An Infinite Loop Space Structure for K-theory of

Bimonoidal Categories
by
Angélica Maria Osorno
B.S., Massachusetts Institute of Technology (2005)

Submitted to the Department of Mathematics
in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

at the

MASSACHUSETTS INSTITUTE OF TECHNOLOGY

June 2010

(© Angélica Maria Osorno, MMX. All rights reserved.

The author hereby grants to MIT permission to reproduce and to distribute publicly
paper and electronic copies of this thesis document in whole or in part in any

Author ..........

Certified by.....

Accepted by

medium now known or hereafter created.

Department of Mathematics
April 26, 2010

Mark Behrens
Assistant Professor of Mathematics
Thesis Supervisor

Bjorn Poonen
Chairman, Department Committee on Graduate Students






An Infinite Loop Space Structure for K-theory of Bimonoidal Categories
by

Anggélica Maria Osorno

Submitted to the Department of Mathematics
on April 26, 2010, in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy

Abstract

In recent work of Baas-Dundas-Richter-Rognes, the authors introduce the notion of the K-
theory of a bimonoidal category R, and show that it is equivalent to the algebraic K-theory
space of the ring spectrum KR. In this thesis we show that (R) is the group completion of
the classifying space of the 2-category Modgr of modules over R, and show that Modg is a
symmetric monoidal 2-category. We explain how to use this symmetric monoidal structure
to produce a I'-(2-category), which gives an infinite loop space structure on C(R). We show
that the equivalence mentioned above is an equivalence of infinite loop spaces.

Thesis Supervisor: Mark Behrens
Title: Assistant Professor of Mathematics






Acknowledgments

There are plenty of people I would like to thank for all their support throughout these years.
This is my attempt to try to acknowledge them. I apologize if I forget someone.

Mark Behrens has been an excellent advisor. He was very generous with his time,
knowledge and advice, as I learned how to be a mathematician. I am particularly grateful
to him for his patience in reading several drafts of my writings, and for his valuable feedback.
I would also like to thanks Haynes Miller for his financial and mathematical support and
for making the topology group as active and nourishing as it is. I have been lucky to
be part of this group, whose members have provided me with productive conversations,
encouragement, advice and a listening audience to my ideas. For this, I am grateful.

I am indebted to Nora Ganter for taking me under her wing and telling me about her
work on 2-representations, which is what got me started in my current project. I also had
productive conversations with Chris Schommer-Pries, whose knowledge about 2-categories
proved useful for the work presented in this thesis. Peter May’s remarks were helpful when
it came to naming conventions. Thank you, José Goémez, for listening to me and reading
all my writings, and for being a source of encouragement. I would like to thank Clarck
Barwick for serving in my committee.

I am very grateful to know the many exceptional graduate students in the MIT Math
Department. Ana, thank you for being my non-mathematical companion within the math
department, providing me with such a valuable friendship. Matt was always my official
proofreader and English grammar police, I thank you for that. Thanks also go to Amanda,
Peter, Ricardo, Craig, Karola, Jenny, Alejandro, Nick, Martina, Vedran, and the Silvias.
The writing of this thesis was made more joyful and less painful thanks to the Thesis Writing
Club.

My parents and brother have been my biggest fans since I started participating in Math
Olympiads. I owe many thanks to them for providing me with all the opportunities they
did. I would like to thank my dad for showing me through example that being an academic
is a valid life choice, even in a country like Colombia where doing science is yet to be valued.
Mom, it is hard to pin down something to thank you for, because you were always there,
listening and encouraging me in all aspects of my life. Thank you for everything. Feli, thank
you for shaping my character, as you say. My family and friends in Colombia have been
there for me in the distance and also always willing to hang out during the much needed
breaks in Bogota. Gracias.

I owe many things to Federico Ardila. I could not have asked for a better role model in
my life. Thank you for assuring me that my dreams were possible and for showing me the
ropes once I arrived at MIT.

My life in Cambridge has been shaped by a number of people, starting with those who
became my family here: Chris, Vane and Paula. Your friendship during these years has
definitely kept me sane and entertained. I have also had the pleasure and honor to be
part of The Number Six Club, both as an undergraduate member and more recently as an
alum. I treasure the friendship of all the people I met there, even though now we are spread
around the world. I would like thank my Colombian friends in Boston for helping me have
a little bit of home here.

Chris, thank you for being here during the whole ride. Your love, support and care have
been a blessing throughout these years. Y ayoano.

Gracias totales!






Contents

1 Introduction

1.1 Organization and general conventions . . . . .. .. .. .. ... ......

2 2-categories and their classifying spaces
2.1 Basic definitions and conventions . . . . ... ... oL
2.2 Equivalence of 2-categories . . . . . ... ... oL
2.3 Pasting diagrams . . . . . ... L. Lo

2.4 Classifying spaces of 2-categories . . . . . . . . . . ... ... ...

3 K-theory of bimonoidal categories
3.1 Bimonoidal and Symmetric Bimonoidal Categories . . . . . ... ... ...
3.2 Definition of K-theory of a bimonoidal category . . . . . . . ... ... ...
3.3 Relationship with algebraic K-theory . . . . . . . .. ... ... ... ....

3.4 K-theory as a classifying space of a 2-category . . .. ... ... ... ...

4 Symmetric monoidal structure on Modp
4.1 Symmetric monoidal 2-categories . . . . . .. ... Lo

4.2 Structure on Modgr . . . . . . . . e e

5 Infinite loop space structure on K(R)
5.1 T-spaces . . . . ..
5.2 I'-(2-category) structure on Modr . . . . . . . .. ... ... ... ...,

6 Constructing the infinite loop space map
6.1 Preliminaries . . . . . . . . . . ..

6.2 Proof of Main Result . . . . . . . . . . .

10

13
13
20
20
22

27
27
29
31
31

33
33
34

37
37
38






Chapter 1

Introduction

Different cohomology theories detect different information about spaces. One way of dis-
tinguishing among some of them is by their chromatic level. This level depends on the
ability of the cohomology to detect certain periodic phenomena. Rational cohomology has
chromatic level 0, K-theory has chromatic level 1 and complex cobordism has chromatic
level co.

For some time, topologists have been searching for a cohomology that is both geomet-
rically flavored and has chromatic level 2. N. Baas, B. Dundas and J. Rognes introduce in
[BDR] the notion of a complex 2-vector bundle over a topological space and construct a
classifying space for these bundles, K(Vectc).

The space K(Vectc) is a particular case of IC(R), the K-theory of a strict bimonoidal
category (R,®,®). A strict bimonoidal category is one that roughly behaves as a semi-ring.
The authors conjecture in [BDR], and then (with B. Richter) prove in [BDRR2], that there
is a weak equivalence of spaces

K(R) > K(KR), (1.1)

where KR denotes the K-theory spectrum of R (see [EM] for details). This is a ring
spectrum, and K(KR) denotes its algebraic K-theory.

In the case of R = Vectc, the statement implies that the classifying space of virtual
2-vector bundles is equivalent to K (ku), where ku is the connective complex K-theory
spectrum. C. Ausoni and J. Rognes prove in [AR] that K(ku,) has (at least) chromatic
level 2.

As the right hand side of equation (1.1) is the algebraic K-theory of a ring spectrum,



it is an infinite loop space. The authors use this structure to show that K(R) defines a
cohomology theory.

The two-stage construction of K(KR) makes the infinite loop space structure hard to
handle or understand. On the other hand, K(R) is constructed in one step using both

monoidal structures at once. Hence the following questions arise naturally:

1. Is there an infinite loop space structure on IC(R) induced directly by the structure of

R?
2. If there is such a structure, is the map of equation (1.1) an infinite loop space map?

The purpose of this thesis is to answer these questions.

In order to answer the first question we construct Modg, the 2-category of finitely
generated free modules over R. It turns out that the K-theory space of R is closely related
to the classifying space of this 2-category. Moreover, we show that Modg is a symmetric
monoidal 2-category.

We then adapt the techniques of [Seg] and [May1] to construct a special I'-(2-category)
]\m, whose classifying space |SM| is an infinite loop space. This results in an infinite
delooping of the classifying space |SModg| and hence of K(R).

To answer question (2) we would like to construct a map of I'-spaces |S]\l4’07R| —
|N MIO‘@RL where Modgr is the category of modules over the ring spectrum KR. Al-
though we cannot build this map directly, we build an alternative construction for the
I"-category Dofa simplicial symmetric monoidal category D. We then show that we get a
zigzag of maps

|SModg| — |NModxr| <>~ |NModgr,

where the right-hand map is a levelwise equivalence of I'-spaces. At level 1, the right-hand

map is the identity, and the left-hand map corresponds to the equivalence in equation (1.1).

1.1 Organization and general conventions

In Chapter 2, we recall the definitions of 2-category as well other related notions, and set
the notation that will be used in subsequent chapters. We also give the construction of
the classifying space of a 2-category. In Chapter 3 we recall the construction of the K-

theory of a bimonoidal category from [BDR] and show how it is related to the 2-category

10



Modg. In Chapter 4 we show that the 2-category Modg is symmetric monoidal. Chapter
5 contains the construction of the special I'-(2-category) m and the result about the
infinite delooping of the space IC(R). Finally, in Chapter 6 we show that the map in equation
(1.1) is an infinite loop map by showing an alternative construction of the infinite loop space
structure on K(KR).

Throughout the document we will assume categories and 2-categories are enriched over
simplicial sets without explicitly saying it. Whenever we worked with a non-enriched cate-
gory we will indicate it explicitly. We sometimes use the term space to refer to a simplicial

set.

11
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Chapter 2

2-categories and their classifying

spaces

In this thesis we will use the term 2-category to refer to the non-strict version, that is, what
other authors -in particular category theorists- call bicategories. Since some of the notation
is non-standard, in this chapter we will review the definitions and theorems that will be
used in subsequent chapters. We will omit the proofs of the theorems and refer the reader
to the earlier papers on 2-categories [Bén, Str] and some more recent accounts [Lei, SP].
In Section 2.1 we review the definitions of 2-categories, functors, natural transformations
and modifications. In Section 2.2 we give the definition of an equivalence of 2-categories,
and give an equivalent characterization. Section 2.3 is devoted to pasting diagrams, which
are a way of representing 2-morphisms in 2-categories. We end the chapter with Section
2.4, where we give the construction of the classifying space of a 2-category and establish

some of its properties.

2.1 Basic definitions and conventions

Definition 2.1. A 2-category C consists of the following data:
1. A class of objects Ob(C);

2. for any A, B € Ob(C), a category C(A, B). The objects of this category are called
1-morphisms and are denoted by 1Hom¢ (A, B). The morphisms of the category are

called 2-morphisms, and given 1-morphisms f, g, the space of 2-morphisms between

13



them is denoted by 2Home(f, g).

The composition in the category C(A, B) will be denoted by o.

. for any objects A, B, C, a composition functor

C(B,C) x C(A, B) 5 C(A, C);

. for all objects A, B,C, D, a natural associativity isomorphism

Ix*

C(C, D) x C(B,C) x C(A, B) C(C, D) x C(A, C)

*xll V- l*
«

C(B,D) x C(A, B) C(A, D),

*®

that gives 2-isomorphisms

Ozhhq,f:h*(g*f):}(h*g)*f;

. for any object A of C, a 1-automorphism 4, called the identity, and natural isomor-

phisms
C(A,B) x 1 C(A,B) x 1
1x1Ty = and Ipx1 =
7 7
C(A,B) xC(A,A) ——C(A, B) C(B,B) x C(A,B) ——C(A, B)

These transformations are given by 2-isomorphisms

pr:fxla=f and Ap:Ipxf=f.

14



For all composable 1-morphisms f, g, h, k, the following diagrams must commute:

ko (hx (g% f)) = (ks h)* (g f)

ko ((hwg)w f) =5 (k= (hxg)) s f—=((k*h)=g)=f

If the natural transformations «, p, A are the identity, then we say the 2-category is

strict.
Ezxample 2.2. Let Cat be the 2-category of small categories, functors and natural transfor-
mations. This 2-category is strict.

Ezxample 2.3. A monoidal category M can be viewed as a 2-category XM with one object

*, and the category of morphisms

with the composition given by the monoidal product.

Theorem 2.4 (Coherence Theorem for 2-categories, [MLP]). Given a string of n compos-
able 1-morphisms f; and two bracketings b,b' (which might also insert identity 1-morphisms),
there is a unique 2-isomorphism o : b(f;) = b'(f;) that is a composition of instances of

avpa)\'

This theorem shows that the axioms required on the definition of 2-category imply the
commutativity of any other diagram whose vertices are given by different bracketings of the
same string of composable 1-morphisms and whose edges are given by instances of a;, p, A.

Let f: A — B be a l-morphism in C, we can define functors
f*:C(B,C) > C(AQ0),

f«: C(C,A) - C(C,B)

15



given by pre- and post-composition with f.

Definition 2.5. Let C be a 2-category. A I-equivalence (or internal equivalence) is a 1-
morphism f : A — B such that there exists a 1-morphism g : B — A and 2-isomorphisms

n:Ipa=gxfande: fxg= Ig. We say that the objects A and B are equivalent.

Definition 2.6. Let C,D be 2-categories. A functor F : C — D consists of the following

data:
1. An assignment of objects F : Ob(C) — Ob(D);

2. for all A, B € Ob(C), a functor

Fap:C(A B) - D(FA, FB);

3. for all objects A, B, C', a natural isomorphism

FB,cxFa,B

C(B,C) x C(A, B)

D(FB,FC) x D(FA, FB)

* = *
| |

C(A,C) D(FA, FC),

Fa,c

that is represented by 2-isomorphisms

F2g. f): Flg)  F(f) = Flg* f);

4. for every object A, a natural isomorphism

1
Ira
Ia
14/]-‘3

that gives a 2-isomorphism

FUilrs = F(1a).

The data above must satisfy the commutativity of the following diagrams for composable

1-morphisms f, g, h:

16



Fhx (Fg+ Ff) == (Fhx* Fg)+ Ff

1*.7-'2ﬂ ﬂ]ﬂ*l

FhF(g=*f) F(hxg)xFf

=| |~

F s (g5 ) > F({lx.9) « 1)

Ffalra 222 FraFIa  and  Irp+ Ff 228 Flg« Ff

T

Ff===F(f*1a) Ff s—=FUp*[).

When the natural isomorphisms F2? and F are identities we say the functor is strict.

If only F is the identity, then the functor is called normal.

Remark 2.7. There does not seem to be a standard convention for the terminology of these
different morphisms between 2-categories. Other authors use the terminology “functor”
and “pseudo-functor” to refer to what we have called here “strict functor” and “functor”,
respectively. There is also the notion of lax functor, where one does not require F2? and F°

to be invertible.

Let F:C —- D, G: D — & be functors. We can define the composition GF as usual
composition of functions at the level of objects and usual composition of functors at the
level of categories of morphisms. The natural isomorphisms (GF)? and (GF)? are given on

1-morphisms by the following compositions, respectively:

gfgff

2 G(F2 )
GFg+ GFf =225 G(Fg + Ff) =25 GF (g * f);

qY G(F9)
Igra == G(Ira) === GF(14).

We will denote by 2Cat, 2Cat" the categories whose objects are small 2-categories and

whose morphisms are functors, normal functors, respectively.

Definition 2.8. Let F,G : C — D be functors between 2-categories. A natural transfor-

mation 1 : F — G consists of the following data:

17



1. For every A € Ob(C), a 1-morphism

na:FA— GA;

2. for every pair A, B, a natural isomorphism

Ga,B

C(A, B) D(GA,GB)

]:A,B\L ﬂ 77%,3 \L(’]A)*
D(fA, ]:B) *)> D(./TA, gB),

B )%

given by 2-isomorphisms:

nf:Gfxna=npx*FFf.

Forall AL B % ¢ , the following diagrams must commute:

102
Gg + (Gf *na) ———— Gg * (ng * Ff) (2.9)
(Gg*Gf)*na (Gg *nB) * Ff
G2%1 773*1
G(g* f)*na (nc * Fg) = Ff
ns*f a~ 1

ne * Fg* f) s=—=—=nc * (Fg*Ff)

-1

Iga #na 2= 14 ==y * I, (2.10)
Qo*lﬂ ﬂuro
G(1a) * Ny =1y x F(ILa)
T]IA

Natural transformations can be composed. Let F,G,H : C — D be functors between

2-categories, and n : F — G, € : G — H be natural transformations. There is a natural

transformation e o n : F — H with

(€om)a =eaxna,

18



and the natural transformation (e o 1)? given by the composition

Hf*(EA*WA):Q>(/Hf*€A)*nAg(GB*gf)*ﬁA

a~1

EB*(gf*UA)TnfEB*(nB*ff):a>(€B*773)*]:f'

Definition 2.11. Let F,G : C — D be functors between 2-categories, and n,e : F — G
natural transformations. A modification T' : 7 — € consists of a 2-morphism I'4 : 14 = €4

for every A € Ob(C), such that for all F': A — B, the diagram below commutes

2
Gf #na——>np* Ff

MFAM MFB*l

gf*eA:>€2 e * Ff.

We can compose modifications by composing the corresponding 2-morphisms. We will

denote this composition by juxtaposition.

Remark 2.12. A modification I : n — € is called invertible if there exists a modification
I'"!: e — 5 such that I7'I" = idy. Note that this also implies that I'T~! = id.. It is
straightforward to prove that I' is invertible if an only if the 2-morphism I'4 is invertible

for all A. The transformations 7 and € are then said to be isomorphic.

Definition 2.13. A natural transformation n : F — G is called a natural equivalence if

there exists a natural transformation € : G — F such that
tdr ~eon and idg X noe.

The functors F and G are then called equivalent.

Proposition 2.14. The natural transformation n is an equivalence if and only if for all

A € Ob(C), the 1-morphism n4 is a 1-equivalence.

19



2.2 Equivalence of 2-categories

Definition 2.15. A functor F : C — D is an equivalence of 2-categories if there exists a

functor G : D — C and natural equivalences
ide ~GoF and idp ~GolF.

The 2-categories C and D are said to be equivalent.
Remark 2.16. Some authors use the term biequivalence for the definition above.
Theorem 2.17. A functor F : C — D is an equivalence of 2-categories if and only if

1. F is essentially surjective on objects, that is, every D € Ob(D) is equivalent to FC
for some C € Ob(C);

2. for all objects A, B in C, the functor F5 p : C(A,CB) — D(FA,FB) is an equivalence

of categories.

2.3 Pasting diagrams

Since 2-categories inherently have a 2-dimensional structure, we use 2-dimensional diagrams
to represent them.
Let C be a 2-category, A, B objects, f,f : A — B l-morphisms and ¢ : f = f' a
2-morphism. We depict this 2-morphism as
f
7N
A ¢ B.

f/

Horizontal and vertical composition are, respectively represented by the pasting dia-

grams
f
R AN AN /IoN
A » B v C and A-f— B.
N7 U/p/

I g
f//

20



The functoriality of composition implies the interchange law:

(W o) x (¢ op) = (' * @) o (¥ x ).
This law gives then a unique meaning to the diagram

f g
/YN S
A ff’ﬁ» B-y—C.

NN

f// gl/

In particular, the law implies that we can read the diagram first vertically and then hori-

zontally, or vice-versa.

A pasting diagram is a polygonal arrangement on the plane, that is a generalization of the
diagrams shown above. The vertices correspond to objects, the directed edges correspond
to 1-morphisms and the faces are usually filled with double arrows corresponding to 2-

morphisms. For example, the diagram

N

h

indicates that ¢ is a 2-morphism from g * f to h.

The pasting

f g
AV ke
h

will be represented by
f AN
A——B o C
pa—
h
and denoted o * f. We use a similar convention for post-composition.
The two pasting operations described above can be combined to give the general notion

of pasting. All instances of pasting diagrams can be obtained from the following two:

/ l
NN N
! h

21



The first diagram indicates the 2-morphism given by the composition
kxp « g
kxf=kx(hxg)= (kxh)xg=1xg,
while the second diagram is representing the composition
Taf a~ ! kxo
lsf=(k+g)xf=k=x(g=*f) = k=h.

We note here, in the simplest examples, that the 2-morphisms are not actually compos-
able; we need to use the associativity isomorphism. We can use these basic situations to
make sense of larger diagrams. In these larger diagrams we will find that the sources and
targets of 2-morphisms differ by their bracketing. By the Coherence Theorem (Theorem
2.4) we know that there is a unique canonical associativity isomorphism, so we use this to
make sense of the diagram.

Furthermore, a diagram does not make sense unless we specify a bracketing of the outside
1-morphisms. Once we do that, the diagram has a unique meaning, no matter what order
we use to compose the 2-morphisms. This can be proved by induction using polygonal
decompositions of the disk and the interchange law. For more information, we refer the

reader to [KS]. As an example, below we show equation (2.9) as a pasting diagram:

FA 14 GA FA—"  ~gA
Ff gf gf
\ 4 \ 9(9‘*)‘)
Fos)| 5 FB . GB = D A, |& 6B
FC e GC FC——5—GC

When we say “pasting diagram A is equal to pasting diagram B” we mean that with a
given bracketing of the outside 1-morphisms, the given 2-morphisms that they both define

are equal. Note that if this is true for a given bracketing, it is true for all bracketings.

2.4 Classifying spaces of 2-categories

Categories are closely related to spaces through the classifying space construction. To every

category we can assign a space. This assignment gives a functor that is part of a Quillen

22



equivalence between a given model structure on the category of small categories and the

usual model structure in the category of topological spaces.

The same can be done with 2-categories. In fact, there are many distinct constructions
of the classifying space of a 2-category ([CCG]J). All these constructions give equivalent
spaces, in the non-enriched case. Here we will describe the version of the nerve we will be

using in subsequent chapters.

Lack and Paoli introduce a version of a nerve of 2-categories that gives rise to a simplicial
object in Clat. This construction is closely related to the bar construction for monoidal
categories defined in [BDR], as we will point out. This nerve is called 2-nerve in [LP] and

Segal nerve in [CCG|. We will use the notation of the latter.

Definition 2.18. Let C be a 2-category. The Segal nerve SC is the simplicial object in Cat

given by normal functors, that is,

SnC = NorFunc([n],C),

where the objects are normal functors and the morphisms are oplax natural transformations

relative to objects.

Oplax natural transformations are similar to the natural transformations described
above, but instead of requiring the 2-morphism 7? to be an invertible, we require it to be a
map in the opposite direction. Being relative to objects means that the map n4 : FA —> GA

is the identity, so in particular, we require that FA = GA.

An object of S,,C is given then by a collection of diagrams

C; forall0 <i<j<k<n, (2.19)
fij fik
{wiik

Ci fik

Chk»

where ;1 is an invertible 2-morphism. This collection must satisfy the following coherence

condition forall 0 <i < j<k<l<n:

23



C; (2.20)

Cj
C / WMC C { \c
i Z?‘Pikl : ’ Pijt ‘P<j:kl k-
N

Given objects {C;, fij, piji} and {Ci, fi;, i1} (note that the collections of objects are

@]

equal), a morphism between them is given by a collection of 2-morphisms 7;; : fi; = l-'j for

i < j, such that some coherence conditions ([CCG, Eq. (44)]) are satisfied.

Remark 2.21. We note that the bar construction for monoidal categories of [BDR] is equal
to the Segal nerve. More precisely, if M is a monoidal category, then the simplicial category

BM of [BDR] is equal to S¥M (with a possible reordering of the indices).

The Segal nerve is functorial with respect to normal functors. It is the case that any

functor can be normalized ([LP, Prop. 5.2]). More precisely, there is a functor
2Cat — 2Cat"

from the category of 2-categories to the category of 2-categories and normal functors that
is an equivalence.

The Segal nerve is then a functor
S :2Cat — A, Cat].

It is important to note that this functor preserves products.
Definition 2.22. Let C be a 2-category. The classifying space of C is the realization |SC|.

Let F,G : C — D be functors, and n : F — G a natural transformation. As pointed out

in the proof of [CCG, Prop. 7.1], these data gives rise to a functor
H:Cx1—->D

that restricts to F and G at 0 and 1. This functor can be normalized, yielding the following

result:

24



Proposition 2.23. A natural transformation between functors F,G : C — D gives rise to

a homotopy between the maps

|SF, 5G] [SC| — [SD].
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Chapter 3

K-theory of bimonoidal categories

In [BDR], N. Baas, B. Dundas and J. Rognes introduce the notions of 2K-theory and 2-
vector bundles as a way to categorify topological K-theory and vector bundles. One of their
objectives is to define a cohomology theory of a geometric nature that has chromatic level
2.

In general they define the K-theory of (symmetric) bimonoidal categories. In Section
3.1 we recall the definition of bimonoidal and symmetric bimonoidal categories, and their
stricter analogues. This is again a topic in the literature where authors have used the
same name to refer to different concepts, and also have given different names to the same
concept. We refer the reader to [May2, Section 12] for a discussion on the different accounts
on this topic. It is important to note that we will require the distributivity maps to be
isomorphisms.

In Section 3.2, we define K-theory of a bimonoidal category, following [BDR]. We explain
in Section 3.3 how the K-theory of a bimonoidal category R is related to the algebraic K-
theory of the ring spectrum KR. In Section 3.4, we identify the K-theory space of R with
an appropriate group completion of the classifying space of the 2-category of modules over

R.

3.1 Bimonoidal and Symmetric Bimonoidal Categories

Definition 3.1. A bimonoidal category (R,®,®) is a category R endowed with a sym-

metric monoidal structure (@, 0) and a monoidal structure (®, 1), together with natural
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isomorphisms

6 (a®b)®@c— (a®c) D (b®c),
0 :a®(bPc) > (a®b)®(a®c),
0®a—0—a®0, (3.2)
that are subject to certain coherence axioms.

These coherence axioms are partially spelled out in [EM, Def. 3.3], although there the
isomorphisms in (3.2) are required to be identities. The axioms are also packed in the
definition of SMC-category in [Gui]. We note that our definition of bimonoidal category
coincides with that of an SMC-category with a single object.

In [EM] these categories are called ring categories, although the authors do not require
d, and ¢; to be isomorphisms. In [BDRR1, BDRR2] the term used is rig categories, in order

to emphasize the possible lack of negatives, that is, additive inverses.

Definition 3.3. A strict bimonoidal category (R,@®,0,vg,®, 1,0) is a permutative category
(R,®,0,vg), together with a strict monoidal structure (®, 1), such that right distributivity

and nullity of zero hold strictly, and there is a left distributivity natural isomorphism

0:a®(b®c) > (a®b)®(a®c).

These satisfy the coherence axioms spelled out in [Gui, Definition 3.1].

A strict bimonoidal category is the same as a PC-category with a single object, as
defined in [Gui]. By [Gui, Thm. 1.2] we know that any bimonoidal category is equivalent
to a strict bimonoidal category, via a map of bimonoidal categories. Thus, without loss of
generality we can work with strict bimonoidal categories. The definition of K-theory below
would also work for the non-strict case, with a few changes.

One can also require the multiplication to be commutative up to coherent isomoprhism.
We call these categories symmetric bimonoidal. The symmetry requires extra coherence
conditions relating the left and right distributivity isomorphisms. Laplaza [Lap] made a
careful study of these conditions.

May [May3] introduces the notion of bipermutative category, which corresponds to the

strict version of symmetric bimonoidal. We refer the reader to his work for the much
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shorter list of coherence diagrams. By [May3, Prop. 3.5] we know that any symmetric
bimonoidal category is a equivalent to a bipermutative category, so again, we can work
with bipermutative categories instead.

It is important to note that bipermutative categories are examples of strict bimonoidal

categories.

3.2 Definition of K-theory of a bimonoidal category

Let (R,®,0,cq,®,1,0) be a strict bimonoidal category. Then, as in [BDR], we can define
M;,(R), the category of n x n matrices over R. Its objects are matrices V = (V)i
whose entries are objects of R. The morphisms are matrices ¢ = (¢i»j)2j:1 of isomorphisms
in R, such that the source (resp, target) of ¢; ; is the (i, j)—entry of the source (target) of
¢. As a category, M, (R) is isomorphic to R™*"™.

Moreover, M,(R) is a monoidal category, with multiplication
given by sending the pair (U, V) to

Wir = D Uij ® Vjp.
=1

Since @ is strictly associative, there is no ambiguity.
This multiplication has a unit object I,,, given by the matrix with 1 in the diagonal and
0 elsewhere. Both 0 and 1 are strict units for @ and ® respectively, and the nullity of 0

holds strictly, so I,, is a strict unit as well.

Proposition 3.4. [BDR, 3.3/ Matriz multiplication makes (M, (R), -, I,) into a monoidal

category.
The natural associativity isomorphism
a:U-(V-W)y->(U-V)-W

is given by entry-wise use of cg and d.
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Recall that if R is a semi-ring, GL,(R) is the subgroup of M, (R) that contains all the
matrices whose determinant is a unit in Gr (R). The following definition is also taken from

[BDR].

Definition 3.5. Let GL,(R) = M,(R) be the full subcategory of matrices V' = (V; ;)';_4
whose matrix of path components lies in GL,(m(R)). We call GL,(R) the category of
weakly invertible matrices. By convention we will let GLo(R) = 1 be the unit category,

with one object and one morphism.

Note that GL,(R) inherits the monoidal structure from M, (R).

Given a monoidal category M, the authors in [BDR| define a bar construction for
monoidal categories, BM, which is a simplicial object in Cat. As pointed out in Remark
2.21, this definition coincides with SYM.

‘We note that block sum of matrices in R makes

[ [IBGL.(R)]

nz=0

into an H-space, and hence we define the K-theory of R, as the group completion

K(R) := QB(] [ IBGLA(R)]).
n=0

The motivation behind the definition of K-theory for bimonoidal categories comes from
the categorification of complex K-theory. As we know well, the complex K-theory space
classifies virtual vector bundles.

A 2-vector space, as defined in [KV], is a category equivalent to (Vectc)” for some n.
Heuristically, this should be thought of as a module category over Vectc. In [BDR], the
authors introduce the notion of a complex 2-vector bundle over a topological space and
construct a classifying space for these bundles. A 2-vector bundle is roughly a bundle of
2-vector spaces over X, defined in terms of transition functions, i.e., matrices of vector
spaces. For the precise definition we refer the reader to [BDR, Section 2].

One of the main results in [BDR] is that the stable equivalence classes of virtual 2-vector
bundles over a space X are in one-to-one correspondence with homotopy classes of maps
from X to K(Vectc), where Vectc is a considered as a bipermutative category using direct

sum and tensor product.
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3.3 Relationship with algebraic K-theory

The relevance of the definition of K-theory of bimonoidal categories, aside from the clas-
sification of 2-vector bundles, comes from its relationship with algebraic K-theory of ring
spectra.

Given a strict bimonoidal category R, by forgetting the multiplicative structure we can
construct the K-theory spectrum KR corresponding to the permutative category (R,®).
The results of [EM] and [May2] show that the multiplicative structure of R makes KR into
a ring spectrum, and furthermore, if R is bipermutative, KR is an Ey ring spectrum. Note
that in [BDR, BDRR2] the authors denote KR by HR, pointing out the analogy to the
Eilenberg-MacLane spectrum of a ring.

The natural inclusion BR — K'R( extends to a map
K(R) — K(KR), (3.6)

where the left-hand side corresponds to the algebraic K-theory of the ring spectrum KR.

The main result of [BDRR2] is that the map in equation (3.6) is an equivalence of spaces.

3.4 K-theory as a classifying space of a 2-category

Definition 3.7. Let Modgr be the 2-category of finite dimensional free modules over R,
defined as follows. The objects are labeled by the natural numbers n > 0. Given objects

n, m, the category of morphisms is

GL,(R) if n=m
Modgr(n,m) =

%] if n#m.

and the composition is given by matrix multiplication. In other words,

Modg = | [ SGLn(R).

n=0

Ezxample 3.8. Let Vecty be the bipermutative category of vector spaces over the field k.
Then Mody e, is a sub-2-category of the 2-category of 2-vector spaces defined by Kapranov

and Voevodsky [KV]. The 1-morphisms are matrices of vector spaces such that their matrix
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of dimensions has determinant +1.

We can use the 2-category Modg to give an alternative definition of the K-theory of R.
We have that
[ S2GLA(R) = S(] | EGLn(R)) = SModx.

n=0 nz=0
Hence, we can describe K-theory as QB|SModr]|.
This is the definition we will use in the following chapters. Furthermore, we will show

that the H-space structure comes from a functor
Modpr x Modr — Modg,

which will give Modg the structure of a symmetric monoidal 2-category.
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Chapter 4

Symmetric monoidal structure on

M OdR

In this chapter we will show that the 2-category Modgr is symmetric monoidal. In Section
4.1 we give an overview of symmetric monoidal 2-categories. In Section 4.2 we show that

we can provide Modgr with a symmetric monoidal structure.

4.1 Symmetric monoidal 2-categories

In broad terms, a symmetric monoidal 2-category is a 2-category with a product functor that
is associative, unitary, and commutative up to coherent natural equivalences. The precise
definition is quite involved, as one would imagine. To arrive to the current definition with the
appropriate axioms took several papers by several mathematicians. The main complication
comes from finding the correct minimal sets of coherence axioms. To be more precise,
the natural equivalences satisfy coherence diagrams only up to invertible modification, and
those modifications in turn have to be coherent.

In his Ph.D. dissertation [SP], Schommer-Pries gives a historical account and a concise
definition of symmetric monoidal 2-categories. The symmetric monoidal structure we will
place on Modgr will be of a strict nature, in the sense that most of the natural equivalences
and invertible modifications will be identities. We will thus refrain from giving the full
definition and refer the reader to [SP, Chapter 3]. In what follows we will use the notation

there to identify the symmetric monoidal structure on Modpg.
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4.2 Structure on Modg

Theorem 4.1. The 2-category Modg is symmetric monoidal with the monoidal operation

given by block sum of matrices:

: Modr x Modr — Modg
(n,m) » n+m

[ U0

(U, V) -

(¢, 1)

The matriz |0] is the matriz with all entries equal to 0, the unit of ® in R.

Proof. We first note that the operation described above gives a strict functor of 2-categories,

since it preserves the identity and the composition:

In Im = In+4+m,

Ul o U‘O U’*U‘ 0

ES
2R

0 ‘ V'xV
The second equation holds because of the strict nullity and unity of 0 in R.

The unit of [ is 0. The natural equivalences «, [, and r of [SP] can be taken to be the
identity since for U € GL,(R), V € GL,(R), and W € GL,(R):

UmEV)EW =U®mWVEW),

IoBU =U =UHA .

The modifications 7, i, A, p of [SP] are the identity modification. We can thus say that
the monoidal structure is strict.

The natural equivalence 3, ,, : n[Hm — m[Hn is given by the block matrix



Since 0 and 1 are strict units in R, for U € GL,(R) and V € GL,,(R),

Bam*x (UBV) = i = (VEU) * Bnm.,
U|O0
so (B is a strict natural transformation.

We note that By, * Bnm = Inm which both implies that 3 is a natural isomorphism
and that we can take the modification o to be the identity. Similar arguments can be used
to show that the modifications R and S can also be taken to be the identity.

Since all the modifications are the identity, all the coherence diagrams are satisfied. We

conclude that Modg is a symmetric monoidal 2-category. O
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Chapter 5

Infinite loop space structure on

K(R)

In this chapter we will show that the symmetric monoidal structure on Modr endows K(R)
with an infinite loop space structure. To this end, we will use Segal’s I'-space machinery
which we will explain in Section 5.1. In Section 5.2 we show that the symmetric monoidal
structure on Modg gives rise to a I'-(2-category), thus giving an infinite delooping of the

space K(R).

5.1 [I'-spaces

There is a close connection between cohomology theories and symmetric monoidal cate-
gories. This relationship can be made precise thanks to the work of G. Segal [Seg], J. P.
May [Mayl], and others. In [Seg], it is shown that a symmetric monoidal category C gives
rise to a connective spectrum, whose zero space is the group completion of the classifying
space of C. This in turn implies that any symmetric monoidal category gives rise to a

generalized cohomology theory. As examples of this, we have

e the category of finite sets under disjoint union, which gives the sphere spectrum S,

which in turn represents stable cohomotopy;

e the category of finite dimensional complex vector spaces under direct sum, which gives

the connective K-theory spectrum ku and represents (connective) K-theory
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e for any ring R, the category of finite rank projective modules over R under direct sum

which gives the algebraic K theory spectrum K(R).

In order to produce spectra from symmetric monoidal categories, Segal constructs an
infinite loop space machine using I'-spaces.

Let Fin, denote that (skeletal) category of finite pointed sets and pointed maps. The
skeletal version has as objects the sets n = {0, 1,...,n}, for n > 0. Here 0 is the basepoint.

For 1 < k < n, we define i, : n — 1 as:

o 0 if j#k
ir(j) =
1 if j=k.
Definition 5.1. A I'-space X is a functor X : Fin, — Top. We say X is special if the map

P,: X(n) —> X(1)*",

obtained by assembling the maps iy, is a weak equivalence for all n = 0.

The conditions in the definition above roughly imply that the space X (1) has a multipli-
cation that is associative and commutative up to coherent higher homotopies. The precise

statement in given by the following theorem:

Theorem 5.2. [Seg, Prop. 1.4] Let X be a special I'-space. Then X (1) is an H-space and

its group completion, QBX (1) is an infinite loop space.

Segal and May show how to construct a I'-category from a symmetric monoidal category,
thus getting an infinite delooping of the classifying space of a symmetric monoidal category.

We will imitate this approach in the context of 2-categories.

5.2 ['-(2-category) structure on Modg

Definition 5.3. A I'-(2-category) A is a functor A : Fin, — 2Cat. We say A is special if
the map
P,: A(n) »> AQ)™"

is an equivalence of 2-categories for all n > 0.
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This definition is analogous to that of a special I'-space, with the connection made clear
by Lemma 5.5.
The main theorem of this chapter will give us the infinite delooping of K(R).

Theorem 5.4. The symmetric monoidal structure on Modg gives rise to a special T'-(2-
category) m such that
Modgr (1) = Modg.

Lemma 5.5. Let A be a special T'-(2-category). Then |SA|: T — Top is a special T'-space.

Proof. The classifying space functor |S(—)| : 2Cat — Top preserves products and sends

equivalences of 2-categories to homotopy equivalences of spaces (Proposition 2.23). O

This lemma, together with Theorem 5.4 and Theorem 5.2 give us the main theorem of

this chapter.

Theorem 5.6. The K-theory of the bimonoidal category R inherits an infinite loop struc-

ture from the symmetric monoidal structure on Modpg.

Proof of Theorem 5.4. We will first construct the 2-category M(ﬂ) for n = 0 as follows:

1. Objects are of the form {Ag,agr}s 7, where S runs over all the subsets of n that
do not contain the basepoint 0; (S,7") runs over all pairs of such subsets such that
SNnT = @; As € Ob(Modgr) and ast : Asor — AsH Ar is a 1-equivalence. We

require further

(a) Ag = 0;
(b) ag,s = lag = as,g;

(c) for every triple (S,T,U) of subsets such that SNT =SnU =T nU = J, the

diagram

as ToU

Asurou AsHAr U (5.7)

asuT,U IagHar,u

ASuTAUa—]>ASATAU
U

s,rHI A

strictly commutes;
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(d) for every pair of subsets (S,T), the diagram

Asor —5 AgH Ay (5.8)
iﬁAS,AT
Arys “ars ArHAg

strictly commutes.

2. A 1-morphism between {Ag,agr} and {A’s,a’sr} is given by a system {fs, ¢s7r}s.T,
where S,T are as above; fg : Ag — A is a 1-morphism in Modg and ¢g7 is a
2-isomorphism:

asT
Agor —= AsH Ar
fSUT\L Vst J/fsz

{SUT AIS A/T

a/S,T
We require:

(a) ¢g.s: fg*xlag = fs = fg = Iag * fg is the identity 2-morphism and similarly

fOI‘ ¢S,Q;

(b) for every pairwise disjoint S, T, U the following equation holds

as,ToU ITagHar,u

Asoror —= AsH AT U AsHAr H Ay (5.9)
|
o
fsorou )///¢S7Tugs.fT v A idHpr 17 fsBfrHBfu
1 ! ! ! ! !
sorov ;= AsBAroy — sEBArEH Ay
S, TuU Al ar U
Il
asuT,U as,THI 4,
Asoror —= Asor B Ay AsHAr HAy
\
.
fsurow lssor (™ Y ggima | IR
! ! ! ! ! !
sorov ;= Asor B Ay ——— s B AT E Ay
UsoT,U ag rH Al
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(c) for every S, T the following equation holds:

ASuTﬂASATLATAS Aros —5 Ap i Ag
fsuTl Vst f@fT J/fos = fTUsl Vor.s lfos
Asur —y= As B Ay —= Ay B Ay Ay s — = A B A,
(5.10)

3. Given l-morphisms {fs,¢sr},{9s,7s7} : {As;asr} — {Ag a5}, a 2-morphism
between them is given by a system {1¢g} of 2-morphisms in Modgr, ¥s : fs = gs,

such that for all S,T as above the following equation holds:

as, T as.T
Asor AsHAT Asor AsHAT
gsur| <= ) = gsoT gsHgr
oy fsor ﬂ(bS,T fsHfr § wsz fsHfr
S, T
! ! ! ! ! !
SUT ; sEH A7 SUT ; s BH A7
ag as

(5.11)

We now need to show that these data indeed defines a 2-category. We will first show that

given objects {Ag,asr}, {A's,a’sr}, the I-morphisms and 2-morphisms form a category

Modr(n)({As, asr}, {A's, d's1}).

Vertical composition of 2-morphisms {15}, {¢5} is defined componentwise. We show

that this composition satisfies equation (5.11). Given

{f.0}
I (v}

{As,as 1} {Al, ds 7}

{97} U/{w/}

{h.m}
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we see that for all S, T

as,T

a

Agor —> AgH Ap Asur AsHAr
h\?:, <w:>f/¢ fEf = h 5):,/9 % ggl\ipw mf =

ZS‘ Al AI ! ! AI
uT a(gT S T SuT o S T

ag,

ASUT d AS AT
gy
h hER| <= fBf

gy WY w

! ! !
SuT a7 s B AT

as wanted.

We also note that {ids,} is a well-defined automorphism for {fs,¢sr} and it is the

identity of the componentwise composition.

The composition functor = is given by:

({gs,vs1}, {fs, s1}) = {gs * fs, (v o d)sr}
({5}, {¥s}) = (s = ¥s},

where the 2-morphism (v ¢ ¢)gr is defined by the pasting diagram:

as,T

Asor —= AsH AT
fSuTl Vst ifsz

/ a%vT / /

sor — AgEHAT
gSuTl Pys.r lgng

" " "
SuT a S AT °
S, T

Showing that {gg * fs,(y ¢ ¢)sr} is a well-defined 1-morphism (that is, it satisfies
equations (5.9) and (5.10)) can be done again using pasting diagrams and the fact that
both {fg, ¢sr} and {gs,vsr} satisfy those same equations. Analogously we can show that

{ g} is a well-defined 2-morphism.
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The natural associativity isomorphism in this 2-category is given by the component-
wise associativity isomorphisms in Modg. More precisely, given {fs, ¢sr}, {95,751}, and

{hs,ns T} composable 1-morphisms, we define the 2-morphism {ag}, where

as : hg = (g9s * fs) = (hs * gs) * fs

is the associativity isomorphism in Modg.

The fact that

{(hs *gs) = fs,(noy) o d)sr} = {hs * (95 * fs), (Mo (y© P))sT}

is an allowed 2-morphism in ]\mm) will follow from the uniqueness of pasting diagrams.
Naturality and the pentagonal axiom follow from those in Modg.

Given and object {Ag,asr}, the identity 1-morphism is given by {lay,idag,}. It is
clear that this is an allowed 1-morphism in ]%CTR(Q) and {Iag,idag ) is a strict identity,
giving that I, is a strict identity in Modr. We conclude thus that ]\mm) is indeed a
2-category.

We now need to prove that this construction extends to a functor m : Fin, — 2Cat.

Given a morphism 6 : n — m in Fin, we will define a functor

0y : Modr(n) — Modgr(m)

as follows:

{As,asr} — {AY, afiv} = {Ag 1wy ag-10y,6-1(v) }
{fs, 051} — {16 80w} = {forrw): P )01}
{¥s} — (Ui} = (e}

where U,V range over disjoint subsets of m that do not contain the basepoint. Since 6 is
basepoint preserving, #~!(U) does not contain the basepoint and it is an allowed indexing

subset of n. Also, since U and V are disjoint, their pre-images under 6 are also disjoint.

This assignment commutes strictly with all the compositions and identities in WQ(@)
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and m(m), giving a strict functor between these 2-categories.
It is clear from the construction that m(l) is isomorphic to Modr.

We will end the proof by showing that for every n > 0, the functor
Dn : ]\mm) — Modz"

is an equivalence of 2-categories. This will show that the I'-(2-category) is special. For ease

of notation we will denote the subset {i} € n as i. The functor p,, takes

{As,as 1} — {Ai}iy
{fs, b5} — {fi}iz
{ts} — {ilisq.

We will define an inverse functor i, : Mody" — Jm(ﬂ)l

{A}7 — {{H Ai esr}

€S

{fi}io1 — {[H fi,id}

€S
{itie, — { Vi}.
€S
Here, Hics denotes the iterated monoidal operation [ with the usual order of the indices

in S © n. Recall that | is strictly associative.

The 1-morphism

esr Aj — [HABHA

eSuT €S €T

is the unique composition of instances of the braiding 8 that reorders the summands. Note
that since 0 and 1 are strict units for @ and ® in R, this composition is truly unique, not
just unique up to associativity isomorphisms. The matrix egr is a permutation matrix. It
is clear that {{{],cq As, es,r} satisfies equations (5.7) and (5.8).

We also have that (H,cq fi B[Her fi) * esm = es,r * (H;egr fi), thus we can choose
the 2-isomorphism to be the identity. The collection {[{,.q fi,id} satisfies automatically
equations (5.9) and (5.10). It is also automatic that for any {¢;} : {fi} = {¢i}, we get that
{[{H;cq ¥i} is an allowed 2-morphism between {[H,.¢ fi,id} and {H,cq g:,1d}.
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This assignment gives a strict functor since

in({gi = fi}) = {H(gi = fi),id} = {(H g:) = (] fi),id ¢ id} = in({g:}) = in({fi})

€S €S €S
in({1a:}) = {[H La,id} = {Im,_, 4,514} = id;, ((a,y)-
€S

Clearly p, o4, = Id,; ,<». We now construct a natural equivalence
R

& IdModR(Q) — iy O Pn-
For every object {Ag,agr} in M(ﬂ), we need a 1-morphism

g{ASﬂS,T} : {AS’QS,T} - {Ai,QS,T}-

€S
Given the subset S, we define a® inductively as the composition:

. S—i
o ida Ha” ™7
@j,5—j 4,8

AS —_— Aj AS,]'

A H A; = [H] 4,

1€S—j €S
where j is the smallest index in S.

Note that by conditions (5.7) and (5.8) on the ag 7, the two compositions in the diagram

below differ by a unique associativity 2-isomorphism:

as, T
Asur AsH AT
aSuTl ﬂnST iaSaT
A —r— HABHA
1€SUT €S €T

Since associativity isomorphisms are unique, {aS ,ns,r} is a well-defined 1-morphism in

J\M(@) This will be the corresponding 1-morphism of the natural transformation &.

To complete the data of the natural transformation, for every pair of objects {Ag, asr},
{A vaiS‘,T} in M(@) we need to provide a natural isomorphism &;, which on the compo-

nent {fs, $sr}is given by a 2-morphism

S s, dsr))  {FH firid} = {a® nsr} = {a®, 0lsr} = {fs, s}

€S
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Given S, we define a 2-isomorphism in Modg, ¢° : (Hies f1) xa® = /%« fg, inductively

as the pasting diagram:

Ta; /59
Ag A HAs_ —j Ai
‘ €S
filfs—;
Ts Z bj,5-; %¢S’j Hies fi
/ ’ ’
Ay —— AW o A,
%j,5—j . €S

where j is the smallest index in S. We need to show that {¢°}g gives a 2-morphism in
]\70773(@), that is, it satisfies equation (5.11). This is done by induction on |S U T'| using
pasting diagrams. We let &({fs, dsr}) = {¢°}.

To show the naturality of &5, we need to show that

A A Ag

€S €S

[ 4i

| ) [Ny
\¢<: /,-fs /(z)s Fies fi gs s zesgzgdjzesﬁ

A A Al A A

€S €S

This follows by induction on |S|, using the inductive definition of ¢* and equation (5.11).

Since ¢° is invertible, we get a natural isomorphism as wanted.

For the axiom (2.9) of a natural transformation we need to show

As > [ 4 As > [ A;
i€S 1€S
fs ﬂqﬁs Hies fi
Al A Al = gs*fs Z?(’Y<>¢)S Hies 9ixfi
i€S
9gs ﬂ,ys Hies 9i
A% [ A A= [ AL
i i

This is straightforward using induction on |S| and the definition of v ¢ ¢.
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Axiom (2.10) is true since all the 2-morphisms involved are the identity.

Hence we have a natural transformation between Id Vodn and i, 0p,. The 1-morphism

n)

of this transformation, {a®,nsr} is a 1-equivalence in ]\m(@), thus by Proposition 2.14,
we get a natural equivalence between functors.
We conclude that the 2-categories J\mm) and Mody" are 2-equivalent, making ]\m

into a special I'-(2-category).
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Chapter 6

Constructing the infinite loop

space map

The goal of the construction of two-vector bundles in [BDR] is to find a cohomology theory
that is geometrically defined and has chromatic level 2. In order to show that IC(R) actually
defines a cohomology theory, the authors conjecture and later prove in [BDRR2] that the
map of equation (3.6) is an equivalence of spaces. Hence K(R) inherits an infinite loop
space structure from K(KR).

In Chapter 5, we constructed an infinite loop space structure on K£(R) that came directly
from the symmetric monoidal structure on Modg. We would like to know if these two
infinite loop space structures on K(R) are compatible. More precisely, we will show in this
chapter that the map in equation (3.6) is a map of infinite loop spaces. This is done in
Section 6.2, where we give an alternate construction of the I'-space associated to a symmetric
monoidal 2-category. For this construction we use a special kind of bisimplicial sets, which

we call horizontally categorical. These are discussed in Section 6.1.

6.1 Preliminaries

In this chapter we will be working with bisimplicial sets that have a filling condition for

inner horns. This section contains some properties of these bisimplicial sets.

Definition 6.1. A bisimplicial set X is horizontally categorical if the horizontal simplicial

sets X;, = X(_ ) have the unique filling condition with respect to all inner horns. That is,
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every map f has a unique extension as shown in the diagram:

Z”*f>Xn for 0 < k <m.

-
-
=
-

Am

Remark 6.2. If C is a category enriched over simplicial sets, then NC is a horizontally
categorical bisimplicial set. Indeed, we can think of C as a simplicial object in categories.
Then the horizontal simplicial sets NC are nerves of categories and hence have the unique

filling condition with respect to inner horns.

Let A™,A7" denote also the vertically constant bisimplicial sets given by A™, Aj" re-
spectively. The spine of A™ will be denoted by Spine,,. This is the simplicial set (and the
vertically constant bisimplicial set) given by the edges 0 —» 1,1 — 2,--- ,(m — 1) - m.

Let Hom(X,Y) denote the internal hom in bisimplicial sets. If X is a horizontally

categorical bisimplicial set, then there is a unique composition of paths:
®: Hom(A', X) x Hom(A', X) — Hom(A', X).
X
Lemma 6.3. Composition of paths is associative. In particular, there is a unique map

Hom(A', X) x --- x Hom(A', X) —» Hom(A', X).
X X

Proof. Since X is horizontally categorical, any map Spine,, — X,, can be extended uniquely

to a map A" — X, and then projected onto the edge 0 — m. This in turn implies the

uniqueness of the map above. O

6.2 Proof of Main Result

The infinite loop space structure on K(KR) comes from the I'-space construction on the
classifying space of the symmetric monoidal category Modgr of finitely generated free
modules over KR. In order to prove that the map in equation (3.6) is a map of infinite
loop spaces we will prove that the map extends to a map of I'-spaces. In particular, we will

prove the following theorem.
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Theorem 6.4. There is a zigzag of maps of I'-spaces
|SModg| —> |NModgr| <~ |NModgr|-

At level 1, the right-hand map is an equality, and the left-hand map corresponds to the map
in equation (3.6).

Corollary 6.5. There is a zigzag of equivalences of spectra
K(R) = K(KR) <~ K(KR),
which at the level of zeroth spaces gives the maps

K(R) o Ky(KR) — Ko(KR).

In the theorem above, Modgkr refers to the category of modules over the ring spectrum
KR, M’E&ER is the standard I'-category construction on a symmetric monoidal category,

and Mﬂod\K/R is an alternative construction which we will describe.
The model we are taking for KR is that of [EM]. We construct Modgxr as follows.

Let GL,(KR) be the group-like monoid of weakly invertible matrices over KR. It is
defined by the pullback

GL,(KR) —— hocolimpe; Q™ M, (KR (m))

! l

GL,(moKR) M, (moKR),

The category Modgr has as objects the natural numbers n. The space of morphisms
is given by

GL,(KR) if n=m
ModKR(n, m) =

%] if n#m.

Note that since KR(0) = NR, there is a map of spaces

NGL,(R) — GL.(KR),
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which extends to the equivalence of [BDRR2]

K(R) — K(KR).

Let (D,®,0,7) be a permutative category enriched over bisimplicial sets. We further re-
quire that for every objects A and B, the bisimplicial set D(A, B) is horizontally categorical.

To ease the notation, we will think of these bisimplicial sets as simplicial spaces.

We will build a T'-category D which will turn out to be equivalent to D. For the

construction of 5(@) we mimic that of 2-categories in Chapter 5.

The objects are given by {Ag,agr}, with S and T as above; Ag € ObD and agr :
Asor — Ag H Ar is an invertible morphism, that is, a 0-simplex in D(Ag 1, As H Ar).
We require conditions la-1d in the proof of Theorem 5.4 to hold. We note that the objects

in D(n) are the same as the objects in the usual T-category construction 15(@)

Given two objects {Ag,ag 7} and {Bg, bsr}, the simplicial space of morphisms between

them is defined as a subspace of

[ [P(As, Bs) x [ [ Hom(A', D(Asur, Bs®Br)).
S ST

Let X be defined by the pullback

X [ [ Hom(A', D(Asor, Bs®Br)) (6.6)
ST
\L(dl*’do*)
[ [P(4s, Bs) [ [P(Asor, Bs®Br)*?,
S HS,T(a*ﬂb*) S, T

where the lower horizontal map corresponds to (a§ , (bs)s) for the S,T" component.

Let Y be the equalizer

p1
Y —= X~ [[Hom(A', D(Asur, Bs®Br)) (6.7)
b2 ST

where p; is just the projection and ps is the projection composed with 7. This reproduces

condition (5.10) in this setting.
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Let Z be the equalizer

Z*>Y4> H M(AlvD(ASuTUU,BS@BTEBBU)) ) (68)
2 sTU

where ¢; and g9 are as defined below. This condition mimics that of equation (5.9).

Let f be the following composition

D(Ay, By) x Hom(A', D(As 7, Bs®Br))
@®xid
Hom(D(As,r, Bs®Br), D(As r® Ay, Bs®Br®By)) x Hom(A', D(As 1, Bs®Br))

e}

Hom(A', D(Asur®Ay, Bs®Br®By))

*

a

Hom(A', D(As,rov, Bs®Br®By)),

where @, o, a denote the adjoint of @, composition of function spaces, as_ 7., respectively.

We also have the map

M(Alv D(ASuTuUa BSUT ® BU))

b*l

Hom(AY, D(As rov, Bs®@Br®By)),

Note that the pullback conditions on X imply that d°* f is equal to d'*b,, thus, putting

the two maps f and b, together we get a map from Y to

Hom(A', D(Asurov, Bs®Br®By)) x  Hom(A', D(Asurou, Bs®Br®By)).
D(ASUTUU’BS@B,I@BU)

We can further compose with @, getting a map to Hom(A', D(As_r v, Bs®Br®By)).

Finally, we take the product over all (S,T,U) to get

q:Y — || Hom(A', D(Asirov, Bs@®Br®Bu)).
S, .U
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We define g9 similarly, starting with
D(As, Bs) x Hom(A', D(Ar vy, Br@Bu))

instead.
We define D(n)({As, as,r}, {Bs, bs.r}) := Z.

We now show that the collection of objects described above with the simplicial spaces

~

of morphisms D(n) form a category enriched over simplicial spaces.

Given objects A = {Ag,asr}, B = {Bs,bsr}, C = {Cs,csr}, we define a composition

map

~

D(n)(B,C) x D(n)(A, B) - D(n)(4A, C)

as follows: On one hand, we have a map given by the composition maps in D:
[ [P(4s, Bs) x [ [ P(Bs, Cs) == | [ D(4s, Cs).
S S S
Given (S,T), let g be the following composition

D(Bg,Cs) x D(Br,Cr) x Hom(A', D(As_r, Bs®Br))

®xid

D(Bs®Br, Cs®Cr) x Hom(A', D(As,r, Bs®Br))

e xid

Hom(D(As,r, Bs®Br), D(Asur, Cs®Cr)) x Hom(A', D(As, T, Bs®Br))

¢}

Hom(A', D(As.r, Cs®Cr)).

Similarly, we let h be

D(Asor, Bsur) x Hom(A', D(Bs_r, Cs®Cr))

3><idl

Hom(D(Bs_r, Cs®Cr), D(As.r, Cs®Cr)) x Hom(A', D(Bs 1, Cs®Cr))

|

Hom(AY, D(As. 1, Cs®COT)).
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One can check that when we restrict the source of these maps to the pullback condition
(6.6), the condition d"*g = d'*h is satisfied. Hence we can put g and h together to get a

map to

Hom(A', D(Ag 1, Cs®Cr)) x Hom(A', D(Ag 1, Cs®Cr))
D(ASuTch@C’T)

that we can later compose with ® we get a map to

Hom(A', D(As.r, Cs®Cr)).

Taking the product of these maps and the composition maps over S,T', we get a map

~

D(n)(B,C) x D(n)(A, B) -5 [ [ D(As, Cs) x [ | Hom(A!, D(Asur, Cs®Cr)).
S S, T

We want to show now that the image of k is contained in D(n)(A, C).
On the Hom(A', D(As 1, Cs@®Cr))-component, d'*k = d'*g, which is equal to a* on
D(Ag, Cs) x D(Arp, Cr) by the pullback condition (6.6) on the space D(n)(A, B).
Similarly for d°*k, we show it is the same as ¢s, T+, thus showing we land in the pullback
(6.6) for D(n)(A, C).

To show that conditions (6.7) and (6.8) hold we use the fact that they hold for D(n)(A, B),

~

D(n)(B,C) and Lemma 6.3. We conclude that the composition is well defined. The fact that

composition in D is associative and Lemma 6.3 imply that the composition is associative.

The identity of {Ag, ag 7} is the 0-simplex given by the collections of id 44 together with
the constant path at agr € D(Asur, As @ Ar).

We thus get a category ﬁ(@) We can extend this construction to a I'-category in the

usual way. Let 6 : n — m be a morphism in I'. We construct the functor

~

0. D(n) — D(m)

as follows.

We send the object {Ag,as 1} of D(n) to the object {A’g, a’sr} of D(m), where A% =

Ag—ls and agT = (l@—ls}g—lT.
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For morphisms we construct a map
D(n)(4, B) — D(m)(4, B’)

taking the projections of the #~15, (#=1S, =1 T)-components to the S, (S, T)-components,
respectively.

Theorem 6.9. The I'-space ND is special.

This theorem is a consequence of the following proposition.

Consider the following diagram of functors

In the diagram above ¢ and p are the projections onto the ({1},---,{n})-components. It
is clear that ¢i = p. On the other hand, j is the usual inverse equivalence for p, explained
for example in [SS, Lemma 2.2]. We recall from [SS] that pj = id and there is a natural

isomorphism from jp to the identity in ﬁ(@)

Proposition 6.10. The functors i and q are a weak equivalence of categories (that is, they

induce equivalence at the level of classifying spaces).

Corollary 6.11. The map i : D(n) — D(n) induces a levelwise equivalence of T-spaces

Proof. 1t is clear that the functor i is compatible with the I'-category structure. At the
nth level, Ni is a weak homotopy equivalence, thus giving a levelwise equivalence of I'-

spaces. ]

Proof of Theorem 6.9. The result from Proposition 6.10 implies that N g is a weak homotopy

equivalence, thus proving that N D is special. O

Proof of Proposition 6.10. The proof will proceed as follows. Since i is the identity on
objects and ¢ is surjective on objects, it is enough to prove that both ¢ and ¢ induce weak

equivalences for the simplicial spaces of morphisms.
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We will first recall the definition of j in [SS, Lemma 2.2].

Given an object (A1, -+, Ay) in D*" we let

j(A17 ot 7An) = {@ Ai7 eS,T}
€S
where the sum is taken in the order of the indices of S < n. The morphism eg 7 is the

uniquely determined isomorphism from Ag 7 to Ag@® A given by composition of instances

of 7.

For morphisms, we let

i(fry ) = {ED fi}-

€S
We then have that pj = id and that there is a natural isomorphism A : id — jp given

on the object {Ag,asr} by the composition
As = Ay @ As—iy = - Ay @@ Agy

of the corresponding a’s.

Given an object A = {Ag,ag7} in ZS(@) (and thus, in D(n)), let A = {@ics Ai,eg‘yT}

denote its image under jq.

Given a pair of objects in D(n), (A, B), consider the following diagram:

D(n)(A, B) —— D(n)(A, B)

)\Tg J{q
Blu)(A, )<= | [P(A: B

The map A above is gotten by pre- and post-composition with the natural isomorphism A

already defined. We note that A\jgi = id and ¢i)\j = id.

Thus, if we show that iAjq is homotopic to the identity we will have shown that Ajgq

and ¢\j are homotopy inverses for ¢ and g respectively, giving us the result we want.

To build a homotopy from f = i\jq to the identity, we show that there exists a map ¢

making the diagram below commute. For ease of notation we let Z = D(n)(A, B).
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We construct a map

[ [P(As, Bs) x [ [ Hom(A', D(Asur, Bs®Br))
S ST

|

[ [ Hom(A', D(As, Bs)) x | [ Hom(A" x A", D(As_r, Bs®Br)),
S ST

and show that when restricted to Z it lands on Hom(A', 7).

We will first construct the map ¢g to the component Hom(A', D(Ag, Bs)). Say S =
{il < e < Zk} Let Sj = {ij,--- ,ik}.

We consider the map g;

7j—1
H D(All ) Bll) x 7H0m(A1> D(AS]' ) Bij S BS]'+1))

=1
o

k k
D(@ Ay, @ Blz) x 7HO’I7’L(A1, D(AS]'7 Bij @ BS]'+1))

?
Hﬂ(Alalp(Ail @ et @Aij_l @ASjaBil @ e @B’LJ @ BSJ'+1))
(a*)*((bl)*)*l
Hom(A', D(Ag, By)).

Here a is the composition of the instances of agr that take Ag to A;, ®---@A;;_, DAg;,
and similarly for b taking Bg into B;, ®@--- @ B;; & ng+1.
When we restrict to Z, dlgj = dong and thus we get a map into

Hom(Spine s, D(As, Bs)).
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By Lemma 6.3, this extends to Hom(A!, D(Ag, Bs)). The result is the map ¢g
From the construction it is clear that d'¢g = f and d°¢g = id on this component.
Now, we look at the component Hom(A! x A', D(As r, Bs®Br)).

Let g be the composition

Z
PsXPT
Hom(A', D(Ag, Bs)) x Hom(A', D(Ar, Br))
D

Hom(A', D(As @ Ay, Bs®Br))

(@*)s

Hom(A', D(As_r, Bs®Br)).

Note that g the projection Z — Hom(A', D(As,r, Bs®Br)) give composable paths.

By Lemma 6.3 and given the conditions on Z, this map is equal to the map h:

Z

¢SUT\L

Hom(AY, D(As.r, Bsur))

b*l

Hom(Al, D(ASUT) BS@-BT))

1

Therefore, we can think then of these maps together as giving a map into Hom (A" x

AY D(Asor, Bs®Br)), since the paths are equal:

Using the conditions on Z, it is easy to check that this constructions yields a map
Z — Hom(A', Z)

that restricts to the identity and f at each end.
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We have thus constructed the desired homotopy. O

We end this chapter with the proof of Theorem 6.4.

Proof of Theorem 6.4. We first note that we can take a model for Modxr that satisfies the
conditions imposed on D above. In the construction of KR in [EM], the spaces of the spec-
trum are nerves of simplicially enriched categories. Hence, the construction of GL,(KR)
involves taking the homotopy colimit of nerves of categories, and we can use Thomason’s
machinery [Tho] to do this, thus having a model of GL,,(KR) that is horizontally categor-
ical. We can then apply the construction above to Modggr, and Corollary 6.11 gives the

right-hand equivalence of the theorem
NModgr < |NModkr|-
To complete the proof we prove that there is a map of I'-spaces
|SModr| —> |N Modxr|

that extends the map at level 1 constructed in [BDRR2].

We will indeed build a map of bisimplicial spaces from the levelwise nerve of the sim-
plicial category Smm) to NMW;R(Q). Recall that NGL,,,(R) maps into GLp,(KR),
hence we can think of 1-morphisms in Modgr as morphisms in Modgx. Thus we can think
about objects in M’(_)d\n(@) as objects in M/_(g;']z(ﬂ)

The (0, —) simplicial spaces for N SModg (n) and N Mfod\K/R(ﬂ) are given by the objects
of ]\mm) and M/@;R (n), respectively. The map desired is obtained by the identification

above.

Recall that a 1I-morphism in ]\mm) is given by a collection {fs, ¢s 1} of 1-morphisms
and 2-morphisms in Modgr. When considering the maps NGL,,(R) —» GL,,(KR), we
can then think of ¢gr as a O-simplex in Hom(A!, D(Ag 1, Bs@®Br)). As noted above,
the conditions on the construction of MTESR(@) (A, B) reflect the coherence axioms for
{fs, s}, so in general, we can think of a l1-morphism in ZM(@) as a 0-simplex in

Modrr (n)(A, B). Similarly, we can think of a 2-morphism in ]\m(@) as a 1-simplex.
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We can thus construct a map
Nsm(ﬂ)p,q - NM/EI_(/R (2)pg

as follows.
Recall that a (p, g)-simplex in N SJWQ(Q) is given by a collection {A4;}F_, of objects

in mm), together with diagrams of the form

p Aj l forall0<i<j<k<p0<Ii<gqg
ij ik

/ wm

Ai f~lk Ak,

subject to the coherence conditions in (2.20) and 2-morphisms filj = fil;’l.

We can map this to

[] Modkr(n)(Ag, A1) x -+ x Modr(n)(Ap-1, Ap)
Aoy Ap

by projecting the (i,7 + 1)-entries and using the identification described above.
It is clear that this maps extends to a map of I'-spaces, and that at level 0 it is the map

of equation 3.6. 0
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