, f(z)) for f : {—1,1}"—{—1, 1} mustuse at least 2(log n) examples (an easy argument
shows that with fewer examples, the distribution on examples labeled according to a truly
random function is statistically indistinguishable from the distribution on examples labeled

according to a randomly chosen variable from {x,...,z,}).

Characterizations and Techniques. In Chapter 3, we described the "implicit learning”
approach to testing. However, that approach does not apply directly to LTFs, since in
general implicit learning requires that the functions in question be “well approximated” by
juntas, and LTFs clearly are not. To test LTFs we must take a new tack.

We establish new structural results about LTFs which essentially characterize LTFs in
terms of their degree-0 and degree-1 Fourier coefficients. For functions mapping {—1,1}"
to {—1,1} it has long been known [14] that any linear threshold function f is completely
specified by the n + 1 parameters consisting of its degree-0 and degree-1 Fourier coeffi-
cients (also referred to as its Chow parameters). While this specification has been used to
learn LTFs in various contexts [5, 28, 56], it is not clear how it can be used to construct
efficient testers (for one thing this specification involves n + 1 parameters, and in testing
we want a query complexity independent of n). Intuitively, we get around this difficulty by
giving new characterizations of LTFs as those functions that satisfy a particular relationship
between just two parameters, namely the degree-0 Fourier coefficient and the sum of the
squared degree-1 Fourier coefficients. Moreover, our characterizations are robust in that if

a function approximately satisfies the relationship, then it must be close to an LTF. This is
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what makes the characterizations useful for testing.

In Section 5.3 we consider functions mapping R" to {—1,1}, where we view R” as
endowed with the standard n-dimensional Gaussian distribution. Our characterization is
particularly clean in this setting and illustrates the essential approach that also underlies the
much more involved Boolean case. On one hand, it is not hard to show that for every LTF
f, the sum of the squares of the degree-1 Hermite coefficients of f is equal to a particular
function of the mean of f — regardless of which LTF f is. We call this function W; it is

essentially the square of the “Gaussian isoperimetric” function.

Conversely, Theorem 100 shows that if f : R"—{—1,1} is any function for which
the sum of the squares of the degree-1 Hermite coefficients is within +¢* of W (E[f]),
then f must be O(e)-close to an LTF — in fact to an LTF whose n weights are the n
degree-1 Hermite coefficients of f. The value E[f] can clearly be estimated by sampling,
and moreover it can be shown that a simple approach of sampling f on pairs of correlated
inputs can be used to obtain an accurate estimate of the sum of the squares of the degree-1
Hermite coefficients. We thus obtain a simple and efficient test for LTFs under the Gaussian
distribution and thereby establish Result 1.

In Section 5.4 we take a step toward handling general LTFs over {—1, 1}™ by develop-
ing an analogous characterization and testing algorithm for the class of balanced regular
LTFs over {—1,1}"; these are LTFs with E[f] = 0 for which all degree-1 Fourier co-
efficients are small. ‘' The heart of this characterization is a pair of results, Theorems 112
and 113, which give Boolean-cube analogues of our characterization of Gaussian LTFs.
Theorem 112 states that the sum of the squares of the degree-1 Fourier coefficients of any
balanced regular LTF is approximately W (0) = 2. Theorem 113 states that any function
f whose degree-1 Fourier coefficients are all small and whose squares sum to roughly %
is in fact close to an LTF — in fact, to one whose weights are the degree-1 Fourier coeffi-
cients of f. Similar to the Gaussian setting, we can estimate E|[f] by uniform sampling and
can estimate the sum of squares of degree-1 Fourier coefficients by sampling f on pairs of
correlated inputs. An additional algorithmic step is also required here, namely checking
that all the degree-1 Fourier coefficients of f are indeed small; it turns out that this can be

done by estimating the sum of fourth powers of the degree-1 Fourier coefficients, which
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can again be obtained by sampling f on (4-tuples of) correlated inputs.
The general case of testing arbitrary LTFs over {—1, 1}" is substantially more complex
and is dealt with in Section 5.5. Very roughly speaking, the algorithm has three main

conceptual steps:

e First the algorithm implicitly identifies a set of O(1) many variables that have “large”
degree-1 Fourier coefficients. Even a single such variable cannot be explicitly identi-
fied using o(log n) queries; we perform the implicit identification using O(1) queries
by adapting an algorithmic technique from [25]. This is similar to the implicit learn-

ing approach from Chapter 3.

e Second, the algorithm analyzes the regular subfunctions that are obtained by restrict-
ing these implicitly identified variables; in particular, it checks that there is a single
set of weights for the unrestricted variables such that the different restrictions can
all be expressed as LTFs with these weights (but different thresholds) over the unre-
stricted variables. Roughly speaking, this is done using a generalized version of the
regular LTF test that tests whether a pair of functions are close to LTFs over the same
linear form but with different thresholds. The key technical ingredients enabling this
are Theorems 127 and 128, which generalize Theorems 112 and 113 in two ways (to

pairs of functions, and to functions which may have nonzero expectation).

e Finally, the algorithm checks that there exists a single set of weights for the restricted
variables that is compatible with the different biases of the different restricted func-
tions. If this is the case then the overall function is close to the LTF obtained by
combining these two sets of weights for the unrestricted and restricted variables. (In-
tuitively, since there are only O(1) restricted variables there are only O(1) possible

sets of weights to check here.)

Outline of the Chapter. In Section 5.2 we describe a subroutine for estimating sums of
powers of Fourier and Hermite coefficients, based on the notion of Noise Stability. Sec-
tion 5.3 contains our algorithm for testing general LTFs over Gaussian Space. Section 5.4

contains an algorithm for testing balanced, regular LTFs over {—1,1}", a “warm-up” to
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our main result. Finally, Section 5.5 contains our main result, a general algorithm for test-

ing LTFs over {—1,1}"

5.2 Tools for Estimating Sums of Powers of Fourier and

Hermite Coefficients

In this section we show how to estimate the sum ) ;. F(4)? for functions over a boolean
domain, and the sum ) ., f(e;)? for functions over gaussian space. This subroutine lies at
the heart of our testing algorithms. We actually prove a more general theorem, showing how
to estimate ) ., f(4)? for any integer p > 2. Estimating the special case of Yoia Fi)*
, or whether all | f(;)|

allows us to distinguish whether a function has a single large | f (i)
are small. The main results in this section are Corollary 90 (along with its analogue for

Gaussian space, Lemma 93), and Lemma 92.

5.2.1 Noise Stability

Definition 84. (Noise stability for Boolean functions.) Let f,g : {—1,1}"—{~1,1}, let
n € [0,1], and let (x,y) be a pair of n-correlated random inputs — i.e., x is a uniformly
random string and y is formed by setting y;, = x; with probability n and letting v; be

uniform otherwise, independently for each i. We define

Sy(f:9) = E[f(2)g(y)]-

Fact 85. In the above setting, S,(f,9) = > sy F(8)§(8)n!s.

Definition 86. (Noise stability for Gaussian functions.) Let f,g : R"—R be in L*(R")
with respect to the Gaussian measure, let ) € [0, 1], and let (z,y) be a pair of n-correlated
n-dimensional Gaussians. lLe., each pair of coordinates (x;,vy;) is chosen independently as

Sfollows: z; is a standard 1-dimensional Gaussian, and y; = nz; + /1 — n? - z;, where z;
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is an independent standard Gaussian. We define

Sy(f,9) = E[f(x)g(y)]-

Fact 87. In the above setting, S,(f,9) = > _genn F(9)3(S)nlS!, where | S| denotes 3, S;.

5.2.2 Estimating sums of powers of Fourier coefficients

For z = (1,...,2,) and S C [n] we write x5 for the monomial [ ], x;. The following

lemma generalizes Fact 85:

Lemma 88. Fixp > 2. Let f1, ..., f, be p functions f; : {—1,1}" — {—1,1}. Fix any set
T C [n]. Let 2, ..., 27! be independent uniform random strings in {—1,1}" and let y be
a random string whose bits are independently chosen with Prly; = 1] = § fori ¢ T and

Prly; = 1] = % + %77 fori € T. Let ® denote coordinate-wise multiplication. Then

E[fi(z") fa(a®) - fpma(aP ) fy(a' 02 @ - - 02 Oy)] = S;T 1 (S)f2(S) - f(S)-

Proof. We have

p—1

E([[ i) fola 0220 027 0y)

= E[ X (ﬁ fi(Si)(:ri)si) fo(Sp)(E' 0z* @ - 0" O y)s,]

= X (H ﬁ(&-)) -E[(z")s,as, - (2775, 1a8,(1)s,]

S1,-8pCIn] \ 521
Now recalling that z!, ..., zP~! and y are all independent and the definition of y, we have
that the only nonzero terms in the above sum occur when S1 = --- = 5,1 = S, C T in
this case the expectation is 5!, This proves the lemma. a
Lemma 89. Let p > 2, and suppose we have black-box access to f1, ..., f, : {—1,1}"—

{—1,1}. Then for any T C [n], we can estimate the sum of products of degree-1 Fourier
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coefficients

to within an additive n, with confidence 1 — 6, using O(p - log(1/6)/n*) queries.

Proof. Let z', ..., zP be independent uniform random strings in {—1,1}" and let y be as
P

in the previous lemma. Empirically estimate

E[fi(z") fa(2®) - - fp(z)] and (5.1)
E[fi(z") f2(z?) -+ fpa (2P ) fp(z' @22 @ - 0 2Pt O y)] (5.2)

to within an additive +?, using O(log(1/6)/n*) samples for each random variable (and
hence O(p - log(1/8)/n*) queries overall). By the previous lemma these two quantities are

exactly equal to

h@)---f,0)  and > ¥ F1(8)fa(8) - f(9)

SCT

réspectively. Subtracting the former estimate from the latter yields

> 0¥A(S) - f(S)

|S|>0,SCT

to within an additive O(n?), and this itself is within % of

X nfi(8) - f(8)

IS|=1,5CT

because the difference is

> ¥i(8) - fo(S)

|S|>1,8CT
< AG) - f09)
|S|>1,8CT
<7 X A2 T (£(S) f(9))? (5.3)
|S|>1,8CT |S|>1,8CT
< 2l )Y hS2<gr (5.4)
|S[>1,8CT
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where (5.3) is Cauchy-Schwarz and (5.4) uses the fact that the sum of the squares of the
Fourier coefficients of a Boolean function is at most 1. Thus we have n-> ., O A0)

to within an additive O(n?); dividing by n gives us the required estimate within O(n). O
Taking all f;’s to be the same function f, we have

Corollary 90. Fix p > 2 and fix any T C [n]. Given black-box access to f : {—1,1}" —

{—1,1}, we can estimate 3, f(i) to an additive +n, with confidence 1 — §, using
O(p - log(1/8)/n*) queries.

Proposition 91. Ifeveryi € T has |f(i)| < a, then Y, p f(i)* < @® ¥,ep f(1)? < @2
Lemma 92. Fixany T C [n]. There is a O(log(1/4)/7'®)-query test Non-Regular(r,,T)

which, given query access to f : {—1,1}"—{—1, 1}, behaves as follows: with probability
1-4,

o If| f (2)| > 7 for some i € T then the test accepts;
o Ifeveryi € T has |f(i)| < 7%/4 then the test rejects.

Proof. The test s to estimate 3", f(4)* to within an additive £7*/4 and then accept if and
only if the estimate is at least 74/2. If | f(i)| > 7 for some i then clearly Y7 f(i)* > 74
so the test will accept since the estimate will be at least 37t /4. On the other hand, if each
i € T has | f(i)| < 72/4, then 3, f(i)* < 7*/16 by Proposition 91 and so the test will

reject since the estimate will be less than 574/16. (]

5.2.3 Estimating sums of powers of Hermite coefficients

Here we let f (e;) denote the i-th degree-1 Hermite coefficient of f : R™ — R as described
in Section 5.3.
For the Gaussian distribution we require only the following lemma, which can be

proved in a straightforward way following the arguments in Section 5.2.2 and using Fact 87.

Lemma 93. Given black-box access to f : R™ — {—1, 1}, we can estimate 3 .. | fle)2to

within an additive 7, with confidence 1 — 6, using O(log(1/8)/n*) queries.
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5.3 A Tester for General LTFs over R"

In this section we consider functions f that map R™ to {—1,1}, where we view R"™ as
endowed with the standard n-dimensional Gaussian distribution. A draw of z from this
distribution over R™ is obtained by drawing each coordinate z; independently from the
standard one-dimensional Gaussian distribution with mean zerd and variance 1.

Our main result in this section is an algorithm for testing whether a function f is an LTF
vs e-far from all LTFs in this Gaussian setting. The algorithm itself is surprisingly simple.
It first estimates f’s mean, then estimates the sum of the squares of f’s degree-1 hermite
coefficients. Finally it checks that this latter sum is equal to a particular function W of the
mean.

The tester and the analysis in this section can be viewed as a ”"warmup” for the results
in later sections. Thus, it is worth saying a few words here about why the Gaussian setting
is so much easier to analyze. Let f : R"—{—1,1} be an LTF, f(z) = sgn(w - z — 6), and
assume by normalization that ||w|| = 1. Now note the n-dimensional Gaussian distribution
is spherically symmetric, as is the class of LTFs. Thus there is a sense in which all LTFs
with a given threshold 6 are “the same” in the Gaussian setting. (This is very much untrue
in the discrete setting of {—1,1}".) We can thus derive Hermite-analytic facts about all
LTFs by studying one particular LTF; say, f(z) = sgn(e; - z — 6). In this case, the picture
is essentially 1-dimensional; i.e., we can think of simply hy : R—{—1,1} defined by
he(xz) = sgn(xz — @), where z is a single standard Gaussian, and the only parameter is
0 € R. In the following sections we derive some simple facts about this function, then give

the details of our tester.

5.3.1 Gaussian LTF facts.

In this section we will use Hermite analysis on functions.
Definition 94. We write ¢ for the p.d.f. of a standard Gaussian; i.e., ¢(t) = #e‘tz/ 2,

Definition 95. Let hyg : R—{—1, 1} denote the function of one Gaussian random variable

z given by hy(z) = sgn(z — 0).
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Definition 96. The function i : R U {£oo}—[—1, 1] is defined as u(6) = ho(0) = E[hg].
Explicitly, p(6) = -1+ 2 fgoo o.

Note that p is a monotone strictly decreasing function, and it follows that y is invertible.

Note also that by an easy explicit calculation, we have that iZ;(l) = E[ho(z)x] = 2¢(0).

Definition 97. We define the function W : [—1,1]—[0,2/x] by W (v) = (2¢(n~}(v)))?
Equivalently, W is defined so that W (E[hg]) = ho(1)2

The intuition for W is that it “tells us what the squared degree-1 Hermite coefficient
should be, given the mean.” We remark that W is a function symmetric about 0, with a

peak at W(0) = 2,

Proposition 98. If x denotes a standard Gaussian random variable, then
1. Eflz — 6]) = 26(6) — 0u(6).
2. | < \/2/_7r everywhere, and |W'| < 1 everywhere.
3. If|lv] =1 — nthen W(v) = O(n*log(1/n)).

Proof. The first statement is because both equal E[hy(z)(z —6)]. The bound on p’s deriva-
tive holds because i/ = —2¢. The bound on W’s derivative is because W'(v) = 4¢(6)6,
where # = p~1(v), and this expression is maximized at § = +1, where itis .96788--- < 1.
Finally, the last statement can be straightforwardly derived from the fact that 1 — u(6) ~
2¢(0)/16| for |6] > 1. O

Having understood the degree-0 and degree-1 Hermite coefficients for the “1 dimen-
sional” LTF f : R"—{—1,1} given by f(z) = sgn(z; — 6), we can immediately derive

analogues for general LTFs:

Proposition 99. Let f : R"—{—1,1} be the LTF f(z) = sgn(w - x — §), where w € R™
Assume without loss of generality that ||w|| = 1 (we can do so, since the sign of w-x — 0

is unchanged when multiplied by any positive constant). Then:

A

L fO) =Elfl=p6). 2 fle) = VWEDwi 3. 3 fle) = WEL]).
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Proof. The first statement follows from the definition of 1(6). The third statement follows
from the second, which we will prove. We have f(e;) = Egfsgn(w - z — 6)xz;]. Now
w - z is distributed as a standard 1-dimensional Gaussian. Further, w - x and z; are jointly
Gaussian with covariance E[(w - z)z;] = w;. Hence (w - z, z;) has the same distribution as
(y, wy + m - z) where y and z are independent standard 1-dimensional Gaussians.
Thus

E)[sgn(w -z —0)z1] = E[sgn(y —0)(wiy +4/1 — w? - 2)]
= whe(1) + Efsgn(y — 6)4/1 — w? - 2]

win/W(E[hg]) + 0

= VW(E[f)w

as desired. O

The second item in the above proposition leads us to an interesting observation: if
f(z) = sgn(wr1z1 + - + wpxn, — 0) is any LTF, then its vector of degree-1 Hermite

coefficients, (f(el), ce f(en)), is parallel to its vector of weights, (w1, ..., w,).

5.3.2 The Tester.

We now give a simple algorithm and prove that it accepts any LTF with probability at least
2/3 and rejects any function that is O(e)-far from all LTFs with probability at least 2/3. The
algorithm is nonadaptive and has two-sided error; the analysis of the two-sided confidence
error is standard and will be omitted.

Given an input parameter € > 0, the algorithm works as follows:
1. Let fi denote an estimate of E|f] that is accurate to within additive accuracy =+e3.

2. Let 52 denote an estimate of .7, f(e;)? that is accurate to within additive accuracy

+éd.
3. If |62 — W(jz)| < 2¢® then output “yes,” otherwise output “no.”
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The first step can be performed simply by making O(1/¢®) independent draws from
the Gaussian distribution, querying f on each draw, and letting i be the corresponding
empirical estimate of E[f]; the result will be +e3-accurate with high probability. The
second step of estimating » ", f(e;)? was described in section 5.2.

We now analyze the correctness of the test. The “yes” case is quite easy: Since f is
within =€* of E[f], and since |IW’| < 1 for all z (by Proposition 98 item 2), we conclude
that W (j2) is within +¢* of the true value W (E[f]). But since f is an LTF, this value is
precisely S°7, f(e;)?, by Proposition 99 item 3. Now &2 is within +¢ of 3.0, f(e;)?,
and so the test indeed outputs “yes”.

As for the “no” case, the following theorem implies that any function f which passes
the test with high probability is O(€)-close to an LTF (either a constant function 1 or a
specific LTF defined by E[f] and f’s degree-1 Hermite coefficients):

Theorem 100. Assume that |E[f]] < 1 — e If | 1, f(e))? — W(E[f])| < 463, then f

is O(€)-close to an LTF (in fact to an LTF whose coefficients are the Hermite coefficients

N

fle)).
Proof. Let 0 = /3, f(e:)2 let t = p~'(E[f]), and let h(z) = iZf(ei)xi —t. We

will show that f and the LTF sgn(h) are O(e)-close, by showing that both functions are

correlated similarly with A. We have
1 A
Blfh] = =3 f(e:)? - tElf] = o — tB]f]

where the first equality uses Plancherel. On the other hand, by Proposition 98 (item 1), we

have

E[|]] = 26(t) — tu(t) = 2¢(u~"(E[f])) — tE[f] = VW(E[f]) - tE[f], and thus

3
4e 9

E[h(sgn(h) — f)] = E[|A| = fh] = VW(E[f]) -0 < JTETD < C¢,

where C' > 0 is some universal constant. Here the first inequality follows from the fact:

Fact 101. Suppose A and B are nonnegative and |A— B| < n. Then |\JA—+/B| < 1/v/B.
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Proof. |v/A—+/B| = E;ﬁ% < O

with W (E[f]), o2, 4€? in place of A, B, and 7. The second follows from the assumption
that | E[f]| < 1 — ¢, which by Proposition 98 (item 3) implies that /W (E[f]) > Q(e).
Note that for any z, the value h(z)(sgn(h(z)) — f(z)) equals 2|h(z)| if f and sgn(h)
disagree on z, and zero otherwise. So given that E[h(sgn(h) — f)] < Cé?, the value of
Pr[f(z) # sgn(h(z))] is greatest if the points of disagreement are those on which A is
smallest. Let p denote Pr[f # sgn(h)]. Recall that h is defined as a linear combination of
x;’s. Since each z; is chosen according to a gaussian distribution, and a linear combination
of gaussian random variables is itself a gaussian (with variance equal to the sum of the
square of the weights, in this case 1), it is easy to see that Pr[|h| < p/2] < V——lz_;p < p/2.
It follows that f and sgn(h) disagree on a set of measure at least p/2, over which |A/| is at
least p/2. Thus, E[h(sgn(h) — f)] > 2- (p/2) - (p/2) = p?/2. Combining this with the
above, it follows that p< V2C - ¢, and we are done. O

5.4 A Tester for Balanced Regular LTFs over {—1,1}"

It is natural to hope that an algorithm similar to the one we employed in the Gaussian case
— estimating the sum of squares of the degree-1 Fourier coefficients of the function, and
checking that it matches up with W of the function’s mean — can be used for LTFs over
{—1,1}™ as well. It turns out that LTFs which are what we call “regular” — i.e., they
have all their degree-1 Fourier coefficients small in magnitude — are amenable to the basic
approach from Section 5.3, but LTFs which have large degree-1 Fourier coefficients pose
significant additional complications. For intuition, consider Maj(z) = sgn(z1 + - -+ + zy,)
as an example of a highly regular halfspace and sgn(z;) as an example of a halfspace which
is highly non-regular. In the first case, the argument x; + - - - + x,, behaves very much like
a Gaussian random variable so it is not too surprising that the Gaussian approach can be
made to work; but in the second case, the +1-valued random variable z; is very unlike a
Gaussian.

We defer testing general LTF’s over {—1,1}" to Section 5.5, and in this section we

present a tester for balanced, regular LTFs.

136



Definition 102. We say that f : {—1,1}"—{—1,1} is 7-regular if | f(:)| < 7 foralli € [n].

Definition 103. We say that an LTF f : {—1,1}"—{—1, 1} is “balanced” if it has thresh-
old zero and E[f] = 0. We define LTF,, ; to be the class of all balanced, T-regular LTFs.

The balanced regular LTF subcase gives an important conceptual ingredient in the test-
ing algorithm for general LTFs and admits a relatively self-contained presentation. As we
discuss in Section 5.5, though, significant additional work is required to get rid of either
the “balanced” or “regular” restriction.

The following theorem shows that we can test the class LTF,, ; with a constant number

of queries:

Theorem 104. Fix any 7 > 0. There is an O(1/7%)-query algorithm A that satisfies the

1/6

following property: Let € be any value € > CT1'/°, where C' is an absolute constant. Then

if A is run with input € and black-box access to any f : {—1,1}" — {-1,1},
o if f € LTF,, , then A outputs “yes” with probability at least 2/3;

o if f is e-far from every function in LTF,, ; then A outputs “no” with probability at
least 2/3.

The algorithm A in Theorem 104 has two steps. The purpose of Step 1 is to check that
f is roughly 7-regular; if it is not, then the test rejects since f is certainly not a T-regular
halfspace. In Step 2, A checks that >, F)? = 2 This check is based on the idea (see
Section 5.4.2) that for any regular function f, the degree-1 Fourier weight is close to % if
and only if f is close to being an LTF. (Note the correspondence between this statement
and the results of Section 5.3 in the case E[f] = 0.)

We now describe algorithm A, which takes as input a parameter ¢ > C71/6:

1. First A estimates .7, f(i)* to within an additive +72. If the estimate is greater than

272 then A halts and outputs “no,” otherwise it continues.

2. Next A estimates Y7, f(i)? to within an additive £C,7'/% (where C; > 0 is an
absolute constant specified below). If this estimate is within an additive +20,7/3 of

% then A outputs “yes”, otherwise it outputs “no.”
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A description of how the sums of powers of degree-1 Fourier coefficients can be esti-
mated was given in Section 5.2, see Corollary 90 in particular.

In Section 5.4.1 we discuss how regular LTFs over {—1, 1}" can be approximated by
functions of the form sgn(X — #) where X is a single Gaussian random variable. In Sec-
tion 5.4.2, we prove two theorems showing that balanced regular LTFs are essentially char-
acterized by the property > f (1) =~ % In Section 5.4.3 we prove correctness of the

test.

5.4.1 Approximating Regular LTFs as Gaussian Threshold Functions.

In this section we show that regular LTFs over {—1, 1}" behave essentially like functions of
the form sgn(X — 6), where X is a single Gaussian random variable. In sections 5.4.2 and
5.4.3 we will be particularly interested in the case when § = 0, however in later sections
we will be interested in arbitrary 6, hence we prove more general versions of the theorems
here.

Before getting started, we make a notational note. Throughout the rest of this chapeter
we will be dealing with approximations, and therefore it will be convenient to have a quick
way to indicate when a is an approximation of b to “within an O(n) factor.” Thus we make

the following definition:
Definition 105. For a,b € R we write a ~ b to indicate that |a — b < O(n).

Now we state the well-known Berry-Esseen theorem, a version of the Central Limit

Theorem with error bounds (see, e.g., [21]):

Theorem 106. Let {(z) = c1z1 + - -+ + ¢ 2y, be a linear form over the random +1 bits
z;. Let T be such that |c;| < 7 for all i, and write 0 = /Y, c2. Write F for the c.df. of
Uz)/o;ie, F(t) =Prll(z)/o < t|. Then forallt € R,

IF(E) = 8(0)] < O(r/o) -

where ® denotes the c.d.f. of X, a standard Gaussian random variable. In particular, if

T/o

A C Ris any interval then Pr[{(z) /o € A] = Pr[X € A].
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We will sometimes find it useful to quote a special case of the Berry-Essen theorem

(with a sharper constant). The following can be found in [52]:

Theorem 107. In the setup of Theorem 106, for any A > T and any 8 € R it holds that
Pr[|¢(z) — 6] < A\] < 6)/0.

The following is an almost immediate consequence of the Berry-Esseen theorem:

Proposition 108. Let f(z) = sgn(c -z — 6) be an LTF such that y_,c? = land |¢;] < T
for all i. Then we have E|[f] ~ w(8), where y is the function defined in Definition 96.

Next we prove the following more difficult statement, which gives an approximation

for the expected magnitude of the linear form ¢ - z — 6 itself:

Proposition 109. Let ¢(x) = Y c;x; be a linear form over {—1,1}" and assume |c;| < T

foralli. letc = /> c? andlet 0 € R. Then
E[|¢ - 0|] = E[lo X - 0[],
where X is a standard Gaussian random variable.

Proof. The result is certainly true if ¢ = 0, so we may assume o > (0. Using the fact that
E[R] = [;°Pr[R > s]ds for any nonnegative random variable R for which E[R] < oo,
we have that
E[|¢—-0|] = / Pr[|¢ — 6] > s]ds
0
= / Pr[l > 0+ s] + Pr[¢ < 6 — s]ds
0
_ / (1= F((6 + 5)/0) + F((6 — 5)/0) ds 5.5)
0
where we have written F' for the c.d.f. of ¢(x)/c. We shall apply Berry-Esseen to ¢(z).

Berry-Esseen tells us that for all z € R we have |F(z) — ®(2)| < O(r/0)/(1+ |2]®). Note

that
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2 Ellczil’] = X laf

It follows that (5.5) < (A) + (B), where

(4) = /Ooo 1 — (8 +5)/0) + B((6 — 5)/0) ds

and

00 1 1
®) = 06/o)- [ (rriaraes * e —e) ©

It is easy to see that

(B)=0(1/o) - /00 ! dzx = O(r).

oo L+ |z /0|3

For (A), observe that (A) can be re-expressed as

/Oo PrX > (8 + 8)/o] + Pr[X < (0 — s)/o]ds = /oo Prf|oX — 0] > 5] ds.

Again using the fact that E[R] = [° Pr[R > s] ds for any nonnegative random variable R

for which E[R] < oo, this equals E[|cX — 6]]. This gives the desired bound.

Multidimensional Berry-Esseen

We now discuss a multidimensional generalization of the Berry-Esseen Theorem (Theo-

rem 106) that will be useful in our tester for general LTFs over {—1,1}". The argument

here is very similar to an argument in [39], and is included only for completeness. It won’t

be used until Section 5.5, thus for now the reader may safely skip ahead to Section 5.4.2

The following theorem appears as Theorem 16 in [39] and Corollary 16.3 in [4]

140



Theorem 110. Let X, ..., X,, be independent random variables taking values in RF satis-
fying:

e E[X;]=0,j=1.n

o n! Z;’:l Cov(X;) =V, where Cov denotes the variance-covariance matrix

o )\ is the smallest eigenvalue of V', A is the largest eigenvalue of V

o o= T E[IX, ] < oo

Let (), denote the distribution of n~1/2 (X144 X,), let ©o v denote the distribution
of the k-dimensional Gaussian with mean 0 and variance-covariance matrix V, and let
n = CA~32psn=1/2 where C is a certain universal constant.

Then for any Borel set A,
|Qn(A) — Sov(A)] < n+ B(A)

where B(A) is the following measure of the boundary of A : B(A) = 2 sup ®q v ((3A)" +
y€eRF

y), where f = AY/?1) and (DA)" denotes the set of points within distance 7/ of the topo-

logical boundary of A.

The following application of Theorem 110 will be useful for our purposes. The argu-

ment is the same as that used in the proof of Proposition 10.1 in [39].

Theorem 111. Let {(x) = cyz; + - - - + ¢, &, be a linear form such that Y, c;> = 1. Let T
be such that |c;| < 7 for all i. Let (x,y) be a pair of p-correlated random binary strings.

Then for any intervals Iy C R and I, C R we have

Pr{(¢(z),£(y)) € (A, B)] % Pr((X,Y) € (I1, 1))
where (X,Y) is a pair of p-correlated Gaussians.
Proof. We will apply Theorem 110. First, for ¢ = 1,...n we define the random variables

1
L; = (v/neizy, /ncy;). It is easy to see that E[L;] = (0,0) and Cov(L;) = nc? P

p 1
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1
for each . Thus V = n~ Y- Cov(L;) = ’1) . The eigenvalues of V are A = 1— p
)
and A =1+ p.

Note that || L;|| = v/2n|c;| with probability 1, so

ps = nt Y ElIXI°]
j=1

J
_ 23/2n1/2 Z |Ci|3
2°n'/? - maxile;| - Y el

< 2%2p1/2;

VAN

Thus 7 is O((1 — p)~%/27). If | p| bounded away from 1, then this is O(7).

It is easy to check that the topological boundary of I; x I is O(r). Since ' = (1 +
p)/?n, this is also O(7). Thus |Pr[(¢(z),£(y)) € (4,B)] =~ Pr[(X,Y) € (I1,L)]| <
O(7) and the theorem is proved.

O

5.4.2 Two theorems about LTF,, ;.

The first theorem of this section tells us that any f € LTF,, , has sum of squares of degree-
2

1 Fourier coefficients very close to £, The next theorem is a sort of dual; it states that
any Boolean function f whose degree-1 Fourier coefficients are all small and have sum of
squares ~ % is close to being a balanced regular LTF (in fact, to the LTF whose weights
equal f’s degree-1 Fourier coefficients). Note the similarity in spirit between these results
and the characterization of LTFs with respect to the Gaussian distribution that was provided

by Proposition 99 item 3 and Theorem 100.
Theorem 112. Let f € LTF,, .. Then |Yr_, f(i)> — 2| < O(r%?).
Proof. Let p > ( be small (chosen later). Theorem 5 of [39] states that for f € LTF,, » and
p € [-1, 1] we have
2 —3/2
So(f, f)=1- - arccos(p) £ O(7(1 — p)~>/%)
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Combining this with Fact 85, and substituting arccos(p) = & — arcsin(p), we have
18] fan2 _ 2 -
S pPF(S) = — arcsin p + O(7).
S

On the LHS side we have that f(S) = 0 for all even |S| since f is an odd function, and
s AIF(S) = p3 511 (9] < P* 315155 F(S)? < p°. On the RHS, by a

Taylor expansion we have 2 arcsin p = 2p + O(p?). We thus conclude

therefore,

péf(if = %pi O(p* + 7).

Dividing by p and optimizing with p = ©(7'/%) completes the proof. O

Theorem 113. Let f : {—1,1}" — {=1,1} be any function such that |f(i)| < 7 for
all i and | 7, f(i)? — 2| < v. Write ((z) :== Y1, f(i)x;. Then f and sgn(¢(z)) are
O(y/y + 7)-close.

Proof. First note that if y > 1/3 then the claimed bound is trivially true, so we will prove

the theorem assuming v < 1/3. Let L := /> " | £(4)2; note that by our assumption on 7

we have L > 7. We have:

(2/m) =7 < gﬂz‘f — E[f¢] < E[|{] (5.6)
< 2/ L+0(7) (5.7)

IA

V2/m\/2/m+ v+ O(1) < (2/7) + O(y) + O(7).

The equality in (5.6) is Plancherel’s identity, and the latter inequality is because f is a £1-
valued function. The inequality (5.7) holds for the following reason: ¢(x) is a linear form
over random =+1’s in which all the coefficients are at most 7 in absolute value. Hence we
expect it to act like a Gaussian (up to O(7) error) with standard deviation L, which would
have expected absolute value \/2/—7r - L. See Proposition 109 for the precise justification.
Comparing the overall left- and right-hand sides, we conclude that E[|¢|| —E[f{] < O(v)+
O(r).

Let € denote the fraction of points in {—1,1}" on which f and sgn(¢) disagree. Given
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that there is a e fraction of disagreement, the value E[|¢|] — E[f/] is smallest if the disagree-
ment points are precisely those points on which'|¢ (x)| takes the smallest value. Now again
we use the fact that £ should act like a Gaussian with standard deviation L, up to some
error O(1/L) < O(27); we can assume this error is at most /4, since if ¢ < O(7) then the

theorem already holds. Hence we have (see Theorem 106 for precise justification)
Pr[|¢] <e€/8] =Pr[|¢/L| <€/8L] < Pr[|N(0,1)| <e€/8L] +¢/4 <¢/8L+¢€/4<€/2,

since L > 1/2. It follows that at least an ¢/2 fraction of inputs x have both f(z) #
sgn(4(z)) and |¢(z)| > €/8. This implies that E[|¢|]] — E[f{] > 2- (¢/2) - (¢/8) = €2/8.
Combining this with the previous bound E[|4|]] — E[f£] < O(y) + O(7), we get €2/8 <
O(y) + O(7) which gives the desired result. O

5.4.3 Proving correctness of the test.

First observe that for any Boolean function f : {—1,1}" — {—1,1}, if [f(s)| < 7 for all
i then 3,5 f(4)* < 723 ,cp f(4)? < 72, using Parseval. On the other hand, if | f(i)| >
271/ for some 4, then 37, f(i)* is certainly at least 1672,

Suppose first that the function f being tested belongs to LTF,, .. As explained above,
in this case f will with high probability pass Step 1 and continue to Step 2. By Theo-
rem 112 the true value of Y7, f(i)? is within an additive O(7%/3) of 2, since this additive
O(7%/?) term is at most C,7%/3 for some constant Cy, the algorithm outputs “yes” with high
probability. So the algorithm behaves correctly on functions in LTF,, .

Now suppose f : {—1,1}" — {—1, 1} is such that the algorithm outputs “yes” with
high probability; we show that f must be e-close to some function in LTF,, ;. Since there is
a low probability that A outputs “no” in Step 1 on f, it must be the case that each | f(¢)| is
at most 271/, Since f outputs “yes” with high probability in Step 2, it must be the case that
S, f(i)? is within an additive O(7"/3) of 2. Plugging in 27/ for “r” and O(7'/3) for
“~” in Theorem 113, we have that f is C7%/5-close to sgn(¢(xx)) where C is some absolute

constant. This proves the correctness of A.

To analyze the query complexity, note that Corollary 90 tells us that Step 1 requires
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O(1/7®) queries, and Step 2 only O(1/7%3), so the total query complexity is O(1/78).
This completes the proof of Theorem 104. (]

5.5 A Tester for General LTFs over {—1,1}"

In this section we give our main result, a constant-query tester for general halfspaces over

{—1,1}™. We start with a very high-level overview of our approach.

As we saw in Section 5.4, it is possible to test a function f for being close to a balanced
r-regular LTF. The key observation was that such functions have >, f ()? approxi-
mately equal to % if and only if they are close to LTFs. Furthermore, in this case, the
functions are actually close to being the sign of their degree-1 Fourier part. It remains to
extend the test described there to handle general LTFs, which may be unbalanced and/or
non-regular. We will first discuss how to remove the balancedness condition, and then how

to remove the regularity condition.

For handling unbalanced regular LTFs, a clear approach suggests itself, using the W (-)
function as in Section 5.3. This is to try to show that for f an arbitrary 7-regular function,
the following holds: )" f(4)? is approximately equal to W (E[f]) if and only if f is close
to an LTF — in particular, close to an LTF whose linear form is the degree-1 Fourier part
of f. The “only if” direction here is not too much more difficult than Theorem 113 (see
Theorem 128 in Section 5.5.2), although the result degrades as the function’s mean gets
close to 1 or —1. However the “if”” direction turns out to present significant difficulty.

In the proof of Theorem 112, the special case of mean-zero, we appealed to a result
from [39]. This results said that for balanced, regular LTFs, the sum 3_ ¢ p!°! £(9)2is close
to % arcsin p. [39] proved this result using two propositions. First they showed showed that
balanced LTFs with small weights must have 3" ¢ plS! f(:S)? close to 2 arcsin p. Then they
showed that balanced, regular LTFs must have small weights. While it is not too hard to
appropriately generalize the first of [39]’s arguments to unbalanced LTFs, generalizing the
second is considerably more complicated. It requires us to upper-bound the weights of an

LTF as a function of both the regularity parameter and the mean of the function. We do this
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with Theorem 118, which we prove in Section 5.5.1:!

We now discuss removing the regularity condition; this requires additional analytic
work and moreover requires that several new algorithmic ingredients be added to the test.
Given any Boolean function f, Parseval’s inequality implies that J := {7 : | f(i)| > 72} has
cardinality at most 1/7%. Let us pretend for now that the testing algorithm could somehow
know the set J. (If we allowed the algorithm G (log n) many queries, it could in fact exactly
identify some set like J. However with constantly many queries this is not possible. We
ignore this problem for the time being, and will discuss how to get around it at the end of
this section.) If the set J is known, then the testing algorithm can set the variables in J to
fixed values, and consider the induced function over the remaining variables that results.

Our algorithm first checks whether it is the case that for all but an e fraction of restric-
tions p of J, the restricted induced f, is e-close to a constant function. If this is the case,
then f is an LTF if and only if f is close to an LTF which depends only on the variables in
J. So in this case the tester simply enumerates over “all” LTFs over J and checks whether
f seems close to any of them. (Note that since J is of constant size there are at most
constantly many LTFs to check here.)

It remains to deal with the case that for at least an ¢ fraction of restrictions of J, the
restricted function is e-far from a constant function. In this case, it can be shown using
Theorem 118 that if f is an LTF then in fact every restriction of the variables in J yields
a regular subfunction. So it can use the testing procedure for (general mean) regular LTFs
already described to check that for most restrictions 7, the restricted function f;; is close to
an LTF — indeed, close to an LTF whose linear form is its own degree-1 Fourier part.

This is a good start, but it is not enough. At this point the tester is confident that most
restricted functions f are close to LTFs whose linear forms are their own degree-1 Fourier
parts — but in a true LTF, all of these restricted functions are expressible using a common
linear form. Thus the tester needs to test pairwise consistency among the linear parts of the
different f,’s.

To do this, recall that our approach for testing whether the regular function f, is close

lReadersA familiar with the notion of influence (Definition 10) will recall that for any LTF f we have
Inf;(é) = |f(%)| for each i. Thus Theorem 118 may roughly be viewed as saying that “every not-too-biased
LTF with a large weight has an influential variable.”
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to an LTF will be to check that there is near-equality in the inequality Z| Sl=1 f;r(S)2 <
W (E[f]). If this holds for both f, and f,, the algorithm can further check that the degree-
1 parts of f, and f,. are essentially parallel (i.e., equivalent) by testing that near-equality
holds in the Cauchy-Schwarz inequality > 5 _, Fo(8)Fur(S) < VW (E[fD VW (E[fr]).

Thus to become convinced that most restricted f,’s are close to LTFs over the same linear

form, the tester can pick any particular m, call it 7*, and check that 3_ g, _, f,,\ (S )f/;-(S) ~
VW (E[fr]): VW (E[f.]) for most other 7’s. (At this point there is one caveat. As men-

tioned earlier, the general-mean LTF tests degrade when the function being tested has mean
close to 1 or —1. For the above-described test to work, f,- needs to have mean somewhat
bounded away from 1 and —1, so it is important that the algorithm uses a restriction 7* that
has | E[f]| bounded away from 1. Fortunately, finding such a restriction is not a problem
since we are in the case in which at least an € fraction of restrictions have this property.)

Now the algorithm has tested that there is a single linear form ¢ (with small weights)
such that for most restrictions 7 to J, f, is close to being expressible as an LTF with
linear form ¢. It only remains for the tester to check that the thresholds — or essentially
equivalently, for small-weight linear forms, the means — of these restricted functions are
consistent with some arbitrary weight linear form on the variables in J. It can be shown that
there are at most 2P°¥(1/)) essentially different such linear forms w -7 — 6, and thus the tester
can just enumerate all of them and check whether for most 7’s it holds that E[f,] is close to
the mean of the threshold function sgn(¢ — (6 —w-7)). This will happen for one such linear
form if and only if f is close to being expressible as the LTF h(n, z) = sgn(w - 7+ — 0).

This completes the sketch of the testing algorithm, modulo the explanation of how the
tester can get around “knowing” what the set J is. Looking carefully at what the tester
needs to do with J, it turns out that it suffices for it to be able to query f on random
strings and correlated tuples of strings, subject to given restrictions 7 to .J. This can be
done essentially by borrowing a technique from the paper [25] (see the discussion after
Theorem 132 in Section 5.5.4).

In the remainder of this section we make all these ideas precise and prove the following,

which is our main result:
Theorem 114. There is an algorithm Test-LTF for testing whether an arbitrary black-box
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f:{-1,1}" — {—1, 1} is an LTF versus e-far from any LTF. The algorithm has two-sided

error and makes at most poly(1/€) queries to f.

Remark 115. The algorithm described above is adaptive. We note that similar to [25],
the algorithm can be made nonadaptive with a polynomial factor increase in the query

complexity (see Remark 134 in Section 5.5.4).

Section 5.5.1 gives the proof of Theorem 118. Section 5.5.2 gives two theorems es-
sentially characterizing LTFs; these theorems are the main tools in proving the correctness
of our test. Section 5.5.3 gives an overview of the algorithm, which is presented in Sec-

tions 5.5.4 and 5.5.5. Section 5.5.6 proves correctness of the test.

5.5.1 On the structure of LTFs: relating weights, influences and biases

In this section we explore the relationship between the weights of an LTF and the influences -
of the LTF’s variables. Intuition tells us that these two quantities should be directly related.
In particular, if we assume that the weights of LTFs are appropriately normalized, then
LTFs without any large weights should not have any highly influential variables, and LTFs
without any highly influential variables should not have any large weights. This intuition is
in fact correct, however proving the former statement turns out to be much easier than the
latter.

To start, we state the following very simple fact (an explicit proof appears in, e.g.,[22]).

Fact 116. Let f = sgn(wiz1 + - - - + wp&n, — 0) be an LTF such that |w,| > |w;| for all
i € [n]. Then |Inf;(1)| > |Inf;(7)| for all i € [n].

Using this fact together with the Berry-Esseen theorem we can prove an upper bound

on the influences of LTFs with bounded weights:

Theorem 117. Let f(z) = sgn(} 7, wiz; — 0) be an LTF such that Y, w? = 1 and
8 > |wy| for all i. Then f is O(d)-regular; i.e., Inf (i) < O() for all i.

Proof. Without loss of generality we may assume that § = |w;| > |w;| for all i. By

Fact 116 we need to show that Inf (1) < O(4). Now observe that

Infs(1) = Pr[|w2:1:2 +-twuz, — 0| < 6]. (5.8)
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If § > 1/2 then clearly Inff(1) < 26 so we may assume § < 1/2. By the Berry-Esseen
theorem, the probability (5.8) above is within an additive O(6/v/1 — §2) = O(J) of the
probability that | X — 4| < §, where X is a mean-zero Gaussian with variance 1 — ¢%. This

latter probability is at most O(0/v/1 — §2) = O(9), soindeed we have Inf;(1) < O(5). O

Proving a converse to this theorem is significantly harder. We would like to show that
in an LTF, the variable with largest (normalized) weight also has high influence. However,
any lower bound on the size of that variable’s influence must depend not only on the size
of the associated weight, but also on the mean of the LTF (if the LTF is very biased, it may
contain a variable with large weight but low influence, since the LTF is nearly constant).
We quantify this dependence in the following theorem, which says that an LTF’s most
influential variable has influence at least polynomial in the size of the largest weight and

the LTF’s bias.

Theorem 118. Let f(z) = sgn(wyz1 + - - - + wyan, — 0) be an LTF such that Y, w? = 1
and § := |wy| > |w;| for all i € [n]. Let 0 < € < 1 be such that |E[f]| < 1 — €. Then

|F(1)] > Q(d€5log(1/e)).

The remainder of Section 5.5.1 is devoted to proving Theorem 118. We note that even
the # = O case of the theorem, corresponding to ¢ = 1, is somewhat tricky to prove. It
appeared first as Proposition 10.2 of [39]. A substantially more intricate proof is required
for the general statement; indeed, the arguments of [39] occur in somewhat modified form

as Cases 1.a and 1.b of our proof below.

It is an interesting open question whether the dependence on € in Theorem 118 can
be improved. It is easy to give an upper bound on Inf;(1) in terms of either § or €: it is
immediate that Inf¢(1) < O(e), and from Theorem 117 we have that Inf¢(1) < O(9).
However there is a gap between O(d + €) and Q(8¢® log(1/€)). We suspect that ©(de) may

be the optimal bound for Theorem 118.
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Useful tools for proving Theorem 118.

We first observe that
Infs(1) = Pr[|wozs + - - 4+ wna, — 6] < 6. (5.9)

We shall prove Theorem 118 by lower bounding the right hand side of (5.9).
At many points in the proof of Theorem 118 we will use the following fact, which is a

simple consequence of “Poincaré’s inequality. ”

Fact 119. Let g : {—1,1}* — {-1,1} be an LTF g(z) = sgn(>i_, wiz; — 6) with
|wi| > |wi| foralli =1,...,¢ ThenInf (1) > V][g]/L.

Proof. Poincaré’s inequality says that the sum of a function’s influences is at least its vari-
ance, i.e. that 3¢, Inf, () > V[g] for any Boolean function g. Since |w;| > |w;| for all i

(Fact 116), we have Inf (1) > Inf, (%), and the fact follows. O
The following easily verified fact is also useful:

Fact 120. Let g : {—1,1}* — {—1,1} be an LTF g(z) = sgn(3 -, wiz; — 0) with
|wi| > |0|. Then V[g] = Q(1).

Proof. Since |w;| > |6|, one of the two restrictions obtained by fixing the first variable
outputs 1 at least half the time, and the other outputs —1 at least half the time. This implies
that 1/4 < Prfg(z) = 1] < 3/4, which gives V[g] = Q(1). O

We will also often use the Berry-Esseen theorem, Theorem 106. For definiteness, we
will write C for the implicit constant in the O(-) of the statement, and we note that for

every interval A we in fact have | Pr[¢(z)/o € A] — Pr[X € A]| < 2C7/o.

Finally, we will also use the Hoeffding bound:

Theorem 121. Fix any 0 # w € R"™ and write ||w|| for \/w} + - -+ + w2. For any v > 0,

we have

P > <e 2 and P < — < e /2,
ze{_lr,l}n[w z2>7llw|] <e an err,l}n[w z < —yllwl]] <e
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The idea behind Theorem 118.

We give a high-level outline of the proof before delving into the technical details. Here and

throughout the proof we suppose for convenience that § = |w;| > |ws| > -+ > |w,| > 0.

We first consider the case (Case 1) that the biggest weight J is small relative to €. We
show that with probability Q(€?), the “tail” wgxg + - - - + wyx, of the linear form (for a
suitably chosen () takes a value in [# — 1,6 + 1]; this means that the effective threshold for
the “head” wyxo + - - - + wg_124_1 is in the range [—1, 1]. In this event, a modified version
of the [39] proof shows that the probability that wazg + - - - + wg—_125-; lies within £ of
the effective threshold is ©2(§); this gives us an overall probability bound of Q(d€?) for (5.9)

in Case 1.

We next consider the case (Case 2) that the biggest weight ¢ is large. We define the
“critical index” of the sequence wy,...,w, to be the first index k¥ € [n] at which the
Berry-Esseen theorem applied to the sequence wy, . . ., w, has a small error term; see Def-
inition 125 below. (This quantity was implicitly defined and used in [56].) We proceed to

consider different cases depending on the size of the critical index.

Case 2.a deals with the situation when the critical index £ is “large” (specifically larger
than ©(log(1/¢)/e*). Intuitively, in this case the weights w, . . . , wy, decrease exponentially
and the value )., w? is very small, where k' = ©(log(1/e)/ ¢*). The rough idea in this
case is that the effective number of relevant variables is at most k', so we can use Fact 119
to get a lower bound on Inf(1). (There are various subcases here for technical reasons but

this is the main idea behind all of them.)

Case 2.b deals with the situation when the critical index k is “small” (smaller than
O(log(1/€)/e*)). Intuitively, in this case the value oy o \/ 2=k W3 is large, so the random
variable wy g + - - - + w,z, behaves like a Gaussian random variable N (0, %) (recall that
since k is the critical index, the Berry-Esseen error is “small”). Now there are several
different subcases depending on the relative sizes of o and 6, and on the relative sizes
of § and #. In some of these cases we argue that “many” restrictions of the tail variables
Tk, ..., %, yield a resulting LTF which has “large” variance; in these cases we can use

Fact 119 to argue that for any such restriction the influence of z; is large, so the overall
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influence of z; cannot be too small. In the other cases we use the Berry-Esseen theorem
to approximate the random variable wizy + - - - + wpx, by a Gaussian N(0, o), and use
properties of the Gaussian to argue that the analogue to expression (5.9) (with a Gaussian

in place of wxxy + - - - + Wy Ty) is not too small.

The detailed proof of Theorem 118.

We suppose without loss of generality that E[f] = —1 + ¢, i.e. that § > 0. We have the

following two useful facts:

Fact 122. We have 0 < 6 < 1/21n(2/e).

Proof. The lower bound is by assumption, and the upper bound follows from the Hoeffding
bound and the fact that E[f] = —1 + €. O

Fact 123. Let S be any subset of variables x1,...,x,. For at least an €/4 fraction of

restrictions p that fix the variables in S and leave other variables free, we have E[f,] >

-1+€/4

Proof. If this were not the case then we would have E[f] < (e/4)-1+(1—¢/4)(—1+€/4) <
—1 + ¢, which contradicts the fact that E[f] = —1 + «. O

Now we consider the cases outlined in the previous subsection. Recall that C is the
absolute constant in the Berry-Esseen theorem; we shall suppose w.l.o.g. that C is a positive

integer. Let C; > 0 be a suitably large (relative to C') absolute constant to be chosen later.

Case 1: § < €?/C;. We will show that in Case 1 we actually have Inf;(1) = Q(d€?).

Let us define T < {B,...,n} where 3 € [n] is the last value such that Y ;w? > 1.
Since each |w;| is at most €2/C; < 1/C; (because we are in Case 1), we certainly have that
> icr w2 € [3, 3] by choosing C1 suitably large.

We first show that the tail sum ), w;z; lands in the interval [§ — 1,6 + 1] with fairly

high probability:

Lemma 124. We have

Pr|> wzi €0 —1,0+1]| >€/18.

€T

152



Proof. Let o7 denote (3, wf)l/z. As noted above we have 1/4/3 < o' < /2. We

thus have

Pr Zw,-x,; ep—1,0+1]j

€T

= Pr {a;l Zwixi €00 —1,0+1]
€T
> ®([o7'0 — 071,070 + o7']) — 2C607'(5.10)

> ®([o7'0 — 071, 07160 + 07Y]) — 2V/2C6(5.11)

where (5.10) follows from the Berry-Esseen theorem using the fact that each |w;| < 4.

If 0 < 6 < 1, then clearly the interval [o7'0 — 07", 076 + a; '] contains the interval
[0, 1]. Since ®([0,1]) > 3, the bound & < €2/C easily gives that (5.11) is at least €*/18 as
required, for a suitably large choice of (.

If § > 1, then using our bounds on o' we have that

O(lop'0 - o7’ op'0+07")) > O([V2-0-V4/3,V2-0+/4/3)
> Q([ﬂe—\/m’\/ﬁa])

> \/4/3-¢(V2-9)
> /4/3 - ¢(2y/In(2/e)) (5.12)
_ \/g_\/%%fgf (5.13)

Here (5.12) follows from Fact 122 and the fact that ¢ is decreasing, and (5.13) follows from
definition of ¢(+). Since § < €?/C}, again with a suitably large choice of C; we easily have

2V/2C6 < €2 /18, and thus (5.11) is at least €2 /18 as required and the lemma is proved. O

Now consider any fixed setting of z3, ..., 2, such that the tail ), ;. w;z; comes out in
the interval [0 — 1,0 + 1], say >, ., wiz; = 6 — 7 where |7| < 1. We show that the head
WoTy + -+ - + w1251 lies in [T — &, 7 + §] with probability 2(0); with Lemma 124, this
implies that the overall probability (5.9) is Q(d¢€?).

Leta & C?/8,let S o {a,...,f—1},andlet R o {2,...,a—1}.Since § < €2/C,
we have that Y%7 w? < 1/8, so consequently 1/8 < 3. cw? < 1/2. Letting o5 denote

(Xies w?)/2, we have V2 < 051 < 2V/2.
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We now consider two cases depending on the magnitude of w,. Let Cy o Cy/4.

Case l.a: (w,| < §/C,. In this case we use the Berry-Esseen theorem on .S to obtain

Pr Zwixi €r— 5,74—5]:‘ = Pr [anlZwi:ﬂi €ogllr—6,7+4]

1€S ieS

v

®([og't — 056,05 T + 0g'8]) — 2C(5/Cy)og".
(5.14)

Using our bounds on 7 and og', we have that the ®(-) term of (5.14) is at least (1/26) -
#(2v/2) > §/100. Since the error term 2C(6/Cy)og" is at most §/200 for a suitably
large choice of C relative to C' (recall that C, = C;/4), we have (5.14) > §/200. Now
for any setting of z,,...,z3_1 such that ), o w;z; lies in [ — 8,7 + §], since each of
|wal, ..., |wa_1| is at most & there is (at least one) corresponding setting of z, ..., Ta_1

such that } ;g 5y wii also lies in [7 — &, 7+ 6]. (Intuitively, one can think of successively
B-1

setting each bit zo_1, Ta—2,...,%;,..., T2 in such a way as to always keep Zi:j w;z; in
[T — 0,7 + 4]). So the overall probability that wezs + - - - + wg_125_1 lies in [T — 6, 7 + J]

is at least (6/200) - 27**2 = (§), and we are done with Case 1.a.

Case 1.b: w, > §/C5. Similar to Case 2 of [39], we again use the Berry-Esseen theorem
on S, now using the bound that |w;| < § for each i € S and bounding the probability of a

larger interval [7 — Cy6, 7 + Chd]:

Pr [Z w;z; € [T — Ca0, 7 + Cad]

€S

= Pr lagl Zwixi € agl[T — a0, 7 + Cyd]

1€S
> ®([og'T — 05'Cob, 05T + 05 Cad]) — 2C60g" (5.15)
> ([2v2 — V2C,6,2V2)) — 4206 (5.16)

In (5.15) we have used the Berry-Esseen theorem and in (5.16) we have used our bounds on

og"' and 7. Now recalling that § < ¢2/C; < 1/C; and Cy = C4 /4, we have v/2C58 < 24/2,
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and hence
(5.16) > V200 - ¢(2V/2) — 4/2C6 > C6 (5.17)

where the second inequality follows by choosing C'; (and hence C5) to be a sufficiently

large constant multiple of C. Now for any setting of z,, . .., z3_1 such that >, s Wik =t
lies in [1 — C20, 7 + C20], since 6/Cy < |wal, ..., |we—1| < 0, there is at least one setting
of the bits x5, ..., z,_1 for which ¢t + Zf“:_; w;z; lies in [T — &, 7 + d]. (Since, as is easily

verified from the definitions of « and Cs, we have (a — 2)§/Cy > (59, the magnitude of
Wy, ..., Wq_1 is large enough to get from 7 — Cy4 to 7; and since each |w;| is at most 9,
once the interval [T — §, 7 + ¢] is reached a suitable choice of signs will keep the sum in the
right interval.) So in Case 1.b. the overall probability that wozy + - -+ + wg_125-1 lies in

[r — 0,7 + 8] is at least C§ - 272 = (), and we are done with Case 1.b..
We turn to the remaining case in which ¢ is “large:”

Case 2: § > €2/C}. Let us introdu ce the following definition which is implicit in [56]:

Definition 125. Let wy, ..., w, be a sequence of values such that |w,| > -+ > |w,| > 0.

The critical index of the sequence is the smallest value of k € [n] such that

< C30€. (5.18)

Here C3 > 0 is a (suitably small) absolute constant specified below. (Note that the LHS
value C|wy|/ Z?:k w? is an upper bound on the Berry-Esseen error when the theorem

is applied to wyxy + - -+ + WyTp.)

Throughout the rest of the proof we write k to denote the critical index of wy, ..., wy,.

Observe that k£ > 1 since we have

2 2
_gﬂ:c5>c_ﬁz Coe > Cybe?
Z?:l wi G @

where the final bound holds for a suitably small constant choice of C5.
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We first consider the case that the critical index k is large. In the following Cy > 0

denotes a suitably large absolute constant.

Case 2.a: k > CyIn(1/e)/e* + 1. In this case we define & < [CyIn(1/e)/e*] + 1. Let us
also define oy < \/ 2= j—r W3- The following claim shows that oy is small:

Claim 126. We have oy, < 15

Proof. For i € [n] let us write WW; to denote Z?:Z w?; note that W; = 1 and W; = w? +
W,.41. For ease of notation let us write ¢ to denote 6¢*C3/C.

Since we are in Case 2.a, for any 1 < 7 < kK’ we have w? > (W; = (w? + (W4, or
equivalently (1 — {)w? > (W,;;. Adding (1 — {)W;,; to both sides gives (1 — ¢)(w?2 +
Wii1) = (1 — W, > W;11. So consequently we have

2 63 2
Wi < (1— (OF=1 < (1— )GBU/A/ < (1 0y /(CCy))Ce /e < (1001) :

where in the third inequality we used § > €2/C} (which holds since we are in Case 2) and
the fourth inequality holds for a suitable choice of the absolute constant C,. This proves

the claim. O

At this point we know ¢ is “large” (at least €2/C}) and oy is “small” (at most %). We

consider two cases depending on whether 6 is large or small.

Case 2.a.i: § < €2/(2C1). In this case we have 0 < 0 < §/2. Since 4oy < €2/(2C)) <
/2, the Hoeffding bound gives that a random restriction that fixes variables xy, ..., z,
gives |wy Ty + - -+ + Wp,| > 40y with probability at most e=® < 1/100. Consequently
we have that for at least 99/100 of all restrictions p to zy, . . . , Z,, the resulting function f,
(on variables 1, ..., Zp_1) is f,(z) = sgn(wyzy + - - - + wg_12k—1 — 0,) where —6/2 <
6, < 4. Facts 119 and 120 now imply that each such f, has Infy, (1) = Q(1)/k = Q(1) -
€*/1n(1/e), so consequently Inf (1) is also (1) - €*/ log(1/¢), which certainly suffices for

Theorem 118. This concludes Case 2.a.i.

Case 2.a.ii: 0 > ¢2/(2C)). We now apply the Hoeffding bound (Theorem 121) to wy s +
s+ 4 WpTy, with v = 24/In(8/€). This gives that wyTr + - + + + wpZn < —24/In(8/€) - o3
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with probability at most ¢2/8. Since 21/In(8/e¢) - o < €/(2C;) < 6, we have that for
at least a 1 — €2 /8 fraction of all restrictions p to 2, . . ., Zy, the resulting function f, (on
variables z1,...,zp_1) is fy(z) = sgn(wizy + -+ + wp_12p—1 — 6,) where 6, > 0.
i.e. E[f,] < 0. Together with Fact 123, this implies that for at least an e/4 — € /8 > ¢/8
fraction of restrictions p, we have —1 + ¢/4 < E[f,] < 0. Each such f, has V[f,] = Q(e),
so by Fact 119 has Inf; (1) = Q(e)/k = Q(e°/log(1/€)). Consequently we have that
Inf;(1) = Q(e%/log(1/€)) which is certainly (5e/log(1/€)). This concludes Case 2.a.ii.

Case 2.b: k < C,log(1/e)/e* + 1. We now define oy o \/ 2 i—x w3 and work with this
quantity. First we consider a subcase in which oy, is “small” relative to 6; this case can be

handled using essentially the same arguments as Case 2.a.ii.

Case 2.b.i: 0}, < 6/(2,/In(8/€)). As above, the Hoeffding bound (now applied to wyzy +
co 4 wpTy,) gives that wyxy + -0 + Wz, < —QW - 0 with probability at most
€2/8, so for at least a 1 — €?/8 fraction of restrictions p to zy, . . ., &, we have E[f,] < 0.
Using Fact 123, the argument from Case 2.a.ii again gives that Inf (1) = Q(e®/log(1/e)),

and we are done with Case 2.b.1.

Case 2.b.ii: 0, > 6/(21/In(8/¢)). In this case we shall show that N (0, o), the zero-mean
Gaussian distribution with variance oy, assigns at least 2C50¢* probability weight to the
interval [6 — 6/2, 0 + &/2]. In other words, writing ®,, to denote the c.d.f. of N (0, o), we

shall show
<I>Uk([6—6/2,0+5/2]) > 305062 (5.19)

Given (5.19), by the Berry-Esseen theorem and the definition of the critical index we obtain

Pr Zwk €[0—5/2,0+6/2]| > 3Cs35e? — 2C35€* = Cs0€>. (5.20)

i=k
For any restriction p that gives wyzy, + - - + wpx, € [0 — §/2,0 + §/2], Fact 120 gives
VIf,] = Q(1) and hence Fact 119 gives Infy,(1) = Q(1)/k = Q(e*/ log(1/e)). By (5.20)

we thus have Inf;(1) = Q(C36¢® log(1/e)), which is the desired result.

We turn to proving (5.19). Let ¢, denote the c.d.f. of N(0,0%), ie. oo (z) =
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(1/0x\/27)e~*' 127k We first observe that since o3, > 0/(2+/In8/¢), we have
G0 (0) > Q1/03) - € > 6Cse?, (5.21)

where the second bound holds for a suitably small choice of the absolute constant C3 and
uses o, < 1.

We consider two different cases depending on the relative sizes of 4 and 6.

Case 2.b.ii.A: §/2 > 6. Inthis case we have that [0, §/2] C [0 —4/2,60+ /2] and it suffices
to show that @, ([0,8/2]) > 36€*Cs.

If § > oy, then we have
9,5, ([0,0/2]) > @, ([0, 0%/2]) > 303.2 3C30¢”
by a suitable choice of the absolute constant C5. On the other hand, if § < o}, then we have
06, ([0,8/2]) = (6/2)$0,,(6/2) 2 (6/2)oi (0%/2) = 3C56 > 3C3d¢

for a suitable choice of the absolute constant C5. This gives Case 2.b.ii.A.

Case 2.b.ii.B: §/2 < 6. In this case we have
@0, ([0 = 6/2,0 +6/2]) 2 @0, ([0 — 6/2,6]) = (6/2) - ¢, (8) = 3C30¢”

where the final inequality is obtained using (5.21). This concludes Case 2.b.ii.B, and with
it the proof of Theorem 118. (

5.5.2 Two theorems about LTFs

In this section we prove two theorems that essentially characterize LTFs. These theorems
are the analogues of Theorems 112 and 113 in Section 5.4.2.
The following is the main theorem used in proving the completeness of our test. Roughly

speaking, it says that if f; and f, are two regular LTFs with the same weights (but possi-
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bly different thresholds), then the the inner product of their degree-1 Fourier coefficients is

essentially determined by their means.

Theorem 127. Let f; be a T-regular LTF. Then

- W(E[A])] < (5.22)

Further, suppose fy : {—1,1}*—{—1, 1} is another T-regular LTFs that can be expressed

using the same linear form as fi; i.e., fr(x) = sgn(w - z — ) for some w, 6y, 6,. Then

2
n
(Z fl(i)fz(i)> - W(ELA)W(E[f])| < 7°. (5.23)
i=1
(We assume in this theorem that 7 is less than a sufficiently small constant.)
Proof. We first dispense with the case that | E[f;]| > 1 — 7/1°. In this case, Proposition
2.2 of Talagrand [59] implies that S-™ , f1(i)? < O(7%/°log(1/7)), and Proposition 98

(item 3) implies that W (E[f1]) < O(7?/*log(1/7)). Thus

~ W(E[A])] < O(r*/log(1/7)) < 7%,

so (5.22) indeed holds. Further, in this case we have

(Zﬁ(z’)ﬁ(i)) e (Zﬁ )(Zfz ><o (/5 log(1/7)) - 1

and also W(E[f1])W(E[f2]) < O(r'/*log(1/7)) - 2. Thus (5.23) holds as well.

We may now assume that | E[f1]| < 1 — 71/1°. Without loss of generality, assume that
the linear form w defining f1 (and f;) has |jw| = 1 and |w;| > |w;] for all . Then from
Theorem 118 it follows that

7 > Infy, (1) > Q(Jun|7%* log(1/7))
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which implies that |w;| < O(72/%). Note that by Proposition 108, this implies that

E[f] ~ u(6), k=12 524

Let (z,y) denote a pair of n-correlated random binary strings, where n = 7Y%, By

definition of S,,, we have
Sy(f1, f2) =2Pr[(w-z,w-y) € AUB] -1,

where A = [f;,00) X [f3,00) and B = (—00, 0] x (—00, 6,]. Using a multidimensional
version of the Berry-Esseen theorem (see Theorem 111 in Section 5.4.1), the fact that

lw;| < O(7%/%) holds for all i implies
Pr[(w - z,w - y)eAUB] Pr[(XY)EAUB]

where (X,Y") is a pair of n-correlated standard Gaussians. (Note that the error in the above
approximation also depends multiplicatively on constant powers of 1 + 7 and of 1 — 7, but

these are just constants, since |7| is bounded away from 1.) It follows that

(flafZ) ~ S (h917h92) k (5.25)

where hg, : R—{—1,1} is the function of one Gaussian variable hg, (X) = sgn(X — 6;).

Using the Fourier and Hermite expansions, we can write Equation (5.25) as follows:

RORO+1- (S AOR )I;zn's'ﬁ

72/5 ~ o~
" b, (0)ho,(0) + 1+ hg, (1)hg,(1) +wa (Vo). (5.26)

j>2
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Now by Cauchy-Schwarz (and using the fact that > 0) we have

ST RS)| < Y asaS2 [ nsif(s)?

15]>2 [51>2 |51>2

n2\/§j ﬁ(SV\/Z fasy?
S S

IN

The analogous result holds for hy, and hg,. If we substitute these into Equation (5.26)

and also use

— r2/5 -~
ho,(0) = Efhe,] = u(6s) ~ E[fi] = fr(0)
which follows from Equation (5.24), we get:
no ~ 7.2/5_,[_,,2 oy —
0 (SRORD) TR 0o (1) = n-2606) - 26000),
where the equality is by the comment following Definition 96. Dividing by 7 and using

72/5 /n + n = 271/ in the error estimate, we get

n

> fili) fa(i ) ~ 20(61) - 20(02) = /W (1u(61))W (u(62)). (5.27)

=1

Since we can apply this with f; and f, equal, we may also conclude

1/5

f (1)® ‘= W(u(b)) (5.28)

IIM:

foreachk =1,2.

Using the Mean Value Theorem, the fact that [IW’| < 1 on [—1, 1], and Equation (5.24),

we conclude

n 71/5
Zlfk(i)2 ~ W(E[f])
for each k = 1,2, establishing (5.22). Similar reasoning applied to the square of Equa-
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tion (5.27) yields

y

NE
\H

(E70A0) = wslmwel),

2

implying (5.23). The proof is complete. (]

The next theorem is a sort of converse of the previous theorem, and will be the main
theorem we use in proving the soundness of our test. The previous theorem stated that
if f and g were LTFs with the same weights, the inner product of their degree-1 fourier
coefficients is close to a particular value. Roughly speaking, this theorem says that for any
Boolean function g and any 7-regular Boolean function f that satisfies certain conditions,
if the inner product of the degree-1 Fourier coefficients of f and g is close to the “right”
value (from the preveious theorem), then g is close to an LTF (in particular the LTF whose

weights are the degree-1 Fourier coefficients of f.).
Theorem 128. Let f,g: {—1,1}"—{—1,1}, and suppose that:
1. fis T-regular and |E[f]| < 1 — 1%/%;
2. |2 60 - W(EL) < 7
3. (5 f@)g(@))? = W(EL)W (Elg))| < 7, and Y1, f(0)3(5) > —.

Write £(x) for the linear form ) ( FG)/o)xs, where o = 4/ " F(i)2. Then there exists
6 € R such that g(x) is O(7'/°)-close to the function sgn(£(z) — ). Moreover, we have
that each coefficient (f(i)/o) of £(z) is at most O(77/9).

Proof. We may assume |E[g]| < 1 — 7/°, since otherwise g is 71/°-close to a constant
function, which may of course be expressed in the desired form. Using this assumption,

the fact that | E[f]| < 1 — 7%/°, and the final item in Proposition 98, it follows that
W (E[g)) > Q(=*°) and W(E[f]) > Q(r¥/°). (5.29)
The lattér above, combined with assumption 2 of the theorem, also yields

o > Q(rY°). (5.30)
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Note that the second assertion of the theorem follows immediately from the 7-regularity of

f and (5.30).

Let 6 = p ' (E[g]). We will show that g is O(7'/°)-close to sgn(h), where h(z) =

¢(x) — 6, and thus prove the first assertion of the theorem.

Let us consider E[gh|. By Plancherel and the fact that & is affine, we have

Elghl = 3 4(S)is) = 32 L0 gy (531)
|S|<1 i=1 a
On the other hand,
E[gh] < E[|h]] & E[|X — 0]] = 2¢(0) — 0u(0) = /W (E[g]) - 0E[g],  (5.32)

where the inequality is because g is +1-valued, the following approximation is by Propo-
sition 109, the following equality is by Proposition 98, and the last equality is by definition
of §. Combining Equation (5.31) and Equation (5.32) we get

E[|A]] - E[gh] < ( WE[) ég(') A(')) +O(r). (5.33)

We now wish to show the parenthesized expression in (5.33) is small. Using Fact 101 and

the first part of assumption 3 of the theorem, we have

- ¢W<E[wa(E[g]>| < <0, 539

J@3 SV E) W (E

it

where we used (5.29) for the final inequality. We can remove the inner absolute value on the
left of (5.34) by using the second part of assumption 3 and observing that 27 is negligible

compared with O(7%/%), i.e. we obtain

> f(9)a(i) — VW(E) VW (E[g)| < O(*?), (5.35)

i=1
We can also use Fact 101 and the first part of assumption 2 of the theorem to get |0 —
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VWI(E[)| < 7/v/W(E[f]) < O(17). Since |W (E[g])| = O(1), we thus have

o/ WER]) - VW EI) Y WERD| < O("). (536)

Combining (5.36) and (5.35), we have

S F0)3i) — o W(E[g])‘ <0().

Dividing through by o and using (5.30), this gives that

9016 D

n
i=1 o

< 0(7'4/9).

Substituting this into (5.33) yields
E[|h]] - E[gh] < O(r**). (5.37)

Let e denote the fraction of points in {—1, 1} on which g and sgn(h) disagree. Suppose
first that that € < 127/0. Since o > Q(72/9) by (5.30), in this case we have that ¢ <
O(77/®). Thus we may assume that ¢ > 127/0. We may apply Theorem 107 as follows

since eo' /12 > 7 > max; | f():

6ea/12 €
o 2

[}

Pr[|h(z)| < ec/12] <

It follows that at least an €/2 fraction of inputs = have both g(z) # sgn(h(z)) and |h(z)| >
eo/12. This implies that E[|h|] — E[gh] > 2 - (¢/2) - (e6/12) = €*5/12. Combining this
with the previous bound (5.37), and recalling that ¢ > Q(7%/°), we get that €2 < O(7%/9)
and thus ¢ < O(7%/9). This proves that g is O(7'/%)-close to sgn(h), as desired. O

5.5.3 Overview of the testing algorithm

We are given € > 0 and black-box access to an unknown f : {—1,1}" — {—1, 1}, and our

goal is to test whether f is an LTF versus e-far from every LTF.
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Our testing algorithm Test-LTF operates in three phases. The first two phases make
queries to the black-box function f; the third phase is a deterministic test making no

queries.

In the first phase the algorithm “isolates” a set J that consists of s “influential” coordi-
nates. Essentially, this set J consists of those coordinates ¢ such that | f (¢)| is large. We call
this phase Isolate-Variables; in Section 5.5.4 we present the Isolate-Variables algorithm

and prove a theorem describing its behavior.

We note that one can show that it is possible to identify a set J as described above
using O(logn) queries using an approach based on binary search. However, since we
want to use a number of queries that is independent of n, we cannot actually afford to
explicitly identify the set J (note that indeed this set .J is not part of the output that Isolate-
Variables produces). The approach we use to “isolate” J without identifying it is based in

part on ideas from [25].

In the second phase, the algorithm generates a set w!,... 7" of i.i.d. uniform ran-
dom strings in {—1, 1}*; these strings will play the role of restrictions of J. The algorithm
then uses the output of Isolate-Variables to estimate various parameters of the restricted
functions f1, ..., f.m. More specifically, for each restriction 7%, the algorithm estimates
the mean E[f,:], the sum of squares of degree-1 Fourier coefficients }/”,r\(k)2 and the
sum of fourth powers of degree-1 Fourier coefficients ), f;(k)“; and for each pair of
restrictions 7%, 7/, the algorithm estimates the inner product of degree-1 Fourier coeffi-
cients D g ; E(k)f,,\ (k). We call this phase Estimate-Parameters-Of-Restrictions; see

Section 5.5.4 where we present this algorithm and prove a theorem describing its behavior.

After these two query phases have been performed, in the third phase the algorithm does
some computation on the parameters that it has obtained for the restrictions 7!,... =M,
and either accepts or rejects. In Section 5.5.5 we give a description of the entire algorithm

Test-LTF and prove Theorem 114.
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Isolate-Variables (inputs are 7,6 > 0, and black-box access to f : {—1,1}" —

{_17 1})

1. Let £ = [1/(7'%5)]. Randomly partition the set [n] into £ “bins” (subsets
By, ..., By) by assigning each ¢ € [n] to a uniformly selected B;.

2. Run Non-Regular(72,5/¢, B;) (see Lemma 92) on each set B; and let I be the
set of those bins B; such that Non-Regular accepts. Let s = |I|.

3. Output (By,..., By, I).

Figure 5-1: The subroutine Isolate-Variables.

5.5.4 The querying portions of the algorithm

Isolating variables.

We require the following:

Definition 129. Let By, ..., By be a partition of [n| and I be a subset of { By, ..., B,}. We

say that (By, ..., By, I) is isolationist if the following conditions hold:

1. Ifmax;ep, |f(4)] > 72 then B; € I

2. If B; € I then maxep, |f(z)| > 72/4;

3. If Bj € I then the second-largest value of | f (4)| for i € B; is less than 7*/32.

Given (By, ..., By, I) we define the set J to be

J:= {ar%glg?x |F(k)[}. (5.38)

Bjel
The following lemma is useful:

Lemma 130. Let f : {—1,1}" — {—1,1} be any function. With probability 1 — O(9),
the sets B, ..., By have the following property: for all j, the set B; contains at most one

element i such that | f(i)| > 7¢/32.

Proof. Parseval’s identity gives us that there are at most 1024/7% many variables i such

that | f(s)| > 7%/32. For each such variable, the probability that any other such variable is
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assigned to its bin is at most (1024/7%)/¢ < 1024785. A union bound over all (at most
1024/7® many) such variables gives that with probability at least 1 — O(J), each variable

z; with | f(i)| > 7*/32 is the only variable that occurs in its bin. This gives the lemma. []

Theorem 131. Let f : {—1,1}"—{—1,1}, and let 7,6 > 0 be given. Define sya = 16/7*
and { = [1/(7%8)]. Then with probability 1 — O(9),

1. Algorithm Isolate-Variables outputs a list (By, .. ., By, I) that is isolationist;

2. The corresponding set J has |J| = |I| < Smax, and J contains all coordinatesi € [n|

such that | f(i)| > 72.

The algorithm makes O(1/(67%8)) queries to f.

Proof. Part (1) of the theorem follows from Lemma 130 and Lemma 92. Note that Lemma
130 contributes O() to the failure probability, and since the algorithm runs Non-Regular
¢ times with confidence parameter set to §/¢, Lemma 92 contributes another O(J) to the
failure probability.

We now show that if part (1) holds then so does part (2). Observe that since (By, . ..,
By, 1) is isolationist, for each B; € I there is precisely one element that achieves the
maximum value of |f(k)|; thus |J N B;| = 1 forall B; € I and |J| = |I|. It is easy
to see that |J| < 16/7%; this follows immediately from Parseval’s identity and part 2 of
Definition 129.

For the query complexity, observe that Isolate-Variables makes O(1/(71%§)) calls to

Non-Regular(72, /¢, B;), each of which requires O(1/732) queries to f, for an overall

~( 1
0 (5%)

queries. O

query complexity of

Estimating Parameters of Restrictions.

Theorem 132. Let f : {—1,1}" — {-1,1}, 7,n,0 > 0, M € Z™, and let (B, ..., B;,I)

be an isolationist list where |I| = 5 < syax = 16/7%. Then with probability at least 1 — 6,
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Estimate-Parameters-Of-Restrictions (inputs are 7,7, > 0, M € Z™, an isolationist
list (By, ..., By, I) where |I| = s, and black-box access to f : {—1,1}" — {—1,1})

2
0. Let &' := O(% - log(3%7)).
1. Fori=1,..., M let 7 be an i.i.d. uniform string from {—1, 1}°.
2. Fori¢=1,..., M do the following:

(a) Make N, := O(log(1/8")/n?) calls to Random-String(*, I, &', f) to obtain
N, strings w. Let ii* be the average value of f(w) over the N,, strings.

(b) Make N, := O(log(1/d")/n?) calls to Correlated-4Tuple(rn®, 7%, I, ¢, f,n)
to obtain N, pairs of 4-tuples (w!, 2!, 4!, 21), (w?, 22, 4%, 22). Run algorithm
Estimate-Sum-Of-Fourths on the output of these calls and let k¢ be the
value it returns. If 5" < 0 or 5* > 1 then set " to 0 or 1 respectively.

3. Fori,j = 1,...,M do the following: Make N, := O(log(1/¢")/n?) calls to
Correlated-Pair (7", 77, I, &', f,n) to obtain N, pairs of pairs (w!,z!), (w?, z?).
Run algorithm Estimate-Inner-Product on the output of these calls and let p*/
be the value it returns. If |p"7| > 1 then set p™ to sgn(p™7).

4. Fori=1,...,M,set (¢%)* to (p"")%.

Figure 5-2: The subroutine Estimate-Parameters-Of-Restrictions subroutine.

algorithm Estimate-Parameters-Of-Restrictions outputs a list of tuples (n',i*, 51, %),

o (rM, 5™ M EM) and a matrix (%9)1<; j<ar with the following properties:

1. Each 7" is an element of {—1,1}*; further, the strings (7%);>1 are i.i.d. uniform ele-

ments of {—1,1}°.

2. The quantities [i*, p"? are real numbers in the range [—1, 1], and the quantities 7", &,

are real numbers in the range |0, 1].

3. For the set J corresponding to (By, ..., By, I) as in (5.38), the following properties
hold. (In (a)-(d) below, f.: denotes the restricted function obtained by substituting
7’s bits for the coordinates of J as follows: for each k = 1,...,s, the restriction

assigns the value T, to the (unique) variable in J N Bk )

(a) Foreachi=1,..., M,
|5 = E[fx]l <.
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(b) Foreachi=1,... , M,

75— 3 (S <.

IS|=1

(c) Forall1 <i,5 <M,

79 — Y fa(S)fu(S) < .

|5]=1

(d) Foreachi=1,... M,

(52 = X Ful(S)? <.

|S[=1

The algorithm makes 9) (;%—%) queries to f.

Proof of Theorem 132.

The proof of Theorem 132 follows as a sequence of lemmas. First a word of terminology:
for z € {—1,1}", and 7 a restriction of the variables in J, we say that x is compatible with
7 if for every j € J the value of z; is the value assigned to variable j by 7.

The goal of Step 2(a) is to obtain estimates fi* of the means E[f,:] of the restricted func-
tions f,i. Thus to execute Step 2(a) of Estimate-Parameters-Of-Restrictions we would
like to be able to draw uniform strings € {—1, 1}" conditioned on their being compatible
with particular restrictions 7 of the variables in .J. Similarly, to estimate sums of squares,
fourth powers, etc. of degree-1 Fourier coefficients of restricted functions, recalling Sec-
tion 5.2 we would like to be able to draw pairs, 4-tuples, etc. of bitwise correlated strings
subject to their being compatible with the restriction

The subroutine Correlated-4Tuple, described below, lets us achieve this. (The subrou-
tines Random-Pair and Correlated-Pair will be obtained as special cases of Correlated-
4Tuple.) The basic approach, which is taken from [25], is to work with each block B;
separately: for each block we repeatedly draw correlated assignments until we find ones

that agree with the restriction on the variable of .J in that block. Once assignments have
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been independently obtained for all blocks they are combined to obtain the final desired 4-
tuple of strings. (For technical reasons, the algorithm actually generates a pair of 4-tuples

as seen below.)

Lemma 133. Each time Correlated-4Tuple(n!, 7% 1,0, f) is invoked by the subroutine
Estimate-Parameters-Of-Restrictions, with probability 1 — O(¢') it outputs two 4-tuples

(wh,zt, yt, 2h), (w?, 22,32, 2%), each in ({—1,1}™)*, such that:
o For k = 1,2 we have that w*, z* y* and 2* are all compatible with 7 on J;

o Fork = 1,2, foreachi & J, the bits (w*);, (z*);, (y*); are each independent uniform

+1 values independent of everything else;

o Fork =1,2, foreachi ¢ J, the bit (2*); is independently equal to (w'); ® (z1); ®
(y*)s with probability 1 + 1n.

Proof. We will assume that the set I is isolationist, since Correlated-4Tuple is only in-
voked by Estimate-Parameters-Of-Restrictions with isolationist /. Fix any B; € I, and
consider a particular execution of Step 1(a). Let £; denote the unique element of J N B;.
By Definition 129 we have that | f(¢;)| > 72/4 and | f(k)| < 7/32 for all k € B; such
that k£ # ¢,;. Now consider the corresponding execution of Step 1(b). Assuming that Non-
Regular does not make an error, if /; € P then Non-Regular will accept by Lemma 92,
and if ; ¢ P then by Lemma 92 we have that Non-Regular will reject. It is not hard to see
(using the fact that » > 0) that the element ¢; belongs to P with probability ©(1), so the
probability that O(log(s/¢")) repetitions of 1(a) and 1(b) will pass for a given B; without
any “accept” occurring is at most c?1°8(s/9) where c is an absolute constant less than 1.
Thus the total failure probability resulting from step 2 (“stop everything and fail”) is at
most s2-00e(s/4)) < §. Since each invocation of Non-Regular errs with probability at
most §'/(slog(s/¢")) and there are O(slog(s/d)) invocations, the total failure probability
from the invocations of Non-Regular is at most O(d').

Once Step 3 is reached, we have that for each j,

e Each of w'*, 7% 4% is a uniform independent assignment to the variables in B;

conditioned on (w?¥),,, (27%), , (y7*),, each being set according to the restriction 7*;
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Correlated-4Tuple (Inputs are 7!, 72 € {—1,1}%, a set I of s bins, &' > 0, black-box
accessto f : {—1,1}" — {—1,1}, and n > 0. Outputs are two 4-tuples (w', z', y*, z')
and (w?, z%,9?, 2?), each in ({—1,1}")%)

1. For each B; € I, do the following O(log(s/d’)) times:

(a) Draw six independent uniform assignments (call them w'/, z'7 y' and
w? 2% y¥) to the variables in B;. Let 2"/ be an assignment to the same
variables obtained by independently assigning each variable in B; the same
value it has in w" © z'9 © y*/ with probability 7 + 37 and the opposite value

1 1

with probability 1 — 37. Let 2%/ be obtained independently exactly like 2/

(in particular we use w7 © % © y*, not w? @ ¥ © y*, to obtain 2%7). Let
P (i€ B: ) = (), = () = () = fork = 1,2},

i.e. P is the set of those ¢ € B, such that for K = 1,2, assignments
w*, z7% 1% and 27* all set bit i the same way that restriction 7 sets 7%.

(b) Run Non-Regular(72/4,¢'/(slog(s/d")), P, f).

2. If any call of Non-Regular above returned “accept,” let (w' z' y' z17)
(w?,2% 4% 2%) denote the pair of assignments corresponding to the call that
accepted. If no call returned “accept,” stop everything and FAIL.

3. Fork = 1,2 let (w*, 2%, 4, 2*) be obtained as follows:

e For each i ¢ Up,erBj, set (w*);, («%);, (¥*); independently to 1. Similar
to 1(a) above, set both (z!); and (2?); independently to w} ® z! ® y} with
probability 3 + 27.

e Foreachbin B; € I, set the corresponding bits of w according to w’; the cor-
responding bits of z according to x7; the corresponding bits of y according
to 1/7; and the corresponding bits of z according to 27.

Return the 4-tuples (w!, 2!, y!, 2%) and (w?, 22,92, 22).
P Y

Figure 5-3: The subroutine Correlated-4Tuple.
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e Each bit 2]’ is compatible with 7. For each variable i # £; in Bj, the bit 2/* is

independently set to w?' ® z/' ® y/* with probability 2 +1n.

By independence of the successive iterations of Step 1 for different B;’s, it follows that
the final output strings (w', z*, y*, 2') and (w?, 2%, y?, 22) are distributed as claimed in the

lemma. O

Remark 134. The overall algorithm Test-LTF is nonadaptive because the calls to Non-
Regular (which involve queries to f) in Correlated-4Tuple are only performed for those
B; which belong to I, and the set I was determined by the outcomes of earlier calls to
Non-Regular (and hence earlier queries to f). The algorithm could be made nonadaptive
by modifying Correlated-4Tuple to always perform Step 1 on all ¢ blocks B, ..., B,.
Once all these queries were completed for all calls to Correlated-4Tuple (and thus all
queries to f for the entire algorithm were done), the algorithm could simply ignore the
results of Step 1 for those sets B; that do not belong to I. Thus, as claimed earlier, there is
an nonadaptive version of the algorithm with somewhat — but only polynomially — higher

query complexity (because of the extra calls to Non-Regular for sets B; ¢ I).

The subroutine Random-String(7*, I, &', f) can be implemented simply by invoking
the subroutine Correlated-4Tuple(7*, 7%, I, 4, f,0) to obtain a pair (w!,z?,y*,2') and

2

(w?, 2%, 9%, 2?), then discarding all components but w!. This string w? is uniform condi-

tioned on being consistent with the restriction 7¢. We then easily obtain:

Lemma 135. If (By, ..., By, I) is isolationist, then with probability at least 1 — &} (where
8 = O(MN,J")), each of the M values i, . .., i obtained in Step 2(a) of Estimate-
Parameters-Of-Restriction satisfies |[i* — E[f,]] < 7.

Proof. Step 2(a) makes a total of M/ N, many calls to Correlated-4Tuple, each of which
incurs failure probability O(d'). Assuming the calls to Correlated-4Tuple all succeed, by
the choice of IV, each of the M applications of the Chernoff bound contributes another ¢’

to the failure probability, for an overall failure probability as claimed. O

Now we turn to part 3(b) of Theorem 132, corresponding to Step 2(b) of Estimate-

Parameters-Of-Restrictions. We have:
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Lemma 136. There is an algorithm Estimate-Sum-Of-Fourths with the following prop-
erty: Suppose the algorithm is given as input values 1,6 > 0, black-box access to f, and
the output of N, many calls to Correlated-4Tuple(w, 7, 1,0, f,n). Then with probability

1 — & the algorithm outputs a value v such that

- X fk)Y<n

ke(n] kgJ

Proof. The algorithm is essentially that of Lemma 89. Consider the proof of Lemma 89 in
the case where there is only one function f, and p = 4. For (5.1), we would like to empir-
ically estimate E[f,(a!)f-(a?) fz(a3) fr(a*)] where a?,. .., a* are independent uniform
strings conditioned on being compatible with 7. Such strings can be obtained by taking
each o! = w!,a? = w?, o® = 2! and o* = 2% where (w!, z!, 3!, 2!), (w? 22,42, 2?) is the
output of a call to Correlated-4Tuple(r, 7, 1,9, f,n).

For(5.2), we would like to empirically estimate

E[fx(e') fr(0®) fr(a®) fr(a")]

where each of !, a?, o2 is independent and uniform conditioned on being compatible with
7, and o* is compatible with 7 and has each bit (o*); for ¢ ¢ J independently set equal
to (a! ® a? ® o®); with probability 5 + 37. By Lemma 133, such strings can be obtained
by taking o' = w!, o? = z!, a® = y!, and a* = 2!. The corollary now follows from

Lemma 89. [}

Observing that the two restrictions that are arguments to Correlated-4Tuple in Step

2(b) are both 7, Lemma 138 directly gives us part 3(b) of Theorem 132:

Lemma 137. If (B, . .., By, I) is isolationist, then with probability at least 1 — &, (where
8, := O(MN,{")), each of the M values k' obtained in Step 2(b) of Estimate-Parameters-
Of-Restrictions satisfies [K' — 3", j/C;(S)4| <.

Now we turn to parts 3(c)-(d) of Theorem 132, corresponding to Steps 3 and 4 of the
algorithm. The subroutine Correlated-Pair(7*, 77, 1,&', f,n) works simply by invoking

Correlated-4Tuple(7¢, 77 1,6, f,n) to obtain a pair (w!,z!,y!, 2!), (w?, 22,42, 2%) and
p n P
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outputting (u', z*), (u?, 2%) where each u* = (w* © ¥ ® y*). The following corollary of

Lemma 89 describes the behavior of algorithm Estimate-Inner-Product:

Lemma 138. There is an algorithm Estimate-Inner-Product with the following property:
Suppose the algorithm is given as input values 1,6 > 0, black-box access to f, and the
output of N, many successful calls to Correlated-Pair(7', 72,1, 6, f,n). Then with prob-

ability 1 — ¢ the algorithm outputs a value v such that

= > fa®fe®] <n
kel kgJ
Proof. Again the algorithm is essentially that of Lemma 89. Consider the proof of Lemma
89 in the case where there are p = 2 functions f;1 and f,2. For (5.1), we would like
to empirically estimate E[f,, (a!) fr2(a?)] where o', a? are independent uniform strings
conditioned on being compatible with restrictions 7! and 72 respectively. Such strings can
be obtained by taking each o to be u* where (u!, 2!), (u?, 2?) is the output of a call to
Correlated-Pair(7!, 72, I, 6, fn).

For (5.2), we would like to empirically estimate E[f,, (o) f,2(a2)] where o is uniform
conditioned on being compatible with 7! and o? is compatible with 72 and has each bit
(a?); for i ¢ J independently set equal to (a!); with probability £ + in. By Lemma 133
and the definition of Correlated-Pair, such strings can be obtained by taking ! = u! and

a? = 22, The corollary now follows from Lemma 89. O

Lemma 138 gives us parts 3(c)-(d) of Theorem 132:

Lemma 139. If (B, .. ., By, I) is isolationist, then with probability at least 1 — 8% (where
8 = O(M?N,0")) both of the following events occur: each of the M? values (p")?
obtained in Step 3 of Estimate-Parameters-Of-Restrictions satisfies
IﬁiJ - Is; fﬂ’(S)fﬂJ(SN <7
=1

174



and each of the M values (*)? obtained in Step 4 satisfies

(52— 3 Fuil(S)? <.

IS|=1

This essentially concludes the proof of parts 1-3 of Theorem 132. The overall failure
probability is O(d} + &5 + d%); by our initial choice of ¢’ this is O(6).

It remains only to analyze the query complexity. It is not hard to see that the query
complexity is dominated by Step 3. This step makes M2N, = O(M2/5?) invocations
to Correlated-4Tuple(r, 77, I,4', f,n); at each of these invocations Correlated-4Tuple

makes at most

O(Smax 108(Smax /") = O(1/7%)

many invocations to Non-Regular(72/4, &', P, f), each of which requires
O(10g(Smax 108 (Smax/8')/6') /7%)) = O(1/7%)

queries by Lemma 92. Thus the overall number of queries is at most

~ [ M2
o (55rs).

This concludes the proof of Theorem 132. O

5.5.5 The full algorithm

We are given black-box access to f : {—1,1}" — {—1,1}, and also a “closeness param-
eter” ¢ > 0. Our goal is to distinguish between f being an LTF and f being e-far from
every LTF, using poly(1/¢) many queries. For simplicity of exposition, we will end up dis-
tinguishing from being O(e)-far from every LTF. The algorithm for the test is given below,

followed by a high-level conceptual explanation of the various steps it performs.

Note that all parameters described in the test are fixed polynomials in €. Further, the
query complexity of both Isolate-Variables and Estimate-Parameters-Of-Restrictions is

polynomial in all parameters (see Theorems 131, 132). Thus the overall query complexity
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Test-LTF (inputs are € > 0 and black-box access to f : {—1,1}" — {—1,1})

Let 7 = €, a “regularity parameter”, where K is a large universal constant to be spec-

ified later. * Let  be a sufficiently small absolute constant. We will also take n = 7
(the error parameter for Estimate-Parameters-Of-Restrictions), s, = 16/7%, and

M = poly(Smax) log(1/6) /€.

1. Run Isolate-Variables(7, §) to obtain output (B, ..., By, I). This implicitly de-
fines some set J C [n] and explicitly defines its cardinality (the same as the cardi-
nality of ), some s with s < spax.

2. Run Estimate-Parameters-Of-Restrictions(7,7,0, M, (B, ..., By, I), f). This
produces a list of restrictions 7* € {—1, 1} and real values %, (¢%)2, &%, p*/ where
1<4,j <M.

3. At this point there are two cases depending on whether or not the fraction of i’s
for which |f’] > 1 — eisatleast 1 —e:

(a) (The case that for at least a 1 — e fraction of ¢’s, || > 1 —€.)

In this case, enumerate all possible length-s integer vectors w with entries up
to 20(s1085) in absolute value, and also all possible integer thresholds 6 in the
same range. For each pair (w, ), check whether sgn(w - 7* — 0) = sgn(i*)
holds for at least a 1 — 20¢ fraction of the values 1 < ¢ < M. If this ever
holds, ACCEPT. If it fails for all (w, §), REJECT.

(b) (The case that for at least an ¢ fraction of 7’s, || < 1 — €.)
In this case, pick any i* such that |[i*"'| < 1 — €. Then:

i. Check that 5 < 27. If this fails, REJECT.

ii. Check that |(G*)2 — W (i*")| < 27/12, If this fails, REJECT.

iii. Check that both |(5*%)2 — W (" YW (1*)| < 27'/12 and p*"# > —n hold
forall 1 <17 < M. If this fails, REJECT.

iv. Enumerate all possible length-s vectors w whose entries are integer mul-
tiples of 1/7/s, up to 20¢1°€) /In(1/7) in absolute value, and also all
possible thresholds 6 with the same properties. For each pair (w,6),
check that | — p(f — w - 7*)| < 5+/7 holds for all 7%’s. If this ever
happens, ACCEPT. If it fails for all (w, #), REJECT.

“We will eventually take K = 108.

Figure 5-4: The algorithm Test-LTF.
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is poly(1/e€). As given, the test is adaptive, since Estimate-Parameters-Of-Restrictions
depends on the output of Isolate-Variables . However, in remark 134 we discuss how the
test can easily be made nonadaptive with only a polynomial blowup in query complexity.
In Section 5.5.6 we will show that indeed this test correctly distinguishes (with proba-
bility at least 2/3) LTFs from functions that are O(¢)-far from being LTFs. Thus our main

testing result, Theorem 114, holds as claimed.

Conceptual explanation of the test.

Here we provide a high-level description of the ideas underlying the various stages of the
test. The following discussion should not be viewed in the light of mathematical statements
but rather as narrative exposition to aid in understanding the test and its analysis. (It may
also be useful to refer back to the sketch at the beginning of Section 5.5.)

In Step 1, the idea is that J is (roughly) the set of variables ¢ such that | F@)| > 2

In Step 2, each 7t is an i.i.d. uniform random restriction of the variables in J. Each
value i’ is an estimate of E[f,:], each (%)% is an estimate of _, 7 (k)?, each 7' is an
estimate of ), F.:(k)*, and each 5 is an estimate of 3, Fri (k) Fos ().

The idea of Step 3(a) is that in this case, almost every restriction 7 of the variables in
J causes f, to be very close to a constant function 1 or —1. If this is the case, then f is
close to an LTF if and only if it is close to an LTF which is a junta over the variables in .J.
Step 3(a) enumerates over every possible LTF over the variables in J and checks each one
to see if it is close to f.

If the algorithm reaches Step 3(b), then a non-negligible fraction of restrictions 7 have
| E[f,]| bounded away from 1. We claim that when f is an LTF, this implies that at least
one of those restrictions should be 7-regular, and moreover all restrictions should be V-
regular (these claims are argued using Proposition 142 and Theorem 118, respectively).
Step 3(b)(i) verifies that one such restriction 7" is indeed /7-regular.

Step 3(b)(ii) checks that the sum of squares of degree-1 Fourier coefficients ) _, ]/‘;i* (k)?
is close to the “correct” value W (E|[ f,.:~]) that the sum should take if f .- were a y/7T-regular
LTF (see the first inequality in the conclusion of Theorem 127). If this check passes, Step

3(b)(iii) checks that every other restriction f: is such that the inner product of its degree-1
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Fourier coefficients with those of .-, namely >, ; Fri (k)f,r\(k), is close to the “correct”
value W(E|[f:])W (E[f,+]) that it should take if f,: and f,~ were LTFs with the same
linear part (see Theorem 127 again).

At this point in Step 3(b), if all these checks have passed then every restriction f is
close to a function of the form sgn(¢(z) — 6,;) with the same linear part (that is based on the
degree-1 Fourier coefficients of f, .-, see Theorem 128). Finally, Step 3(b)(iv) exhaustively
checks “all” possible weight vectors w for the variables in J to see if there is any weight
vector that is consistent with all restrictions f,:. The idea is that if f passes this final check

as well, then combining w with £ we obtain an LTF that f must be close to.

5.5.6 Proving correctness of the test

In this section we prove that the algorithm Test-LTF is both complete and sound. At
many points in these arguments we will need that our large sample 7!,..., 7™ of i.i.d.
uniform restrictions is representative of the whole set of all 2° restrictions, in the sense that
empirical estimates of various probabilities obtained from the sample are close to the true
probabilities over all restrictions. The following proposition collects the various statements

of this sort that we will need. All proofs are straightforward Chernoff bounds.

Proposition 140. After running Steps 0,1 and 2 of Test-LTF, with probability at least
1—O(6) (with respect to the choice of the i.i.d. 7', . .., 7™ ’s in Estimate-Parameters-Of-

Restrictions) the following all simultaneously hold:

1. The true fraction of restrictions © of J for which |E[f;]| > 1 — 2e¢ is within an
additive €/2 of the fraction of the w’s for which this holds. Further, the same is true

about occurrences of | E[f;]| > 1 —€/2.

2. For every pair (w*,0*), where w* is a length-s integer vector with entries at most
20(s1083) iy absolute value and 0* is an integer in the same range, the true fraction of

restrictions T to J for which

| E[fx] —sgn(w" -7 —6)| <3/5
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is within an additive € of the fraction of w’s for which this holds. Further, the same

is true about occurrences of sgn(E|[f;]) = sgn(w* - m — 6*).

3. For every fixed restriction * to J, the true fraction of restrictions m to J for which

we have

(37 e (9)F2(9))? = W(ELfr])W(E[f,])| < 371/12

1S]=1

is within an e fraction of the true fraction of '’s for which this holds.

4. For every fixed pair (w*,0*), where w* is a length-s vector with entries that are
integer multiples of \/T /s at most 20(31°8) \/W in absolute value and 0” is an
integer multiple of \/T/s in the same range, the true fraction of restrictions 7 to J
for which

|E[fa] = p(6" —w™ - m)| < 6v/7

is within an additive ¢ of the fraction of 7’s for which this holds.

Proof. All of the claimed statements can be proved simply by using Chernoff bounds (using
the fact that the 7%’s are i.i.d. and M is large enough) and union bounds. For example,
regarding item 4, for any particular (w*, 6*), a Chernoff bound implies that the true fraction
and the empirical fraction differ by more than ¢ with probability at most exp(—Q(e?M)) <
/2P () using the fact that M > poly(s)log(1/d)/e. Thus we may union bound over all
2roly(s) possible (w*, 6*) to get that the statement of item 4 holds except with probability at

most J. The other statement and the other items follow by similar or easier considerations.

O

Completeness of the test.

Theorem 141. Let f : {—1,1}* — {—1,1} be any LTF. Then f passes Test-LTF with
probability at least 2/3.

Proof. Steps 1 and 2 of the test, where querying to f occurs, are the places where the
test has randomness. We have that Step 1 succeeds except with probability at most §;

assuming it succeeds, the set .J becomes implicitly defined according to (5.38). Step 2 also
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succeeds except with probability at most J; assuming it succeeds, we obtain restrictions 7°
and estimates 1%, (%)%, %%, p*7 that satisfy the conclusion of Theorem 132, with n := .
Finally, in Proposition 140 (which relates the empirical properties of the restrictions to the
true properties), all conclusions hold except with probability at most O(4). Thus all of
these assumptions together hold with probability at least 1 — O(d), which is at least 2/3
when we take § to be a sufficiently small constant. Note that we have not yet used the fact
that f is an LTE.

We will now show that given that all of these assumptions hold, the fact that f is an
LTF implies that the deterministic part of the test, Step 3, returns ACCEPT. We consider

the two cases that can occur:

Case 3(a): for at least a 1 — ¢ fraction of i’s, 1’| > 1 — e. Since Theorem 132 implies
that |i* — E[f,:]| < n, and since ) < e, in this case we have that for at least a 1 — € fraction
of the ¢’s it holds that | E[f,:]| > 1 — e —n > 1 — 2e. Applying Proposition 140 item 1,
we get that | E[f,]| > 1 — 2¢ for at least a 1 — 2¢ fraction of all 2° restrictions 7 on J. It
follows that f is 2¢ - 3 + (1 — 2¢) - € < 2e-close to being a junta on J.

We are assuming that f is an LTF, and we know that it is 2e-close to being a junta on
J. We can conclude from this that f is 2e-close to being an LTF on J. To see why, assume
without loss of generality that J = {1,...,r}. We know that the junta over {—1,1}"
to which f is closest is given by mapping zi,...,x, to the most common value of the
restﬁcted function fy, . 5. But this most common value is certainly sgn(wyz; + --- +
wy T, — 0), since Wy41%r41 + - - - + Wy, is centered around zero.

So we know that f is 2e-close to being an LTF on J. Write this LTF as g(7) = sgn(w* -
m — 6*), where w* is an integer vector with entries at most 20(slogs) in absolute value and
6* is also an integer in this range. (Since |J| < s, any LTF on J can be expressed thus by
the well-known result of Muroga et al. [47].) Since f is 2e-close to g, we know that for at
least a 1 — 10¢ fraction of the restrictions 7 to J, f(z) takes the value g(7) on at least a
4/5 fraction of inputs z. Le., | E[f,] —sgn(w* -7 — 6*)| < 3/5 for at least a 1 — 10¢ fraction
of all 7’s. Using Proposition 140 item 2 we conclude that | E[f,:] — sgn(w* - * — *)| <

3/5 for at least a 1 — 20e fraction of the 7*’s. But for these 7¢’s we additionally have
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|@t — sgn(w* - 7 — 6%)| < 3/5+ n < 1 and hence sgn(ii*) = sgn(w* - 7* — 6*). Thus
Step 3(a) returns ACCEPT once it tries (w*, 6%).

Case 3(b): for at least an ¢ fraction of i’s, |i'| < 1 —e. In this case we need to show
that Steps i.—iv. pass.
To begin, since |z* — E[f,:]| < n < €/2 for all 7, we have that for at least an € fraction

of the ¢’s,

E[f:i]| <1 — ¢/2. Thus by Proposition 140 item 1, we know that among all 2°

restrictions 7 of J, the true fraction of restrictions for which | E[f,:]| < 1 — ¢/2 is at least
€/2.
We would also like to show that for most restrictions 7 of .J, the resulting function f,

is regular. We do this in the following proposition:

Proposition 142. Ler [ : {—1,1}"—{-1,1} be an LTF and let J D {j : |f(i)| > B}.

Then f, is not (3/n)-regular for at most an n fraction of all restrictions 7 to J.

Proof. Since f is an LTF, | f(j)| = Inf;(j); thus every coordinate outside .J has influence
at most § on f. Let k be a coordinate outside of J of maximum influence. Note that since
f is an LTF, k is a coordinate of maximum influence for f. under every restriction 7 to J,

this follows from Fact 116. But Inf (k) = Avg_(Inf; (k)) = Avg_(|f.(k)]) and so
B > Infs(k) = Avg, (regularity of f;).

The result now follows by Markov’s inequality. O

Continuing case 3(b), note that .J contains all coordinates j with | f(j)| > 72, so we
know from Proposition 142 that f; is 7-regular for at least a 1 — 7 fraction of the 2° restric-
tions 7 to J. Since 7 < €/2, we conclude that there must exist some restriction 7 to the
coordinates in J for which both | E[f,,]| < 1 — ¢/2 and f,, is T-regular.

Express f as f(m,z) = sgn(w' - m + £ -z — ¢'), where 7 denotes the inputs in J,
denotes the inputs not in J, and £ is normalized so that ||¢|| = 1 (note that normalization
is different than the typical one we’ve been using, hence the use of the variables w’ and ¢’

instead of w and 6). We’ve established that the LTF f, (z) = sgn(¢-z — (¢ — w' - m))
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has |E[fr]| < 1 — €/2 and is 7-regular. Applying Theorem 118, we conclude that all
coefficients in £ are, in absolute value, at most O(7/(e%log(1/€))) < Q(1/7); here we use

the fact that K > 12. In particular, we’ve established:

Claim 143. There is a linear form £ with ||£|| = 1 and all coefficients of magnitude at most
Q(y/7), such that the following two statements hold: 1. For every restriction  to J, the
LTF f, is expressed as f(z) = sgn(f -z — (¢’ —w' - 7)). 2. For every restriction w to J,

[ is \/T-regular.

The second statement in the claim follows immediately from the first statement and

Theorem 117, taking the constant in the §2(-) to be sufficiently small.

We now show that Steps 3b(i)—(iv) all pass. Since f, is +/7-regular for all 7, in
particular f_~ is /7-regular. Hence Z| sl=1 fﬂ;(S)“ < 7 (see Proposition 91) and so
&Y < 7+ n < 27. Thus Step 3b(i) passes.

Regarding Step 3b(ii), Claim 143 implies in particular that f i« is y/7-regular. Hence
we may apply the first part of Theorem 127 to conclude that 3 g, Z.rz\ (8)? is within 71/12
of W(E[f,]). The former quantity is within n of (%" )?; the latter quantity is within 7 of
W (") (using |W’| < 1). Thus indeed (6%)2 is within 71/12 + 5 + n < 27112 of W ('),
and Step 3b(ii) passes.

The fact that the first condition in Step 3b(iii) passes follows very similarly, using the
second part of Theorem 127 (a small difference being that here we can only say that
W (E[f=])W (E|[fx]) is within, say, 3n of W (i’ )W (1if)). As for the second condition
in Step 3b(iii), since f is an LTF, for any pair of restrictions 7, 7’ to .J, the functions f, and
[ are LTFs expressible using the same linear form. This implies that f, and f, are both
unate functions with the same orientation, a condition which easily yields that ﬁr( j) and
f;( j) never have opposite sign for any j. We thus have that 3 g _ J/"; (S)ﬁ:(S) > 0 and
so indeed the condition 5*** > —n holds for all 4. Thus Step 3b(iii) passes.

Finally we come to Step 3b(iv). Claim 143 tells us that for every restriction 7, we
have f.i(z) = sgn(¢ -z — (¢' — w' - ©*)), where £ is a linear form with 2-norm 1 and
all coefficients of magnitude at most 2(1/7). Applying Proposition 108 we conclude that
| E[fx] —p(6'—w'-7*)| < /7 holds for all i (again, ensuring the constant in the Q(-) is small

182



enough). Using the technical Lemma 144 below, we infer that there is a vector w* whose
entries are integer multiples of /7 /s at most 29(s1°¢%), /In(1/7) in absolute value, and an
integer multiple 6* of /7 /s, also at most 2°¢1°€%)., /In(1/7) in absolute value, such that
| E[fr:] — (6" —w*-7)| < 44/7 holds for all ', By increasing the 4,/7 to 4y/7+n < 5/7,
we can make the same statement with fi¢ in place of E[f,:]. Thus Step 3(b)(iv) will return

ACCEPT once it tries (w*, §*). O

Lemma 144. Suppose that | E[f;]| — (6 —w' - )| < /T holds for some set Il of ’s. Then
there is a vector w* whose entries are integer multiples of \/T /s at most 20(1°8%) \/W‘)
in absolute value, and an integer multiple 0* of \/T/s, also at most 2°¢1°¢%) /in(1/n) in
absolute value, such that | E[f,] — u(6* — w* - m)| < 4n'/® also holds for all 7 € TL.

Proof. Let us express the given estimates as
{Blfs] = V7 <p(0 —w' - 7) <E[f] + V7)o (5.39)

We would prefer all of the upper bounds E[f,] + /7 and lower bounds E[f,] — /7 in these
double inequalities to have absolute value either equal to 1, or at most 1 — /7. It is easy
to see that one can get this after introducing some quantities 1 < K, K/ < 2 and writing

instead

{Blfa] = Ko/ <0 — ' -7) < Elfal + KT}y (5.40)

Using the fact that y is a monotone function, we can apply x~* and further rewrite (5.40)
as

{e, <O —w' -7 <Cr} (5.41)

mell

where each |c,|, |C;| is either co (meaning the associated inequality actually drops out) or

is at most (=1 + /7) < O(y/In(1/7)). Now (5.41) may actually be thought of as a

“linear program” in the entries of v’ and in § — one which we know is feasible.

By standard results in linear programming [15] we know that if such a linear program

is feasible, it has a feasible solution in which the variables take values that are not too large.
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In particular, we can take as an upper bound for the variables

| max4 det(A)]

= Tming det(B)]’ (542)

where B ranges over all nonsingular square submatrices of the constraint matrix and A
ranges over all square submatrices of the constraint matrix with a portion of the “right-side
vector” substituted in as a column. Note that the constraint matrix from (5.41) contains only
+1’s and that the right-side vector contains numbers at most O(y/In(1/7)) in magnitude.
Thus the minimum in the denominator of (5.42) is at least 1 and the maximum in the
numerator of (5.42) is at most O(1/In(1/7)) - (s + 1)!; hence £ < 206189, /In(1/7).
Having made this conclusion, we may recast and slightly weaken (5.40) by saying that

there exist a pair (w”, "), with entries all at most £ in absolute value, such that

{Elfs] —2v7 S (0" —w" - m) <E[fa] + 2V7}

Finally, suppose we round the entries of w” to the nearest integer multiples of /7 /s form-
ing w*, and we similarly round 6" to 6*. Then |(6" — w" - m) — (0* — w* - 7)| < 24/7 for

every 7. Since |u/| < 4/2/m < 1 we can thus conclude that the inequalities

{E[fw] — 4T < pu(0* — w* - ) < E[f:] + 4\/7——}7@11
also hold, completing the proof. O

Soundness of the test.

Theorem 145. Let f : {—1,1}"—{—1, 1} be a function that passes Test-LTF with prob-
ability more than 1/3. Then f is O(€)-close to an LTF.

Proof. As mentioned at the beginning of the proof of Theorem 141, for any f, with prob-
ability at least 1 — O() Step 1 of the algorithm succeeds (implicitly producing J), Step 2
of the algorithm succeeds (producing the 7*’s, etc.), and all of the items in Proposition 140
hold. So if an f passes the test with probability more than 1/3 > O(4), it must be the case

that f passes the deterministic portion of the test, Step 3, despite the above three conditions

184



holding. We will show that in this case f must be O(e)-close to an LTF. We now divide

into two cases according to whether f passes the test in Step 3(a) or Step 3(b).

Case 3(a). In this case we have that for at least a 1 — e fraction of 7'’s, || > 1 — € and

hence | E[fi]| > 1 — € —n > 1 — 2¢. By Proposition 140 item 1we conclude:
For at least a 1 — 2¢ fraction of all restrictions 7 to J, | E[f;]| > 1 — 2e. (5.43)

Also, since the test passed, there is some pair (w*, 8*) such that sgn(w* - 7' — *) = sgn(zi*)
for at least a 1 — 20¢ fraction of the 7*’s. Now except for at most an ¢ fraction of the 7*’s
we have | E[f,:]| > 1 —2¢ > 2 and |i* — E[f]| < n < 3 whence sgn(fi') = sgn(E[f:]).
Hence sgn(w* - 7° — 0*) = sgn(E[f,:]) for atleasta 1 — 20e — € > 1 — 21e fraction of the

7"’s. By Proposition 140 item 2 we conclude:

For at least a 1 — 22¢ fraction of all restrictions 7 to .J, sgn(E[f,]) = sgn(w” - 7 — 6).
(5.44)
Combining (5.43) and (5.44), we conclude that except for a 22¢ 4 2¢ < 24e fraction of
restrictions 7 to J, f, is e-close, as a function of the bits outside .J, to the constant sgn(w* -
7 — 60%). Thus f is 24e + (1 — 24€)e < 25¢-close to the J-junta LTF 7 — sgn(w* - m — 6*).

This completes the proof in Case 3(a).

Case 3(b). In this case, write 7* for 7*". Since |''| < 1 — ¢, we have that | E[f,-]| <
l1—€e+n < 1-—¢€/2. Once we pass Step 3(b)(i) we have k < 27 which implies
le}zlj/”;(S)‘* < 27 4+ 1 < 37. This in turn implies that f,. is (37)Y/4 < 2714
regular. Once we pass Step 3(b)(ii), we additionally have |} g _, Fr (2= W(E[fr])| <
27112 4 n4n < 37'/12 where we’ve also used that W (") is within 7 of W (E[f,-]) (since

W' < 1).
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1/4

Summarizing, f,+ is 27"/ *-regular and satisfies

IE[fﬂ*]
> F(S)? =~ W(E[fr])| < 37Y/2 (5.45)

IS|=1

< 1-—¢€/2,and

Since Step 3(b)(iii) passes we have that both |(5°%)? — W (" )W (') < 27%/12 and
p** > —n hold for all 5’s. These conditions imply

z fﬂ'* fﬂ" — W(E[fr-)W(E[fn])| < 2712 4 4y < 37112
15]=1

and

> T (8)Fwi(S) = 21

|S|=1
hold for all 7. Applying Proposition 140 item 3 we conclude that for at least a 1 — e fraction

of the restrictions 7 to .J, both

|S]=1

(Z ﬁ:(S)ﬁr(S)) ~ W(E[f])W(E[f])| < 3772 and

> e (S)fa(S) = -2 (5.46)

1S]=1

We can use (5.45) and (5.46) in Theorem 128, with f,« playing the role of f, the good
fx’s from (5.46) playing the roles of g and the “7” parameter of Theorem 128 set to 371/12.

(This requires us to ensure K > 54.) We conclude:

There is a fixed vector £ with ||£|| = 1 and |¢,| < O(77/1%) for each j
such that for at least a 1 — ¢ fraction of restrictions 7 to .J,

fr(z) is O(7Y/1%)-close to the LTF g, (z) = sgn(f- z — 0,). (5.47)

We now finally use the fact that Step 3(b)(iv) passes to get a pair (w*,6*) such that
|t — pu(0* — w* - )| < 5y/T = | E[fn] — p(0* — w* - 7)| < 64/7 holds for all 7¥’s. By

186



Proposition 140 item 4 we may conclude that:

For at least a 1 — ¢/2 fraction of restrictions 7 to J, | E[f;] — u(6* — w* - 7)| < 64/7.
(5.48)

Define the LTF h : {—1,1}"—{—1,1} by h(7,z) = sgn(w* - 7 + £ - x — 6*). We will
complete the proof by showing that f is O(7/1%)-close to h.

We have that the conclusions of (5.47) and (5.48) hold simultaneously for at least a
1 — 2¢ fraction of restrictions m; call these the “good” restrictions. For the remaining
“bad” restrictions 77’ we will make no claim on how close to each other f,, and h,, may
be. However, these bad restrictions contribute at most 2¢ to the distance between f and h,
which is negligible compared to O(7'/1%8). Thus it suffices for us to show that for any good
restriction 7, we have that f, and h, are oh-so-close, namely, O(7/1%)-close. So assume
7 is a good restriction. In that case we have that f, is O(71/1%%)-close to g,, so it suffices
to show that g, is O(7'/1%%)-close to h,.. We have h,(z) = sgn(¢ -z — (§* — w* - 7)), and
since [[€] = 1 and |¢;] < O(a™/%) for cach j, Proposition 108 implies that E[,] "~
u(6* —w*-). Since 7 is a good restriction, using (5.48) we have that E[h,] e E[f,]. This
certainly implies E[h,] o E[g,] since f, and g, are O(a'/1%)-close. But now it follows
that indeed g, is O(«'/1%%)-close to k., because the functions are both LTFs expressible with
the same linear form and thus either g, > h, pointwise or h, > g, pointwise, either of

which implies that the distance between the two functions is proportional to the difference

of their means.

Finally, we’ve shown that f is O(7'/%)-close to an LTF. Taking K = 108 completes
the proof. (]
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Chapter 6

Testing +1-Weight Halfspaces

6.1 Introduction

In the previous chapter, we gave an algorithm for testing whether a boolean function
f o {-1,1}* — {-1,1} is a halfpsace using only poly(1/e) queries. In this chap-
ter, we consider the problem of testing whether a function f belongs to a natural sub-
class of halfspaces, the class of +1-weight halfspaces. These are functions of the form
f(z) = sgn(w,z; + wezs + - - - + wyx,) where the weights w; all take values in {—1,1}.
Included in this class is the majority function on 7 variables, and all 2" “reorientations” of
majority, where some variables z; are replaced by —z;. Alternatively, this can be viewed
as the subclass of halfspaces where all variables have the same amount of influence on
the outcome of the function, but some variables get a “positive” vote while others get a
“negative” vote.

For the problem of testing +1-weight halfspaces, we prove two main results:

1. Lower Bound. We show that any nonadaptive testing algorithm which distinguishes
+1-weight halfspaces from functions that are e-far from £1-weight halfspaces must
make at least 2(logn) many queries. By a standard transformation (see e.g. [24]),
this also implies an 2(log log n) lower bound for adaptive algorithms. Taken together
with the results of the last chapter, this shows that testing this natural subclass of

halfspaces is more query-intensive then testing the general class of all halfspaces.
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2. Upper Bound. We give a nonadaptive algorithm making O(y/n - poly(1/¢)) many
queries to f, which outputs (i) YES with probability at least 2/3 if f is a +1-weight
halfspace (ii) NO with probability at least 2/3 if f is e-far from any +1-weight half-

space.

We note that it follows from [40] that learning the class of +1-weight halfspaces
requires 2(n/e) queries. Thus, while some dependence on n is necessary for test-
ing, our upper bound shows testing +1-weight halfspaces can still be done more

efficiently than learning.

Although we prove our results specifically for the case of halfspaces with all weights
+1, we remark that similar results can be obtained using our methods for other similar sub-
classes of halfspaces such as {—1, 0, 1}-weight halfspaces (+1-weight halfspaces where

some variables are irrelevant).

Techniques. As is standard in property testing, our lower bound is proved using Yao’s
method. We define two distributions Dy gg and Dyo over functions, where a draw from
Dygs is a randomly chosen +1-weight halfspace and a draw from Dy is a halfspace
whose coefficients are drawn uniformly from {+1, —1, ++/3, —\/5} ‘We show that a ran-
dom draw from Dy is with high probability Q(1)-far from every +1-weight halfspace,
but that any set of o(logn) query strings cannot distinguish between a draw from Dy gg
and a draw from Dyo.

Our upper bound is achieved by an algorithm which uniformly selects a small set of
variables and checks, for each selected variable x;, that the magnitude of the corresponding
singleton Fourier coefficient |f(3)| is close to to the right value. We show that any func-
tion that passes this test with high probability must have its degree-1 Fourier coefficients
very similar to those of some +1-weight halfspace, and that any function whose degree-1
Fourier coefficients have this property must be close to a £1-weight halfspace. At a high
level this approach is similar to some of what is done in the previous chapter, but here we
incur a dependence on n because of the level of accuracy that is required to adequately

estimate the Fourier coefficients.
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6.2 A Q(logn) Lower Bound for +1-Weight Halfspaces

In this section we prove the following theorem:

Theorem 146. There is a fixed constant € > 0 such that any nonadaptive e-testing algo-
rithm A for the class of all +1-weight halfspaces must make at least (1/26)logn many

queries.

To prove Theorem 146, we define two distributions Dy gg and Dyo over functions.
The “yes” distribution Dy gg is uniform over all 2" £1-weight halfspaces, i.e., a function
f drawn from Dyggs is f(z) = sgn(r;zy + - - - rpz,) where each r; is independently and
uniformly chosen to be +1. The “no” distribution Dy is similarly a distribution over
halfspaces of the form f(z) = sgn(s1z1 + - - - s,y ), but each s; is independently chosen
to be +4/1/2 or +4/3/2 each with probability 1/4.

To show that this approach yields a lower bound we must prove two things. First,
we must show that a function drawn from Dy is with high probability far from any

+1-weight halfspace. This is formalized in the following lemma:

Lemma 147. Let f be a random function drawn from Dyo. With probability at least 1 —
o(1) we have that f is e-far from any +1-weight halfspace, where ¢ > 0 is some fixed

constant independent of n.

Next, we must show that no algorithm making o(logn) queries can distinguish Dy gg

and Dyo. This is formalized in the following lemma:

Lemma 148. Fix any set x',..., 19 of q query strings from {—1,1}". Let Dy gs be the
distribution over {—1,1}9 obtained by drawing a random f from Dygg and evaluating it
onz!,...,29 Let Dyo be the distribution over {—1,1}9 obtained by drawing a random
f from Dyo and evaluating it on x*, ..., x%. If ¢ = (1/26) logn then ||BYES — Dyolli =

o(1).

We prove Lemmas 147 and 148 in subsections 6.2.1 and 6.2.2 respectively. A standard
argument using Yao’s method (see e.g. Section 8 of [24]) implies that the lemmas taken

together prove Theorem 146.
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6.2.1 Proof of Lemma 147.

Let f be drawn from Dyo, and let sy,..., s, denote the coefficients thus obtained. Let
Ty denote {i : |s;| = /1/2} and Ty denote {i : |s;| = 1/3/2}. We may assume that
both |T1| and |T%| lie in the range [n/2 — v/nlogn,n/2 + 1/nlogn] since the probability
that this fails to hold is 1 — o(1). It will be slightly more convenient for us to view f as

sgn(v2(s1x1 + - - - + 8,,)), that is, such that all coefficients are of magnitude 1 or /3.

It is easy to see that the closest £1-weight halfspace to f must have the same sign
pattern in its coefficients that f does. Thus we may assume without loss of generality that
f’s coefficients are all +1 or ++/3, and it suffices to show that f is far from the majority

function Maj(z) = sgn(z + - - - + zy,).

Let Z be the set consisting of those z € {—1,1}71 (i.e. assignments to the variables in
T1) which satisfy S, = ) ;. % € [\/n/2,2+/n/2]. Since we are assuming that |T}| ~
n/2, using Theorem 106, we have that | Z|/2/7tl = C; & o(1) for constant C; = ®(2) —
®(1) > 0.

Now fix any z € Z, s0 Y7, % is some value V; - \/n/2 where V, € [1,2]. There
are 2" 111l extensions of 2 to a full input 2’ € {—1,1}". Let Cy,;(2) be the fraction of
those extensions which have Maj(z’) = —1; in other words, Chj(z) is the fraction of
strings in {—1,1}" which have >, ., 2z < =V, \/n/2. By Theorem 106, this fraction
is ®(=V,) % o(1). Let C;(z) be the fraction of the 2"|7il extensions of » which have
f(2') = —1. Since the variables in T3 all have coefficient V3, Ct(z) is the fraction of
strings in {—1, 1} which have Y., z < —(V./V/3) \/n/2, which by Theorem 106 is
B(~V,/v/3) £ o(1).

There is some absolute constant ¢ > 0 such that for all z € Z, |Cf(z) — Cynj(2)| > c.
Thus, for a constant fraction of all possible assignments to the variables in 77, the functions
Maj and f disagree on a constant fraction of all possible extensions of the assignment to all
variables in 77 U T5. Consequently, we have that Maj and f disagree on a constant fraction

of all assignments, and the lemma is proved. O
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6.2.2 Proof of Lemma 148.

Fori = 1,...,nletY" € {—1,1}7 denote the vector of (z!,...,z}), that is, the vec-
tor containing the values of the i*" bits of each of the queries. Alternatively, if we view
the n-bit strings z!, ...,z as the rows of a ¢ x n matrix, the strings Y, ... Y™ are the
columns. If f(z) = sgn(a;x; + - - - + a,x,) is a halfspace, we write sgn(d . ; a;Y") to
denote (f(z!),..., f(z9)), the vector of outputs of f on z!,...,z% note that the value
sgn(}_, a;Y") is an element of {—1,1}7.

Since the statistical distance between two distributions D, Dy on a domain D of size N
is bounded by N - max,cp |D1(x) — Do(z)|, we have that the statistical distance | Dy gs —
Dol is at most 27 - maxge(_1.1y¢ | Pro[sgn(X0, 7:Y?) = Q] — Pryfsgn(31, s;Y?) =
Q]| So let us fix an arbitrary Q € {—1, 1}9; it suffices for us to bound

Prr[sgn(é rY") = Q| - lz;r[sgn(ﬁ:1 s;Y') = Q]‘ : (6.1)

Let InQ denote the indicator random variable for the quadrant (), i.e. given x € RY the
value of InQ(z) is 1 if z lies in the quadrant corresponding to () and is O otherwise. We
have

(6.1) = \g[h@é rY')] — ];Z)[InQ(é 5:YV)] 62)

We then note that since the Y vectors are of length g, there are at most 27 possibilities in
{—1, 1} for their values which we denote by Y, . . ., Y2", We lump together those vectors
which are the same: for7 = 1,...,27 let ¢; denote the number of times that Y occurs in

Y1 ..., Y™ We then have that } ;"  r,Y' = >

29
1=

1 aif/i where each qa; is an independent
random variable which is a sum of ¢; independent +1 random variables (the ;s for those
j that have Y7 = Y. Similarly, we have Y7 | s;Y" = Zfil b;Y where each b; is an
independent random variable which is a sum of ¢; independent variables distributed as the

s;’s (these are the s;’s for those j that have Y7 = Y'%). We thus can re-express (6.2) as
24 20
E[nQ(> a;Y")] — l*bl[InQ(Z1 bY")]|. (6.3)
a i=1 i=

Let us define a sequence of random variables that hybridize between 21211 a;Y* and
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S bYi For 1< £ <27+ 1 define

~. ~. 29 29 .
Zp = Z b;Y' + ECMY%, so Z; = Z a;Y* and qu+1 = Z b;Y . (6.4)
=1 i=1

i<t >4

As is typical in hybrid arguments, by telescoping (6.3), we have that (6.3) equals

E[i mQ(Z) — InQ(Zeny)]| =

a,b ezl

5 BlIuQ(Z) - 100(Ze.)

fj E[InQ(W, + aY?) — InQ(W, + bY?)]

e=10b

(6.5)

where W, := 3", _, bY? + Y iss ;Y. The RHS of (6.5) is at most
29 e \ E[InQ(Wg + Y — InQ(W, + b,YY)]|.
So let us fix an arbitrary £; we will bound
E[nQ(W, + aYt) —InQ(W, + bY9)]| < B (6.6)

(we will specify B later), and this gives that ||l~)y ES — 1~)No||1 < 49B by the arguments
above. Before continuing further, it is useful to note that W, a,, and b, are all independent

from each other.

Bounding (6.6). Let N := (n/29)'/3. Without loss of generality, we may assume that the
the ¢;’s are in monotone increasing order, that is ¢; < co < ... < c9q. We consider two
cases depending on the value of ¢;. If ¢, > N then we say that ¢, is big, and otherwise we
say that ¢, is small. Note that each c; is a nonnegative integer and ¢; + - - - + ¢c2¢ = n, so at

least one ¢; must be big; in fact, we know that the largest value cyq is at least n/29.

If ¢, is big, we argue that a, and b, are distributed quite similarly, and thus for any
possible outcome of W, the LHS of (6.6) must be small. If ¢, is small, we consider some
k # ¢ for which ¢y, is very big (we just saw that £ = 27 is such a k) and show that for any
possible outcome of ay, by and all the other contributors to W, the contribution to W, from

this c;, makes the LHS of (6.6) small (intuitively, the contribution of ¢ is so large that it
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“swamps” the small difference that results from considering a, versus by).

Case 1: Bounding (6.6) when ¢, is big, i.e. ¢, > N. Fix any possible outcome for W,
in (6.6). Note that the vector Y* has all its coordinates +1 and thus it is “skew” to each of
the axis-aligned hyperplanes defining quadrant (). Since () is convex, there is some interval
A (possibly half-infinite) of the real line such that for all ¢t € R we have InQ(W,+tY*) = 1
if and only if ¢ € A. It follows that

|er[InQ(Wg+ag}7E) = 1]—Pb’r[InQ(Wg+bg)~/£) = 1]| = | Pr[a, € A]—Pr[b, € 4]|. (6.7)

Now observe that as in Theorem 106, a, and b, are each sums of ¢, many independent
zero-mean random variables (the 7;’s and s;’s respectively) with the same total variance
o = /¢, and with each |r;], |s;| < O(1). Applying Theorem 106 to both a, and b,, we get
that the RHS of (6.7) is at most O(1/,/¢;) = O(1/v/N). Averaging the LHS of (6.7) over

the distribution of values for W, it follows that if ¢, is big then the LHS of (6.6) is at most

O(1/+v/N).

Case 2: Bounding (6.6) when ¢, is small, i.e. ¢, < N. We first note that every possible
outcome for ay, b, results in |a; — by| < O(N). Let k = 27 and recall that ¢, > n/29. Fix
any possible outcome for a,, b, and for all other a;, b; such that j # & (so the only “unfixed”
randomess at this point is the choice of a; and b;). Let W} denote the contribution to W,
from these 27 — 2 fixed a;, b; values, so W, equals W, + ak?k (since k > £). (Note that
under this supposition there is actually no dependence on by now; the only randomness left
is the choice of ay.)

We have

| Pr[InQ(We + aY*) = 1] — Pr[InQ(We + bY?) = 1]]

= |Pr[InQ(W} + a¥* + azY*) = 1] — Pr[InQ(W; + bY* + 0, YF) = 1]] (6.8)
aj ak
The RHS of (6.8) is at most

Prlthe vector W, +a,Y*+a;Y* has any coordinate of magnitude at most |a; —bg[]. (6.9)
ak
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(If each coordinate of W, + ag?e + ak?’“ has magnitude greater than |a, — by|, then each
corresponding coordinate of W, + beY? + a;,Y* must have the same sign, and so such an
outcome affects each of the probabilities in (6.8) in the same way — either both points are
in quadrant ) or both are not.) Since each coordinate of Y is of magnitude 1, by a union

bound the probability (6.9) is at most g times

max Prla; € A]. (6.10)

all intervals A of width 2|ag—b|  ax

Now using the fact that |a,—by| = O(N), the fact that ay, is a sum of ¢, > n/24 independent
+1-valued variables, and Theorem 107, we have that (6.10) is at most O(N)/4/n/22. So
we have that (6.8) is at most O(N¢+/29)/+/n. Averaging (6.8) over a suitable distribution
of values for a1, by, ..., ag—1,b5-1, Gk+1,bk+1,- - -, G2q, boq, gives that the LHS of (6.6) is

at most O(Ng+/29)/v/n.

So we have seen that whether ¢, is big or small, the value of (6.6) is upper bounded by
max{O(1/VN), O(Ngv/29) //n}.

Recalling that N = (n/29)1/3, this equals O(g(2?/n)Y/¢), and thus || Dygs — Dyoll1 <
O(q2'39/6 /n1/6). Recalling that ¢ = (1/26)logn, this equals O((logn)/n/'2) = o(1),

and Lemma 148 is proved.

6.3 A O(y/n) Upper Bound for +1-Weight Halfspaces

In this section we present the +1-Weight Halfspace-Test algorithm, and prove the follow-

ing theorem:
Theorem 149. For any 36/n < € < 1/2 and any function f : {—1,1}"—{-1,1},

o if f is a £1-weight halfspace, then +1-Weight Halfspace-Test(f,¢) passes with
probability > 2/3,

o if f is e-far from any +£1-weight halfspace, then £1-Weight Halfspace-Test(f,¢)
rejects with probability > 2/3.
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The query complexity of +1-Weight Halfspace-Test(f, ¢) is O(y/n log £). The algorithm

is nonadaptive and has two-sided error.

The main tool underlying our algorithm is the following theorem, which says that if
most of f’s degree-1 Fourier coefficients are almost as large as those of the majority func-
tion, then f must be close to the majority function. Here we adopt the shorthand Maj,, to
denote the majority function on n variables, and M, to denote the value of the degree-1

Fourier coefficients of Maj,,.

Theorem 150. Let f : {—1,1}"—{—1,1} be any Boolean function and let ¢ > 36/n.
Suppose that there is a subset of m > (1 — €)n variables i each of which satisfies f (2) >
(1 — €)M,.. Then Pr[f(z) # Maj, (z)] < 32V/e.

In the following subsections we prove Theorem 150 and then present our testing algo-

rithm.

6.3.1 Proof of Theorem 150.

We start with the following well-known lemma, whose proof serves as a warmup for The-

orem 150:

Lemma 151. Every f : {—1,1}" — {—1,1} satisfies 7, | f(i)| < nM,.

Proof. Let G(z) = sgn(f(1))z1 + - - - + sgn(f(n))z, and let g(z) be the +1-weight half-
space g(z) = sgn(G(z)). We have

z 174)| = E[fG) < E[|G[] = B[G(2)g(x)] = zM

1

where the first equality is Plancherel (using the fact that G is linear), the inequality is
because f is a +1-valued function, the second equality is by definition of g and the third
equality is Plancherel again, observing that each §(7) has magnitude M., and sign sgn( f (1)).

a

Proof of Theorem 150. For notational convenience, we assume that the variables whose

Fourier coefficients are “almost right” are x;, 25, ..., T,,. Now define G(z) = 1 + x5 +
? ) ?
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-+ Ty, so that Maj,, = sgn(G). We are interested in the difference between the following

two quantities:

The bottom quantity is broken into two summations. We can lower bound the first
summation by (1 — €)2nM,, > (1 — 2¢)nM,,. This is because the first summation contains
at least (1 — €)n terms, each of which is at least (1 — €)M,,. Given this, Lemma 151 implies

that the second summation is at least —2enl\7|n. Thus we have
E[G(z)f(z)] > (1-4e)nM,

and hence

E[|G| — Gf] < 4enM,, < 4ey/n 6.11)

where we used the fact (easily verified from Parseval’s equality) that M, < \/iﬁ

Let p denote the fraction of points such that f # sgn(G), i.e. f # Maj,,. If p < 32/
then we are done, so we assume p > 32/ and obtain a contradiction. Since ¢ > 36/n, we
have p > 192/y/n. Let k be such that /e = (4k + 2)/+/n, so in particular k > 1. It is well
known (by Stirling’s approximation) that each “layer” {z € {-1,1}": z1+--- +z, = £}
of the Boolean cube contains at most a ﬁ fraction of {—1,1}", and consequently at most
a 2’“7‘;1 fraction of points have |G(z)| < 2k. It follows that at least a p/2 fraction of points
satisfy both |G(z)| > 2k and f(z) # Maj,(z). Since |G(z)| — G(z)f(x) is at least 4k
on each such point and |G(z)| — G(z) f(z) is never negative, this implies that the LHS of

(6.11) is at least

B

en

5 = 8evn,

g LAl > (16y/€) - (4k) > (16v/€)(2Kk + 1) = (16+/€) -
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but this contradicts (6.11). This proves the theorem. O

6.3.2 A Tester for +1-Weight Halfspaces

Intuitively, our algorithm works by choosing a handful of random indices ¢ € [n], esti-
mating the corresponding | f ()| values (while checking unateness in these variables), and
checking that each estimate is almost as large as M,.. The correctness of the algorithm is
based on the fact that if f is unate and most | f()| are large, then some reorientation of f
(that is, a replacement of some z; by —z;) will make most f (7) large. A simple application
of Theorem 150 then implies that the reorientation is close to Maj,,, and therefore that f is
close to a +1-weight halfspace.

We start with some preliminary lemmas which will assist us in estimating |f(7)| for

functions that we expect to be unate.

Lemma 152.

~

(i) = Pr[f(z*) < f(a™)] = Prf(a") > f(2*")]
where '~ and x'* denote the bit-string x with the i*" bit set to —1 or 1 respectively.

We refer to the first probability above as the positive influence of variable ¢ and the
second probability as the negative influence of i. Each variable in a monotone function has
only positive influence. Each variable in a unate function has only positive influence or

negative influence, but not both.

Proof. (of Lemma 152) First note that f(i) = E.[f(z)z,], then

Elf(@)a] = Prlf(@) = La = 1+ Pr{f(z) = ~L, = ~1]
—P;r[f(x) =-1l,z;=1] - F;Er[f(x) =1,z; = —-1].

Now group all z’s into pairs (z°~, z**+) that differ in the i*" bit. If the value of f is the same
on both elements of a pair, then the total contribution of that pair to the expectation is zero.
On the other hand, if f(z'~) < f(z**), then 2'~ and z** each add 5= to the expectation, and

if f(z°7) > f(z'*), then z°~ and z™* each subtract 5-. This yields the desired result. ~ [J
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Lemma 153. Let f be any Boolean function, i € [n), and let |f(i)| = p. By drawing
m= z% -log 2 uniform random strings x € {—1,1}", and querying f on the values f(z*")
and f (™), with probability 1 — § we either obtain an estimate of | f (i)| accurate to within

a multiplicative factor of (1 % €), or discover that f is not unate.

The idea of the proof is that if neither the positive influence nor the negative influence

f(3)| is well

is small, random sampling will discover that f is not unate. Otherwise,
approximated by either the positive or negative influence, and a standard multiplicative

form of the Chernoff bound shows that m samples suffice.

Proof. (of Lemma 153) Suppose first that both the positive influence and negative influence
are at least 2. Then the probability that we do not observe any pair with positive influence
is < (1 - 2)™ < emPm/2 = ¢=(3/29108(2/0) < £, and similarly for the negative influ-
ence. Therefore, the probability that we observe at least some positive influence and some
negative influence (and therefore discover that f is not unate) is at least 1 — 2% =1-4.
Now consider the case when either the positive influence or the negative influence is
less than 2. Without loss of generality, assume that the negative influence is less than 2.
Then the positive influence is a good estimate of | f(¢)|. In particular, the probability that
the estimate of the positive influence is not within (1 + £)p of the true value (and therefore
the estimate of | f(i)] is not within (1 = €)p), is at most < 2e"™P<*/3 = 2¢~1°85 — § by the
multiplicative Chernoff bound. So in this case, the probability that the estimate we receive
is accurate to within a multiplicative factor of (1 + €) is at least 1 — §. This concludes the

proof. U
Now we are ready to present the algorithm and prove its correctness.

Proof. (of Theorem 149) To prove that the test is correct, we need to show two things: first
that it passes functions which are +1-weight halfspaces, and second that anything it passes
with high probability must be e-close to a +1-weight halfspace. To prove the first, note that
if f is a £1-weight halfspace, the only possibility for rejection is if any of the estimates of
| £(4)| is less than (1 — £)M,,. But applying lemma 153 (with p = M,,, € = £,6=2), the
probability that a particular estimate is wrong is < EIE’ and therefore the probability that

any estimate is wrong is < i. Thus the probability of success is > 3.
y g 6 p y 6
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+1-Weight Halfspace-Test (inputs are ¢ > 0 and black-box access to f : {—1,1}" —
{_ 1’ 1})

1. Lete = (5)°

2. Choose k = % In6 = O(%) many random indices 7 € {1,...,n}.

3. For each 7, estimate | f(¢)|. Do this as in Lemma 153 by drawing m = Mh;l‘;—ge,lfk =

O(¥%z i log &) random z’s and querying f(z**) and f(z*~). If a violation of unate-
ness is found reject.

4. Pass if and only if each estimate is larger than (1 — ;—')I\?In.

Figure 6-1: The algorithm +1-Weight Halfspace-Test.

The more difficult part is showing that any function which passes the test whp must be
close to a +1-weight halfspace. To do this, note that if f passes the test whp then it must
be the case that for all but an ¢ fraction of variables, |f(i)| > (1 — €)M,,. If this is not
the case, then Step 2 will choose a “bad” variable ~ one for which | f (B < (1-c¢€ )M
— with probability at least %. Now we would like to show that for any bad variable 7, the
estimate of | f(:)| is likely to be less than (1 — %’)I\?In Without loss of generality, assume
that | f(i)] = (1 — €)M, (if |f(i)| is less than that, then variable 7 will be even less likely
to pass step 3). Then note that it suffices to estimate | f ()| to within a multiplicative factor
of (14 5) (since (1 + E—’)(1 — M, < (1 - —)Mn) Again using Lemma 153 (this time
log 12k < ==

withp = (1 — e’)Mn, e=<,0= Gk), we see that

5 log 12k samples

M /2(1 M /2

suffice to achieve discover the variable is bad with probablhty 1-— &' The total probability
of failure (the probability that we fail to choose a bad variable, or that we mis-estimate one
when we do) is thus < = + R < z
The query complexity of the algorithm is O(km) = O(y/ng5 log 2) = O(y/n- % log 1)
O

6.4 Conclusion

We have proven a lower bound showing that the complexity of testing +1-weight halfspaces

is at least Q(log n) and an upper bound showing that it is at most O(y/n- poly(%)). An open
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question is to close the gap between these bounds and determine the exact dependence on
n. One goal is to use some type of binary search to get a poly log(n)-query adaptive testing

algorithm; another is to improve our lower bound to n*(!) for nonadaptive algorithms.
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