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Abstract

In their paper Metaplectic Forms, D. A. Kazhdan and S. J. Patterson developed a generalization of
automorphic forms that are defined on metaplectic groups. These groups are non-trivial covering
groups of usual algebraic groups, and the forms defined on them are representations that respect
the covering. As in the case for automorphic forms, these representations fall into a principle series,
indexed by characters on a torus of the metaplectic group, and there is an associated an L-function.
In the final section of their paper, an equivalence is shown in the rank one case between this L-
function and an Dirichlet series defined using Gauss sums, in order to demonstrate the arithmetic
content. In this paper we reexamine this connection in the particular case that was discussed in
Metaplectic Forms. By looking through the scope of twisted multiplicativity, a property of L-series,
the computation is simplified and more easily generalized.
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Adelic Fourier-Whittaker Coefficients and the
Casselman-Shalika formula

Sawyer Tabony

This paper will use two constructions of the metaplectic group, an abstract one and an explicit
one. The more abstract description will follow the construction of Matsumoto and is discussed
in more detail in [7], [10], and [12]. The explicit construction is specific to the GLy case and
follows Kubota [8]. For most cases, the abstract description is more useful, due to its generality
and inherence. But for some calculations, having a simple, understandable cocycle to compute is
advantageous, and for this we will turn to the explicit expression.

1. USEFUL SUBGROUPS

We are working with a split, simply connected algebraic group G over a number field k that
contains the nth roots of —1, for a fixed n. We will reference several subgroups of G throughout
our discussion, and here we take a section to describe the relevant notation. Because G is a split,
simply connected algebraic group, the structure of its root system and the associated subgroups
is at our disposal. We have Z the center of G and H O Z a chosen maximal torus of G. Then
we have ® the set of roots, @, a choice of positive roots, and A the associated simple positive
roots. From these choices we derive N, the unipotent subgroup of corresponding to ®,. Then we
have B = HN,, the Borel subgroup. Also, W will be the Weyl group associated to H. Another
crucial subgroup of G is the maximal compact subgroup, unique up to conjugation. When we are
working over a local field, we let K be the maximal compact subgroup. The Iwasawa decomposition
G = HNK will be well-used in our computation.

For some applications we need a subgroup of elements which has a trivial cover in the metaplectic
group. The strategy to create these is to replace H with its of nth powers, which will be written
with subscript n:

H,={h":he H}.

In the case that G = GL,, these subgroups are chosen to be the following standard ones (note

cER},

that matrix components which are omitted are zero):

e { (¢ Yoewh m={(* Yoverh wan{(* )
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where R will be either our global field k, one of its local completions &, (in this case, the subscript
of the group will simply be v, so H, is the torus over k), or its adelic ring A (constructed below).
Over a local field F, the form of K depends on F in the following way:

0(2), if F =R,
K = U(2), if F=C, and
GLy(OF), otherwise.

Where O is the ring of integers of F' when F is p-adic.

2. CONSTRUCTION OF THE ADELES

Given a global field k, its adelic ring A is a construction designed to combine all of the completions
of k into one object so that they may be studied simultaneously. This way differences and similarities
between the completions at k’s places may be best observed. A is defined as the restricted direct
product of k, over the places v of k, with respect to the open sets £, of each nonarchimedean place
of k. In other words, if S is the set of all the places of k,

A = {(xv)ves|Yv € S,zy € ky, and for almost all v < 00, zy € Oy}.

In this paper, ‘almost all’ means ‘for all but finitely many.” The operations of addition and multi-
plication are componentwise, which makes A a commutative ring with identity. We also have the
norm | - |5 defined on A* by

|(aU)IA\ = H |av|v~

One key property of A is the diagonal imbedding of the global field k into it, which maps a € k to
the adele with a at each place. This imbedding is discrete and cocompact [5].

Once we have A, we can construct G4 in a similar way. The adelic group is the restricted direct
product of G, with respect to the open subgroups K, for each v < co. That is,

Gp = {(gv)vesl gy € G, and for almost all v < 0o, g, € Kv} .

Componentwise multiplication makes G a group, and the above imbedding of k¥ into A induces an
natural diagonal imbedding of G into Gj.

3. MATSUMOTO’S METAPLECTIC GROUP

We would like to construct a cocycle on G, over a local field, using only its algebraic group
structure. This is done in several steps, by gradually expanding the cover from the torus to the full
group. While we would like to be working abstractly, we will follow along our construction with
the group GL, because the formulas can be written explicitly in terms of matrix components.
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We start with H, the maximal torus, which is the subgroup of diagonal matrices in GL,. In this

case, the cocycle is defined as

hy h
/
- ho } ’ h2 ) :H(h'i;h;')
. : i<j
b, h..

for (-,-) the nth-order local Hilbert symbol. This symbol is a nontrivial bilinear homomorphism
from k) to p,(k) defined in any text on local class field theory. There is a list of convenient identities
for the Hilbert symbol in [1] that will be utilized without reference throughout this paper.

Now we can expand our cocycle by defining it on the Weyl group. The Weyl group is defined as
the normalizer of H modulo the centralizer of H, so we expect that our cocycle is ‘preserved’ under
conjugation by w € W. By preserve, we can’t ask that the values of o are unchanged, but rather
that the cohomology class of o remains the same. This imlies that the coverings will be isomorphic.

On GL, we have, for w,w' € W and h € H,

o(h,w) = o(w,w') =1, and o(w, h) = H (hi, hy) 71
i<j,w(j)<w(i)
The action of w on the indices is permutation by conjugation on the elements of H. Note that
for a more general form, we actually are taking the product over positive roots which w takes to
negative roots by conjugation.

After expanding the cocycle to HW, we have all the ‘twisting’ of the metaplectic group that we
will get. Now we construct the pullback of G and H W, which will let the entire group inherit this
twisting. The pullback only allows us to construct a variety, but the automorphisms of this variety
will define the full metaplectic group. So our pullback is defined by this diagram:

A L)

L
AW —2— HW
where R is defined using the Bruhat decomposition. We have
G=BWB= []| BuB= [] (HN:)w(HN,),
weWw weW
So we can fix the set of coset representatives in HW of N.\G/N,, and R is defined to map G to
HW by sending g to its coset representative.
Automorphisms of the variety A are defined on the coordinates in G and HW and they will end up
defining left-multiplication of our metaplectic group. For g € G, (1,() € H W, the automorphisms
are first defined as:

(h,¢") o (9,1, €)) = (p(h)g, (hl, (o (h,1))) for (h,¢) € H,
TLO(g, (l’C)) = (ng? (lyc)) for n € N+, and
s0(g,(1,0)) = (sg, (R(sg)R(9)™",1) - (1,0)) for simple s € W.
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These define the left multiplication, and the entire metaplectic group generated by these three
sets of elements. This group of automorphisms can be shown to act simply transitively on A. From
this we get that the metaplectic group is in one-to-one correspondence with A, so our group of
automorphisms can be thought of as defining the multiplication on A, which we know is an n-cover
of G.

4. KUBOTA’S EXPLICIT COCYCLE

In the case of GLg, the cocycle defining the covering is fairly simple to write down, from [8].
Given k and n as above, let G = G Lo we define the map X : Gy, — k* by

x[(® b _Jo if ¢ #0,
c d d, otherwise.

Then we define the cocycle o : G, x Gy, — pun by

[ X(9192) X(9192) X(9192)
o(g1,92) = ( X(;l) " X(g2) )U' (det(gl)7X—(;l_)—)v’

where these parentheses are Hilbert symbols. This gives the direct definition of @v, and G A in the

usual way, by letting the sets of each G be just G X py and defining the multiplication as

(91, 1)(g2,¢C2) = (9192, C1¢20 (g1, g2))-

5. METAPLECTIC LIFTS
Now that we have the exact sequence
lﬁﬂn(k)_l"é"p_’G“—’la

we can naturally ask the following question: over which subgroups of G does the cover ’split?’ In
other words, for what subgroups X of G does there exist a homomorphism s : X — G which has
pos=Idx? If this s exists, it is called the lift of X, and its image in G will be written X*. The
choice of lift can be nonunique when there exists a nontrivial homomorphism from X to the nth
roots of unity. In these cases we choose one lift to be the preferred one. In other cases, there is no
lift of the subgroup. In these cases it may still be desired to consider X as a subgroup of G. To do
this, the only subgroup that can be used is the preimage of X under p, which will be a nontrivial
n-cover of X (if it were trivial, the copy of X containing the identity would be a lift of X). We will
always write p~1(X) as X.

Going through the special subgroups defined above, let’s quickly note which can be lifted to the
metaplectic group and discuss other subgroups of G we will be considering. The cocycle is definitely
not trivial on H or Z, so we only have their preimages under p, H and Z. The center of H is I;TnZ ,
and we fix a maximal abelian subgroup of H as H,. Because the definition of the cocycle isn’t
affected by the subgroup N,, it is not surprising that this subgroup can be lifted to C~¥, over both
the local fields and the adeles. Over k,, for v a place with |n|, = 1, we can construct a lift of K,
K; C G [11]. If v is one of the finite places for which |n|, < 1, then there does exist a compact
open subgroup of G, that can be lifted to év, but it may have to be chosen to be smaller than K.
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Because these compact groups are contained in the open sets that the restricted direct product is
taken with respect to, we may actually consider the direct product

Ky ZHK’U
v

as a subgroup of Gy. If at the places with |n|, < 1 we replace the K, with the smaller compact
groups (let us call these K], for now) that were liftable, we may lift the entire product to Ga. This
construction is absolutely crucial for our eventual approach to studying these metaplectic objects.
We use this compact subgroup to define our representation below by requiring our functions be
invariant under right translation by it, so our representation will be smooth. But it is important
that this compact group is the lift of [] K|, rather than the preimage under p, because we want our
functions to be genuine. A function is genuine if we have f oi = ¢, i.e. it respects the metaplectic
twist. If f were invariant under right translation by p~(J] Ky) rather than the lift, we would
instead have f oi = 1 and so f would be an ‘inflated’ function on G, rather than a true function
on G.

Finally, we may consider the subgroup Gy as a subgroup of Ga. This may actually be lifted to
Ga. We will write so for the lift of G to Ga.

For G = GLs, the property that G lifts to G, is derived from Hilbert reciprocity, since the
product over all local Hilbert symbols of any two elements of k gives one. Since the cocycle is
written completely as the product of Hilbert symbols, it is trivial on the diagonal lift of G} into
C~¥A. So the lift can be defined as

so(g) = (9, 1)-
The lift of [, K}, isn’t as simple, Kubota [8] has constructed the lift

d
_ if 1
" ((a b)) _ (C’ad—bc)v’ if 0 <|cly <1, and

¢ d 1, if |cly = 1,0.

6. METAPLECTIC REPRESENTATIONS

Now to construct our metaplectic forms. These are representations of the metaplectic group over
a local field, constructed as right regular representations on particular function spaces. We begin
by constructing these function spaces. For GL, and any root o = (4, j), we can define a character
te on H (and inflated to B, H, and B) by
hi
hj

Now this definition can be expanded to the root lattice by taking the sum of two roots to the

Na(h) =

v

product of their corresponding characters. Then, if we let p be half the sum of the positive roots,
we can define the character p(h) = p,(h). In the case of G = GLo, we get

()

1
2
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If instead we have a character w on Hy, we can define a character w? for any root a = (4,j) on k
by w?(c) being w(ay) for the diagonal matrix (ay) with

¢, ifl=i,
ag=4c™ ifl=j and
1 otherwise.

For € some fixed imbedding of u,(k) into C, let w be a quasicharacter of H’nZ with wot = €.
Then we can extend w to w’, a quasicharacter on H «, because this is a maximal abelian subgroup
of H. Now, inflate ' to be defined on B, by making it trivial on N}. Now we can define our
function space. Let V(w’) be the set of functions f : G — C such that

f(bg) = (') () f(9)

for b € E*, and for which there exists an open subgroup Ky C G such that

f(gk) = f(9)

for all k € K. The representation we consider with this space is the right regular representation,
that is, if (m, V(w')) is our representation, then

(m(g)(fN(g") = f(d'9)-

It is simple to see that this is a representation, in fact it is the induced representation from B, to

G with respect to the character w’u. The factor of p is included to shift the set of characters so

there is a symmetry from w to w™!.



7. CALCULATION

Throughout we will employ the analogy with the nonmetaplectic case. A good reference for this
case is chapter three of [3].

We have a number field k£ along with the above constructions of the adeles A and the n-cover
metaplectic groups (both local G, and adelic éA). Furthermore, we choose an integral ideal of k,
A, with the following properties. For any place v of k, we have the implication

n]y <1 = ||, < 1.

Second, for every v, if € k, has x = 1 (mod 2), then z is an nth power in k. Finally, if S(2) is
the set of places v with |2, < 1, then the ring 75 of S(2)-integers is a principle ideal domain.
This is the subring of k£ defined as

S = {z ek |z, <1,V < 00,v ¢ SA)}.

A suitable 2 can always be chosen. The first condition only requires some finite number of divisors
for each generator of 2. The second condition requires that at some finite number of these places 2
is small enough that 1+ 2 lies inside the open subgroup k". For a uniformizer m, of ky, {7} 2}i>0
forms a basis around 0, which implies that we can adjust 2 at the places dividing n to satisfy this
condition. Then the last condition can be satisfied by multiplying 2 but the prime ideals that are
coset representatives for the finite set of generators of the ideal class group. Once we have this 2,
we also have the set S(2), which we will sometimes write as S. Below ‘bad’ places refers to the
(finite number of) places in S, and ‘good’ places are those that are not.

The strategy to writing down the L-series is inspired by the nonmetaplectic case. We construct a
spherical element of the function space V' (w.) of our representation, and then compute its Fourier-
Whittaker coefficients and plug them into a series in w;.

For each w, that is extended to w, uniquely to satisfy certain properties in II.3 of [7], the
spherical element f of V(w,) is defined locally. At each place, we fix its values on a set of double
coset representatives of its invariant groups. At the good places, we have f,(I) = 1 for I the identity
element of the lift, f, is right K}-invariant, and the support of f, is E*NK;‘. From the invariance
and f, € V(ws«y), we have that this determines all of f’s values at the good places. At the bad
places, f, must be a ‘test function’ with a smaller support; it only is supported on §*,UL:(Ql)w0, for
wo the lift of the long element of G. This is because the full compact group K, doesn’t lift at these
places. Here f, is well-defined by fixing the single value f,(wp) = 1. Just as in the nonmetaplectic
case, this spherical section is a flat section with respect to the compact subgroup

I & < T] Lo
vgS veS
over all w;.
We have the what we will refer to as the Fourier-Whittaker series

Vp(w, f) = Ly(| - |awl) - Y (wookteo)(M) [] Golwrw, su(m), o),

NEH, 1 \Hy v<o0
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for

(woohtoo) () = [ [ (wore)(su(m)).

v{oo
In [7], this function is shown to agree with an Dirichlet series whose coefficients are Gauss sums.
The computation goes by the following straightforward and computational method, which will be
reproduced here explicitly. They compute G, (w«, Ny, hy) for v good and bad. Then these values are
plugged into ¥ s(w, fx), and the products are distributed at the good places. Triviality conditions
are noted, and the nonzero terms are matched with the Gauss sum series. My strategy is to
exemplify the twisted multiplicativity of this construction directly, and then observe that the only
series satisfying this property is one with Gauss sums as coeflicients.
The Fourier-Whittaker series is defined as a product of two factors. The first factor,

/

Li() - lawg) = T Lo(l- - lowap) = TT (1 = Imolowly o (m)) 7

<00 <00

a product over places of the local L-series (the prime on the second product just indicates that when
the factor would be (1—~1)7!, i.e. when the character is ramified at v, remove it). The second factor
is a sum of a product over places of local Fourier-Whittaker integrals. If we could interchange this
sum and product then we would have our Fourier-Whittaker series written as an Euler product.
As it turns out, this interchange isn’t possible. The key to the failure of this ‘factorization’ is that
the outer sum is global, and the inner product is local. The global lift does not factor into local
lifts at each place; as we have seen, locally we cannot lift, but instead use a preferred section. This
is why we need s,(n) in the argument of G,.

It is important to note that the product of integrals can only be written as an integral over the
adelic unipotent group because of the selection of the support of f. That is, we may write

H / F,(n)dn = / F(n)dn
v<oo VN3, Nia

for F(n) = Qu<ooFv(nw), when F, is supported on O, for almost all v. This is necessary because we
have a direct product over the finite places of k on the left, while A is the restricted direct product
of k, on the right.

8. LOCAL CALCULATION

We need to compute Gy (wx, $4(1), hy). First we consider the good places, v ¢ S. We let

(¢ a2 o (e ()
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so 1, is the additive character of k, corresponding to e,. Also, because this entire section deals
only with the local calculation, we will just write  and h for 1, and h,. Then we have

Gulions o) = [ fou(sulmwonho)z(mydn
“+,v

()G A ) )50
=) 5 (((1 1) ’1) (("2}“ "jf,f:) ,(nz,hz»)v))%(x)dx.

When combining all of the elements together, the only metaplectic ‘twist’ comes from multiplying
n“° by h, which gives the Hilbert symbol (12, k).

So, now we are computing an integral over k,. One way to simplify the calculation is to determine
conditions on which the integral is trivial. Because v is a good place, we know that the conductor
of 1, is exactly £,. Given some y € O, consider the equality

<<n2h1 ’r]ghz.’l?) ,(’172,h2)u> ) <(1 y) ’1> _ (("72]11 772h2($+ %y)) ,(7]2,’12)11) .
mha 1 mhsg

Since f,?’v is right K}-invariant, we see that if ;—:Jz-y ¢ Oy, for y € O,, then the integral is trivial.
This follows because the substitution L
1
r—x+ hzy
multiplies the entire integral by ’(/Jv(%y) # 1, while fixing the region of integration. So we have
shown that

|hily > |h2ls = /f -pdz = 0.

Now, for |h1|, < |ha|y, we have to break the region of integration into two parts based on this
previous calculation. The first part is for

lzly <

v

By our nontriviality assumption, we have that « € O,, so ¥y(z) = 1. Also, the inequality defining

ha

h 1 —

€ O, and mhy mehox _ [m2ho hlm
v mha mha 1

So, by moving the long Weyl group element from left to right in the argument of ffm, and then

this region gives
ha i
hy

using the K -invariance, we have

IR (((1 1) ,1) ((’72’“ ""’h,j””> ,<n2,h2)v>> Bolz)da
ky mn2
= / h f?,v <<<T’1h2 h ) 7(n27h2)v>> dz.
lxlvflﬂjz‘h mny
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For this to lie in the support of fﬂ > We need ordy(n1h2) = ordy(n2h;) = 0 (mod n). When this is

s0, we obtain the value

(w*#) (((nth nzhl) ,(7727h2)>) .Vol({la:lv < ’Z_;

The rest of the integral is over the set {|z|, > IZ—ZL' }. For the argument
v

nih2
y (12, b

to lie in the support of fgv, §*,1,K;f, we need to be able to factor the matrix as b'k’, and we may

hy

ha

}) = w*,vﬂv(nvh:fo)
v

v

assume that the determinant of k¥’ is 1. Then we have, for some y € k) and z € ky,

2

-1
mhe \ _ [mhay z K = k= “mkz h—— mihr) cK
neh1 mehoz nohiy ™ Yy h—iwy v

So we want to choose y and z so that each entry of ¥’ is in fact an integer of k,. From the bottom
right component, we know |y, < |h—h2ﬂ < 1 (we get the right part of this inequality by our region
of integration, and this supercedes the inequality we get from the bottom left component of the

matrix). So y~! ¢ O,, so from the top right component of the matrix, we get the equality

Tz

-1 —
|y lv mh

?
v
since their difference has to be an integer. But from the top left, we have |z|, < |91h2|y,. Combining
these, we get
h1

== |y|v > l"‘—
v

—1
<
ly™ |y < T

haz
hy

v

——| . We can choose a uniformizer
2Z |,

of ky, my, and let t = ordv(%lm—) and y = 7. Then we have to choose z so that

So we get that two inequalities actually fix the v—norm of y as

4 zz Tz
—— €Dy = = mod 9y).
y nha v mhy v v)

The simplest choice for such a z is unihg, for the u € (O); that gives

—1_—t _ Thy
u Tyt = —.
v hl
Before we plug our factorization into the integral, we need to consider the metaplectic twist of our
group. First, we need to lift k¥’ to K. By our construction, we know that we can lift it to

d a b
! / / —
k' — (K, (c, —det(k’) Jv), for k (c d)

when c is not a unit or 0, and it lifts to (k’, 1) otherwise. Using our form of &/, we have

h
K (K, y, 22y € K.
hy »
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h
Note that (y, f-a:y)
1

an nth power).

h
= (y, -h—Qx) since (y,y) = 1 (this comes from our assumption that —1 is
1 /o

v

The cocycle applied to this factorization gives
oh h ohy _
(ﬁ_—], 129_1)1; (mhwzhl, 77;;&71)1] = (v, meh1y™ o(mhanzhy, y)o = (Mmha, v)o-

When we use the factorization, we have to offset these twists. The result looks like

homt  umbh hy . _
/ f:?,v T n it klv (772, h'2)v(y7 nth)v(y, _—2:1:)'0 ! wv(él?)d.’ll
lel<I 52 1o nehim, hy

The root of unity can be simplified to (19, ha)y(y, A1),
Now, any given z in the region of integration to contribute to the integral, we need the left factor
to lie in B, ,, which means that we need

ordv(mhgwf,) = ordv(nzhlﬂ;t) =0 (mod n).
From our choice of £, this implies that
ordy,(z) = ordy(mhi1) = —ordy(n2h2) (mod n).

So we have a nontriviality condition for this part of the integral, we need = ord,(n1 h1) = —ord,(n2h2)
(mod n). Then the integral becomes

homt h
) Lo (M 0, s h)wmma™), ) | po(ada
orde () =i neham,

’iEOTd(T]l hl),l<0rd(h1 hz_l)

homt  umh _
= 3 / (wewbtv) (((’” 2 " it) , (12, ho)u (mh, mba 1)v))wu(x)dz
ordy(z)=1 n2 hy Ty

i=ord(n1h1),i<ord(h1hy ")

howt  umh
= Z / (w*,vﬂv) (((7’1 2 n 2—t> ’ (7727 h2)v(7r1t;7 7l1h1$—1)v>) dz
ordy (x)=t 7]2h171'v

i=ord(n1 h1),0<1<ord(hihy !)

homt h _
+ / (@auttv) (((” M it> , (12, ha)o(mh, M1z 1>v>>wv<a:)dw
ord, (z)=—1 772h17rv

The last equality comes from the cancellation of v, over the shells on which it is nontrival beyond
the first, that is, for all # < —1. The only effect the value of = has within a shell is in the Hilbert
symbol, factor depending on z is (nt,z~1),. Now, inside any shell with ¢ < —1, if z and z’ are
equivalent mod 7419, it is simple algebra to show that their inverses are equivalent mod i+l
This means that the ratio of the Hilbert symbols for z and z’ is (y,u), for u’ € (1 + p,), but this
implies that «/ is an nth power, so the two Hilbert symbols give the same result. Over each of these
equivalence classes 9, is nontrivial, so we have cancellation.

For i = —1, z runs over the nonzero equivalence classes of p, 1/9,, with ¢, constant on each
class. Below we will see that this shell produces a Gauss sum, but first we will deal with the
nonnegative i. Now, the volume of the ith shell is g;%(1 — gy '), for gy = #(Du/pv), s0 We can
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finally express the full answer. Let | = ord,(h1/h2), so we have t = ordv(h—’?;) = | — 4. For the sum

over nonnegative i, we get

homt  umh
Z (/ dl‘) (W*,vuv) ( ((771 2 n ?_t) ’ (772’ hQ)v(ﬂfn nlhlx—l)’v) )
ordy (z)=1 772h17rv

i=ord(n1 h1),0<1<ord(h1h; 1)

ql-t
=Z(q;"(1—q;1>)(w*,vuv>(((’“’” mm),(nQ,hQ)v))(w*,qu)(( ' Wi_z)mvrz,mhlz—l)v)

= (Wanttn) M) 3 (a5 (1 — g 1)l o (o) 7 i

1

- I=
= (W) (TA™°) > (1 - g i, (m) =
i=ord(m h1),0<i<ord(hih3 ")

h1
ho

v

4
(way(m) = wiym) 5 | by
= (wx, nhwo 1— q—l ) ) e
( *U:u'v)( )( v ) (1 __ wg’v(ﬂ'v)) h2 v
Now, for the summand for ¢ = —1, it is easier to use the factorization corresponding to y =

hihy ly=land z = n1ha. This gives us the matrix factorization

7721’11"13_l nhe 1
h) = .
p(nwon ) ( Nohax hlhglx—l 1

Note that we are in the region with |z|, > |h1h; |y, S0 the second factor has integral entries,
as required to evaluate fgv. This element of K, lifts with 1 as its root of unity by the formula
(c,ddet(g)~!),. Finally, the cocycle of the product of matrices in the factorization gives

( hame  hame ) (771772h1h2 hime ) _ (ﬂ_ x) ( mhi )
hamex’ hihytz=1/ “hamez /, hox’” ), \hihg'z=1/
hy 1 1 hy hy 1
(Y (b —) (= hahe) = (m, L) (2, —
(nl’hzaj)v( l’hzx)v(x’ 1 2),0 (nl’h2x)v(£€’h2)v
_( ﬁ)(ﬁi _( P (b 1Y (o her)T
=\{m, hQSC Nz ) h,g ) =17 th ) hQZL', h2 = |\ mnz, hl . .

Since this comes from the product, we need to include the inverse when we factor, so in the

metaplectic group we end up with

mhiz™!  hom ( h2l’) 1
h= ,(nhe, h ho, — 1
nwon ( ( n1h21‘> (771 2 1)v mn2 h]_ Y hlh;lx_l 1
hiz~! h 1
- m 2 3 (nlh2a th)'u —-1,.~1 ’ 1}.
nlhzx hlhz z 1
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Applying this to the integral, we get

hiz™! h
/ (w*,vl/ﬂv) (((771 1z 271 ) , (n1h27 hzx)v)) ’l/)v(.’lf)dx
ordy(z)=—1 nhox

C_l
= Z (w*,v#v) (((mhl :12}:7210> ) (nlh% h26)v>) Yu(c)

c€(my 1 0u\Ov)/ D0

= (wnutt) (nh (“” W;1)> S el ntun e ((3m) ).

u€DY\pu/pu

The first equality breaks the integral up into the regions that are have equivalent z modulo O,
For these regions, which have volume 1, the integrand is constant, so we are left with the finite
sum over ¢, the representatives of z (mod ©,). In the second equality, we change our index of
summation to u = ¢ - m, € 9. We also rewrite the argument of the character as a product in
the metaplectic group, which includes the (71, h2), and (11, c), Hilbert symbols. Also, it requires
a factor of (hy,c),. This is why we have to multiply by its inverse, £((h1,7y)). Then the only part
left over is £((ha, ¢)y), which, when inverted twice, gives the last factor. We will consider this sum
to be a local Gauss sum, and write it using the following notation:

9y (M) = Z 5((7Tv,u)v)m¢v(“W;1)-

u€(Do\pv)/po

So, combining all of our results together, we have for v good,

h
ha

hy wonr 1 (@R () = W () L))
h_2 . + (Wr b)) (MA°) (1~ g, 1) 1- wg,v(ﬂ"v))

e (w))emien((@))

(1= grlwl ,(my) — (1 — g )l (o) L2 1)

(1 = wg () v

T (@atte) (nh (”” %_1)> 67" (m)e ((%w) ) |

Now for the bad places, which actually make for an easier computation. This is due to the

Gy(ws v, 7, h) = (w*,vUv)(nvhgo)

v

= (wWapitw) (NR™°)

smaller support of f, for these places. First we want to restrict  to exactly the region that makes
the argument of f,?’v fall into its support, B, Ly (A)wp. We have the matrix decomposition

1
h h
plipwonh) = mna2 wo = mn2 ho wo.
nehoz  m2hy n2hy h_lx 1

So we need n1ho € kX" for nontriviality, since otherwise the left matrix in the decomposition is not
in B, ,. If we have this our integral is over the region

Pag

<
|:I"|'U S hl

v
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since the middle matrix in the decomposition must be equivalent to the identity matrix mod L.

It should be noted that adding the extra flexibility in the form of the variables y and z that
we used in the decomposition at the good places does not uncover more nontrivial regions of this
integral. If y is included, we would immediately derive that y = 1 (mod ), and by our choice of
2 this implies that y € kX", so we have the same condition on 71h2. Similarly, including z doesn’t
have any effect on the bottom left term of the middle matrix which gives us our second condition,
so we may assume y = 1 and z = 0.

The integral is thus

/ f:l?,'u (nwon’l)% (l')dl‘
|z]o<|h1h3 ol Ao

Now, let ||, = |mi|,. Similarly to the calculation at good places, we can see that using the
substitution

r— T+ -};—1-#;
fixes the value of ff,v, so in order to have a nontrivial integral, we need

hi ;
e,

where D is the idele with ¥(z) = ¥o(Dx) for ¢y a fixed additive character on the adeles that has
conductor 9, at every place. It is known [3] that the additive characters are indexed by these

D7, >

ideles. Then the requirement on h; is most succinctly written
h

<D,

v

The decomposition gives
/ 2, (monh)u(@)dz = (wnups) (1) [ Y@z,
lzlo<Ihahg ol lzo < IRk o]
and the condition we found in the previous paragraph gives that this integral is nontrivial, and
from [13], we see that the integral gives the final result
h1

(w*,vuv)(nh’”")lﬂlu n
2

1
1Dls -

So a summary of our calculations is:

h1

(1) if v € S, then Gy(wsy, My, hy) = 0 unless n,hy° € I:T*,v and

case

< |(A)71D];1, in which

v

hy

Gv(w*,w T, hv) = (w*,vﬂv)(nhwo)lm[v hry

1
1913,
v
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2

(2) if v ¢ S, then Gy(ws,p, N, hy) = 0 unless

< 1, in which case
v

(1 g5 el (m) = (1= g e, (mo) LF 4 1y
(1= wio(m) hal,

F (nui) <nh (”” 7#)) it e ((j2m) ).

where if the argument of wy , is not an element of H, ,, then the term is taken to be zero.

Gv(w*,vy T,y hv) = (w*,v,uv)(nhwo)

9. DIRICHLET SERIES

Now that we know the value of G, for each place, we can combine them to evaluate of our series.
These terms will be matched to the terms of a Dirichlet series, which we will now define.
For ¢ € r°® | we have the nth-power residue symbol

(2) : 5D/ — palh),

a homomorphism trivial on exactly the classes that are nth powers. The normal definition is to let
d map to the element of u,(k) that is congruent to
N(c)—-1
d—»  (mod c).

However, we will eventually be evaluating these roots of unity as elements of C via the map e,
which represents an arbitrary selection of primitive nth root of unity. Because of this lack of
canonicality, we may choose any homomorphism of (r¥®)/(c))* to pn(k), provided it still has
kernel (r5) /(c))*". A convenient choice is to let

d
()= I o
vgS(2),vlc
This formulation is well-defined, because if d = d’ (mod c), then the ratio of their residue symbols

II (cd'd),

vgS(A),v|e

is

and since d~'d’ € (1+p,) C k" for each v|c, these Hilbert symbols are all 1. Also, it is clearly trivial
on the nth powers, thanks to being a product of nth-power Hilbert symbols. Finally, consider the
symbol for c a prime. Then ¢ has exactly one v dividing it, so the residue symbol is a Hilbert symbol.
Since the Hilbert symbol (c, -), is surjective onto the nth roots of unity because ord,(c) = 1, so does
the residue symbol. By a count of cosets, we see that the largest the kernel of the residue symbol
mod c¢ could be is the set of nth powers. Finally, by construction, this formula is multiplicative in
¢, so we see that in fact this formula defines an nth-power residue symbol.
We define our Gauss sum as

mem= () - (%)
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Then for ¢ a quasicharacter of [],cs, (o ko " that is trivial on the diagonal imbedding of
Up(@) = {u e ™)X |u € kX" € S(A)},

we can define our Dirichlet series as

\Ijgl(¢75, m) = (Z gﬁ(57m70)¢(0)> Lf(l ’ |A¢7ll)

c

The sum is taken over ¢ € (r5® \ {0})/Un () with ¢ € k™ for all v € Sso(2A). We should show
that this series is well-defined, because c is chosen up to a factor in U,(2). The quasicharacter ¢
has been chosen to be trivial on this factor, and the effect on the Gauss sum of multiplying ¢ by
an element of U,(2) is a factor of a Hilbert symbol. However, this Hilbert symbol will be trivial
because any Hilbert symbol with one entry an element of U,(2) is equal to 1, so the summands
are in fact independent of the choice of c.

Also, Ly is the product over the finite places of the local L-series,

Le(l - 1ag?) = T Lo(- Wo?e) = [T = Imolod o (me)) 7
<00 <00
Here ¢} is the character of A* that takes
@)~ [ ¢u((=})
VESeo (A)

and is unramified at the places outside Soo (), that is, ¢y(my) = 1 for all v ¢ Soo ().

It is easy to show that for a proper choice of ¢, this sum converges. For example, if we have

el < TT led®™,
VE Soo (2A)

for some ¢ > 0 and with each ¢, € kX™, the series converges absolutely by bounding the Gauss
sums by O(c%), which is a well-known bound.

10. GLOBAL CALCULATION

Now we evaluate the original series, with the assumption that h € H} (once again I, =
ord,(h1/he)), and match its terms to this Dirichlet series.
We have

\I!f(“% fo) = Lf(“ -|lawg) - Z (Wooktoo) (M) H Gv(w*,w 59(n), hy).
NEHyp k\H v<oo

The product of G, can now be computed by considering the calculation at each place. We will
put the v subscripts back on 17 and h, since we are now considering them at multiple places in the
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different factors. We have

H G, = H (w*,vﬂv)(sv(n)hfo)lmlv %

V<00 veS(A)

ST

(1= gglwl y(m) — (1 — g5 )l (o) Il FY) |1
(1_ a,v(7rv>) v

£ (@ei) <sv<n)hv (7’” - )) 67 (mo)e ((%”))) .

For any given 7 to contribute to the series, each factor in the product must be nonzero. For a fixed

X H ((w*,v#v)(sv("?)hg)o) hg

vgS(A),v< 0

h that we will assume satisfies the requirements of nontriviality, each place restricts what n can be
in order for the product to be nonzero. At the bad places, we require s,(n)hy° € IP:VT*,,, in addition
to the restriction on h that is |hihs |, < |%1D~1|,. Therefore, we need niha, € kX"

At the good places, each factor is actually the sum of two different products. To distribute these,
we can sum over the set of places that we choose one summand and at the other places choose the
other summand. First, we will show that if the second summand in chosen at an infinite number
of places, the term does not contribute to the series. This is because we need the product

Sv(n)hvsv ((Wv 71-_1))

to be in I:T*,v. But h € H} and n € Hy, so there is a finite number of places at which either of
these has an entry that is not a unit. Therefore, at almost all places v, the product above has
components with orders 1 and —1, which implies it is not an element of ﬁ*,v. At the same time,
given any finite set of places, there is a choice of 7 that satisfies the condition. So if ¥(2) is the
(infinite) set of finite places that are not in S(2), we can distribute at the good places by choosing
finite subsets of this set of places:

Ho= 5 11 (muuv <sv<n>hvsv<<”” o )))gv’v <w>((’,§—2w))>

(1— gglw y(my) — (1 = gz 1)l (r) L1 |1 )
h1

(1= a(m)) R
This last product, at the bad places, can be computed for some of the factors. The simplified

X H ((W*,vﬂv)(sv(n)hgo)
vE(S(W\Z)

x T 12001D1F @aoto) (50 ()

veES(Y)

v

form is
1 h
H 2], D3 (s whtv) (86(n) 8y (R°)) 7{1‘ = N@)“ 9|2 H (Wi whtv) Sv(n)hw") —
veS(2) 2l veS(2) v

since |D], =1 for all v ¢ S(A).
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We also remember that 7 is summed over Hy/Hy 5, so each component of n may be multiplied
by an nth power of k*. So for a fixed choice of X', we may require

ord,(nihe) =0 for all v € (Z(A) — X)

and

ordy(mhi) = —1forallv e )34
by multiplying by the proper nth power. Note that there is still the choice of a factor of a unit,
modulo nth powers. We can also require that

ord,(n2h1) =0 for all v € (Z(A) \ &)

and
ord,(nohg) = 1 for all v € ¥

So we can replace 7 with n~1h*0, since the cosets over which 7 is summed are simply permuted by
multiplying by inverting and multiplying by an element of Hy. Then the requirements above can
be simplified to n; having order 0 at the good places not in ¥’ and order (—ord,(m) — 1) at the
places in X', where m = hih; 1. Similarly, the requirements on 72 becomes the inverse of those for
M, SO we can just let 91 = uny 1 for u a unit of 7@, So for a fixed h and %', 7o runs over unit
multiples of a number, modulo nth powers of units, and then 7, runs over the same unit multiples

of n;l.

Up(w, fo) = Le(l - |awh) - Y. (Woottoo)m(h**) ™) TT Gulws, su(m); h)

n€Hk/Hp,n v<co

= L s N@)TDITE Y (wooktoo) b)) [ g5 (mo)e((mz 'y mm)o)
S CEn2,u vex!

-1 _ -—1wn Ty) — —_ ;1 wgvﬂ-v l.%_l"_l
T (W*W(Ch n2>’1> (1 g7 Wl o )1-(:;;;,;%)) () )

ve(Z\X')
-1
X H (w*,vuv) <5v <772 )) (712_17h1)v 7
veS(2) um

We can simplify this sum the following observations.

(1) The sum over u can be factored out of the sum to form

ST @eom) ( (1 u)) -y,

u VE Sou (A) u

where Su(2) is just the set of places that are either infinite or in S(2). The equality comes
from our choice of extension of wy,. Then the sum is just the number of u that we are
summing over, or the index of the group of units that are nth powers in the group of units
of S [U(RL) : Un(2A)).

(2) We can use Hilbert’s product formula to take |hi/ho|, out of the last two products and
square the term peo(h¥?), and balance this by inserting |ha/hi], at the remaining places,
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those in &’. The squared term at the infinite places becomes N (h1/h2)~! = N(m)~!, which
can be distributed outside the sum.

(3) The factor (wsypv)(n) for v € (X \ ') is trivial, by the fact that at these places 72 has
order zero.

(4) We can choose the unit multiple of 7, to be n2/m at each of the places in X', by our
conditions on the order of 72 at these places.

(5) Finally, to simplify the sum, we note that although 73 is chosen to depend on the places in
¥/, we can switch this to choose 72 first and then determine ¥’ as the finite set of places v
with |ne]y < 1. So the sum can actually be considered to be solely over 7.

So using these ideas, we get

Li(] |awd)U@) : Un@IN@ DI ENm) T Y | T (woro)(su(m)

72 VESeo (2A)
Ly
ha| (1 g7l (my) — (1 — gy ity (v)an“>
hl, vE(Z\D (n2)) L= wio(m)

This sum over 7 will be matched to \Ilgl. The conditions over which 79 is summed will turn out

x I g5 (n2/m)e((P1, ha)w)

vEY/ (n2)

to be the exact conditions for ¢ that make gg(e, m, c) nonzero. That is, we need either
ordy(c) = 1+ ordy(m),
in which case the local Gauss sum at v is nontrivial, or
nlordy(c) and ord,(m) > ordy(c),

in which case each summand in the local Gauss sum is 1, so the sum is just the number of terms,

or #((ry/(c))*). In all other cases, the Gauss sum is zero. So for any given c that gives a non-zero

Gauss sum at every place in X, we define ¥'(c) as the set of places v for which ord,(m)+1 = ord,(c).
Now, we can show the following Gauss sum identity:

gaetme)= [ g Uem™Dmlt- I #((r/()))
veX!(c) veZ(A)\Z/(c)
The identity comes down to the Chinese Remainder Theorem for 5@ which we know holds
by requiring that this ring be a PID. Let ¢ be a unit multiple of [], plr. From our assumption of
nontriviality, we have that for each v with ¢, # 0, 4, = 1 4+ {, where I, is ord,(m). Then we have

wermas 5 (@) 5 A(Men)o()
de(rS™®) /(e))* de(rS™) /(c)) vlevg

Now, if we have d = d’ mod , for all v € ¥'(c), we can show that the summands are equal. We

need to show that the Hilbert symbol and the character are both equal. At the places v ¢ ¥'(c), we

know ord,(c) = 0 (mod n), so these Hilbert symbols are trivial. At v € ¥'(c), the Hilbert symbols

(c,d), and (c,d'), differ by a factor of a Hilbert symbol with second entry congruent to 1 mod m,

which is an nth power. The characters’ arguments are md/c and md'/c, which differ by an integer,
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since d and d’ differ by a multiple of 7, at every place at which ord,(c) > ord,(m), and at these
places

ord,(c) = ord,(m) + 1.
So we will simplify the sum by combining these terms under a single representative, but in doing
so we must multiply by the number of terms we are combining. This factor is

IT mict > II #(/(0)%).
vex (o veS\T ()

So we continue the calculation:

pEhma= Y I (7 ((500) )ik oo ()5 TT #(al))

de(rS™ /([Tyexr (e ™)) * VEX'(€) VET\Z/ ()

We may replace ¢ by m»*! in the Hilbert symbol, since both their ratio and d are in rf. Now we
use the Chinese Remainder Theorem to move the sum inside the product, which produces our local
Gauss sum, once we note that ¥, = Ef on k.

metmo= 1 [ X () )o (D) | mbx TT #u/@)

ves'(c) \de(rS®) /(my))* vED\T/(c)
With the definition of our local Gauss sum, this gives the desired identity.

This identity allows us to break up the Gauss sums of our Dirichlet series into their local parts.
In the Dirichlet series, the Gauss sums are the coefficients of a character ¢. So we can collect the
¢’s of the series for which ¥’(c) is fixed. This clearly includes all of the r5®)-unit multiples of c,
but at the places v ¢ ¥, we have a choice of the order of c, it can be any multiple of n that is less
than or equal to ord,(m). These ¢’s can be collected together into a finite geometric series which
begins with a cg that has order 0 at every place not in ¥'. The simplification is then

> sEmds@=3| II " (5)m*x  TI #(Co/@)) ) 6@

d:3/(d)=%'(c) d veX/(c) ve(T\X/(c))
) T o (5)Imizt % T 3 #((ro/(d)*)é(du/co).
vEX/(c) ve(Z\Z/(c)) dv

In this final line, we have used the Chinese remainder theorem to move the sum inside the product,
and so our sum is locally over d,, modulo units. This sum can be indexed by the v-order of d,
which will be a nonnegative multiple of n. Now, we know, for ord,(d) > 1,

#((ro/ (@)) = g7 DN gy — 1),
while if ord,(d) = 0, we just get 1.
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So at each place v € £\ ¥'(c), we have the sum

Bo(D) + €0 (g0 — Do) + @2 gy — Do) + - + gk (g = D (e 1)
@™ (a0 = Dur) = (1= g (n) 1
1’"‘111}(1511(773)

ly
_ 1 g 6u(m) — (1 - g (aigu (rp)) L
1-g3 ¢v(7rn)
This finally gives us our relationship between the two series. Combining our results for the Gauss

sums and putting them into the Dirichlet series, we get that

Vaoem) = Ly(l- o) 3 0(0) ] g7 (2) Iml?

veX!(c)

« I & g (mD) — (1= ) (ghgu(r)LH 1+
1_‘13(151)(71'3) )
ve(X\X/(e))

Comparing this result to ¥y, we find that, if we choose ¢ such that

#(c) = H (wWott) <5v (CJI cv>> = H wa,v(cv)_llcv|;1

'UeSoo(m) ’UGSoo(m)
then we also get, by letting ¢ = 77,
ngﬁv(ﬂg) = wg,v(ﬂv)v or (‘ : |v¢v)n() = wg,v(')‘

These terms both appear in the Fourier-Whittaker series, so we can show, for hy/he = m chosen
inside the ideal A71D71,

Uy (w, f2) = N() D72 U () : Un(2)] (@oottoo) (h*°) T WYV, 67, m).
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11. TWISTED MULTIPLICATIVITY

In multiple Dirichlet series, the coefficients are functions H(¢) for ¢ an r-tuple of coordinates that
are summed over the integers of the global field modulo integral units. There is an Euler product
of the series exactly when H is multiplicative. When r > 1, this means

H(Cldl, ngg, . .,Crd,«) = H(Cl,CQ, .. .,CT)H(dl,dz, ceey dr)

whenever ged(c,,d;) = 1 for all 4, . These Euler product forms exist exactly as they do for rank
one series, except of course that each local factor is itself a multiple series.

Now twisted multiplicativity exists when we do not quite have the equality above. We can think
of muitiplicativity as the triviality of the cocycle
H(&d)

aé’,ciz———q,
“d H(c)H(d)

for ¢ and d relatively prime. For more general series, o is a nontrivial cocycle that defines the
‘twist’ of the multiplicativity. The key fact is if you are given the prime power series, that is,
the coefficients H(7*1,n%2,...,7'r) for each fixed prime m, and the cocycle o, the series can be

reconstructed uniquely.

12. EXAMPLE: DIRICHLET SERIES

The Dirichlet series
U(p,e,m) = (Z gm(e,m,cw(C)) Lg(] - |adt)

as defined in [7] has twisted multiplicativity. We look at the Gauss sum coefficients, and in partic-
ular, how to write the sum over cjcp in terms of the Gauss sums for ¢; and co, when ¢; and ¢ are
coprime. This last condition implies that no place divides both ¢; and c. Also, for ease of writing,
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in any of the products over places below, we only consider places outside S(2).

gm(s’m,0102) = Z g H (ClCQ,d)v 'l»boo (%)

de(rS® /(c1¢2)) ™ vle1c2,v¢S(2A)

— Z € H(Cl,d)v € H(Cz’d)“’ Voo <%j2)

eE(TS(a)/(clcg))x 'Ulcl w|ez
m(dica + dac
= Z € H(Ch dica +daci)y | € H (c2,dre2 + d2c1)w | Yoo (%&.ﬁ)
dzE('f‘S(ﬁ)/(Cz))X,d=d1cz+d2c1 vle wlez
md md
- Z & H(cladlc2)v € H(c2ad2cl)w Voo <_c_1_1_ + f)

die(rS®) /(e;))” \d=d1ca+daca vles wlez

md

= | [Tev e | e | T e S e (e ) e (—C ‘)
v|e wlez d1€(rs(m)/(cl))x vley 1

X Metadmnve(22) ] =((2))((2)) smtem ot me.

dze(rsw}/(cz)) X wlce

This shows that the twisted multiplicativity of this Dirichlet series is governed by the cocycle

7(c,d) = % =¢ ((2) (g)) for ged(c,d) = 1.

This is a very nice property, because the twist of the series only changes the values of the coefficients
up to an nth root of unity from what the series would be if it had an Euler product. We can see
that the twist will be invariant under multiplication by nth powers, because the cocycle composed
entirely of nth power residue symbols.

13. EXAMPLE: FOURIER-WHITTAKER SERIES

Next we consider the Fourier-Whittaker coefficient series, with the objective to show that it
possesses an identical twisted mulitplicativity. The series is defined

Ug(w, fi) = Lg(| - lawa) Z H Gy (Wayvs Su(1), ho)-
NEHy/Hp V<0
The first factor (Ly) is defined as an Euler product, and it demonstrates the multiplicativity of the
nth-order terms of the series (this is why the nth power of w, is its argument). So any cocycle that
governs the multiplicativity of ¥; would be trivial on nth powers. So we look at the second factor,
the sum over . We want to find a formula for the cocycle of the series, so we want to consider a
general term and break it into its local pieces. By our reasoning above, the twisting will only come
from the places at which 7 is not a power of n. Also, we can ignore h by using a clever substitution
that is explained later. So we will consider a set of good places U for which 7 is not an nth power.
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Given that 7 is not an nth power at these places, we know what value it must take (mod Hp ) for
the term to be nontrivial from our local calculation.
For a finite set of places U C X, we have

7r;1 G
oy = | , and sy(nu) = (MU, 1) € Gy.
HUEU Ty

So we want to compute the cocycle on ny and 7y for disjoint sets of places U and V. So, at U,
we have the product of the relevant factors of G, (the ones that depend on 7):

H(w*,vﬂv) <3v("7U) ) ((ﬂ'v 7r—1> ’ 1))
vel v

[1 w3
= H w*,v welwv H ’ ( H ) 7T'(71)
vel wEU,w;évnw wel
[T =
() e ([ L)
velU \welU velU w

wel,w#v

Because w., was chosen to be trivial on Kj N fNI*YU, which contains the final argument of the
character at each place, the product of the local characters is trivial. Leaving out the ¢ to reduce
clutter, the relevant factor at U is

H (71'1;1,77171)1) = H (Tws T)v-
v,wel vawel
We have a similar factor at V and at U UV. So the cocycle for the Fourier-Whittaker series, let us
call it 7, then becomes

Hv,wE(UUV) (WTM 7‘-‘0)1)
Hv,wEU(WW7 ﬂ-v)v) (Hv,wGV (7T'w7 7T’u)'u)

Each Hilbert symbol in the denominator appears in the numerator, and after we cancel these we

T(nv,mv) = (

are left with only the cross terms, which gives

T(’?U,nv) = H [(Wuaﬂ'v)v(ﬂ'v,ﬂu)u] = H [(Wu; H Ww)v(ﬂ'va H 71'w)u]

uelveV uelUwev wevV welU
= H(H Ty H 7rw)v' H(H Ty, H 7rw)u
veV uelU weVvV uelU vevV wel

-1 -1

nu,2 V,2
= I (wamva)e - IT (vzinu2)e = (—) (n_) :

nv,2 nu,2

vlnv,2 v|nu,2

This is the inverse of the cocycle shown for the Dirichlet series, but we can offset that by replacing
e with £~! in the Dirichlet series. Then we have shown the cocycles for the series ¥¢(w, f;) and
\Ilg[(qﬁ,s“l,m) are equal when m = hj/hg. So all that is left is to compare the prime power
coefficients of each series.
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14. PRIME POWER CALCULATION

To write down the prime power series for some prime 7 of any L-series, we just replace all the
coefficients H(¢) with some ¢; that is divisible by a prime other than m with zero. For a place
v € X, the prime power series for the Dirichlet series is

\IIle ¢,€,m) ng (e,m 7Tv)d’( V)

The Gauss sum is trivial unless 7 = ord,(m) + 1 or n|i and 4 < m. In the first case, the sum can
be expressed as

ga(e, m, myrde (M) = > (3, d) Japoo (—QQ—ZH{)
Ty

de(rS@) J(agrdv(m)T1yyx

_ ggrdv(m)+1( )E((ﬂ'v, m)v) ordv(m)

the local Gauss sum, with the local Hilbert factor from the substitution and the power of ¢, from
the number of representatives of each class in the local Gauss sum. Since we want to replace € with

—1 we end up with the summand

g ") (o, m)) AT,

3

At the other ¢, the Gauss sum becomes a trivial sum of ones, so we get

¢(l—gqt) ifi>0, or

gu(e,m,mh) = #(rFP /(@) ) = a, - = o
1 ifi=0.
So in all, the local series at m, is
I.ord:,'(sz
1+ Y ()1 = grt) + gy T (e (o, m)y) TH g M (gt (M),
Jj=1

Summing the finite geometric series, we get

!
1- i lg(ad) — (1= gy N(ghp(rm)) Wt _ - -
v ( - v — v + g5 ord, (m) l(ﬂv)e((ﬂ'm m)v) lqgrdv(m)¢(wgrdv(m)+l).
1- Qv ¢(7Tv )
For the prime power series of the Fourier-Whittaker coefficient series, we can take the local series
to be

Toy(w, fx) = Lo(| - lwwar ) Z Go(wrvs $v(M), hw),

EHy / H, n,v
where s, (1) is just the chosen section (not a homomorphism)

Syt Hy— ITIv, su(n) = (77, 1)'

Then we use the local calculation of G, to determine the value. As we determined in the local
calculation section, we know for exactly which 7, the summand is zero. We will simplify the
calculation by using the same substitution for 7 that was done in the global calculation section,
n +— nh®°. This eliminates h in every term except one, the final term in the sum below. The prime
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power series is then

1
1— gy lw , (my) — (1 — gy h)wl , (my) L]

1- wg,v (WU)

Z Gv(w*,va sy(n),h) = (W*,vﬂv)(nv = Idy)

nEH,/Hn v
o) <S”("v>8v<hm>8v<h—l> (( ) 1)) (s /1)) g ).
v
We have )
po(su(R°)sy(R71)) = % T gordlm),
19 |y

So for the right choice of ¢, the prime power series match. Of course, the prime power series are
only considered for the good places. There are discrepancies at the bad places, which account for
the quotient between ¥y and \Ilgl in the final equality at the end of the global calculation section.

A final point to make is the similarity between the cocycle of the twisted multiplicativity and
that of the metaplectic group. This didn’t happen by coincidence; the calculation of the twisted
multiplicativity cocycle can be traced to multiplication of elements of the preferred section in G.
For this reason, it is expected that for the other groups discussed below, their corresponding series
will also have twisted multiplicativity that reflect the multiplication on their covering groups.

15. FUTURE DIRECTIONS

This computation of Fourier-Whittaker coefficients can be expanded and generalized in several
directions. First, the algebraic group G can be changed. The most obvious choice is to consider
higher rank cases, and develop a recursion for the general type A case. Also, the other Chevalley
groups should be considered, because the construction of Matsumoto applies equally well to imbue
them with interesting covering groups.

A second avenue of research would be to study the property of twisted multiplicativity. For
which o to we consider the series to have twisted multiplicativity? Can we expand the application
of the property to make it comparable to having an Euler product? In this paper, the property
was used to reconstruct a series uniquely from its prime power components, but perhaps we can
also use knowledge about the cocycle to bound the values of an L-series in terms of its prime power
series?

Finally, these two directions could converge. Computations in higher rank and over other groups
may be more easily dealt with by considering prime power series and twisted multiplicativity. The
series that are generated would likely give other examples of interesting cocycles.
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