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ABSTRACT

A numerical band-pass filter is used to study the
dynamics of medium frequency (15 to 60-day period) motions
at the 500-mb level in the atmosphere for a 2-year period.
Although the choice of band limits is somewhat arbitrary,
it is shown by spectral analysis of 10 years of data at a
few selected points that this frequency band accounts for
17-29% of the total variance of height, geostrophic wind,
and vorticity at latitude 40N. A diagnostic budget is
calculated for the 9 advection terms representing the con-
tributions to the medium frequency vorticity tendency of
the various non-linear interactions among the low, medium,
and high frequency bands. The largest of these terms re-
presents the advection of medium frequency vorticity by
the low frequency wind. This term shows a mean correlation
with the vorticity tendency of 0.3 in middle latitudes.

High frequency eddy forcing also plays an important role in
the medium frequency vorticity budget. The "divergence" term,
calculated as a residual, shows a consistently large magni-
tude, indicating the importance of non-advective effects for
this frequency band.
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I. Introduction

The purpose of the present study is to use the technique
of numerical filtering to investigate the dynamics of medium
frequency (15 to 60-day period) motions at 500 mb. In parti-
cular, it is desired to examine the degree to which vorticity
changes on this time scale are influenced by the fluxes aris-
ing from the various non-linear interactions among the low,
medium, and high frequency bands of the quasi-geostrophic
motion field.

It is well known that the spectra of atmospheric variables
are essentially continuous, with no clear spectral gaps provid-
ing convenient boundaries for distinguishing between separate
bands. Hence, any splitting of the spectrum into low, medium,
and high frequencies must be rather arbitrary. Nevertheless,
it is possible on the basis of our synoptic experience to make
some qualitative distinctions. The transient cyclones and
anticyclones of the daily weather map, with their characteristic
periods of several days, may be considered representative of
the high frequency band. The anomaly patterns characteristic
of 30-day mean charts may be considered representative of the
medium frequency band. Finally, the slowly evolving seasonal
and annual patterns may be considered representative of the
low frequency band.

These distinctions are quite subjective, however. -In
order to assign particular cut-off periods to the boundaries

of our medium frequency band, we must be more objective.



Clearly, we would like to eliminate transient synoptic-scale
motions on the high-frequency end. Present daily forecasting
procedures show positive skill at a range of at least 5 days,
and Lorenz (1973) has shown that marginal predictability of
daily patterns is likely to exist up to a range of 12 days.
Beyond 15 days, such detailed predictability is unlikely to ex-
ist, however. Hence, a 15-day cut-off for the high-~frequency
end of the medium frequency band appears to be clearly beyond
the range of synoptic-scale variability.

On the other end of the scale, we recognize that extended
"forecasting using mean circulation methods has shown positive,
if meager, skill at forecasting 30-day patterns (Namias, 1953).
Although seasonal (90-day) patterns may be closely related to
30-day patterns (indeed, a marginal degree of skill has been
shown [Namias, 1964] iﬁ seasonal forecasting methods based on
an extension of 30-day techniques), they may also be classed
with the annual variations which we would definitely prefer to
exclude from the medium frequency band. Thus, a cut-off period
of 60 days appears reasonable, if somewhat less firmly based
than our high-frequency cut-off.

In order to test whether there are indeed motions of inter-
est within the 15 to 60-day period range, we may use spectral
analysis to measure the variance distributions of height, geo-
strophic wind, and vorticity. If it appears that there is in-
deed sufficient variance within our chosen band to justify fur-

ther consideration, we may proceed with the filtering process



to obtain more information about the dynamics of such motions.
Since the medium frequency motions to be considered are gener-
ally of large scale and we shall be specifically interested
in those of middle latitudes, we may use the quasi-geostrophic
vorticity equation for this purpose. The methods and results
of the analysis will be discussed in section III, after a
consideration of the background of the filtering problem in

section II.



II. General aspects of filtering

A. Filtering and spectral analysis

Atmospheric motions are composed of many different scales,
both in space and in time. Numerical filtering provides a
method of isolating particular scales of these motions for de-
tailed study. Thus, filtering is a complement of spectral
analysis, which is a tool for decomposing a given field into
its components of various space and time scales.

Spectral analysis is based upon the fact that any contin-
_uous function which is bounded on a finite domain may be repre-
sented by a series of orthogonal functions. In meteorology,
we are concerned with functions of the form f(x,y,z,t) where
X, Yy, and z represent spatial distances and t represents time.
If f is now expanded in terms of a series of orthogonal func-
tions, each term in the series represents a particular scale
of the variation of the field of £, and the square of the
coefficient of the term represents a measure of the magnitude
of that variation. The set of such squares of coefficients is
called the spectrum of f£. Spectral analysis has been found to
be particularly useful in general circulation studies, in which
such methods have been used to determine the spatial scales of
motion which are most important in maintaining the time-aver-
aged state of the atmosphere. Spectral studies are also sig-
nificant in the problem of atmospheric predictability. Lorenz

(1969), for example, has shown that the shape of the spectrum



is important in determining the rate at which the "error ener-
gy" from imperfectly known smaller spatial scales of motion
will contaminate a prediction of the larger scales.

The most general spatial representation of the atmospheric
variables would be in terms of spherical harmonics. The amount
of calculation required to represent a substantial collection
of atmospheric data in terms of spherical harmonics is rather
large, but such calculationshave been carried out by Eliasen
and Machenhauer (1965, 1969) and Deland (1965).

Since the larger scales of atmospheric motions tend to pro-
pagate more or less parallel to latitude circles, it has often
been found convenient to express the dependent variables in
terms of a Fourier series expansion in which longitude A is the
independent variable:

[}

£(2) = & F(k)

k==

eikk (1)
The wavenumber k represents the number of waves of wavelength

2m1/k which are contained in a latitude circle of length 2m.

The derivation of the kinetic energy equations in the wavenumber
domain was first presented by Saltzman (1957). Since that time
numerous studies have used this formulation to investigate the
atmospheric energy cycle. The most extensive such studies are
those of Saltzman and Fleisher (1962), Saltzman and Teweles (1964),
Horn and Bryson (1963), Julian et al. (1970), Wiin-Nielsen et

al. (1964), Wiin-Nielsen (1967), and Yang (1967). These
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investigations have shown that the spectrum of zonal velocity
is characterized by a monotonic decrease with wavenumber,
whereas the spectrum of meridional velocity shows a peak for
cyclonic-scale motions (wavenumbers 4 to 6). Both spectra are
approximately proportional to the -3 power of wavenumber in the
range of wavenumbers larger than 8.

An equation analogous to (1) may be written using non-

dimensionalized time t as the independent variable:

[}

£(t) = I F(n) e2mint (2)
n=-o
Here n is the frequency of motions of period 1/n occurring in
the normalized time interval 0 to 1. Despite the formal anal-
ogy, however, frequency spectra are fundamentally different in
nature from wavenumber spectra. This difference arises from
the fact that there is no maximum period which may exist, where-
as the finite size of the earth imposes a limit on wavelength.
Spectral studies in the frequency domain have been far

less numerous than those in the wavenumber domain. The most
notable of these are the studies of Van der Hoven (1957), Oort
and Taylor (1969), Kao and Bullock (1964), and Kao (1965). The
kinetic energy spectra in the frequency domain have been found
to be similar to those in the wavenumber domain, except that
the spectrum of meridional velocity fails to show a peak for
cyclonic-scale motions (Julian, 1971). Furthermore, the expon-

ent in the power-law relationship for high frequencies (greater



than 1/(5 days)) is estimated to be around -2, as opposed to

-3.

11
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B. Principles of filtering

Although spectral analysis provides a useful method for
determining the statistics of atmospheric motions, an investi-
gation of the detailed dynamics of these motions using spectral
decomposition can become computationally prohibitive if the
number of wavenumbers or frequencies considered is at all large.
This occurs because the non-linearity of the equations of motion
introduces numerous cross-product terms when two Fourier series
are multiplied together. The number of cross-products, or in-
teraction terms, can become unmanageable unless some form of
truncation of the series is used.

A filter is simply a systematic method of truncating the
Fourier series representation of a function. As an example,
we may consider the representation in the frequency domain
given by (2). In practice, if the value of f is known at a
finite number of times 2N, then the maximum non-dimensional
frequency which can be resolved by the data is N, which is
called the Nyquist frequency. (If t is dimensionalized by
multiplying by T = 2NAt, then n must be divided by T, and the
dimensional Nyquist frequency becomes N/ (2NAt) = 1/(2At), where
At is the dimensional time interval between data values.)
Hence, (2) becomes

N
f£(t) = ¢ F(n) e

= 1" =°

A perfect filter would have the property of selecting only

2rint _ 2rint (3)

!
™
e
~~
2
®
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a certain range of frequencies in (3), while completely elim-

inating others. Thus, we may define the ideal filter ( )L

so that
L

f(t)L = | |Zo F(n) e
n| =

2rint

(4)

where L is some frequency less than N. This filter is called

a low-pass filter since it preserves only those frequencies
lower than the cut-off frequency L. The response function R(n)
may be defined for each frequency n as the ratio of the Four-
ier coefficient F(n) of the filtered series to that of the cor-
responding term of the unfiltered series. Clearly, in this
case

R(n) l for all n £ L

0 for all n >1L.

R(n)

We may now define a new low-pass (or medium-pass) filter

( )Mz

2rint (5j

T =

where L<M<N. If we subtract (4) from (5), we obtain

M .
£, (6) = F(n) e2Tint (6)

b
|n|=L+l

The operator ( )M is called a band-pass filter, since it pre-

serves those frequencies in the band from (L+1) to M. Finally,
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we may subtract (5) from the original series (3) to obtain

N .
2mint (7)

fH(t) = F(n) e

z
|n|=M+l

The operator ( is a high-pass filter, since it selects

Yy

those frequencies higher than M. Now, we may write
f£(t) = fL(t) + fM(t) + fH(t) (8)

where fL(t) = f(t)L. The function £ has been separated into
three components, each of which represents a particular fre-
quency band. In later applications, we shall focus particular

attention on the medium frequency component fM'
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C. Numerical techniques
In practice, filtering is accomplished by the use of a

weighting function w(i) applied to the values of the function

f at the discrete points tk, tk+1' . « . so that
m
fitk) = i=Em w(1)f(tk+i) (9)

A commonly used filter is the equally-weighted running mean
over the interval of (2m + 1) values, for which
1

w(i) = m . (10)

The response function R(n) of this filter is approximately

(11)
where T is the interval 2mAt and At = eyl tk is the interval
between successive values of f (Holloway, 1958). This response
function has a rather broad cut-off, and it is even substan-
tially negative for frequencies between 1/T and 2/T. For fre-
quency 3/(2T), the response is -2/(3m)R4-.21. By proper selec-
tion of the weights w(i), however, filters with better response
characteristics may be designed. The response function of the

particular filter to be used in this study will be described

in a later section.
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D. Applications of filtering

The techniques of extended forecasting by mean circula-
tion methods depend heavily on the principle of filtering. A
5-day or 30-day mean contour chart is constructed by applying
an equally weighted running mean to the time series of height
at each grid point on the chart. 1In the case of a 5-day mean,
for example, motions with a period of 5 days are completely
removed, since in the notation of (11), T = 5 days and R = 0
for n = 1/(5 days). Motions of shorter period are considerably
reduced in amplitﬁde, although as noted above there is a nega-
‘tive response for periods 2 1/2 to 5 days, with a maximum neg-
ative response for frequency 3/(2T), or period 3 1/3 days.

Despite the crudeness of the filter, however, mean charts
have been found useful in isolating the anomaly centers which
dominate the circulation pattern for extended periods of time.
These features in turn can be related to the mean temperature
and precipitation patterns, as described, for example, in the
classical papers by Namias (1947, 1953).

Young and Sikdar (1973) used band-pass filters to decom-
pose a series of satellite cloud pictures in the tropical Pa-
cific into three components with periods centered at 4, 6, and
10 days. This procedure allowed the identification of periods
of wavelike activity as opposed to irregular activity. For
the identified periods of regular activity, latitude-time and
longitude-time diagrams were used to determine characteristic

wavelengths and propagation speeds.
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Jenne et al. (1974) used filtering to construct a motion
picture showing the relationship between wave patterns of per-
iods shorter and longer than 15 days. Their movie clearly
shows how the shorter period waves are often steered along by
the larger scale, longer period waves. The longer period waves,
however, are also evolving, both through their own internal
dynamics and through interaction with the shorter period waves.
It is that longer period evolution which provided the impetus
for this study. In order to investigate the dynamics of ex-
tended period fluctuations, the 500-mb height field was decom-
posed into three frequency bands. The procedure used and the

results obtained will be described in the next section.
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IIX. Time-filtered 500-mb flow

A. Data

The basic data for the study consist of a 1l0-year series
of twice-daily Northern Hemisphere 500-mb height analyses pro-
vided by the National Center for Atmospheric Research (NCAR).
The data were interpolated from the 1977-point National Meteor-
ological Center (NMC) grid to a 1009-point latitude-longitude
grid extending from 20N to 90N at intervals of 5 degrees of
latitude and longitude. The period of coverage extends from
December 1, 1962 to December 31, 1972.

In order to obtain a measure of the frequency character-
istics of the data to be studied, power spectra were calculated
using the full period of record for height, u and v components
of the geostrophic wind, and geostrophic vorticity at 6 points
which were widely separated geographically. Then, the selected
filtering function was applied to a 3-year series of height
data. These filtered heights were used to evaluate the terms
of the time-filtered quasi-geostrophic vorticity equation for

the 2-year period from May 20, 1963 through May 19, 1965.
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B. Spectral analysis

It is well known from previous studies that the spectrum
of any atmospheric variable is essentially continuous beyond
a period of one day, with no well-defined spectral gaps. For
this reason, the selection of a cut-off frequency for a filter-
ing function must be rather arbitrary. In fact, it has been
suggested that the choice of 5-day and 30-day periods as the
standard intervals in extended forecasting practice had little
to do with the physical characteristics of the system being
studied. Twice-daily maps over a period of 5 days yield a
divisor of 10, which is obviously a great convenience when the
averaging is done manually, as it was when extended forecasting
procedures were first being developed. The choice of thirty
days as a standard period is probably due largely to the influ-
ence of the calendar. Namias (1953) points out that all nation-
al meteorological services use the month as a standard data re-
porting interval.

Thus, it was considered useful to examine the power spectra
of 500-mb height, geostrophic wind, and geostrophic vorticity
for a selected number of widely separated points. Using the
entire 1l0-year period of record, spectra were computed at each
of the six selected points shown in table 1. The series of
7,368 values for each variable at each point was extended to
8,192 (213) values by using the mean value for that point to
fill in the additional values. This was done in order to take

advantage of the computational efficiency of the fast Fourier
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transform method of spectrum estimation (Cooley and Tukey,
1965). After the Fourier transform of each time series was
obtained, the sum of the squares of the sine and cosine coef-
ficients was calculated for each frequency. This quantity is
equal to the power density, or variance per unit bandwidth
associated with that frequency. In order to improve the sta-
tistical reliability of the spectral estimates, values were
averaged over bands of width 0.1 in units of 1ln frequency.
This split the 4096 raw spectral estimates into a total of 70
bands, with the number of values in each band ranging from 1
for the lowest frequencies to 364 for the highest frequencies.
The resulting spectra were smoothed by applying a 3-point run-
ning mean to the band averages. This produced a further in-
crease in the number of degrees of freedom of the spectral es-
timates. The smoothed power densities were nofmalized by
dividing each value by the total variance for the complete
spectrum. The normalized values were multiplied by frequency
and plotted as a function of 1ln frequency in figures 1 - 18.
As Oort and Taylor (1969) point out, this is an equal area
plot, since, denoting power density by P, total variance by V,

and frequency by n,

ln n, n, .
V = S P.n d4(ln n) = f° P dn (12)
In n, n,
- The total height variance, shown in table 1, ranges from

1544 m2 in the tropics to 32,694 m2 over the central Pacific.
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There is also considerable variation with longitude; the value
of 9141 m2 over central Asia is much lower than the central
Pacific value at the same latitude. It is tempting to ascribe
this longitudinal variation to differences in the circulation
regimes imposed by oceans and continents. Caution must be used
in this connection, however, since the large variance found
over the central Pacific may be due at least partly to sparse-
ness of data in the original analyses, rather than a true
physical effect. In any case, the results are consistent with
those of Lahey et al. (1958), which show that the month-by-
.month standard deviations of height based on 8 years of daily
data are generally larger‘over the Pacific than over the con-
tinents.‘

The annual cycle is large at all of the points; it is
largest over Asia (58.3% of total variance before smoothing)
and smallest in the tropics (10.3% of total Variance). The
arctic point shows a distinct semi-annual peak (2.2% of total
variance), much larger than that shown by any other point. A
significant amount of variance is found in the medium frequency
range associated with periods from 15 to 60 days. After remov-
ing the variance associated with the annual cycle, the percent
of total variance accounted for by this band ranges from 22.8
over North America to 36.9 at 80N (table 2).

Many investigators have found that the spectra of atmos-
pheric variables obey a power law of the form P = anb where

P is power density, n is in the range of large wavenumber
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(greater than about 8) or high frequency (greater than about
1/(5 days), and a and b are empirically determined constants.
In general, a and b vary according to the particular type of
spectrum being considered. For the kinetic energy spectrum
in the wavenumber domain, turbulence theory (Charney, 1971)
suggests a value of -3 for b, and this has been supported by
the observational results (Horn and Bryson [1963], Wiin-Niel-
sen [1967], and Julian et al. [1970]). For frequency spectra,
no such theory exists, but some attempts at the empirical
determination of b have been made. Kao (1965) found a power-
law relationship for the range of frequencies from 1/(5 days)
to 3/(4 days). Kao and Wendell (1970) made a rough estimate
of b without specifying the particular range to which it
applied. Chiu (1973) considered the slope in the range from
1/(17 days) to 1/(2 days).

All of the present height spectra (figures 1 - 6) show a
decrease of power with frequency in the high frequency range
which is indicative of such a power-law relationship. To in-
vestigate this question, 1ln power was plotted as a function of
1n frequency. An example of such a plot is shown in figure 19.
Least squares analysis was used to fit regression lines in the
range of 1ln frequency from 6.8 (period 4.6 days) through 8.2
(period 1.1 days). The slopes obtained range from -1.66 in the
tropics to -3.16 over North America (table 3). The goodness of
fit was estimated by calculating correlation coefficients for

each set of values. These ranged from -.965 to -.997.
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Spectra were also computed for the zonal (u) and meridional
(v) components of the geostrophic wind for the same six points
(25N, 180E was substituted for point 5, since 20N was the bound-
ary of the data region). These are shown in figures 7 - 12,
using the same plotting system as was used for the height spec-
tra. The Pacific point, which had the maximum total height
variance, also had the maximum u variance and nearly the maxi-
mum v variance (table 1). The lowest total variances for u and
v both occurred over Asia. Most points had greater u variance
than v variance, although North America and the Arctic were
both exceptions. BAll of the u spectra showed a much smaller
annual cycle than the height spectra, except over the tropics.
The v spectra in turn showed a consistently smaller annual cycle
than the u spectra. The v spectra showed more relative power
at higher frequencies than the u spectra, except for point 6
(80N), where there was little difference in the basic shape of
the two spectra. The u spectra in turn showed larger relative
power than the height spectra at medium and high frequencies,
except for point 5 (25N).

In general, all of the wind spectra showed a decrease in
power with increasing frequency. This "red noise" character-
istic was also noted by Chiu (1973) and Julian (1971). The
apparent maxima near ln frequency = 7.0 (period approximately
4 days) on several of the v spectra should not be taken as an
indication of a true spectral peak. Rather, they result from

the particular method of analysis which has been used. When
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the spectra are plotted as a function of linear frequency,
these peaks are absent. The spectra for North America (40N,
100W) compare closely with Julian's v spectrum for Columbia,
Mo. (39N, 92W) and Chiu's u and v spectra for Denver, Colo.
(40N, 105W). It should be noted that Chiu's tentative indi-
cation of a possible peak in the v spectrum near a period of
5 days is not supported by the present results. Indeed, the
variance of point 2 is monotonically decreasing over the entire
range from a period of 11.2 days all the way to the Nyquist
period of 1.0 days, except for the apparent effects of alias-
'ing which produce a slight increase for the last value.

In order to examine the spectral shape for high frequen-
cies, 1ln power was plotted as a function of 1ln frequency (see
figure 20 for an example). Slopes of the regression lines
ranged from -1.68 over fhe tropics to -2.44 over North America
for the u spectra, and from -1.38 over Asia to -2.60 over North
America for the v spectra (table 3). These values may be com-
pared with a value of -2 obtained by Kao (1965) for the spec-
trum based on Lagrangian velocities at 300 mb. Kao and Wendell
(1970) found the slope to range from around -1 in low latitudes
to -2 in high latitudes. Chiu (1973) found a range of slopes
from -3/4 to -6/5 for the u spectra and from -0.58 to -1.13 for
the v spectra. Chiu's estimates covered a much larger range of
frequency, however. His values extended as low as a period of
17 days, but it is clear that there is a definite break in the

slope of the spectra somewhere around 1ln frequency = 6.8 (period
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4.6 days). Thus, Chiu's values represent an average over an
interval including segments with significantly different
slopes.

The wind spectrum provides a picture of the time varia-
tion of velocity at a given point, but it yields no informa-
tion about the spatial structure of that variation. Therefore,
vorticity spectra were computed for the same points, using a
5-point finite difference representation to calculate the La-
placian of the height. These spectra are shown in figures
13 - 18. Once again the largest total variance was found over
the Pacific, with the smallest over Asia (table 1). The vor-
ticity spectrum for each point is generally similar to the
corresponding v spectrum, but there is greater relative power
for shorter periods, especially those less than 3 days, for
which all of the vorticity spectra are larger. For the medium
frequency range (periods 15-60 days), all of the mid-latitude
points show a fraction of total variance less than 20%, although
this percentage becomes 33% for the high and low latitude points.
The shift toward the high frequency end of the spectrum in mid-
dle latitudes is well illustrated by point 1, which shows 33%
of the total variance being accounted for by periods less than
3.4 days. Indeed, 68% of the total variance at point 1l is ac-
counted for by motions with periods less than 15 days. Despite
the general shift toward higher frequencies, however, three of
the vorticity spectra show a larger annual cycle than the

corresponding v spectra.



26

The vorticity spectra are generally characterized by
"red noise", although there is a small relative maximum of
power near the period of 30 days for all of the spectra, ex-
cept at point 4, where this "peak" is found near a period of
41 days. (This is not clear on the plots shown, but it may
be seen on a plot of power density vs. linear frequency.)
There is no indication of such a maximum in the synoptic-
scale region, where all of the spectra are monotonically de-
creasing except for minor fluctuations.

Slopes of the spectra in the high frequency region were
rather consistent, ranging from -0.84 at 25N to -1.51 over
North America (table 3). These values may be compared with
the value of -1 obtained by Steinberg et al. (1971) using 3
months of data in the wavenumber domain. No comparable vor-
ticity spectra for the frequency domain are known to exist in

the literature.
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C. Time\filter

For the points studied, the range of period from 15 to 60
days accounts for about 20 - 40% of the total variance of
height, winds, and vorticity (table 2). Hence, it was decided
that there was sufficient justification to focus further atten-
tion on this medium frequency band. In particular, it was
desired to investigate the degree to which vorticity changes
within the band may be attributable to wave interactions within
the band itself, as opposed to the fluxes arising from various
other interactions within the higher and lower bands, and
between pairs of different bands.

The filter chosen for the calculations was the 17-point
weighting function used by Jenne et al. (1974). The weights
for this function are listed in table 4, and the response
function is depicted in figure 22 for two different cut-off
frequencies. In general, the filter has a half-power point
(amplitude = 1/v2) for a frequency equal to 1/(7.5At), where
At is the time interval between successive data values. The
period 7.5At may be defined as the cut-off period of the filter.
Thus, the cut-off period is 15 days for At = 2 days, and it is
60 days for At = 8 days. We may obtain the 2-day sampling
interval by block-averaging groups of 4 successive twice-daily
maps from the original data set. When the 17-point weighting
function is applied, a 15-day cut-off period results. Similar-
ly, the maps resulting from this medium-pass filter may be

block-averaged again in groups of 4 to obtain an 8-day sampling
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interval, with a 60-day cut-off resulting when the 17-point
weighting function is reapplied. If this filtering process
had perfect response characteristics, the result of the first
filter would be the function —T_M of equation (5) and the re-
sult of the second filter would be —f_L of equation (4). 1In
reality, figure 22 shows that there is not an immediate drop
from response 1 to response 0 at the cut-off period. Thus,

when we calculate the components fL' fM’ and fH :

_,
£, (£) = £(t)
£,(£) = £(t) - £(t) (13)
S
£,(6) = £(£) - £(t)

they will not represent completely independent frequency bands.
Nevertheless, the total field will still be identically equal

to the sum of the components fL' fM' and fH.
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D. Application to vorticity equation
The quasi-geostrophic vorticity equation for frictionless

flow on a mid-latitude beta plane may be written (Holton, 1972):

14 - -
J— — -— L3 s - - K
5T Vg V(;g+f) fov v (14)
. . s 2 =,
where Eg is the geostrophic vorticity V @/fo, Vg is the geo-

strophic velocity ﬁ X V@/fo, f is the Coriolis parameter
2Qsiné, fo is a constant value of £, and s?is the total hori-
zontal velocity. Since v53; = 0, we may write (14) in flux
form:

or -~ -
EEE = -v.vg(cg+f) - £ V-V (15)

Introducing the approximation f = fo + By, we obtain

- -
W& = -V (Vg ) - By - £V-V (16)
In order to evaluate this equation for Cyr the medium frequency
component of Cg, we must consider the effect of filtering on

the non-linear first term on the right. Let us examine the

simple prototype non-linear equation

_g%_ = BC o
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Resolving A, B, and C into high (H), medium (M), and low (L)

frequency components, we obtain:

9 _
3¢ By * Ay * Ap) = (ByCy + ByCy + ByCy)

+ (BMCH + ByCy + BMCL)
+ (BLCH + BLCM + BLCL) (18)
— M
Applying the medium-pass filter ( )
BAM °A — M — M — M
L _
5t v 3E - Bt BeCw t BCp
—_—M — M — M
+ BMCH + BMCM + BMCL
— M - M — M
+ BLCH + BLCM + BLCL (19)
— L

Applying the low-pass filter ( ) and subtracting,

9By
3T - (BHCH)M+ (B,C,,),, + (B

H™'M HCL)M

+ (BMC + (B,C\,), + (BMC

H)M M™™M'M L)M

+

(BLCH)M + (BLCM)M + (BLCL)M | (20)

— M -— L

where (BHCH)M = ByCy - BHCH , etc.

|
o]
O
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The terms along the diagonal from upper left to lower
right in (20) represent contributions to aAM/at arising from
non-linear interactions within each of the three frequency
bands, whereas the off-diagonal terms represent the contri-
butions arising from non-linear interactions between pairs of
different frequency bands. It is important to note in this
connection that terms such as ;;EQM are not equal to zero,
since the filter operator (;_—5M does not have the same effect
as a simple averaging operator. To illustrate this point, we
may apply the Fourier representations (6) and (7):

N

B.C, = ( L bn e
In| =M+1

Zﬂint) ( ? c e2ﬂimt) (21)
Jm| =L+1 m

The resultant series contains terms of the form d2e2n12t

where 1 £ |2} S N + M. Thus,

— M M
B..C = I d
L

e2ﬂi£t
H™™
J2f=1

3 # 0 (22)

For a simple example in which there is no separation of

scales, let
(L) (M) (H)

B = b,cos t + Db

1 2cos 2t + b3cos 3t

(23)

C = c,cos t + c,Ccos 2t + C3C0s 3t
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Then

BHCM = b3cos 3t'czcos 2t

k cos 3t-cos 2t (24)

1

where k = b3c2.

Now,

—_M M

-k -
BHCM =3 [cos (3t+2t) + cos(3t-2t)]

; cos t #0 (25)

Thus, every possible pair of non-linear interactions may
potentially contribute to BAM/St. The extent to which they
‘do, however, will depend to some extent on the width of the
frequency bands used. If L<<M, then (BHCL)M may be small,
since (M + 1 - L), which is the lowest frequency arising from
such an interaction, will be close to M, and thus there will
be few interaction terﬁs contributing to (BHCL)M. Unless their
magnitudes are large, the resultant contribution to the ten-
dency BAM/at will be small. When the interaction is between
adjacent bands, on the other hand, the full range of frequen-
cies is possible, unless there is a distinct spectral gap be-
tween the bands.

Returning now to the vorticity equation (16), we may apply

the general result (20) to obtain the time-filtered vorticity

equation:

£
L
\

—
= =0 (Fp)py = Vo (P )y = Ve (F

HH'M HM'M HL)M

QL
ot



33

-9

o~ -
- V- (F - V- (F

Mu M iy VT By dy
- - —
=V Frgdy -V Frydy =V Frply
=
- By~ £, (V°V), (26)
- - -

Here FIJ denotes the flux VICJ’ where V. represents the I

I
-
frequency band of Vg and;J represents the J frequency band of

Cg' (The V-operator is distributive over the time filter be-

cause of the linear character of the weighting function (9).)

As indicated in connection with (20), the terms —V'(E;;)M

(denoted simply as II) represent the effect on the vorticity
tendency BQM/at of interactions within the band I. The term
v -
=V (Fyg)y
up the scale from the high frequency eddies. This effect is

(denoted HH){ for example, represents the transfer

analogous to the role of eddy forcing in driving the general
circulation. The term -V-(ﬁ;;)M (denoted MM) represents the
effects of self-advection of the medium frequency eddies. 1In
other words, this contribution to the vorticity tendency arises
from the advection of the medium frequency vorticity field by

-—>
the medium frequency wind itself. Finally, -V.(F__)  (denoted

LL'M
LL) represents a cascade down the scale from lower frequency
motions. This term will make a significant contribution to
the medium frequency band only through those frequencies L

which are close to the cut-off frequency separating the two

bands.
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-y -—>
The terms -V- (F (denoted HL) and -V- (F_.).. (denoted

HL)M LH'M
LH), representing interactions between low and high frequen-
cies, should be relatively small, since L = 1/4M for the pre-
sent filter. (This is because the cut-off frequency L is
1/(60 days), whereas the cut-off frequency M is 1/(15 days).)
Thus, frequencies less than 3/4 M will not arise from these
interactions.

The other four flux terms (LM, ML, MH, HM) represent
interactions of the medium frequency band with each of the
other two bands. The term LM may be visualized as the effect
of advection of the medium frequency eddies by the larger scale
low frequency wind. If the total flow were to consist of a
medium frequency eddy pattern superimposed upon a constant

~ basic current, then this would be the only advection term. On
the oﬁher hand, if the low frequency field possesses spatial
structure, then it may be advected by the medium frequency wind,
thus contributing to the term ML.

The term MH represents a contribution to the medium fre-
quency vorticity tendency arising from the advection of high
frequency vorticity by the médium frequency wind. If there
were a complete separation of scales, then this advection would
affect only the high frequency tendency. Finally, the HM term
arises from interaction of the high frequency wind with the
structure of the medium frequency vorticity field.

The term -BVM represents the advection of earth vorticity

and should be of the same order of magnitude as agm/at. The
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divergence term depends on the non-geostrophic component of
velocity and must therefore be found as a residual from all of
the other terms if direct wind observations are not available.
The filter process outlined in Section C was applied to
3 years of twice-daily 500-mb height analyses extending from
December 1, 1962 to November 30, 1965 to yield the low-fre-
quency (HL), medium-frequency (HM) and high-frequency (HH)
components of the height field. Geostrophic winds (u and v
components) were then calculated from each filtered height
field using centered finite differences extending over 10 de-
grees of latitude and longitude. Vorticities were calculated
from the height field using the 5-point finite difference form
of the Laplacian operator. These winds and vorticities were
then used to calculate terms in the time-filtered quasi-geo-
strophic vorticity equation (26) using the finite difference
scheme in figure 23. The spatial derivatives were evaluated
as follows: Using the height (h) values shown, u, v, and g
were calculated at the points 1, 2, 3, and 4. (The subscript
g denoting geostrophic quantities will be omitted here for
simplicity.) The components (FX, Fy) of the flux were calcu-

lated at the four points:

Fx

n

ug
(27)

F
Y

Ve

Then the derivatives an/ax and aFy/By were obtained at the
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intermediate points and averaged in pairs to obtain a value of
-
D = V- (Vg) (28)

at the center of the grid square. In order to provide spatial
consistency between this calculation of the flux terms and the
calculation of BQM/St, the vorticity tendency was evaluated at
the four corner points and averaged to provide a value at the
center of the square. A centered time difference with At = 4

days was used to calculate the tendency.
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E. Results

The high, medium, and low frequency components of vorti-
city for the point 40N, 100W are shown in figure 24 for a 6-
month period. The characteristic frequencies and amplitudes
of the three components are clearly evident from the figure.
The much larger amplitude of the high frequency component is
quite consistent with the distribution of variance indicated
by the spectrum for that point (low 7.9%, medium 15.1%, high
78% of total).

A longitude-time diagram of BcM/at along latitude 42 1/2N
is shown in figure 25. The period covered extends from Febru-
ary 25, 1963 to February 14, 1964, with maps spaced at 2-day
intervals. Considerable coherence in both space and time is
shown in the figure. There is a definite tendency for a banded
structure sloping toward the east with increasing time, indica-
tive of an eastward propagating wave. Some of these patterns
are remarkably persistent; the area of positive values which
is centered near 20E on 3-29 can be followed eastward contin-
uously all the way until it crosses longitude 0 and reappears
at the left side of the diagram around 5-10. At this point,
it joins with another positive area to the east which continues
propagating eastward fully two-thirds of the way around the
hemisphere again.

A significant region of apparent westward propagation
begins around 8-10 and continues to 9-23, an interval of 44

days. This was the only such persistent westward propagating
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feature, although shorter periods of westward propagation could
be identified.

A total of 10 persistent areas of eastward propagation
were identified for the purpose of estimating their propaga-
tion speed. The time intervals considered ranged upward from
18 days, although most were longer than 30 days; the maximum
was 60 days. Speeds ranged from 2.8 to 12.5 deg day—l, with
the mean being 4.7. The speed of westward propagation of the
region described above was 3.9 deg day-l. There was little
indication of a systematic variation in speed or longevity of
propagation. Although the major period of westward propaga-
tion occurred in summer, there were also several periods of
eastward propagation during the same season. In general, fall
showed the least consistent propagation, with only one clearly
identifiable case. It was this region which had the shortest
lifetime (18 days) and the fastest speed (12.5 deg day-l).

These results may be compared with those of Jenne et al.
(1974), who studied the combined low and medium frequency
fields (all periods greater than 15 days). They nqte that the
total low-medium component shows an equal tendency for eastward
and westward propagation. Thus, retrogression must be primar-
ily due to the contribution of the low frequency component of
the flow. On the basis of the present results, it seems fair
to conclude that there is considerable persistence to the pat-

terns of vorticity change associated with motions having per-

iods between 15 and 60 days. In order to shed some light on
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tﬁe dynamics involved in pfoducing such changes, it is neces-
sary to consider the flux terms on the right hand side of (26).
Clearly, a logical place to look for an explanation of
the vorticity tendency pattern would be in the self-advection
of the medium frequency flow field. However, a longitude-time
diagram for the advection of medium frequency vorticity by the
medium frequency wind (-V'(Ez;%ﬂ) in figure 25 shows much less
organized banded structure. There is still some suggestion of
eastward propagating waves in the +ilt of the patterns, but
estimates of the speed of this propagation indicated a range
ffom 1.3 to 1.9 deg day—l, much slower than that of the tenden-
cy patterns. Furthermore, there appears to be no clear rela-
tion between the phase of the flux and tendency patterns. Thus,
.the tendency is not directly dependent on the self-advection of
the médium frequency pattern. Diagrams (not shown) of the other
terms in tbe vorticity budget displayed a similar complexity.
This is especially true for the high frequency eddy forcing
(=7 (F o)

role in the vorticity budget. The general magnitude of many

M), which will be shown later to play a significant

of the flux terms is higher than that of the tendency, indica-
ting that there must be considerable cancellation among them.
Thus, the medium frequency vorticity budget is awaiagnostic,
rather than a prognostic, relation.

In order to obtain a more detailed picture of the complex

relationship among the various terms, they were all plotted as
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a function of time at one particular point (42 1/2N, 97 1/2W)
for a one-year period. This time series is shown in figure 26.
The dominance in amplitude of many of the flux terms (especial-
ly HM, MH, HH, and LM) vs. the tendency is clear from the
figure.

Among the self-advection terms, the high frequency (HH)
interactions generally show the largest amplitude, followed
in order by the medium term (MM) and low term (LL). This im-
plies that the flux of vorticity from the high frequency eddies
into the medium frequency band is often larger than the con-
tfibution from the advection of medium frequency vorticity by
the medium frequency patterns themselves. Thus, any theory
which attempts to explain the dynamics of medium frequency mo-
tions purely on the basis of the medium frequency field would
be ignoring a significant effect. Since the high frequency
motions cannot be predicted in detail on the medium frequency
time scale, the effects of high frequency eddy forcing must
somehow be parameterized in order to construct a prediction
model for the medium frequency band.

The two terms representing interactions between the med-
ium and high frequency bands (MH and HM) often increase and
decrease in amplitude together. For example, they are both
relatively small from 6-19 to 10-5, and then they begin grad-
ually larger oscillations which decrease again after about 11-
30. They both achieve their maximum magnitude around 5-2,

when they are nearly equal and opposite in sign. This tendency
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toward cancellation appears to be often characteristic of the
two terms. For example, they are almost exactly 180° out of
phase from about 12-24 through 1-27.

The low-medium frequency interactions are clearly domin-
ated by the LM term. This js graphically demonstrated by the
"sum" curve representing their total contribution from 8-26
through 11-24. This makes sense physically, since LM repre-
sents the advection of medium frequency vorticity by the low

frequency wind, and we should expect this to be larger than
the interaction of the medium frequency wind with the struc-

ture of the low frequency vorticity field, which is relatively

large scale in the first place. On the other hand, ML is cer-
tainly not trivial compared to the remaining terms; it is con-

sistently larger in magnitude than the beta term, to which it
is closely analogous. The two low-medium terms are often in
phase for extended periods. A striking example of this occurs
from 2-18 all the way through 5-24.

The final set of advection terms represent the effects
of interaction between the high and low frequency bands. As

explained earlier, these terms should be relatively small sim-
ply on the basis of the band limits chosen. This turns out to
be particularly true for HL, which never exceeds an absolute
value of 0.5, but LH manages to achieve a rather respectable
amplitude during the periods 12-28 through 2-10 and 3-15
through 5-24. Here again, we would expect that it should be
more likely that the low frequency winds steer the high fre-

quency eddies, than that the high frequency winds steer the low
frequency eddies. It is interesting to note that the two terms
are véry closely in phase from about 3-5 through 5-24, during

which time the LM and ML terms were also found to be in phase.
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The beta term at a given point is simply a constant
times the v component of velocity. In this case, it is con-
sistently larger in amplitude than the medium frequency vor-
ticity tendency. The two terms are generally opposite in
phase (note that +Bvy is plotted).

The "divergence" term is calculated as a residual from
all the other terms (tendency minus sum of advections and beta
term). Thus, it includes all other physical effects which have
been neglected in our statement of the vorticity equation.
Furthermore, any numerical errors which have been introduced in
the evaluation of the terms in the equation will also be re-
flected in this residual. Clearly, if this term were small, we
could explain the vorticity tendency solely in terms of the
advection balance. This is not the case, however. The impli-
cations of this situation for the medium frequency vorticity
budget will be discussed in the conclusions.

In order to obtain a more general view of the qualitative
conclusions obtained from this particular time series, various
statistics were computed for each point of the grid array for
a two-year period. The mean and standard deviation for each
term in the vorticity budget, as well as its correlation with
the vorticity tendency, were calculated. The mean values were
found to be negligibly small for each term at all gridpoints.
This is to be expected, since by definition the long term mean

of a medium frequency quantity is zero.
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The standard deviations, averaged along latitude circles,
are shown in figure 27. They may be taken as a measure of the
relative amplitudes of the terms. The amplitudes are generally
largest in middle latitudes, although there is a sharp increase
near the pole which is probably a reflection of the neglect of
curvature in the finite-difference scheme. These mean ampli-
tudes tend to confirm the qualitative conclusions drawn from
the time series at an individual point. The high frequency
self-advections are the largest of the single-band interac-
tions, followed by the medium and low frequency terms. This
is an important result, since it shows that high frequency
eddy forcing plays a significant role in the medium frequency
vorticity budget. Among the two-band interactions, the two
low-medium terms are largest, followed by the high-medium and
low-high terms. Comparing the two members of each pair with
each other, we see that the term representing the steering of
the higher frequency vorticity by the lower frequency wind is
larger than the reverse steering in each case (i.e., LM >ML,
MH >HM, LH >HL). The largest individual term is IM, repre-
senting the advection of medium frequency vorticity by the low
frequency wind. This term is considerably larger than the
tendency.

As was the case for the individual time series, the "di-
vergence" term is also considerably larger than the tendency.
The curve marked "total" represents the sum of all of the in-

teraction terms for a six-month period; this is equivalent to
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the medium frequency component of the total geostrophic vorti-
city advection. Its amplitude is roughly four times that of
the tendency. This may be compared with a ratio of about 2
obtained by Clapp (1953) for the advection and tendency calcu-
lated using the barotropic vorticity equation on 5-day mean
charts and a ratio of about 1.3 obtained in the early experi-
ments (Staff Members, 1952) using the equation on twice-daily
synoptic charts. Thus, it appears that as the period of the
motions becomes longer, non-barotropic effects must increas-
ingly compensate for the effects of vorticity advection.

| The standard deviation is a measure of the amplitude of
the flux associated with a given interaction term, but it does
not measure the degree to which this flux is actually related
to the observed vorticity tendency. Therefore, correlation
coefficients were calculated at each gridpoint between the vor-
ticity tendency and each of the terms on the right side of the
vorticity equation. The zonally averaged correlation coeffi-
cients are shown in figure 28. The largest correlation for an
individual term is shown by LH, which achieves a value of 0.3
around 50N. This is closely followed by LM, but LM is statis-
tically a much larger term (standard deviation 2.2 at 50N vs.
0.5 for LH). Therefore, in the long run, LM must make a larger
total contribution to the vorticity tendency.

The only other terms with distinct positive correlations

are MM and ML. These are generally less than 0.1, however.
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The largest negative correlation is found for the beta term,
which is negative at every latitude. This is consistent with
the observed eastward propagation of the medium frequency waves,
since the effect of the beta term is to act in the direction
of retrogression of the wave pattern. Generally negative, but
small, correlations are found for ML and HL. The terms whose
mean correlation coefficients never exceeded 0.1 in absolute
value are not plotted. They include LL, HH, HM, and the
"divergence" term. The fact that HH and the "divergence" are
both relatively large and poorly correlated with the tendency
poses considerable difficulty for any scheme to parameterize
these effects.

For comparison purposes, the total medium frequency vor-
ticity advection (sum oﬁ the 9 interaction terms) was correla-
ted with the medium frequency vorticity tendency for a six-
month period. This correlation, indicated by the "total" curve,
exceeds that of LH south of 35N and from 45N to 57 1/2N,
reaching a maximum value of 0.46.

Also shown is the "unfiltered" correlation, determined
from the unfiltered vorticity advection and unfiltered tendency
for twice-daily charts over a one-year period. The maximum
value of about 0.63 for this relationship is clearly superior
to that for the filtered data, indicating again the decline in
importance of the vorticity advection in determining the ten-
dency for longer period motions. It is interesting to note

that this correlation is very close to the value of 0.69



obtained in some of the early attempts to use the barotropic
vorticity equation as a synoptic forecasting tool (Staff

Members, 1952).

46
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IV. Conclusions
A. Summary

A numerical band-pass filter has been used to study the
vorticity budget of medium frequency motions at the 500-mb
level in the atmosphere. The medium frequency range has been
defined somewhat arbitrarily to include motions with periods
from 15 to 60 days. Nevertheless, this range may be identi-
fied qualitatively with the anomaly patterns typical of 30-
day mean charts. The variance associated with the medium fre-
quency band is about 26% of the total height spectrum at lati-
tude 40N. This percentage is about 29% for the u component of
geostrophic velocity, 23% for the v component, and 17% for the
geostrophic vorticity. A longitude-time diagram at 42 1/2N
indicates an eastward propagation on the order of 4.7 deg day-'l
for the geostrophic vorticity tendency patterns,

The vorticity budget calculations for a two-year period
show that many of the non-linear advection terms are larger in
amplitude than the tendency itself, indicating that there must
be a great deal of cancellation among them. Furthermore, the
"divergence" calculated as a residual from the tendency and ad-
vection terms is rather large, indicating that other processes
which have not been included are also significant. The largest
amplitude interaction term is IM, representing the "steering"
effect of advection of medium frequency vorticity by the low

frequency wind. This term shows a mean correlation with the
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vorticity tendency which is relatively large when compared
with those of other terms, although it reaches a maximum of
only 0.3 in middle latitudes. The LH term, representing the
advection of high frequency vorticity by the low frequency
wind, is also relatively highly correlated with the tendency,
but it shows a much smaller amplitude than IM. The HH term,
representing the self-advection of the high frequency motion
field, has a large amplitude, indicating the importance of the
high frequency eddy forcing in maintaining the medium frequency
vorticity balance. No simple relationship exists between this
eddy forcing and the resulting vorticity tendency, however.

In general, the advection is correlated with the tenden-
cy much less for medium frequency motions than for synoptic-
scale motions. Even for the total medium frequency advection
(sum of all interaction terms), the mean correlation coeffi-
cient at latitude 47 1/2N is 0.44 compared with 0.57 for the
unfiltered advection. This, together with the size of the
"divergence" term suggests that there may be other important
physical processes which have been neglected. Furthermore,
there may also be numerical errors introduced by the filtering
technique.

Considering the numerical techniques first, we see that
the successive filtering used to calculate the 9 individual
interaction terms may be a source of error. However, the total
advection -V~E3E)M calculated directly from unfiltered winds

and vorticities was compared with the sum of the 9 terms
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calculated separately, and it was found that the difference
was generally on the order of a few percent. Thus, it seems
reasonable that the terms as calculated are an accurate repre-
sentation of the relative contributions of each interaction to
the total advection.

Another source of numerical error is the fact that cur-
vature has been neglected in the finite-difference scheme used
to calculate the spatial derivative. This is probably a ser-
ious error close to the pole, as indicated by the large stand-
ard deviations found at very high latitudes, but is probably
not very serious at lower latitudes. Finally, the spatial
differencing introduces another error in the form of smoothing,
which is an additional filtering effect. Insofar as the medium
frequency motions are also of relatively large scale, they
should not be seriously affected, however.

The physical effects which are neglected in the quasi-
geostrophic vorticity equation include vertical advection of
vorticity, non-geostrophic horizontal advection of vorticity,
the twisting term, and friction. These are all included in the
residual we have called "divergence". Non-advective effects
are significant even for synoptic-scale motions; Lorenz (1974),
for example, has found that the barotropic vorticity equation
is less accurate, in the mean-square-error sense, than persis-
tence in the prediction of synoptic-scale vorticity tendency.
The results obtained here suggest that this would be even more

true for the medium frequency range. Thus, while the present
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results indicate the relative roles of various non-linear
interactions in the advection budget, there are additional
factors which must be considered in a full explanation of

the vorticity balance. Because the medium frequency vorticity
tendency is produced by the compensating interaction of a num-
ber of larger amplitude effects, no simple prognostic system
may be used to predict the tendency. Through the use of a
diagnostic system such as the one presented here, however, the

relative magnitude of the various effects may be measured.
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B. Suggestions for future research

In view of the relatively large amount of vorticity var-
iance associated with motions of pefiod less than 15 days, it
would be worthwhile to do a similar vorticity budget calcula-
tion for a differently defined medium frequency band, perhaps
including periods from 5 to 15 days. This period range ac-
counts for 29% of the total vorticity variance at 40N, 100W,
as opposed to 15% for the band studied. Presumably, the total
advection of vorticity should be better correlated with the
tendency for these relatively higher frequency motions, and
the relationship among the various interactions would yield
further insight into the role of advection in medium frequency
motions.

An analysis of the influence of non-advective effects on
the médium frequency vorticity tendency must at the very least
include an estimate of the divergence. This could be done
directly through the use of actual wind observations, or it
could be done indirectly through the use of the omega equation
and equation of continuity. This would require data at more
than one level in order to e&aluate the differential vorticity
advection and 9W/Jdp, as well as knowledge of the heating field,
but it would be more accurate. The use of actuai’winds, on the
other hand, would permit the evaluation of the non-geostrophic

component of horizontal advection.
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Table 1. Summary of spectral calculations

Data interval: December 1, 1962 to December 31, 1972

Location Latitude Longitude Total variance
Height(mz) u(mzsec-z) v(mzsec_z) Vorticity
(10" 10sec™2)

1. Pacific 40N 180E 32,694 164 113 12.0
2. North

America 40N 100W 21,145 63 101 7.9
3. Atlantic 40N 40W 21,786 137 115 11.2
4. Asia 40N 80E 9,141 29 14 2.4
5. Tropics 20N* 180E 1,544 125 34 6.9
6. Arctic 80N 180E 29,837 51 103 6.3

* 25N for wind and vorticity spectra

€S



Table 2.

Variance of medium frequency band

54

Variance 15.1-61.1 days as % of total*

Point

1.

2.

3.
4.
5.
6.

* total less annual for height spectra

Pacific

North
America

Atlantic
Asia
Tropics

Arctic

Height

26.4

22.8
32.3
23.2
31.4
36.9

31.9

26.3

32.4

26.7
17.8

41.0

18.2

24.8
23.8
25.2
24,2
45.8

Vorticity
16.3

15.1
20.3
17.9
33.3

33.0
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Table 3. Spectral shape for high frequencies (periods
less than 4.6 days)
Point Slope of 1n power vs. 1ln frequency regression line
Height u v Vorticity

1. Pacific -2.49 -2.09 -2.32 -1.46
2. North America -3.16 ~-2.44 -2.60 -1.51
3. Atlantic -2.61 -2.19 -2.42 -1.50
4. Asia -2.01 -1.88 -1.38 -0.94
5. Tropics -1.66 -1.68 -1.82 -0.84
6. Arctic -1.86 -2.07 -1.74 -1.46



Table 4. 17-point filter weighting function

Wy = .3200156553
W_q =W, = .2643210644
W_, = Wy = .1343767864
W_g =Wy = .0114831529
W_4 = Wy = -.0458900942
W_g = Wg = =.0377520979
W_e = Weg = =-.0064753717
W_o =W, = .0111929411

Wog = Wg = .0087357913
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FIGURES

1-6. Spectra of 500-mb height variance for points listed in
table 1. Abscissa is 1ln frequency, where frequency is
expressed in units of (4096 days)—l. Ordinate is nor-
malized power x 1000. (Scale on left is 10 times scale
on right.)

7-12. Spectra of u and v components of geostrophic wind.

13-18. Spectra of geostrophic vorticity.

19. ILn power as a function of 1ln frequency for the high

frequency range of the height spectrum at 40N, 100W.

Least squares regression line indicated with slope m.

20. Same as 19, but for u component of geostrophic wind.
21. Same as 19, but for geostrophic vorticity.
22. Amplitude response function of 17-point filter for

data intervals of 2 days (solid) and 9 days (dashed).

Abscissa is linear frequency, labeled as equivalent

period.

23. Finite difference grid used for vorticity budget
calculations.

24, Time series of high, medium, and low frequency com-

ponents of vorticity at 40N, 100W, in units of 10—ssec—l.

(scale for high frequencies is twice that for the other
components.)

25, Longitude-time section along 42 1/2N for medium fre-
quency geostrophic vorticity tendency (left) and self-

advection of medium frequency vorticity (right).
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25. (cont.) Positive values shaded.

26. a. Time series at 42 1/2N, 97 1/2W of advective
components of medium frequency geostrophic vorticity
tendency in units of 10-10 sec-z.

b. Time series at same point of vorticity tendency,
beta term, and "divergence"

27. Zonally averaged values of standard deviation for
vorticity budget terms in units of 10”10 sec—z. (See
text for notation.)

28. Zonally averaged values of correlation coefficient

between vorticity tendency and terms of vorticity

budget. ~ (See text for notation.)
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Finite difference grid for vorticity equation
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VORTICITY TENDENCY Figure 25.
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