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Abstract

The first goal of this thesis research is to assess the nature of water vapor feedback
in climate change. Utilizing observational data and conceptual models, we examined
the tropical tropospheric water vapor budget and the maintenance of the lapse rate.
In light of the mountain-snow line record for the last glaciation, we investigated the
nature of water vapor feedback in climate change. The chief finding is that water
vapor in the tropical free troposphere may play a stablizing role in climate change
through a coupling with the tropical tropospheric lapse rate.

Based on the observed vertical structure of tropical convection, we first formulated
a model for the vertical distribution of tropical tropospheric temperature. In the
model, heating from deep convection is parameterized as subsidence heating and the
magnitude of the subsidence is determined through the surface moisture budget. The
radiative-convective equilibrium profiles predicted by the model successfully depict
the observed characteristics. The model lapse rate in the free troposphere is related
to the speed at which air outside of deep clouds subsides and the radiative cooling
rate it suffers in the course of subsiding.

We then examined the tropical tropospheric water vapor budget. We found that
the evaporation of the hydrometeors pumped into the upper troposphere by deep
convective towers appears to be the major moisturizer for the large-scale subsiding
flow. Using the large-scale subsidence deduced from the energy budget and a simple
parameterization for the moistening from the evaporation of hydrometeors, we are
able to simulate the observed distribution of water vapor in the context of a simple
conceptual model.

The role of water vapor and lapse rate in different climate regimes was examined in
light of the mountain-snow line record for the last glaciation. Together with CLIMAP
data for the surface temperature estimate, the mountain snowline record suggests
that the mean lapse rate in the low tropical troposphere during the last glaciation



was about 20% larger than at present. Using the model for the tropical tropospheric
temperature, we studied the dependence of the lapse rate on the relative humidity in
the middle and upper troposphere. Under the assumption that the vertical structure
of the averaged convective mass flux is not subject to change, we find that only a
significant increase of relative humidity in the middle and upper troposphere (20-
40% percent greater than at present) can lead to the 20% increase of the lapse rate.
This conclusion remains unchanged even when a substantial decrease in the surface
and low level relative humidity is assumed to accompany the surface cooling. It
is noted that the profiles observed in CLIMAP have much more convective available
potential energy (CAPE) than present profiles, which can lead to enhanced production
of hydrometeors in the middle and the upper troposphere whose reevaporation can
moisturize the free troposphere. It is shown that the water vapor change leads to an
extremely strong negative feedback which would greatly reduce the response of the
tropical atmosphere to a doubling of CO,. It is also found that the lapse rate feedback
is also negative and can contribute as much as the water vapor feedback in reducing
the tropical climate sensitivity to the increase of CO;. We stressed that results of
the present analyses should be taken with caution since observations of the current
climate and more sophisticated modeling do not support the idea that the tropical
tropospheric temperature can deviate considerably from a moist adiabatic profile.

The second goal of the thesis research is to obtain the zonal mean temperature
and wind distribution of an extratropical troposphere with zero gradient of poten-
tial vorticity (PV) along isentropic surfaces and estimate the tropical impact on the
extratropical troposphere in this extreme case of PV mixing. We found that for a
fixed meridional distribution of surface temperature and a tropical lapse rate which
are the same as the observed, the extratropical troposphere with constant PV along
isentropic surfaces has a considerably colder upper troposphere near the jet and a
stronger jet than the observed. Nevertheless, the overall structure is quite similar to
the observed including the width of the jet. The presence of a planetary vorticity
gradient limits the meridional extent of tropical impact on the extratropical temper-
ature and wind distribution. However, to a greater or lesser degree, the temperature
and wind distribution in the extratropical troposphere is found to be sensitive to the
vertical distribution of PV and the position of the edge of the Hadley circulation.
We examined the mutual dependence between temperature, wind and PV, and high-
lighted the role of the stratospheric PV and its meridional gradient in affecting the
zonal wind. Though the temperature and wind distribution cannot be accurately
determined without the reference to the global momentum balance, the meridional
distribution of wind has negligible effects on the temperature structure. We also
showed how the thermal structure within the surface boundary layer may affect a
large portion of the zonal mean temperature and wind distribution. The sensitivity
of the temperature and wind distribution to the PV gradient along isentropic sur-
faces is also examined. For a fixed meridional distribution of surface temperature, we
found that the larger the gradient along isentropic surfaces, the warmer the upper
troposphere and the weaker the jet.
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Chapter 1

Introduction.

1.1 Motivation

Chief among the green-house gases in the atmosphere is water vapor. Whether the
increase of CO, in the atmosphere can cause global warming is crucially dependent
on whether water vapor enhances the warming or not.

The current global circulation models (GCMs) predict that there will be 2-4 K
increase in the global mean temperature if the CO; content of the atmosphere is
doubled. Roughly half of this warming is due to the positive feedback of water va-
por in the models (Schlesinger 1988, Houghton et al. 1990). However, dealing with
the transport of water vapor is among the weakest aspects of GCMs. The source
of water vapor in the atmosphere is the Earth’s surface, and the vertical transport
of water vapor is predominantly fulfilled by convective-scale motions. Convective-
scale motions are subgrid-scale motions in GCMs and cannot be explicitly calculated.
Instead, their effects in transporting water vapor are dealt with through the use of
parameterization schemes which express the collective effects of convective-scale mo-
tions in transporting heat and water vapor in terms of large-scale variables. These
schemes in the current models have serious problems (Lindzen 1990a). Some impor-
tant physical processes are either completely ignored or inadequately treated in these
schemes; indeed, the very nature of the water vapor feedback in global climate change

is uncertain (Lindzen 1990b, Betts 1990).
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The greenhouse effect is also crucially dependent on the vertical distribution of
temperature. An extreme example is that the greenhouse effect will be zero for
a vertically isothermal atmosphere regardless of the amount of green-house gases
present. Numerical models for climate studies have found that the lapse rate feedback
is potentially as important as the feedback from water vapor (Cess 1991, Cess et al
1990). Just as in the case of the water vapor distribution, the maintenance of the
tropospheric lapse rate has not been well understood. The treatment of the lapse rate
in climate models is either completely empirical or based on very crude assumptions
about the role of dynamical transports. Notable examples are the constant lapse rate
adjustment and the moist adiabatic adjustment for the entire troposphere. Based
on paleoclimate records, it has been suggested that the tropical tropospheric lapse
rate during the last glaciation was 20% steeper than at present (Broecker and Denton
1989). This lapse rate behavior is inconsistent with both the notion of the constant
lapse rate adjustment and the notion of moist adiabatic adjustment.

The distribution of water vapor and the distribution of temperature are expected
to be mutually dependent on each other. The distribution of temperature is the
product of radiative forcing and dynamic transport associated with circulations which
are driven by radiative forcing. Water vapor is the major contributor to the radiation
field in the Earth’s troposphere in both the infrared and solar bands (Goody and
Yung 1989). The temperature distribution in return determines the driving force
for moist convection, which is the chief agent in distributing the sinks and sources
for water vapor. Observations have shown that the ability of tropical cloud systems
to transport water vertically is crucially dependent on the environmental convective
available potential energy, which is a function of vertical distribution of temperature
(Williams et al. 1992). Therefore it is expected that the nature of water vapor
feedback cannot be well understood without some understanding of the nature of
the lapse rate feedback, and vice versa. The investigation of the maintenance of the
vertical distribution of temperature is the second objective of this thesis, and the
mutual dependence between the distribution of water vapor and the distribution of

temperature will be the focus of this investigation.
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In addition to the study of the maintenance of the water vapor and the tempera-
ture distribution in the tropical troposphere and their impact on the tropical climate
sensitivity in response to radiative perturbations, the maintenance of the zonal mean
temperature and wind structure in the extratropical troposphere is also studied. In
this thesis the tropics are defined as the domain of the Hadley circulation.

The temperature and wind distribution of the zonal mean flow in the extratropical
troposphere is dependent on the property of baroclinic eddies in transporting potential
vorticity. It is the distribution of the potential vorticity that defines the stability of the
zonal mean flow. Also, the temperature and wind are both accurately related to the
potential vorticity by a single elliptical operator. However, few efforts have been made
to document the dependence of the temperature and wind distribution of the zonal
mean flow on the distribution of potential vorticity, particular the dependence on the
gradient of potential vorticity along isentropic surfaces. Theoretical and observational
analysis have not been made to establish a clear casual relationship between the
diabatic and frictional processes, dynamical transport and the global distribution of
potential vorticity, though efforts are currently being made (Haynes and Mclntyre
1990, Hoskins 1991)

As highlighted by Charney’s model and Eady’s model, the two most crucial param-
eters which determine the instability of extratropical large-scale flow -are the gradient
of potential vorticity along isentropic surfaces (or the pseudo-potential vorticity along
isobaric surfaces) and the height of the tropopause. In the study of instability of the
large-scale extratropical flow, these two parameters have been largely treated as given.
Little attention has been paid to the fact that they are also a result of the instability.
Very recently, it has been conjectured that the large-scale extratropical tropospheric
flow may largely behave as an Eady model, in the sense that the potential vorticity
gradient along isentropic surfaces between the tropopause and the ground level tends
to vanish and the tropopause height is such that it is neutral for the longest waves
(Lindzen 1992). This hypothesis offers a completely new perspective from which to
look at the extratropical climate. In the second part of the thesis, we investigate the

maintenance of the extratropical zonal mean temperature and wind in light of this
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hypothesis. In the context of the balanced dynamics, we investigate the dependence
of the temperature and wind on the gradient of PV along isentropic surfaces and show
what an efficient PV mixing by baroclinic eddies implies for the tropical impact on

the extratropics.

1.2 Synopsis of the thesis

The thesis is divided into two parts. The first part, Chapter 2 to Chapter 7 focuses on
the distributions of tropical tropospheric temperature and water vapor, their interde-
pendence and nature of feedback in the global warming. It consists of 6 chapters. The
second part deals with the distribution of temperature and wind in the extratropi-
cal troposphere from the point of view of instability and the transport of potential
vorticity, in particular the dependence of temperature and wind in the extratropi-
cal troposphere on the gradient of PV along isentropes and how they are possibly
connected with the tropics. The second part consists of Chapter 8 alone.

In the first part, we begin with a review of the previous studies on the distribution
of water vapor and temperature in the tropical troposphere from both the observa-
tional and theoretical aspects. The purpose is to provide the necessary background
to sharpen the questions we are going to address in detail, and sort out the useful
tools which we will adopt immediately or with modifications. The concern that the
feedback of water vapor and lapse rate may play a subtle, but vitally important role
in the climate change is a very recent concern and the studies which directly address
this issue are scarce. Consequently, the tools applicable to further investigations are
primitive. Nevertheless, some ideas in treating convective transport are germane to
the atmospheric flow and are both stimulating and insightful. Examples are Ooyama
and Arakawa’s formulations of the heat and water vapor budget equations for the
large-scale atmospheric flow in which convective-scale motions are treated as spatially
isolated and distinguishable elements, Lindzen’s schemes which demonstrates the im-
portance of the convective boundary layer, and Emanuel’s schemes which reveals the

potential importance of microphysics. Chapter 3 outlines the observed characteristics
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of tropical convection and the general features in the large-scale distribution of water
vapor and temperature, which will be given a coherent account later on. Chapter 4
presents the mathematical aspects of the problem and gives the derivation of the heat
and water vapor budget equations of a large-scale low embedding moist convection.
In Chapter 5, we show how the mean vertical structure of the tropical tropospheric
temperature can be adequately described by a historical picture for the tropical con-
vection and its associated circulations. A radiative-convective model is presented in
this Chapter, which shows the role of radiative cooling and the presence of the con-
vective boundary layer in maintaining the vertical thermal structure of the tropical
troposphere. In Chapter 6, we make an effort to describe both the characteristics
of tropical convection and the observed large-scale distribution of water vapor in a
coherent manner. The purpose is to outline and highlight the important physical
processes in maintaining the tropical tropospheric water vapor budget. We will show
that the evaporation of hydrometeors® falling from the upper level clouds acts as the
chief moisturizer for the large-scale subsiding motion. In Chapter 7, we investigate
the nature of the feedback of water vapor and lapse rate in light of the mountain-snow
line record for the last glaciation, and estimate the feedback of both water vapor and
lapse rate in affecting the sensitivity of the tropical climate in response to the increase
of CO,.

In the second part (Chapter 8), we begin with the spatial distribution of the Ertel
potential vorticity for the observed time and zonal mean flow over four seasons. We
then obtain the temperature and wind distribution of a troposphere with well mixed
potential vorticity along isentropic surfaces. Sensitivities to the tropical lapse rate
and to the position of the edge of the Hadley circulation are then studied. Finally, we
investigate the quantitative dependence of the temperature and wind on the gradient
of potential vorticity along isentropic surfaces.

The last chapter (Chapter 9) summarizes the important findings of the present

study and outlines future research.

!Hydrometeors throughout this thesis refer to the liquid or ice particles that exist outside of
saturated cumulus updrafts.
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Chapter 2

Background

2.1 Observations

Despite the uniquely important role of water vapor in the global circulation, water
vapor appears to be among the worst observed quantities. This is particularly true
for water vapor in the upper troposphere. This is partially due to the instrumental
difficulty in measuring water vapor at low temperatures and partially due to a lack of
appreciation of the role that water vapor in the upper troposphere plays in the global
circulation.

The most widely used instrument in measuring the tropospheric water vapor is
the borne carbon hygristor, which has problems at low temperatures and low relative
humidity. As a result, compilations of conventional sounding data usually end below
400 mb (Peixoto 1958, Newell et al 1972, Oort 1983). Before satellites and other re-
mote sensing techniques were introduced, data for the upper tropospheric water vapor
were taken largely by air craft measurements and therefore only for a few places over
the earth. Even more unfortunate, the objective of these early air craft measurements
was not to investigate the upper tropospheric water vapor budget, but rather to find
the origin of stratospheric water vapor. Deep cumulus convection was suspected to be
the major player in the exchange of air between the troposphere and the stratosphere
(Danielson, 1982) and naturally almost all the available measurements were taken

over the most convective regions.
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The earlist reliable measurements of the upper tropospheric water vapor of the
tropical troposphere were perhaps those made by Mastenbrook over Trinidad in 1968.
The instrument used was the frost point hygrometer. The measurements showed that
the upper tropospheric water vapor content has profound seasonal changes and de-
tailed vertical structures. The bulk upper troposphere is in general as subsaturated
as the middle troposphere. However, the relative humidity near the tropopause is
frequently found near 100%. These observations all suggest the essential role of
deep convection in the tropospheric water vapor budget. The most recent air craft
measurements were made over Indonesia and Panama through the Stratosphere and
Troposphere Exchange Program. As the earliest measurements of 1968, the bulk tro-
posphere was frequently found to be subsaturated even though clouds were frequently
present (Kelly et al 1987)

An overall picture of the tropical tropospheric water vapor was not available until
satellites were employed to take the measurements (Rind et al 1991). The advantage
of the satellite measurements is their good spatial coverage. The drawback of the
satellite measurements is that the satellite can only take measurements in clear sky
conditions. Nevertheless, since satellite data is the only available data set for the
upper troposphere and gives good spatial cover, it will be the basis of the present
analysis in conjunction with the available conventional data.

At first sight, it seems to be surprising that more efforts were made in measuring
stratospheric water vapor than in measuring the water vapor in the upper troposphere.
This is perhaps related to the widely accepted assumption that the water vapor
content throughout the troposphere is strictly controlled by temperature through the
classical Clausius-Clapeyron equation. And indeed, the lack of the seasonal change of
relative humidity in the low troposphere supports this assumption. The assumption
that the tropospheric water vapor content is controlled by a fixed relative humidity
has been used in studying climate sensitivity (Manabe et al. 1965). A seemingly
trivial but important fact in the distribution of tropospheric water vapor is that it
is subsaturated. Therefore thermo-dynamic process cannot be the only process at

work. More importantly, a small change in the relative humidity can greatly affect
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the climate sensitivity, not only because of the important role of water vapor itself in
the earth’s radiative budget, but also because of its close relationship with the cloud
field and temperature distribution. As we will show later, they are so closed related
to each other that one cannot be well understood without understanding the other.
The apparent lack of understanding of the tropospheric water vapor distribution
and the ignorance of the need to understand it are also reflected in the theoretical
efforts in dealing with the convective transport of water vapor, as we will see in the

following section.

2.2 Parameterization schemes

The chief agent that transports water vapor vertically is convective-scale motion. This
is particularly true in the tropics. The convective-scale motions are subgrid-scale
motions in GCMs for weather forecasting and climate modeling. Their effects are
dealt with by so-called parameterization schemes. Underlying these parameterization
schemes is the hope that the collective effects of the subgrid-scale motions on the
large scale flow are determined by the large scale variables. In the following, we
briefly review the past efforts in constructing parameterization schemes. The intent
is neither to have an exhaustive description nor to provide a detailed critique, but to
provide the essential background and isolate the ideas behind these schemes which

have physical significance.

2.2.1 Past efforts

Parameterization schemes used in large-scale models may be divided into two groups.
Schemes in the first group are semi-empirical adjustment schemes, such as the dry
adjustment scheme and the moist adjustment scheme (Manabe and Strickler 1964,
Manabe et al. 1965, Krishnamurti and Moxim 1971, Krishnamurti et al. 1980). In
the adjustment schemes, the atmosphere is always adjusted to a specified moisture
and temperature structure. In the dry adjustment scheme, the specific humidity is

arbitrarily specified and in the moist adjustment the air is always saturated. Due
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to the lack of physics and predictability, these schemes are certainly not qualified
for studying how the atmosphere behaves when it is perturbed, for example by an
increase in the CO, concentration. It is interesting to note that there are continuing
efforts devoted to this line of research (Betts 1986, Betts and Miller 1986).

Parameterization schemes in the second group have some physics and predictabil-
ity, though the physics is quite crude and consequently the predictability is question-
able. These schemes were mostly designed to represent the role of convective-scale
heating in the development of synoptic scale disturbances (Charney and Eliassen
1964; Kuo 1965, 1974; Ooyama 1971; Arakawa and Schubert 1974). Naturally, the
effect of convective scale transports on the mean state is not a direct concern in these
studies. Furthermore, the emphasis of these early attempts was the transport of heat
rather than the transport of water vapor.

Schemes in the second group may be further divided into two types according to
the way clouds are represented and the way the large-scale flow is idealized. In the
schemes of the first type, clouds are not treated as distinguishable elements from their
environment. (Charney and Eliassen 1964; Kuo 1965, 1974).

In Charney and Eliassen’s scheme, the convective heating was related to the low
level moisture convergence, but specific humidity of the environment was arbitrarily
specified. In Kuo’s approach, the low level moisture convergence and conditionally
unstable stratification were used as two indicators to determine whether convection
could set in. Clouds were assumed to be mixed into the environment immediately af-
ter their formation. Convection heats and moistens the environment through mixing.
The cloudy air may not be warmer than the environment at all when it detrains into
the environment, and the environment is unlikely to get more moist and finally reach
saturation as convection goes on, the way the clouds in this scheme modify the envi-
ronment is in question. Though Kuo used the total moisture converged by the large
scale flow as a constraint to the total cumulus heating and moistening, the scheme is
unlikely to give a correct vertical distribution of the modified specific humidity and
temperature field, which is extremely important in the interaction between convective

heating and radiation transfer.
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Figure 2-1: An observational verification of various Schemes. Presented are vertical

profiles for the cumulus heating ; and cumulus drying @),, globally averaged over
one-ten day forecast at the European Center for Medium-Range Weather Forecast-

ing for four convection schemes (Kuo, Arakawa-Schubert, convective adjustment, and
Lindzen-ECMWF). On the right are the unscaled averages of the same profiles ob-
tained from the Gate and Marshall Islands experiments by Thompson et al. (1979).

From Geleyn et al., 1982.
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An observational verification of this scheme was given by Geleyn (1982) (see Fig-
ure 2-1). Plotted in 2-1 are the tendency of the temperature change caused by the
transport of heat by clouds and the tendency of the water vapor change (multiplied
by the latent heat) due to the transport of water vapor by clouds. These two quan-
tities have been termed cumulus heating @Q; and cumulus drying @, respectively. As
expected, the verification showed that there were considerable discrepancies between
the observed water vapor transported by cumulus and the corresponding model result
of Kuo’s.

Schemes of the second type treat clouds as distinguishable elements (Ooyama
1971, Arakawa and Schubert 1974). This type of approach is also termed as mass
flux formulation. In this formulation, the large scale flow is divided into two regions,
the moist convection region and its environment. The budget equations are formu-
lated for the environment. Because the fractional cover of clouds is small, the budget
equations for the environment are also approximately the area averaged budget equa-
tions. In Ooyama’s work, he assumed that cumulus convection could be represented
by individual buoyant elements and adopted a bubble cloud model to represent these
buoyant elements. While these buoyant elements arise through their environment,
they entrain environmental air and also detrain cloud air back to the environment.
He then reduced the parameterization to a determination of a so called “dispatcher
function” which is defined as the rate of the generation of the buoyant elements. He
also argued that this “dispatcher function” may mainly depend on the low level struc-
ture of the large scale flow where cloud air originates. This result is very suggestive in
the sense that a successful parameterization may mainly depend on the way cumulus
clouds release the energy concentrated in the low level atmosphere-the convective
boundary layer. Qoyama left his scheme unclosed due to the lack of understanding
of the generation of cloud bubbles in the low atmosphere.

Arakawa’s complex scheme is quite similar to OQoyama’s except that an entraining
plume in a laminar environment was used to represent a cloud and the introduction of
the concept of the quasi-equilibrium between clouds and their environment by which

he closed his scheme.
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Figure 2-2: An observational verification of Arakawa and Schubert’s scheme. The left

is the cumulus heating (Q1) and the right is the cumulus drying (Q2). Stars represent
the model predictions and squares are for the observation. From Lord, 1978.

The quasi-equilibrium assumption is the most distinguishing feature of Arakawa’s
scheme. Though he showed some observational evidence for this assumption, it is
not very clear how general this assumption is. This assumption is not expected to
work well for parameterizing tropical convection subjected to a strong diurnal cycle.
The destabilizing forces are certainly not always in balance with the stablizing forces.
Rather they tend to achieve dominance in different periods. This is at least true for
the deep convection over land. The processes which accumulate convective available
energy are in general a much slower processes than the processes which release it.
The time mean feedback of convection to the mean flow is dependent on both the
time-scale of the accumulating CAPE and the time-scale of the releasing CAPE.

The observational verifications to Arakawa’s scheme were made by Lord (1978)
and Geleyn et al (1982). Considerable discrepancies between the observed cumulus
drying and the model predictions occur in the low atmosphere. (see Figure 2-1 and
Figure 2-2). The discrepancies have been generally attributed to the plume model

used in representing tropical convection (Lord 1978, Emanuel 1991).
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Observations show that cloud compositions are spatially inhomogeneous (Stommel
1947, Malkus 1954, Warner 1955 and Warner and Squires 1958). This suggests that
the plume model is inadequate in representing the real clouds. Warner (1970) further
noted that an entraining plume model could not simultaneously predict the cloud top
height and liquid water content correctly.

Squires (1958) noted that mixing at the cloud top could lead to penetrative down-
drafts. Emanuel (1981) further calculated the vertical velocity of these penetrative
downdrafts and found that they could be as strong as convective updrafts. It was
further noted that some discrepancies between the observed clouds and those mod-
eled as plumes could be better explained if the mixing by penetrative downdrafts was
taken into account ( Warner 1970, Telford 1975, and Raymond 1979).

Direct observational evidence for the presence of subcloud scale downdrafts was
offered by Paluch’ analyses (Paluch 1979). His results suggested that entrainment of
air into the clouds may primarily occur at the cloud top. His finding was supported
by the subsequent analyses by Boatman and Auer (1983) and Jansen et al (1985).
However, Blyth et al (1988), Raga et al. (1990) and Talor and Baker (1991) found
that the lateral entrainment of the environmental air into clouds is also important.
Based on these observations, a conceptual model for clouds gradually took shape,
which was termed the “ buoyancy sorting model ” (Talor and Baker 1991). This
model evolved from the earlier work by Telford (1975).

Based on these observational works and theoretical considerations about clouds,
Emanuel modified the representation of clouds in Arakawa’s approach (Emanuel
1991). In his formulation, the moist convection is constituted by sub-cloud scale

” model.

downdrafts and updrafts. The model is based on the “ buoyancy sorting
In this scheme, mass flux associated with downdrafts is related to the mass flux as-
sociated with updrafts, which is determined by the “quasi-equilibrium” assumption.
The radiative-convective equilibrium experiments with this scheme produce realistic
profiles for both the temperature and relative humidity (Emanuel 1991). In addition,
this scheme revealed the potential importance of the details of the micro-physical

processes in determining the large-scale distribution of water vapor. Renno (1992)
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further demonstrated that this scheme performs better than those schemes which
have been used in GCMs.

Despite the complexity of the tropical convection, its overall vertical structure
appears quite simple. Tropical convection tends to be bimodal. Shallow convection is
largely restricted to below 2-3 km and forms a well defined convective boundary layer.
The convective boundary layer supplies the fuel for deep convection. Realizing that
the boundary layer may play a dominant role in determining the overall convective
activity, Lindzen proposed a new closure for determining the total mass flux of deep
convection: the moisture budget of the boundary layer was used to determine the total
cloud mass flux (Lindzen, 1981, 1988). This scheme was carried out by the European
Center for Middle Range Weather Forecasting and the agreement with observation
is better than for any other existing schemes in predicting the cumulus heating and
drying (Figure 2-1, Geleyn et al 1982). The success of this formulation suggests the

important role of the presence of a well defined convective boundary layer.

2.2.2 Concluding remarks

Moist convective motion (turbulence) is usually confined to small regions and that
moist convection transports mass primarily vertically. Ooyama and Arakawa’s formu-
lations in which clouds are treated as distinguishable elements are more appropriate
to atmospheric flows with scales much larger than the scale of moist convection (i.e.,
synoptic disturbances, the Hadley circulation, etc.). However, the models adopted for
the clouds by Ooyama and Arakawa were over simplified and the way the moist con-
vection interacts with its environment is probably too limited to acéura,tely describe
the real atmospheric situation. This will be seen more clearly when the observed
characteristics of the tropical convection are discussed in the following chapter.

By definition, parameterization schemes are scale dependent and necessarily in-
volve empirical elements. Schemes which are good for weather forecasting may not be
good for climate prediction. Yet none of the past schemes have been tested against
the climé.tological distribution of water vapor and temperature. The traditional quan-

tities tested against the observation are cumulus drying and heating (usually termed
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as @; and Q3) . As pointed out by Emanuel and Raymond (1991), @, and Q, are
insufficient tests of cumulus parameterizations. The actual tendencies of tempera-
ture and water vapor represent very small differences between @; and @, and the
tendencies produced by large-scale processes such as advection and radiation. Thus
relatively small differences between correct and incorrect values would lead to large

errors in prediction.
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Chapter 3

Observation

The purpose of this chapter is to outline what is known about moist convection in
the tropics, as well as the large-scale distributions of temperature and water vapor,
mostly from the observational point of view. We focus on the characteristics which
we will either explore further theoretically in the subsequent chapters or use as a basis

in idealizing the heat and moisture transfer in the tropical atmosphere.

3.1 Tropical convection

The overall vertical structure for the tropical convection may be schematically illus-
trated by Figure 3-1. A free troposphere with isolated deep convective towers sits on
a well defined convective boundary layer containing shallow clouds.

The well defined convective boundary layer is found over bulk of the tropical ocean
(Augstein 1973, 1974). The top of this layer is characterized by the trade inversion,
a sharp decrease of water vapor and an increase of temperature (Figure 3-2). Water
vapor mixing ratio and potential temperature within the convective boundary layer
tend to be nearly homogeneous, though more detailed structures exist as can be seein
Figure 3-3. The feature of trade inversion is most profound in the region undisturbed
by deep convection. In the disturbed region where there is much deep convection, the
trade inversion tends to disappear in the monthly mean soundings, but to appear in

daily sounding maps ( Reihl 1979).
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Figure 3-1: A schematic illustration of the historical picture of tropical convection

and its associated circulation.
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Figure 3-2: Vertical profiles of water vapor mixing ratio, q, dry enthalpy s, moist
enthalpy of h, and saturation moist enthalpy A* in the tropical low atmosphere, for
the ship Planet, February, 7-12, 1969. From Augstein et al., 1974.
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Figure 3-3: Vertical temperature and moisture profiles of the undisturbed low tropical
atmosphere. From Garstrang and Betts, 1974.

The shallow clouds contained within the convective boundary layer hardly pre-
cipitate. Their major role is to moisten the convective boundary layer against the
erosion by the large-scale subsidence from the top and supply moisture for the deep
convection (Betts 1978)

The air parcels participating in the deep convective towers are primarily from
the boundary layer. The moisture and temperature within the boundary layer and
boundary layer ‘thickness are strongly influenced by the deep convection (Reihl 1979).
The height of inversion and the jump across the inversion oscillate with the birth and
decay of the deep convection (Figure 3-4). Consequently, the feature of inversion is

usually smoothed out in the mean sounding maps.

The existence of the trade wind inversion in nature has been shown by observa-
tions and theoretical models to be due to penetrative convection (Ball 1964, Tennekes
1973, Sarachik 1978). When a stably stratified flow is heated from below, a convective

turbulent boundary layer develops and is capped by an inversion of temperature. In
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the tropical troposphere, the large-scale subsidence associated with deep convection
tends to maintain a stable stratification and a dry free troposphere. The surface
evaporation and sensible heat flux render the low atmosphere moist and unstable.
Consequently, a convective boundary layer develops. The turbulent flow in the con-
vective boundary layer, including the shallow clouds, transports water vapor upwards
efficiently to balance the drying from the large-scale subsidence and maintain a moist
boundary layer (Betts 1978).

The earliest observational study of the properties of deep convection was motivated
by the need to explain the energy budget of the tropics. The value of moist enthalpy
decreases from the surface to a certain height (roughly 600mb for a typical tropical
sounding) , then begins to increase all the way to the tropopause (see Figure 3-5). To
investigate the means that fulfills the vertical energy transfer to balance the radiative
cooling and the loss of heat to the higher latitude in the upper tropical troposphere,
Riehl and Malkus (1958, 1979) carried out detailed energy budget analyses and his
results show that tropical deep convection must be dominated by “Hot Tower” type
(undiluted ascent), otherwise the feature of the vertical structure of moist enthalpy
can not be maintained. Recent observations on the tropical convection from the
Gate experiments also showed the validity of the “Hot Tower” concept for tropical
deep convection. It was found that there is a considerable departure from saturation
even in the trough region where the heaviest rainfall is observed. Consistently in the
divergence field, there is a sharp peak around the height of 175mb which corresponds
to the neutral buoyancy level of the undiluted ascent originating from the surface
level ( Reed and Recker 1971, Thompson et al 1978).

More details about the deep convection were revealed in the Gate experiment .
It was found that deep convection tends to be organized into mesoscale structures
(Houze and Betts 1981, Houze 1989). A typical tropical rain fall system is schemat-
ically illustrated in Figure 3-6. It includes two regions. One is covered by deep
convective towers and the other by the wider stratiform clouds. The deep and nearly
undiluted towers in the convective region detrain a significant amount of hydromete-

ors into the upper troposphere which feed the wide spread upper level clouds. The
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Figure 3-5: A typical vertical thermal structure of the troposphere in the deep tropics
as shown by the dry enthalpy and moist enthalpy. From Riehl, 1979

role of upper level clouds in the tropical tropospheric water vapor budget has not
attracted much attention. We will show in this thesis that the upper level clouds
and precipitation associated with them appears to be the chief moisturizer of the
large-scale subsiding motion which covers most of the tropics.

Shallow clouds in conjunction with the dry surface level turbulence moisten the
convective boundary layer, which supplies the moisture for the deep convection. The
deep convection induces large-scale subsidence, which suppresses the shallow convec-
tion. Thus the two kinds of convection form a coherent picture. Schneider (1977)
used this picture to estimate the mean stability of the mean thermal structure of
the whole Hadley domain and Sarachik (1978) used it as a basis to form a one di-
mensional coupled ocean-atmosphere model. In Chapter 5, we will show that in the
context of radiative convective equilibrium, this simple picture is able to depict the
main characteristics of the vertical structure of tropical tropospheric temperature.

However, to describe the water vapor budget, the presence of upper level clouds has
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Figure 3-6: Schematic illustration of the structure of a typical tropical cloud system
Solid arrows indicate particle trajectories. From Houze, 1989.

to be considered.

3.2 Distributions of water vapor and tempera-
ture

Figures 3-7 and 3-8 present the observed vertical distribution of relative humidity
averaged for the Hadley circulation domain for both January and July. In Figure
3-7, the relative humidity is with respect to water saturation while in Figure 3-8 the
relative humidity above the height of the melting level is with respect to ice saturation.
Conventional sounding data (Oort 1983) and recent satellite data for the clear sky (
SAGE II data for the year 1987, see Rind et al 1991) are both presented. Conventional
sounding of water vapor ends around 300 mb and satellite measurements cannot probe
the low troposphere frequently enough to form a representative sample. In the region
where both overlap, the satellite data reveals a much drier troposphere than the
sounding data. Though it is expected that clear sky conditions should be drier than
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ratio and the averaged temperature. The satellite data for water vapor mixing ratio
is from the SAGE II measurements. The conventional data for water vapor mixing
ratio and temperature (used to obtain relative humidity) are from Oort (1983).
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Figure 3-8: Same as Figure 3-7, but above the melting level the relative humidity is

with respect to ice saturation.

average (including both cloudy sky and clear sky), the difference is still striking. As
discussed in Rind et al (1990), the water vapor distribution obtained by SAGE II has
been validated by comparison with radiosonde data, frost point hygrometer, Lyman-
o and LIMS satellite observations, and have been shown to produce realistic values
with an estimated accuracy of about 10 percent. Though there is still uncertainties in
SAGE II data, it is also possible that the conventional sounding data may exaggerate
the actual water vapor content of the air. Conventional radiosonde generally fails
to report when the relative humidity is below 20 percent (Starr and Melfi 1990).
Also, since the water vapor content decreases with height exponentially with a scale
height of about 2-3km, the sond may report an exaggerated relative humidity due
to contamination. It is worth noting that some detailed soundings in the trade wind
regime, do show the relative humidity immediately above the trade inversion falling

to 20 percent (Riehl 1979). We here assume that the two data sets give bounds on

the actual water vapor content for average conditions.
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Figure 3-14: The vertical thermal structure of the troposphere horizontally averaged
over the domain of the Hadley circulation. Upper: temperature. Lower: saturation
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Figure 3-9 to Figure 3-12 show the zonally averaged specific humidity and relative
humidity fields for July and January. Though the satellite data (SAGE II data for
the year 1987 (Rind et al 1991)) reveal a much drier middle troposphere than the
conventional data (Oort 1983), they both show the distribution of water vapor to be
strongly modulated by the zonal mean meridional circulation. Figure 3-13 shows the
zonal mean meridional circulation for July and January. The air in the descending
portion of the Hadley circulation is much drier than the air in the ascending portion.

The temperature distribution averaged over the domain of the Hadley circulation
is presented in Figure 3-14 together with the saturation equivalent potential tem-
perature. The vertical distribution of the saturation potential temperature deviates
from a vertically uniform profile, which indicates that the temperature structure de-

viates from a moist-adiabatic profile. Another feature in the vertical distribution of
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temperature which can not be accounted for by a single moist-adiabatic profile is the
structure of the trade inversion which is smoothed out in this averaged profile.

Though the overall thermal structure appears to deviate considerably from a single
moist-adiabatic profile , whether the tropical troposphere has a significant amount
of potential available energy (CAPE) has been in debate (Xu and Emanuel 1988).
The controversy arose from the uncertain details about the micro-physical processes
accompany the ascending of a moist air parcel. Figure 3-15 presents a recent analysis
by Renno (1992), which supports the traditional notion that the tropical troposphere
has a considerable amount of CAPE.

The meridional distribution of temperature within the domain of the Hadley circu-
lation is presented in Figure 3-16. The horizontal distribution is rather homogeneous.
The dynamics pertinent to the tropics do not allow considerable temperature gra-
dients to develop in the horizontal direction. Note that the width and position of
the region in which temperature is almost horizontally uniform correspond with the
width and position of the Hadley circulation very well. The lack of inhomogeneity

in the temperature fields is also accompanied by negligible horizontal heat transport
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by the mean meridional circulation and eddies (Newell et al 1982). These allow sim-
plification of the three dimensional heat transfer problem to a one dimensional heat

transfer problem if the transport along the vertical direction is the primary concern.
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Chapter 4

Formulation of the water vapor

and heat budget equations

Having discussed some ideas about the characteristics of moist convection and the
large-scale distribution of temperature and water vapor, in this Chapter we introduce
the mathematical aspects of the problem: the formulation of the budget equations

for both water vapor and heat.

4.1 Idealization of the large-scale atmospheric

flow

As we discussed in some detail in Chapter 1, moist convective motion (turbulence) is
usually confined to small regions which are spatially isolated. The physical properties
within the small-scale convective regions differ distinctly from the surrounding envi-
ronmental flow. Thus it seems necessary to treat moist convection as distinguishable
elements embedded in the large-scale flow. In this respect, Arakawa and Schubert’s
formulation is more appropriate to atmbspheric flows with scales much larger than the
scale of moist convection (i.e., synoptic disturbances, the Hadley circulation, etc.).
‘However, in Arakawa and Schubert’s formulation, a steady plume model for moist

convection is assumed and the way the moist convection interacts with its environ-
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ment is probably too limited to accurately describe the real atmospheric situation.
A straightforward generalization of Arakawa and Schubert’s formulation is to re-
place the steady plume model by moist drafts (up and down) with a finite life cycle.
By moist drafts here, we refer to small scale structures associated with moist con-
vection. They are spatially isolated and are distinguished from their environment by
differences in density, vertical velocity, water content, and temperature. That is to
say, they are out of equilibrium with their environment. These various differences be-
tween the small-scale structures and their environment do not always coexist. Here,
we focus on the difference in density, (i.e., the buoyancy force) since our primary

concern is water vapor and heat.

4.2 Derivation of the heat and water vapor bud-
get equations

We consider a large scale flow with horizontal velocity Vi and density p. Small scale
moist drafts associated with moist convection are embedded in the flow (Figure 4-1
presents a schematic illustration. ). Let E represent the mass lost from the it* draft
to its large scale environment and E, represent the mass lost from the environment

to the moist drafts over a unit volume and time; we then have the following water

vapor budget for the environment:

0 8 -
% (1-0a)pg.) = —5;((1 = 0)pweqe) = Va - (Vhpge) — Eege + ZEciQmi + Ey (4.1)

where ¢, is the water vapor mixing ratio of the environment, ¢,,; is the mixing ratio
of water vapor of the air flowing out of the i** moist draft, Vj is the horizontal flow,
V- is the horizontal divergence,w, is the vertical velocity in the environment, o is the
fractional area covered by the moistb drafts and Ey is evaporation of the ice or liquid
water detrained into the environment from the moist drafts. The sum ¥, is over all
the moist drafts contained in a unit area. Neilther condensation nor sublimation is

assumed to occur in the environment. The physical meaning of other terms in the
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Figure 4-1: A schematic illustration of a large scale flow containing moist drafts
(shaded regions) associated with moist convection.

above equation should be self-evident. The mass budget equations within the moist

drafts and the environment are respectively

%((1 —o)p) = _-;;((1 —o)pw,) = Vy- (Vap) — E. + }: E. (4.2)
%(JP) = ——5% (p;o’iwc;’) -+ Ee - Zt: Eci (43)

The density difference between the air within the moist drafts and the environmental
air is neglected in the above equations. oy is the fractional area covered by the it

draft and o = 3 0;. Using 4.2 and assuming %% = 0, equation 4.1 can be re-written

as
0q. 17 ~ a o
(1 - O')P_éz_ = _’é;((l - U)PweQe) - VZ(VMDQC) - BZ(Z th'wcz) +

1
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Defining a mean vertical velocity by w = (1—o)w. +Y; 01w, and replacing (1 —o)w,

in equation 4.4, we have

dq. 0 0q.
(1-a)p Bi — 5, (Pwe) = Vo -(Vapge) -:-Zpa;wm 5. + 2 Bei(gmi — ge) + Ea (4.5)

Using the mass conservation equation in the Boussinesq form, we get

a(gf) + V- (Vhp) = 0. (4.6)

Then, we further have

- Va(ge) Z onpwm —ge) + Eq (4.7)

dq.
(1 - U)p 8t 8z

In the case ¢ € 1, ¢ = (1 — 0)q. + ¥ 0igmi ~ ¢e. After introducing a variable

M. =Y poiwe;, we obtain

Pg—zwprg— + oV - Valg) = 1Vfc§§+§Ed(qmi—9)+Ed (4.8)

Further parameterization of the last two terms in equation 4.7 will be discussed
in Chapter 6 when we apply the above equations to -the tropical situations. Here we
mainly point out the obvious problems in Arakawa and Schubert’s parameterization,
which has been widely used in GCM simulations.

In Arakawa and Schubert’s scheme, the moistening term was written as
i EBeilgmi — @) + B4 = Yi Eui(qu + 17 — ¢). ¢o is the mixing ratio of water va-
por and [f is the water in liquid and solid form carried into the environment with
the detrained air from the updraft. The problems with this treatment are the fol-
lowing: First, the evaporation of the detrained water will likely generate downdrafts.
The downdrafts may penetrate a considerable distance until they reach a new neutral
buoyancy level. Therefore, the detrained water substance from the updraft is not
used to moisten the environmental air at the top of the updraft but at lower levels.

Second, the detrained ice from deep convective towers may primarily take the form



of upper level clouds, which also do not immediately mix into the large-scale environ-
ment. This situation is typical of tropical deep convection (Houze 1989). Third, the
idea that moist drafts (up or down) moisten their environment through detrainment
at their tops is only valid when a steady plume model is applicable. The convective
updrafts or downdrafts involved in moist convection have a very transient nature.
In light of the starting plume model, the moist draft moistens the environment only
when it begins to dissipate (Turner 1979, Turner 1962) which suggests that the air
within the drafts detrains at every altitude of the moist draft.

By the same procedure used to derive the water vapor budget, we can obtain the

heat budget

b - )
+ pwé-i + pVh - Va(s) = Mci +2_ Bei(smi = s) = LEq (4:9)

z

Js

&

where s is the dry enthalpy of the large scale flow, s,.; is the dry enthalpy of the
air lost from a moist draft to the environmental flow, Z; is the evaporation of liquid
water and ice deposited from the moist drafts into the environment, and L is the
latent heat. The sum is over all the moist drafts. The air from the moist draft will
have the ambient density when it merges with its environment. This implies s,,; ~ s
and the heating or cooling associated with their difference can be neglected since
the density difference is primarily caused by the temperature difference. The term
LE, is the part of evaporative cooling which does not lead to downdrafts and it is
expected to be small in the tropical troposphere. There are two reasons for this. First,
when there is deep convection, the environmental temperature is close to neutral for
moist-adiabatic ascent or descent. Second, the evaporation of detrained ice and liquid
water is a much faster processes than the lateral dissipation (We will discuss this more
later on). Thus, it is reasonable to assume that the convective heating due to moist
convection is primarily realized by re-distributing mass; i.e., by inducing subsidence

in its environment. With this assumption and for a flow subject to radiative cooling,
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Equation 4.8 should be

ds - Js
+ s + pVh - Vy(s) = Mc:?—z — R, (4.10)

as
P 5t

where R, represents the net radiative cooling.

4.3 Budget equations for the time mean Hadley
circulation

Replacing the sum of last two terms in equation 4.7 by E and performing time and
zonal averaging, the water vapor and heat budget equation for the monthly mean

Hadley circulation is obtained

dplv'q] _ 9607 _
32__ dy
3/2[:90; qg] ap['g;‘fi‘] (4.11)

Performing time and zonal averaging on equation 4.10, we obtain the heat budget for

Hadley circulation.

S BT R Ry T VAN ) A
P o +plal S+ ol G = (B (LI (55 - (5
dp[v'S]  Gp[3°5*]
dy Oy
8P[:;’; S _ ap{tgist] (4.12)

Within the domain of the Hadley circulation, the horizontal transport by eddies (both
transient and steady) is negligible compared with the horizontal advection by the
mean (temporally and zonally-averaged) circulation (Newell et al 1982). The last two

terms represent the vertical eddy transport in the environment of moist convection,
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which we may also assume negligible compared with the vertical transport by moist
convection (or the vertical advection by the mean circulation). Above the convective
boundary layer and away from the immediate region of the tropopause , the vertical
variation of M. is much smaller than the vertical variation of ¢ (Ogura and Cho 1973).
Therefore, we may further neglect the eddy transport of water vapor associated with
the vertical variation of M..
Ignoring the monthly mean tendency, equation 4.10 is simplified to
olg] dlal o[q]

0=—(plw] 5=+ P[ﬁ]gy-) + (M) 5=+ [E] (4.13)

Similar approximation may be made to the heat budget equation, which results

0= ~(pfal G + plsl ) + (I + 5] (414

The form of equation 4.13 and 4.14 shows that the approximations used to obtain
4.13 and 4.14 from equation 4.11 and 4.12 are equivalent to approximating the Hadley

circulation by a laminar two dimensional flow embedding moist convection.

4.4 Budget equations averaged over the domain
of the Hadley circulation

Further performing horizontal averaging to equation 4.13 and 4.14, we have

d<[gd>

0=—p < [@]> —, t< [E] > (4.15)
0=—p<[w]> §—<—a[—fl—>—— <[R] > (4.16)

The horizontal deviation from the mean is assumed to be negligible compared with
the mean in deriving the above two equations. <> represents the horizontal average
and w, is the environmental subsidence. By mass continuity, @%E:Le.]?_ = 0. Therefore

p < [®@,] >= — < [M.] >. This average approach was first proposed by Schneider
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(1977) (see also S '
arachik 1978). Its corresponding physical pict
cture is the Figure 3-1
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Chapter 5

A model for the tropical

tropospheric temperature

In this Chapter, we investigate the maintenance of the mean vertical structure of the
tropical tropospheric temperature. We will show, in a context of radiative equilibrium,
that the historical picture shown in Chapter 3 is adequate to describe the leading
characteristics of the observed temperature distribution. This Chapter contains two
sections. The first section presents the mathematical formulation and the second

section presents the equilibrium solutions for the temperature distribution.

5.1 Model formulation

The model vertical structure is schematically illustrated in Figure 5-1. It is charac-
terized by a convective boundary layer, a free troposphere containing deep convection
and the atmosphere above. This picture corresponds to an horizontally averaged

Hadley circulation (Lindzen 1991b).
In light of the formulation presented in Chapter 4, the thermal energy equation

for an averaged radiative-convective equilibrium is

Mcgé _R. =0 (5.1)
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Figure 5-1: A schematic illustration of the model structure. z is the height, T is the
temperature, R, is the net radiative cooling, s is the dry enthalpy (static energy),
M., is the cloud induced subsidence, z, is the height of the tropopause and z, is the
height of the convective boundary layer.
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for z, < z < z;. M, is the cloud induced subsidence, s is the dry enthalpy (static
energy), R. is the radiative cooling rate, z, is the height of the top of the boundary
layer and z is the height at which the convective heating ends — essentially the
tropopause. Values of all quantities are horizontally averaged over the domain of the
Hadley circulation. For the sake of brevity, bars and brackets are omitted.
Convective heating ends at the tropopause level; thus, in a radiative -convective
equilibrium, the net radiative flux across the top of the tropopause and the top of the
atmosphere are both zero. The integral form of the thermal energy equation for the

free troposphere can be written as
2 ds
/z M.z =Sl F,. (5.2)

Sl, and F'T, are the net solar flux and the net infrared flux across the top of the
convective boundary layer.

Within the convective boundary layer, the dry enthalpy is assumed to be well
mixed. A finite jump of temperature across the top of the boundary layer is allowed

and it is related to the surface water vapor flux by
M. As = aLE,. (5.3)

L is the latent heat, E, is the surface water vapor flux and « is the entrainment ratio

(Sarachik,1985).
The integral form of the heat budget of the boundary layer is

MAs+ F, = (Slo— FTo) = (Sl — FT)- (5.4)

F, is the sensible heat flux from the surface; S, and F'7, are the net solar flux and

infrared flux across the surface.

The surface heat budget is

Sly— F1,=LE,+ F,. (5.5)
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From Equations 5.2, 5.3, 5.4 and 5.5, we obtain
. ds
| M.Zdz+ M.As = LE,. (5.6)
zy dZ

Following Lindzen et al (1982), the tropopause height z, is given by the neutral

buoyancy level:
s(0) + rh,Lg"(0) = s(z¢) (5.7)

where s(0) is the dry enthalpy of surface air, s(z;) the dry enthalpy at the tropopause
level, ¢*(0) the saturation water vapor mixing ratio of surface air, L the latent heat
and rh, the relative humidity of surface air participating in deep convection. The
last quantity may not be the same as, and is likely larger than the mean surface
relative humidity. Calculations showed that when rA, is assumed to be 1, there is a
better correlation between the tropopause potential temperature and the left side of
Equation 5.7 (Chimonas and Ro.ssi,'1987).‘ Here we assume rh, équals 1 for simplicity.
Note that Equation 5.7 is only approximate. Such factors as the detrained humidity
have been neglected since their contribution to buoyancy is negligible.

Budgets studies show that above the convective boundary layer, M, is roughly
constant with height up to 300 mb and then sharply decreases to zero (Ogura and
Cho, 1973, Cheng et al, 1980). To first order, we may take M. to be constant with
height in the free troposphere. From Equations 5.6 and 5.7, we have the following

equation for M,
E,

= (5.8)

M.

The air-sea temperature difference is assumed to be 1 K, close to the climatological
mean value. There are good reasons to believe this difference cannot be large since
the heat capacity of air is very small. Note that no explicit formula for surface flux is
needed after the air-sea temperature difference is specified. When the aerodynamic
formula is employed, the air-sea temperature difference can be calculated. However,

the drag coefficient may have to be adjusted to give a reasonable air-sea temperature

difference.
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The radiative code we use is one designed by M.D. Chou . It is a band model
including water vapor, CO2, O3, CH4 and N;0. No aerosol is taken into account.
The performance of this code in calculating the cooling and heating rates has been
compared with other radiation codes frequently used in climate sensitivity studies,
and also with the most sophisticated line by line calculations (Chou, 1986; Chou, et
al, 1991). In dealing with water vapor, this code is found to give excellent agreement
with the results obtained by the line by line calculations.

5.2 Equilibrium solutions

Figure 5-2 presents two equilibrium solutions for the temperature distribution®. One
is with fixed specific humidity, the other is with fixed relative humidity. CO,; and
other chemical species are specified at their present values. In the calculation, no
clouds are explicitly included. The solar insolation is adjusted to give the surface air
temperature, 300 K; this implicitly accounts for effects of clouds on albedo and heat
flux out of the tropics.

The model profile is very close to the observed as far as gross features are con-
cerned. The tropopause level determined by the neutral buoyancy assumption is
180 mb and 160 mb respectively for the two states (160 mb for fixed relative humidity
and 180 mb for fixed specific humidity). This level should be interpreted as the mean
level at which deep clouds detrain when compared to observations (The observed
mean detrainment level of deep clouds is about 200 mb). The observed tropopause
level is somewhat higher because it is determined by the tallest clouds which origi-
nate at the hottest spots in the tropics (note that dynamics, by smoothing horizontal
temperature gradients, establishes the tropopause throughout the tropics).

The temperature around the tropopause level is slightly higher than observed,
primarily because the tropopause height is underestimated. Additionally, the profile

of humidity used in the calculations in the upper troposphere may be inaccurate. The

1All our calculations of temperature have used a vertical resolution of 20mb up to the level of
20mb. Above 20 mb, there are only three additional levels: 10 mb, 1 mb, and 0.1mb.
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Figure 5-2: Equilibrium temperature. Solid line: fixed relative humidity. Dashed line:
fixed specific humidity. The relative humidity is specified as rh(p) = 0.8(2%9_9—3%‘;—’93;
p is the pressure. The minimum mixing ratio of water vapor is set to be 0.003 g/Kg.
The specific humidity profile is from the standard tropical troposphere (McClatchey
et al. 1972). +’s indicate the observed temperature averaged over the domain of the

Hadley circulation in January. The data is from Oort (1983)
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tropopause height and temperature are found to depend on the humidity in the upper
troposphere and stratosphere, but there are no adequate observations of water vapor
there. Further, assuming M. is constant with height up to the tropopause is not very
realistic. Finally, the effect of upper level clouds on the infrared radiative cooling
rate is not included in the radiative code. By adjusting the water vapor profile in
the upper troposphere and stratosphere or by choosing a profile for M, in the upper
troposphere which decreases to zero over a finite depth (say from 300 mb to the
tropopause ), one can indeed get a better fit with observations. However this is not
our main purpose and it would be inappropriate to focus on such a level of detail given
the simplicity of the present model. What’s important here is that the model is able
to grasp the main features of the tropical troposphere in an energetically consistent
(potentially unstable) way. It also gives a simple interactive picture of how the tropical
tropospheric temperature is maintained. Figure 3 shows the vertical structure of
the saturation equivalent potential temperature for the two equilibrium states. We
see from this figure that the equilibrium profile is potentially unstable. Above the
boundary layer, the saturated equivalent potential temperature is almost constant
with height, which indicates the temperature profile is close to moist-adiabatic. The
minimum of §¥ occurs at the top of the convective boundary layer. The observed
profile of 87 is smoother than the model profile. In reality the height of the boundary
layer oscillates and shallow clouds are not strictly restricted below the climatological
mean height for the convective boundary layer (refer to Chapter 3). Nevertheless, it
is the presence of the boundary layer that maintains a potentially buoyant tropical
troposphere. The model is designed to reflect this as simply as possible.

Very recently, using the same radiative code, Renno showed that a one-dimensional
radiative-convective model with Emanuel’s scheme also gave an equilibrium profile
which was very close to the observed. The profile also implies a certain amount of
buoyancy.

It should be emphasized that for present calculations, the calculated profile is close
to the moist-adiabatic, as is evident in Figures 5-2 and 5-3. This is hardly surprising

given that the surface air temperature, T'(0), and the tropopause temperature lie on
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the same moist-adiabat (Equation 5.7). However, local (in height) deviations are
allowed in our model. The deviations are dependent on the radiative cooling rate
and the magnitude of M,. This feature is crucial for dealing with implications of
the depressed snowline during the last glaciation. The snow-line record for the last
glaciation (18 Kyr BP) indicated that the lapse rate in the low tropical troposphere
was about 20% steeper than the present. If M. did not change, the deepening of
the lapse rate requires a reduction of radiative cooling rate in the low atmosphere
(equation 5.1). This turns out to have important implications for the water vapor
behavior in different climate regimes. We will elaborate on this in Chapter 7. To
prepare to fully understand results given in Chapter 7, we investigate the tropical

tropospheric water vapor budget in the following chapter.
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Chapter 6

Maintenance of the tropical
tropospheric water vapor

distribution

6.1 Introduction

The large scale distribution of water vapor is dependent on the properties of moist
convection. Though we still do not have an adequate understanding of the anatomy of
moist convection and how it interacts with the large scale flow, we do have much rele-
vant information, especially through the GATE experiment (Houze and Betts 1981).
In this Chapter, we attempt to describe in a coherent manner the observed distri-
bution of water vapor as well as our conceptual understanding of moist convection
and its interplay with the large scale circulation. We wish to identify the most im-
portant physical processes and their roles in maintaining the large scale water vapor
distribution.

Using a conceptual model, we first describe the roles of deep cloud induced sub-
sidence and of evaporation of hydrometeors in maintaining the vertical distribution
of water vapor (Section 2). We then discuss the meridional variation and the role of
the Hadley circulation (Section 3) In Section 4, we present a one dimensional (hori-

zontally averaged) model which simulates the observed vertical structure of tropical
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tropospheric water vapor. In section 6, we discuss in detail the physical processes in-
volved in the moistening of the large-scale subsiding flow. In Section 7, we present a
two-dimensional model which explains the meridional variation of the relative humid-
ity throughout the free troposphere (the troposphere above the convective boundary

layer). Section 8 provides a summary.

6.2 The vertical distribution and the role of

evaporation of hydrometeors

6.2.1 Some general remarks

To form a framework for understanding the observed water vapor distribution, we
again start from the heuristic model for the vertical structure of the tropical convec-
tion (Figure 3-1).

As mentioned in chapter 2, this picture was first envisioned by Riehl in studying
the energy budget of the tropical convergence zone and the trade wind regime (Riehl
et al 1957, Riehl and Malkus 1958, 1979), and has been the basis of other studies
of the maintenance of the thermal structure in the tropical troposphere (Schneider
1977; Sarachik 1978; Betts and Ridgway 1989). In chapter 5, we further showed how
this picture can depict the major characteristics in the vertical thermal structure of
the tropical troposphere. |

The above-mentioned works were concerned with the energy budget rather than
the determination of humidity. Little attention has been paid to the evaporation of
hydrometeors and to the precipitation efficiency of individual clouds. This is also
reflected in a mechanism of water vapor feedback proposed by Lindzen (1990a). In
this paper, it was assumed that all condensed water vapor in deep clouds falls to
the ground as rain and that the water vapor source for the free tropospheric air is
the detrainment of saturated air from the deep cloud top. This assumption has been
questioned by Betts (1990). He points out that the ice detrained into the upper

troposphere by deep convection may be a significant source for moistening the large-
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scale flow. The importance of evaporation of hydrometeors in maintaining the mean
tropospheric water vapor distribution was also noted by Emanuel (1991). Based on
a one dimensional radiative-convective model with his parameterization scheme, he
showed that the equilibrium profile for the relative humidity was strongly dependent
on the precipitation efficiency of cumulus convection. When the parcel precipitation
efficiency in his model is specified as 100%, the resulting equilibrium profile for the
relative humidity is much drier than the observed profile in the low troposphere.
The non-negligible role of detrained water in the water vapor budget of tropical
wave disturbances was noted much earlier (Yanai, 1973, Nitta 1975, Johnson 1980).
Using the 1956 Marshall Islands data and assuming clouds can be represented by
_plumes, Yanai et al (1973) derived the average cloud cluster properties and heat and
moisture balance of the environment. His results suggested that detrained liquid water
from clouds, especially from the shallow clouds in the lower troposphere contributed
considerably to the moistening of the subsiding air. Using the same methods as
used by Yanai, Nitta (1975) further obtained the average properties of clouds over
the tropical Atlantic ocean during the BOMEX phase 3. His results were mainly
about shallow trade cumuli. He also found that the detrained liquid water was non-
negligible in the moisture budget of wave disturbances. Since an entraining plume is
a very poor model for the real cloud ( Emanuel 1991), the importance of Yanai et al
and Nitta’s analyses were limited. A zefined work in the same context was given by
Johnson (1980). In his analysis, convective-scale and meso-scale drafts were regarded
as the primary components of the tropical cloud cluster. Using data obtained from
the GATE, he showed that convective-scale and meso-scale precipitation downdrafts
were important contributors to the heat and moisture budgets of the composite wave.
In this chapter, based on the recent available water vapor data for the upper
troposphere (Rind et al 1991) and the moisture budget analysis for the tropical meso-
scale system (Gamache and Houze 1983), we will see more clearly that the evaporation
of hydrometeors associated with upper level precipitation has to be taken into account
in order to properly deal with the mean vertical distribution of water vapor.

There are two features in the vertical distribution of tropical tropospheric water
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vapor to be noted. First, throughout the troposphere, the air is subsaturated. Second,
the relative humidity with respect to ice in the upper troposphere is low and does
not drop much between there and the lower troposphere (the relative humidity with
respect to water saturation remains fairly constant or increases with the decrease of
height). In the absence of any macroscale circulation, the atmosphere would eventu-
ally saturate due to molecular diffusion. The first feature indicates the importance
of macroscale circulations. The second feature illustrates the importance of the the
evaporation of hydrometeors

The mean detrainment level for the cumulonimbus towers is about 200 mb where
the water vapor a unit mass of air can hold will be less than 0.1 g/kg ( the saturation
water mixing ratio with respect to ice). Note that the upward diffusive transport
of water vapor is largely restricted to below the trade inversion ( the discontinuity
in both the water vapor and temperature distribution across its top suggests that
the water vapor above the trade inversion is unlikely to be diffused from below).
Therefore, if in the process of the air going poleward and subsiding, it does not get
more water vapor from any other source, the observed vertical structure over the
tropics will be characterized by a constant mixing ratio of 0.1 g/kg from 200mb to
the height of the trade inversion. This also means an exponential decrease of relative
humidity away from the tropopause to the low atmosphere with a scale height of
about 3km. The observed profile is far different from this and suggests the presence
of a water vapor source in the course of subsiding.

Considering the fact that deep convection in the tropics generates wide-spread
upper level clouds and these upper level clouds generate precipitation which falls
through a subsaturated environment (Houze and Betts 1981), the leading candidate
for moistening the subsiding air seems to be the evaporation of precipitation generated
by upper level clouds.

The low value of relative humidity near the tropopause further implies some mech-
anism is needed to dry out the outflow of deep convective towers. This mechanism is
likely provided by the formation of upper level clouds. The upper level clouds gener-

ate precipitation which falls out of the outflow, and generate regions with subsiding
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motion. Subsaturation can occur in the region of the subsiding motion.

The formation and the life cycle of the upper level clouds have not been well
understood, but it is worth noting the role of radiation. As discussed by Danielsen
(1982), the difference of the radiative cooling rate between the cloud top and bottom
helps to maintain the convective overturning within the clouds and generate more pre-
cipitating particles. This mechanism was originally proposed to explain the dryness
of the lower stratospheric air.

In the following section, we will present a budget study which further suggests that

evaporation of precipitation from upper level clouds is the major moisture source of

the large-scale subsiding motion.

6.2.2 A budget study for the free tropospheric water vapor

The tropical rainfall is mostly provided by the meso-scale rain systems described
by Houze (1989). The budget study of the meso-scale rain system shows that the
amount of water substance carried out of the meso-scale cloud cluster (the edge of
the anvil) by the outflow is about 12 percent of the total rainfall produced by the
whole meso-scale system (Gamache and Houze 1983). For the month of January, the
rain averaged over the whole Hadley cell (say from 15°S to 25°NV) is estimated to
be about 4.8 x 107° kg/(m?s) (Riehl 1979). Therefore, averaged over the month of
January and over the Hadley cell, the deposit of moisture in the troposphere through
the outflow of the meso-scale system occurs at a rate of about 5.8 x 107% kg/(m?s).
The sink of water vapor of the large scale flow is the downward advection by deep
cloud induced subsidence. The magnitude of the subsidence can be estimated by
the energy budget of the sinking region wherein the subsidence heating is primarily
balanced by radiative cooling. At 4.5 km, for example, the corresponding subsidence
is estimated to be about 2.0 x 1073 kg/(m?s) ( the radiative cooling rate is taken from
Dopplick (1972)). The removal of water vapor by the subsidence from the troposphere
above 4.5 km is about 5.2 x 107° kg/(m?s) or 2.2 x 107° kg/(m?s) depending on if the
satellite data or the conventional sounding data is used. These numbers suggest that

the moisture carried out of the anvil is sufficient to keep the air as moist as observed
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to below 4.5km.

The other source of water vapor is the mixing associated with the dissipation
of deep convective towers. This source for water vapor may be estimated as follows.
Suppose the deep convective tower is active for a characteristic time 7 and then begins
to dissipate, the moisture source per unit area it provides is Z [ p(¢* + I* — ¢m)dz.
q* is the water vapor mixing ratio of cloud air, I* is the cloud water content in the
dissipating stage, ¢, is the water vapor mixing ratio of the surrounding air where the
deep convective towers are generated and o is the fractional area covered by active
clouds. The integration is carried out over the region of interest. o ~ 10~ (note
velocity within the deep convective tower is about 3 orders of magnitude larger than
the mean subsidence over the Hadley circulation), 7 is about an hour and {* is about
0.2 g/kg (Braham 1952). Taking the region between the tropopause and 4.5 km and
assuming ¢, can be replaced by the mixing ratio of the mean flow over the scale of
the Hadley circulation, the rate of moisture input through dissipation of deep clouds
is estimated to be between 2.0 x 107° kg/(m?s) and 2.5 x 10~° kg/(m?s) depending on
whether the conventional data or the satellite data is used. It should be noted that g,
can be much larger than the mixing ratio of the mean flow over the scale of the Hadley
circulation. Furthermore, the dissipating stage of deep clouds is usually accompanied
by cloud-scale downdrafts which may act to effectively remove the water substance
within the clouds. The above numbers may greatly overestimate the contribution to
the large scale humidity from the dissipation of deep convective towers. Nevertheless,
this effect may not be completely negligible in view of Braham’s budget study and
Emanuel’s scheme for cumulus parameterization (Braham 1952, Emanuel 1991).

Dissipation of clouds including deep convective towers and upper level clouds is
accompanied by evaporation of hydrometeors. Evaporation of hydrometeors occurs at
the edge of clouds. Observations of tropical rain systems further show that dissipation
of clouds is characterized by a gradual elevation of the cloud base. While their bases
are rising, clouds continue to generate precipitation which falls into the subsaturated
air below the cloud base and evaporates (Johnson and Young 1983). The role of the

evaporation of hydrometeors is the focus of this chapter.
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Figure 6-1: ([u’:}%gl + [ﬁ]%%l)/[q] for January (year~'). Data for the meridional cir-
culation is from Oort (1983). Upper panel: satellite data. Lower panel: conventional

data.

Before we further quantify the above processes, we turn to the meridional dis-
tribution of water vapor over the whole Hadley domain. Features in the horizontal

variation offer further information about the distributions of sinks and sources of

water vapor.

6.3 The meridional variation and the role of the

Hadley circulation

The sum of the meridional and vertical advection by the Hadley circulation is shown
in Figure 6-1. Monthly mean data were used in the calculation. Due to the much

larger vertical gradient of the water vapor mixing ratio, the meridional transport is an
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is an order of magnitude smaller than the vertical transport in most regions of the
Hadley circulation. Therefore, zonal mean circulation alone generates an excess of
water vapor within the rising branch and a deficit of water vapor within the subsiding
branch. The budget equation for water vapor is given by equation 4.12 in Chapter 4.
By equation 4.12, it is evident that the moist convection acts as a sink in the upward
portion and a source term in the region of downward motion. In the ITCZ (upward
portion) where moist convection is concentrated, E is positive and significant. There-
fore M, must be larger than w there (note p[u‘:]%[gl >> p[7] ?551)1)' What this means is
that a percentage of the air pumped into the upper troposphere by deep convection
subsides within the ITCZ. Gray (1974) reached the same conclusion in analyzing the
water vapor budget of a cloud cluster region. Our picture of the ITCZ results from a
spatial average over a scale much larger than the scale of deep convective clouds. In
between these deep convective towers is subsiding motion. The concentration of deep
convection, itself, is controlled by the sea surface temperature distribution (Lindzen
and Nigam 1987).

In the subtropics (the subsiding branch of the Hadley circulation), large scale
subsidence prevails, and deep convection is largely suppressed. But, there is still a
considerable amount of deep convection in the subtropics as indicated by the upper-
level cloud cover (Barton 1983).

In the following section, we will try to quantify the discussed processes and for-
mulate a mathematical model in order to further assess the role of convection in
maintaining the observed distribution, especially the interplay between the subsi-

dence drying and the moistening from the evaporation of hydrometeors.

6.4 A model for the mean vertical structure of
the tropical tropospheric water vapor

The model structure is schematically shown in Figure 6-2. In the vertical, the tropo-
sphere is divided into three different regions, characterized by the physical processes

involved in the water vapor budget: the convective boundary layer, the outflow region
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Figure 6-2: A schematic illustration of the model structure. For clarity, the deep
convective tower is not drawn. z;. is the tropopause height, z; is the base height of
the outflow and z, is the height of the convective boundary layer. M, is the downward
mass flux in clear sky and pw,, is the downward mass flux within the area covered
by precipitation

of deep convective towers and the region in between (the free troposphere). Deep con-
vective towers take up the moist air within the convective boundary layer and generate
hydrometeors. Some of the hydrometeors fall within the convective towers and some
of them are carried to the upper-troposphere leading to the formation of wide-spread
upper level clouds. Upper level clouds continue to generate precipitation which falls
into the subsaturated free troposphere and evaporates (For clarity of discussion, we
temporarily neglect the contribution from the dissipation of deep convective towers.
As we will see later, this effect can be easily incorporated). If a first order description
cannot be obtained using this idealized picture, we may conclude that there are some
things fundamentally wrong with the idealization. However, if this picture can grasp
the main features of the observed vertical structure, it may serve as a basis for a more
complete representation. We will begin with the formulation of the equations for the
water vapor budget and then discuss the parameterization of the moistening from the

evaporation of hydrometeors.
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6.4.1 Equations for the water vapor budget

Within the upper boundary layer which is the outflow region of the deep convec-
tive towers, the supply of moisture is from the detrainment from these towers. The
primary sink of moisture is the formation of upper level clouds and the associated

precipitation. The moisture budget of the outflow may be written as

Mdc‘]zg + RZg = Sdc (61)
in which S = :‘? -—i%“(q’ +1*)dz; 2 and z, are the top height and base height

of the outflow. M. is the convective mass flux within the deep convective tower,
q* is the saturation mixing ratio and [* is the ice water content of the air detrained
from the deep convective towers. Sy, is thus the total moisture input from the deep
convective towers. pR,, is the precipitation flux at the base of the outflow; g¢., is the
area mean water vapor mixing ratio, and My.gq;, is the water vapor flux at the base
of the outflow. It is believed that {* can be orders of magnitude larger than ¢* in the
upper troposphere. Therefore equation 6.1 suggests that a significant precipitation
flux is needed to keep the outflow subsaturated.

We further divide the outflow into two regions: the upper-level clouds, and their
clear air environment. The water vapor budget for the clear air environment can be
written as

dq

pEu. + pEg. + WIC(—E =0 (6.2)

M, is the net large scale subsidence in the clear air environment (Since the model here
is one-D (averaged over the Hadley domain), M, is also the net convective mass flux),
q is the water vapor mixing ratio in the clear environment, pE,. is the moistening
from the upper level clouds, and pEg. is the moistening from the deep convective

towers.

We assume that all the detrained water substance from the deep convective towers

is directly used to feed the upper level clouds. Then E;. = 0 (Note that the dissipation
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of deep convective towers is temporarily ignored). Equation 6.2 is simplified as

d
pE o + Mcﬁ- =0 (6.3)

In the free troposphere, the source of water vapor is from the evaporation of the
precipitation. Since the precipitation from upper level clouds is a cloud or mesoscale
phenomena, it is expected to generate entities which are distinct from the large scale
mean flow in terms of vertical velocity, density and water content. Therefore, we have
to distinguish the region covered by precipitation from the region free of precipitation
(we will discuss some details of the relevant physical processes later on). Let M,
denote the net large scale subsidence in the clear air and Z, the moisture input from
the region covered by precipitation; then we have

Mc% +pE. =0. (6.4)
for

2> Z > 2

where z; is the effective base height of the outflow of deep convective towers, 2, is the
height of the surface convective boundary layer, q is the water vapor mixing ratio in
the clear air environment, and E, is the moistening supplied by the evaporation of
precipitation.

When the fractional cover of the clouds is very small, the above equations can
also be regarded as the area mean budget equation (see the appendix).

Since shallow convection within the convective boundary layer may be regarded
as the natural extension of the turbulence driven by surface fluxes, further detailed
separation between the dry boundary layer and the cloudy boundary layer will not
add physical significance to our discussion. Furthermore, shallow clouds within the
convective boundary layer (i.e. below the trade inversion) hardly precipitate. There-
fore, to first order their effect in transporting water vapor may be parameterized as

downgradient diffusion. In such a treatment, we need not distinguish the shallow non-
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precipitating clouds from their clear air environment. Let M, denote the subsidence

within the boundary layer, then the water vapor budget may be written as

dg d dq
for
z< z

where z, is the height of the convective boundary layer, and K is the diffusion coef-
ficient.

If one’s aim is to produce a realistic vertical structure of the water vapor mixing
ratio, the surface value may be chosen as the observed value. Then the boundary

conditions for the water vapor equations 6.3, 6.4 and 6.5 may be written

q |:=0= o (6.6)

v d

2)er= 2 (6.7

qo and ¢, are the water vapor mixing ratio at the surface level and the tropopause
level.
When the value of surface air mixing ratio is also a variable to be predicted, the

surface boundary condition may be formulated as follows:
Mc(g0 — 9(2)) = caUp(¢'(T) — o), (6.8)

which is a statement of the moisture budget of the convective boundary layer. The
left side of this equation is the net loss of water vapor due to dynamic transport, and
the right side is a parameterization of surface evaporation based on bulk aerodynamic
formulas. cg is the aerodynamic drag coeflicient and U is the frictional velocity.
There are two other implicit boundary conditions, which are the continuity of
water vapor content across both the interface between the outflow region and the

free troposphere, and the interface between the free troposphere and the convective
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boundary layer.

The division into three regions may not be as clear in reality as in our model. The
height of the convective boundary layer varies within the tropics and is not well defined
in the ITCZ. Averaged over the whole tropics, the height of the convective boundary
layer may be chosen as 2km (Betts and Ridgway 1989). The mean thickness of the
outflow of the deep convective tower is less well documented. The base height for
cirrus clouds may give a useful indication. Based on London (1957), the base height
for cirrus clouds is about 10km. Therefore, the region in between the convective
boundary layer and the outflow of deep convective tower occupies the bulk of the

troposphere, which is our focus here.

6.4.2 Determination of the large scale subsidence induced
by deep convection

An estimate of M. can be obtained by considering the energy budget of the large-scale
subsidence. Away from the trade wind boundary layer (where turbulent mixing may

supply considerable sensible heat) the energy budget may be written as

d
MC{: _R.=0. (6.9)

r4

where s is the dry enthalpy, and R, is the net radiative cooling (infrared cooling plus
solar heating). The lateral transfer of heat from deep convection to the subsiding air
in the clear environment is assumed to be negligible (Further discussions and a more
rigorous derivation are presented in the Appendix.).

Figure 6-3 shows the M, profile in January deduced from equation 6.9. The
temperature profile is from Oort (1983). Radiative cooling is taken from Dopplick
(1972). In the boundary layer, M, unexpectedly increases downward, which may
suggest that sensible heating cannot be neglected there. Since there is no reliable
data for the sensible heating in the boundary layer, we assume that M. remains

constant with height within the convective boundary layer.
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Figure 6-3: Deep cloud induced subsidence deduced from the energy budget (in units
of 1073 kg/(m?s))

6.4.3 A simple parameterization of the moistening from
the upper level clouds and their precipitation

Upper level clouds moisten their environment through evaporation of cloud water
and mixing of the saturated cloud air into the environment. The bulk effect of this
moistening is to bring the atmosphere to saturation. So is the bulk effect of the evapo-
ration of hydrometeors falling from the base of upper level clouds. Therefore, a simple,

straightforward way to parameterize E,. and F, is through linear approximations,
Eue = ac(q" — q) (6.10)

E, =oa(¢" -q) (6.11)

where ¢* is the saturation value of water vapor mixing ratio (with respect to ice
above the melting level), and g is the water vapor mixing ratio. a_* is the time scale

of moistening for upper level clouds and a™! is the time scale of moistening due to
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evaporation of precipitation. « and a. are related to the total moisture input into
the upper level clouds by deep convective towers (S4.) and the precipitation flux at

the base level of upper level clouds (R(z:) by:

Sie — R,
o = —— (6.12)
[ p(g* — q)dz
and
R
P 1C) (6.13)

fz:’p(q‘~Qsz
where p is the air’s density. It is assumed that precipitation flux at the level of z,
R.,, can be ignored compared with R.,.

This simple parameterization straightforwardly relates the moistening by the up-
per level clouds and the precipitation they generate to the amount of upper level
clouds (i.e. the total moisture input from deep convective towers to the upper bound-
ary layer ) and the amount of precipitation generated by upper level clouds. The
parameterization is closed either by coupling a deep cloud model which gives Sy and
a model for upper level clouds which gives R;, or with specified S;. and R,,. Another
advantage of this parameterization is that all parameters involved can be directly
verified by observations. In the following section, we check this parameterization by

estimating the observed vertical distribution of water vapor.

6.4.4 Simulation of the observed vertical distribution of wa-
ter vapor

A simulation of the vertical distribution of water vapor is presented in Figure 6-4.
In our simulation, S4 and R,, are specified. This is equivalent to specifying a and
o, (equation 6.12 6.13). This is sufficient for our present purpose in estimating the
observed distribution. Between z; and z;+, equation 6.3 is used for the water vapor
budget. go and ¢, are fixed at the observed values. In general, a simulation with
realistic features is obtained. This supports our interpretation for the observed trop-

ical tropospheric water vapor distribution at least as concerns gross behavior. Some
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Figure 6-4: The simulated vertical structure of the tropical tropospheric relative

humidity in January. Relative humidity is with respect to liquid water. The solid
curve is the model simulation. ‘+’ and ‘-’ represent the conventional and satellite

data respectively. The temperature profile used in this simulation is also from Oort
(1983). Parameters are: zp+ = 14.5km, z, = 9.7km, z, = 2.0km, K = 3.4m?/s

Some discrepancy with observational data is expected, given the simplicity of pa-
rameterization and the uncertainties in the observational data. Figure 6-5 shows the
parametric dependence of tropical tropospheric relative humidity as depicted by this
model. Note that above the boundary layer the effect of increasing a is equivalent
to decreasing M,.. Figure 6-5 demonstrates that the relative humidity is related to
the circulation and the microphysics of precipitation and can change if the processes
change ( In these sensitivity studies, a, is assumed to be proportional to « as it should
because R, is expected to be proportional to Si. a. is assumed to be larger than «
considering that the precipitation downdrafts may be subsaturated but upper level
clouds consist in saturated updrafts and downdrafts. The physical meaning of these

two parameters will be discussed further in the following section).

This model supplies a quantitative context for evaluating the roles of the relevant
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physical processes as highlighted by observations. However, the physical processes
associated with moistening by the upper level clouds and their precipitation are buried

1

in the constant coefficients, ™' and .7, the time scales for moistening. We will

discuss these physical processes below.

6.5 The physical processes of moistening

6.5.1 Precipitation downdrafts and their life cycle

Precipitation processes in the tropics are largely cloud scale and meso-scale phenom-
ena. When the lateral dissipation is a much slower process than the evaporation of
hydrometeors, the evaporation of precipitation may establish a considerably moister
local environment and the cooling associated with evaporation and precipitation load-
ing will generate negatively buoyant currents. This seems to be true in the tropical
atmosphere. Let p, T and RH represent respectively the pressure, temperature and
relative humidity of the environment in which an ice crystal with a radius r evapo-
rates, and let 7 represent the time it takes for the ice crystal to completely evaporate.
The following numbers may serve as a quick reference: for p =600mb, T =273.15 K,
RHEH=90% and r=0.1 mm, 7 = 14 minutes; for p =200 mb, 7" =233.00 K, RH=90% and
r=0.1 mm, 7=137 minutes. The lateral diffusion has the time scale of L?/D, where L
is the horizontal scale of the area covered by the precipitation, and D is the diffusion
coefficient. For L= 10km, and D as large as 5.0 m*/s (which may be regarded as a
characteristic value for boundary layer turbulence), L?/D ~ 3.4 X 10° minutes. This
will no doubt enhance the ability of precipitation to survive in a subsaturated mean
environment. Here it is worth recalling Braham’s observation (Braham and Duran
1967) that ice crystals falling from cirrus can survive 15,000 feet (from 250mb to
600 mb) in a mean environment with a relative humidity less than 30 percent (given
by the sounding data). To parameterize the moisturization from the precipitation
falling in a subsaturated environment, one has to take into account the fact that the

precipitation flux generates small-scale precipitation downdrafts.
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It should also be noted that precipitation downdrafts appear to moisten the envi-
ronment mainly when they dissipate. When the precipitation penetrates downward,
the exchange between the downdrafts and the mean environment is limited in view
of the unusual survival ability of the precipitation as observed by Braham and Duran
(1967). This may also be shown by the following estimates. For a downdraft with
a moderate vertical velocity, 0.05 m/s, the time for an air parcel in the downdraft
to descend 10km is 2.0 x 10% s. The lateral dissipation time scale is 2.0 x 107s for
a turbulent downdraft with a half-width 10*m. Thus, the life cycle of precipitation
downdrafts need also be explicitly taken into account in paramterizing their moisten-

ing to the large-scale flow.

6.5.2 Representation of the moistening effect of the precip-
itation downdrafts

In view of the above, we may represent precipitation downdrafts as isolated columns
of moist air embedded in the large-scale subsiding motion. These columns of moist
air have a characteristic water vapor mixing ratio ¢,, and a life span of 7. Its life
span here is defined as the time the moist air takes to completely merge into the
surrounding large-scale subsiding motion. The rate they supply water vapor to the

large scale flow may be written as
E, = J(gm - q) (6.14)
r

o represents the fractional area of dissipating downdrafts and ¢ is the water vapor
mixing ratio of the large scale flow. For a steady situation, £ may be regarded as
the rate of the generation of precipitation downdrafts. A reasonable assumption for
gm 1s that it lies in between ¢* and q. A linear approximation may be written as
gm = (1 — ¢)q* + cq, with moistening written as £. = ¢Z(g¢* — ¢). Thus a = Zc. Thus
this picture is cosistent with our bulk treatment in the above section.

When the downdraft dissipates, the temperature of the downdraft air differs little

from the environment it merges into. Thus, for ¢gm > g, the equivalent potential
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temperature of the downdraft air has to be larger than the environment. Since the
minimum environmental equivalent potential temperature occurs in the middle tro-
posphere, to be able to moisten the environment, the downdraft air has to originate
from the upper troposphere. This again suggests the importance of the upper level
precipitation.

Upper level clouds consist in saturated updrafts and downdrafts, therefore the
moistening from upper level clouds may also be written in the above form with the
replacement of ¢, by ¢*

E. =

419

(¢ ~q) (6.15)

Thus o, = 2.

The simple parameterization with a constant « is equivalent to assuming that
the precipitation downdrafts have a constant relative humidity. A more realistic
approach is to explicitly calculate the vertical distribution of ¢, by coupling a model
for the precipitation downdraft. Such a treatment immediately reveals the potential
importance of details of the precipitation particles, such as the total water content

and the size distribution of precipitation particles, in affecting the vertical distribution

of water vapor in the large-scale flow.

6.5.3 The role of the size spectrum and water content of

hydrometeors

The budget of the hydrometeors and water vapor within the precipitation downdraft
may be represented by the following equations,

d((Vi + wm)p)p-

—pEn =0, (6.16)
dz

dgm -
pwm-zl%— +pEn. =0, (6.17)

for the free troposphere. p, and g, are the mixing ratios for hydrometeor and water
vapor respectively. p is the density of the downdraft air and pp, is the hydrometeor

water content. pw,, is the mass flux within the precipitation downdrafts, which will be
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assumed to be constant with height. V; and Ep,, are respectively the mass weighted
mean terminal velocity and the evaporation rate of hydrometeors. The boundary

conditions for p. and ¢, may be written as:

pr(ze) = hej gm(2e) = ¢*(22) (6.18)

where k. is the mixing ratio of precipitating particles at z;, the height of the upper
cloud base where precipitation originates. At that level, the precipitation downdraft
may taken as saturated. ¢*(z) is the saturation mixing ratio of water vapor.
Assuming the size spectrum of the hydrometeors is exponential N(r) =
Noezp(—Ar)(r is the radius of a hydrometeor and N(r)dr is the number of hydrom-
eteors with radii between r and r+dr per unit volume), the evaporation rate of hy-

drometeors can be further written as

1
E... = —4xDC,N,7 m—q"), .
T tTl-}-e(q q") (6.19)

where D is the molecular diffusion coefficient, and ¢* is the saturation water vapor

mixing ratio. € = ?D{_%;%(RfT — 1)L, R, is the gas constant of water vapor, T is

the temperature, e,(7) is the saturation pressure of water vapor, K is the coefficient

of thermal conductivity of the air and L is the latent heat. 7 = B(pp,.)% and B =

1

(8w Nop;)"5. 7 is the mean radius of the hydrometeors and p; is the density of the
hydrometeors. N, = [ N(r)dr = No7. C, is the ventilation coefficient which is related
to the mean terminal velocity by C, = 0.78 + O.QSRe%. R, = 3—’%"—‘ is the Reynolds

Number (Roger and Yang 1989), g is the dynamic viscosity, and V; is the mass
_ ! ve(r)N(r)d-
- fm(r)N(r)z:'r :

velocity and the mass of the hydrometeors with radius r. Taking v,(r) = kr, the

weighted mean terminal velocity, V; v¢(r) and m(r) are the terminal

mass weighted mean velocity can be related to the hydrometeor water content by
Vi = A(pp.)t where A = Z;ﬁ:—m—)}- (Mason 1971, Roger and Yau 1989).

Ground level observations show the size spectrum of continental rain can be well
represented by an exponential form (Marshall and Palmer 1951). The upper level

precipitation spectrum is less known. Observations of cirrus show the size spectrum
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Figure 6-6: Sensitivity of the relative humidity distribution within the precipitation
downdraft to the change of spectrum of hydrometeors. Relative humidity here is
with respect to liquid water. Parameters are: z; = 9.7km, pw,, = 0.2 kg/(m?s) and
he = 0.5 g/kg. Solid line: Ny = 0.8 x 10”7 m~*. Long-dashed line: Ny = 0.8 x 108
m™*, Short-dashed line: Ny = 0.8 x 10° m~*

of ice crystals in the upper level clouds can be represented by the sum of two expo-

nential distributions (Heymsfield 1984). For our present purpose, such a form may

be sufficient.
Numerical solutions for equations 6.16,6.17 and 6.18 with different values for Ny

and h, are presented in Figures 6-6 and 6-7 (Note that the curves are for the relative
humidity instead of the mixing ratio ¢,»). The temperature within the downdraft can-
not differ considerably from its environment when the downdraft is in its dissipating
stage and therefore, it is assumed to be t he same as that of the mean environment.
It is apparent from the three curves in Figures 6-6 and 6-7 that the vertical distribu-
tion of the relative humidity within the precipitation downdrafts is sensitive to the

spectrum of the hydrometeors as well as their mixing ratio (Recall the mean radius

7~ N4
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parameters are: f = Tdays, z;+ = 14.5km,z, = 9.7km,z, = 2km and K = 3.4m2/s.

Since the profile of ¢, is sensitive to the properties of the hydrometeors, so will
the vertical distribution of water vapor of the large scale flow (equation 6.12). Its
dependence on the size spectrum of the hydrometeors is shown in Figure 6-8. In
the calculation, equations 6.10 and 6.11 are replaced by equation 6.16 and equation
6.14 respectively and g, is given from the simple model for precipitation downdrafts.

We see that precipitation downdrafts with smaller hydrometeors tend to moisten the

upper troposphere more.

6.5.4 Dissipation of deep convective towers

Deep convective towers at the dissipating stage consist in downdrafts. Conceptually,
we may parameterize their contribution to ambient humidity in the same way we pa-

rameterized the moistening from precipitation. If we view the upper level clouds and
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the associated hydrometeors as an extension of deep convective towers, we may have
a unified description of how deep convection moistens the large scale flow in which it
is embedded. Deep convection uses the moisture from the convective boundary layer
to generate small scale, spatially isolated moist regions. Water vapor in these iso-
lated regions is then transported to the surrounding flow by diffusive and convective
processes. The subsiding motion in ’-che surrounding flow, induced by deep convection

itself, constantly advects the water vapor downward to where it comes from; namely,

the convective boundary layer.

6.6 Simulation of the horizontal variation of rel-
ative humidity in the Hadley domain

In this section, we introduce a two-dimensional model based on the one-dimensional
model presented above in order to simulate the horizontal variation of water vapor in
the Hadley domain. We will show the decrease of relative humidity from the ITCZ
to the subtropics throughout the free troposphere is due to the sharp decrease in the
amount of hydrometeors deposited in the upper troposphere by deep convection and
the relatively flat distribution of subsidence in between clouds.

The water vapor budget equation is given by equation 4.12 . In the following
discussion, we omit the zonal and time mean symbols (i.e. overbar and brackets) for
brevity. The horizontal transport term can be ignored compared with the term for
the vertical transport. After introducing a new variable, M.* = M, — pw, equation
4.12 simplifies to

0q

0= M5 +pF (6.20)

The latitudinal variation of M.* may be estimated from the energy equation

M;%—f— —R.=0. (6.21)

where S is the dry static energy and R, is the net radiative cooling including both the
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Figure 6-9: The meridional distribution of M." within the domain of the Hadley
circulation (see text for further detail; unit is 107° kg/(m?2s))

solar heating and infrared cooling. The same approximations are made in deriving
equation 6.21 as in deriving equation 6.21 (i.e., large-scale eddy transport and the
horizontal advection by the mean circulation are ignored; refer to chapter 4 for a
detailed derivation) This equation is only valid away from the boundary layer (where
sensible heating by boundary layer turbulence is considerable).

The meridional structure of M.* in January deduced from the above equation
is plotted in Figure 6-9. R. is from Dopplick ( 1972) and S is from Qort (1983)(
In Dopplick’s calculation, clouds were also taken into account). Figure 6-9 shows
that the latitude dependence of M." is relatively weak. Again, we divide the at-
mosphere vertically into three regions: the outflow region, the free troposphere and
the convective boundary layer. In the free troposphere, E = a(y)(¢* — ¢); where y
represents latitude. In the outflow region, E = a.(y)(g* — ¢); . is assumed to be

= %(Kpi—}); K is the bulk

proportional to a. In the convective boundary layer,
diffusion coefficient for the turbulent boundary layer. Now « and . are functions of
latitude, and their meridional variation may be assumed proportional to the upper

level cloud cover (Recall equation 6.14 and 6.16). The meridional variation of upper
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Figure 6-10: The meridional variation of upper cloud cover and the variation of the
tropical tropospheric relative humidity. Upper cloud cover is from Barton, 1983.
Relative humidity at 6.5km and 10.5km is calculated from SAGE II measurements
(Rind et al 1991). Relative humidity at 5km is from Oort (1983)

cloud amount is well correlated with the variation of the middle and upper tropo-
spheric relative humidity (see Figure 6-9). The upper level clouds are almost always
associated with the outflow of storms (Liou 1986). The decrease of the upper cloud
amount is, therefore, less likely a result of a decrease of the relative humidity of the
environment and is more likely a cause. Figure 6-11 shows the simulated horizontal
variation of relative humidity in the Hadley domain. The similarity with the observed
distribution is apparent. This shows that the difference in the water vapor content
between the convergence zone and the large scale subsidence region may be just due
to the distribution of hydrometeors.

The meridional distribution of hydrometeors from the ITCZ to the subtropics is
largely controlled by the Hadley circulation. Deep convection tends to occur where
the sea surface temperature is highest. Accompanying the deep convection are large
scale circulations driven by the sea-surface temperature gradient. The subsiding mo-

tion of the large-scale circulation suppresses convective motion elsewhere, i.e. the
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constant with height
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subtropics. This is the reason for the decrease of the moisture source above the
convective boundary layer as one moves from the ITCZ to the subtropics.

Clearly, the difference of water vapor content between the ITCZ and the subtropics
is related to the existence and direction of the large-scale circulation. In a thermo-
dynamic sense, the water vapor content of the air above the trade inversion over the
subtropics is not directly related to the sea surface temperature immediately below;
the air is subsiding and isolated from the boundary layer by a strong trade inversion.
The inference by Rind et al (1991) ignores the interplay between the deep convection
and the tropical zonal mean circulation and also ignores the vertical structure of the
tropical convection.

Since places distant from each other are connected by dynamic transports, geo-
graphical variations can not be a surrogate for climate change. In studying global
climate changes, the paleo-climate record bears special importance because it allow us
to examine different climate regimes. In Chapter 7, we will introduce the mountain-
snow line record for the last glaciation and investigate its implication about the nature

of feedback of water vapor and lapse rate in global climate change.

6.7 Summary and discussion

In this chapter, by using a conceptual model for tropical convection and available data
for water vapor, we investigated the maintenance of the tropical tropospheric water
vapor distribution. Calculations were performed to see if the observed water vapor
distribution could be explained in this simple context, and also to highlight some
potentially important physical processes in determining the observed distribution
and its sensitivity.

The important processes determining the humidity of the tropical troposphere, as
highlighted by the present study, are the amount of hydrometeors transported to the
upper troposphere by deep convective towers, the hydrometeor size spectrum, and
the strength of the large scale subsidence induced by deep convection.

The amount of hydrometeors in the upper troposphere is related to the strength
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of the updrafts of deep convective towers (Williams et al 1992). The strength of the
updrafts is a function of the convective available energy of the environment. Thus,
the water vapor content in the free troposphere is related to the entire vertical struc-
ture of the tropical tropospheric temperature. This finding challenges the traditional
viewer that water vapor content is only dependent on the local temperature in the
way described by the Clasius-Clapeyron equation. The stronger the updrafts in the
convective tower, the larger the hydrometeor amount that will be present in the upper
troposphere. The reason is that if the updraft is weak, more hydrometeors begin to
fall before they are lofted to high altitude. There are no obvious reasons for deep
convection to become more violent in a perturbed climate when CO; is increased,
though that has been widely assumed (Houghton et al 1990). The deepening of the
lapse rate in the last glaciation suggests that a colder tropical climate can have a much
larger lapse rate and consequently more CAPE (Broecker and Denton 1989). A larger
CAPE may have led the presence of more hydrometeors in the upper troposphere and
consequently a moister free troposphere. As we will see in the following chapter, the
maintenance of a deeper lapse rate also requires a higher relative humidity in the free
troposphere. Over land, a more relevant parameter determining the updraft velocity
of deep convection is the magnitude of the diurnal change of surface temperature.
In a warmer climate, the surface evaporation (and also infrared radiation) is more
efficient in cooling the surface, and the diurnal variation may become smaller, which
will consequently reduce the build up of environmental CAPE. A detailed study of
the diurnal cycle of the convective boundary layer is needed to appropriately address
this issue.

The life cycle of deep convective updrafts is also expected to be an important
factor in determining the amount of hydrometeors present in the upper troposphere.
If the updraft can persist longer, there will be more water substance transported to
the upper troposphere. It is generally observed that the onset of precipitation signals
the decay of the updraft. In a warmer climate, the surface air will likely contain
more water vapor and the warm rain process will be more efficient. Consequently the

onset of rain may become faster (Fletcher 1962). An estimate based on the simplest

101



-

BRI

S —

RODIUS (I¥E

. . . . .
14 4 e th n
R R R e e s

]

. Seobacboeboae s

HELCHT (HY

H
i

B

Figure 6-12: Sensitivity of the growth of a rain drop in a constant updraft to the
change of surface air temperature.' Upper panel: Growth of the rain drop as a function
of time. Lower panel: Trajectory of the rain drop. Solid line: surface air temperature
is 300 K. Dashed line: surface temperature is 302 K. Surface relative humidity is
80% and is assumed constant. Cloud water content is assumed to be constant with
height. For the surface temperature of 300 K, the cloud water content is chosen as 1
g/m®. When surface temperature changes, the relative change of cloud water content
is assumed to be the same as the relative change of the surface specific humidity. The
size spectrum of cloud water is assumed to be uniform and not subject to change
when surface temperature changes. The radius is chosen as 0.01 mm.

continuous growth model, the Bowen model (see Bowen 1950 and Fletcher 1962) was
made (Figure 6-12), which shows that the onset of rain can be 15 percent faster when
surface temperature is increased by 2 K and when the relative humidity of surface air
is fixed at 80%.

The size spectrum of hydrometeors is also related to the strength of the convective
updrafts. Heymsfield’s observational study suggests that it may also be dependent
on the environmental temperature. The higher the environmental temperature, the
more the shift to larger radius for the size spectrum (Heymsfield 1984). From our
calculations (Figure 6-6 and 6-8), we see the possibility that the upper troposphere

of a warmer climate may have a smaller relative humidity provided that the total
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amount of hydrometeors does not increase proportionally.

This Chapter reveals a special role of upper level clouds and the precipitation they
produce in the tropical tropospheric moisture budget. These clouds help to dry out
the outflow from the deep convective towers and moisten the air below. However, we
do not adequately understand how these clouds develop, grow and finally dissipate
in the outflow of convective towers; nor do we completely understand the survival of
upper level precipitation in a subsaturated environment (Braham and Duran 1967).
The evaporative cooling and the drag of precipitation generate currents which can
penetrate deep into the large-scale flow and form small-scale, isolated regions of higher
moisture content. How water vapor flows from these small isolated regions to the
surrounding flow and how these small regions dissipate and finally merge into the
surrounding flow are issues which have not been given much attention. Proper models
need to be developed for these small-scale currents to simulate their interaction with
the environment dﬁring their full life cycle. Unfortunately, we still lack appropriate
models for the upward jet driven by the release of the latent heat and the downward
current driven by the loading of precipitation and its evaporative cooling.

Finally, we emphasize that the water vapor distribution is coupled with the dis-
tribution of clouds and the precipitation they generate. It appears that upper level
precipitating clouds play an important role in determining the tropospheric relative
humidity throughout the free troposphere. The precipitating clouds are optically
thick and their effect on albedo may offset their greenhouse effect (Ramanathan and
Collins 1991). Further climate studies will have to address water vapor and clouds
in a more internally consistent way. Here, we have provided a simple approach to

connecting them.
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Chapter 7

Nature of water vapor and lapse

rate feedback in climate change

The use of paleoclimate data offers a unique advantage in the investigation of the
nature of feedback from the water vapor distribution or temperature distribution on
global climate change. Paleo-climate data allow us to look at the variations of the
fundamental physical quantities between different climate regimes, while instrument
records only cover periods which differed little from the present. As we have seen
in the previous Chapters, geographical variations are hardly useful in addressing the
issue of water vapor feedback because of the inherent difficulties in isolating the role
of dynamical transport from one place to another. In this chapter, we will show how
we may extract information about the nature of the feedback of water vapor and lapse
rate on the global climate change from the inferred changes in the mountain-snow line
from the last glaciation to the present.

We begin with a discussion of the mountain-snow line record and its implications
for a change in the lower tropical tropospheric lapse rate. We then show how the
lapse rate change indicated by the mountain-snow line record requires a change of

cooling rate and, consequently, of the relative humidity in the free troposphere.
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7.1 Introduction

Notable among paleoclimate records is the CLIMAP reconstruction of the Earth’s
climate 18,000 years ago (ybp) (CLIMAP, 1976) during the last major glaciation.
A remarkable finding of this extensive study is that the average tropical sea surface
temperature was only about 1°C colder than at present. Equally remarkable is the
finding that the snow line on high mountains descended about 1km - even on equa-
torial peaks (Broecker and Denton, 1989, Rind and Peteet, 1985). This represents a
cooling of about 5°C at about 5km (Rind 1990, Rind and Peteet 1985), and hence a
20% increase in averaged lapse rate below this level.

The 1km descent of the mountain snowline was found over widely dispersed ge-
ographic regions and the lowering on the wet side of the mountains was about the
same as on the adjacent dry side (Broecker and Denton 1989). This suggests that the
descent of the mountain snowline is unlikely to have been caused by changes in local
circulations. More importantly, the temperature decrease observed on mountains is
likely to be characteristic of the tropics. This is because the Rossby radius of defor-
mation is extremely large in the equatorial tropics. The dynamics appropriate to the
equatorial tropics simply does not permit large gradients to develop (especially over
the large averaging periods pertinent to the paleoclimatic record), so temperatures
above the trade wind boundary layer are virtually horizontally uniform.

Such a change in lapse rate is not a feature of recent instrument records, and might
call into question the paleoclimatic record. All that can be said is that the CLIMAP
program involved a large part of the paleoclimatic community, and the data were as
carefully and critically assessed as is currently possible. Uncertainties of the order of
1°C are possible, but it is generally agreed that the quality of the data is high. Our
approach in this paper is to take the data at face value, and see what they imply.

The above behavior of the lapse rate during the last glaciation is incompatible
with simple notions of convective adjustments which maintain either fixed lapse rates
or moist adiabats. A moist adiabatic profile permits lapse rate change, but the change

is too small to account for the inferred lapse rate in the last glaciation. For a surface
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relative humidity of 80 percent (a representative number for the tropics which is not
~ sensitive to small temperature differences. We discuss possible changes later), a moist
adiabatic profile gives about a 1.5 degree reduction of temperature at 5km for a 1K
surface temperature decrease (say from 300 K to 299 K). It should be emphasized that
both the notions of constant lapse rate and moist-adiabatic adjustment are empirical.
Though the temperature profile within clouds is close to moist adiabatic and probably
remains so when climate changes, there is no a priori reason to believe this is the
temperature profile of the mean field in which only a small percentage area is covered
by clouds. The departure of the present tropospheric temperature profile from moist-
adiabatic may be regarded as small, but the departure may change considerably when
the climate regime changes.

As we showed in Chapter 5, the vertical structure of the tropical atmosphere is
determined primarily by a balance between subsidence heating, Mcg—: ( where s=dry
static energy, and M.=cumulus mass flux), and radiative cooling. Since M., averaged
over the tropics, is determined approximately by integrated evaporation divided by
surface specific humidity (Equation 5.8), a quantity not expected to change signifi-
cantly in a slightly cooler tropics, changes in % must be balanced by reduced radiative
cooling. Intuitively, this would appear to call for increased infrared opacity in the
middle and upper troposphere.

In order to address this possibility, we try, in Section 2, to simulate the vertical
temperature structure during the last glaciation making different assumptions about
the relative humidity profile in the middle and upper troposphere. It is shown that
only a higher relative humidity than at present in the middle and upper troposphere
gives a greater lapse rate in the lower troposphere than would a moist-adiabatic
profile. The higher the relative humidity, the greater the lapse rate. Consistent with
our original hypothesis, it will be shown that the change in the distribution of radiative
cooling rate accompanying a higher middle and upper tropospheric relative humidity
is indeed characterized by a reduction in the low troposphere. In addition, there is
enhanced cooling in the upper troposphere. We show that temperature profiles with

the inferred lapse rates do, in fact, have substantially greater CAPE than the present
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tropical atmosphere.

In Sections 3-5, we carefully examine the assumptions involved. Section 6 dis-
cusses alternative efforts to explain the mountain snowline record. In Section 7,
we examine the implications of the inferred dependence of water vapor on surface
temperature for climate sensitivity to the increase of CO,. We find that the water
vapor feedback is now strongly negative, virtually eliminating the warming due to a
doubling of CO,, at least in the tropics. By comparing sensitivity studies from the
present model with those from a model with a constant tropospheric lapse rate, we
show the feedback from the lapse rate change is also considerable. Section 8 discusses
the apparent contradiction between the present result and earlier published results

which have claimed to demonstrate a positive water vapor feedback.

7.2 Numerical experiments

The model presented in Chapter 5 shows how the vertical structure of tropospheric
temperature is calculably related to the distribution of radiative cooling rate. This
allows us to infer, from the inferred temperature change, the tropical water vapor
distribution during the last glaciation.

In many previous climate sensitivity studies, relative humidity throughout the
troposphere is assumed to be independent of climate change. As pointed out by
Lindzen (1991) and Betts (1991), little is concretely known about the maintenance of
the moisture budget in the free troposphere (i.e., the troposphere above the bound-
ary layer) and its sensitivity to radiative perturbation. In attempting to simulate
the tropospheric temperature profile during the last glaciation, we adjust the relative
humidity in the free troposphere in order to obtain a vertical temperature structure
which resembles that one indicated by the mountain snowline record. Since obser-
vations show that the relative humidity within the convective boundary layer (up
to about 700mb) is relatively insensitive to surface temperature change, we fix the
relative humidity below 700 mb in the following calculations. It should be emphasized

that the moisture budget within the convective boundary layer is largely determined
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by small scale turbulent processes driven by surface fluxes. Thus, the dependence
on sea surface temperature of the relative humidity in the convective boundary layer
may be inferred by comparing values observed in different places. On the other hand,
the dependence of the relative humidity in the free troposphere cannot be related to
the local sea surface temperature. Over much of the tropical oceans, the influence
of local sea surface temperature is restricted to the region below the trade inversion;
away from active cumulus towers (which occupy only about 0.1% of the tropical area),
air above the trade inversion is subsiding, and the temperature and moisture fields
are largely determined by the temperature and moisture fields over the regions where
deep convection frequently occurs. We will return to this point later when we discuss
claims of a positive feedback due to water vapor.

As already noted, we use ‘solar flux’ as a surrogate for the effects of cloud albedo
and heat export from the tropics. We adjust this flux to produce equilibrium profiles
with both the present surface temperature and a surface temperature 1 K colder than
at present. Different relative humidity profiles in the middle and upper troposphere
are assumed to accompany the colder climate. Figure 7-1 shows three cases of the
temperature departure from the present climate as a function of height. The long-
dashed line corresponds to the case in which the relative humidity is assumed to be
the same as the present. The short-dashed line represents that in which the relative
humidity between 300 mb and 700 mb is only 80% of the present value. The solid line
is for a case in which the relative humidity between 300 mb and 700 mb is 20% larger
than that of the present profile (i.e. present relative humidity plus 20%).

From Figure 7-1, we see that when the relative humidity is assumed not to have
changed when the surface temperature is decreased by 1K, the temperature reduc-
tion in the middle troposphere is less than 2K — the lapse rate behavior above
the convective boundary layer is basically the same as that obtained by assuming a
moist-adiabat. When a smaller relative humidity in the free troposphere is assumed

to accompany the colder climate, the reduction of temperature in the middle tropo-

1160mb, the cloud detrainment level can be used instead of 300mb. There is no substantial
difference in the results. On physical grounds, we expect little change of relative humidity at the
detrainment level. See Section 4 for further discussion.
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Figure 7-1: Temperature change as a function of height for a surface temperature
decrease of 1K. Different assumptions about the change of the relative humidity
(RH) between 700 mb and 300 mb are made. Solid line: RH is increased by 0.2. Long
dashed line: RH is the same as the present. Short dashed line: RH is 80% of the

present value.
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Figure 7-2: Temperature change as a function of height for a surface temperature
decrease of 1 K. Relative humidity between 300 mb and 700 mb is assumed to increase
by a specified value when the surface temperature is decreased. Relative humidity
increases are: 0.2 (short-dashed line), 0.3 (solid-dashed line), 0.4 (long-dashed line)

sphere is also no larger than the surface temperature decrease. When the relative
humidity in the free troposphere is assumed to be 20% higher than at present, the
reduction in the middle troposphere is about 3.5K, which is about the 70% of the
reduction indicated by the mountain snowline record.

From the three cases, it is apparent that only an increase of relative humidity in
the free troposphere can lead to a greater reduction of temperature in the middle
troposphere than that which a moist-adiabatic profile produces. It is further found
that the steepening of the lapse rate in the free troposphere is proportional to the
increase of relative humidity in the free troposphere, though not linearly so. Figure 7-
2 shows the departure of temperature from that of the present as a function of height
when still higher relative humidity is assumed to accompany the colder climate. A
5K temperature reduction at the mid-troposphere requires an increase of relative
humidity of about 40%. What a physically plausible increase should be, will be

discussed shortly.
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Figure 7-3: Relative change of tropospheric radiative cooling as a function of height
for a surface temperature decrease of 1K. Different assumptions about the change of
the relative humidity (RH) between 700mb and 300 mb are made. Solid line: RH is
increased by 0.2. Long dashed line: RH is the same as the present. Short dashed

line: RH is 80% of the present value.

Physically, the changing lapse rates are associated with changes in radiative cool-
ing below about 6km (viz Equation 1). Increasing humidity decreases local cooling
rates by increasing the infrared opacity above, and decreased cooling rates are asso-
ciated with decreasing ds/dz or, equivalently, increasing lapse rate. Figures 7-3 and
Figure 7-4 show the change in the distribution of radiative cooling rate for various
choices of humidity distribution. M, and the tropopause height, determined by the
neutral buoyancy level, are both found for all cases to be almost the same in both
the present climate and the colder climate (assumptions involved in the calculations
will be considered in greater detail later). When there is more water vapor in the
middle and upper troposphere, the radiative cooling rate change is characterized by
an increase in the upper troposphere (due to enhanced emissivity) and a reduction in
the lower troposphere (due to increased opacity above). The temperature reduction

maximizes in the middle troposphere.

Increased upper level cloud coverage can also contribute to the change in the dis-
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Figure 7-4: Relative change of net tropospheric radiative cooling as a function of
height for a surface temperature decrease of 1K. Relative humidity (RH) between
300 mb and 700 mb is assumed to increase by a specified value. The increases for RH
are: 0.2 (short-dashed line), 0.3 (solid line) and 0.4 (long-dashed line)

tribution of radiative cooling rate. Indeed, considerable increase in the high cloud
amount, either in the form of increased thickness or wider horizontal coverage, is ex-
pected to accompany an increase of relative humidity in the free troposphere. We will
show later that the free troposphere is largely moistened by evaporation of hydrom-
eteors falling from upper level clouds. In this sense, the increase of relative humidity
may be somewhat smaller than 40%. However, due to the uncertainties in the radia-
tive properties of clouds, it is premature to quantify the effects with confidence. All
that can be said at this point is that upper level cloud amount is not expected to
increase without an increase of relative humidity in the free troposphere.

Another reason that the actual increase of relative humidity may be less than 0.4
is that a more moist atmosphere would facilitate the descent of the snowline (Rind,
1989). Though the controlling factor for its position is the temperature, relative
humidity may also matter. Thus, should the relative humidity in the middle and

upper troposphere be considerably higher than at present, the temperature reduction
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Table 7.1: Conditional available potential energy (CAPE) associated with various
assumed distribution of relative humidity

T.(K) | AR | CAPE(joules) | CAPE(joules)
rhy, = 0.8 rh, = 1.0
300 0 670.5 2200.3
299 | +0.2 1047.2 2610.9
299 | +0.3 1156.8 2749.7
299 | 40.4 1255.9 2841.0

corresponding to a 1km descent may be less than 5 K.

The lapse rate change leads to an interesting feature of the colder states: namely,
the air participating in deep convection will experience enhanced buoyancy. In
other words, the environmental profile has more convective available potential en-
ergy (CAPE). CAPE is essentially the work done by buoyancy on a parcel of surface
air rising in a cloud. This is proportional to the integral over the cloud of the dif-
ference between the equivalent potential temperature of cloud and ambient air. Our
calculations of equivalent potential temperature follow Bolton (1980). Table 7.1 sum-
marizes the CAPE of the different profiles discussed above. The steeper the lapse
rate, the larger the CAPE. The increase of CAPE during the last glaciation is 40%
to 100%, and suggests why the relative humidity in a colder climate might have been
higher than at present.

Deep convection, associated with larger CAPE, is observed to generate a larger
number of hydrometeors in the middle troposphere and upper troposphere ( Williams,
et al, 1992). Sage II measurements also show that cirrus occurs much more frequently
over the tropical land than over the tropical ocean (Chiou, et al, 1990). It is known
that deep convection over the land is associated with more CAPE than over the
ocean. That the number of hydrometeors present in the middle and upper tropo-
sphere increases with increasing CAPE is also expected on the basis of results from
comprehensive numerical cloud models (M.K. Yau, personal communication). While

the quantitative relationship between the number of the hydrometeors and the en-
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vironmental CAPE has not yet been firmly established, the sign is not in serious
doubt.

Besides the change in the amount of hydrometeors, the spectrum of hydromete-
ors is also expected to change. When the environment has more CAPE, convective
updrafts will be stronger. The hydrometeors carried into the middle and upper tro-
posphere will have smaller sizes because they will have less time to grow before they
reach the middle and upper troposphere. From the calculations shown in Chapter 6,
this will also lead to a moister upper troposphere.

This finding about the water vapor behavior is different from the popular view
(Houghton et al 1991). As we will show later, this finding implies a strong negative
feedback of water vapor on climate change. Considering the importance of the topic,

we now more carefully examine the assumptions involved

7.3 Dependence of the averaged convective mass

flux on the low level relative humidity

Based on the assumption that the low level relative humidity is mostly controlled
by boundary layer small-scale processes, we fixed the surface and low level relative
humidity in the above experiments. The relative humidity below the trade inversion
is determined by a balance between the subsidence drying and surface evaporation.
The subsidence drying is related to the magnitude of the large-scale subsidence and
the mixing ratio of water vapor in the free troposphere, both of which are related
to the properties of deep convection. Thus the low level relative humidity is also
dependent on deep convection and the associated large-scale circulation. However,
this dependence appears to be weak. Figure 7-5 and Figure 7-6 show the sensitivities
of the surface relative humidity to the water vapor mixing ratio and to the magnitude
of the subsidence above the inversion. The relative humidity is insensitive to the
change of these two parameters. This is because of the dependence of the surface
evaporation rate on the surface level relative humidity. An enhanced subsidence

drying will lead to more evaporation, and a decreased subsidence drying will lead
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Figure 7-5: Dependence of the surface relative humidity on the water vapor mixing
ratio above the inversion. The water vapor budget for the region below the inversion
is given by CaVi(q, — 90) = wo(go — ¢:). Cua is the aerodynamic coefficient, V; is
the surface level wind, g, is the saturation mixing ratio of water vapor at the sea
surface temperature, go is the surface level water vapor mixing ratio, ¢; is the water
vapor mixing ratio above the inversion, and wyq is the subsidence. In the calculation,
sea surface temperature is 300 K, air’s temperature at the surface level is 299 K,
Cy = 0.0013, V, = 6.7 m/s and pwo=40 mb/day (Betts and Ridgeway, 1989)

to less evaporation. More sophisticated modelings in which radiative and convective
flux are coupled with each other have shown that the relative humidity in the tropical
convective boundary layer remains approximately the same when the sea surface
temperature is changed by several degrees (Betts and Ridgeway 1989).

Nevertheless, we investigated the matter of whether or not a decreased surface and
low level relative humidity during the last glaciation will affect our conclusion derived
from the above numerical experiments. As discussed above, the physical reason for
the requirement of a moister middle and upper troposphere to maintain the decreased
vertical stability in the low troposphere is that a decreased vertical stability requires
a decreased radiative cooling rate if the magnitude of the subsidence M, remains
unchanged. In the above numerical experiments in which the relative humidity below
700 mb is assumed invariant, M, is insensitive to the surface temperature decrease.

However, in light of equation 5.8, M. may increase if the surface relative humidity
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Figure 7-6: Dependence of the surface relative humidity on the the magnitude of the
subsidence. The water vapor budget for the region below the trade inversion is given
by CaVi(gs — 90) = wo(go — ¢¢). Ca is the aerodynamic coefficient, V; is the surface
level wind, g, is the saturation mixing ratio at the sea surface temperature, gq is water
vapor mixing ratio at the surface level, g, is the mixing ratio of water vapor above
the inversion. wq is the subsidence. In the calculation, sea surface temperature is 300
K, surface air’s temperature is 299 K, Cy = 0.0013, V, = 6.7 m/s, ¢; = 5.09/K g and
the reference value for the subsidence is 40 mb/day (Betts and Ridgeway, 1989)
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Table 7.2: Change of M, in response to 10% decrease in the surface and low level
relative humidity. The surface level relative humidity in determining the tropopause
height is the same as the mean surface relative humidity. When sea surface temper-
ature is decreased by 1 K, the relative humidity below 700 mb (RHy) is assumed
to decrease by 10% and various assumptions about the change of relative humidity
between 300 mb and 700 mb (RH,,) are made. AT, is the decrease of sea surface
temperature, AM, is the relative change of M., and ATsoms is the temperature
change at the level of 600 mb

AT,(X) | RHr(%) RH,., AM (%) | ATsooms(K)
-1 -10 same as present day 5.0 -3.4
-1 -10 present day value +20% 0.3 -4.3
-1 -10 80% X present day 7.0 -2.9

decreases. A larger M, will lead to an increase of the lapse rate even if the radiative
cooling rate is not subject to change. Consequently, our conclusion derived from the
numerical experiments presented in the above section may not hold. However, it turns
out that the qualitative aspects of our conclusion about the water vapor behavior
during the last glaciation remain unchanged even when a substantial decrease of
surface and low level relative humidity is assumed to accompany the surface cooling.

Table 7.2 shows the results of the numerical experiments in which the surface
and low level relative humidity during the last glaciation is assumed to be 10% lower
than the present value (i.e., the present value -10%). Various assumptions about the
relative humidity in the middle and upper troposphere are assumed to accompany
the surface cooling. The results show that M, indeed increases. The magnitude of
the increase is dependent on the change of relative humidity in the middle and upper
troposphere. This is because the surface moisture budget is coupled with the surface
heat budget. Again, we see that only an increase of relative humidity in the middle
and upper troposphere can lead to a cooling in the middle troposphere consistent

with the mountain-snow line record.
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Table 7.3: Change of M, in response to 1 K surface temperature decrease and 0.5 K
increase in the sea-air temperature difference. Various assumptions about the change
of relative humidity are made. AT, is the sea surface temperature, RH,,, is the
relative humidity between 300 mb and 700 mb. Relative humidity below 700 mb is
fixed. AM, is the relative change of M,

AT,(K) RH,., AM.(%)
-1 same as the present day 0.7
-1 presen day value +20 % -0.8
-1 80% x present day value 3.6

7.4 Dependence of the averaged convective mass
flux on the sea-air temperature difference

The dependence of M, on the sea-air temperature difference is summarized in Table
7.3. When the surface temperature is decreased by 1 K, we assume that the sea-
air temperature difference increase from 1 K to 1.5 K. M, is quite insensitive to the
change in sea-air temperature difference. This is probably related to the large opacity
in the low atmosphere (Manabe and Strickler 1964). Thus our inference about the
water vapor behavior is not strongly dependent on the assumption made about the

sea-air temperature difference.

7.5 Final caveats

In all numerical experiments presented above, the vertical structure of M, is assumed
not to subject to change, though its magnitude is determined through the surface
moisture and heat budget. In the present climate, the lapse rate appears always to
adjust itself to a value which is quite close to moist-adiabatic. M, islargely determined
by the large-scale radiative forcing (Emanuel 1991). Considerable changes in the
vertical structure of M, again suggest considerable changes in the radiative forcing
field in which water vapor is a dominant contributor.

Perhaps the more severe caveat in our analyses is the fact that the present tro-
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pospheric lapse rate is very close to moist-adiabatic, which indicates a very tight
control of moist convection on the lapse rate (Betts 1982, Xu and Emanuel 1988).
There is insufficient reason to believe that this tight control will change considerably
in a different climate. This notion is also supported by the work of Renno (1992),
who throughly and carefully analyzed the nature of radiative convective equilibrium
of a moist atmosphere. Various parameterization schemes for moist convection were
examined including the most promising scheme of Emanuel (1991). Though Renno
did not use his sophisticated models to examine the mountain snow line record, his
sensitivity studies of the response of the atmosphere to the increases of CO, do not
support the idea that the equilibrium profile of a moist atmosphere can significantly
deviate from a moist diabatic profile.

Next, we discuss Betts (1991) and Emanuel’s (1990) alternative efforts to explain
the mountain-snow line record, which are based on the safer assumption that the

tropical tropospheric lase rate during the last glaciation was moist adiabatic.

7.6 Alternative efforts by Betts and Emanuel

Betts (1991) assumed that the tropospheric temperature profile can be represented by
a moist-adiabatic profile. The freezing level is thus related to the low level equivalent
potential temperature §.. He found that a snowline decrease of 950 m requires 14 K
drop in f,. For a fixed relative humidity, this requires a 3.3 K decrease in SST, which
is far beyond that which the uncertainties of paleoclimate data allow. Taking into
account the mean sea level pressure change during the last glaciation and assuming
2K de.crease in SST, he was still unable to achieve the required drop of §. unless he
assumed that there was also a considerable decrease in the surface relative humidity.
The best scenario according to his estimate is that SST decreased by 1.4 K, surface
pressure increased about 10 mb and surface relative humidity decreased by about
8%. However, he also pointed out that 8% decrease in the surface relative humidity
requires a 30% drop in the surface wind, which is a “ rather large fall of surface wind ”.

He concluded that it remains difficult to reconcile the observations that the snowline
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on the tropical mountains fell 950 m, while the tropical sea surface temperature fell
only 1-2 K.

Emanuel (1990) offered a more promising explanation for the mountain snowline
record . By assuming that the virtual temperature lapse rate in the equatorial atmo-
sphere is always nearly moist adiabatic, and that the sum of the latent and sensible

heat flux from the tropical ocean was no greater during the last glacial period than

it is today, he found

§T = 2.096T, — 0.736p, (1.1)

where 8T is the change of temperature at 5 Km, 7, is the change in SST, and ép, is
the change in the sea level pressure. For §T, = —2 K, ép, = 12 mb, the formula gives
6T =~ 5 K. Describing this analysis in a letter to Dr. Wally S. Broecker, Emanuel
concluded that ¢ a 5 K drop in temperature near the freezing level in the equatorial
zone is consistent with a 2°C drop in SST, but not a 1°C drop in SST .

It appears that if one takes into account the maximum error in the data, one
indeed can explain the snowline record based on the apparent safer assumption that
the tropical tropospheric lapse rate remained close to the moist-adiabatic value during
the last glaciation. However, it should be emphasized that the best estimate of SST
change is 1 K. According to Fairbridge (1991), the tropical SST is not likely to
have changed more than 1 K or so over a billion years, based on the premise that
temperatures can be inferred from the distributions of forams in the sediment. The
tropics are the region of maximum temperature, and changes of more than a degree
or so in the maximum temperature would lead to extinctions of foram species. No
such extinctions have been observed.

In the next section, we estimate the implications for the nature of water vapor
feedback in tropical climate change of our inferences from the mountain snowline

record.
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7.7 Estimating the feedback factor of water va-
por and lapse rate in doubling CO,

We have, thus far, estimated the change in humidity in the tropical free troposphere
accompanying a 1K decrease in tropical sea surface temperature. Since our calcu-
lations are specific to the tropics, we cannot readily use these results to infer the
sensitivity of global climate to a doubling of CO;. However, our results do enable us
to estimate the sensitivity of tropical surface temperature to a doubling of CO,.
Noting that a 1 K cooling of the tropical sea surface lead to an increase in relative
humidity of as much as 0.4, we will assume that tropically averaged surface tempera-
ture changes result in proportional changes in relative humidity. For reasons we have
already discussed, a 40% change in tropical relative humidity for a 1 K change in aver-
age tropical surface temperature is probably an upper limit. Thus, in calculating the
response of tropical surface temperature to a doubling of CO,, we consider a range
of values for the expected increase of relative humidity per 1K decrease of surface

temperature (AR_;). The formula 1_15ed is simply
AR(300mb — 700mb) = —AR_; x (T, — 300K). (7.2)

Of course, a more appropriate approach would involve using something like Equa-
tion 4.6 to explicitly calculate relative humidity. This would, however, require fairly
sophisticated cloud modeling. Although we are engaged in such efforts, they go be-
yond the scope of the present work. For the moment, Equation 7.2 can be viewed
as a linearization. To be sure, if (T, — 300 K) proves large, this linearization would
break down. However, as we see in the results summarized in Table 7.4, (T, — 300 K)
remains small for a doubling of CO;. We see that for fixed specific humidity, we would
expect an increase in tropical surface temperature of 0.66 K. However, for a 40% in-
crease in R per 1K decrease of average surface temperature the response decreases to
0.09 K, and even for a 10% increase of R per 1K decrease of surface temperature, the

response is still only 0.23 K. These values may be contrasted with results from models
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Table 7.4: Tropical surface temperature change AT, for a doubling of CO, and asso-
ciated feedback factor, f, for different assumed changes in relative humidity (between
300 mb and 700 mb) for a 1 k decrease in sea-surface temperature (AR;). Lapse rate

permitted to vary.

(BRI AE ] 1]

Fixed q 0.66 0
10 0.23 |-1.9
20 +0.15 | -3.5
30 +0.12 | -4.6
40 +0.09 |-6.4

wherein a doubling of CO; produces a 4K increase in global mean temperature. In

these models, tropical temperatures increase by 2K or more.

In Table 7.4 we also show feedback factors, f, defined by the relation

response for fixed specific humidity
1-f '

(7.3)

Iésponse =

These feedback factors, while germane to the tropical half of the earth, may not
be applicable to the whole globe. For example, during the last glaciation, global
mean temperatures were several degrees lower than at present even though tropical
temperatures were only 1K lower. On the other hand, glacial climate changes were
almost certainly not associated with changes in the global radiative forcing, but rather
with changes in the meridional heat flux and regional inhomogeneities in radiative
forcing. In such a case, the change in global mean temperature is likely to be a
peripheral consequence of the increase in equator-to—pole temperature gradient, and
the relevance of simple feedback factors is dubious. However, for sensitivity to a
globally homogeneous forcing such as a doubling of CO,, these factors could very
well have a more general relevance, and the numbers in Table 7.4 may be indicative
of global as well as tropical feedbacks.

It should be further noted that associated with a change in the relative humidity
profile, there is a change in the lapse rate. As emphasized by Cess (1991, 1990), the
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Table 7.5: Tropical surface temperature change AT, for a doubling of CO, and asso-
ciated feedback factor, {f, for different assumed changes in relative humidity (between
300 mb and 700 mb) for a 1 k decrease in sea-surface temperature (AR;). Lapse rate
permitted to vary.

(22 R [ATE) ] T ]

Fixed q 1.11 0
10 0.74 |-0.5
20 +0.44 |-14
30 +0.32 |-24
40 +0.24 | -3.6

feedback from the lapse rate is potentially as important as the water vapor feedback,
though the two always go together. To isolate the role of lapse rate change from the
change of relative humidity in the free troposphere, we employ a radiative-convective
model with constant lapse rate adjustment to investigate the role of water vapor
feedback in double CO; experiments. The results are summarized in Table 7.5.

By comparing Tables 7.4 and Table 7.5 , we see that the feedback factor from the
lapse rate change is as large as that from the change of water vapor, and that both
have the same sign. However, it should be emphasized that the two are dynamically
coupled, though their roles in affecting radiative transfer in the atmosphere are phys-
ically different. Indeed, Lindzen, et al (1982) found a similar effect, noting that it
was related to the fact that the physical parameterization of cumulus heating lead to
a higher deposition of heat than is implicit in simple convective adjustment.

Give that current observations and modeling studies suggest that a moist atmo-
sphere is unlikely to have an equilibrium profile which is considerably different from a
moist adiabatic profile, (Betts 1982, Xu and Emanuel 1988, Renno 1992)), the above
results regarding the lapse rate should be taken cautiously. They probably correspond
to the upper limit.
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7.8 Summary and discussion

We have used a radiative convective model to investigate what changes of water vapor
above the convective boundary layer can lead to a picture consistent with the vertical
structure of the tropical tropospheric temperature indicated by the mountain snowline
record; i.e., a steeper lapse rate in the low troposphere (or equivalently a reduction
in static stability) requiring a concomitant reduction in radiative cooling rate. Under
the assumption that the vertical structure of the averaged M, and the low level
relative humidity are not subject to change, we have found that only an increase of
relative humidity in the middle and upper-troposphere during the last glacial period
can explain this change in cooling rate. This conclusion remains unchanged when
the low level relative humidity is assumed to decrease substantially when the surface
temperature is decreased. We have also noted that the vertical temperature profile
during the last glaciation had more CAPE, which would have led to the production of
more and smaller hydrometeors in the middle and upper troposphere — both of which
factors would lead to enhanced moisturization of the free troposphere, consistent with
the humidity changes required to produce a steeper lapse rate in the low troposphere
which, in turn, produced the enhanced CAPE.

We have also investigated the implication for the atmospheric response to a dou-
bling of CO; of the increase of relative humidity in the free troposphere or a decrease
in surface temperature . We found that for plausible values of relative humidity
change inferred from the snowline record, the feedback of water vapor severely re-
duces the warming induced by the increase of CO;. We have further noted that the
large negative feedback factor is partially due to the lapse rate change associated
with the change of water vapor distribution, and stressed that the lapse rate change
is not consistent with the current observation and more sophisticated modeling, so
the results should be taken cautiously.

The nature of water vapor feedback suggested by this study is contrary to that
which GCMs have predicted. The major problems of GCMs in dealing with water va-

por feedback lie in the parameterization schemes employed for calculating convective
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tra.nspo‘rts. As we have discussed in Chapter 1, the schemes employed by GCM mod-
els were not originally designed to address the issue of water vapor and have not been
significantly improved in this regard. In particular, they lack adequate treatments
of microphysical processes in precipitation formation and dissipation, which we have
shown in Chapter 6 are important elements in the tropical tropospheric water vapor
budget (relevant discussions can also be found in Emanuel, 1991). In addition, there
are numerical problems (Rasch and Williamson, 1990).

There are earlier observational studies which have claimed a positive dependence
between sea surface temperature and relative humidity in the free troposphere (Rind
et al, 1991, Raval and Ramanathan, 1990). These results were obtained by comparing
observed values of relative humidity or other related physical quantities over different
places in the present tropics. However, above the convective boundary layer, air is
subsiding and the physical properties of air, including water vapor and temperature,
are strongly correlated over large distances through dynamic transport. Thus location
(or season) cannot be used as surrogates for global climate change.

Alternative efforts to explain the mountain snow line record were discussed. When
SST is assumed to have decreased by 2 K instead of the best estimate 1 K, it is also
possible to explain the mountain snowline record under the moist adiabatic assump-

tion.
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Chapter 8

On the extratropical zonal mean
tropospheric temperature and

wind

8.1 Introduction.

In this Chapter, we report on an attempt to explain the maintenance of the zonal mean
temperature and wind structure, primarily from the point of view of the transport of
potential vorticity (PV) and marginal instability.

The maintenance of the observed zonal mean temperature and wind distributions
in the extratropics is a classical problem in the context of the general circulation.
There have been many attempts to solve it. However, past literature has largely
looked at the problem in isolation from the tropics. The focus has been on the mean
tropospheric temperature gradient and the heat flux rather than the global struc-
ture of temperature and wind. The conceptual models involved were those originally
designed for the description of synoptic-scale disturbances. They cannot appropri-
ately take into account the meridiona.i variations of many important quantities, such
as wind, lapse rate and planetary vorticity gradient. The tropospheric lapse rate,
tropopause height and potential vorticity gradient along isentropes were treated as

given parameters, rather than quantities to be explained. As a result, many outstand-

126



ing questions concerning the mean temperature and wind structure remain either
unanswered or inadequately explained. Below are a few examples:

Observations show that the extratropical tropospheric lapse rate is close to the
mean tropical tropospheric lapse rate and does not show much seasonal change. Is this
an accident or does it have something to do with the transport properties of baroclinic
eddies and the way they interact with the tropical circulation? For the maintenance of
the lapse rate, what’s the relative importance of the large-scale advection by adiabatic
eddies and the local diabatic processes associated with precipitation processes? To
what degree are the temperature and wind distributions dependent on the surface
conditions?

The mass and momentum (or temperature and wind) of the zonal mean state are
closely coupled with each other by the balance equations. The meridional distribution
of zonal wind, particularly the meridional distribution of the surface wind, is clearly
constrained by the requirement for the global angular momentum balance (Lorenz
1967). Is the temperature distribution also greatly affected by this requirement?

Another seemingly trivial, but equally puzzling question concerns the sharp rather
than smooth transition of the lapse rate from the tropospheric value to the strato-
spheric value. Do the stratospheric PV and PV gradient have any role in affecting
the zonal mean tropospheric temperature and wind?

The mean state of the extratropical troposphere is dependent on the transfer
properties of baroclinic eddies which result from instability of the extratropical tro-
pospheric flow. A fundamental property of the unstable baroclinic eddies is that
they mix potential vorticity along isentropic surfaces. The most fundamental quan-
tity that determines whether a large-scale flow can generate and sustain baroclinic
eddies is the potential vorticity distribution of the large-scale flow, particularly the
gradient of potential vorticity along isentropic surfaces (Charney and Stern 1962). In
this chapter, we use PV and balanced dynamics to study the zonal mean tempera-
ture and wind of the extratropical troposphere as a function of the gradient of PV
along isentropic surfaces. We are particularly interested in an extratropical tropo-

sphere with constant PV along isentropic surfaces. It has been noted that such a
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troposphere with a proper elevation of the tropopause is neutral for baroclinic distur-
bances (Lindzen 1992). Thus it represents a limiting state which the baroclinic eddies
and the mean flow can equilibrate to. The major goal of this chapter is to obtain the
temperature and wind distribution of a such troposphere. By comparing it with the
real atmosphere and investigating its maintenance, we wish to identify and highlight
the important physical processes which have not drawn much attention and to shed
some light on the three questions listed above.

This Chapter is organized as follows. Section 2 briefly reviews the past efforts
in this area. The review is not intended to be exhaustive, but rather to provide
the necessary background for what we address here. In Section 3, we present the
distribution of Ertel potential vorticity (EPV) of the observed zonally averaged time
mean flow for each of the four seasons. The overall structure suggests the neutral state
noted recently by Lindzen (1992) is likely to be relevant to the real atmosphere. In
Section 4, we calculate the temperature and wind distribution which corresponds to a
well mixed PV along isentropes, and investigate the implication of this eflicient mixing
of PV for the connection between the extra-tropical tropospheric lapse rate and the
tropical lapse rate. In Section 5, we investigate the sensitivity of the temperature
and wind distribution in the extratropical troposphere to the tropical lapse rate and
position of the edge of the Hadley circulation. The major purpose is to further assess
the importance of the tropical impact on the extratropical temperature and wind. In
Section 6, we study the sensitivity of the temperature and wind in the extratropical
troposphere to changes in the gradient of PV along isentropes. Section 7 provides our

summary.

8.2 Background

The zonal mean distribution of temperature and wind in the troposphere is dependent
on how heat is transported from the equator to the pole and how heat is transported
vertically from the ground to the tropopause. In the extratropics, the chief agent in
fulfilling this heat transfer is baroclinic eddies, with sizes ranging from synoptic scale
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to the planetary scale.

Obviously, the physical processes involved are many and interactions between
them have appeared very complex. Past efforts have been largely foucused on search-
ing for a simple relationship between the observed state with the marginal instability
criterion obtained from idealized models which have been demonstrated to be relevant

to the real atmosphere in certain aspects.

8.2.1 1Ideas based on neutrality

The models which have been developed to investigate the instability of the extra-
tropical flow are Charney’s model, Eady’s model and Phillips’ two layer mode] (Char-
ney 1947, Eady 1949, Phillips 1962). Each of the models grasps some features of the
extratropical troposphere while each of them has obvious over-simplifications. For
example, Eady’s model has a constant planetary vorticity and a rigid lid with a fixed
height, and Phillips’ model only has two layers. Charney’s model is more general
than Eady and Phillips’s models, but none of the three models allows meridional
variations of wind and lapse rate, and none has realistic lateral boundaries. These
limitations exclude their ability to address the maintenance of the extratropical zonal
mean temperature and wind in a global context.

The marginal stability of the three models is defined by their potential vorticity
distribution (Charney and Stern 1962; Pedlosky 1979 and Hoskins et al 1985). Ver-
tical wind shear or the meridional temperature gradient (or the available potential
energy ) alone does not tell whether the flow is stable or not (Lindzen and Farrell
1980, Gill 1982). However, the meridional temperature gradient in the interior of the
extratropical troposphere shows little seasonal change. In Phillips’ two layer model,
because of the fixed vertical stability, the marginal stability is also related to a criti-
cal shear (or meridional temperature gradient below which instability is impossible).
This motivated attempts to relate the the observed meridional temperature gradient
to this critical shear (Pocinki 1955, Thompson 1961, Stone 1978). The hypothesis
that the extratropical troposphere tends to equilibrate itself to this critical state has

been termed ¢ baroclinic adjustment .
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Phillips’ model is a two layer model whereas the atmosphere is continuous.
Whether the marginal instability criterion obtained from the Phillips’ model can be
directly applied to the atmosphere is in question. Observations have further shown
that the major contributor to the meridional heat transport are waves which have
a smaller zonal wave number than the most unstable wave in the linear models.
More importantly, the model cannot predict the meridional distribution of temper-
ature unless the vertical stability is given. To require a fixed vertical stability and
a reference value of the planetary vorticity is a limitation for all models based on
quasi-geostrophic (QG) theory in the investigation of the mass and momentum dis-
tribution on a global scale. And finally, the two layer model has fixed vertical scale
and therefore cannot address where the troposphere ends.

To examine the baroclinic adjustment hypothesis in the non-linear regime, there
have been many studies done in the context of Phillips’ two layer model despite its
obvious problems when applied to the real atmosphere ( Cehelsky and Tung 1991,
Ceheslsky 1987, Vallis 1988, Vallis and Roads 1984, Salmon 1980, 1978). These non-
linear studies have shown that the meridional temperature gradient of the mean state
is significantly super-critical. A large number of concepts have been introduced to
describe the model results, such as wave-mean flow equilibration, wave wave equilibra-
tion and stochastic equilibration. The picture of the maintenance of the extratropical
mass and momentum distribution tends to assume substantial complexity.

Closely accompanying these non-linear studies is the concept of geostrophic turbu-
lence. To describe the non-linear interaction between eddies (or waves ) with different
scales, the concept of two-dimensional homogeneous turbulence has been introduced
and modified in some fashion to describe the quasi-geostrophic systems (Charney
1971; Salmon 1978, 1980). The knowledge of two-dimensional homogeneous turbu-
lence and its application to the large-scale atmospheric flow has proven helpful in
understanding the energetics of the aﬁmospheric flow, but has not contribute much
to the understanding of the maintenance of the time and zonal mean structure of the
extratropical troposphere. The theory for homogeneous turbulence is only appropri-

ate for small-scale eddies in a region far from the boundary. Its application to the
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description of the planetary scale eddies and the maintenance of the zonal mean flow
is obviously limited.

Realizing the limitation of the two layer model and the fundamental importance
of the PV distribution, Lindzen and Farrel (1980) proposed a stimulating scheme
for parameterizing the heat transport of eddies . In the paper, they assumed that
the atmosphere in the extratropics could be represented by the Charney model and
addressed the question what modification to the vertical wind profile is needed to
make the atmosphere stable. This scheme predicts the meridional distribution of the
vertically averaged troposphere well, though the approach has its tentative nature
(Hoskins 1983). Perhaps more importantly, it draws the researcher’s attention to the
distribution of PV-the fundamental quantity which determines the stability of the
flow. Again, the approach of this paper is based on an assumption that the time
mean flow in the extratropical troposphere should be close to marginally unstable.

The studies discussed above were based on (QG) theory. As is well known, QG
theory is limited in its ability to describe the mean state of temperature and wind on

a global scale.

8.2.2 Vertical scale of eddies and the radiative constraint

A different approach to understanding the mean state of the extratropical troposphere
originates from radiative-convective equilibrium calculations. This approach is based
on one-dimensional averaged models with empirical assumptions about the mean lapse
rate, and therefore its merit is obviously limited. A useful finding in the context of
the radiative-convective equilibrium calculations is that the tropopause height can
be determined through the radiative-constraint if the lapse rate is given and vice
versa. This finding appears to have motivated Held’s speculative arguments ( Held
1982) about the tropopause height and the tropical tropospheric lapse rate in both
the tropics and the extratropics. Basically, Held suggested that in the extratropics
the dynamics of baroclinic eddies largely defines the vertical extent of the heat flux,
presumably the tropopause height, and that the overall lapse rate is determined by
the radiative constraint. The problem with this argument is that it is not very clear
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that the tropics and the extratropics can be considered separately when the radiative

constraint is applied.

8.2.3 Eady Type of Instability and the neutrality of the
troposphere

Synoptic analysts have long noticed the role of the upper level PV anomaly and its
interaction with the surface in the development of the extratropical cyclone (Petters-
son and Smebye 1971; Sanders 1986, 1988). Numerical simulations of the life cycles of
non-linear waves have further shown that averaged over a life cycle, the waves behave
more like what is predicted by the Eady model (Simmons and Hoskins 1978, 1980).
Some theorists have thus realized that the Eady type instability may be more ger-
mane to real atmospheric extratropical cyclone development ( Hoskins 1985, 1990).
However, to look at the maintenance of the extratropical large-scale flow from the
perspective of the Eady type instability is a very recent idea (Lindzen 1992). In this
pioneer paper, Lindzen noted that the extratropical tropopause may be just at the
height at which waves with the scale of the physical geometry cannot see each other
if they travel along the the tropopause and the surface. In Eady’s model, there is
no internal gradient of pseudo potential vorticity (QGPV) along isobaric surfaces (
equivalently, no gradient of the EPV along the isentropic surfaces).

This hypothesis has offered an entirely new perspective to look at the instability
and maintenance of the large-scale extratropical flow including the time and zonally
averaged flow. First, it emphasizes that both the tropopause height and the gradient
of PV along isentropic surfaces are not only the parameters which define the proper-
ties of unstable eddies in interacting with their background flow, but also they are a
consequence of this interaction. Secondly, it points out that the extratropical temper-
ature and wind distribution is connected to how PV is transported and distributed
along isentropic surfaces. Also inherent in this hypothesis is the inviscid and adia-
batic assumptions, which force us to divide the flow into different regions: boundary

layer and the interior flow. Thus it creates a new setting in which the potential role
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of the tropics, the stratosphere and the surface layer are highlighted.

Another feature of this hypothesis is the emphasis on the role of eddies with the
largest scale in maintaining the time-mean state. These eddies play an important
role in any turbulent flow and determine the overall structure of the turbulent flow
( Landau and Lifshitz 1981). Though in the atmosphere, the synoptic-scale eddies
are very energetic, their horizontal scale limits their importance in transporting both
potential vorticity and heat. More importantly, they live and diein the setting created
by the eddies with the planetary scale.

The eddies with a larger horizontal scale also have a larger vertical scale, so the
presence of the stratosphere is obviously more important in affecting planetary scale
eddies. Given the much larger value of the EPV in the stratosphere, what affects most
the planetary scale eddy may be the tropopause height (ie. where the reservoir of the
EPV is positioned), not the small gradient along isentropic surfaces in the interior
of the troposphere. In this sense, Lindzen’s hypothesis about the tropopause height
may not be really dependent on whether the gradient of PV along isentropic surfaces
is identically zero. Yet a small gradient of PV along isentropic surfaces can render
waves with smaller scale unstable, which in turn will try to diminish the gradient of PV
along isentropes. Note that the raising or lowering of the mean tropopause necessarily
involves the exchange of air between the stratosphere and the troposphere. We thus
may expect that the generation of PV gradient along tropospheric isentropes has
something to do with the very large value of PV in the stratosphere and the intrusion
of the stratospheric air into the troposphere. Thus Lindzen’s hypothesis about the
tropopause height raises a possible éooperation between eddies with different scales
in mixing PV downgradient.

In the following section, we will show the distribution of the EPV of the time and
zonal mean flow at four seasons, whose overall structure indeed suggests the relevance

to the real atmosphere of the neutral state noticed by Lindzen
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8.3 Distributions of the Ertel potential vorticity

Ertel potential vorticity bears very special importance among the quantities which
describe a large-scale baroclinic flow. First, it is a conserved quantity when the
diabatic and frictional effects are negligible. In the interior of the atmospheric large-
scale flow the adiabatic effects and friction can indeed generally be ignored. Second,
its spatial distribution defines the stability of the flow (Charney 1947; Eady 1949;
Charney and Stern 1962; Hoskins 1974; and Hoskins et al 1985). Third, with suitable
boundary conditions and the balance requirement, it contains all the information
which describes the large-scale flow (Hoskins et al 1985).

The isentropic approximation of EPV for the zonal mean flow is simply —g(f +
Ca)g—z. g is the gravity constant, fis the planetary vorticity, § represents the zonal mean
potential temperature, (y is the relative vorticity of the zonal mean flow evaluated
along isentropes and p is the pressure. The distributions of the EPV for the time
and zonal mean flow over the four seasons in the extratropics are plotted in Figure
8-1 to 8-4, together with the corresponding potential temperature distributions. In
terms of the value of EPV and its gradient along isentropic surfaces, the distribution
of potential vorticity over all seasons is characterized by three regions: the surface
layer with small values of EPV but large gradients along isentropic surfaces, the
interior troposphere which extends to the immediate region of the tropopause which
is characterized by vanishing EPV gradients along isentropic surfaces, and the region
immediately below the tropopause (usually defined by the 1.5 PV unit contour) with
high values of EPV and strong EPV gradients along isentropic surfaces.

The simple structure of the EPV distribution is analogous to the mass or momen-
tum distribution of a turbulent flow in which there is no reference rotation. This again
demonstrates that the most fundamental quantity the baroclinic eddies transport is
PV, rather than heat.

In all seasons, {4 is an order of magnitude or more smaller than f. The chief
contributor to the EPV distribution is —gf g—f;. Thus the EPV distribution offers a
straightforward tool with which to look at the lapse rate distribution. The former is
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Figure §-1: Potential vorticity (in standard PV unit (107°m?*s KX ¢™')) and poten-
tial temperature distribution for the seasonally averaged zonal mean flow (Winter)
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tribution for the seasonally averaged zonal mean flow (Summer)
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tribution for the seasonally averaged zonal mean flow (Spring)
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a conserved quantity for an inviscid and adiabatic flow, while the latter has a much
less direct dynamic meaning.

An important feature evident in these maps is that the EPV distribution in the
bulk of the interior region away from the polar region shows no considerable seasonal
change. It would appear that the lack of seasonal change of the lapse rate is associated
with the lack of seasonal change of PV.

In contrast, the surface boundary layer is characterized by profound seasonal
change, particularly the meridional distribution of potential vorticity. In the win-
ter, the surface boundary layer is most distinguishable. There are also considerable
seasonal change in the EPV of the low stratosphere (more clearly seen from data
than the contour maps presented here) and distinguishable seasonal change in the
transitional region from the interior troposphere to the stratosphere, particularly in
the polar region.

In winter, radiative forcing is strongest and so is eddy activity, we therefore focus
on the winter case in the following analyses.

To examine the EPV distributions along the isentropic surfaces more closely, we
plotted the EPV distribution in winter along three representative isentropic surfaces
(Figure 8-5, 8-6 and 8-7)

The first originates in the tropics and intersects the tropopause. The second
one originates from the extratropical surface and also intersects the tropopause be-
fore reaching the pole. The third originates from the surface and passes over the
pole without intersecting the tropopause. The EPV distribution on each surface re-
enforces our impression that it is indeed characterized by the boundary layer and
interior flow structure. Note that on the first surface, the gradient of EPV between
15 and 25 N is clearly much larger than that in between 25N and 45 N, the section
which lies in the interior of the extratropical troposphere. The third surface only has
a surface boundary layer.

In general, the EPV gradient along the isentropes is positive. Though much
smaller, the PV gradient away from the boundary layer section appears distinguish-

able from zero. However, it should be noted that the data points are too sparse to
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Figure 8-5: EPV distribution along the 300 K curve (in standard PV unit)
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say for certain. The horizontal resolution of the data compiled by Oort is 5 degree
latitude and they are available only on the standard pressure levels (ie, in between
300 mb and 800mb, there are only 3 data points). Given the large change from surface
values or tropical values to stratospheric values, low resolution of the data will tend
to exaggerate the gradient. An alternative way to check how significant the EPV
gradient is, is to obtain the temperature and wind distribution which corresponds to
a zero gradient of EPV, and then compare this temperature and wind distribution
with the observed temperature and wind. This is the subject of the following section.

It is emphasized that the EPV distribution presented here is for the monthly mean
and zonally averaged flow. The stability of the time mean flow is defined by the PV
of the time mean flow. The stability is not defined by the time mean PV. In this
regard, it may be worth noting the difference between the analysis here and that of
Hoskins (1991). In his paper, the global distribution of PV is the zonally and time-
averaged potential vorticity. Different from a passive chemical tracer, the distribution
of potential vorticity also controls the motion which transports it. The eddy activity

is intermittent and varies with longitude. The degree of PV homogenization by eddies
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is expected to vary with time and longitude. Systematic analyses of the geographic
variations of the degree of PV homogenization have not been performed. Morgan cal-
culated the EPV distribution along isentropes which cross the jet maximum. He also
found an almost homogeneous distribution of EPV alone these isentropes (Morgan
1992, personal communication)

The gradient of QGPV for the zonally and time-averaged flow in the extratropical
troposphere has been calculated before by Pfeffer (1981) and Fullmer (1982). Since
the gradient of QGPYV involves the second derivative of the zonal wind, it is uncertain
how large a numerical error was introduced in the calculations. This is reflected by
the disagreement in many details in the results of the two calculations. Nevertheless,
their results also show minimum QGPV gradients in the middle troposphere.

It should be further noted that QG theory is not expected to apply to a global
scale and highly non-linear case. It requires a reference value for both the planetary
vorticity and the vertical stability and therefore is inadequate in addressing the main-
tenance of the mean state, particularly the exchange of potential vorticity between the
tropics and the middle latitudes and between the troposphere and the stratosphere.
The more fundamental quantity than QGPV is the EPV (Hoskins et al 1985), in
which the vertical stability is coupled with the vorticity field. In the remainder of
this Chapter, by PV, we refer to EPV only.

The distribution of PV of the seasonally averaged zonal mean flow shows that
the PV gradient tends to be vanishing along isentropic surfaces in the interior of the
troposphere. Though not conclusive, it is worth investigating what an efficient mix-
ing of PV by baroclinic eddies implies for the connection between the lapse rate in
the extratropical troposphere and the tropical troposphere and the efficiency of the
heat transport from the pole to the equator. A troposphere with constant PV along
isentropic surfaces and a tropopause height determined by Lindzen’s hypothesis is
the limit which the mean flow and eddies can tend to. When the ratio between the
time scale of advection of PV by baroclinic eddies and the time scale of dissipation
approaches zero, the extratropical troposphere is expected to approach this state.

Thus a clear picture of the difference between the temperature and wind distribu-
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tions of the neutral state and the real atmosphere is helpful in evaluating the role of
dissipative processes in the real atmosphere (Schoeberl and Lindzen 1984).

8.4 A troposphere with zero PV gradient along

isentropic surfaces

8.4.1 An approximate calculation

As shown by observations, for the time and zonal mean flow of the extratropical tro-
posphere, the relative vorticity (y is one order of magnitude or more smaller than the
planetary vorticity. Therefore, to first order approximation, the PV is simply —gf g.
This greatly simplifies the calculation as we will see later. However, whether {4 << f
is obviously dependent on the how PV is distributed and what the boundary condi-
tions for the temperature and wind are. When we take an idealized PV distribution
which differs from that observed, this assumption may not be good. But this can be
easily checked once the temperature and wind distributions are obtained under this
assumption.

To illustrate the role of the tropics and the role of the planetary vorticity gradient
in a most elementary setting, we first consider an extratropical troposphere with a

uniform PV, ie. PV is well mixed horizontally as well as vertically.

A troposphere with a uniform PV

If the PV is uniform across the entire extratropical troposphere, then the vertical
lapse rate in the extratropical troposphere is related to the tropical lapse rate simply

by

a9 a6
f-é; = fo(g};)o (8.1)

The subscript 0 denotes the position of the edge of the domain of the Hadley
circulation. We define the tropics here as the domain of the Hadley circulation.
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Equation 8.1 is a first order partial differential equation. Given the surface distri-
bution of potential temperature, the tropical lapse rate and the width of the Hadley
circulation, equation 8.1 determines the distribution of potential temperature in the
entire extratropical troposphere. Note that the tropopause height can be determined
independently in the manner noted by Lindzen (1992). Solving equation 8.1 does not
require knowledge of the position of the tropopause, though the tropopause height is
a function of the solution of equation 8.1.

By equation 8.1, we see that because of the variation of the planetary vorticity {
with latitude, the extratropical troposphere will not have the same lapse rate as the
tropics even in this extreme case for PV mixing.

Once the temperature distribution is determined, the wind may be obtained by
the thermal wind relationship with the assumption that the surface level wind is
negligible

ou .04

—a-; = Ra—y (8.2)

Solutions to 8.1 and 8.2 with boundary conditions § |,=,,= 8,(y) and U |p=p,= 0
are presented in Figure 8-8. In the calculation, we take p, = 900mb. The tempera-
ture distribution at p, is chosen as the observed distribution for winter. Consistent
with the assumption of a vertically well mixed PV, we assumed that the potential
temperature distribution at the edge of the Hadley circulation is linear with pressure.
We further take g% as the mean value of that observed between 900 mb and 300 mb at
30 N, the extent of the observed Hadley circulation in winter. The observed vertical
distribution of potential temperature over the tropics is indeed very close to linear
with pressure. The model troposphere is assumed to end at a specified tropopause
height. The tropopause level is assumed to be 200 mb at 30 N and decreases linearly
with increasing of latitude to 450 mb at 80 N. For the present purpose, this may be
regarded as an adequate approximation. ( The same tropopause height will be used

in all other calculations)

Compared with the observed temperature distribution, discrepancies are obvious.
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Figure 8-10: Observed zonal mean temperature and wind for the winter season (Con-
tour interval: 10 K for the potential temperature, 6 m/s for the wind)

The slope of the isentropes in the middle and upper troposphere is much steeper than
the observed value (Figure 8-10 presents the observed distribution of zonal mean
temperature and wind for a quick reference). This is due to the increase of { with
latitude (equation 8.1). The figure reminds us again that an efficient transport of PV
is not the same thing as an efficient transport of heat as measured by the meridional
temperature gradient when the planetary vorticity gradient is presented. Note that
the presence of the planetary vorticity gradient limits the impact of the tropics even
in the extreme case for PV mixing, though the 300 K isentrope still extends to 50°.
Figure 8-9 presents the PV distribution corresponding to the temperature and
wind distributions in Figure 8-8, which demonstrates that the wind contribution to

the PV distribution is indeed small.

Nevertheless, unlike circulations in the tropics where rigorous vertical mixing oc-
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curs due to moist convection, extratropical circulations are quasi-horizontal and trans-
port PV primarily along isentropic surfaces. We next consider a troposphere, in which
PV is constant only along isentropic surfaces. The cross isentrope PV distribution
can be non-uniform. By comparing the distribution of temperature and wind of such
a case with the uniform PV case we just presented, we will also have an opportunity
to isolate the role of the effective cross isentropic mixing due to the local diabatic

processes.

A troposphere with constant PV along isentropes

Note that for any quantity F, we have

oF. OF. 86,89 0F
(g'y—)e = (5;)1’ - 5;(5;) B

v

(8.3)

y = ag, a is the radius of the Earth, ¢ represents the latitude, and § and p represent
the potential temperature and pressure respectively. The subscripts represent the
surface along which the derivative of F is evaluated.

Thus the gradient of P, = —gf —g—s along isentropic surfaces can be written

OP., _df o8 9% 06,06 096

~g! ==t f— - - 8.4
71 dy ) dy9p ' dyop By 3;9) Op Op (84)
If P, is constant along isentropic surfaces, we may re-arrange 8.4
9 % 1df
(%= L 8.5

Integrating from the surface level p, to the level p, we have a first order partial

differential equation which determines 8

f——(——'————(P—Pa))gz; =0 (8.6)

P,, = —gf (%3 ., which is the potential vorticity distribution at the surface level. Note

that relative vorticity is ignored. Since the PV is constant along isentropic surfaces,

147



P,, is the distribution of PV across the isentropes originating from the surface level.
8, is the potential temperature distribution at the pressure level p,.

Compared with equation 8.1, equation 8.6 has one more parameter P,,. It is also
a first order partial differential equation. Thus for a given f,, P., and a potential
temperature distribution at the edge of the Hadley cell, Equation 8.6 gives the tem-
perature distribution in the entire extratropical troposphere. The zonal mean wind

may then be estimated by the thermal wind relationship

5 =*5 (8.7)

with the assumption that U|,_, =0.

A numerical solution to equation 8.6 and 8.7 is presented in Figure 8-11. In solving
equation 8.6, we treated equation 8.6 as a typical transport equation with a varying
coefficient (or velocity). Therefore the isentropic curves are just the characteristic
lines of equation 8.6. The details of the numerical procedure are presented in Ap-
pendix I. In the calculation, we take p, = 900mb. 8, and P,, are taken from the
observed values for the winter. The temperature distribution at the tropical side is
assumed to be linear with pressure. The value for % is taken as the mean observed
value between 900mb and 300 mb at 30N. This gives a vertically well mixed PV when
wind shear can be ignored. The solution is assumed to extend to a specified height
which represents the tropopause level.

The exact PV distribution corresponding to the temperature and wind distribu-
tions in Figure 8-11 is presented in Figure 8-12. Presented also in Figure 8-12 is the
PV distribution when the contribution from the relative vorticity is ignored. The
difference between the two is indeed small. The temperature and wind presented in
Figure 8-11 is the exact solution we get if we invert the PV distribution given in the
lower portion of Figure 8-12 with the requirement of thermal wind balance. One may
still wonder if the small difference can lead to a considerable difference to the balanced
mass and momentum distribution. When the mass and momentum are balanced and

PV is positive, both the wind and the temperature are related to the PV through an
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elliptic operator. Based on the smoothing property of the elliptic operator, we do not
expect the small-scale structure appearing in Figure 8-12 will lead to any considerable
difference in temperature and wind distribution. We will address this issue in a more
rigorous manner in the following section. The major goal of this section is to gain
a picture of the temperature and wind distributions when PV is approximately well
mixed along isentropic surfaces and in this sense this section is self contained.

By comparing the solution with observations, one can say that this idealized so-
lution indeed defines much of the observed distribution, though some discrepancy
exists near the tropopause level, particularly at the jet region where there usually
exists a break of the tropopause. The model atmosphere is colder near the jet region.
This feature is reminiscent of the feature observed in connection with penetrative
convection. When a layer of fluid with a stable stratification is heated from below,

penetrative convection develops and the density (or potential temperature if the fluid
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is air) tends to be well mixed within the convective region. However, the convective
region is usually capped by an inversion. The fluid in the convective region is colder
than the fluid immediately above. In the atmosphere, such an inversion cannot be
expected to be observed, not only because of the presence of small scale mixing, but
also because of the presence of radiation. Asis well known, the time scale of radiative
heating or cooling is dependent on the spatial scale of the temperature distribution
(Goody and Yung 1989). A sharp jump in temperature renders the radiative cooling
as effective as the dynamic transport. Thus the potential vorticity is not expected to
be well mixed in the immediate region near the tropopause and a transition region is
expected there.

Accompanying a colder upper troposphere near the jet region, the jet is also
much stronger than that observed. The isentropes originating from the tropics have a
slightly larger slope than observed. The tropical impact is still limited by the increase
of f with latitude. The meridional extent of the isentropes originating from the tropics
is slightly larger than the uniform PV case.

The good agreement with observations in the overall structure suggests that ad-
vection by quasi-adiabatic eddies is the dominant process in transporting PV and
determining the temperature distribution in the extratropical troposphere. The much
better agreement with observations compared with the uniform PV case shows the im-
portance of the meridional variation of the surface conditions in creating the nonuni-
formity in the cross isentrope PV distribution. This non-uniformity also provides the
means for diabatic processes such as latent heat release to generate gradients of PV

along isentropic surfaces. Note that small scale moist processes tend to homogenize

PV vertically.

The implicit role of the stratosphere

So far as the wind contribution to the PV expression can be ignored, it seems that
the temperature distribution can be determined without the need to know where
the troposphere ends and the thermal and wind conditions in the stratosphere. In

the two cases investigated above, ignoring the relative vorticity in the PV expression

151



appears to be a good approximation. However, it is emphasized that this does not
necessarily mean that there is no role for stratospheric PV in affecting the tropospheric
temperature. Intrusion of stratospheric air will affect the mean PV budget of the
troposphere and generate gradients along isentropes against the mixing affects of
eddies. We will explore these issues later. Next we quantify the seemingly small
effect of wind in affecting the PV distribution. A more subtle role of the stratosphere

in affecting tropospheric wind comes to light.

8.4.2 A more accurate calculation

So far we have ignored the contribution to the PV distribution from the relative vor-
ticity of the zonal wind in calculating the temperature distribution. In the following,
we obtain the distributions of temperature and wind simultaneously by inverting a

given PV distribution under the requirement that mass and momentum are balanced.

PV expression and balance equations

In the potential temperature- latitude coordinate (6§ — ¢), the PV and the balance

equations may be written

9
P =—g(f+ cg)gz—, (8.8)
U = —% (8.9)
oM

II») = 55 (8.10)

R
in which f = 2Qsing, [1(p) = cP(p/po)#, M = ¢, T+ @. pis the pressure, po = 1000
mb, f is the planetary vorticity, T is the temperature, [](p) is the Exner function, &
is the geopotential and M is the Montgomery potential. ¢, and R4 are the specific

heat and specific gas constants for dry air respectively. U denotes the zonal wind
)

acosg

and (g = — Ucos¢, which is the relative vorticity of the zonal mean flow. Using
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equation 8.9 and 8.10, equation 8.8 can be re-written as

*M 2 aMH’Q ¢P 0*M
367  sin2d 0 asing— g

+ (2Qasing)? =0 (8.11)

in which R = —H = c: 4 (%—)—‘%. Thus equation 8.11 is non-linear. To emphasize

this, we re-write the equation in the following form:

32M 2 OM P Po - OM RI_B M

862 sin2g 09 + 200’ sin "5—’_‘:” (6™ Be

+ (2Qasing)®* =0 (8.12)
Equation 8.12 is a second order elliptic equation for a positive PV distribution.

An ill-posed problem

To follow closely calculations presented above, we may wish to choose the surface
boundary conditions as a fixed potential temperature distribution and zero wind,

and to leave the upper boundary open. In terms of M, the boundary conditions are

M=0 at 8=08,(p,, ¢)
oM

S5 = 1®) ot 0="0.(p,9) (8.13)

in which p, is the surface level pressure. Notice that with a non-zero gradient of po-
tential temperature, the lower surface defined by a constant pressure appears in the (8
—¢) plane as a curve whose shape is related to the exact distribution of surface temper-
ature. Equation 8.12 with boundary condition 8.13 constitutes an ill-posed problem
in the following sense. The solution exists, and is unique, but is not continuously de-
pendent on the surface temperature distribution (Garabedian 1964). Physically, this
is related to the fact that adjustment between the mass and momentum distribution
is mutual. Suppose a perturbation is introduced into the potential temperature dis-
tribution at the surface level after a state which satisfies equation 8.12 is established,
the subsequent adjustment to a new balanced state will involve changes of both tem-

perature and wind. Fixing both of them at a line is physically impossible. As is
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well known for elliptic type equations, the boundary in general needs to be closed.
Therefore, we must supply an upper boundary condition and lateral boundary con-
ditions at the polar and the tropical extremities. This also suggests that the role of
the stratosphere will have to be taken into account when the wind is also a variable

to be solved for.

The effect of the zonal wind

To estimate the error introduced by ignoring the relative vorticity of the zonal wind,
we need to quantify the differences between the balanced mass and momentum (tem-
perature and wind) distributions corresponding to the two PV distributions presented
in Figure 8-12. The balanced temperature and wind distribution corresponding to the
PV distribution in the low portion of Figure 8-12 is just the one in Figure 8-11. What
we need is to obtain the balanced temperature and wind distribution corresponding
to the PV distribution presented in the upper portion of Figure 8-12.

To invert the PV distribution presented in the upper portion of Figure 8-12,
we need four boundary conditions. To compare with the approximate calculation
presented above, we demand that the vertical distribution of wind at 80 N, the vertical
distribution of potential temperature at the tropical boundary, and the meridional
distributions of potential temperature at the lower and at the upper boundary are
the same as those in the approximate calculation.

In mathematical terms, these boundary conditions are:

Lower and upper boundary conditions

oM
50 l6=6.(p0d)= H(P:)- (8.14)
oM
T lo=64(p0:)= 1] (Pt) (8.15)

p, and p; are the pressures which define the vertical domain. p, and p; represent
the lower boundary pressure and the upper boundary pressure respectively. They can

vary with latitude. 4, and 6, are the potential temperature distributions at the lower
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and upper boundary respectively. They are in general functions of latitude.

Right and left lateral boundary conditions

M |g=¢.= M,(6) (8.16)

M |g=p,= Ui(6) (8.17)

M, is the Montgomery potential at the tropical boundary. For a given vertical
distribution of temperature and a reference value, it is uniquely determined. U; is the
wind at the polar boundary.

Equation 8.12 with the boundary conditions 8.14 , 8.15, 8.16 and 8.17 can be solved
based on the traditional non-linear overrelaxation methods (Ames, 1969). Numerical
techniques to force the solution to satisfy the lower and the upper boundary conditions
are given in detail in Appendix II. The numerical method can be directly applied to
study the structure of an axially symmetric baroclinic vortex. To expand to three
dimensional flow is also straightforward. The advartage of this inversion for a given
PV distribution in potential temperature coordinates is threefold: first , it does not
require the coordinate transformation such as is needed in semi-geostrophic theory;
secondly, it does not involve any approximation in the expression of PV; finally, it can
be used to study the momentum and mass distributions as a function of PV gradient
along isentropic surfaces, which directly connects the instability of the balanced flow
(either the balanced flow is zonal mean flow or a synoptic-scale vortex). Its application
to the diagnostics of storm structure requires a separate study.

When the upper boundary is not a surface of constant pressure, the numerical
difficulty is greater. For our present purpose, which is to check whether the small
differences in the two PV distributions in Figure 8-12 will lead to considerable dif-
ferences in the corresponding balanced temperature and wind distributions, it is not
necessary to choose a sloping upper boundary. Note that the approximate calculation
does not require knowledge of the position of the tropopause. Instead assuming that

the solution to equations 8.6 and 8.7 extends to a region such as shown in Figure
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8-12, we can assume that the solution extends to the 200 mb level at all latitudes.
We then solve equation 8.12 over a region which is slightly higher than the region of
interest. For any given potential temperature distribution at the 200 mb level, there
will be a corresponding temperature distribution at the sloping tropopause.

By solving equation 8.12 with the boundary conditions, we obtain the distribution
of M as a function of latitude and pressure. We then use the balance equations 8.9
and 8.10 to obtain the pressure and wind distributions as functions of latitude and
potential temperature. Finally, we obtain potential temperature and wind distribu-
tions in the pressure and latitude coordinates. The balanced temperature and wind
distributions corresponding to the PV distribution in the upper potion of Figure 8-12
are presented in Figure 8-13. The tropopause pressure is again specified as a linear
function of latitude. In the calculation, we chose a higher vertical domain, which is
bounded by a constant pressure surface (200 mb). Figure 8-13 only shows the sec-
tion below the sloping tropopause, which is what we are interested in. Recall that
the present purpose is to estimate the error introduced in obtaining the tropospheric
temperature and wind by ignoring the relative vorticity in the PV expression.

We see that both the temperature and wind are quite similar to the approximate
solution obtained assuming contribution to the potential vorticity distribution by
the zonal wind is ignored. In fact there is no distinguishable difference between
the temperatures. Weak (no larger than 2 m/s) eastlies occur at surface level at
high latitudes. The surface wind turns out to be very sensitive to the temperature
distribution at the tropopause, as we will show shortly.

For a solution with u; set to zero, no significant change occurs (Figure 8-14).

Tropopause temperature and surface level wind

Figure 8-15 and 8-16 show how the wind distribution is sensitive to the temperature
distribution at the tropopause . The cross isentrope PV distributions for Figures 8-15
and 8-16 are the same. The boundary conditions to obtain Figure 8-15 are also the
same as in obtaining Figure 8-14 except a slightly different temperature distribution

at the upper boundary is used, which leads to a slightly different distribution at the
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Figure 8-13: Balanced potential temperature and wind. Upper: potential tempera-
ture: lower: wind. Contour interval: 10 K for the potential temperature and 6 m/s
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the specified tropopause level. Figure 8-16 shows the temperature distributions at
the specified tropopause level which correspond to those obtained in 8-14 (solid line)
and 8-15 (Dashedline).

Note how a slight difference in the temperature structure can greatly affect the
wind distribution. Clearly, the solution presented in Figure 8-16 is unlikely realizable
in nature, at least not as a steady state. Note that surface wind over the bulk of the
extratropics is strong easterly, and there is no way to satisfy the global momentum
budget when surface friction is considered. On the one hand, this example demon-
strates how the extratropical climate cannot be accurately determined unless it is put
into a global context and how inappropriate an inviscid model such as Charney’ model,
Eady’s model or Phillips’ two layer model is. On the other Hand, since wind distribu-
tion is so sensitive to a small change in the temperature structure, the requirement
for the global momentum balance has no practical impact in determining the temper-
ature structure. This offers some justification for using the energy balance models so
far as the temperature is concerned. The physical reason for the negligible effect of
wind distribution on the temperature distribution is that over planetary scales, the
relative vorticity is more than one order smaller than the planetary vorticity. This
is obviously dependent on the magnitude of the wind, and more fundamentally on
the meridional temperature gradient. For a much larger pole to equator temperature
difference, the wind effect may not be negligible. That the relative vorticity is much
smaller than the planetary vorticity is equivalent to %;Q << (%1:-)2 Ad is the pole to
equator temperature difference, 8, is the mean tropospheric potential temperature,
Q is the angular velocity of the earth and a is the earth’s radius. Cp = (gHo)%, g is
the gravity constant and Hp is the tropopause height.

Note that once the temperature distribution at the tropopause level is fixed, the
role of the stratospheric PV and its gradient in affecting the tropospheric temperature
and wind is implicitly taken into account. A fixed tropopause temperature gradient
in the meridional direction is equivalent to an infinite gradient of PV (Bretherton,
1966). In addition, with the temperature distribution at the tropopause fixed, the

perturbation of temperature induced by a PV anomaly in the stratosphere must
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be zero at the tropopause. Mathematically, the situation can be accounted for by
introducing a PV anomaly with the opposite sign in the troposphere. Thus with the
tropopause temperature distribution fixed, any change in stratospheric conditions will

be instantaneously reflected in the troposphere.

8.4.3 Important factors in determining the extratropical

climate

In the above section, we have shown what a neutral extratropical troposphere may
look like. Note that the tropopause height can be determined in the manner of Lindzen
(1992). This state is the limit that the baroclinic eddies and their background flow can
equilibrate to. We have shown that even in this limit, the temperature and wind are
dependent on a number of parameters, among which are the position of the edge of the
Hadley circulation, the tropical lapse rate, surface level temperature distribution and
the PV distribution across the isentropes originating from the extratropical surface
(we use Py,q, to represent it). Details in surface temperature distribution will not
be properly addressed without considering the ocean. Maintenance of the tropical
lapse rate has been discussed in Chapter 5. Here we briefly discuss the width of the
Hadley circulation and the PV distribution across the isentropes originating from the

extratropical surface (P,,).

The width of the Hadley circulation

The global circulation has been traditionally divided into two regions: the Hadley
circulation and the baroclinic eddy regime. This division is supported by observation
as well as theory. Schneider(1977), and Held and Hou (1980) demonstrated that a
zonally symmetric, eddy-free circulation driven by differential heating on a sphere is
indeed confined to the equatorial region. Held and Hou (1980) were also able to cal-
culate precisely the width by observing the heat conservation within the symmetrical
circulation, which was termed by ¢ equal area argument ’. However, with the presence

of eddies, the ¢ equal area argument ’ cannot apply to determine the width of the
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Hadley circulation any more because there is heat flux carried poleward by eddies.
However, an important property of the Hadley circulation is the creation of a
potential vorticity gradient. In the inviscid limit, it generates an infinite gradient
at its edge (Held and Hou 1980, Hou and Lindzen 1991). With the presence of
the vertical mixing by cumulus convection, the wind is much weaker and the ability
of the Hadley circulation to generate potential vorticity gradient is much weaker.
Nevertheless, this property is opposite to what baroclinic eddies do. In principle, the
separation line between the Hadley circulation regime and baroclinic eddy regime can
be determined if we can parameterize the creation and destruction of the PV gradient
along isentropic surfaces by the two different processes. This of course requires a

separate study.

PV distribution across the isentropic surfaces originating from the extra-

tropical ground

Clearly, P,,, is related to the dynamics of the surface boundary layer where diabatic
processes and viscosity cannot be assumed negligiblein the generation and destruction
of PV compared with the advective effect of PV by the large-scale eddies. Note that
the thermal boundary layer and the viscous boundary layer may not have the same
height, particularly when the low atmosphere is convectively unstable and surface
heat flux is associated with convection.

Perhaps to say P,., is completely determined by the surface boundary layer dy-
namics is unfair to the stratosphere. The potential vorticity there may affect the
value of PV in the interior. There are some observations which have suggested some
specific ways by which the stratospheric potential vorticity can be mixed into the tro-
posphere (Hoskins 1991 ; Shapiro 1980). So far as we have understood it, the essence
of baroclinic instability is the interaction between anomalies of PV aloft with
perturbations at surface level. The unstable baroclinic waves necessarily advect PV
down-gradient.

To study the matter of the exact distribution of P,., is also beyond our present
purpose. This issue is related to the global balance of potential vorticity, whose
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understanding is far behind the understanding of the global energy balance and the
global momentum balance, at least conceptually (Hoskins 1991). In the following
section, we investigate the sensitivity of the extratropical zonal mean temperature
and wind distribution to changes in these seemingly important factors which have

been highlighted in the above section.

8.5 Sensitivity to changes in the tropics and in
the cross isentrope PV distribution

The sensitivity studies in this section are again restricted to the extreme case of PV
mixing: PV is constant along isentropic surfaces. We use the same procedures as
presented in Section 8.4.2 to obtain the temperature and balanced wind distribu-
tions. We first solve 8.6 and 8.7 to obtain the temperature distribution at the upper
boundary (200 mb) and the vertical distribution of wind at 80 N, which will be used
as two of the four boundary conditions (equation 8.14, 8.15, 8.16 and 8.17) to invert
the PV (equation 8.12) to obtain the balanced temperature and wind distribution.

Sensitivity to the vertical distribution of PV /lapse rate in the tropics

We first examine the sensitivity of the temperature and wind to the vertical distri-
bution of PV at the tropical boundary. When wind shear is small, PV is mainly
determined by the lapse rate. Figure 8-17 and 8-18 show the potential temperature
and the balanced wind distributions for two cases corresponding to different vertical
distributions of PV at the tropical boundary. Figure 8-19 shows the distribution of
PV. In one case, the PV at the tropical side boundary is assumed to be well mixed
with height, and in the other case it is assumed to increase slightly with height. In
both cases, the surface temperature distribution is the same. The PV distribution
across the isentropic surfaces originating at the extratropical ground are assumed to
increase linearly with latitude to the value of 1 PV unit at 80 N. We see that a slight

change affects both the temperature and wind significantly. The slope of those isen-
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Figure 8-17: Sensitivity of temperature distribution in the extratropical troposphere
to the vertical distribution of PV at the tropical boundary (Contour interval: 10 K)

tropes which originate from the tropics has a smaller value in the case of constant PV
at the tropical boundary. This suggests that the more vigorous the tropical convec-
tion in mixing the potential vorticity vertically, the more impact the tropical region
has on the extratropics. The magnitude and the width of the jet are approximately

the same, but there are considerable differences in the detailed spatial distribution of

the wind.

Sensitivity to the position of the tropical boundary

By position of the tropical boundary, we mean the division line between the eddy
regime and the regime of the Ha.dley} circulation. For simplicity, we assumed that the
thermal structure within the domain of the Hadley circulation can be characterized
by a fixed surface temperature and a constant g% (the moist adiabatic assumption
may be more appropriate, but the difference beiween them is small). The pole to
equator temperature difference is assumed to be fixed and the surface temperature
distribution outside of the tropics is assumed to be linear with latitude. We also

assume that the tropopause height is a linear function of latitude. Furthermore,
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Figure 8-18: Sensitivity of wind distribution in the extratropical troposphere to the
vertical distribution of PV at the tropical boundary (Contour interval: 5 m/s)
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Figure 8-19: PV distributions corresponding to the temperature and wind distribu-
tions in Figure 8-17 and Figure 8-18 (in standard PV unit)
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we assume that P,,, increases linearly from the value at the poleward edge of the
Hadley circulation to 1.0 PV units at 80 N. These assumption may restrict artificially
the freedom of the extratropical climate to respond to changes in the width of the
tropical boundary. These issues cannot be addressed adequately without considering
the ocean and the dynamics of the surface boundary layer. Under these assumptions,
the change of the position of the poleward edge of the Hadley circulation affects
extratropical temperature and wind by changing the PV value along the isentropic
surfaces originating from the tropics, and by changing the meridional distribution of
surface temperature and P,,,. The sensitivity of the extratropical temperature and
wind to the position of the tropical side boundary is shown by Figure 8-20 and Figure
8-21. From Figure 8-20, we see that the difference again is limited to the troposphere
of the lower middle latitudes and the upper troposphere of the middle latitudes. For
a smaller width of the domain of the Hadley circulation, the PV to be mixed into
the middle latitudes along the isentropes originating from the domain of the Hadley
circulation is smaller. Consequently, the vertical stability becomes smaller in the the
region where the isentropes originating from the tropics pass through. In addition,
there are also noticeable differences in the balanced wind distribution.

It should be noted that in the above calculations, we emphasize the transport
of PV by adiabatic processes (transport along isentropic surfaces) and assumed no
cross isentrope transport. In the real world, radiative transfer and the latent heat
release associated with the precipitation processes are not negligible in the thermal
energy budget of the zonal mean flow (Liou, 1979), and therefore they may also be
considerable in the PV budget. As we have already mentioned, the cross isentrope
transport of PV will extend the influence of the tropics throughout the troposphere in
the middle latitudes. Thus, we may expect that with the diabatic processes included,
the extratropical tropospheric temperature and wind may exhibit a greater degree of

sensitivity to changes in the tropical circulations.
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Sensitivity to the meridional distribution of P,

Figure 8-22 and 8-23 show the dependence of temperature and wind on FP,,,. Figure 8-
94 shows the two meridional distributions of P,,, which correspond to the temperature
and wind distributions presented in Figures 8-22 and 8-23 (The solid line is for the
temperature and wind distribution presented in the upper portion of Figures 8-22 and
8-23, and the dashed-line is for the lower portion). The PV value on each isentropic
surface originating from the tropics is assumed to be uniform and the same in the
two cases. Though the larger the PV, the larger the vertical stability, it is interesting
to note that the affect on the vertical stability is not local because of the efficient
transport of PV along isentropic surfaces. The jet structures in the two figures are
almost the same, which shows that the jet is ma.ixﬂy determined by the PV distribution
on the isentropes originating from the tropics. Figures 8-22 and 8-23 also show
that the meridional distribution of P,,, also affects the slopes of those isentropes
originating from the tropics. It appears that the larger the meridional gradient of
P,.,, the higher the latitude to which an isentrope originating from the tropics can
penetrate before it reaches the tropopause, though the dependence of the slope of the

isentropes originating from the tropics on the meridional distribution of Pyes is not

strong.

8.6 Sensitivity to PV gradients along isentropic
surfaces

The gradient of PV along isentropic surfaces is an effective measure of how efficient
the baroclinic eddies are in mixing PV. In this section, we quantify the dependence
of temperature and wind in the extratropics on the gradient of PV along isentropic
surfaces. The diabatic effects associated with latent heat release, radiation, and the
intrusion of stratospheric air will tend to generate PV gradients along isentropic
surfaces. Strong meridional variations of PV are present in the surface level as well as

in the stratosphere. Diabatic processes tend to diffuse the gradient into the interior of
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details,

the troposphere through effective verticé.l mixing. Thus to quantify the dependence
of the tropospheric temperature and wind distributions on the PV gradient along
isentropic surfaces is an effective way to estimate the stratospheric influence and the
diabatic effect associated with latent heat release.

We employ the same procedure as in Section 4. First, we solve equation 8.4 and
equation 8.7 to obtain the temperature at the upper boundary and the wind at 80
N. Using this temperature and wind as the upper boundary condition and the polar
boundary condition respectively for solving equation 8.12, we obtain the balanced
mass and momentum distributions. To simplify equation 8.4 with a non-zero gradient

of PV, we shall assume the gradient of PV can be written in the following form

(%5)’ = —ga(y)gg (8.18)

a(y) corresponds to the QGPV gradient. When g% can be replaced by a reference
value, « is exactly the gradient of QGPV (Charney and Stern 1962).
With this constraint, equationg 4 can be simplified to
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in which B(y) = &£, the planetary vorticity gradient.

Potential temperature and the balanced wind distributions corresponding to
a(y) = B(y) are presented in Figure 8-25. The PV distribution is shown in Fig-
ure 8-26. Compared with the case with zero gradient, the isentropic slope is smaller
and the tropopause temperature is warmer. The maximum wind is also smaller. So
far as the slope of those isentropic surfaces originating from the tropics is concerned,
the presence of the PV gradient actually helps more heat to be transported to high
latitudes. Note that this is not to say the presence of the planetary vorticity gradient
makes the equator to the pole heat transport more efficient. As we have already seen
in section 3, it is precisely the increase of planetary vorticity that causes the slope of

the isentropic surfaces to increase with latitude when there is no PV gradient along

isentropic surfaces.

The major difference from the case with zero gradient occurs at the jet region,
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which suggests the importance of the presence of a positive gradient of PV there for
a warmer upper troposphere.

Potential temperature and the balanced wind distributions corresponding to
a(y) = 20(y) are presented in Figure 8-27. The PV distribution is shown in Fig-

ure 8-28. The slopes of the isentropic surfaces are still smaller as is the strength of

the jet.

8.7 Discussion and summary

In this chapter, we have studied the zonal mean temperature and wind distributions
in the extratropical troposphere as functions of the PV distribution, particularly the
PV gradient along isentropes. We have paid particular attention to the case with
zero-gradient of PV along isentropic surfaces. We have highlighted the impact of
the tropics, the presence of the planetary vorticity gradient, the relative importance
of large-scale advection and local diabatic processes, the importance of the surface
boundary layer, the role of stratospheric PV ard its gradient, and the requirement

for global momentum balance.
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We first calculated the PV distribution of the seasonally averaged zonal mean
flow in the extratropical troposphere. We noticed that the distribution of PV over
the four seasons is characterized by the “ interior flow and boundary layer ” structure.
In the interior of the troposphere, the gradient of PV along isentropes tends to vanish.
We also noticed that relative vorticity of the zonal mean flow is an order of magni-
tude or more smaller than the planetary vorticity. To a very good approximation,
PV = —gf -g—:. The distribution of the lapse rate in the extratropical troposphere is
straightforwardly related to the distribution of PV. The key step in understanding
the maintenance of the lapse rate is likely to be the investigation of the PV budget
in the extratropical troposphere.

We have further obtained the temperature and wind distribution for a troposphere
with well mixed PV along isentropic surfaces. For a surface temperature distribution
and a tropical lapse rate as observed, the troposphere corresponding to well mixed
PV along isentropic surfaces is considerably colder near the jet region than that
observed. The jet is also stronger. However, the general features are very similar to
those observed, including the width of the jet.

We have also shown how the presence of the planetary vorticity gradient limits the
penetration of the tropical impact to the extra-tropical troposphere. In Section 8.4.1,
we have shown that the extratropical tropospheric lapse rate will not be exactly the
same as the tropical tropospheric lapse rate even when the PV in the extratropical
troposphere is well mixed both vertically and horizontally. When the PV is only
well mixed along isentropic surfaces, the slope of isentropes increases with height
due to the increase of the planetary vorticity with latitude (equation 8.6 and Figure
8-11), and the penetration of the tropical impact is also found to be dependent on
the PV distribution across isentropes originating from the extratropical surface. A
larger meridional gradient in the cross isentrope PV distribution helps the penetration
of the isentropes originating from the tropics to higher latitudes before they reach
the tropopause. By comparing the temperature and wind distribution corresponding
to a uniform PV with the case in which PV is only constant along isentropes, we

highlighted the relative importance of the local diabatic processes versus the adiabatic
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advection along isentropic surfaces.

Though the presence of a planetary vorticity gradient limits the tropical impact
on the extratropical temperature and wind distribution, the isentropes originating
from the tropics still reach the upper troposphere of the middle latitudes due to
the relatively slow variation of the planetary vorticity. In the limit of efficient PV
mixing along isentropic surfaces, both the temperature and wind distributions are
sensitive to the vertical distribution of PV (or lapse rate) at the edge of the Hadley
circulation. Vertically well mixed PV within the domain of the Hadley circulation
helps the penetration of tropical impact to the extratropics. The temperature and
wind in the extratropical troposphere are also dependent on the position of the Hadley
cell. We have also noted that the effective cross isentrope transport of PV due to
diabatic effects will further expand the tropical influence.

In the context of balanced dynamics, we have examined the mutual dependence
between temperature, wind and PV, and have highlighted the role of stratospheric
PV and its gradient. We have found that the tropospheric wind distribution is very
sensitive to changes in the tropopause temperature distribution. Though the temper-
ature and wind distributions are mutually dependent on each other and they cannot
be accurately determined without reference to the global momentum balance, the
meridional wind distribution has negligible effects on the temperature structure ex-
cept it may play a vital role in determining the tropopause height in the manner
noted by Lindzen (1992), namely, the width of the jet limits the horizontal scale of
the unstable baroclinic eddies.

Finally, we have quantified the dependence of temperature and wind distributions
on the gradient of PV along isentropic surfaces. The purpose was to estimate the role
of the intrusion of stratospheric air into the troposphere and the effects of the diabatic
processes associated with latent heat release in maintaining the tropospheric temper-
ature and wind distributions. We have found that the larger the PV gradient along
isentropic surfaces, the smaller the slope of the isentropic surfaces and the smaller the
pole-to-equator temperature difference as measured in the middle troposphere, and

by the strength of the jet.
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It should be noted that the lapse rate in the extratropical troposphere is a function
of both the surface temperature distribution and the temperature of the tropics. This
dependence can be determined by applying the radiative constraint (ie. the require-
ment for the global energy balance). Therefore, results from the present sensitivity
studies with a fixed surface temperature distribution have their obvious limitations.
Nevertheless, this study sheds light on the relationship between the temperature and
wind distributions and the distribution of potential vorticity, and on the roles of some
important processes in the maintenance of extratropical climate, namely the impact
of the tropics, the transport of PV along and across isentropes, the surface boundary
layer, the potential role of stratospheric PV and its gradient ,and the requirement for

the global momentum balance.
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Chapter 9

Conclusions

9.1 Summary of important findings

We set out to investigate the nature of water vapor feedback in the C'O; induced
warming, particularly the dependence of water vapor on the temperature. We realized
that the thermo-dynamic processes described by the Clausius-Clapeyron equation
could not be the only processes which determine the tropospheric water vapor content.
We conjectured that the thermal structure and moisture structure may be mutually
dependent on each other in a more subtle way. The results of our investigation indeed
suggest that the free tropospheric water vapor may be more related to CAPE which
is a function of the entire vertical structure of temperature than to the local value of
temperature.

In the radiative-convective equilibrium, we first provided an interactive picture
for the maintenance of the vertical thermal structure of the tropical troposphere. We
demonstrated the importance of the radiation fields and the boundary layer in main-
taining the overall thermal structure of the tropical troposphere. We then provided a
simple framework to explain the mean vertical structure of water vapor as well as its
meridional variations. We showed the dominant role of the evaporation of hydrom-
eteors transported to the upper troposphere in moistening the large-scale subsiding
flow. Based on observations and theoretical reasoning, a leading parameter which de-

termines the number of hydrometeors transported through deep convective updrafts
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appears to be the CAPE of the large-scale environment (Williams et al 1992). This
suggests that the water vapor content of the tropical tropospheric air is crucially de-
pendent on the entire vertical structure of the tropical tropospheric temperature, not
just the local temperature alone.

In trying to explain the lapse rate difference between the last glaciation and the
present day, we found that only an increase of water vapor content in the middle
and upper troposphere can lead to a deepening of the lapse rate in the lower half
troposphere. This was based on the assumption that the vertical structure of the
average convective mass flux is not subject to change. Not surprisingly, the deepening
of the lapse rate is accompanied by an increase of CAPE, which was suspected to
be responsible for the increase of the water vapor content in the middle and upper
troposphere. The deepening of the lépse rate during the last glaciation suggests that
the water vapor content in the free troposphere is more dependent on the vertical
structufe of temperé.ture than its local value (with reépect to height). This result
further suggests that the water vapor feedback in CO, induced warming may be
contrary to what has been predicted by GCMs. We further estimated the feedback
factor in the context of one-D radiative convective equilibrium calculations. We found
that the feedback of the lapse rate has the same sign as the water vapor feedback
and is as effective as water vapor feedback in reducing the tropical climate sensitivity
to radiative perturbations. We stressed that results from the present analyses should
be viewed cautiously since the observations about the current climate do not support
the idea that the tropical tropospheric temperature can deviate considerably from a
moist adiabatic profile.

Alternative efforts at explaining the mountain snow line record were discussed.
When SST is assumed to have decreased by 2 K instead of the best estimate 1 K,
it is also possible to explain the mountain snowline record under the moist adiabatic
assumption.

- Motivated by Lindzen’s recent discovery of the connection between the extra-
tropical tropopause height and the neutrality of the extratropical troposphere, we

investigated the maintenance of the extratropical tropospheric temperature and wind
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from the point view of the transport of PV by baroclinic eddies. We are particularly
interested in whether the assumption of zero gradient of PV along isentropes in the
troposphere is compatible with observations, and the implications of this assumption
to the extent that it is compatible with observations. We noticed that the PV distribu-
tion of the zonal mean extratropical troposphere is well characterized by “ boundary
layer and interior flow ” structure. We studied the zonal mean distribution of temper-
ature and wind as a function of PV gradient along isentropic surfaces. In particular,
we examined the difference and similarity between the observed troposphere and the
troposphere with zero-gradient along isentropic surfaces. We further showed the im-
plications of the efficient PV mixing along isentropic surfaces for the tropical impact
on the extratropical tropospheric temperature and wind. We found that the trop-
ical impact is significantly limited by the presence of the gradient of the planetary
vorticity even in the extreme case of PV mixing. we showed that the extratropical
tropospheﬁc lapse rate will not be exéctly the same as the tropica.l tioposphérié lapse
rate even when the PV in the extratropical troposphere is well mixed both vertically
and horizontally. When the PV is oﬁly well mixed along isentropic surfaces, the slope
of isentropes increases with height due to the increase of the planetary vorticity with
latitude (equation 8.6 and Figure 8-11), and the penetration of the tropical impact
is also found to be dependent on the PV distribution across isentropes originating
from the extratropical ground. We also showed that the extratropical troposphere
cannot be looked at in isolation from the tropics. By examing the mutual dependence
between the temperature and wind distribution, we also suggested that the extrat-
ropical temperature and wind distribution can not be accurately determined without
reference to the global balance of the angular momentum budget. We showed that
the tropospheric wind is very sensitive to changes in the temperature distribution at
the tropopause, which suggests that the stratospheric PV and PV gradient play an
important role in affecting the tropospheric wind distribution. We further estimated
the stratospheric influence by examining the sensitivity of the tropospheric tempera-
ture and wind distribution to changes in the cross isentrope PV distribution as well

as to changes in the PV gradient along isentropic surfaces.
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9.2 Outline of the future research

The strategy of this thesis is to utilize observations and simple conceptual models to
give a simple interpretation to what we have observed and see what the interpretation
implies. The simplicity of the models helps our understanding of the basic physical
processes, but their inadequacy for addressing many details is obvious. Though we
have been closely guided by observational data, there is no guarantee that the details
ignored may not turn out to be important. The role of the present study is also to
reveal and highlight the potentially important details.

We start from our model for the tropical tropospheric thermal structure. The
parametrization of deep convection is based on the idea that convection be treated
as distinguishable elements from their environment. Formulations based on this idea
have intrinsical difficulties in representing adequately all the processes involved in the
interaction of transient convective elements with their environment. For example, the
birth and decay of the convective elements excites gravity waves, which dissipates the
kinetic energy of the more turbulent flow within the convective drafts. This process
is obviously more important to the parametrization of the momentum transport, but
their effect on heat and moisture may not be completely negligible. The simplicity
of our model precludes a close analysis of this issue, though the close agreement
between the model profile and the observed profile suggests that this detail may be
unimportant.

As we have seen in Chapter 2, the tropical convective boundary layer has a very
detailed structure, which is not adequately represented in the present model. An
immediate step to improve our model is to separate the shallow cloud layer from the
dry surface boundary layer and introduce an explicit model for the shallow clouds on
which we now have more observations and better theoretical understanding (Emanuel
1991). This step is also essential to understand and predict more accurately the
relative humidity in the boundary layer.

There is considerable inhomogeneity in the surface level, though the tropical tem-

perature above the boundary layer is characterized by horizontal homogeneity. An-
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other immediate improvement to the present model is to introduce two surface tem-
peratures. One is for the mean, the other represents the surface level temperature of
the air participating into deep convection. This treatment will enhance the ability
of moist convection in delivering heat upward, and thus the improved model may
exhibit less sensitivity to radiative perturbations.

Another important feature of the tropical deep convection is that it is strongly
modulated by diurnal forcing. The diurnal cycle of the tropical deep convection may
has some important impact on the time mean structure of the tropical troposphere.
The present model is able to produce a diurnal cycle by introducing an explicit surface
heat budget and surface heat capacity. It is of interest to compare the time mean
results from a transient model with a steady model like the present one. It is also of
interest to compare the sensitivity of the two models to radiative perturbations.

For the treatment of water vapor, the immediate improvement is to couple it with
the temperature model. Coupling would employ the assumption that the number of
hydrometeors is proportional to the CAPE of the large-scale environment, which can
be explicitly calculated from the temperature structure. In such a context, the cloud
feedback can also be easily incorporated since the cloud amount in the upper tropo-
sphere is just the amount of hydrometeors, which may be assumed to be proportional
to CAPE too.

On the issue of the maintenance of the temperature and wind in the extratropical
troposphere, an immediate interest is to determine the width of the Hadley circulation
in the extreme case of PV mixing by baroclinic eddies. It has been thought that the
baroclinic eddies contribute to a slightly poleward shift of the edge of the Hadley
circulation in its inviscid limit and to a weaker jet (Pfeffer 1981, Hoskins 1983). Our
results show that a neutralized troposphere by baroclinic eddies produced a stronger
jet than observed, which suggests that the much smaller jet strength than the inviscid
limit may be more due to the vertical mixing by cumulus deep convection within the
tropics.

The study presented in Chapter 8 highlights the importance of the boundary

layer structure of a rotational baroclinic flow. A clear understanding of the dynamics
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of an Ekman boundary layer subjected to surface heating or cooling will be vitally
important to an understanding of the distribution of temperature and wind in the
entire troposphere.

As we showed, the strength of the jet is quite sensitive to the PV gradient along
isentropic surfaces. It is of interest to quantify the relationship between the gra-
dient of PV along isentropic surfaces with the frictional parameters. It is also of
interest to study how forced waves deform the tropopause and generate subsequent
secondary instabilities which mix the high PV stratospheric air into the troposphere.
The tropospheric temperature and wind distribution will not be understood without
the understanding of the PV budget of the troposphere (Hoskins 1991). The PV bud-
get of the troposphere appears to be somewhat dependent on the the processes which
are responsible for the exchange of air between the stratosphere and the troposphere.
Such a study may shed considerable light on the formation and maintenance of the

storm tracks and their role in shaping the zonal mean climate.
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Appendix I: A Numerical Scheme

for solving equation 8.6

Equation 8.6 has the form

a6 a6
3 3(%?)3; =0 (.1)

Using one-step backward difference to discrete the derivative of § in both y and p

direction, we have the difference form of equation .1

0i,5) = 6 — 1,3) + C (i, )(0, 5) — 6(5,5 — 1)) (2)

with C(3,7) = S(iyj)%

It is easy to show that the stability criterion of the above scheme is

I C('l,]) lmazimum< 1 (-3)
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Appendix II: A Numerical Scheme

for solving equation 8.12

Equation 8.12 has the form

02U i o
A(ya Z)'g;{“;' _E(»ya Z)E;_+- S(y) z)(%;)‘r%g‘ +

QwAE+Cw)=0 (4

The boundary conditions it is subjected to are

T bem = Ti) (5

oU

E_Izzz;(y) = Ty(y) (-6)
U= = Ui(2) (-7
%Z—.Iy%a = UyO (8)

z = z1(y), 2 = z2(y), y = y1 and y = y; define a closed domain. The domain and
the discrete net work which we use to discretize the domain, the equation .4 and its
boundary conditions are schematically shown in Figure -1.

In general z = z,(y) and z = z;(y) are not orthogonal to the two parallel line
y = y; and ¥y = y,, and may not be straight lines in the y-z plane. In the rectangular
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Pigure -1: The net work used to discretize the elliptic equation and its boundary
conditions.

net work, z = z;(y) and z = z,(y) may be represented by the mesh points closest to
them, including the points which fall right on the boundary curves. These points are
called boundary points and may be further divided into the inner boundary points and
outer boundary points. The inner boundary points are those points which fall inside
the domain and the outer boundary points are those fall just outside the domain.
Other points within the closed domain will be called interior points. We use arrays
J1(?) and J,(7)(i=1,n) to denote the inner boundary points and the points which fall
right on the boundary curves z = 2;(y) and z = z(y). Here we restrict ourselves to
the case in which bothz;(y) and z;(y) decrease monotonically with the increase of y

The equation can be solved by the over relaxation methods. Let “k” denote the
step of iteration, « represent the over relaxation parameter, and the iteration start
from (1,J1(1)), column by column to the point (m, J2(m)).

At the interior points (they are denoted by (i, j)), we have

VHGLG) = [2(405) + b (L
[AG, ) U* (6 + L) + U~ 1,9) +
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SB(i, )0 i+ 1,4) ~ UG~ 1,3)ey +
B(i,7)(U* (3,5 + 1) + v (3,5 — 1))(%)2 +

20U A)(U* 5 + 1) — Ui = D)5 (69)° +
C(4,5)8y"]

Ui i) = UG,d)*" +aV*G,j) (9)

B(i,5) = S(3,7)R(3,7) and R(i,j) are given by

Rlij) = (BTN TOI =y fon i)
(UG + ()52 - UG = 1)

R(i,7) = | o I ofor i=0G)  (10)

At the boundary points, we have

For Jl(m) <j < Jg(m)

Vi(mag) = R(A(m,g) + Blm ) (eI x
[A(m, 5)(2U*(m = 1,5) + 2V (7)8Y) +
E(m, §)Uy(5)6y" +
B(m, )(U(m = 1) + U, 5 + D)) +
£Q(m, )T, + 1) = U*(m, 5 = 1))6ubysa™ +
C(m, 5)8ysy]
U(m, ) = UG, i) +aV¥(i 1) (1)

For j = Ji(m)

Vr(m,j) = [RA(m,5)+Blm, i1 x
[A(m, §)(2U*(m — 1,7) + 2U,0(5)6y) +
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Bm, §)Use()64" +
B(m,i)(U*(m, +1) - T +
Qm, )T (0)55" +
C(m,5)8y’]
U(m,i) = UG5 +aV*(,7) (.12)

For j = Ja(m)

Vi(m,j) = [24(m,5)+ Bm, 5271 x
[A(m, §)(2U*(m ~ 1,5) + 2U0(5)8y) +
B(m, 5)Usa(3)89" +
Bim, (U (myj — 1) + To()62)(2)" +
Q(m, j)To(i)éy" +
C(m, 5)8y’
(i

Um, )t = Uli,5)* +aV*, ) (13)

For j = J2(i) and (J2(3) < J2(i + 1)),

VHG,j) = [2AG,5)+ Bl (EL X
[AG, (UG +1,72(: + 1)) +
Ty(i + 1)(J2(3) = Jo(6 + 1))8z + U*(i — 1,5)) +
SB(i, )0+ 1,530+ 1)) +
Ty(i + 1)(J2(3) — Jos + 1))

§z —U*(i—1,7))6y +

B, )(U¥i,5 = 1) + T(62)(50)" +
QG,5) * Ta(3)(8y)* + C(5,5)(8y)’]

UG,j)* = UG5 +aV*( ) (-14)
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For j = J5(3) and J5(3) > Ja(i + 1) or Jo(3) = Jo(i + 1),

VHG,j) = (240,7) + B i) (T X
(4G, 7)(U* 6 + 1,4) + UG = 1,7) +
LBG (UM 4 1,) - U= L)y +
B, i) (Ui — 1) + (@52 (2 +
Q(i, ) * To(i)(8)* + C(i»5)(6v)’)
UG5 )¢ = UG5 +aV*(3i,5) (.15)

For j = Jy(3) and (J1(2) < J1(i — 1)),

VHG,j) = [24(,9)+ Bl X
[A(5, )V + 1,5) -
Ty(i — 1)((i — 1) — Ji(0))6z +
Uk — 1, 1(i - 1)) +
LB, )(UG+1,9) - (046 = LAG = 1)) -
Ty — 1)(i(i — 1) — Ja(i))62)6y +
B, (U467 +1) - TG +
QG,7) * Tu(3)(8y)* + C (6, 7)(69)’]
UG5 = U@, +aV*G,5) (.16)

For j = Jy(i) and Ji(3) > Ji(i — 1) or Ji(3) = (i - 1),

Vi) = RAG.)+ BT
(AG, )T+ 1,7) + UG- 1,7) +
LB, 3) * (U4 1,3) = U= L))oy +
Bli,5) (UG, + 1) — Tu(52) (L) +
QG,7) * Tu(3)6y* + C(i,7)6%’]
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UG5 = UG, +aV*(i,j) (.17)
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