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A. INSTABILITIES IN THE EXTRAORDINARY WAVES ACROSS THE MAGNETIC FIELD

We have completed the stability analysis for propagation across the magnetic field

in a plasma with energetic electrons having an unperturbed distribution function

1
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where the subscripts I and II refer to directions across and along the applied magnetic

field B 0.
The dispersion relation for small-amplitude perturbations with dependence

x

Fig. XII-1. Extraordinary wave propagation across
the applied magnetic field B 0.

exp(jot-jkx) (see Fig. XII-1) was obtained from the relativistic, collisionless, Vlasov

equation and Maxwell's equations.1, 2 The dispersion relation for the extraordinary wave

(Fig. XII-1) and the electron distribution function of Eq. 1 is
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where

a n  n 1
xx 22S1 a \ n/ _ (3)=Y o v(v-n) (v-n)n=-oo

00 2 (J 2 2
K = 1 - a - (4)

Sn=- yv(v-n) (v-n) 2

2 n(y J')' 2nJ J'

K 2 (5)xy Y n=-o L v(-n) (v-n)2  (5)

and we have used the following abbreviations: v = O/Ob, with (3b the relativistic cyclo-

tron frequency; a = w p/Ob, with wp the relativistic plasma frequency; y = kv 0 ±/ b,
Jn = J (y) is the ordinary Bessel function of order n and argument y; the prime indi-

cates a derivative with respect to y; and p = v 0 1 /c, with c the velocity of light in free

space.

With the aid of the CTSS of Project MAC, and of the Newton-Raphson technique for

finding roots of a transcendental equation, Eq. 2 was programmed to give the complex

w solutions for real wave numbers k. The results are summarized in Figs. XII-2 and

XII-3. Three distinct types of instabilities can be identified: (i) fast-wave, relativistic,

(ii) slow-wave, relativistic; and (iii) electrostatic. The terms "fast-wave" and "slow-

wave" refer to the phase velocity regimes of the instability, being faster or slower than

the velocity of light in free space. The term "relativistic" indicates that in the inter-

action the change in electron mass is crucially important. The term "electrostatic"

refers to the approximation in which k II E is valid.

The fast-wave, relativistic instability is illustrated in Fig. XII-2. It can be seen

to arise from the interaction between the fast-wave extraordinary mode that would exist

in a cold plasma and the cyclotron harmonic wave branches that exist for finite v 0 1 /c.
The instabilities occur near the velocity-of-light line where the extraordinary wave is

essentially linearly polarized and the wavelength is large compared with the electron's

Larmor radius. The physical description of these instabilities and their relativistic

nature can be understood from the simple model shown in Fig. XII-4 for w o. Elec-

trons that are in phase with respect to the electric field so as to give up energy

(Fig. XII-4a) have their mass reduced and therefore their cyclotron frequency increased.

But since the frequency of the field is slightly greater than the cyclotron frequency, these

electrons remain in the same phase (Fig XII-4b) with respect to the electric field and

continue to give up energy. Electrons of opposite phase (Fig. XII-4c), which initially
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Fig. XII-2. Dispersion diagrams showing the fast-wave relativistic instabilities
as a function of (wp/w) for fixed (vO.L/c) = 0. 1. The frequencies

marked "2" and "r" are the cold-plasma cutoff frequencies of the
extraordinary wave which are left- and right-circularly polarized.
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Fig. XII-3. Dispersion diagrams showing the slow-wave, relativistic instabilities
(at cyclotron harmonics) and electrostatic instabilities (in between
cyclotron harmonics). (a) (wP/wb) is below the threshold for the elec-

trostatic instabilities. (b) Both types of instability are present.
detail of the fast-wave region see Fig. XII-2b.)
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Fig. XII-4.

Model for the fast-wave, relativistic instability.
The magnetic field B 0 is into the paper. The

wavelength is assumed large compared with the
electron-cyclotron orbit, and w is slightly
greater than wb
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take energy from the field, become heavier and come into phase with respect to the

electric field so as to take less energy from the field (Fig. XII-4d). Thus phase condi-

tions for a net loss of transverse energy from the electrons, and a consequent build-up

of the fields, is established. As we have remarked previously,3 these instabilities are

seen to vanish as ( p/Ob) is increased to a value that makes the (cold-plasma) cutoff fre-

quency exceed the (hot-plasma) cyclotron mode frequency. Figure XII-2a illustrates

this for the unstable mode at cw ' b, and Fig. XII-2b for the unstable modes at w 3 2 b

and c > 3 b .
The slow-wave, relativistic, and the electrostatic instabilities are illustrated in

Fig. XII-3. We have discussed certain aspects of these instabilities in previous
4-6

reports. These can be understood in terms of wave-wave coupling in the presence

of negative-energy modes that are due to finite v 01 . The slow-wave, relativistic insta-

bility (Fig. XII-3) occurs at the cyclotron harmonic frequencies; it depends upon (v0_/c)2

and occurs for arbitrarily low ( p/Ob). As ( p/Ob) increases, the range of wave num-

bers over which this instability exists shrinks. The electrostatic instabilities, on the

other hand, occur at frequencies in between cyclotron harmonics, and only if (cop/b) 

2. 5. These instabilities occur even in the absence of relativistic mass effects.5, 7 Rel-

ativistic effects produce a reduction of this instability. 4

A. Bers, C. E. Speck

References

1. A. Bers, "Relativistic Formulation of the Conductivity Tensor for a Collisionless
Plasma in a Magnetic Field," Internal Memorandum, Research Laboratory of Elec-
tronics, M. I. T. , July 20, 1964 (unpublished).

2. A. Bers, "Relativistic Formulation of the Dispersion Relations for Waves in a Col-
lisionless Plasma, Parts II and III," Internal Memorandum, Research Laboratory of
Electronics, M. I. T. , August 1, 1964 (unpublished).

3. A. Bers, "Instabilities in Plasmas with Beam-Type Distributions," Bull. Am. Phys.
Soc. 10, 221 (1965).

4. A. Bers and C. E. Speck, "Instabilities of Longitudinal Waves Across the Magnetic
Field," Quarterly Progress Report No. 78, Research Laboratory of Electronics,
M.I.T. , July 15, 1965, pp. 110-114.

5. C. E. Speck and A. Bers, "Instabilities in Quasi-Static Waves Across B ,"Quarterly

Progress Report No. 79, Research Laboratory of Electronics, M. I. T. , October 15,
1965, pp. 113-117.

6. C. E. Speck and A. Bers, "Electrostatic Plasma Instabilities at Cyclotron Har-
monics," Quarterly Progress Report No. 80, Research Laboratory of Electronics,
M. I. T. , January 15, 1966, pp. 159-161.

7. F. W. Crawford and J. A. Tataronis, "Absolute Instabilities of Perpendicularly
Propagating Cyclotron Harmonic Plasma Waves," J. Appl. Phys. 36, 2930-2934 (1965).

QPR No. 81 137




