WAVE-INDUCED CENTRIFUGAL INSTABILITY IN A
STRATIFIED SHEAR LAYER

by

DAVID G. STRIMAITIS
B.S., TRINITY COLLEGE
(1972)

SUBMITTED IN PARTIAL FULFILLMENT OF THE
REQUIREMENTS FOR THE DEGREE OF
MASTER OF SCIENCE

at the

MASSACHUSETTS INSTITUTE OF TECHNOLOGY
June, 1975

Signature of Author..

..........................................

Certified by

----------------------------------------------------

Accepted by

.....................................................

Chairperson, Departmental Committee

on Graduate Students
Lindgren




-2 -

WAVE-INDUCED CENTRIFUGAL INSTABILITY IN A

STRATIFIED SHEAR LAYER

by

DAVID G. STRIMAITIS

Submitted to the Department of Meteorology on 8 May 1975

in partial fulfillment of the requirements for the degree of

Master of Science
ABSTRACT

An approximate analytic small amplitude analysis is applied to a mixed
layer transition zone model with simple velocity shear and density gradient in
order to assess the likelihood of the development of a centrifugal instability due
to the streamline curvature induced by a long internal gravity wave supported
by the density difference across the transition layer. It is determined that
this instability may occur only for Richardson numbers well within the range
of the Kelvin-Helmholz instability, and it is argued that the latter instability
will be dominant.
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1. Introduction '

The depth of the surface mixed layer in both the atmosphere and the
ocean depends upon sea surface conditions and the stability of the upper
boundary in the atmospheric case, and the lower boundary in the oceanic
case. In this paper I will use the spatial orientation of the oceanic surface
layer and consider the possible effect of long internal waves on the stability
of a finite pycnocline in the presence of mean shear. In particular, a three-
layer model is considered as shown in Figure 1, with the middle layer thick-
ness assumed to be substantially smaller than the depth of the upper layer.
An interfacial gravity wave is postulated to travel along the shear layer with
a sufficiently large horizontal scale that its dynamics may be approximated by
the two-layer model corresponding to shrinking the shear layer thickness to
zero. In the neighborhood of the shear layer the initially parallel flow is now
curved to follow the wave-associated undulations, and it is suggested that
this flow is similar to the boundary layer flow along a curved wall (Figure 2)
with the exceptions that there are no truly rigid walls, that the shear layer
is stratified, and that viscosity (turbulent or otherwise) is assumed to have
little effect upon the perturbation dynamics.

It was in 1940 that H. G&rtler showed that a viscous boundary layer flow
along a curved wall was destabilized by centrifugal effects with the perturba-
tions describing longitudinal vortices (Gértler 1940) . His explanation of the
instability is reflected in the following particle analysis found in Betchov and
Criminale (1967). They consider a two-dimensional laminar flow Wo along
a concave wall of constant curvature with a boundary layer of thickness &
Within the boundary layer the shear of the mean flow is taken to be approxi-
mately equal to Us/& . Since the centrifugal forces act to press the fluid
against the wall, a pressure gradient is established such that the pressure
gradient balances the centrifugal force U>R, where R is the radius of
curvature. If a fluid particle is perturbed from a position 1 vertically to a
position 2 without any dissipative loss of energy, then by Bernoulli's

equation:

1 2 ~—
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If us= U and U,= U-4auU , then with the neglect of the term quadraticin A w:

AP+ ULauw = O (1.2)
where I have set ():1 for convenience. Recognizing that :
* = Uo
Apz_%bh and al= £24h (1.3)
then
w-all= (U Q_‘z) h | (1.4)
A (R = A

This shows that the velocity change experienced by the particle (AuW) will be
smaller than the velocity change of the ambient flow (AU) since the radius of
curvature is assumed to be significanfly larger than the boundary layer thick-
ness. Therefore the displaced particle velocity will be less than the local mean
velocity which implies that the centrifugal force developed at the particle will
be less than the local mean, so the local pressure gradient force will overcome
the particle centrifugal force, accelerating the particle further away from its
initial position. Hence, the flow is unstable. If the wall had been convex,
then the effect is reversed and the particle is returned toward its initial
position.

Later, A.M.O. Smith (1955) solved the Gortler problem with fewer
simplifying assumptions and obtained a more refined stability diagram.
Witting (1958) however, extended the domain of occurence of this instability
by demonstrating its appearance as a secondary instability on the Tollmein-
Schlicting waves in a boundary layer over a flat plate. As reported by
Betchov and Criminale (1967), they found the disturbance above the critical
level in regions of curvature of one sign, and in regions of curvature of
opposite sign the disturbance was below the critical level. The direction of
flow relative to the Tollmein-Schlicting wave changes sign across this level.

In the geophysical context, Scorer and Wilson (1963) have invoked the
Taylor-Gortler mechanism as a possible explanation for the appearance of
patches of clear air turbulence in the lee waves of mountains. The argument
is general and demonstrates that curvature induced forces can overcome the

restoring forces of a stably stratified atmosphere under circumstances where
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streamline curvature and velocity shear effects are large enough tobalancethe
component of the gravity forces perpendicular to the streamlines. This means
that a disturbance can only be amplified while it passes through one of these
generating regions. The saving grace is that this is an inviscid instability, so
between amplifying regions the disturbance does not decay, but just "rattles"
along being advected by the mean flow, so if it passes through enough such
regions, its amplitude can be expected to become finite, hence overturning
and turbulence may occur. With this background, it seems attractive to con-
sider the role of the Taylor-Gértler instability in the transition layer at the
boundary of a mixed layer. ‘

There has been a great deal of work done on the stability of stratified
shear layers, and an excellent review of this material is the Drazin and
Howard (1967) paper. Two important points which I have siezed upon to
divorce the realm of the Kelvin-Helmholz and Holmboe instabilities from that
of the Taylor-Gortler instability are: (1) the Kelvin-Helmholz instability can
occur only for Richardson numbers less than some critical value, so a base
flow can be constructed which is stable with respect to this form of instability;
and (2) although the Holmboe instability can occur for all Richardson numbers
(Holmboe, 1962) it is dependent upon there being a sharper density transition
than velocity transition (in terms of the thickness of the transition layers), so
if the base flow contains no such density "steps'", then again, the flow is con-
sidered stable. Therefore, the question arises as to whether or not a long
interfacial gravity wave is able to alter the initial flow through the mechanism
of the Taylor-Gdortler instability under circumstances where the flow is other-
wise stable. If this is so, then the mechanism must be included in any
geophysical problems concerned with the stability of transition regions. In
fact, the process might be viewed as an intermediate stage between the initial
state and a Holmboe instability driven breakdown and mixing of the flow.

Consider the initial postulated three-layer flow of Richardson number
greater than (4), with density and velocity transition layers of the same
thickness. A growing Gortler-type disturbance will eventually reach large
enough amplitude to cause overturning within the shear layer. The ensuing
mixing will create a new distribution of both density and velocity, possibly

leading to new transition layers that satisfy the requirements of the Holmboe
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instability, thereby promoting further turbulent mixing in the vicinity of the
of the transition zone. Furthermore, if the layer above is a mixed layer near
equilibrium, the possibility of the Gdrtler instability provides a mechanism for
the further deepening of the layer in the presence of internal waves. Under
such a development, the critical Richardson number criteria derived on the
basis of the Kelvin-Helmholz instability would have to be revised upward to

account for this newly proposed mechanism for the production of turbulence.

2. Development of the Equations

Since the underlying flow to be perturbed has periodic curvature, the
most convenient coordinate system for following the development of the pertur-
bations is the wavy system shown in Figure 3 after Smith (1855). Let the center

of the shear layer (Z=0) be described by:

Z=0 sinkx (2.1)
where  is the amplitude of the underlying wave, and kR is its wave number.
The scale factors for the transformation from cartesian coordinates (X,Y,%) to
curvilinear coordinates (%X,§,¥) are:

ho= 1-K3 ; hyx 1 5 ho- 1 (2.2)

X 4

where K is the curvature and is taken as positive for the case shown in

Figure 4. With this convention, the system of equations is:

1V S T IV GG 1Y +w%2 - K ogw s L L a—’b—+jsino<zo (2.3)

it K3 0K 23 3 1-kK% P 1-K3 2%

%’+ _.:L::) %}”‘;’ + v %jf’ W %i_;«' + Té{/c—f uz* J{’— %é’é t gasx =p (2.5)
%%fﬁ%%;+v%§ +w%§: = 0 (2.8)
f:%%+%3£+%1§~7{5/—&w:o (2.7)

where i : (2.8
= Tan' 57 (e sinkx) ) )



_11_.

7

Curvilinear Coordinate System

FIGURE 3

Definition of Curvature

FIGURE 4



- 12 -

In making this transformation it is assumed that the surface 3=0
does not vary in time with respect to the (x,Y,%) frame of reference. There-
fore, the physical implication is that the original frame is moving with the
wave phase speed relative to the fluid body, so the velocities indicated in the
equations of motion are those measured from the wave's reference frame.

The hydrostatic assumption is made and the Boussinesq approximation
follows with (>=/’0 +J) , so that:

U N ; Lo éza a
f l’K§ % + j St —> {)o "KS 5 Sin o7 (2 . 9)
] 2P ! 2P
and -— —— DS o —— el o 2.10
n f v + 9 (,o >3 f% oS . ( )

Furthermore, it is assumed that the variables may be broken down into their

"underlying" and "perturbation" parts as follows, where €<«{ :

U(z,3) + € uw(¥%3,3, )

VI3) 4+ e v(%,5,3,1) (2.11)
= WEI) + e w(x,5,3, %)
P P(x,3y + € p'(X, 9,2’,/’(’\
PP+ e P (%,5,3,%)

with the X -dependency of the underlying part coming from the underlying

il

1

wave-induced velocity and pressure. Therefore after substituting the above
changes and expansions into equations (2.3 - 2.7), and equating all the

terms of order € , the system of perturbation equations is written:

o, ’%C'-’ ad’ W U 'V'bu +WU +art O (M +uw)

ot K3 ?X ' K3 7% 2§ PX3 (2.12)
+(§>o-:—l(' : -%,;sxnu(l’~——0
v L 2 v’ ¢ '
‘5-t~+&"‘aj‘ > % +7/’§”:r 'i’—lﬂ/»%gi .f—’I,J' %V—f-“'r_z% = (2.13)
Aw AL o ! 3N LY mx 217 4 4y! 2 K /
YG Sk T e VAT AW R % gjr * ff‘z;g Lo (2.14)
"\:,9’
po ‘55‘ + -?o oS « ()' =0
e . S PIE T Do’ F (2.15)
Eﬁ'*l—@ “5%5”5%*‘1{,3' tull o= o
S U\ 1 ay - K
-k3 2% ¥ 2y * }%f l——KSw = O (2.16)
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Most of the terms in the system above need no comment, but it is worth
noting that TC Kc(WLL JIer is analogous to the coriolis force in a rotating sys-
tem, and the term “:“” W represents the centrifugal force. The factor [-K3
that occurs in denommator}q just represents the divergence of the coordinate
system, and the term (T% in the continuity equation also derives from this
source. Although it was not pointed out earlier, the coordinate system chosen
for this problem breaks down if % is allowed to be of the order of (R
this need not cause any concern, since the suppositions that follow in setting
up the underlying flow will disallow a large amplitude wave, and the analysis
shall be restricted to the "inner" domain of the region surrounding the shear

layer.

3. The Underlying Flow

As stated earlier, the supposition entertained here is that the scale of

the underlying wave is much greater than the thickness of the shear layer,
and so I approximate the three layer system with two layers of constant
velocity and constant density with a common interface across which these two
quantities are discontinuous. Also, of considerable influence is the depth of
the upper layer since I will consider the wave to be "long" with respect to this’
layer (see Figure 5).

Matching the two regions across the interface by linearized boundary

conditions yields this relation (see, for example, Lamb 1832):

Lolig = pcru) coth (kh) + pale-u)® (3.1)

where ( is the wave phase speed in the ~-X* direction. The perturbations
have been assumed to take the form exp ilf(x*ct). Approximating the coth (kh)
term for kh<l I find:

(= —M’L—-(:'F’kh tolah BIfr L AWRAP gy
fitpaieh Pt pulth (Pt P k) ' (3.2)
This may be simplified considerably by defining a quantity

/L(: - SAP——-.“—- N A —
R T T Sl (o (RN G (g # 3.3)
then _ /(“‘\. \+ Io /}Qi’\\ (3.4)
¢= LL{ \.wkl« ’Z«/Uu ) (+Rh ‘
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Thus it is evident that M is the Richardson number for a wave on the
interface between shearing fluids, and Ju< 1 indicates that the wave
grows and is therefore unstable. Furthermore, if Ah<s«{ | then equation

(3.2) has the approximate form:

C=~-WK tq/ﬁ%f‘/k (3.5)

which indicates that the wave behaves like a shallow water wave and propa-
gates at a phase speed of t W with respect to the upper layer, where
?J' is the reduced gravity. This has an added attraction for the problem

being dealt with here, since the phase speed does not depend upon the wave
number provided all of the waves are long enough. Therefore several waves
may be combined without violating the steadiness restriction imposed during
the transformation of coordinates. In fact, so long as one is careful not to
create regions of extreme curvature that would be difficult to handle with the
chosen coordinate system, the underlying flow could be composed of several
waves to produce regions of higher curvature and greater wave slope where
the instability would be more likely to occur.

Using equation (3.4) the velocity field associated with the wave as seen .

from the frame of the mean velocity (as in IMigure 5) is written:

w ok UEa ra G R ] kOxier (3.6)
W= ok W BE 1o fEIy BT bz ikbrtvet (3.8)
= ek WS-y, 12 Gy Hh ] etk e) (3.9)

where the subscripts refer to the appropriate layer. Translate the measuring
frame along at the phase speed of —C , then the complete velocity field as

seen from this frame can be written:

T (=24 BRIt FERY o s KR



Ugy = M{f;i-;‘ £ 0 ey S %-GM{{;—%—* 2 é‘a»u@éekze‘kx (3.11)

W, .= ok u{-%-&‘: Y9 Guer) Kl % h-z kX (3.12)

l+leh l+kh

. -2 . ]
i ek U{ s 22T | X

where X 1is the same cartesian coordinate used in section 2, so that now these

T

velocities must be transformed from (x,4,z) spaceto (X,5,3) space.
Figure 6 indicates the geometric relationship between the (X,z) and the

(Y, 3) labels of a given point in space with respect to the surface Z=asinkx .

From this I have determined that X is related to X, by means of an elliptic

integral of the second kind, but for small slope it can be approximated by:
X = ak)* Sin 2kXx q
X =X, + (%) + “’TF'L] + O k) | (3.14)

Furthermore, the relations between X,,X, %J and I are:

T = (E - G Sin kx,) \/ | +(ak)? coszkx,ﬁ (3.15)
X= % + (ak®sSin2kx, _ 2z (ak cos kx,) (3.186)
Ak '

In order to proceed, it seems reasonable to transform the velocities with errors

2 L. .
of order (ak) , and so it is straightforward to show that:

; kX N2 -
oK = etk X B @k) (for T~a ) (3.17)
and o RE = kT L D k) , (3.18)
However, the exchange 3=Z in the expression b:ué cannot be justified by

these arguments. Instead I make this identification by recognizing that the
perturbations will have virtualiy no effect far from the shear layer since there
exists no mechanism for propagation, so the velocity field pertinent to the

stability problem will be a localized "small £ " field where the significance of
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the neglected term is thought to be small.
The unit vector interrelationship is the final piece of information needed

for the transformation:

A A
,2<= e, -ak wskx, €, /@zmkcoskx,é‘,+éz
U F (@) coPkx,” JU+ @t eosticx,

where (?,’R) are the unit vectors of the (X,E) axes, and (’é’,,@z) are the unit

(3.19)

vectors of the (’)Z',’S-) axes. Therefore, if the overbar denotes the velocity as

measured in the (¥,¥) coordinates, then:

e = Ur + w, akcoskx + Dak)* (3.20)
W= 15, - Uy okeoskx + D@k)’? (3.21)

and so the complete velocity field fully transformed in the curvilinear co-

ordinate system is:

U, = u[—l%it : Q\)(’ iﬁh:‘b + = (1+kh) sin kYJ (3.22)
U, = M[T;f + 2 Jei-1) mk“l - ak e *sin k¥ ] (3.23)

T :u[?.kl« +a2(/‘—‘ TJ{::]

= {0

. ok cos k¥ (3.24)
;

w':zT = L([ +2/_‘ (i-1) £ lhe;‘ ]Ceks 1 ak caskx (3.25)

I will use the above expressions for the velocity in layers one and three
of the shear layer model, and postulate a linear transition zone for layer two

such that the entire velocity profile is piecewise continuous. The shear across

this layer is:

auw = u{at;zj@c-.) L& (4 akh) sinkT } (3.26)



- 18 -
and it is found that locally cartesian continuity can be satisfied in constructing
a W field within the layer which is matched to the field outside without alter-
ing 18 in either layer one or three.

The immediate use of this carefully considered underlying flow approxi-
mation is to evaluate the size of the various terms in the equations of motion,

but first it is necessary to introduce the scaling assumptions.

4. Scaling and Simplification

I pick the following scales for non-dimensionalization:

velocity: W, ; (%,§,3):§ e AF R G 4 o1 (4.1)

where U°= 3 the mean flow velocity difference across the layer, excluding
the long wave flow field.
§ =} the shear layer thickness.
A(’ = the total density change across the shear layer.
Upon substituting (4.1) into (2.12 - 2.18) and rearranging, it becomes advan-

tageous to define some non-dimensional combinations of the scale factors. Let:

BS. 0y oage s gy T (4.2)
? () uz 1 2 d .

e ¢ (’a Uy

Furthermore, let |/ be constant, since all of the shear was taken to lie along

X , and let:

o

(a;vyw)z(%o)%)ﬂ) (4.3)

Us

then the system of equations in non-dimensional form is:

Sab% \ﬁg %&"“Ibw’fvﬁ 3~' ww’%g-éKw(,“L dElx (4.4)

14Kk% I- 5KX
+12¢.Smo(p = O
R G LY v I A i 14 ’ (4.5)
S%H‘E-"I-SG @X*Vrﬁ:f\ 5*3 + DB..: I®)
O 20 Lo o o L N 4 T L 20k e,
SSi+om S5t &1 % *V%‘:j + W 52 twatt “g“,;‘[g Uu' + (4.6)
"B-COSMF =0
Y S YRR I VAW Y ‘0 . (4.7
tfhb'*l-f;{%%*vlﬂjfwﬁ“fwﬁa‘O ' )
— D oy’ 2y o K o = (4.8)
1-5k3 3 T 2y t 23 |~é‘k§w © .
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There are three immediate approximations to the system that are of
great help. First, I totally neglect the variation of the scale factor (I-§ K’S’)"
and set it equal to one since the curvature K is of order ak thereby
indicating the error to be of order ad k* . Second, I assume that a local
analysis in X is valid since I consider perturbations that change over a
scale 4 , while the flow changes over a scale of K& ' . Therefore the per-
turbation quantities (named "pert") take the assumed form:

,.(fgxu,ag»fwt) (4.9)

pert (Y)g')'i);t) = pert (%) e
where all quantities are dimensionless. And third, I assume that s$mx in
(4.4) may be neglected under the small slope assumption used throughout this

analysis. Therefore, the system of equations now becomes:

’

;[J’w ¥ {Zf s VL +i %g ]u’ b %-«’34“- 4 w'%%‘ - Skw' i $ipp'=0 (4.10)

«[Jw + dp +V/Z] 5{; P Ly = o (4.11)
.Nw +0p L -0 Q;}“ $W i i +a 0+ GF + Risusa =0 (4.12)
u[Jaw p+\7£] ot W%’ toaw! ‘)3— =0 (4.13)
Ppuw o Ay e B - Sk =0 . (41

As one attempts to combine these equations into one equation in one of
the unknowns, it becomes apparent that the complexity of the underlying
velocity field thwarts all attempts at obtaining a manageable equation, and so
it is desirable to find some justification for simplifying it. Therefore I return
to the underlying flow for magnitude estimates of its various components.

First of all, identify the velocity scale |4, with the mean flow velocity

W so that:

Ca W) (4.15)

T
%‘!f‘
s |2l
e
{1t
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then in terms of magnitudes only with k~ YL , I find:

Top Layer:
Ko 1+ %h %“Xf ~ -f‘l—t : %—‘é— ~ 0
(4.16)
W~ 2 2 et a5 ad
A R
Middle Layer:
~ . 8fa,a " a
Borges 5 E-He3) Eood
~.d14a,0 2T A (S)%3 44 M. de, A (4.17)
w"‘“(t”"ﬁ') ) E§~(L){I+h}) ag”u(’i* h)
Bottom Layer . "
~ (4.18)
%, ~ <3 N b~~ ii. 2 N b.. ~ .Q.’i
i Eé- Y % (LJ ! 23 L2
Taking each of the layers separately, the following pattern emerges:
(e e 3 . i A - ®
U~ 1+t e %\%N Le %%‘”(O,E‘L,H'Q)
~ 5 Y P g & (4.19)
1 ~e .L (£ ) , %.gl ~ Lo

where ¢= 9;"- or "% depending upon what layer is under discussion. I
will discuss the balance of terms in the system (4.10 - 4.14) using equation

(4.10) since it is representative of the others. Noting that K~ak?= 'ﬁ"‘;

I insert the appropriate magnitude in front of the terms to obtain:

O:i[Sw ¢ (I +Vavi Le %%’]u’—«- ‘_e%ﬁ_‘ +(ite)” w —(1+e)5‘1 " uk+.pr (4.20)
If I allow that %"' %" 5 « | for the purpose of this argument, then the terms
underlined above are of the same order of magnitude, and they are character-
istically small when compared with the other terms of the equation. However,
it is essential that the last underlined term be retained since it is a manifesta-
tion of the effect of the curved flow which is the topic of this paper. Therefore

I cannot systematically neglect the other small terms while retaining this one.
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It is on this point that I must drop all pretense of upholding the quanti-
tative integrity of the problem and instead settle for a qualitatively valid
understanding of the process. So I proceed to neglect the W terms altogether,
and retain only that part of i which corresponds to the mean shear. In effect,
the velocity field present in the three-layer idealization before the underlying
wave was Introduced is assumed to have been diverted such that it now follows

the undulatory profile. The system of equations is then:

i[Sw +a(5+\7ﬂ]ul +'LJ’%% - SKaw’ + 4'/31:’:—0 (4.21)
[swebp+02]v + igp =0 (4.22)
E[Sw +C¢p+i71] w' b KU+ %? + R cos o P' =0 (4.23)
i[Sw e lpelia] pr + W' =0 (4.24)
iU e 2y + AW~ gKw'=0 | . (4.25)

Finally, V= , sincea steady drift of the reference frame in the g -direction
adds nothing revealing to the problem. Now, the system is reduced to one

equation in ¢4’ and its first and second derivatives.

wis - 1 9K g»gg.&ﬁg - w‘{ g+ J{ﬁ_{fﬁﬁ *g‘%ﬁfﬁ %f;{i‘a"’%}o (4.26)
If dK=0 , this equation is seen to reduce to the usual stability equation for
the finite shear layer Kelvin-Helmholz instability. But the addition of curva-
ture to the problem changes it in a very fundamental way. With 16%()#0 , it
represents more than just the convergence or divergence of the coordinate
system, and attempts to derive general criteria for stability from this equation

proved fruitless.

5. Stability Analysis

In looking for the precursors of longitudinal rolls, the expectation is

that the perturbation will exhibit most of its structure in the cross-stream
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direction and therefore any rapid changes along the flow are quite unlikely.
Since this is a local analysis in X , the strong restriction that 3 is zero
poses no problems. Physically, I imagine a sequence of local ana'lyses where
it is probable that the =% structure varies along the flow, and hence, the
dependence of the perturbations upon X develops in this manner. With
setting 3=0 , it is no longer necessary to think in terms of an advective
time scale for the local problem, therefore the Strouhal number can be set to

unity, and the equation becomes:
; o - 2w L 9w R cosx +2£Hﬁ{&'——!%&] =D (5.1)
W - SKwg —w' = Pz g RS

I will proceed to establish a stability criterion through the use of integral
techniques. It is assumed that 45’ and @ may be complex, and that ' , 23
and their complex conjugates vanish far from the shear layer. In terms of
the scaled vertical coordinate, this occurs at 8| ->e . Furthermore, let

t0e
Ricose pg + 28K i (g -5k &) = G(3) . and take f—w’* (5.1) d§ . After

integration by parts and use of the boundary conditions:

2

+0o + he>d
z ! - ] . =
“wf!’w'g! ds - w'*m;§ SKAT - fhd ldéwﬁz + &£ G[S)%d'g‘ =0 (5.2)
-co -0 -0 w .

The complex conjugate operation yields:

t6o : + +08
-w"j{w'g(zdg " a)*fw'*w% 6K d3 ~JWX'|Z{M*£I+ (‘% (J(?‘J?dzfto - (5.3)

-

Subtraction of these two equations gives:

L 480 0
¢ ( - 2 R —-—
“9““‘14;( 3545 + Re) o *oss KA wa."fiwlz(f - %53)45 =0 (6.9
- ~&o

and addition gives:

+o0 - o
¢ R . ?,v I = - s ' 2 ., 3 .
Qawftwgl A% +idm JuwaJKdJ« + mu,iw{ (14 C”‘éig)"(S _

-0 -

1
Cc

(5.5)
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These equations may now be combined to cancel the fw’*w% - term by
multiplying equations (5.4) by /¥me> , and equégon (5.5) by Rew> ,

then subtracting to leave:

‘T(fw'gm g a3 o+ Bl @ne) Tt 6 i) s - 0 (5.6)

- [Lo]? -aJo
This relation is not very helpful since the sign of 6%} depends upon the
sign of Re (d)* . What is needed is a side condition that would produce an
equation in which Re (»)° is replaced by a definite quantity of either sign
without undue restriction on the validity of the problem. In particular, if
the expression above could be reduced to the special case where (J cannot
be complex, then 6(%) would possess a critical value where () changes
from real to imaginary, thus indicating the regions of stability and instability.
Such a side condition is the requirement that the vertical structure of the
perturbation be modal.

This assumption means that I will be considering perturbations that
possess no time dependent phase relationship in the vertical, and therefore I
exclude the possibility of propagating vertical waves in favor of standing
waves. Mathematically, I say the only complex quantity in the perturbation
equation (5.1) is W= H{.+4iJl; , solmay separate the real and imaginary

parts of this equation and integrate as before:

$00
faw re(s)ds= & g(m d5 + A4 T@J) (+ 68l)as =0 (5.7)

ol

Similarly,

k Lozl .

[0t (s 3= 4, f(wg Paz s Ju Tao? (1- &8))i5 <0 (5.9)
-0

Assuming that neither W, or |, are zero, I cancel them out of

their respective equations, and add the twc to obtain:

too _ +00
Jwtas « 2 fentas = o @)
4 ) |
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For {* greater than zero (ie, £ ffa‘) , this demands that the perturbation
vanishes everywhere. Therefore, for a non-trivial result, ¢ must be
either real, or imaginary, but not both. Consider the equation for /}i not
equal to zero:

‘ - 2 a ~\2 -
0=J(w33lals + ﬁ?fw’)zflwl’— Ricoso pg - 28K UGy + 2(£Ku)§a£5, (5.10)
Since Pg<0 for stable stratification, it is evident that the only term avail-
able for driving the second integral negative is the shear-curvature term,

25K iy = K@% . A necessary condition for instability is:

25K iy > % Rocossw py + 2(SKa) >0 (5.11)

over a portion of the domain. Furthermore, the last inequality may be con-
sidered the weakest necessary condition for the problem. It implies that the
curvature and the velocity field must be of the same sign if the shear is posi-
tive, and of opposite sign if the shear is negative (Figure 7).

The second curvature term may be considered to be the pseudo-inertial
frequency as seen from the underlying wave frame of reference. This term
acts in the same direction as the buoyancy frequency term in much the same
way as does the inertial frequency term in large scale flows on a rotating
planet, except here the vorticity vector is perpendicular to gravity. The net
result is that the destabilizing force developed through the interaction of
shear and curvature must become greater than the stabilizing forces of gravity
and "rotation" before the perturbation can grow locally. More will be said
later about the pseudo-inertial frequency, but now I return to the perturbation
equation (5.1) for an approximate solution.

I will consider a piecewise continuous profile of density and velocity for

the underlying flow of the following form:
Top Layer: ()3 =0
Middle Layer: ()'ﬁ =-1/y (5.12)

Bottom Layer: Pz =0 . 0=- g-2a
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These particular numerical values arise from the choice of the nondimension-
alization scales used in the analysis, and ¢ depends upon the phase speed
of the underlying wave. Inserting the values of (5.12) into (5.1), the equation

for the middle layer becomes:
Wiy - 1wy K - w'ﬁz § W - 4R casx + 25«(5’-43-:)[!- A’K(S-ql-:ﬂz =0 (5.13)

The method of solution of this kind of equation requires an infinite power
series in ¥ and therefore is not well suited to the purpose of this analysis.
Furthermore, the WKB approximate solution would require the 3 -dependent
terms to be small compared to the Richardson number terms or the most
differentiated ' term, which seems difficult to imagine unless @ were
much larger than one to maintain the importance of the curvature terms.
Therefore I must again seek qualitative insight and consider only the mean
structure in the layer.

The mean shear-curvature term is the exact shear in the layer
(a constant = 1) times the average velocity times the curvature, and the mean
pseudo-inertial term involves only the square of the average velocity.
Therefore if I model equation (5.13) by an equation with constant coefficients,
I find:

W - wy 3K - w'_g.i {wz- T Ricosw - 2 TK@H)- z[zsmm.)j“?:o_ (5.14)

Having proposed such an equation, the solution will be of the form:

-

) Ys
W= € (5.15)

where ¥ is complex. Substitution of (5.15) into (5.14) gives
w* (Y- SKY-42) = f{-{z&' cosx - 2 SK@+) '.Z[JK(G’*I)]I? (5.16)

Assuming that @ =\l +iJl; and ¥=%+18 . thereal and the
imaginary parts of (5.16) are respectively

(A W) (6 -6 8K -2 - A M v 2a B sk, = 5.17)
L] -4 Ricosw - 2 5K@H) - 2 FK@+)] ¢

L h b (v e -27) + (M a3Nan s - sKE) = 0 )
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The imaginary part demonstrates the link between the complex behavior of
«w and Y . If 4;M)=0, then either ¥;=0 or ¥,.= 24K , and of course,
the reverse logic holds as well. So again, the justifiable modal assumption
may be used to good advantage in isolating this special case.

¥3 B
Let w'=¢e cos(lM 9)5 , where B isjusta constant, then

w{-Y2/ 2t + @r- SK) k’-f"(v.n[_l’ﬂé)}f)) . f(-i R cosal - 2EK(Gf+)- 2@«@.,,,)]2) (5.19)

Recall that ()%= J‘L,.z- ./'y;2+ 2i b sothereal and imaginary parts of
(5.19) may be separated to give:

(A A2 0P 474 @ -SKY-Tan [+6]5)) =

235 Reosw - _25;(@“)_2[“@”37:)@.20)

&J\;JL,(*"J”- L+ (QK-SK)(K-rm[m&}g)‘ = O o (5.21)

Clearly a function of $ in a relation between constants is unacceptable;
even though the constants were derived by a non-rigorous approximation,
the presence of tan(M+6)3 still represents an internal inconsistency.
Removal demands that: ‘

-
(5.22)
or rather, that the only non "trigonometric" behavior of the solution be that
which is needed to remove the 70% term in equation (5.14). The term
"trigonometric" is understood to include whatever power series is necessary
to satisfy the original equation with variable coefficients. And so, recogniz-

ing that 2¥-35K=0 , equation (5.21) gives:

. =0 (5.23)

in agreement with the modal integral result following equation (5.9). IfI take
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Af = O , then (5.20) becomes:

v

M= Ez—‘i—}—z [-ll Ricos % - 2BK(@+) - 2 [Sk@u)}’_] (5.24)
IR

and again, instability depends upon the shear-curvature term being of the
right sign and of sufficient magnitude. Furthermore, this result shows that
the disturbances which have the highest growth rates, also have the lowest
vertical wave number. To be more precise about this the solutions in the
three regions must be matched, so I return to the solution in the other two
layers.

Inserting the values of (5.12) into (5.1), the equations for the top and

bottom layers become respectively:

w'ss - IKwy -’ 22[" 4 (%Q)EJ = 0 (5.25)
w'gg - SKw'g -w-',,Q"{|- 9.(5'5%?:))2]=O ‘ (5.26)

-

r_ U3 : Lo FnE
Let W, = € "> be the perturbation velocity in the top layer, and =¥, = e * >

be that for the bottom layer, then:

= AEr JE g2 f-a (&) (5.27)
AR RSN (5.29)

If ¢ isimaginary, then ¥, and ¥, arereal; if () is real, then ¥ and

5’2_ may be complex if w (FK@)?. Therefore, if the perturbation frequency
is small enough to fall into the pseudo-inertial range, then waves are possible
in the upper and lower layers. But recall that the model of the underlying flow
was inviscid with no vorticity in the upper and lower layers, so how can inertia
waves exist in a flow that possesses no absolute vorticity? They cannot, so this
pseudo-inertial term may be thought to arise from the various approximations
involved in setting up the system equations and in defining the underlying flow.

Clearly, the approximate system loses its validity away from the near vicinity
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of the shear layer, so it is reasonable to treat the inertial term as being

spurious in the top and bottom layers so that:

¥, = é‘i& - \/(‘giK)ZnQ” ‘ (5.29)
e g JETE @.30

where the appropriate sign has been chosen to insure that the perturbation
decays away from the shear layer. Now I must match the three solutions
together.

The requirement that the interface displacement be continuous across
the interfaces located at 3=*1 leads to the continuity of 15’ across these
interfaces as one of the linearized matching conditions. The other condition,
namely that wé be continuous is found by integrating equation (5.1) over
a vanishing region € about each interface. Then after working through the

application of these conditions at both %= *{ , I find:

Pt T = o/ G4 e

This result may now be included in equation (5.24) to yield:

= ﬁz‘ﬁiﬂ['é Ricosw ~ 25k{d+1) “.’L[XK@*H)IZ] (5.32)
or, if the approximation is made that %+ (5?}_5)23 /QZ , then A% ['z-rmf/’
by (5.31), so that (5.32) becomes:

W= sint |4 R cos - 20K@H) -2[5f<(c?+l)]zJ (5.33)

which shows that the fastest growing disturbances have vertical wavelengths

near —,:;%; multiples of the half shear layer depth & . Therefore, since
£ can be no larger than /7“ , the dominant instability mode is presumed to
have both a vertical and a cross-stream wavelength of approximately twice the

shear layer thickness so far as this crude estimate is able to determine. Also,
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since the trigonometric part of w' goes like ¢0s 73 |, then it is even in
3 , and since the lowest mode 1=0 is assﬁmed to be the most unstable,
then ' does not change sign in the interval as shown in Figure 8. This is
precisely the mode that one would expect to see overturn in counter-rotating
longitudinal cells with height and width on the order of the shear layer

thickness.

6. Skewed Underlying Wave

The analysis up to this point has been concerned with the special case
where the underlying wave propagates along the direction of the shearing
plane. This section seeks to discover what changes are involved when the
more general case is encountered. Figure 9 shows the geometry under con-
sideration.

-

The frame of reference takes k to lie along the X -axis, where again,
the underlying wave is stationary. W (%) as defined in the figure is in
cartesian space from a frame in which W(s)= 0 . This frame is translated (-, )

and then transformed so that in the new curvilinear system:

W)= o+ W3 5 V3= V(3) - (6.1
From the figure it is evident that:
V(3)

(3)

For longitudinal roll behavior, the disturbance should be characterized
by an extremely small wave number in the direction of the absolute shear. Let
%\ be the unit vector in this direction, and let ﬁ bt /3/!\ +L f , Where the

perturbations have the form pert(3) exp( (X +ily +.‘wt) ; then

MY =o (6.3)

ﬁcos@ + Asinb =0 ‘ (6.4)

SO

With the assumption of a local analysis in X , the arguments displayed earlier
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in this paper lead to the following perturbation equations:

i (0 + plorpdraV)u + ' Uy - skao'(Bot )+ iBp' =0 (6.5)
i tpletpa 1)V ¢ w i ilp = 0 (6.6)
(W + (st A +£\7)w’+2m(§ofﬁ) Wt ps + Roeoswp'=0 (6.7)
i(wt ple+pl +iV)(>’ t+ w' 5 =o0 (6.8)
[ Au 4 ilv 4 wy - KW' =0 - (6.9)

Combining equations (6.2) and (6.4) gives:
U= -2V (6.10)

which can be used to good advantage in simplifying the equations. After

some algebra, I find the system reduces to:

~ & o
T W+ 2B U, +pU r ' ._%. 42 [R{c_ _
Wyg - K ——cL Pyt S {Cas'é) " (o+pi T cos’e 0% Ps

+ 25K O (Hotlt) - 2(WK cosb[0lo+ )Z]

+ AL ﬁm@(&JKWofLﬂ* ag)} = 0 (6.11)
Wtio .

Based on the special case treated earlier, I make the modal assumption from

the start, and let @+ AU, = b +i V¥, . Then performing the integration

process on the imaginary part of the equation, I find:

+0 : el oot - ‘?2 (ot 0
0=[ () d5 br') 2 [l - Beoswpy ¢ 1\:5(&3){“3 o ma(wm)]}g(e 12)

and indeed this compares favorably with equation (5.10) . The same operation

on the real part of the equation yields little helpful information.
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A better method for obtaining information concerning constraints on
W« when A0 is to perform the rw () d3  operation on the equations
found by taking the sum and the difference of the real and imaginary parts of

equation (6.11). ]’ "(Retdm) 43 gives:

f(wx) d3 + J(w) [f;'zz& - LLE (5[] + % &3)]45- =0 (6.13)

and Tw' (Re-<n) 4% gives:

f(WJ 51 R cosoe Py + 2 sk(fa ][ 5 -k cose (e ] M(MUM] 3”“3))243 =0
FErCa (6.14)

If A; is to be different from zero then equation (6.12) indicates that Sklﬁnfﬁ]ag
must be positive over a significant portion of the domain. This in turn requires
‘the last bracketed term in (6.14) to be positive (the minus sign is not included),
and equation (6.13) independently demands the same. Therefore, if the shear

is positive, then {K[ﬁﬁ ﬁ} must be positive, so:

§
P S0 (6.15) -
wr "'/3[7(0
If the shear is negative, then SK [+ 1] is negative ond so:
§K
_é“__.:. £ 0 (6.16)
W + Al .

Recall that

therefore

(A was taken to have an average value of zero over the shear layer,
W, may have the dominant force in determining the sign of the
integrated {l,+ {L term, which implies that (o must have the same sign as
fK in (6.15), and the opposite sign of K in (6.16). This in turn allows
me to limit the possible range of €, =-¢r/3 (the phase speed of the per-
turbation in the X -direction from the wave coordinate frame) to:
el < (U]

(6.17)

where I use the assumption that C, should be equally likely to assume either
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sign. I admit that the conclusion (6.17) is very tenuous, but it is presented

as an imperfect inference of this analysis in lieu of a more definitive statement.
Look again at equation (5.10) and compare it with equation (6.12) as it

is rewritten below:

[tsxyus + | @J')Z:ﬂ;»;e { (- Ricosw s t26K cffkff,}z% - 4(7Keosol | ‘Zo*&f?aég (6.18)
v ' =0 .
The factor £/c0s*® replaces the previous ¢ factor, but they are really
equivalent. Figure 10 shows that the cross-axis wave number of the dis-
turbance, designated &% | is equal to £%/cos*6¢ , and so the spacing of the
"rolls" in section 5 corresponds exactly to the spacing of the "rolls" in this
section. Changes in the curvature terms can also be easily explained, for
now it is the projection along the shear axis of the product of curvature and
that part of the velocity field which flows in the direction of the underlying
wave that is important. As displayed in Figure 11 the projection of SK(ityt C(J
along ¥ is {Kcos®[Uot] , and this quantity multiplies the absolute shear in
the problem to give rise to the "instability" term, while it multiplies itself to
produce the pseudo-inertial frequency term. As a result then it can be said
that for a given value of absolute shear and curvature, the presence of a non-
zero angle between the wave vector and the shear axis will tend to weaken the
instability (and stabilize it altogether if B is large enough) since:
1) [{,], the phase speed of the wave along the X -axis relative to
the frame in which the flow is zero at =0 | is reduced,
2) the curvature-shear term is reduced while the stratification term
remains unaltered, and
3) the denominator, J,*+J,;* appears to be greater since /L,_z can
no longer be definitely set equal to zero.
Furthermore, it is believed that the reduction in the pseudo-inertial term, while
promoting instability, does not have the magnitude to offset reason number 2

above.
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7. Interpretation of Analysis

In order to understand how this instability of certain regions of the
underlying wave affects the entire flow in the shear layer, a certain amount
of speculation is necessary. From the necessary conditions for instability
derived in section 5, the term which may be said to drive the instability is
§K(4+1) . If the underlying wave is a long wave travelling in the direction
of the upper layer, then the wave will be overtaking all parts of the flow and
the velocity field as seen from the wave frame will have no zero point. Placing
an observer in a frame such that he sees the velocity at the center of the shear
layer as zero, he is expected to see a disturbance grow slightly whenever an
unstable portion of the wave propagates past him. For the sake of the argu-
ment, let this region be a small section in the center of the wave crest, then
he sees a ripple strengthen slightly as the crest passes. After this occurence,
the ripples propagate in the cross-stream direction until one period passes and
the next crest intensifies the ripples a little more. In effect, the underlying
wave transports a series of generating lines through the flow which give a
selective "kick" to the disturbances that are present, somewhat like a parade
of inverse steam rollers. With no dissipation, even an extremely weak series
of amplifications will eventually build up under the’a;ction of a long train of .
waves.

As a side comment on the instability problem, there is also a question as
to how the propagation of these ripples is affected due to the curvature induced

forces in regions where }; =0 . Setting W;=0 in equation (5.20) produces:

2
N2 = —5—23——;——; [-;; Ri cosw + 2 JK @H)+2[5K@+l)}j (7.1)
4L .

Therefore the phase speed of the disturbance will change as the wave propa-
gates by, so a certain degree of ray bending is to be expected. But since the
underlying wave field is assumed to be periodic, whatever its shape, there
should be no net focusing of the energy of these disturbances. These remarks
point up what may be considered as the basic effect of the centrifugal forces

in this problem: they alter the restoring force of the stratification. Where they

overcome this force, the disturbance intensifies, and does not propagate;
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otherwise they merely alter the restoring force and thereby change the propa-
gation characteristics of the disturbances. Also, since it is assumed that the
curvature induced forces become comparable to the stratification related
forces at some points to produce the instability, then it is evident that changes
in the propagation characteristics may be substantial, and a properly formulated
global analysis should replace the speculation in which I have indulged here.

This brings me back to the main question of this paper. Can this in-
stability exist for Richardson numbers greater than those which indicate the
Kelvin-Helmholz instability?  The reason that I am not so interested in the
possibility of both of these processes occuring simultaneously lies within the
foregoing arguments of this section. The intensification period for the Gortler
type of instability is a small fraction of the period of the underlying wave,
while the Kelvin-Holmholz mechanism operates over nearly the entire period.
I say nearly because I have not established how that instability is affected in
regions of significant curvature. Therefore, I would expect the Gortler in-
stability mode to be swiftly overwhelmed in the debris of the Kelvin-Helmholz
initiated breakdown. i

So, for the purpose of answering the proposed question I will take
equation (5.24) and set V}; = O . While it is true that my approximate system
of equations predicts that 4w'=¢0 when =0 with fo= V=0 , this is because
the smaller order advective terms were discarded. Itis reasonable to go
ahead with %;~0 and use (5.24) as a first test to see if a necessary condition

for instability can be satisfied:

(o]« sk@) ¢ 4 Ricosec = 0 o

This may be solved to give:

SK@+1) = -x 3":/‘“ Ricosoc . (7.3)

(@+1) represents the scaled speed of the wave in the original coordinate frame
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x*, therefore from equation (3.4)

@+l = 'II:JE% 2 /ei-1) S (7.4)

or @~ t 2/ A h (7.5)
From the definition of R and ni I may write:

C Re (7.6)
g 46K

and when this relation is substituted into equation (7.5) the result is:

~ o+ QLT (7.7)
¢ e R

where it has been assumed that §K<<7 . Now, in order to satisfy (7.2) I wish
to use the circumstances which maximize ld‘K(<9+|) { . Clearly, ¢>0 is the

most helpful situation and leads to the relation:

-] £ /1~ Ricasx
[+/ Kib/s?

(7.8)

LEK =

Furthermore, if I insert the maximum value of U{( with a minus sign, and
neglect (0SX , then:
YR
2eS k= _LE.,Z.‘:;E_L (7.9)
o .
The numerator must be real, therfore R €1 in this approximation. So let Ri=]
and solve for the wave amplitude & with §=Em , h=30m, K'= 10*m , which
are reasonable values for an oceanic transition layer. I find this l:ads to:
o~ 3X10°m

which is certainly absurd.

Next consider the case where K(= @c ,» the value of the maximum

Richardson number for the Kelvin-Helmholz instability. By the usual
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definition:

il

R 5_%(3 2 Lp:

It (7.10)

Therefore Ric™ corresponds to Ri=Y2 , and using this in (7.9) with
the same parometers as before I find a wave amplitude of:
o~ 102 m

still an absurd result. Itis on this basis then that I find it impossible for the
Gortler instability to exist without the Kelvin-Helmholz instability, and there-
fore, it has no chance of developing in the type of flows inwhich this analysis
applies.

One final observation may be advanced to try to bring this G&rtler
instability into its own. In (7.2) the pseudo-inertial term acts with the

stratification term and therefore places a limit on the size of ¢+! in that:

[JK(L?H)T‘—/- JK@+1) -

Since this term was considered of dubious validity in section 5 where the outer
layers were considered, might it also be questioned in the middle layer? I
have been unable to generate decisive arguments from this analysis, but since
the question has been posed I have calculated the inferred wave amplitude for
Rc= Y2 after neglecting the squared term in equation (7.2) to find:
SK@+) = -~ 7 Ricoso

(7.12)

o~ lOzm

which clearly indicates the non-existence of the instability for Richardson

numbers greater than R{, even when the pseudo-inertial term is dropped.

8. Conclusion

In this paper I have developed a model of a stratified shear layer with
large scale undulations for the purpose of investigating the role of centrifugal

instability of the Taylor-Gortler variety in the dynamics of the interaction of
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long internal waves with the transition region at the boundary of a surface

mixed layer. The system equations are valid only for linear long waves with
wave slope much less than one, and the underlying wave velocity field has
been all but neglected in the final form of the model.

A necessary condition for instability was found to be:
~ 4.'2 ' ~\2
(K Uus > Gl - o Ricosx P + (EKX)* >0 (8.1)

over some region of the flow field, and therefore the signs of the curvature,

velocity, and velocity shear must be related in such a way that:
fKUlis >0 (8.2)

Solving the system for a simple linear distribution of density and velocity in
the shear layer, with the further substitution of mean values for 3 -dependent
terms, a relation for the disturbance growth rate was found. The zero growth

rate balance of terms (neutral stability case) demanded that:

26k = =LE/ - RE ‘ (8.3)

Upon the substitution of reasonable mean flow parameters h,& ,and k2, it.
was found that Richardson numbers greater than or equal to the critical value
for Kelvin-Helmholz instability required a long wave amplitude one order of
magnitude greater than the depth of the shallow layer. This result was obtained
from the configuration most favorable to the instability since the wave crests
were aligned perpendicular to the plane of the mean shear, and the propagation
of this wave was chosen such that the velocity as measured from the wave frame
was the maximum, and possessed no zero points. If there had been a zero re-
lative velocity in the shear layer, then the flow would have had to have been
considered in two pieces; that above, and that below the zero level. However,
it is easy to see that each of these layers would have had a smaller mean
velocity than the case considered, and therefore would have been less favor-
able to the instability. Therefore, I conclude that the Taylor-Gdrtler

instability is simply not competitive with the well known Kelvin-Helmholz

instability in cases where this analysis is applicable.
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A possibility that still remains is that there may exist conducive
regions of high curvature on finite amplitude, non-linear interfacial waves.
However, this situation would require a careful consideration of the finite

amplitude dynamics, and this is clearly beyond the scope of this paper.
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