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Abstract

There are two algebras associated to a reductive Lie algebra g: the De Concini-
Kac quantum algebra and the Kac-Moody Lie algebra. Recent results show that the
principle block of De Concini -Kac quantum algebra at an odd root of unity with
(some) fixed central character is equivalent to the core of a certain t-structure on the
derived category of coherent sheaves on certain Springer Fiber. Meanwhile, a certain
category of representation of Kac-Moody Lie algebra at critical level with (some)
fixed central character is also equivalent to a core of certain t-structure on the same
triangulated category.

Based on several geometric results developed by Bezurkvanikov et. al. these two
abelian categories turn out to be equivalent. i.e. the two t-structures coincide.
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Chapter 1

Introduction

Let g be a simple Lie algebra, g be the affine Lie algebra associated with g and
Rep(Uyg) the category of g integral highest weight g-modules of level k-h, where h
denotes the dual Coxeter number of the Lie algebra g. Kazhdan and Lusztig used a
'fusion type’ product to make Rep(Uxg) a tensor category. On the other hand,let U
be the quantized enveloping algebra with parameter ¢ = exp(mv/—1/d - k), where d
=1 if g is a simple algebra of types A,D,E,d=2 for types B,C,F, and d=3 for type
G. Let Rep(U) be the tensor category of finite dimensional U-modules. In [KL2]
the authors have established an equivalence of tensor categories Rep(U) = Rep(Uxg).
The subcategory block(U) C Rep(U) goes under the equivalence to the corresponding
principal block block(Ux§) C Rep(Uxg)

Let Gr¥ be the affine Grassmanian of the dual loop group, N be the Springer

resolution of the nilpotent cone of G, in [ABG], the authors proved:

Db (block™=(U)) 2 D% > (coh(N)) 2 D¥(Perv®(Grt))

7



and by comparing the t-structure, they proved:

block(U) = Pervy, (GrF)

In their proof, the geometry of Springer fiber plays an important role.

In a sequence papers of Lusztig [L1], there are various relations between repre-
sentations of quantum group at root of unity, representations of affine Lie algebra
at certain level and representations of Lie algebra over characteristic p. There are
various groups of people proved many results in this direction. The main results of
this paper is that the principle block of De Concini -Kac quantum algebra at an odd
root of unity with (some) fixed central character is equivalent a certain category of
representation of Kac-Moody Lie algebra at critical level with (some) fixed central
character. More precisely, the principle block of De Concini -Kac quantum algebra at
an odd root of unity with (some) fixed central character is equivalent to the core of
a certain t-structure on the derived category of coherent sheaves on certain Springer
Fiber. Meanwhile, a certain category of representation of Kac-Moody Lie algebra at
critical level with (some) fixed central character is also equivalent to a core of certain
t-structure on the same triangulated category. And in this paper, we will prove that

these two t-structures coincide.



Chapter 2

Geometric Langlands Duality

2.1 Triangulated Category, t-structure and Per-

verse Sheaves

In this section we will take a brief review of some basic notations and basic results

in perverse sheaves.
Definition 1. A triangulated category is a category with
a) a shift functor [1] : €+ € (which is an autoequivalence )

b) a family of triangles x Y 7z W X[1] (which are called dis-

tinguished triangles)
satisfying the following azioms:
-1) Every triangle isomorphic to a distinguished triangle is a distinguished triangle.

0) Every morphism f : X + T can be completed to a distinguished triangle.
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1) X X 0 X[1] is a distinguished triangle.

2) If X—Y—2Z s a distinguished triangle, then X[1] — Y[1] — Z[1] — is a

distinguished triangle.

3) Given two triangles X — Y — Z — X[l and X' —» Y’ — Z' — X'[1], and
morphism ¢ : X — X' ¢ Y — Y’ such that the first square in the following
diagram is commutative, then there is (not unique) a morphism & : Z — Z'

such that the whole diagram is commutative:

x Loy 2,z U, xq

3 5| e| o) |

x Loy Lz W xm

4) (Octahedral). Suppose we have the first three triangls, then we have the fourth

one X Y Z X[1]
X M N X1
Y M Q Y]
Z N Q Z[1]

A typical example of triangulated category is the derived category of an abelian

category.

Definition 2. A t-structure T in a triangulated category C is a pair of full subcategoies

C=0 and C2° such that: (for any n, we denoted CS™ = C=9[—n| and C2" = C2°[—n])
1) @0 c est @2t ¢ e,

2) If A€ C=9,Be ', Hom(A,B) =0
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8) For any X € C, there is A € C<%, B € C=!,, such that there is a distinguished

triangle:

A X B A1)

If furthermore we have the following:

es =0.ex"=0.

neZ nez

We will call this t-structure non-degenerated. This is the only case we will consider

in this article.

Remark 1. There is an easy fact. To give a t-structure we only need to specify

D=0 (resp. D20), since we have D' =+ (D<°) (resp. DS~1 = (DZ%)%).

Given a t-structure on C, it is easy to see that the natural embedding functor
ico : €9 — C (resp. ixg : €29 — €) has a natural right (resp. left)adjoint functor
T<o : €+ CS0. (resp. 750 : € > €29). The core of this t-structure C=°(C2° is an
abelian category, and the functor "H™ : € — C="(C2" [’-i\i] C='MN C2° is called the

n-th T—cohomblogy functor.

Definition 3. Let (Cy,7),(Cs, 72) be two triangulated categories with t-structure, a
triangulated functor F : € — Cy is left t-exact(resp. Tight t-ezact) if F(CZ%) C
C2%(resp. F(C%) c €30 )

Let X be a (reasonable) topological space, D%(X) = D%(sh(X)) be the bounded

derived category of constructible sheaves on X,! we introduce the perverse t-structure

'In the following sections, we will take X to be a scheme over field of non zero characteristic and
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DSV — [T ¢ D¥|dim suppH(F) < —i, for any i}

)
o~
Vv
[}

Il

{F € D"|Dx(F) € D20

perv

where Dy is the Verdier duality functor on Db(X).

The core of the perverse t-structure is the abelian category of perverse sheaves
and the n-th cohomological functor (which we denoted by) P H™ is the perverse coho-

mological functor.

When we work in the perverse t-structure, the six functors formulism is a useful
tool and we give a brief recollection. Suppose we have two (reasonable) spaces X and
Y and a (reasonable) map f: X — Y. There are several standard functors defined
between DY(X) and D%(Y). ie. f, f., f', f* Dx and Dy. Besides the usual adjoint

properties, there are several isomorphisms of functors:

f* = [D)Xf!]D)Ya
[+ & Dx fiDy,

DxDyx =1id

Supposed that we have a devissage

74 x LU

consider the derived category of l-adic sheaves, these are some standard setting, we do not repeat
them here.cf.[KW]
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where i is a closed embedding and j is an open embedding and U = X\Z, there are
more properties involved with the functors 4y, 7*,4", ji, 5., j* Dz, Dx and Dy. Espe-
cially, if we consider the perverse t-structure on the corresponding derived categories

of constructible sheaves, some properties of these functors are summarized in the

following theorem. (cf [BBD])

Theorem 1. Some formal properties of functors:
1) @, j* are t-ezact, 7', j. are left t-exact, i*, ji are right t-ezact.
2) if fis affine then f, is right t-exact and fi is left t-ezact.

3) if j is an affine embedding, then j.,j are t-exact. especially, PH(j.) = j. and

PH(ji) = jr.

In case we have a devissage, there is one more convenient way to characterize the

perverse t-structure on D%(X):

DisNX) = {F € Db, (X)i*F € Dys)(Z),5*F € Dpz)(U)}

erv perv perv

DAX) = {F €D, (X)li'F € Dy2)(Z),j'F € Dy2)(U)}

perv perv perv

The above characterization is very useful; especially, in case we have a stratifica-

tion consisting of affine strata.

Example 1. Let G be a simple algebraic group, B be a Borel subgroup, G/B be the
flag variety. The B-orbits on G/B are affine and parameterized by the Weyl group

W.i.e. G/B=J Aw. Moreover, A, = A'W) is the affine space, where l(w) is the
weWw
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length of w. Let j, : Ay +— G/B be the natural embedding, then it is an affine map.
By Theorem 1, ju(Cll(w)]),Juw(C[l(w)]) are indecomposable perverse sheaves, there
is a natural morphism ju,\(Cll(w)]) — juw«(C[l(w)]), the image is irreducible which will
be denoted by jui(C[l(w)]). These are the standard objects, costandard objects and

irreducible objects in Pern(G/B).

2.2 Mirkovic-Vilonen Duality

Let G be a reductive algebraic group over some algebraic closed field, B be a
Borel subgroup, T be a maximal torus. We have two lattices: the character lattice
A = Hom(T,G,,) and the cocharacter lattice A = Hom(G,,T). Let R C A be the
root system and R C A be the coroot system. The reductive algebraic groups G were
determined by the root datum (A, R; A, R). Associated to a root datum (A, R; A, R),
there is another root datum (]\, R; A, R) which determins another reductive algebraic

group—the Langlands dual group G* of G.

We first review some basic notations and results about the irreducible finite di-
mensional representations of G. They are parameterized by A*—the dominant weights

and we have a decomposition of tensor product.
~ § : A1 2
V)\l ® V)\z = m,\s V)\S
A3

where m;\;”\z € Z=° Let x, be the character of the representations V3, then the
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equation gives us:

_ _ § : A1,A2
Xay " Xoap = XV)\1®VA2 - Mg Xog
A3

These equations gives a multiplication on class functions on G.

Let X denote a p-adic field or C((¢)), O denote the p-adic integer or C[[t]]. The

well known Satake isomorphism states an algebraic isomorphim:
C(G*(K)//G*(0)) = Class Functions onG

where the multiplication on L.H.S. is convolution, on the R.H.S. is the multiplication

we introduced before.

On the L.H.S, due to the sheaves-functions principle, every G*(0O)-equivariant
perverse sheaf produce a spherical function on G(X), while on the R.H.S., the char-
acters of finite dimensional irreducible representations of G(C) form a basis of class

functions. The Satake isomorphism now can be understood as :
K(PervgLo)(Gr")) = K(Rep(G)).

In [MV], they provided a categorical version of the above results, i.e. the following

categories are equivalent as tensor categories.

Pervgro)(Gr*) = Rep(G) = coh([pt/G]).
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where [pt/G] is the algebraic stack® classifies G -torsors. Noticed that the irreducible
objects on Pervg,(Gr) are parameterized by the same index. We denote them by

IC,, for any A € A™.

2Here we do not really need the notion of algebraic stack, the only thing we need to keep in mind
is coh[X/G] = coh®(X)
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Chapter 3

Affine Hecke Algebra

3.1 Kazhdan-Lusztig Results

Let G be an adjoint reductive group, F be a local field, the affine Hecke algebra
by definition is H, ¢y = C(G(F)//I), where I is Iwahori-subgroup. In this subsection,

we will review some well known results.

Let W,yss be the affine Weyl group with generators s;,7 = 0,1, ...n. and relations

2

Si = 1
S§i85... = §;8...
a;,jcopies a;,jcopies

where (a; ;) is the affine Cartan matrix associated to G.

Associated to this Coxeter group, we can define the affine Hecke algebra H, ;s with

17



parameter q as following: it has generators T};4 = 0, 1...n over C[g"/2, ¢~V/?] such that

(T;+1)(Ti —q) =0

T.T;... = TyT;...
S—— N

a;, jcopies a; jcopies

It is well known that the admissible representations of G(F') are in one-one cor-
respondence with the finite dimensional representations of some Hecke algebras. Un-
derstanding the representations of G(F') is thus reduced to understanding the finite
dimensional modules of Hecke algebra. Especially, the admissible representations
with non-zero I-fixed vectors are in 1-1 correspondence with the finite dimensional
modules of the affine Hecke algebra. Deligne and Langlands proposed a classification
of such representations which was proved by Kazhdan and Lusztig in [KL1].

To make our statement more precisely, we would like to fix some notations. Let
G be an algebraic group, B be a Borel subgroup, N be a unipotent radical of B, B~
be opposite Borel subgroup of B and N~ be the unipotent radical. Let g be the Lie
algebra of GX, NT be the nilpotent cone, Tz : 5\?2 — N be the Springer resolution,
gL EZ > g~ be the Grothendieck simultaneous resolution, StX = EE g>§ NL be the

Steinberg variety, p; : St& +— EE and pg : Stt — NL All these varieties have natural

GYL action, so we can consider the GL-equivariant coherent sheaves on these vareities.

The Deligne Langlands conjecture states that these representations are parame-

I — 49 and

terized by (s,u, p), where s is semisimple, u is unipotent such that sus~
p is a representation of some finite groups. In this section, we will quickly review

several important steps of the proof.
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In [L], Lusztig started studying the K theory of the Springer fiber. Especially, he

proved the following:

Theorem 2. K (coh(INL/(GE x G,)])) has an Hap; module structure, which is iso-
morphic to the anti-spherical module Mys, = Ind(Sgn), where Sgn stands for the

sign representation of H (the Hecke algebra associated to Weyl group).

In the sequence papers[CG][KL1], they provided a K-theoretical interpretation of

Hagp.ie. They proved:

Theorem 3. K(coh([StL/(G* x Gn)))) has an algebra structure such that it is iso-

morphic to the affine Hecke algebra.

3.2 Categorical Version:Bezrukavnikov Correspon-
dence

The Satake isomorphism states that we have the algebra isomorphism C(G(X)//0)
K(Rep(G*)), while the geometric Langlands duality upgraded this isomorphism to
categorical level:

PCT’UG(o)(GT‘) = Rep(GL) = cOh([pt/GL])

In the previous subsection we have

Hagy = C(G(F)/ /1) = K(coh(ISt"/(G" x G)).

19
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Motivated by the geometric Langlands duality, in [CG], Ginzburg proposed a cate-
gorical version of the above isomorphism, which was proved by Bezrukavnikov and
claimed in [B]. We will recall this and several related results. For saving notation in

future, we would like to fix some conventions which are abstract nonsense.

Convention 1. Suppose that we have sevefal pairwise equivalent categories Aj,j =
1,..,k., we can take an abstract category A which is equivalent to these categories(and
we will fir the corresponding equivalence F;), and call it the abstract model of these
categories and these A; are realizations of A. If furthermore, these A;,j = 1,.., k.
are triangulated categories with t-structure t;,j = 1, ..k. respectively, we will denote
Ay; the abstract model A with t-structure translated by the equivalence F;. In more
concrete contexts, i.e. supposed that we have two realizations of A in coherent sheaves
context and perverse sheaves context, we will use opA and pe,, A to remind reader

which realization we are thinking about.

Let Fl,;5 = G(X)/I be the affine flag variety,(For more precise description of affine
flag variety and related topics, cf [B]) the I-orbits and I(the unipotent radical of I)-
orbits on Fl, s are parameterized by W, ;. There are Iy equivariant perverse sheaves
category Pervy,(Flass) and I-equivariant perverse sheaves category Pervr(Flasys).
The irreducible objects of these two categories are both parameterized by W,ss. Since
results concerning perverse sheaves on the affine flag variety will be intensively used
below, we briefly review them in this subsection.

For each orbit IqwlI/I, we denote by j, the natural embedding. Let J,. =
jw*(@), Jot = ng(@),and Jule = ij*(@) be the costandard, standard and irreducible

20



objects in the category Pery, (F!)(by slightly abusing the notations, the correspond-
ing objects in Perv;(Fl)). The basic property of these objects summarized in the

following theorem:
Theorem 4. The following results are proved in [2]:

1) Let M € pery T, (1esp. pereT20,), then for any w € W, M x Jy. (resp. MxJy)

perv perv

€ peroTaars (165D perv T30
2) Juw* Juwt = Je;
3) Juwt * Juwt = Juwwrt, Jus * Juwre = T if Lww’)=l(w)+1l{(w’).
where x stands for the convolution.

Fix a generic character ¢ : N — G,, it defines a character of Iy. In [ArBe,
they introduced the Iwahori-Whittaker(i.e. (/o,%)-equivriant) perverse sheaves cate-
gory Pervpy, which turns out to be a quotient category of the I-equivariant perverse
sheaves category Perv;(Fl,ss). More precisely, irreducible objects in Pervyw (Flasy)
are parameterized by A € A, which can be identified with the minimal length repre-
sentatives in W\Wss. Let A, V, v € W\W,y; be the standard, costandard obejcts
in the Iwahori-Whittaker perverse sheaves category. Especially, there is a special ob-
ject &g € Perviw(Flyagy), such that the following convolution functor is a quotient
functor:

conv : Pervi(Flyss) v~ Pervpw (Flagp); F = Dox F (3.1)

More precisely, in [AB], they proved the following lemma

21



Lemma 1. a) We have

Do x Ty =0 w g W\W,yp

b) We have

Do =V

c) Forw=uv,u € W,v € W\W,ys, we have

A0*Jw! = Av

A0"*’Jw* = vv

Slightly modifying the argument in [AB], we can prove the following result.

Theorem 5. The convolution functor:

conv' : D} (Flags) — Dy (Flags); F > Do x F

is t-exact. (both sides with the tautological t-structures.)

As the subsection title suggested, there are some categorical results corresponding

to the K-theory results, which are due to Bezrukavnikov et.al. The main results we

will recall is the following[AB][B1]:

Theorem 6. In the following equivalences, the superscript ™* standards for the mized

version. (cf. [ABG].)

22



1) Basp : D¥(coh(INL/GF))) = D(Pervw (Fl)) = D*(/ P)

B« Db(coh(INE/(GE x Gr)])) = Db(Pervf (FL)) = Db(J Pmic)

asp

2) Bas : D¥(coh([Sth/GY))) = D*(Pervy,(Fl))

o D*(coh([StL/(GE x G)])) = Db(Pervi**(Fl))

3) Bua : D(coh(INE/GE])) = DP(! PY)

B™iz : Db(coh(INF/(GE x G,)))) = Db(Y Pmi=t)
where f P and ¥ P will be explaining in following.

We will denote the abstract model of the triangulated category in the first line
by 8 (resp. 8™%), the triangulated categories in the second line by T (resp.J™*) and
the triangulated category in the third line by X (resp. K™<). Besides the coherent
realization and (Iwahori-Whittaker) perverse sheaves realization, we would like to
emphasize that 8§ has another realization which we call the quotient realization and
denote by 4,08 = DU(/P). This is a result in [AB], where /P is a Serre quotient
category of pervy(Fl). Furthermore, in [B1], there is a Serre quotient category of
f P, followed their notation, which we denoted by f Pf. This category provides us a
quotient realization of the triangulated category X.

To help reader keep the previous convention in mind, we will introduce two com-
mutative diagram, which are theorems due to Bezrukavnikov et. al.:(and we wrote

out the corresponding realizations to help reader familiar with those convention)

Theorem 7. We have following commutative diagrams/[4]:

23



1) cnT(= DX(eoh([St/GH))) =i ey T(= DH(Pervy, (F1))

lRp! le*

won (2 DH(coh([NE /GE]))) ~—e> perS(2 D*(Pervpy (FI)))

2) conS(2 D"(coh(INL/GH)))) ~——— quoS(= fb(fp))

conXK (2 D¥(coh(INF/GH)))) =2 K (22 Db(f PF))

perv8(= D¥(Pervpw (FL)))
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Chapter 4

Affine Braid Group Action on

Triangulated Categories

4.1 Affine Braid Group

Given a Coxeter group G =< s;;1 =1,2,..n > / < §? =1, 8;8j... = §;Si. >,
a;,jcopies a;, jcopies

where a; ; are some fixed integers (may include co), there is a braid group B associated
to it which is generated by the symbol T;,7 = 1, ..., n. with the same relations except
T? = 1. For any element w € G, fix a minimal length representative of w = Siy-ee+Siys
there is a well defined element T, = T;,T;,..T;, € B. This assignment gives an
embedding ¢ : G — B (not a group morphism), and we will denote by B* (resp B~

)the semi-group generated by «(G) (resp. ¢(G)™1).

Definition 4. A weak action of B on a category C is an assignment b € B — Ry, €
Auto(C) such that Ry o Ry = Ry

25



The following lemma is obvious:

Lemma 2. To define a weak braid group action, we only need the assignment 1(w) +—

R,w) € Auto(C) satisfying:

RL('LU) © RL(w’) = RL(ww/)v Zfl(wwl) = l(’UJ) + l(wl)

Given a rank n root system (A, R) with a set of fixed simple roots {a; € A,j =
1,2,..n}, there are n simple reflections s;. Besides these simple reflections, there is
one more affine reflection sy which is the reflection defined by the affine root ay. The
group Wysr =< 55,1 = 0,..n > is a Coxeter group, hence there is an affine braid
group B,y; associated to it.

Suppose we have two triangulated categories with t-structures (€y, 1), (€2, 72) and
a triangulated functor F' : €; — €y, furthermore, if we assume there is an (affine)

braid group B,;s action C;.

Definition 5. The t-structure T is called braid left t-(resp. right t exact) positive

for any M € C,5°,b € BF, (resp. M € C12°b € B.s), we have b.M € C12° (resp.

71 aff 10

b.M € C'lflo.) And it is called braid positive, if it is both left and right braid positive.

Definition 6. The t-structure 7 is called braid positive above 1o by F, if 11 is braid

positive and:

1) for any M € C12°)b € B:ff, we have F(b.M) € Co%.

2) for any M € ClTZlO,b € 'B;ff, we have F(b.M) € 027220.

26



In next section, we will introduce some examples to help reader understand those

definitions.

4.2 Affine Braid Group Action I: Perverse Sheaves

Version

Let us consider the perverse sheaves realization pe, T 22 D®(pervy, (FI)) of T and
with the perverse t-structure Tpery.
Due to Theorem 4, the functor Ly : peryT — peryJ defined by mapping F € per T

to Ju« x F is an equivalence and moreover we have
Lw o Lw’ = wal, if l(ww') = l(w) + l(w’)

i.e. We have a weak (affine) braid group action of B,ss acts on pe,T (hence T).
Similarly ,we can define R,, by convolution from the R.H.S, which introduced another
affine braid group action. From the obvious reason, we call them the left affine braid
group action and the right affine braid group action.

From Theorem 4, it is easy to see the perverse t-structure on 7 is braid positive
(for both left and right action). We will provide various examples of the Definition 3

and Definition 4 which will be used in future.

Example 2. The perverse t-structure Tpery 0T peryJ 15 braid positive above the perverse

t-structure Spery ON pery® for both left braid group action and right braid group action.

Proof This is an almost trivial consequence of Theorem 4 and Theorem 5. i.e.

27



In the perverse sheaves realization, the functor from per,T t0 peryS is the convolution
functor conv’(——) = Ag x —— which is also exact with respect to the perverse t-
structures. For any M € pe,,T=0, we have M x Jyyy €pery T<C, hence Agx M x Jype Epery
T=0. For any M € per, T2, we have M x Jyu €pery T2°, hence Aox M x Jype €pery TIZ0.
i.e. Tpery is right braid positive above ¢,ep,. The left braid positivity can be proved

by similar argument.

Example 3. There is a braid group action on 8 which inherited from the right braid
group action on T. The perverse t-structure Spery ON peryS = Db(Pe'rvIW(Flaff)) 18

braid positive w.r.p.t. this braid group action.
Proof This follows from the proof of Example 2.

Example 4. With the (affine) braid group action on 8, the perverse t-structure per,

is braid positive above the perverse t-structure Kper, on X.

Proof It is almost trivial in the quotient realization. i.e.In this realization, we

have 4,8 = D°(Y P), (X = D(f P7). By Theorem 4, this statement is trivial.

Now, we would like to introduce another easy example of braid positive t-structure.
There is a special maximal commutative subalgebra in 3z, which is generated by
the characteristic functions Chryy on G(X) for A € A. On the categorical level,
we also have a special subset of objects in Pervy,(Fl), i.e. the Wakimoto sheaves
Wi, A € A. To define them, we need to take an (any) decomposition of A = A\; — Ay

where A1, Ay € A+, we define W, = J,\l* * J_,\zg.

Lemma 3. 1) W) is a well defined perverse sheaf.
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2) Wyx W, = Wiy,
Proof
1) Let A = A\; — Ay = 11 — v, be two decompositions. (i.e. Aj,v; € AT ). Since

J/\1+1/2,! = J)\l! *']112! = J/\Q! * ‘]V1! - '])\2-{-111!’ we get J)\ll*']x\z* = ‘]/\1! *JV2! *JVQ* *

Trge = Iay* otk gty o = Iagt* oy 1% Iy g s = ok gk Dygu ke Jugue = JupixJy,s

2) This follows from part 1).

After introducing the Wakimoto sheaves, we define new t-structure 7pey L on pervd

by

perv T ony, = {M|M * Wy Epery T=0 for any A € A}

perv

and new t-structure Gue,? 0N peryS by

pervSs0, = {M|M x Wy €pery, 850, for any A € A}

perv

Example 5. a) The t-structure The, on T is braid positive with respect to the left

hand braid action.

b) The t-structure Tpey s braid positive above the t-structure Gpe, on 8.

Proof

<0

a) Let M € pe, TS, for any A € A and w € Wysp, we have (Jyu x M) x W) =

Jus * (M x W) € pervTmy- 1€ Tnew is left braid positive.

'Here we secretly used the fact that it is a well defined t-structure. This was proved in [FG]
2The fact that it is a t-structure will be proved in section 4
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For M € ¢, T28,, we need prove Jy, x M € pm‘J'ZO however for any N €

new’

perv T sy we have Hom(Jyex N, M) = 0i.e. Hom(N, Jyx M) =0 for any N €

new

perv‘J’Ee;}, which proves that 7., is right braid positive.

b) The functor is Ag* (—=) : pervT > peryS s t-exact with perverse t-structure on
both sides, so for any M € ;. T50,, we have (Agx M) x Wy = Do (M xW)) €
pervSsery, fOr any . ie. Ag* M € ey 852, In other words, Ag* (——) is left

t-exact with respect to the new t-structures on 7 and 8.

To prove that g x (——) is right t-exact with respect to the new t-structures
on T and 8, notice that there is a left adjoint functor F of Ay x (——) 3 such
that F(833,) C T5),, * we have that for any N € 850, = F(N W) &

F(N)xWy € T53,. ie. F(N)e T2, Sofor M € TZL,, N € 852, we have

Hom(N, g x (M)) = Hom(F(N),M) = 0. i.e. We have Ag* (——) is right

t-exact.

We now recall some facts about perverse sheaves on stratified spaces.
For F € D[(Flaff), let Wi ={we Wafflj;)F # 0}, WI‘:‘ = {w S Waff|j;;F # 0}

The following result was proved in [AB]:

Theorem 8. For X € D;(Fl,s5) there exists a finite subset S C Woys, such that for
all w € Weps we have

! * .
VI/]-W**X, ijg*X C w - S,

3This follows from the coherent realization of T, since in this realization A\ is equivalent to the
push down Rmy .

4This is because we have adjoint pair (F, Ay (——)) and Ag # (——) is exact with respect to the
perverse t-structures on T and 8§
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! * .
WX*jw*’WX*jw! C S N w,

The above notation can be applied to Dy (Flass). Slightly modifying the proof
of the above theorem, we can prove (and to save notation, we will identify A with

WA\Wqsp):

Theorem 9. For X € Dy (Fl,sy) there exists a finite subset S C A, such that for

all w € Wyyps we have

Wsiwer Winjn, CS-w C A,

4.3 Affine Braid Group Action II: Coherent Sheaves

Version

The variety EE is smooth, and the map my is proper and generically finite of
degree |W|, where W is the Weyl group. It factors as a composition of a resolution
of singularities W;L gL gt xge,w hY and the finite projection g% x o, b* — g;
here h is the Cartan algebra of g“. Let gt C g% denote the subspace of regular
(not necessarily semi-simple) elements, and g/]:/"'g be the preimage of g&" in g/L’\/’"eg;
then W;L induces an isomorphism g,L’\/Teg = g~ Xy HE.

We now introduce the affine braid group action. Let A be the root lattice of GL.
For A € A, we will write O()\) for the corresponding G'-equivariant line bundle on
the flag variety B, and we set F(\) = F ® O()\) if F € D*(coh(X)) for some X with
natural map mapping to B. Let W be the Weyl group, and set W,ss = W K A. Then

W, W,sr are Coxeter groups. Notice that W,y is the affine Weyl group of the group
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G*. It was mentioned above that gbres = 8" gz ,w bE; thus W acts on this space via
its action on the second factor. The formulas A 3 \: F s F(\),W € w: F — w.(F)

are easily shown to define an action of W,s; on the category of coherent sheaves on

————

gL,reg_

Recall that to each Coxeter group one can associate an Artin braid group; Let
Bagy denote the group corresponding to Wyss . It admits a topological interpreta-
tion, as the fundamental group of the space of regular semi-simple conjugacy classes
in the universal cover of the dual group G. For w € Wy consider the minimal
decomposition of w as a product of simple reflection, and take the product of cor-
responding generators of Basy . This product is well known to be independent on
the choice of the decomposition of w, thus we get a map W,sy € By which is
one-sided inverse to the canonical surjection B,;y € W,s; . We denote this map
by w € T,,. The map is not a homomorphism, however, we have T, = T,, - T,, for
any u, v € Wyys such that {(uv) = [(u) + [(v), where [(w) denotes the length of
the minimal decomposition of w. Let B;'f 7 C Bayss be the sub-monoid generated by
Tw, w € Wyyp . For a simple reflection s; € W let §; € 552 be the closure of the
graph of s; acting on gLv,\T?g. We let S; denote the intersection of S; with N2, Let
pri : S v Ei,pr;i 0 S NL,pri 0 S - Ez,prf . S; — NI, where 1( resp. 1)
standards for the the projections to the first factor(resp. second factor). Let A* C A
be the set of dominant weights in A. For a scheme Y over g we set Y’ = NL XgY
Y =3 XgY . We have the following theorem which claimed in [B] and partially

proved in [BM]
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Theorem 10. a) There exists an (obviously unique) action of Basy on D(coh(g)), (resp.
D(coh(ﬁz))) such that for A € At C A C Ways we have A : F — F()\) and
for a simple reflection s; € W we have §; : F — (pr},).(pri,2)F. (respectively,

s F s (pr').(pr'y ) F).

b) This action induces an action on D(coh(Y)), D(coh(Y")) for any scheme Y over

g such that Torg, (0, Oy) = 0, respectively Tory  (O5z,0y) =0, for 1> 0.
8

¢c) There is a unique t-structure on D*(coh(Y)) (resp. D®(coh(Y"))) which is braid

positive above the tautological t-structure on coh(Y)(resp. D*(coh(Y"))).

d) The above results have an equivariant version and dg-fiber version(i.e. Without

the higher torsion vanishing condition).

Remark 2. Though we will not replicate the proof of the above results, I would like
to emphasize one result coming from in the proof, the braid positive t-structure on

D*(coh(S)) above the tautological t-structure on D®(coh(S)) is characterized by:

D"%(coh(S)) = {M|m.(t.M) € D50 (coh(S)), for any b’ € BY;}

And moreover, the above results can be modified to the other t-structure on D®(coh(S)).

Remark 3. The induced action of Bass on the Grothendieck group K(J,\}z) factors
through Weyss . If one passes to the category of sheaves equivariant with respect to
the multiplicative group, acting by dilations in the fibers of the projection NL B,
then the induced action factors through the affine Hecke algebra H. Furthermore, this
construction yields an action of H on the Grothendieck group K(m='(e)) for each
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e € NE; these H modules are called the standard H-modules. Thus the Theorem

provides a categorification of the standard modules for the affine Hecke algebra.

Particularly, let us consider the coherent realization ,,,T of T. Notice that Stf =

~ .

—~ L —_~ P =
gF x g NE =gl = NI, hence as the perverse sheaves realization, there are two braid

group actions on this coherent realization. Moreover, the equivalence B,s: pery T =2
cohJ is compatible with these braid group actions on both sides[B2].

Similarly, in the coherent realization .,,8 of §, noticed that Nt = gF x NL there is
gL

o~

a braid group action, which compatible with the equivalence: Bogp: conS = peryS[B2].
For more convenience, we can take this braid group action as inherited from the
left braid group action on T, so that, the commutative diagram in Theorem 7 is

compatible with this left braid group action.
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Chapter 5

Two t-structures on Derived
Category of Coherent Sheaves over

Springer Fiber

5.1 Localization of De Concini-Kac Quantum group

at Odd Root of Unity

In this section, we will review some results of [BK],[BK1], and we will follow [BK]’s
assumption on q: if it is l-th root of unity then it is primitive of odd order and in
case G has a component of type G the order is also prime to 3.

Let 4, (resp. U,)be the De Concini-Kac (resp. Lusztig ) integral form of the
simply connected quantized enveloping algebra of g©/C. Let Z be the center of iy, in
case q is root of unity, it contains the Harish-Chandra centher 2 C and the l-center
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Z'. The Harish-Chandra homomorphism provids an algebra isomorphism:

x>zl g ZHC (5.1)
ZlﬂZHC

A cental character of {l, consists of compatible pair (x, A\) where x is a character
of l-center and X is a character of Harishi-Chandra center, and we will denote by

Ll;} — mod the category of modules with Harish-Chandra character A and l-character

X

For each q (root of unity), there is an algebra morphism {, — U, whose image is

u, with algebraic kernel is the augmented ideal of Z(®.

In [KB2|, they introduce a category of quantum D-module ng(Gq) and proved
that:

DP(D}, (G,)) = DH(36} — mod)

where ) is integral and regular. If furthermore, let us fix a x in B_B and is unipotent,
we get:

Db('D)L\?q (Go)x) = D;(ﬂ.’\ mod)

-
where the L.H.S. denote those (complexes of) ng-modules supported on the Springer
fiber of (x,\) and the R.H.S. denote £[; modules which are locally annihilated by a
power of the maximal ideal in Z' corresponding to y (generalized central I-character

X)-
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By the Azumaya splitting we have
D3, (G,) = Qeoh(T"X),

where the latter category is the quasi coherent O-modules on T*X supported on the

Springer fiber of x (with respect to the usual Springer resolution).

By standard base change argument, the above equivalence can be rewritten as:

DP(442 — mod) = D*(Qcoh(Spry))

X

L —~
where Spri, = {x} x N
NL

Moreover, in [BK2], they proved that if the Harish-Chandra character is general-

ized character, the above equivalence of the form:

D*(4 — mod) = D*(Qcoh(Spry))

L —~
where Spry, = {x} x g’ is the derived Springer fiber.
gL

From Theorem 10, the R.H.S. has a affine braid group action, and in a forth-
coming paper [K], the tautological t-structure on L.H.S. is braid positive above the
tautological t-structure on D®(coh({x})).
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5.2 New t-structure Introduced by Frenkel-Gaitsgory

Given a simple algebra g, the category O is equivalent to the category of N-
equivariant holonomic D-modules on the flag vareity. The Riemann-Hilbert corre-

spondence tells us there is an equivalence:

Perv(X) = D —mod(X)g.rs

Thus, we have the following equivalence:

O = D — mod(G/B)N = Peruy(G/B)

This is the well known localization theorem for gmod. Suggested by this theory, there
are various localization theories in other context. We will briefly recall the results in
[FG]. Let g be the Kac-Moody algebra associated to g, geri# — mod be the category
of continuous g — mod at the critcal level, gzt — mod,, be the abelian category of
gcrit — mod, on which the center 3, = Z (ﬁ (8)erit) acts through its quotient 3;%’!;; (see
[FG] for the precise definition). Unlike the classical finite dimensional Lie algebra

case, we no longer have well behavior localization type results in the affine algebra

case, however, we still have the following gloabl section functor:

[ Db(i)(Flaff)crit - mod) = Db(ﬁcrit - mOdm‘lp)

This functor can not be essentially surjective, due to the existence of large center
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on the right hand side. Notice that there is an action of D?(coh(NF/G¥E)) on the left
hand side and we have a geometric realization of Z, = O(Op™*) with residue map

Res : Op™'P NL /GE, the above functor can be upgraded to

Tyitp © D (coh(Op™™P)) X DYD(Flagg)erit — mod) = D*(gerit — modnarp)
Db(coh(NE/GLY)

which they conjectured to be equivalence.

This conjecture holds partially, i.e. when restricted to some subcategory, the
functor is an equivalence. More precisely, considering the Iy-equivariant object in the

right hand side, in [FG], they proved the following:

Theorem 11. The functor

Coit : Db(coh(Op™® X DY(D(Flyt)erit — mod)® = DY(§erie — Mmodniy) ™
P o It ,,
Db (coh(NL/GL))

is an equivalence of categories.

However, with the tautological t-structures on both sides, the functor I's, is not

t-exact. Due to the Riemann-Hilbert correspondence, we have

D*(D(Flagy)erit — mod)™ = D*(pervy, (Flagy))

Hence, the special family of the perverse sheaves (i.e. Wakimoto Sheaves) has its
D-module context realization which we still denoted by W, A € A, and the previous
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category is equivalent to

D' = D(coh(Op™P)) X D°(perviy(Flags))
Db (coh(NE/GL))

They introduced the new t-structure on D = DP(D(Flyf)erie — mod)™® by

D30, = {M € D|Wy» M € D, for any\ € A}

new

where W), is Wakimoto modules. This new-t structure easily defines a new t-structure
on D'. In Theorem 11, after introducing the new t-structure on L.H.S. , with the

tautological t-structure on R.H.S, I'ny, is a t-exact functor.

Due to the Riemann-Hilbert correspondence and the previous Bezrukavnikov cor-

respondence we have:

DP(coh(Op™iP)) X DYD(Flags)erie — mod)lo
Db(coh(NL/GL))

&~ D’(coh(Op™'P)) X D*(pervy,(Flagy))
D¥(coh(NL GL))

& D’(coh(Op™'P)) X DP(coh([StE/GH)))
Db(coh(NEJGLY)

Let us fix a nilpotent oper ~ with the residue image , then we have the following

equivalence:(after base change from the above results).

P

L
r: Db(ﬁcm’t - mOdm'lp, )IO = Db(QCOh( >2 gL)) (52)
g
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L —~
where x gt which will be denoted by Spr is the derived Springer fiber. And on
gL
R.H.S, the t-structure inherited from the new t-structure on T makes I' exact.(L.H.S

with the tautological t-structure.) In next section, we will prove this t-structure is

braid positive above the tautological t-structure on D*(Qcoh( )).

5.3 Comparing t-structure

In this section, we will prove that the new t structure Tpe, on T is braid positive
above the coherent t structure ¢.,, on S, and as an application, after a base change,

the following equivalence

Db(ilo — mod) = D*(Qcoh(Spr )) = D*(erit — mod™

nilp, )
can be upgraded to equivalence of two abelian categories:

U0 — mod = Gerit — mod™, . (5.3)

nilp,

L ~
where Spr = X gL is the derived Springer fiber.
8

We start the proof with a lemma:

Lemma 4. In coherent realization of 8, we have the following:
1) DU(coh(INE/GH))) = {OM[i)IA € A.i > 0.}

2) m.(R,O(N)) € DES0(coh(IN*/GH]))

perv

3) D2S%(coh(INE/GH])) C DEE2(coh(INE/GM)))

coh new
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Proof:

1) This is obvious.

2) The statement in coherent realization is not obvious, however,if we use the

quotient realization, it follows from the Example 4.

3) Note that the quotient t-structure Squot ON gutS 1s braid positive above the
quotient t-structure Kguer on quotX. After a slightly modification of the proof of

the result mentioned in Remark 2, we have:
quots(}guoot = {M € S‘W*(Mb) € qUOt:KqSuOot}

Then 3) follows from 1) and 2) and the coherent realization of the above results.

Theorem 12. 1) The new t-structure Gne, on 8 coincide withe the tautological

t-structure Seon 0N copS.

2) The new t-structure Tpe, on T is braid positive above Gpep on 8

Proof

1) The lemma implies that 1850 C 1852 we know these two categories are

1As a direct corollary, we proved that ¢,eq is a t-structure.
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coincide if we can prove that onS50, C conSau:
M€ 1855 & Ext o(M®V,0(\)=0VAeAi>0V e RepG")
& Bt o(Mx2Zy, Do Wh), YA€ Ai >0,V € Rep(G*)

& Eatl o(M*2Zy*W,,DoxWaxW,), VA v € Ai>0,V € Rep(G*)

Due to the Theorem 9, the support of MxZy consists of a finite S of the [-orbits
on Fl,s;. Moreover, the theorem tell us the support of Wyr,o .y, C S+v, ie. if
v > 0, then the support of M xZy xW,, consists of finite I-orbits on F'l;s; which
all parameterized by some positive weights. Noted that DNo*xWyxW, =D,

is a standard object, for any A + v > 0, hence we get M * Zy * Wy, € pervSse)

perv*

However from (——) % Zy is an eaxtact functor, we know M x W, € pervSmary fOT

v > 0.

On the other hand, if MxW, € perUSSO Vv > 0, by inverse the above argument,

perv

we know M € 1850, ie. M € onSSl & MxW, € pervsgem for any v > 0.

coh* coh

<0
coh’

i.e. we proved that 852 C.on 8

new

2) (This is the example 5)

Remark 4. Since we proved that the new t-structure on T is braid positive above the
new t-structure( hence coherent t-structure) on 8, after a base change argument, in

the equivalence (4), the tautological t-structure on L.H.S introduced a braid positive t-

2We want make a remark on the notation, in [G], there is a functor maps spherical perverse
sheaves to the central sheaves in pervy, (Gr), and by geometric Langlands duality, the category of
spherical perverse sheaves & Rep(GL), we will denote Zy be the corresponding central sheaves.
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structure on the R.H.S (w.r.p.t the tautological t-structure on Qcoh(pt)), and Theorem
10 assert there are only one t-structure braid positive above the tautological t-structure
on Qcoh(pt), hence it coincide with the one introduced by De Concini-Kac Quantum

group. Hence we proved the equivalence (5).
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