18.06 Professor A.J. de Jong Exam 1 Solutions March 3, 2003

1 (30 pts.)

(a) (10 pts)
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(b) (20 pts)

(10 pts) Computing R:
1 1 1 =2
U=10 0 1 7
00 0 0

0 0

) 0

7 7
110 =9 0 110 =9 0
—>00170)—>00170)R

(8 pts) Special solutions to Uz = 0:

-1 9
1 0
T, = 0 , Xy = | =7
0 1
0 0
(2 pts) General solutions to Uz = 0:
-1 9
1 0
r=al|l 0 +b| =71,abeR
0 1
0 0



2 (35 pts.)

(a) (25 pts) Find the complete solution to the equation Az = b using the algorithm de-

scribed in class and in the book.

1 00 4 | 2 1 0 0 4 ] 2
1 01 0] 0 0o 01 -4 | =2
(A]b) = -
110 0 | 0 0o 10 —4 | =2
1 2 3 t | s 0 2 3 t—4 | s—2
1 0 0 4 | 2 1 00 4 | 2
o1 0 -4 | =2 o010 -4 | =2
— —
0o 01 -4 | =2 001 -4 | =2
0 0 3 t+4 | s+2 0 0 0 t+16 | s+38
Therefore, when t = —16 and s # —8 there are no solutions.
When t # —16 there is a unique solution:
2 —42%
—24 423
r= s+8
=2+ 4755
s+8
t+16
When t = —16 and s = —8, there are infinitely many solutions:
2—4a
—2+4a
T = , for all a €R.
—2+4a

a



(b) First part (5 pts)

From the previous computation, column vectors of A are linearly independent when

t # —16 (all pivots are nonzero).

When t = —16, column vectors are linearly dependent:
1 0 0 4 0
1 0 1 0 0
4. _ 4. _ 4. —1- —
1 1 0 0 0
1 2 3 S 0

Second part (5 pts)

When s # —8 column vectors are linearly independent. Indeed, after swapping the

last column of A with b, in the computation in (a) all pivots are nonzero.

When s = —8, column vectors are linearly dependent:
1 0 0 4 0
1 0 1 0 0
2 -2 -2 -1 =
1 1 0 0 0
1 2 3 -8 0



3 (35 pts.)

(a) Row operations (15 pts) :

e add 10 times row 2 to row 3

e add 11 times row 3 to row 4

e swap rows 1 and 2

e add 4 times row 4 to row 1

”Why the upper left corner of A is zero” question. (5 pts)

Answer: The upper right corner is zero since otherwise we would never have needed to

swap rows 1 and 2.

(b) (15 pts):

The matrix U corresponds to the upward elimination

The matrix P corresponds to the permutation of the first two rows. So we have

o O = O

o o o =

S = O O

0
1 0
1
0

o o O =

1 -1

_ o O O

4
0
0
1

o O = O

-1

o o O

o o O =

[ = )

. So we get
0 0 —4]
1 0 O
01 0
0 0 1]

T

0
0
0
1

o O = O

o o o =

[ = )

0
0
0
1

The matrix L corresponds the first two elimination steps. So we have

0 0
1 0
10 1
110 11

_ o O O




