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Chapter 1

Introduction

Encouraged by developments in semiconductor manufacturing, the use of micro-
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be integrated with supporting electronics [7]. In popular point-and-shoot digital cam-
eras, a resonating capacitive gyroscope can be used as a sensor for camera movement
while the shutter is open; the corresponding information gathered by the MEMS sen-
sor allows image blur resulting from hand shake to be alleviated. Given the micro-scale
of the sensing gyroscope and the small position variants to be detected, challenges of
the system include small signal strength and sensitivity to noise.

Analog-to-digital conversion is required to digitize measurements from the capac-
itive gyroscope sensor. The input signal characteristics and requirements to be met
by the ©A modulator are shown in Table 1.1. The maximum input signal range of
150mV stems from the minute scale of the sensor and is of particular note because
the quantization and thermal noise levels must be minimized to achieve the desired
accuracy despite the weak input signal strength. The specifications given indicate
that the desired analog-to-digital converter (ADC) should focus on accuracy rather
than conversion speed. The signal carrier frequency is a relatively low 80kHz, and a
dynamic range of 72dB (approximately 12 bits) corresponds to an LSB of 36.6uV as

shown in Equation 1.1.

Vrs _ 150mV
oN o 912

LSB voltage = = 36.6pV (1.1)
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Table 1.1: Input Signal Characteristics and Target Specifications

Carrier Frequency 80kHz
Signal Bandwidth 100Hz
Input Signal Range 150mV
Desired Dynamic Range >72dB

This emphasis on accuracy indicates that a ©A converter should be used because

YA converters are well-suited to high accuracy and low frequency applications [3].

1.1 Organization of Thesis

The thesis first discusses the basics of ¥A modulation in Chapter 2. Chapter 3

diernesec the reaconine hehind the decign choicee and chowe that handnace modulation
is the logical choice for this application. Behavioral simulation results are discussed

in Chapter 4. The thesis concludes with suggestions for future work in Chapter 5.
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Chapter 2
YA Analog-to-Digital Conversion

The following chapter introduces the basic operation of and theory behind LA con-

version. In aadition, the chapter mtroduces possible 2.\ modulator loop behaviors.

2.1 Basic >A Conversion

Commonly used for high-resolution but lower speed applications, A A/D converters
ease the necessity for precise component matching and sharp analog filters through
oversampling and noise-shaping [3]. The main blocks of ZA A/D converters are
anti-aliasing filters, an analog modulator, and digital demodulation filters; a block
diagram of A modulation is shown in Figure 2-1. This thesis focuses on the analog
modulator, which is outlined in Figure 2-2. The sections below discuss £A modulation

with respect to oversampling and noise-shaping.

Ant-Aliasing Filter Modulator Decimator

Analog Digital

Figure 2-1: Block diagram of a A A/D converter.



. Loop Filter : .
X 2}} I-pI(z) Quantizer > Y

DAC

Figure 2-2: Block diagram of a A modulator.

2.1.1 Quantization

Quantization converts an analog input into a digital signal by assigning an output
value to a range of sampled inputs. The ideal quantizer transfer function in Figure
2-3 shows that quantization does not produce a one-to-one relationship between in-

put and output values. The behavior of the quantizer results in quantization error,

. SRR V. PR U5, R PR e D ;
UL yuadluidciuiios 1UIDT, UJCLaUudT Ldvilr il

\alog ipub inculs an eitui Wheh assigheda ail
output value. The quantization error is shown by the shaded areas in Figure 2-3 that
represent the difference between the analog input value and the output qiiantized

value.

»

Figure 2-3: Ideal quantizer transfer function

While quantization error is derived from the input signal, quantization noise power
can be approximated as a uniformly distributed white noise source given the following

assumptions [4]:
e The quantizer does not saturate.

16



e The difference between successive samples of the input signal is large enough to

ensure that the quantizer output cannot be predicted.
e The input signal shows no periodic or harmonic behavior and is not constant.

In a system with a full-scale voltage of Vg and N bits and assuming that quantiza-
tion noise can be modeled as a uniform noise source, the RMS value of the quantization

error is given by Equation 2.1.

. LSB Vrs
‘/Q(R!\.'TS) = \/1—2 — OA;\/E

Given the above assumptions, the quantization error, (). can be incorporated into

(2.1)

the linearized ©A modulator model shown in Figure 2-4. The white noise approx-

imation thue eaces the analveic of YA ADNCe hv allowing quantization error to he
linearly added into the model as an independent noise source. H(z) is the forward
loop transfer function responsible for noise-shaping and will be discussed in Section

2.1.3.

<
2
+F
P
g

H(z) AN ) i VOUT

Figure 2-4: Linear model of a first-order A modulator.

The performance of the converter is measured with respect to the signal-to-noise
ratio (SNR); the SNR is determined by the ratio between the input signal power, P,
and the inband noise signal power, P.. P; can be found by assuming the input to be
a sine wave with peak-to-peak amplitude Vpg; the input signal power is then:

VEs |2
(+5%)* _ Vis

Fi=—7—= (2

(S
[
—

Simplifving the analysis so that P. is derived only from quantization noise and

assuming that the sampling rate is approximately the Nyquist frequency (2f,). P, is

17



equal to Vé( RMS): the quantization noise power shown in Equation 2.1. The effect
of quantization noise on the SNR of a Nyquist-rate converter is shown in Equation
2.3 where N is the number of bits. This shows that each additional bit decreases
quantization noise by a factor of 2 and increases the SNR by about 6dB. Further

discussion of multi-bit quantizers will be discussed below.

P,
SNR = 1010g(F) dB

22N12)
8
; 3
= 10log (2*") + 101log (;)-)

= 101log (

= 6.02N + 1.76 dB (2.3)

2.1.2 Oversampling

The previous section discussed quantization noise for converters that sampled around
the Nyquist frequency. For all types of ADCs, the Nyquist Theorem states that the
sampling frequency of a converter f, must be at least twice the signal bandwidth f,,
or the Nyquist frequency, to prevent aliasing. Aliasing causes interference between
images of the signal and prevents the signal from being reconstructed fully [3]. The
front-end anti-aliasing filters of ¥A converters serve to band-limit the input signal
and reduce the effect of out-of-band signals that fold back into the baseband.
However, oversampling converters, such as YA converters, sample above the input
signal at a frequency above the Nyquist frequency to decrease inband quantization
noise. The oversampling rate (OSR) is given by Equation 2.4 and is a measure of the

sampling frequency, (f;) with respect to the signal bandwidth (fs) [9].

fs
2fs

OSR = (2.4)

In the previous subsection, the total quantization noise power, Vé( RMg) Was approx-
imated as a uniform white noise source dependent on Vpg and N, the number of

bits [4]. This white noise can be represented as a uniform probability density ranging
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from % to f? When the sampling frequency is increased to create an oversampling
converter, the quantization noise power spreads over a greater frequency spectrum as
seen in Figure 2-5. Figure 2-5 compares quantization noise spectral densities given
two different sampling frequencies, f,, and shows that high oversampling frequencies

considerably decrease noise power between —fy and fo.

(a) Spread of quantization noise power if the sampling fre-
quency is equal to the desired bandwidth.

aAf)

) |V,"‘7 —

|
, 5 K

(b) Spread of quantization noise power if the sampling fre-
quency is greater than the desired bandwidth.

Figure 2-5: Comparison of quantization spectral noise density with respect to sam-
pling frequency.

Since the total quantization noise is equal to Vé( rums) the height of each spectral

density must be equal to 2}\,/% \/lf— [3]. The inband quantization noise can then be

calculated by integrating from — f}, to f, as shown in Equation 2.5.

. / P Ves 1y / " Vawws) e Youus?h _ Vawws) o
vV o f I OSH |

This shows that the larger spread of VQQ( Rus) at higher sampling frequencies results
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in lower quantization noise within any particular frequency band, and the decrease in
inband quantization noise improves the SNR by reducing the noise floor. Using the
same sine wave input from above, Equation 2.6 shows that doubling f; results in an
approximately 3dB increase in SNR for a modulator due to the decrease in inband

quantization noise.

R

SNR =10log (=) dB

9

12

[N}

= 10log ( -OSR)

=101log (2*") + 10log (=) + 101log (OSR)

po| W

= 6.02N + 1.76 + 10log (OSR) dB (2.6)

An additional advantage of oversampling involves the relaxation of requirements on
the analog anti-aliasing filters. As shown in Figure 2-6, the anti-aliasing filter limits
the input signal to prevent out-of-band noise from aliasing thé input signal. Assuming
that f, is less than the f./2, higher sampling rates allow the anti-aliasing filters to
be constructed with more gradual roll-offs because any signal greater than f,/2 — f,

will be attenuated.

\\/Anu' -Aliasing Filter
\

S fs 1.



2.1.3 Noise-Shaping

$A A/D converters further reduce inband quantization noise by shaping quantization
noise out-of-band using negative feedback. The desired goal of noise-shaping is to pass
the input signal and attenuate quantization noise at frequencies within the baseband.
Decreasing the inband quantization noise increases the SNR of the modulator by
lowering the inband noise floor.

Noise-shaping thus requires a forward loop filter, H(z), that has high gain in the
signal band [4]. H(z) can be analyzed with respect to the signal transfer function

(STF) and noise transfer function (NTF) shown in Equations 2.7 and 2.8 (3].

STF = 3 = 757039 (2.7)
Vout 1

NTF = = 2.8
Q1+ H(z) (2:8)

In the signal band, [H(z)| > 1 results in STF ~ 1 and NTF =~ 0; this ensures
that the input signal is perfectly passed while the noise signal is shaped out of the
signal band. Noise-shaping can be further examined through the linearized noise-
transfer loop of a single-bit modulator shown in Figure 2-7. The output quantization
noise is given by the difference between the current quantization error and a loop-
filtered quantization error; however, the loop-filtered quantization error is shaped by
the inverse of the H(z). Therefore, within the signal band, this noise is small due to

the high inband gain of H(z).

R
Q \_:/ "VOUT

H(z)

Figure 2-7: Linear model of the NTF of a ¥A modulator.

The effect of noise-shaping on SNR can be examined using a lowpass YA modu-

lator example. For a first-order low-pass modulator. the forward loop filter. H(z) is

21
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an integrator and the NTF is given as:

NTF = (1—:7}) (2.9)

The magnitude of the NTF in this example is equal to sin ( %) and can be approx-

imated as zf;’: [3]. The inband quantization noise power, P, can then be calculated

by integrating the noise-shaped quantization noise as follows [3]:

fo V2 fo V2 ; V2 2
QRMS) 2 QRMS) T o Q(RMS) T .
Fe= - = ——— (=)l = =t 2.1

6 /_fb 7, (NTEN /_fb A AT M

Using the same sine wave input as defined above, the SNR of an oversampled and

noise-shaped converter is shown in Equation 2.11.

SNR = 10log (%) dB

e

2N
2123 osRy
™

= 10log (
= 10log (2°7) + 101log (5) + 101og(p) + 301og (OSR)

= 6.02N + 1.76 — 5.17 + 30log (OSR) dB (2.11)

Comparison of Equation 2.6 and Equation 2.11 shows that noise-shaping boosts the
SNR of a system without the need to increase the OSR. The 5.17dB decrease in SNR
shown in Equation 2.11 stems from the slight amplification of quantization noise by
the forward loop. As shown above, oversampling decreases inband quantization noise
to increase the SNR but may result in high power consumption due to the higher
sampling frequency. The increase in SNR from noise-shaping thus relaxes the need

for high oversampling rates.

2.2 YA Conversion Enhancements

The following section expands on the basic theory presented in Section 2.1 and shows

the need for more complex YA converters. Higher-order converters will be presented

22



along with the differences between lowpass and bandpass £¥A converters. In addition,

the section also discusses multi-bit quantization.

2.2.1 Multi-Bit Quantization

In multi-big quantization, the output of the quantizer consists of more than 2 lev-
els; Figure 2-8(b) shows an example of a multi-bit quantizer. Multi-bit quantization
improve performance by decreasing quantization error; each output signal incurs less
error because the full-scale input range is divided between smaller sized ranges. The
increase in SNR is quantified in Equation 2.6 and Table 2.1 and shows that the SNR
increases by approximately 6dB for every additional bit. In addition to lower quan-
tization noise, multi-bit quantizers increase the stability of the modulator because
the range of possible gains for multi-bit quantizers 1s smaller than that ot single-bit
quantizers. As shown in Figure 2-8, the gain through a single-bit quantizer is uncer-
tain and could be many values. In contrast, the multi-bit quantizer shown in Figure

2-8(b) has a smaller range of possible gain values.

Vour Vour
'S -~
.
,
. .
/ .
’ i ’
. , .
a....r__._.,._. .,-‘—-—/—‘
S,
l’ ” /‘ /I/
v i // ’;
’
,; harand
k f
r . S
4 ” i
& I d 3 4 e 4 & 2N o a
< 7 > vIN € y > ¢ v v VIN
g Vs Ve L% s
f’ /’ o
e [ & e B
4 ’ ’
1/ .
/’ " /’ ’I
- ‘L o;-'ht'o
Grrrpiemr——————
g ’ e e
- K P - - - -~ Possible Quantizer Gains
;
?
4 L 4
(a) (b)

The main disadvantage of multi-bit quantization occurs in the nonlinearity of the

Figure 2-8: Example of possible gains in single-bit quantizer
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Table 2.1: Effect of noise-shaping on a lowpass modulator [3]

Noise-Shaping Order SNR (dB)
0 SNE =6.02N + 1.76 + 10l0g(OSR)
T SNR = 6.02N + 1.76 — 5.17 1 30log(OSE)
2 SNR =6.02N + 1.76 + —12.9 + 50log(OSR)

feedback DAC shown in Figure 2-2. Since the error of the DAC is in the feedback
loop of the modulator, the noise-shaping properties of the loop filter does not affect
the error from the DAC. This indicates that DAC nonlinearity directly affects the
input signal and cannot be minimized through noise-shaping. The performance of a
multi-bit ¥A modulator thus must also take into consideration the precision of the
feedback DAC. In contrast, single-bit quantization has the advantage of complete

linearity as the output of the quantizer only switches between two values.

2.2.2 Higher-Order Loop Filters

Higher-order loop filters use more than one integrator or resonator to increase the
noise-shaping capability of a ©A modulator. Using the lowpass XA modulator exam-
ple and the sine wave input presented in the initial discussion of noise-shaping, Table
2.1 shows the derived SNR equations for higher-order modulators [3]. The derivation
for the first-order A modulator is shown in Section 2.1.3. This shows that quanti-
zation noise is pushed more aggressively out of the signal band as the order of the
loop filter increases. Increased noise-shaping also magnifies the effect of oversampling
on quantization noise. For example, doubling the OSR in a first-order noise-shaped
increases the SNR by approximately 9dB; doubling the OSR in a second-order system
increases the SNR by approximately 15dB. Higher-order modulators can thus achieve
higher performance at lower oversampling rates.

The predicted SNR equations in Table 2.1, however, do not take into the stability
of the modulator. Practically, the increased complexity of higher-order architectures
decreases the stability of the modulator and limits the SNR to less than the predicted
value [9]. High-order converters are also used to decrease the effect of idle tones in

first-order modulators. Tones occur when the DC component of the input signal
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causes the white noise approximation presented above to fail because quantization
noise can no longer be assumed as a random and independent noise source. However,
high-order converters consist of multiple integrators or resonators in the loop filter.
Noise from each successive stage serves to randomize quantization noise and breaks
the periodic pattern that causes idle tones. Therefore, although a first-order single-
bit lowpass £A modulator can achieve over 12 bits of accuracy using an OSR of 256,

higher-order modulators are preferred because they reduce the presence of idle tones.

2.2.3 Noise-shaping Loop Topologies

The discussion thus far has concentrated on lowpass A modulators. An alternative
noise-shaping loop that is relevant to this thesis is the bandpass modulator, which
requires resonators rather than integrators in the forward loop filter. The following

subsections describe and contrast lowpass and bandpass ¥A modulators.

Lowpass YA Conversion

Lowpass LA modulators shape quantization noise out-of-band up to a desired fre-
quency and is generally used for signals concentrated at low frequencies. The forward
loop filter therefore must have high gain beginning from DC to some higher frequency.
An example of a lowpass £A modulator’s behavior is shown in Figure 2-9(a); the in-
put signal to the lowpass ¥A modulator is passed while the inband quantization noise
is shaped to higher frequencies. The plot shows the behavior of a single-bit 3rd order
low pass modulator with an OSR of 128 and an 8MHz sampling frequency.

Bandpass YA Conversion

A bandpass modulator shapes the quantization noise out of a notched band and
is well-suited for applications with a modulated signal. An example of a bandpass
modulator’s NTF and STF is shown in Figure 2-9(b). It should be noted that the
bandwidth of a bandpass modulator is different from the bandwidth of the input

signal.



In bandpass ©A modulation, the forward loop filter only has a high gain within a
specific frequency band, which requires the use of resonators rather than integrators.
Resonators will be discussed in more detail in Chapter 3. Additionally, the sampling
frequency for bandpass modulators is a multiple of the carrier frequency; this property
allows the sampling frequency to be much lower in bandpass 2 A modulation than in

a corresponding lowpass £¥A modulator.

2.3 Summary

The basics of ©A conversion were outlined in this section. The effects of oversampling
and noise-shaping on SNR was presented and expanded into multi-bit quantization

and higher-order modulators
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Chapter 3
Bandpass ¥A Modulation Analysis

Chapter 3 outlines the design of a discrete-time bandpass modulator by analyzing the

AN and QD et h wameiont 40 Adecvinsnnin masvmmn wandalodnn o PR N
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and stability. The transfer function analysis is followed by a discussion of the reasons
for choosing a Lossless Discrete Integrator (LDI) resonator and the chosen topology.

Results from MATLAB and SIMULINK conclude the chapter.

3.1 Signal and Noise Transfer Function Analysis

The signal and noise transfer functions of the system were determined with respect to
the trade-off between resolution, robustness, and stability. The section describes how
the desired specifications are fulfilled and shows that bandpass modulation is more

suited to the MEMS application.

3.1.1 Bandpass Noise-Shaping

A bandpass modulator is more suitable for the given application because the input
signal is a narrow-band signal (100Hz) modulated to a carrier frequency (80kHz). A
lowpass converter would require modulating the input signal down to DC or using
a high sampling frequency. However, the disadvantages of bandpass ¥A modulation

are:
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e Increased complexity
e Difficulty constructing reliable resonators

In addition to the differences discussed in Section 2.2.3, the sampling frequency of
bandpass A modulation differs slightly from the analysis presented in Chapter 2.
In bandpass A modulation, the sampling frequency is a multiple of the carrier
frequency rather than the input signal bandwidth; the proposed modulator uses a
sampling frequency 8 times the carrier frequency for an f, of 640kHz. As discussed
below, the ratio between the carrier and sampling frequencies also determines the
placement of poles in the resonators.

An Lth order lowpass modulator corresponds to a 2L order bandpass modulator
as can be seen by the conventional z to 2 transformation [4]. In this thesis, the order
of béndpass YA modulation will be referred to as twice the noise-shaping capabilities
of the converter; for example, a 2nd order noise-shaping loop (L = 2) corresponds to

a 4th-order bandpass modulator.

3.1.2 Dynamic Range

The dynamic range (DR) describes the ratio between the maximum input amplitude
and the input amplitude where the signal becomes equal to the noise floor [10]. In a
YA converter, the maximum dynamic range possible of a modulator is estimated by
Equation 3.1 where R is the oversampling rate, L is the noise-shaping order. and N
is the number of bits.

32L+1 N
DRmaz = 5(?}:—)(2]\ - 1)2R2L+1 (31)

The desired dynamic range of 72dB corresponds to approximately 12 bits of res-

olution.
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3.1.3 Quantization

A single-bit modulator was chosen to take advantage of the inherent linearity of single-
bit quantizers [9]. The output of the comparator is responsible for only two values, and
the feedback DAC nonlinearity is eliminated. The disadvantages of single-bit modu-
lation were addressed by limiting the out-of-band gain of the NTF to ensure stability
and by analyzing the trade-off between oversampling rate and multi-bit quantization.
The stability issues caused by the nonlinearity of the quantizer are discussed below.
Multi-bit quantization was not needed to achieve the 12-bit resolution because the
quantization noise could be decreased sufficiently using a moderate OSR. Therefore,
since multi-bit quantization introduces additional error due to the feedback DAC,

single-bit quantization is most suited for the specified requirements.

3.1.4 Loop Order and OSR

Figure 3-1 shows the relationship between maximum dynamic range and OSR for
a single-bit modulator. L denotes the modulator order with respect to a lowpass
modulator. As described in Section 3.1.1, this thesis uses L to describe the noise-
shaping order but 2L to denote the order of the bandpass £A modulator. As shown
in Figure 3-1, a 12-bit resolution can be easily achieved with a first-order noise-
shaping loop. However, the presence of idle tones makes this solution undesirable.
Examination of a second-order noise-shaping loop (L = 2) shows that the desired
resolution can be achieved at oversampling rates above 100.

Using Equation 2.4, a sampling frequency of 640kHz and a signal bandwidth of
100Hz will result in an OSR of 3200. This shows that bandpass ¥A modulation
is advantageous In this situation because the oversampling rate can be increased
dramatically using relatively low sampling frequencies without the need to modulate
to DC. Similarly, bandpass ¥A modulation has greater conversion efficiency over
lowpass modulation because bandpass ©A modulation eliminates the need to convert
signals from DC to the edge of the baseband.

However. while a high oversampling rate can increase performance by reducing
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the inband quantization noise, the small width of the resulting NTF stopband is
impractical and difficult to achieve with great precision. An OSR of 3200 would
result in an NTF stopband width of 100Hz; as will be shown below, the NTF stopband
width is determined by the resonators in the forward loop. This narrow bandwidth
is difficult to acheive so a lower OSR is chosen to alleviate the necessity for very
high-performance resonators while still meeting the given specifications.

A 2nd-order noise-shaping loop (L = 2) with an OSR of 200 was chosen to result in
a maximum DR of 103dB. This corresponds to a fourth-order bandpass A modulator
with an NTF stopband width of 1.6kHz. While higher-order modulators can achieve
better performance at lower oversampling rates, a fourth-order modulator reduces

complexity and increases stability when compared to higher-order loops.

3.1.5 Stability

The stability of ©A modulators depends not only on the linear models presented
in Chapter 2 but also on the nonlinear behavior of the quantizer. Linear stability
depends on the placement of poles and zeros as determined by the loop filter [2] but

is also affected by the gain of the quantizer. As shown in Chapter 2, the gain of
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a single-bit quantizer is difficult to precisely define due to the piece-wise behavior
of the quantizer. In addition, a quantizer is inherently a nonlinear function. This
indicates that the exact stability of the modulator depends on a variable gain and
the input signal and no longer follows a linear behavior as predicted by the simplified
models [4].

The uncertainty caused by the nonlinear elements indicates that the modula-
tor can be unstable under certain conditions and result in quantizer overload and
runaway states. The modulator can be stabilized by constraining the input to the
quantizer through limitations on the out-of-band gain of the NTF [1]. According
to [1], INTF(z)| < 2 limits quantizer overload and the accumulation of error to sta-
bilize single-bit ©A modulators. The NTF synthesized for this design satisfies this
condition by limiting the [INTF(z)| to be less than 1.6 or 4.08 dB:

INTF(z)| < 4.08 dB (3.2)

3.1.6 Proposed Noise Transfer Function

A MATLAB toolbox [8] was used to generate the NTF given the desired specifications
discussed in this chapter. The calculated NTF of the system is shown in Equations
3.3 and plotted in Figure 3-2. The pole/zero plot of the ideal NTF is shown in Figure
3-3. The maximum out-of-band NTF is 4.08dB for stability.

(272 = 142271+ 1)(272 = 141271 + 1)

NTF =
(0.438274 — 1.5273 +2.6272 — 2.28271 + 1)

(3.3)

The sections below describe the realization of the loop topology and discuss the

choice of resonators and loop filter architecture.

3.2 Resonators

The following section introduces the need for resonators and analyzes the choice

of discrete-time Lossless Discrete Integrator(LDI) resonators. Resonators amplify
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Figure 3-3: P/Z plot of the noise transfer function.
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signals within a specific passband and are characterized by Q, the quality of the
peak, and the resonant frequency [6]. Bandpass modulators use resonators in place
of integrators to create a passband around the carrier frequency. The chosen OSR
and sampling frequency indicate that the resonator should have a relatively narrow
passband of 1.6kHz; the desired resonator thus requires a high Q-value as well as a

fairly accurate resonant frequency. A block diagram of a discrete-time LDI resonator

is shown in Figure 3-4.

> »> Voul

<
=]
b
e
0V
v

Figure 3-4: Block diagram of LDI resonator.

A resonator has a pair of poles that are responsible for the peak characteristic
plotted in Figure 3-6. For discrete-time resonators, the transfer function is represented
in Equation 3.4 where r is the magnitude of the poles, ¢ is the resonant frequency,
and A is the resonator gain [6]. As shown in [6], the Q-value is mainly dependent on
the value of py; therefore, r is ideally one for the poles to be placed on the unit circle
for a deep notch. The resonant frequency is affected by both poles.

27?2 Az?

- = 4
1 —2rcos(¢)z"t +7r2272 1 —piz=! + pyz2 (3.4)

Hies(2)

The ideal transfer function of an LDI resonator is shown in Equation 3.5. The
poles of an ideal LDI resonator can thus be placed directly on the unit circle for
maximum notch depth as r = 1 for LDI resonators. The parameter a determines the

resonant frequency according to Equations 3.6 - 3.7 [6].

-1
Lbr =17 (a—2)z71 4272 (3.5)
(a —2) = —2rcos(¢) (3.6)



a=—2rcos(¢) + 2 (3.7)

Deviations from ideal behavior stems from mismatch and ambliﬁer gain for a
switched capacitor resonators. Assuming an amplifier error (), the effect of capacitor
mismatch can be seen in Equations 3.8 [6]. The Q-value of the LDI resonator is
not affected by gain error but e has a greater effect on the resonant frequency. As
shown below, the range of capacitor mismatch does not strongly effect the resonant
frequency. Therefore, LDI resonators were chosen to maximize the depth of the NTF

notch.

HLDI =

3.2.1 Realized Resonator

The LDI resonators used in the modulator are realized with two amplifiers and a
single delay in the forward path. The poles of the resonator are located at ¢ = I to
realize a resonant frequency at % of the clocking frequency (or sampling frequency).
According to Equation 3.7, this results in a = 0.586. The pole-zero plot of an ideal
LDI resonator is shown in Figure 3-5. The frequency response of a switched-capacitor
LDI resonator simulated in ADICE is shown in Figure 3-6. The effects of nonidealities

such as capacitor mismatch and amplifier gain are discussed in the following chapter.

3.3 Proposed Loop Topology

The following section discusses the choice of modulator topology using LDI resonators
and concludes with the calculated gain coefficients needed to realize the NTF shown

in Equation 3.3.

3.3.1 Feedforward Loop Topology

A feedforward topology was used to reduce power consumption by minimizing the

amount of signal added back into the feedforward path. The single feedforward path
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Table 3.1: Numeric Gain Coefficients

Original Coefficient | Scaled Coefficient
al 1 1.67
a2 -0.13 -0.27
cl 0.556 0.336
c2 1 1

is drawn from the output of the first resonator and includes a 1 — z~! term to allow
the modulator zeros to be placed correctly. However the chosen topology results in a
modulator with only 2 independent coefficients for a fourth-order system. While this
does not allow full control over the loop, the desired behavior can be achieved with
the chosen topology. Increased flexibility of the loop can be achieved by tapping the
output of every integrator because the system would have 4 independent coefficients.
Tlhe plopused HMOGUIALOl LOPLILEY 1o SLOWLL 1l Digure 5-7. 1le calCulailol of gain

coefficients is described in the subsection below.

1 =1
T : z 2 A
X 1 ¢ > a ; Y
i > zi-141z ' -1 : 2 -1.41z " -1 5

Figure 3-7: Block diagram of proposed XA bandpass modulator.

3.3.2 Gain Coefficients

Table 3.1 shows the calculated and rescaled coefficients of the modulator. The coef-
ficients were scaled to equalize the outputs of the resonators. In addition, the gain
coefficients were rounded during the switched capacitor implementation to allow ca-
pacitor sizes to be discretized into scalable units. The relationship of each coefficient

to the NTF is shown in Table 3.2.

38



Table 3.2: Gain Coefficient Equations
Variable | Coefficient
274 1 = egay

g 9 2(a —2) + c1a7 — c1a1(a — 2)

z72 (14 (a—2)*+1) + c1ceas + c1a;(a — 2) — 14
27t 2(& = 2) + 14,

0

1

3.4 SIMULINK Results

This section describes results from a SIMULINK model. Simulations of an ideal sys-

tem resulted in an SQNR of 87dB. Figure 3-8 show the output PSD when nonidealities

such as "—“g noise from the input and feedback capacitors and nonideal amplifiers are

included. The models simulated noise at 300K with 1pF sampling capacitors.

PSO [(dB]

Frequency [Hz) %10t

Figure 3-8: Output amplitude of LDI resonators in SIMULINK model.

The final gain coefficients were also shifted to ensure that the output amplitude of
signals from each resonator were roughly equal to distribute the signal power. Figure
3-9 shows the range of output signals from both resonators.

The dynamic range of the modulator is shown in Figure 3-10. The modulator
has a maximum SNR of 86dB at -2 dbFS. At -6dbFS, the SNR of the modulator is

approximately 83dB.

39



First Resonatar Qutput Second Resonator Output
70 T T T 70 T v "

GOL.oo A .........  N— 6] PR N (| YO S—

Bl ...... )| T
40k A0F e !

30F---

Occurrences
Occurrences

30k scenana

i1} O gl ..... v41] TR SUNN R ,,,,,,,, ]

b
ro hﬁ
Ul Al

-0.2 -01 0 0.1 0z -0.4 -0.2 ] 0.2 04
Voltage [V] Yoltage [V]

Figure 3-9: Output amplitude of LDI resonators in SIMULINK model.

100 . . . : , : ; . -

80 L RN SN SRV R Jesnaaly e i

_'_.,»-"
: : : s :

60 F § s R S e A bl : =
o
=

a0k - -
- 0
P
w

20 . i : ‘ : i i , i
-lo0 -8c -80 -70 -0 -50 -40 -30 -20 -10 0

Input Amplitude [dbFS]

Figure 3-10: SNR vs. Input Amplitude of SIMULINK model.

40



3.5 Summary

This chapter analyzed the NTF and STF of the proposed discrete time modulator
with respect to dynamic range. sampling frequency, and OSR. A feedforward topol-
ogy using LDI resonators was proposed and simulated in SIMULINK. The following

section presents results from behavioral simulations in ADICE.
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Chapter 4

Discrete Time XA Bandpass
Modulator Results

Chapter 4 presents results from a behavioral model simulated in ADICE, a proprietary.
Analog Devices simulator. The section analyzes the noise sources in the modulators

and describes the effect of nonideal resonators.

4.1 Behavioral Model

The behavioral model is presented in Figure 4-1; the switched capacitor circuit is
driven by two nonoverlapping clocks, clk1 and clk2, and uses passive summing nodes.
Simulation of the model included switch resistance as well as amplifier limitation such
as slew rate and finite gain. The ratio of capacitors that realizes the transfer function

is shown in Table 4.1, and the effect of resonator capacitor mismatch is discussed

below.

Table 4.1: Modulator Capacitor Ratios

al a2 cl c2
dr (=hED) TE)E) | £
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4.1.1 Quantization and Thermal Noise

As shown in Equation 2.3, the achievable SNR of the modulator depends on the
inband noise in the modulator and the anticipated input signal amplitude. While
each stage contributes thermal noise, noise from the first stage of the modulator is
the least noise-shaped and has the largest impact on SNR. Both switch thermal noise

(£2) and amplifier thermal and flicker noise contribute to the noise in the first stage.

% noise of a switched capacitor circuit results from the series combination of the
on-resistance of a switch and the sampling capacitor. The effect of % noise on SNR is
largely dependent on the size of the first sampling capacitor; the thermal noise from
the first sampling capacitor is injected directly into the first stage and only marginally
noise-shaped. Since ’%T noise is inversely proportional to the size of the capacitor. the
desired SNR sets a lower bound on the size of the first sampling capacitor. An upper
bound is determined by the settling time requirements and area specifications because
large capacitors increase the load on the amplifiers and consume more area. The size
of the initial capacitor is also dependent on the maximum input amplitude of the

signal because the strength of the signal affects the ability to distinguish signal from

noise.

Mathematically, the size of the initial sampling capacitor can be calculated by
selecting the minimum capacitor size that allows the desired SNR to be reached.
Equation 4.1 describes the inband noise of the modulator with respect to the sampling
% noise and the power of the input signal is described in Equation 4.2 [5]. As the
input amplitude decreases, SNR decreases for a particular sampling capacitor size

because the input signal decreases below the noise floor. Figure 4-2 plots the expected

SNR for various capacitor sizes given an expected input peak-to-peak amplitude of

150mV.
2 4KT
Vinband(RMS) = CsOSR (4.1)
- 1%
Vinput(RMS) = —£5 = 0.00281V (4.2)
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Figure 4-2: Sampling Capacitor vs. SNR

Table 4.2: Noise Contributions
| | Inband RMS Noise [uV] |

| uantuzation Nolse 1.8%
kT /C Noise 9.1

A sampling capacitor value of 1pF was chosen for an RMS noise of 9.1uV. This
value includes the noise contributions from both sampling capacitors of the differential
circuit.

The quantization noise contribution was calculated as follows using an SQNR of

89dB and the input signal power shown in Equation 4.2:

V’_Q
SQNR =10 zog(—‘{fg‘“ﬂ) (4.3)
Q(RMS)
(S
nput(RMS)
VQQ(RMS) = —Hﬁ) &) (4.4)

Table 4.1.1 shows the calculated inband noise contributions of the first sampling
capacitor and quantization noise. Given the high OSR value chosen, the quantization
noise floor is below that of the sampling capacitor. This indicates that noise from
the sampling capacitors rather than quantization noise limits the resolution of the
modulator.

Figure 4-3 shows the output PSD and notch detail of the proposed modulator.

An SNR of 78dB was achieved assuming no capacitor mismatch. An 8192 point
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Figure 4-4: Output PSD of Modulator with Optimized Zeros

Hanning window was used. The performance of the modulator can be increased
by optimizing the zeros of the NTF to decrease inband RMS gain. In a bandpass
modulator, this corresponds to adjusting the notches of each resonator as shown
in Figure 4-4. Rather than placing both resonator notches at the same frequency,
optimization of zeros widens the NTF stopband notch by placing each resonator notch
at a different frequency within the desired bandwidth. Comparison of the notches in
Figures 4-3 and 4-4 shows that optimizing zeros decreases the depth of the notch at
the carrier frequency (80kHz) but also decreases the average inband gain. In Figure
4-4(b), the stopband notch is both flatter and wider than the corresponding notch in

Figure 4-3(b). Optimizing zeros results in a 4dB increase in SNR to 82dB.
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Table 4.3: LDI Resonator Capacitor Ratios
Gain a

Capacitor Ratio (% (%) (% (%)

Figure 4-5 plots the SNR with respect to input amplitude using a modulator
with optimized zeros and compares the results from SIMULINK and ADICE. The

modulator has a max SNR of approximately 85dB at -3dBFS and a dynamic range

of 85dB.

4.2 Effect of Resonator Capacitor Mismatch and

Finite Amplifier Gain

Capacitor mismatch in the resonator affects the notch frequency and Q-value of the
resonator and is dependent on the amplifier gain. The ratios of capacitors that rep-
resent the gain and notch frequency of the resonator are shown in Table 4.3. As
calculated in Chapter 3, a notch frequency that is % of the sampling frequency is
satisfied by a = 0.586.

Figure 4-6 shows the effect of capacitor mismatch on the notch frequency. +1%

48



—— Cap Mismatch - 0% —— Cap Mismalch - -1% Cap Mismatch = +1%

50

& T

40 j

)

AN
g / / N \
= 35 /oo / \ N\
& A d NN
v / \ \\
30 /" /// 1.6kHz BW : i
S @Fs=640KHy ;\.\ i,
25 P i

20
0.121 0.122 0.123 0.124 0.125 0.126 0127  0.128 0.129

Normalized Frequency
rigule 4-0: miiect ol Capacliol Mismatcll on INOLCl Frequency

capacitor mismatches were approximated by assuming a 1% error in the value of crf;
an amplifier gain of 60dB was used during simulations. The notch frequency of the
resonator moves a considerable amount given the simulated mismatch but the notch
stays within the 1.6kHz band. This displacement of resonator notches, however,
affects the SNR of the modulator as shown in Figure 4-7.

The decrease in SNR can be attributed to an increase in NTF inband RMS gain.
As shown in Figure 4-7, the capacitor ratios must show less than 0.5% mismatch to
realize the desired SNR. Figures 4-8 and 4-9 show the output PSD of simulations
with mismatched capacitors; SNRs of 71dB and 72dB were achieved, respectively.
The details of the notches show that although the notch frequency of the resonators
are within the desired 1.6kHz bandwidth, the inband RMS gain increases and causes
the SNR to decrease.

The accuracy of the switched capacitor modulator is also dependent on the gain
of the amplifiers within the resonators. High gain amplifiers reduce error in charge to
aid the achievable resolution of the modulator. The decrease in resonator notch gain
as amplifier gain decreases is shown in Figure 4-10.

Figure 4-11 shows the output of the modulator when all amplifiers have a gain of
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Figure 4-7: Effect of resonator capacitor
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40dB: the notch is essentially filled in and the SNR drops to 59dB. As shown in Figure

4-12, the amplifiers in the modulator must have gains of at least 60dB to achieve the

desired resolution.
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Figure 4-11: Output PSD where Amplifier Gain is 40dB

4.3 Summary

This chapter presented the parameters used to construct a behavioral model of the

modulator and ADICE simulation results. The modulator achieves an SNR of 82dB

and a dynamic range of 85dB with optimized zeros.
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Chapter 5

Conclusion and Future Work

A fourth-order bandpass ¥A modulator was presented. The 100Hz-wide input sig-
nal madulated nn ta a carrier frequency of R0kHz can he anverted hv s handnace
modulator without the need to demodulate the signal to DC. However, in contrast
to the relative ease with which switched capacitor integrators can be constructed.
resonators increase the complexity of bandpass modulation and are more difficult to
construct robustly. The proposed modulator thus traded simplicity for power and
efficiency. An optimized modulator achieves an SNR of 82dB at half full scale and
has a dynamic range over 80dB.

Further work should investigate the decoupling of gain coefficients in the modula-
tor [11] as mentioned in Chapter 3. Full controllability over the loop can potentially
eliminate the dip in the STF passband and smooth the gain in this region. This
would require shifting the zeros in the feedforward path but can help performance by
increasing the signal strength passed through the modulator. Independent coefficients
can potentially be obtained by tapping the output of each integrator.

In addition, analog implementation of the modulator should carefully consider
the flicker and thermal noise of the amplifiers. Since the LDI resonators use two
amplifiers, a greater power and noise budget should be given to the first resonator
because the noise of the first stage is minimally shaped. Pre-amplification of the
input signal should also be investigated; this will ease the requirements on the initial

sampling capacitor while easing noise specifications on the circuit components.
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