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We argue that the nonrelativistic Hamiltonian of p,+ip, superconductor in two dimensions can be derived
from the relativistic Jackiw-Rossi model by taking the limit of large Zeeman magnetic field and chemical
potential. In particular, the existence of a fermion zero mode bound to a vortex in the p,+ip, superconductor
can be understood as a remnant of that in the Jackiw-Rossi model. In three dimensions, the nonrelativistic limit
of the Jackiw-Rebbi model leads to a “p+is” superconductor in which spin-triplet p-wave and spin-singlet
s-wave pairings coexist. The resulting Hamiltonian supports a fermion zero mode when the pairing gaps form

a hedgehoglike structure. Our findings provide a unified view of fermion zero modes in relativistic (Dirac-type)

and nonrelativistic (Schrédinger-type) superconductors.

DOI: 10.1103/PhysRevB.82.144513

I. INTRODUCTION

Fermion zero modes bound to topological defects have
been discovered by Jackiw and Rebbi in 1976 (Ref. 1) and
recently received renewed interest in condensed matter phys-
ics (see, for example, Ref. 2). Vortices in a certain class of
superconductors in two dimensions (2D) support zero-energy
Majorana bound states and obey non-Abelian statistics,’
which can be potentially used for topological quantum
computation.* Although vortices in the ordinary nonrelativis-
tic s-wave superconductor do not support Majorana zero
modes, the weakly paired phase of the p,+ip, supercon-
ductor, which is believed to be realized in Sr,RuQ,,> does
support Majorana zero modes bound to vortex cores.>%7

It is also known from the pioneering work by Jackiw and
Rossi that the relativistic s-wave superconductor in 2D
(Jackiw-Rossi model) has similar properties.® Remarkably it
has been shown that such a system can be realized on the
surface of the three-dimensional (3D) topological insulator in
contact with the s-wave superconductor.’ Besides these ex-
amples, there is a number of proposals to realize Majorana
zero modes using heterostructures of semiconductor and
superconductor,'®'? superconductor and ferromagnet,'? and
quantum (anomalous) Hall state and superconductor.'*

Although the nonrelativistic p,+ip, superconductor and
the relativistic Jackiw-Rossi model share similar properties,
the existence of a fermion zero mode bound to a vortex has
been discussed separately in the two systems.®%15-1° In this
paper (Sec. II), we argue that they are actually linked by
showing that the former Hamiltonian can be derived from the
latter by taking the limit of large Zeeman magnetic field and
chemical potential. In particular, the fermion zero mode
bound to a vortex persists under taking this limit.

Then in Sec. III, we turn to the relativistic Jackiw-
Rebbi model in 3D, which is known to exhibit a fermion
zero mode associated with a pointlike topological defect
(hedgehog).!182021 The limit of large mass and chemical po-
tential (nonrelativistic limit) leads to a “p+is” supercon-
ductor in which spin-triplet p-wave and spin-singlet s-wave
pairings coexist. We show that the resulting nonrelativistic
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Hamiltonian supports a fermion zero mode when the pairing
gaps form a hedgehoglike structure.

We note that the analysis presented in this paper is largely
motivated by the recent paper by Silaev and Volovik:?> The
nonrelativistic Hamiltonian of the Balian-Werthamer (BW)
state of the superfluid *He was derived from the relativistic
superconductor with the odd parity pairing? and their topo-
logical properties were studied. In this paper, we shall
broadly use ‘“relativistic” to indicate Dirac-type Hamilto-
nians and “nonrelativistic” to indicate Schrodinger-type
Hamiltonians. For readers’ convenience, references to the
main results are summarized in Table I.

II. JACKIW-ROSSI MODEL IN 2D AND ITS
NONRELATIVISTIC LIMIT

A. Jackiw-Rossi model and fermion zero mode at a vortex

We start with the Hamiltonian describing 2D Dirac fermi-
ons coupled with an s-wave pairing gap (Jackiw-Rossi® or
Fu-Kane® model)

1
H= 5 f dxVHWY (1)

with UT=(y', -y’ o,) and

TABLE 1. References to the equations in which the Hamil-
tonian, zero-energy solution bound to a defect, and its normalizabil-
ity condition are shown for the relativistic model and its nonrela-
tivistic descendant both in 2D and 3D.

Hamiltonian Solution Normalizability
2D relativistic (2) 6) (7)
2D nonrelativistic (13) (17) (19)
3D relativistic (29) (36) or (38) (39)
3D nonrelativistic (46) (50) or (51) (53)
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Hz(o"p+azh—,u A ) 2)

A" —o-p+oh+pu

This Hamiltonian can be realized on the surface of the 3D
topological insulator in contact with the s-wave
superconductor.’ /1 is the Zeeman magnetic field and u is the
chemical potential. When the pairing gap A is spatially de-
pendent, p = (p,.p,) has to be regarded as derivative opera-
tors (—id,,—id,). The energy eigenvalue problem is

uy Uy
U U
e =H . (3)
U3 U2
U U

When 4 and u are both zero, the number of fermion zero
modes (¢=0) bound to a vortex formed by A(x,y)=A,
+iA, is determined by the winding number of the two scalar
fields®!1>18

1 P
Index H = —f dlie A0 A, =N, (4)
2m

where AaEAa/ VA%+ A% and the line integral is taken at spa-
tial infinity. However, in the presence of 4 and u, the index
theorem is no longer valid: & and u terms in the Hamiltonian
can couple zero modes and they become nonzero energy
states so that two states form a pair with opposite energies.
Therefore, in general, only one zero mode survives for odd
N,, while no zero mode survives for even N,,.>1824

If we work in polar coordinates (r, ) with the gap func-
tion given by the vortex form

A(x,y) = |A(r)|e™? with |A()] >0, (5)

it is easy to find the explicit zero-energy solution for odd
N,=n (Ref. 25)

(“1 ) _ [ Vit (N = Pr)e ™!
=, /
V=1 (Ve

eilH—f’dr'\A(r')\
Uy _ th)e(w/4)1+19

(6)

and v,=-uj, v,=u, with an integer /=(n—1)/2. We note
that the zero-energy solution, Eq. (6), is normalizable as long
as

w2+ |A@)2 > (7)

is satisfied and there is a topological phase transition at u’
+|A|?=h? [see also Eq. (24) below].

B. Derivation of p,+ip, superconductor and fermion zero
mode

We now derive a clear connection between the Jackiw-
Rossi model and the nonrelativistic p,+ip, superconductor.
Suppose we are interested in the low-energy spectrum of
Hamiltonian (2) in the limit where both 2>0 and x>0 are
equally large
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Vi + AP =l <h~ u. (8)

g,

The low-energy spectrum in such a limit can be obtained by
eliminating small components u, and v,.2° Substituting the
following two equations from Eq. (3):

(e+h+ wu,=p,u, +Av,

(e=h—pwvy=-p_v;+Au ©)
into the remaining two equations, we obtain
pluy+pAvy  —Apv+ AP,
(e—h+pu =
e+h+p e—h—pu

2 # # 2
v —p AUy Apag +]AJPy,

(s +h— v, =2 . (10)

e—h—pu e+h+pu

Here we introduced p.=p,*ip,.

In the limit under consideration, Eq. (8), we can neglect &
compared to i+ u and approximate \u’+|A|? by h. The re-
maining components #; and v; obey the new energy eigen-
value problem

2

p 1
o~ Mar _{P—’Anr}
u 2m 2 u
& = 1 2 v s (l 1)
U] * )4 1
5{P+,Am} = o M

where we defined the nonrelativistic mass, chemical poten-
tial, and pairing gap as

5 A
m=h, w,=\u*+|A?-h, Aan;~ (12)
The resulting Hamiltonian
2
)4 1
P - ’Anr
P s
Hy= 2 (13)

1 P
~ ’A* -+ nr
SWPeBnt —

describes the nonrelativistic p,+ip, superconductor. We note
that when /<0, one obtains the Hamiltonian of the Py—ip,
superconductor where p, and p_ are exchanged in Eq. (13).

The first nontrivial check of this correspondence is the
comparison of spectrum in a uniform space where A is con-
stant. The relativistic Hamiltonian (2) has the energy eigen-
values

g2 =pP+ 12+ 12+ |AP = 22 + 2P+ |A]D). (14)

Its low-energy branch (lower sign) at small p is correctly
reproduced by the energy eigenvalue of the nonrelativistic
Hamiltonian (13)

P 2
Ene = <2_—M> + P A (15)
m
under the assumptions in Eq. (8).

Because the above “nonrelativistic limit” does not rely on
the spatial independence of A, the fermion zero mode found

144513-2
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TABLE II. Properties under the time-reversal operator 7. 7-matrices act on the particle-hole space and °©
(X) indicates even (odd) under 7. Replacement of 7, by 73 exchanges the roles of A; and A,.

g, 7 -1 X o o X
g ® T +1 X X o o
in Eq. (6) persists into the p,+ip, superconductor, Eq. (13). » . o 0
In order to demonstrate it, we consider the simplified vortex X Hx=-"H with x= 0 o) (21)
— 03

configuration with a constant |A,,|>0
A (x,y) = ™A (16)

When 7 is odd, we can find the explicit zero-energy solution
(¢=0) to Eq. (11) (Ref. 17)

- . A -
uy = I[N 2mpn, — (m|Ay])2rlemOHilomAulr - (17)

and v;=—uj. One can see that this zero-energy solution is the
direct consequence of that in Eq. (6) because Egs. (8) and
(12) lead to

2 2 m|Anr|2
m=h"=(u+h)(u—h)=2m lu‘nr_T . (18)
Thus we have established that the existence of a fermion
zero mode bound to a vortex in the p,+ip, superconductor,
Eq. (13), is a remnant of that in the Jackiw-Rossi model, Eq.
(2). In particular, the condition for the normalizability of the
zero-energy solution, Eq. (7), is translated into

Mo >0 (19)

which coincides with the well-known topological phase tran-
sition in the p,+ip, superconductor existing at w, =0 (Refs.
3, 17, and 27) [see also Eq. (25) below]. Our finding also
clarifies why a vortex with winding number N,, in the p,
+ip,, superconductor cannot support IN,,| zero modes in con-
trast to in the Jackiw-Rossi model with 2=u=0.'%!" In order
to derive the p,+ip, superconductor as a nonrelativistic limit
of the Jackiw-Rossi model, one needs to introduce ~ and w
which split an even number of zero modes into positive- and
negative-energy states. Therefore, only one zero mode sur-
vives for odd N,, in the p,+ip, superconductor.

C. Altland-Zirnbauer symmetry class (Refs. 28 and 29) and
topological invariant

Finally, we note the Altland-Zirnbauer symmetry class of
the Hamiltonians that we have investigated in this section.
Hamiltonian (2) with spatially dependent A;,# 0 has the
charge conjugation symmetry

10

C'"HC=-H"* with C—( 0 —i02> (20)
= = 0o )
2

The properties of each term under the time-reversal operator
T(T"HT=H" at h=p=A, ,=0) are summarized in Table II.
In particular, the so-called chiral symmetry,

is present only if ~=u=0 and essential for the index theo-
rem, Eq. (4). Therefore, the relativistic Hamiltonian (2) with
h,pu#0 and thus the resulting nonrelativistic Hamiltonian
(13) belong to the symmetry class D.

According to Refs. 30 and 31, the class D Hamiltonians
defined in compact 2D momentum spaces can be classified
by an integer-valued topological invariant, which is the first
Chern number3>34

- da, da,
Ci=—| dp\| — - (22)
2 dpx  dpy
with
J
ai(p) = 2 <8a5p _|8a3p>' (23)
£,<0 ﬁpl

We shall use Egs. (22) and (23) as a definition of the topo-
logical invariant C, even for relativistic (Dirac-type) Hamil-
tonians while C; in this case can be a half integer. However,
for superconductors, C| is always an integer because of the
Nambu-Gor’kov doubling. We find that the topological in-
variant for the relativistic Hamiltonian (2) is given by

for w®+|A]? > h?

0
C = 24
! {— sgn(h) for w?+|A]? <h? @4)

while the topological invariant for the nonrelativistic Hamil-
tonian (13) is given by

1 for w,, >0

= (25)
0 for w, <O.

G
Therefore, in general, the topological invariant of the mo-
mentum space Hamiltonian is not preserved by the nonrela-
tivistic limit.*

Nevertheless, both values of C| computed for the relativ-
istic and nonrelativistic Hamiltonians are consistent with re-
cent conjectures relating the topological invariant of a mo-
mentum space Hamiltonian to the number of fermion zero
modes bound to a vortex.>* For class D superconductors
defined in compact momentum spaces (as is the case for
nonrelativistic Hamiltonians), Teo and Kane in Ref. 2 con-
jecture that the number of fermion zero modes is

v=CN,, mod 2. (26)

This formula gives v=1 for u,,>0 and v=0 for u, <0 for
an odd winding number N,,. On the other hand, Santos et al.
in Ref. 36 do not constrain Hamiltonians to be defined in
compact momentum spaces, allowing for relativistic (Dirac-
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type) Hamiltonians, and conjecture that the number of fer-
mion zero modes is

V=(C1+Nf)NW mod 2, (27)

where N, is the number of Dirac flavors [Nf:l for the
Jackiw-Rossi model, Eq. (2), and Ny=0 for the p,+ip, su-
perconductor, Eq. (13)]. For an odd winding number N,,
their formula gives v=1 for w?+|A[>*>h* and u,, >0 and
v=0 for u>+|A[><h?* and u,, <O0. Therefore, the conjectured
counting of fermion zero modes in terms of the momentum
space topological invariant works both in the relativistic and
nonrelativistic Hamiltonians, even though the value of C; is
not preserved by the nonrelativistic limit.

III. JACKIW-REBBI MODEL IN 3D AND ITS
NONRELATIVISTIC LIMIT

A. Jackiw-Rebbi model and fermion zero mode at a hedgehog

In this section, we extend the above developed analysis to
three dimensions. For this purpose, we consider the follow-
ing Hamiltonian describing 3D Dirac fermions coupled with
three real scalar fields (A=A +iA, and A5):

H= % f dxVHWY (28)
with ¥'=(y', -y’ a,) and
H
_(a-p+,8m—,u—iy5,8A3 A )
- A* —a-p+Pm+u+iyBA;)
(29)

This Hamiltonian with zero mass m and zero chemical po-
tential u, after an appropriate unitary transformation and re-
namings (B—iy’B, A=y, Ay——¢y, Ay——¢s), was
studied initially by Jackiw and Rebbi' and recently by Teo
and Kane?! in the context of ordinary and topological insu-
lators coexisting with superconductivity. When the scalar
fields A, , ; are spatially dependent, p=(p,,p,,p,) has to be
regarded as derivative operators (—iax,—i&y,;i(9z). The en-
ergy eigenvalue problem is

uy up
U U
e =H s (30)
Uy U2
U] U]

where u;, and v, , are two-component fields. Here we em-
ploy the standard representation of Dirac matrices

(o §) sl 2 o) e

and hence

0 —il
iys,(i’:(il 0 ) (32)

When m and w are both zero, the number of fermion zero
modes (£=0) bound to a hedgehog formed by A, ;(x,y,2)

PHYSICAL REVIEW B 82, 144513 (2010)

is determined by the winding number of the three scalar
fields'-18:20

1 A4
Index H = ng dSiE[jkeahcAaé’jAbﬁkAC = NW, (33)

where A,=A,/ VAT+A3+Aj] and the surface integral is taken
at spatial infinity. However, in the presence of m and w, the
index theorem is no longer valid: m and w terms in the
Hamiltonian can couple zero modes and they become non-
zero energy states so that two states form a pair with oppo-
site energies. Therefore, in general, only one zero mode sur-
vives for odd N,, while no zero mode survives for even
N,,21837

Here, instead of the symmetric hedgehog (A, %;), we as-
sume the hedgehoglike configuration in which A, depend
only on (x,y) and form a vortex and A; depends only on z
and forms a kink. They have the same winding number but
the latter has the advantage that an analytic solution can be
found even with m,u# 0. If we work in cylindrical coordi-
nates (r, 0,z) with the gap functions given by the forms

A(x,y) = |A(r)|e™? with |A(e)] >0 (34)
and

Ay(z— £ o0) = = |A3

, (35)

it is easy to find the explicit zero-energy solution for odd
N, =n (Ref. 38)

/— ”— _ .
Vi +md, (N = m*r)e (m/4)i

) :
Uy a 0

2

Vi — sz+1(\’/M _ er)e(w/4)i+i0

X eilﬁ—f’dr’\A(r’)\—fzdz'A3(z') (36)

and v, =ioyu,, vy=io,u, with an integer /=(n—1)/2. On the
other hand, when

As(z — £ o) — F|A4] (37)

with the same A(x,y) in Eq. (34), we have N,,=—n and the
zero-energy solution in Eq. (36) is replaced by

)|

Ve + mdy, (VN p? = m2r)e ™0

V= md,(N 2 = m2r)e= (™9
0
W l0-I"dr|AG")|+[7dz A (") (38)
We note that the zero-energy solution, Eq. (36) or (38), is
normalizable as long as

p? + [A() P > m? (39)
is satisfied.

B. Derivation of p +is superconductor and fermion zero mode

We now study the nonrelativistic limit of the above
Jackiw-Rebbi model. Suppose we are interested in the low-

144513-4
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energy spectrum of Hamiltonian (29) in the limit where both
m>0 and u>0 are equally large

\y’,u,2+|A|2—m| <m-~ . (40)

89

The low-energy spectrum in such a limit can be obtained by
eliminating small components u, and v,.2° Substituting the
following two equations from Eq. (30):

(e+m+ pu,=(o-p—ily)u; +Av,

(e—m—-pwvy=—(o-p+ily)v, + A%y, (41)
into the remaining two equations, we obtain

[p*+ A% -0 (0A)]u; + (o -p +iA;)Av,

(8—m+,u)ul =
e+m+p
4 - A(U'P + iAg)Ul + |A|2u1
e—m—pu
(64 m o, = LA+ @ (O~ (0-p—id)Aw,
MU —
+ AX(O' /A iA3)ul + |A|2U] ' (42)
et+tm+u

Here the derivative operator @ in o -(dA;) acts only on As.

In the limit under consideration, Eq. (40), we can neglect
& compared to m+u and approximate \u?+|A[> by m. The
remaining components #; and v obey the new energy eigen-
value problem

2
P 0'(0A3) 1 .
—— - —{o-p,A A,
(“1) m Moy m 2{0' p A} +i
& =
Uy 1 s P’ o-(d45)
—_ . ’A _ A o nr_—
SO P A 2m

x(”‘ ) (43)
U

where we defined the nonrelativistic chemical potential as

2
> A
Mar = \J’,LL +|A|2_m__3 (44)
2m
and the spin-triplet p-wave and spin-singlet s-wave pairing
gaps as

and A, = ——. (45)

A AA
m m

The resulting Hamiltonian

2
p o (94,) 1 .
—_ - — - -n.A A
H 2m Mnr 2m 2{0- p’ [}+l )
e 1 x * p2 0-'(0A'5)
— . A _ A N — [
Lo pA -l 5 T o
(46)

describes the p+is superconductor in which spin-triplet
p-wave and spin-singlet s-wave pairings coexist. A, can be

PHYSICAL REVIEW B 82, 144513 (2010)

complex but its phase is locked to the phase of A, [see Eq.
(45)] and thus there are three independent degrees of free-
dom. The last term in the diagonal elements resembles the
Zeeman coupling o-B with “magnetic field” B;=
—0;A5/(2m) generated by the gradient of A;=A,/A,. We note
that the nonrelativistic Hamiltonian (46) in the absence of A,
is the BW state of the superfluid *He and studied in Ref. 22.

The first nontrivial check of this correspondence is the
comparison of spectrum in a uniform space where A and A;
are constant. The relativistic Hamiltonian (29) has the energy
eigenvalues

e2=p>+m?+ u’ +|AP + A3

+ 2\’/p2/L2 +m*(u? + AP + ,uzA%. (47)

Its low-energy branch (lower sign) at small p and Aj; is cor-
rectly reproduced by the energy eigenvalue of the nonrela-
tivistic Hamiltonian (46)

p2 2
8§r= (E - Mnr) +p2|At|2 + |As|2 (48)

under the assumptions in Eq. (40).

Because the above nonrelativistic limit does not rely on
the spatial independence of A and Aj, the fermion zero mode
found in Eq. (36) or (38) persists into the p+is supercon-
ductor, Eq. (46). In order to demonstrate it, we consider the
simplified hedgehoglike configuration resulting from Egs.
(34), (35), and (37) with constant |A,|>0 and |A,|>0:

Ax,y) =eMA,| and A (x,y,2) = *+ €™’ sgn(z)|A,].
(49)

When 7 is odd, we can find the explicit zero-energy solution
(e=0) to Eq. (43)

il \/2 —(mlA )+ | =
U = l M oy (m| t|) At r
0
Xe—(ﬂ'/4)i+i10—m\At\r—\AS/A,Hd (50)

corresponding to the upper sign in Eq. (49), or

0
2
uy=
Jl+l|: \/zm/*Lnr - (Wl|At|)2 + ZS r:|
t
Xe(ﬂ-/4)i+i(l+1)(9—m|A,\r—\AS/A,\\z\ (5])

corresponding to the lower sign in Eq. (49), and v,=ioyu;.
One can see that this zero-energy solution is the direct con-
sequence of that in Eq. (36) or (38) because Egs. (40), (44),
and (45) lead to

AP 1 (AN
2 = 2| gy AL —(—") .52
Mmoo —m m{unr 5 to A, (52)

Thus we have established that the existence of a fermion
zero mode bound to the hedgehoglike structure, Eq. (49),
formed by A, and A /A, in the p+is superconductor, Eq.
(46), is a remnant of that in the Jackiw-Rebbi model, Eq.

144513-5
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TABLE III. Properties under the time-reversal operator 7. 7-matrices act on the particle-hole space and ©
(X) indicates even (odd) under 7. Replacement of 7, by 73 exchanges the roles of A; and A,.

T T—T/T M m A3 Al Az
az® 70 -1 ° X ° ° X
');a2® 70 -1 o o X o X
Ba2® 7] +1 X X o ° °
);,Ba2® 7| -1 X ° X o °

(29). In particular, the condition for the normalizability of the
zero-energy solution, Eq. (39), is translated into

1 [A)?
Mor + E K > 0. (53)
t

C. Altland-Zirnbauer symmetry class (Refs. 28 and 29)

Finally, we note the Altland-Zirnbauer symmetry class of
the Hamiltonians that we have investigated in this section.
Hamiltonian (29) with spatially dependent A; , 3+ 0 has the
charge conjugation symmetry

1 _ s . _ 0 —ia’2
CHC=-"H" with C= . (54)

iaz 0

The properties of each term under the time-reversal operator
T(T"HT=H"* at m=u=A,,3=0) are summarized in Table
III. In particular, the so-called chiral symmetry,

0
X '"Hx=-"H with x=<§ _ﬁ), (55)

is present only if m=u=0 and essential for the index theo-
rem, Eq. (33). Therefore, the relativistic Hamiltonian (29)
with m,u#0 and thus the resulting nonrelativistic Hamil-
tonian (46) belong to the symmetry class D. There is no
topological classification of class D Hamiltonians in 3D mo-
mentum spaces.>%3!

IV. SUMMARY

We have studied the nonrelativistic limit of the Jackiw-
Rossi model in 2D and the Jackiw-Rebbi model in 3D, both

of which are known to exhibit fermion zero modes associ-
ated with pointlike topological defects (vortex and hedge-
hog). We showed that the nonrelativistic limit of the 2D
Jackiw-Rossi model leads to the p,+ip, superconductor. Be-
cause the fermion zero mode persists under taking this limit,
we obtain a clear understanding of the existence of a fermion
zero mode bound to a vortex in the p,+ip, superconductor as
a remnant of that in the Jackiw-Rossi model. Similarly, the
nonrelativistic limit of the 3D Jackiw-Rebbi model leads to
the p+is superconductor in which the spin-triplet p-wave
pairing gap A, and the spin-singlet s-wave pairing gap A
coexist. We showed that the resulting Hamiltonian supports a
fermion zero mode when A, and A;/A, form a hedgehoglike
structure. Fermion zero modes in the superconductors stud-
ied in this paper correspond to Majorana fermions and the
associated pointlike defects obey non-Abelian statistics both
in 2D (Refs. 3 and 7) and 3D.2%

Our findings provide a unified view of Majorana zero
modes in relativistic (Dirac-type) and nonrelativistic
(Schrodinger-type) superconductors. It should be possible to
generalize our analysis to other interesting cases and find
new examples of nonrelativistic Hamiltonians, which are
more common in condensed matter systems, with topological
properties that descend from Dirac-type Hamiltonians, which
are generally easier to analyze.
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