18.06 Midterm Exam 1, Spring, 2001

Name Optional Code

Recitation Instructor Email Address

Recitation Time

This midterm is closed book and closed notes. No calculators, laptops, cell phones or other elec-
tronic devices may be used during the exam.

There are 3 problems. Good luck.

1. (20pts.) Find a general formula for the solutions of the following linear system of equations,

-z  +3z9 +2z4 = 1
4z —12x29 +2z3 —4dry = —4
—T7x1 +2lzy +2z3 +18zy = 7

e The augmented matrix is

-1 3 0 21
4 =12 2 —4| -4
-7 21 2 18| 7

The corresponding row reduced matrix is

o O =
o O w
(==l R e
S =N
o O =

If we let x4 = b and z2 = a, then z3 = —2b and ;1 = —1 + 3a + 2b. The general solution thus

takes the form

—1 3 2

0 1 0

X = 0 +a 0 +b 9
0 0 1



11 b
2. (40pts.) Let A= a b b—a
11 0
(a) For a =2 and b =1, find the inverse of A.

(b) For which values of a and b is the matrix A not invertible, i.e. it has less than three

pivots?

(¢) For what values of a and b is the rank of A equal to 3 7 For what values is it equal to

2, equal to 17

(d) For a = b= 2, describe the nullspace of A.

(a) The augmented matrix is

11 11 0 0
21 -1]0 1 0
11 00 0 1
We perform row operations to obtain
1 00 1 -2
01 0(-1 -1 3
0 01 0 -1
The matrix on the right is the inverse of A.
(b) If we do row operations on the matrix
11 b
a b b—a
11 0
we obtain
1 1 b
0 b—a b—a—ab
0 0 —b

There are less than three pivot columns if a = b or b = 0.
(c) tkA=3ifa#£b#£0. tkA=2ifb=00ra=b#£0.tkA=1ifb=a=0.

(d) For a = b= 2 the row reduced matrix is

11 2
00 —4
00 O



Hence, z3 = 0. If we let 29 = a, then 1 = —a. The general solution takes the form



3. (40pts.) Let A= -1 1 0

(a)
(b)

For what vectors b = (by, bo, b3)” does the linear system Ax = b have a solution?

Prove that the column space of A is made up of those vectors (z,y,z)T € R? that satisfy

r+y+z=0.

Prove that the vectors (z,y,2)” € R® that satisfy z 4+ y + z = ¢ form a subspace of R3
if and only if ¢ = 0.

The augmented matrix is

1 0 -1k
1 1 0lb
0 —1 1]bs

Performing row operations we obtain

1 0 -1 by

01 -1 b + by

00 0| by +bs+b3
Hence, the vectors b for which Ax = b has a solution must satisfy b1 + by + b3 = 0.
See part (a).
Suppose that the vectors x € R3, which satisfy z 4+ y + z = ¢ form a subspace. Since 0

must be in that subspace, and 0 4+ 0+ 0 = 0, it follows that ¢ = 0.

Now suppose that ¢ = 0. Since 0+0+0 =0, 0 is in the space. Let x; and x2 be in the

subspace, and let a and b be real numbers. Consider ax; + bxo,
(a1 +bx2) + (ay1 + bys) + (az1 + bze) = alz1+y1 +21) +b(za+y2+22) = a-0+5-0 = 0.

So ax; + bxy is also in the space, and therefore this is a subspace of R3.



