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This laboratory assignment concentrates on relative motion and the dif-
ferences between inertial and non-inertial reference frames. We define two
coordinate systems as shown in Figure 1, one with center at the radar station
O and one with center at the aircraft B. See the Lab III handout for the full
problem statement.

1000 m

Figure 1: Radar tracking station A and aircraft B

The objective of this assignment is to verify the expressions that relate
the velocities and accelerations observed in the two frames,

vA = vB + (vA/B)tn + ΩB × rA/B (1)

aA = aB + (aA/B)tn + 2ΩB × (vA/B)tn (2)

+ Ω̇B × rA/B + ΩB × (ΩB × rA/B). (3)

The observed point A is on the x-axis at a distance of 1000 m from O.
We know that the velocity and the acceleration of A as seen in the inertial
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frame are zero, i.e., aA = vA = 0. We are interested in verifying that the
application of equations (1) and (3) leads to the same result.

Key hints that save toil and trouble:

• Initialize all vectors, and make them 3D column vectors. It’s important
to initialize (that is, predefine space for) all vectors that you use because
this action guarantees that the vectors do not have leftover data and
are not the wrong size. Since variables built in your main script hang
around in the “global workspace” after your script finishes, it is possible
that a previous run of your code could leave data in them that interferes
with the next run.

Making all of your vectors 3D vectors in column format will create
vectors that are the same size and shape that you’ve been learning
about in class. Even though the aircraft flies in a plane, making its
motion essentially two-dimensional, all of your Ω vectors point out
of this plane in the z direction. Furthermore, the MATLAB cross

command only takes 3D vectors. Constructing your vectors in 3D from
the beginning makes your code much simpler.

We’re dealing with arrays here: vector lists containing a vector for each
point in time. So how do you initialize a list of 3D column vectors?
Here’s an example from the solution code:

r_B = zeros(3, length(time));

This creates a variable rB which is a list of column vectors, each con-
taining three rows (one for x, one for y, and one for z). The number
of column vectors in the list is equal to the number of elements in the
time vector given by the integrator ode45. Remember that MATLAB
array indexing always goes as (row, column).

• Don’t plot using lines; use the discrete plot elements like ’x’, ’o’, etc.
This is actually crucial to proper interpretation of your plots. You’ll see
(later in this solution) that the sums that are supposed to be zero look
very far from zero at first. This is due to discretization and noise from
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taking derivatives. If you were to plot this information as lines, the lines
would connect all data including the “garbage” points. By plotting your
data as symbols of ’x’ or ’o’, you’ll be able to distinguish the noise
from the actual important stuff by zooming in on the plot origin.

• Use 3D (3x3) transformation matrices in the basis transformations and
transform each vector in your list individually. Many operations in
MATLAB can be vectorized: that is, you can do some operations on
arrays of vectors or numbers without having to operate on each ele-
ment of the list individually. This makes MATLAB very convenient
and even speedy for some things. For example, you can multiply an
array by a constant and scale the whole array in one operation. Even
more advanced operations can be carried out using the ’:’ operator.
However, when it comes to transforming vectors in a list, it is easier
to write code that transforms each vector individually. Create a loop
using the for keyword to traverse whatever list of vectors you are going
to transform. For every vector, build a new transformation matrix, do
the transformation, and save the transformed vector. Please see the
solution code for the details on this.

Solution, step by step:

1.- “Using your code from Part II in which the aircraft B flew a circular
loop . . .”

The x component of rB is stored in column 1 of the vector list X that
is returned from the integrator ode45, and the y component is stored
in column 2. An example assigment:

r_B(1, :) = X(:, 1);

r_B(2, :) = X(:, 2);

If you used the zeros command to initialize your rB list, you don’t
have to do anything with row 3 (the z row) of rB.

2.- “Find the coordinates of vectors rA/B = −rB in the stationary coordi-
nate system . . .”

To get rA/B:
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rA/B = −rB +





1000
0
0



 (4)

The best way to do this in code is to create a loop that translates
each vector in your rB list individually. Similarly, create the t and n

lists vector-by-vector. Remember that k can be expressed as the col-
umn vector [0;0;1]. Then, you can use the MATLAB cross routine
directly.

Use t and n to assemble an appropriate transformation matrix for every
vector in your list:

r_AB_tn = zeros(3, length(r_AB));

for conv = 1:length(time)

% direction cosine matrix

T = [ t(1, conv), t(2, conv), 0;

n(1, conv), n(2, conv), 0;

0 , 0 , 1 ];

% transformation

r_AB_tn(:, conv) = T*r_AB(:, conv);

end

conv is the loop index variable in this block of code. The derivative

routine from the 16.07 website is used to find the velocity and accel-
eration. In order to combine vectors mathematically, they must be
expressed in the same coordinate system. If you add your vectors us-
ing MATLAB without making sure they are in the same coordinate
system, you will get the wrong answer. So now we transform the body
velocity and acceleration back to the inertial reference frame:
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v_AB_tn_i = zeros(3, length(time));

a_AB_tn_i = zeros(3, length(time));

for conv = 1:length(time)

% direction cosine matrix... in 3D

T = transpose([ t(1, conv), t(2, conv), 0;

n(1, conv), n(2, conv), 0;

0 , 0 , 1 ]);

% transformation

v_AB_tn_i(:, conv) = T*v_AB_tn(:, conv);

a_AB_tn_i(:, conv) = T*a_AB_tn(:, conv);

end

Note the transpose command: this is very important! It says that
this matrix moves the vector from the body frame to the inertial frame
instead of from the inertial frame to the body frame (as the first block
of transformation code does). When you do your plots and zoom in on
the origin, you’ll see that the velocity and acceleration are not quite
zero. This makes sense; the aircraft is flying over observer A and then
doing a loop, so it makes sense that the velocity and acceleration of
observer A as seen from the aircraft should also be nonzero. Again: to
interpret the plots without the noise, you must zoom in on the origin!
See Figure 2 and Figure 3.
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Figure 2: (vA/B)tn expressed in inertial coordinates
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Figure 3: (aA/B)tn expressed in inertial coordinates

3.- “Find the angular velocity ΩB of the non-inertial reference frame.”

It’s convenient to use the following relationships for the computation
using the vectors expressed in the inertial reference frame:

ΩB =
aB · n

vB

(5)

4.- “Compute the term ΩB ×rA/B; plot the x and y components vs. time.”

The computation can be done easily once you’ve initialized an array
for ΩB:

cross_or = zeros(3, length(time));

cross_or = cross(omega_B, r_AB);

The plot of this can be seen in Figure 4.

5.- “Verify the relation (1) by summing the three terms on the right . . .”

The result should be pretty close to zero, but it won’t actually be zero
because of noise. A close-up of the information is shown in Figure 5.

6.- “Compute centrifugal acceleration term ΩB × (ΩB × rA/B) . . .”

Again, in just a few lines:
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Figure 4: ΩB × rA/B

centrif = zeros(3, length(time));

centrif = cross(omega_B, cross(omega_B, r_AB));

The plot of this can be found in Figure 6.

7.- “Compute the Coriolis acceleration 2ΩB × (vA/B)tn . . .” The Coriolis
acceleration term points in the ?????????????? direction. See Figure
7.

8.- “Compute the term due to the angular acceleration Ω̇B × rA/B . . .”
The angular acceleration points in the ??????????????? direction. See
Figure 8.

9.- “Finally, verify the equation (3) by summing all five terms on the right
hand side . . .” This is in Figure 9. Zooming in on the plots, you’ll
see that the sum is near zero, but not quite zero due to discretization
and differentiation noise.
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Figure 5: Relation (1)
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Figure 6: ΩB × (ΩB × rA/B) in inertial frame
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Figure 7: Coriolis acceleration in inertial frame
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Figure 8: Angular acceleration in inertial frame
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Figure 9: Relation (3)
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