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Abstract

Feedback is useful in memoryless channels for decreasing complexity and increasing relia-
bility; the capacity of the memoryless channels, however, can not be increased by feedback.
For fixed length block codes even the decay rate of error probability with block length does
not increase with feedback for most channel models. Consequently for making the physical
layer more reliable for higher layers one needs go beyond the framework of fixed length
block codes and consider relaxations like variable-length coding, error- erasure decoding.
We strengthen and quantify this observation by investigating three problems.

1. Error-Erasure Decoding for Fized-Length Block Codes with Feedback: Error-erasure
codes with communication and control phases, introduced by Yamamoto and Itoh, are
building blocks for optimal variable-length block codes. We improve their performance
by changing the decoding scheme and tuning the durations of the phases, and establish
inner bounds to the tradeoff between error exponent, erasure exponent and rate.
We bound the loss of performance due to the encoding scheme of Yamamoto-Itoh
from above by deriving outer bounds to the tradeoff between error exponent, erasure
exponent and rate both with and without feedback. We also consider the zero error
codes with erasures and establish inner and outer bounds to the optimal erasure
exponent of zero error codes. In addition we present a proof of the long known fact
that, the error exponent tradeoff between two messages is not improved with feedback.

2. Unequal Error Protection for Variable-Length Block Codes with Feedback: We use
Kudrayashov’s idea of implicit confirmations and explicit rejections in the framework
of unequal error protection to establish inner bounds to the achievable pairs of rate
vectors and error exponent vectors. Then we derive an outer bound that matches
the inner bound using a new bounding technique. As a result we characterize the
region of achievable rate vector and error exponent vector pairs for bit-wise unequal
error protection problem for variable-length block codes with feedback. Furthermore
we consider the single message message-wise unequal error protection problem and
determine an analytical expression for the missed detection exponent in terms of rate
and error exponent, for variable-length block codes with feedback.

3. Feedback Encoding Schemes for Fized-Length Block Codes: We modify the analysis
technique of Gallager to bound the error probability of feedback encoding schemes.
Using the encoding schemes suggested by Zigangirov, D’yachkov and Burnashev we
recover or improve all previously known lower bounds on the error exponents of fixed-
length block codes.
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Chapter 1

Introduction

The effects of feedback in point to point communication problem have been studied from the
early days of the information theory. Arguably the most important qualitative conclusion of
those studies has been that, for memoryless channels at high rates, in order to use feedback
to increase the decay rate of error probability with block length, one needs to go beyond
the framework of fixed-length block codes and change the way constraints are imposed on
cost, decoding time, decoding algorithm or encoding rules. In other words, one needs to
consider variable-length block codes, error-erasure decoding or non-block encoding schemes
in order to use feedback to decrease error probability substantially, at least at high rates.
Throughout the thesis we will strengthen and quantify this conclusion in a number of ways
on different problems. First in Chapter [2| we analyze the error performance of fixed-length
block codes with error-erasure decoding and establish inner and outer bounds to the optimal
error exponent erasure exponent tradeoff. In Chapter [3| we consider variable-length block
codes with feedback for the transmission of a message composed of multiple groups of bits
each with different priority and determine the achievable pairs of rate vector and error
exponent vector. Then in Chapter [4] we return to the framework of fixed-length block
codes and suggest an analysis technique and encoding scheme which increases the error
exponent at low rates. We explain below some of the results which suggest going beyond
the framework of fixed-length block codes and the origins of some of the ideas enhanced in
later chapters. More detailed literature surveys, specific to the problems investigated, are
given at the beginning of each chapter.

The channel capacity of a memoryless channel is not increased by the addition of a noise-
less and delay-free feedback link from the receiver to the transmitter. This was first shown
by Shannon [37] for discrete memoryless channels (DMCs). Furthermore Dobrushin [13]
for symmetric DMCs and Pinsker [32] for additive white Gaussian noise channel (AWGNC)
showed that even the exponential decay rate of error probability with block length, i.e.
error exponent, does not increase with feedback for rates over the critical rate. Both [32]
and [I3] established the sphere packing exponent as an upper bound to the error exponent
at all ratesE] smaller than channel capacity.

The result of Pinsker [32] seems to dispute widely known results of Schalkwijk and
Kailath [35] and Schalkwijk [34], according to which error probability can decay as a doubly
exponential function of the block length. Similarly, Dobrushin’s result [I3], seems to disagree

!Later Haroutunian, [20], established an upper bound on the error exponent of block codes with feedback.
His upper bound is equal to the sphere packing exponent for symmetric channels but it is strictly larger than
the sphere packing exponent for non-symmetric channels. It is still not known, whether or not the same is
true for general DMCs.



with Burnashev’s results in [4], which claims the existence of a scheme for DMCs which
allows for an exponent much larger than sphere packing exponent. These contradictions
however are illusive, because the models used in these papers are different. In [32] the power
constraint P on the total energy spent for transmission S, holds with probability one, i.e.
P[S, < Pn] = 1; whereas in [35] and [34] the power constraint is on the expected value of
energy spent on a block E[S,], i.e. the power constraint is of the form E[S,] < Pn. In
a similar fashion, both in [I3] and [20], fixed-length block codes are considered, i.e. the
duration of the transmission n is fixed and does not change with channel output; whereas
in [4] variable-length block codes are considered, i.e. the duration of the transmission 7 is
a random variable which depends on the channel output and the error exponent is defined
as the decay rate of error probability with E[7].

Though the contradictions are illusive, the difference in the behavior of error exponent
for different models, or more precisely different families of codes, is real. By changing the
architecture of the communication system and allowing for transmission time to be variable,
one can obtain substantial gains in terms of error performance.

1.1 Block Codes: Variable-Length vs Fixed-Length with Era-
sures

The main result of [4] was promising, but the encoding scheme suggested to achieve that
performance was fairly complicated and hard to implement. Later Yamamoto and Itoh [43]
suggested a much simpler scheme to achieve the optimal performance. They considered a
fixed-length block code with error-erasure decoding and two phases. In the communication
phase, the message is transmitted with a non-feedback code and a temporary decision is
made by the receiver at the end of the phase. In the control phase, the transmitter tries
to confirm the temporary decision if it is correct and deny it if it is not. The receiver
decodes to the temporary decision or declares an erasure depending on the control phase
channel output. Yamamoto and Itoh [43] showed that, by using this fixed-length block code
repeatedly until a non-erasure decoding happens, one can achieve the optimal performance
for variable-length block codes.

The result of Yamamoto and Itoh [43] is interesting in a number of ways. First it
demonstrates that the error exponent of fixed-length block codes can be as high as that
of variable-length block codes if their decoders are error-erasure decoders. Secondly it
demonstrates that a very limited use of feedback, merely to inform the transmitter about
the receiver’s temporary decision is good enough. Furthermore the Yamamoto-Itoh scheme
achieves the optimal performance by using a code, in which communication and the bulk
of error correction are decoupled for both encoding and decoding purposes:

(a) The message is transmitted in the communication phase and confirmed in the control
phase.

(b) Temporary decoding is made using just the output of the communication phase. The
decision between declaring an erasure and decoding to the temporary decision is made

using solely the control phase output.

In [26] and [27] we have generalized all these results to channels with cost constraints and
potentially infinite alphabets.
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Unfortunately these observations which simplify the architecture of the communication
scheme hold only when the erasure probability is desired to decay to zero slowly, i.e. subex-
ponentially. When the erasure probability is desired to decay exponentially with block
length, the Yamamoto-Itoh scheme is not necessarily optimal, because of the decoupling
in the encoder (a) and the decoupling the decoder (b), discussed above. In Chapter [2[ we
address this issue by considering the situation when erasure probability is decreasing with
a positive exponent.

Finding an encoder that uses feedback properly, even for the case when there are no-
erasures, is a challenging problem. Thus we do not attempt to find the optimal encoder.
Instead we use the Yamamoto and Itoh encoding scheme with the inherent decoupling
mentioned in (a), but tune the relative durations of the phases in the encoding scheme and
get rid of the decoupling in the decoder mentioned in (b). We use a fixed-length block
code with communication and control phases, like Yamamoto and Itoh [43], together with
a decoder, that uses the outputs of both communication and control phases while deciding
between declaring an erasure and decoding to the temporary decision. The inner bound
obtained for such an encoding scheme is better than the best inner bound for the error
exponent, erasure exponent, rate tradeoff for non-feedback schemes found previously, [15],
[41], [42].

In order to bound the loss in performance because of the particular family of encoding
schemes we have used in the inner bounds, we derive outer bounds to the error exponent,
erasure exponent, rate tradeoff that are valid for all fixed-length block codes. For doing that
we first generalize the straight line bound of Shannon Gallager and Berlekamp [3§] from
erasure-free decoders to error-erasure decoders, using the fact that the region of achievable
error probability, erasure probability pairs for a given block length, message set size and
list decoding size triple is convex. Then we recall the outer bounds to error exponents in
two related problems:

e The error exponents of erasure free block codes with feedback
e The error exponent tradeoff between two messages with feedback

We use the generalized straight line bound to combine the outer bounds on these two
related problems into a family of outer bounds on the error exponent, erasure exponent,
rate tradeoff for fixed length block codes with feedback encoders and error-erasure decoders.

The inner and outer bounds derived in Chapter [2| on error exponent, erasure exponent,
rate tradeoff will allow us to bound the loss in error exponent at a given rate and erasure
exponent because of the two phase scheme we have assumed.

In the last part of the Chapter [2] we investigate the problem of finding the optimal erasure
exponent for zero-error codes as a complement to the analysis of the tradeoff between error
exponent and erasure exponent, and derive inner and outer bounds to the optimal erasure
exponent for a given rate.

1.2 Non-Block Encoding Schemes and Bit-Wise UEP

The Yamamoto-Itoh scheme has the peculiar property that it almost always sends the same
letter in the control phase. Yet the Yamamoto-Itoh scheme spends a considerable part of its
time in the control phase. Such an explicit control phase exists in order to ensure that each
message is decoded before the transmission of the next message starts. The Yamamoto-
Itoh scheme is a block coding scheme as a result of this property. The schemes in which

11



transmission of successive messages are overlapping are non-block encoding schemes. If
non-block encoding schemes are allowed one can drop the explicit control phase all together
and use the implicit-confirmation-explicit-rejection protocol suggested by Kudrayshov [22]
in order to increase the exponential decay rate of error probability with expected delay.

In a communication system the transmitter transmits successive messages My, Mo, . ..
and the receiver decodes them as Ml, Mo, ... . In a block coding scheme disjoint time
intervals are allocated for different messages, i.e. transmission of My, starts only after Mg_1
is decoded. This is why block coding schemes with feedback use explicit control phases in
order to decrease the error probability. However if the transmission of successive messages
are allowed to overlap, one can use the following scheme to decrease error probability without
an explicit control phase. The transmitter sends M; using a fixed-length block code of rate
R, and the receiver makes a temporary decision M1 If My = M1 then the transmitter
sends My and the receiver makes a temporary decision My and so on. After the first
incorrect temporary decision, the transmitter starts sending the special codeword =, until
it is detected by the receiver. Once it is detected by the receiver, the transmitter starts
re-sending the last message and the previous ¢ messages from scratch. Thus if the ;%
temporary decision is incorrect and the special codeword = is sent without detection for &
times, |k — ¢|* messagesﬂ would be in error. The decoder decodes to a temporary decision
if the following ¢ temporary decisions are all ordinary codewords, i.e. l\7|j = l\7|j if M, # =
fort € {j,j+1,...7 + ¢}. Using an implicit confirmation and explicit rejection protocol
like the described one above, Kudryashov [22] showed that non-block encoding schemes can
have much faster decay of error probability with expected delay than the block encoding
schemes.

The implicit confirmation explicit rejection protocols are also useful for block coding
schemes. But in order to appreciate that, one needs to consider unequal error protection
problems. Consider for example the situation where each message, M;, is composed of two
groups of bits:

M; = (M M) je{1,2,3,...}

where M(9)’s require a better protection than M®)’s. One way of giving that protection is

using an implicit confirmation explicit rejection protocol in a three phase scheme as follows.
The transmitter first sends M(® and a temporary decision l\7|(a) is made at the receiver. If
|\7|(a) = M(@ then in the second phase M(® is sent, if not the special codeword = is sent. At
the end of the second phase a temporary decision I\7I(b) is made for M®) . The third phase is
an explicit control phase in order to confirm or reject (M(a) , I\7I(b)). At the end of the third
phase either an erasure is declared or M = (M(a) (b)) is decoded as M = (M (a) |\7I(b)). In
Chapter [3] we present a detailed analysis of this scheme for the case with k layers instead
of just two layers and obtain a sufficient condition for the achievablity of a (R E ) pair, in
terms of the relative durations of the phases.

Implicit confirmation and explicit rejection protocols provide us a sufficient condition for
the achievablity of a (E, E) pair. In order to prove that the above architecture is optimal,
we prove that the sufficient condition for the achievablity of a (ﬁ,, E ) pair is also a necessary

2
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condition. This is done using a new technique in Chapter |3} Previously in order to derive
such outer bounds the average error probability associated with a query posed at stopping
time is used [2], [3]; instead we use the missed detection probability of a hypothesis chosen
at a stopping time. This gives us a necessary condition for the achievablity of a (}—é, E ) pair
in terms of the relative durations of the phases, which is identical to the sufficient condition.
Thus we conclude that in a bit-wise unequal error protection problem for variable-length
block codes, communication and error correction of each layer of bits can be decoupled both
for the purposes of encoding and for the purposes of decoding. Furthermore error correction
phase of each layer can be combined with the communication and error correction phases
of less important layers using implicit confirmation explicit rejection protocols.

In order to introduce some of the ideas in a simpler form we also investigate the message-
wise unequal error protection problem for the single message case In Chapter In that
problem we are interested in the minimum conditional error probability that a message can
have when the overall rate is R and the overall error exponent is E. We determine the
exponent of the minimum error probability message, which is called the missed detection
exponent, for any rate R and any error exponent FE for variable-length block codes with
feedback.

The results of Chapter [3| generalize the corresponding results in [3], which were derived
for the case when the overall rate is (very close to) capacity. In Chapter (3| there is no such
assumption and we calculate the tradeoffs for the whole rate region.

1.3 Error Probability and Posterior Matching for Fixed-Length
Block Codes

The interest in error-erasure decoding and variable-length block codes were partly because of
the negative results about the error performance of fixed-length block codes with feedback.
But those negative results about error exponents of fixed-length block codes with feedback
imply only that there can not be any improvement, at high rates i.e. rates above the critical
rateE] R.it. For the rates below the critical rate there are encoding schemes that improve
the error exponents in binary symmetric channels, [44], [7], k-ary symmetric channels [14]
and binary input channels [14].

The encoding schemes of [44] and [I4] are matching schemes. The messages are equally
likely at the beginning of the transmission both in [44] and [14]. At each time step the
encoding scheme tries to match an input distribution on the input alphabet as closely as it
can with the given pseudo posterior probabilities of the messages. After the observation of
each channel output the pseudo posterior probabilities of the messages are updated accord-
ing to a channel which is “noisier” than the actual one. In binary symmetric channels such
a scheme is optimal in all rates below capacity except some interval of the form (0, Rzqyit)
where Rzcrit < Rerip. In general binary input channels and k-ary symmetric channels per-
formance of this scheme is better than that of random coding. The principle insight of [44]
and [14] is that by using a “noisier” channel in updating the posterior probabilities, one can
improve the performance of the posterior matching schemes.

In Chapter 4] we suggest an alternative analysis technique, based on the error analysis
technique of Gallager [16] to achieve similar conclusions. We demonstrate that instead of
working with pseudo posteriors, the encoder can work with the actual posterior probabilities

3The critical rate, Rerit, is the rate at which the random coding exponent and sphere packing exponent
diverge from one another.
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of the messages. However, in order to do so the encoder needs to apply a titling to the
posterior probabilities before the matching. Tilting the posterior probabilities before the
matching and using the pseudo posteriors calculated assuming a noisier channel have the
same effect; both operations damp down the effect of past observations in the matching.
Using an analysis technique based on the analysis technique of Gallager [16] we recover the
results of [44] and [I4] for binary input channels and improve the results of [14] for k-ary
symmetric channels.

For binary symmetric channels Burnashev [7] has suggested a modification to the encod-
ing scheme of Zigangirov given in [44]. Burnashev’s modification improves the performance
in the range (0, Rz¢rit). In the second part of Chapter 4 we extend the results of [7] to a
broader class of DMCs. This is done by modifying the analysis technique we have suggested
in the first part of the chapter in order to accommodate the modified encoding scheme of
Burnashev [7].

14



Chapter 2

Error-Erasure Decoding for Block
Codes with Feedback!

In this chapter we investigate the performance of fixed length block codes on discrete mem-
oryless channels (DMCs) with feedback and error-erasure decoding. We derive inner and
outer bounds to the optimal tradeoff between the rate, the erasure exponent and the error
exponent. This analysis complements on one hand the results on error-erasure decoding
without feedback and on the other hand the results on variable-length block codes with
feedback.

We start with a brief overview of previous results on variable-length block codes and
error-erasure decoding without feedback in Section This will motivate the problem at
hand and relate it to the previous studies. Then in Section we introduce the channel
model and block codes with error-erasure decoding formally. After that, in Section
we derive an inner bound bound using a two-phase coding algorithm (similar to the one
described by Yamamoto and Itoh in [43]) combined with a decoding rule and analysis
techniques inspired by Telatar in [4I] for the non-feedback case. The analysis and the
decoding rule in [41] is tailored for a single phase scheme without feedback, and the two-
phase scheme of [43] is tuned specifically to the zero-erasure exponent; coming up with a
framework in which both of the ideas can be used efficiently is the main technical challenge
here. In Section we first generalize the straight line bound introduced by Shannon,
Gallager and Berlekamp in [38] to block code which have decoding rules with erasures. This
is then combined with the error exponent tradeoff between two codewords with feedback to
establish an outer bound. In Section we introduce error free block codes with erasures,
discuss their relation to block codes with errors and erasures and present inner and outer
bounds to their erasure exponents.

2.1 Error-Erasure Decoding and Variable-Length Block Codes

Burnashev [4], [5], [6] considered variable-length block codes with feedback and determined
the decay rate of their error probability with expected transmission time exactly for all
rates. Later Yamamoto and Itoh [43] showed that the optimal performance for variable-
length block codes with feedback can be achieved by using an appropriate fixed-length
block code with error-erasure decoding repetitively until a non-erasure decoding occursE]

'Results presented in this chapter have been reported previously in [28].
2Note that introducing erasures can not decrease the optimal error exponent and any variable-length
block code with erasure can be used as a variable-length block code without erasures with feedback, simply

15



In fact any fixed-length block code with erasures can be used repetitively, as done in [43],
to get a variable-length block code with essentially the same error exponent as the original
fixed-length block code. Thus [4] can be reinterpreted to give an upper bound to the error
exponent achievable by fixed-length block codes with erasures. Furthermore this upper
bound is achieved by fixed-length block codes with erasures described in [43], when erasure
probability decays to zero sub-exponentially with block length. However, the techniques
used in this stream of work are insufficient for deriving proper inner or outer bounds for the
situation when erasure probability is decaying exponentially with block length. As explained
in the paragraph below, the case with strictly positive erasure exponents is important
both for engineering applications and for a more comprehensive understanding of error-
erasure decoding with feedback. Our investigation provides proper tools for such an analysis,
results in inner and outer bounds to the tradeoff between error and erasure exponents, while
recovering all previously known results for the zero erasure exponent case.

When considered together with higher layers, the codes in the physical layer are part
of a variable-length/delay communication scheme with feedback. However, in the physical
layer itself fixed-length block codes are used instead of variable-length ones because of their
amenability to modular design and robustness against the noise in the feedback link. In
such an architecture, retransmissions affect the performance of higher layers. In this respect
the probability of erasure is a criterion for the quality of service of the physical layer. The
average transmission time is only a first order measure of the burden of the retransmissions
to the higher layers: as long as the erasure probability is vanishing with increasing block
length, average transmission time will essentially be equal to the block length of the fixed-
length block code. Thus with an analysis like the one in [43], the cost of retransmissions
are ignored as long as the erasure probability goes to zero with increasing block length. In
a communication system with multiple layers, however, retransmissions usually have costs
beyond their effect on average transmission time, which are described by constraints on
the probability distribution of the decoding time. Knowledge of the error-erasure exponent
tradeoff is useful in coming up with designs to meet those constraints. An example of this
phenomena is variable-length block coding schemes with hard deadlines for decoding time,
which have already been investigated by Gopala et. al.  [I8] for block codes without
feedback. They have used a block coding scheme with erasures and they have resent the
message whenever an erasure occurs. But because of the hard deadline, they employed this
scheme only for some fixed number of trials. If all the trials prior to the last one fail, i.e.
lead to an erasure, they use a non-erasure block code. Using the error exponent erasure
exponent tradeoff they were able to obtain the best over all error performance for the given
architecture.

This brings us to the second stream of research we complement with our investigation:
error-erasure decoding for block codes without feedback. Forney [15] was the first one
to consider error-erasure decoding without feedback. He obtained an achievable tradeoff
between the exponents of error and erasure probabilities. Then Csiszar and Korner, [12]
achieved the same performance using universal coding and decoding algorithms. Later
Telatar and Gallager [42] introduced a strict improvement on certain channels over the
results presented in [I5] and [I2]. Recently there has been revived interest in errors and
erasures decoding for universally achievable performance [25], [24], for alternative methods
of analysis [23], for extensions to channels with side information [33] and implementation

by retransmitting the message at hand whenever there is an erasure. Using these two observations one can
check in a few lines that the best error exponent for the variable-length block codes with feedback is the
same with and without erasures.
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with linear block codes [21]. The encoding schemes in these codes do not have access to any
feedback. However if the transmitter learns whether the decoded message was an erasure or
not, it can resend the message whenever it is erased. Because of this block retransmission
variant these problems are sometimes called decision feedback problems.

2.2 Channel Model and Reliable Sequences For Error-Erasure
Decoding

The input and output alphabets of the forward channel are X and ), respectively. The
channel input and output symbols at time t are denoted by X; and Y; respectively. Fur-
thermore, the sequences of input and output symbols from time #; to time ¢ are denoted
by Xi? and Yif When t; = 1 we omit ¢; and simply write X*2 and Y2 instead of X? and
Y. The forward channel is a discrete memoryless channel characterized by an |X|-by-|)|
transition probability matrix W.

PYy| XY = PIYy X)) = W(Ye[X,) Ve (2.1)

The feedback channel is noiseless and delay free, i.e. the transmitter observes Y;_; before
transmitting X;.

The message M is drawn from the message set M with a uniform probability distribution
and is given to the transmitter at time zero. At each time ¢ € [1,n] the input symbol
®;(M,Y!1) is sent. The sequence of functions @;(-) : M x Y'~! which assigns an input
symbol for each m € M and y*~! € Y'~! is called the encoding function.

After receiving Y" the receiver decodes M(Y") € {x}UM where x is the erasure symbol.
The conditional erasure and error probabilities Pyy and Pgn and unconditional erasure
and error probabilities, Py and P, are defined as,

PX‘MéP[M:x‘ M} Pe|MéP[M¢M’M}—PX|M
PxéP[M:x} PeéP[M;AM}—PX
Since all the messages are equally likely,

_ 1 1
PX_WZmGMPX"WL Pe—WZmGMPeHn

We use a somewhat abstract but rigorous approach in defining the rate and achievable
exponent pairs. A reliable sequence @, is a sequence of codes indexed by their block lengths
such that

; (n) (ML _1 )
In other words reliable sequences are sequences of codes whose overall error probability,
detected and undetected, vanishes and whose message set’s size diverges with block length
n.

Definition 1 The rate, erasure exponent, and error exponent of a reliable sequence Q are
given by
|M ™)

N TI In MR TINY
Ro = hggggf — Exo hnrggéf

—1In P (M —InP.™

Feg = lim inf
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Haroutunian, |20, Theorem 2|, established a strong converse for erasure free block codes
with feedback which implies that lim,Hoo(Pe(") + PX(”)) = 1 for all codes whose rates are
strictly above the capacity, i.e. R > C. Thus we consider only rates that are less than
or equal to the capacity, R < C. For all rates R below capacity and for all non-negative
erasure exponents Fx, the (true) error exponent (R, Ex) of fixed-length block codes with
feedback is defined to be the best error exponent of the reliable sequencesﬂ whose rate is at
least R and whose erasure exponent is at least Fx.

Definition 2 VR < C and VEx > 0 the error exponent, E(R, Ex) is,

Eo(R, Ey) = sup Eeo. (2.2)
Q:Rg>R,Exo>Fx

Note that
Ee(R,Ex) =E&(R) VEx > E(R) (2.3)

where E(R) is the (true) error exponent of erasure-free block codes on DMCs with feedbackﬁ
Thus the benefit of error-erasure decoding is the possible increase in the error exponent as
the erasure exponent goes below £(R).

Determining £(R) for all R and for all channels is still an open problem; only upper
and lower bounds to £(R) are known. In this chapter we are only interested in quantifying
the gains of error-erasure decoding with feedback instead of finding £(R). We will analyze
the performance of generalizations of the simple two-phase schemes that are known to be
optimal when the erasure exponent is zero. In order to quantify how much is lost by using
such a restricted architecture we will derive general outer bounds to £ (R, Fx) and compare
them with the inner bounds.

For future reference recall the expressions for the random coding exponent and the
sphere packing exponent,

E.(R,P) = min D(V|W|P)+ I(P,V)—R|" E.(R) = mngT(R,P) (2.4)

Ey(R.P)= min D (V]W|P) Eo(R) = max Eg(R,P)  (2.5)

where D (V|| W|P) stands for conditional Kullback Leibler divergence of V' and W under
P, and | (P, V) stands for mutual information for input distribution P and channel V:

D(VI[W[P)= > P(2)V(ylz)ln gt

W(ylz)
zeX,yey

(PV)= > P(w)V(yleH%
zeX,yc)y

We denote the y marginal of a distribution like P(z)V (y|z) by (PV)y. The support of a
probability distribution P is denoted by suppP.

3We only consider the reliable sequences in order to ensure finite error exponent at zero erasure exponent.
Note that a decoder which always declares erasures has zero erasure exponent and infinite error exponent.

“In order to see this consider a reliable sequence with erasures Q and replace its decoding algorithm by
any erasure free one such that M’(y") = M(y") if M(y") # x to obtain an erasure free reliable sequence, Q'
Then Pe(Q",) < PX(Q") + Pe(Q">; thus Eeo: = min{Ex g, Feo} and Rg/ = Rg. This together with the definition
of £(R) leads to equation .
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2.3 An Achievable Error Exponent Erasure Exponent Tradeoff

In this section we establish a lower bound to the achievable error exponent as a function
of erasure exponent and rate. We use a two phase encoding scheme similar to the one
described by Yamamoto and Itoh in [43] together with a decoding rule similar to the one
described by Telatar in [41]. First, in the communication phase, the transmitter uses a fixed-
composition code of length an and rate %. At the end of the communication phase, the
receiver makes a maximum mutual information decoding to obtain a tentative decision M.
The transmitter knows M because of the feedback link. Then in the (n — n;) long control
phase the transmitter confirms the tentative decision by sending the accept codeword if
M = M, and rejects it by sending the reject codeword otherwise. At the end of the control
phase if the tentative decision dominates all other messages, the receiver decodes to the
tentative decision, if not the receiver declares an erasure. The word “dominate” will be
made precise later in Section [2.3.2

At the encoder our scheme is similar to that of Yamamoto and Itoh [43], in that the
communication and the bulk of the error correction are done in two disjoint phases. At the
decoder, however, unlike [43] we consider the channel outputs in both of the phases while
deciding between declaring an erasure and decoding to the tentative decision.

In the rest of this section, we analyze the performance of this coding architecture and
derive the achievable error exponent expression in terms of a given rate R, erasure exponent
Ex, time sharing constant «, communication phase type P, control phase type (joint em-
pirical type of the accept codeword and reject codeword) IT and domination rule »=. Then
we optimize over >, II, P and «, to obtain an achievable error exponent expression as a
function of rate R and erasure exponent Fx.

2.3.1 Fixed-Composition Codes and the Packing Lemma

Let us start with a very brief overview of certain properties of types, a thorough handling
of types can be found in [I2]. The empirical distribution of z" € &A™ is called the type
of z" and the empirical distribution of transitions from z" € A" to y" € A" is called the
conditional typeﬂ

Pon(2)21 ) Lfp=s) iecX. (2.6)
Vyolon (13) % 555 6 thl Lggeiy Lygy VijeY, Vist. Pu(i)>0. (2.7)

For any probability transition matrix v suppPyzn — Y we haveﬁ

::1 V(yt’$t) — e—n(D(Vynlxn ||V|Pzn)+H(Vun|Tn ’Pzn)) (28)

V-shell of z", Ty (z"), is the set of all y"’s whose conditional type with respect to z" is V:

Ty (z") £{y" : Vyn oo = V'}. (2.9)

The total probability of Ty (z") has to be less than one for any transition probability matrix
from X to ) and resulting channel. Thus using equation 1) for V=V we get,

1Ty (a") | < e (Vorian|Pan) (2.10)

®Note that Pyn is a distribution on X , whereas Vynjzn is a channel from the support of P;» to V.
SNote that for any V : X — Y there is unique consistent V' : suppP — ).
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Codes whose codewords all have the same empirical distribution, P,y = P Vm €
M are called fixed-composition codes. In Section the error and erasure events are
described in terms of the intersections of V' —shells of different codewords. For doing that

let us define F(" (V, v, m) as the intersection of the V-shell of z"(m) with the V-shells of
other codewords:

P (V’ 4 m) £ Ty («"(m) () (U Ty (" (1)) - (2.11)

The following packing lemma, proved by Csiszér and Korner [12, Lemma 2.5.1], claims the

existence of a code with a guaranteed upper bound on the size of F(") (V, Vv, m)

Lemma 1 For every block length n > 1, rate R > 0 and type P satisfying H(P) > R,
there exist at least Le”(R*‘S")J distinct type P sequences in X" such that for every pair of
stochastic matrices V : suppP — Y, V :suppP — Y and Ym € M

EO (Vm) | < [T (2" (m) e R0-A

In 44-(4|X|+6|X||Y]) In(n+1)
= .

where 6, =

The above lemma is stated in a slightly different way in [12, Lemma 2.5.1], for a fixed § and
large enough n. However, this form follows immediately from their proof.
Using Lemma[l] together with equations (2.8)) and (2.10) one can bound the conditional

probability of observing a y" € F(™ (V, v, m) when M = m as follows.

Corollary 1 In a code satisfying Lemma[1, when message m € M is sent, the probability
of getting a y" € Ty (z"(m)) which is also in Ty (z"(m)), for some m € M such that
m # m, is bounded as follows,

P[F(“) (V, v, M)‘ M} < ¢ "(RPVV) (2.12)

where
7 (R, PV, f/) AD (V| WI|P) + |l (P, f/) _ R[*. (2.13)

2.3.2 Coding Algorithm

For the length n; = [an] communication phase, we use a type P fixed-composition code
with Le”l(g_‘S"l)J codewords which satisfies the property described in Lemma At the
end of the communication phase the receiver makes a tentative decision by choosing the
codeword that has the maximum empirical mutual information with the output sequence
Y™, If more than one codewords have the maximum value of empirical mutual information,
the codeword with the lowest index is chosen[’]

Y . |(P, Vynllxn(m)) > | (P, VYn1|xn(m)) VYm < m }
M= {m P Nym ) = (P Vyms o) Vit > m (2.14)

"The choice of lowest index message for ties is arbitrary; the receiver could decode to any one of the
messages with the highest mutual information. Results will continue to hold in that case. Indeed the
tradeoff between the exponents will not be effected even if receiver declares erasures whenever such a tie
happens.
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In the remaining (n—np) time units, the transmitter sends the accept codeword =z}, ,(a)
if M = M and sends the reject codeword zy 4 1(r) otherwise.

The encoding scheme uses the feedback link actively for the encoding neither within the
first phase nor within the second phase. It does not even change the codewords it uses for
accepting or rejecting the tentative decision depending on the observation in the first phase.
Feedback is only used to reveal the tentative decision to the transmitter.

Accept and reject codewords have joint type II(Z, 57), i.e. the ratio of the number of
time instances in which accept codeword has an # € X and reject codeword has a & € X to
the length of the codewords, (n — ny), is II(Z, Z). The joint conditional type of the output
sequence in the second phase, Uy31+1’ is the empirical conditional distribution of yp ;. We
call the set of all output sequences yy, ,; whose joint conditional type is U, the U-shell and
denote it by Ty .

As was done in Corollary [} one can upper bound the probability of U-shells. Note that
if Y}, .1 € Ty then,

P[Y21+1’ X0 =20 ()] = e~ (n=n1)(D(U[|W[I)+H(UIIT))
P[Y21+1’ XD = x21+1(r)] — o~ (n=n))(D(U[|W[I1)+H(UIT))
where x7) ,;(a) is the accept codeword, z ,(r) is the reject codeword, Walylz,z) =
W (y|z) and W,(y|Z,z) = W (y|z). Note that |Ty| < e("="IHWID “thys

P[Ty| X}, 41 = zh,41(a)] < e~ (m)PIWID (2.15a)
P[Ty| X}, 41 = 2, 41(r)] < e” (mnIBLUIWHID, (2.15b)

2.3.3 Decoding Rule

For an encoder like the one in Section [2.3.2] a decoder that depends only on the conditional
type of Y™ for different codewords in the communication phase, i.e. Vyni |z () for m € M,
the conditional type of the channel output in the control phase, i.e. UY21+1’ and the indices
of the codewords can achieve the minimum error probability for a given erasure probability.
However finding that decoder becomes an analytically intractable problem. Instead we will
only consider the decoders that can be written in terms of pairwise comparisons between
messages given Y". Furthermore we assume that these pairwise comparisons depend only
on the conditional type of Y™ for the messages compared, the conditional output type in
the control phase and the indices of the messagesﬂ

If the triplet corresponding to the tentative decision (VYn1| 1 (W) UY21+1’ |\7|) dominates

all other triplets of the form (Vyni|zni(m), Uyn m) for m # M, the tentative decision

ni+1 ’
becomes final; else an erasure is declared.

o MOEYm AN (Ve Uv
o x if dm 7é M s.t. (Vyn1|$n(|\~/|)7 UY

Z

) = (Vyni|gn(m)> UY21+1’ m)} (2.16)
) # (Vg Uy, o)

n )
ni+1

The domination rule used will depend on whether Ex is less than aET(g,P) or not. If

8Note that conditional probability, P[Y"|M = m], is only a function of corresponding Vyni gn(m) and

Uy:1+1. Thus all decoding rules, that accept or reject the tentative decision, I\7I, based on a threshold test
on likelihood ratios, %, for m # m are in this family of decoding rules.
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Ex > aEr(g, P) the trivial domination rule leading to the trivial decoder M = M is used.

If By, < aEr(g, P) then the domination rule given in equation l’ is used.

. L(P,V)>1(P,V) and an (£, P,V,V) + (1 — @)D (U|| Wo|II) < Ex if m >
(V,U,m) = (V,U,m) <
and an

|(P,V)>1(P,V EPV,V)+(1—a)D(U| W) < Ex if m <
(2.17)

where 7 (R, PV, V) is given by equation ([2.13)).

Among the family of decoders we are considering, i.e. among the decoders that only
depend on the pairwise comparisons between conditional types and indices of the messages
compared, the decoder given in (2.16) and (2.17) is optimal in terms of error exponent
erasure exponent tradeoff. Furthermore, in order to employ this decoding rule, the receiver
needs to determine only the two messages with the highest empirical mutual information
in the first phase. Then the receiver needs to check whether the triplet corresponding to
the tentative decision dominates the triplet corresponding to the message with the second
highest empirical mutual information. If it does, then for the rule given in , it is
guaranteed to dominate the rest of the triplets too.

We allowed the decoding rule to depend on the index of the message in order to avoid
declaring erasure whenever there is a tie in terms of the maximum empirical mutual in-
formation in the first phase. Alternatively, we could have employed a decoding rule which
declares erasures whenever there are two or more messages with the largest empirical mutual
information. The resulting tradeoff would be identical to the one we obtain below.

2.3.4 Error Analysis

Using an encoder like the one described in Section m and a decoder like the one in
we achieve the performance given below. If Fy < aEr(g,P) then the domination rule
given in equation is used in the decoder; else a trivial domination rule that leads to
a non-erasure decoder, M = l\7|, is used in the decoder.

Theorem 1 For any block lengthn > 1, rate R, erasure exponent Ex, time sharing constant
a, communication phase type P and control phase type 11, there exists a length n block code
with feedback such that

Im|M| > "B p < en(Bxi)  p < gmn(Be(R B P =)

where Ee(R, Ex, o, P,11) is given by,

ak (£, P) if By > aBE,(£,P)
Ee = min  an (g,P,V,V) + (1 —a)D(U||W,IT) if Bx < OéEr(g,P)
(V,V,U)EVe
(2.18a)
V ={(Vi,Va,U) : 1 (P, V1) > | (P,V5) and (PVi)y = (PV3)y} (2.18b)
v if Ex > aE, (£, P)
Ve = { {0, 0)ev: an(EPV.V)+(1-a)D (U W) < Ex} if Bx < aBn(£,P) }
(2.18¢)
5;: (|X|+1)2|3nf|1og(n+1) (2.18d)
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Equation gives the whole achievable region for this family of codes. But for
quantifying the gains of error-erasure decoding over the decoding schemes without erasures
one need to consider only the region where Fx < aEr(g, P) holds, because for all a € (0, 1],
aEr(g’P) < E.(R,P).

The optimization problem given in is a convex optimization problem: it is
the minimization of a convex function over a convex set. Thus the value of the ex-
ponent, Fo(R, Ex,«, P,II) can be calculated numerically relatively easily. Furthermore
Ee(R, Ex,a, P,1I) can be written in terms of solutions of lower dimensional optimization
problems (see equation (2.36))). However the problem of finding the optimal («, P, II) triple
for a given (R, Fx) pair is not that easy in general, as we will discuss in more detail in

Section 2.3.51

Proof:

A decoder of the form given in decodes correctly Wherﬁ (Y?, M) = (YN, m), Vm # M
and M = M. Thus an error or an erasure occur only when the correct message does not
dominate all other messages, i.e. when Im#M such that (Y", M) (Y", m). Consequently,
we can write the sum of the conditional error probability and the conditional erasure
probabilities for a message m € M as,

Pejon + P = PUy" : Fii # m s:8.5% m) o (37, 1)} M = m] (2.19)

This can happen in two ways, either there is an error in the first phase, i.e. M # m or the
first phase tentative decision is correct, i.e. M = m, but the second phase observation
Yn,+1 leads to an erasure i.e. M = x. For a decoder using a domination rule described in
Section [2.3.3

Pe\m+Px|m SZ Z Z P[ym’m]

Vovia(PV)2I(PV) y e FD) (V,V,m)

) Y. PlMm] > Y Plyn X a=an, ()]

Vva(Pv)<i(PV) ym eFM) (V,V,m) U:(V,Um)#(V,Um+1) Un,+1€TU

Wher Fo) (V,7,m) is the intersection of V-shell of message m € M with the V-shells
of other messages, defined in equation (2.11)). As result of Corollary

3 Ply"™ | m] = P[F(”l) (V,V, m) ’ M — m}
y"m eFM(V,V,m)

< e-mn(EPVY),

Furthermore, as result of equation ([2.15a)),

Z P|:y21+1| x21+1 = x21+1(a)] = P[TU| x21+1 = x21+1(a)]
y:1+1€TU
< e~ (n=n1)D(U[[WelIl)

 We use the short hand (Y", M) = (Y",m) for (Vyn, I UYR1+1 M) = (Vyn1 i, UY21+1’m) in this proof.
ONote that when m = | M|, we need to replace (V,U,m) % (V,U, m + 1) with (V,U,m — 1) 3 (V,U, m).
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In addition the number of different non-empty V-shells in the communication phase is less
than (n; + 1)1Vl and the number of non-empty U-shells in the control phase is less than
(n—n1 + 1)IFPYI. We denote the set of (V, V,U) triples that corresponds to erasures with
a correct tentative decision by Vy:

Vi £ {(‘/a V. U): I(P,V) > (P, V) and (PV)y = (PV)y and (V,U,m) # (V,U,m + 1)}
(2.20)
In the above definition m is a dummy variable and Vx is the same set for all m € M.

Thus using (2.20) we get

Pejm + Pxjm < (01 + DXL max e=mn(R/ePV.V)
VVA(PV)SI(PV)

+ (1 + 1)2|X||y|(n —ny 1)\X|2D}\ max oM (R/e,PV.V)+(n—n1)D(U[|WalII))
(VV,U)eVx

Using the definition of E, (£, P) given in (2.4) we get

Pe\m + Px|m < 6“6; max {efnaEr(R/a’P)’ e_nmin(V,V,U)evx om(R/oc,P,V,V)—l—(l—a)D(U||Wa|H) '
(2.21)
On the other hand an error occurs only when an incorrect message dominates all other
messages, i.e. when 3m # m such that (Y", m) > (Y", m) for all m # m:

Pepn =P[{y" : I # m st (y",m) = (y",m) Vi #m}M=m].
Note that when a m € M dominates all other m # 7, it also dominates m, i.e.

{y": Im #£ mst.(y",m) = (y",m) Vm#£m} C {y": Im#mst.(y",m) = (y",m)}.

Thus,

Py <P[{y" : 3m # m s.t.(y", m) = (y", m)} M = m]

= > > P"M=mn] > S P et ()]

VoVa(PV)2I(PV) yeFM) (V,V,m) U:(V,Um=1)=(V,Uym) Yn, +1€TU
(2.22)

The tentative decision is not equal to m only if there is a message with a strictly higher

empirical mutual information or if there is a messages which has equal mutual information
but smaller index. This is the reason why we sum over (V,U, m—1) = (V, U, m). Using the
inequality in the inner most two sums and then applying inequality one gets,

Pe|m < (n+ 1)(|X|2+2|X|)|37| max e—n(an(R/ouP,V,V)Jr(l—a)D(UIIWTIH))
I(P,V)>I(PV)

(V,U,m—1)>(V,U,m)

(R/o,P,V,V)+(1—a)D(U||W|II))

(VV U):
/ .
< eMne NN vy eve (o

— €n6; e_n min(V,V,U)EVe (aU(R/OQP,V,V)-F(l—a)D(U||WT\H)) (223)
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where Ve is the complement of Vy in V given by

Ve 2 {(v, V.U) 1P V) > (P, f/) and (PV)y = (PV)y and (V,U,m) = (V,U, m + 1)}

(2.24)
Note that m in the definition of Ve is also a dummy variable. The domination rule >
divides the set V into two subsets: the erasure subset Vx and the error subset V.

Choosing domination rule is equivalent to choosing the Ve. Depending on the value of
aFE,( g, P) and FEx, Ve is chosen according to the rule given in 1' then,

(i) Ex >aET(§, P): Ve = V. Then Vi = 0 and Theorem [1| follows from equation (2.21)).
) I (P,V)>1(P,V) and (PV)y = (PV)y and
(il) Ex<aB.(£,P): Ve =< (V,V,U): ( )
an (£, PV, V) + (1 - a)D (U W,JII) < By

Then all the (V,V,U) triples satisfying o (g, PV, f/) +(1—a)D (U] W,|II) < Ex
are in the error subset. Thus as a result of (2.21]) erasure probability is bounded as
Py < e "Ex=0n) and Theorem [1| follows from equation 1}

QED

2.3.5 Lower Bound to & (R, Ey)

In this section we use Theorem [I| to derive a lower bound to the optimal error exponent
Ee(R, Ex). We do that by optimizing the achievable performance Fe(R, Ex, o, P,II) over a,
P and II.

High Erasure Exponent Region (i.e. Ex > E.(R))
As a result of (2.18)), VR > 0 and VEx > E,(R)

Ee(RyEX7O‘aP7 H) = aEr(
Eo(R,Ex,a, P, 1) = E.(R

P)<E.(R) Va, VP, VI (2.25a)

R
) G=1, P=argmaxE,(R,P), VI (2.25b)

Thus for all (R, Ex) pairs such that Fx > F,(R) the optimal time sharing constant is 1, the
optimal input distribution is the optimal input distribution for random coding exponent at
rate R, and maximum mutual information decoding is used without ever declaring erasure.

Eo(R, Ex) = Eo(R, Ex,1, Pypy,11) = E(R)  YR>0  VEyx> E.(R) (2.26)

where P, gy satisfies E,.(R, P,(r)) = E-(R) and II can be any control phase type. Evidently
the benefits of error-erasure decoding is not observed in this region.

Low Erasure Exponent Region (i.e. Fx < E,.(R))

The benefits of error-erasure decoding are observed for (R, Fx) pairs such that Fx < E,(R).
Since E,(R) is a non-negative non-increasing and convex function of R, we have

a € [a*(R, Ex),1] < Ex <aE. (&)  VR>0 V0<Ex<E(R)

where a*(R, Fx) is the unique solution of the equation ozEr(g) = FXx.
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For the case Ex = 0, however, aET(g) = 0 has multiple solutions and Theorem |1 holds
but the resulting error exponent, Fe(R,0,c, P,II), does not correspond to the error expo-
nent of a reliable sequence. The convention introduced below in equation addresses
both issues at once, by choosing the minimum of those solutions as a*(R,0). In addition
by this convention o*(R, Ex) is also continuous at Fx = 0: limg, 0 a*(R, Ex) = a*(R,0).

R
Ex € (0,E.(R
(R, Ey) 2 {97 (5 (0, £ (1) (2.27)
& Ex=0
where g~!(-) is the inverse of the function g(r) = #(T)
As a result equations (2.18)) and ({ , VR >0 and Y0 < FEx < E,(R) we have
Ee(R,Ex,a,PI) = aE.(£,P) Vael0,0*(R, Ex)), VP, VII (2.28a)
Eo(R,Fx,d,P,IT) = E,(R) a=1, P =arg max B, (R, P), VIL. (2.28b)

Thus for all (R, Ex) pairs such that Fx < E,(R) the optimal time sharing constant is in
the interval [a*(R, Ex), 1].

For an (R, Ex,«) triple such that R > 0, Ex < E,(R) and a € [o*(R, Ex),1] let
P (R, Ex,a) be

P (R, Ex,a) 2 {P:aE,(£,P)> Ex , 1(P,W) > £} (2.29)

The constraint on mutual information is there to ensure that Ee(R, 0, «, P,II) corresponds
to an error exponent for reliable sequences. The set P (R, Fx, «) is convex because E, (R, P)
and | (P,W) are concave in P.

Note that VR > 0 and VEx € (0, E,.(R)],

Ee(R,Ex,a,PI) =aE, (£, P) Vae[a*(R,Ex),1], VP ¢ P(R,Ex,a), VIT (2.30a)
Ee(R,Ex,a,P.I1) >aE, (%)  Vae[a*(R,Ex),1], P= arg max F, H(£,P), VIL (2.30b)

Thus as a result of one can restrict the optimization over P to P (R, Ex,«) when
VR > 0 and VEx € (0, E.(R)]. For Ex = 0 case if we require the expression Fe(R,0, o, P, II)
to correspond to the error exponent of a reliable sequence, get the restriction given in
equation (2.30). Thus using the definition of E¢(R, Ex) given in we get:

FEe(R, Ex) = max max  max Fe(R, Ex, a, P,1I) VR>0  VEx<E, (R)
a€la*(R,Ex),1] PEP(R,Ex,a) 11
(2.3

where o*(R, Ex), P (R, Ex,a) and Ee(R, Ex, «, P,II) are given in equations ([2.27] -
and (Z.15).

Unlike Eeo(R, Ex,a, P,II) itself, Fe(R, Fx) as defined in ([2.31) corresponds to error
exponent of reliable code sequences even at Eyx = 0.

If maximizing P for the inner maximization in equation is the same for all
a € [a*(R, Fx), 1], then the optimal value of v is a* (R, Fx). In order to see that, we first ob-
serve that any fixed (R, Ex, P,1I) such that E,(R, P) > Ex, the function Eq(R, Ex, a, P,1II)
is convex in « for all @ € [a*(R, FEx, P),1] where a*(R, Ex, P) is the unique solution
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of the equatio aEr(g,P) = Fy, as is shown Lemma in Appendix Since
the maximization preserves the convexity, maxy Ee(R, Ex,, P,II) is also convex in «
for all @ € [a*(R, FEx,P),1]. Thus for any (R, Ex,P) triple, maxy Ee(R, Fx, o, P,II),
takes its maximum value either at the minimum possible value of «, i.e. a*(R, Ex, P) =
a*(R, Ex), or at the maximum possible value of «, i.e. 1. It is shown in Appendix
maxy Fe(R, Ex, o, P, II) takes its is maximum value at o = o*(R, Ex).

Furthermore if the maximizing P is not only the same for all o € [o*(R, Ex), 1] for a
given (R, Ex) pair but also for all (R, Ex) pairs such that Ex < E,(R) then we can find the
optimal Fe(R, Fx) by simply maximizing over II’s. In symmetric channels, for example,
the uniform distribution is the optimal distribution for all (R, Fx) pairs. Thus

fg(R,E;)::{ Ee(R, Ex, 1, P*,1I) it Bx > E,(R, P*) }

maxyy Ee(R’Ex’O[*(RvEx),P*,H) if Ex < ET»(R,P*) (232)

where P* is the uniform distribution.

2.3.6 Alternative Expression for The Lower Bound

The minimization given in for Fe(R, Ex, «, P,TI) is over transition probability ma-
trices and control phase output types. In order to get a better grasp of the resulting
expression, we simplify the analytical expression in this section. We do that by expressing
the minimization in in terms of solutions of lower dimensional optimization problems.

Let (R, P, Q) be the minimum Kullback-Leibler divergence under P with respect to W
among the transition probability matrices whose mutual information under P is less than
R and whose output distribution under P is (. It is shown in Appendix that for a
given P, ((R, P,Q) is convex in (R, Q) pair. Evidently for a given (P, Q) pair {(R, P, Q)
is a non-increasing in R. Thus for a given (P, Q) pair ((R, P, Q) is strictly decreasing on a
closed interval and is an extended real valued function of the form:

o0 R<R(P,Q)
((R,P,Q) = minV;(Ig?’/‘)/)Sg D(VIWIP) R e [R(P,Q),R;(P,Q)] (2.33a)
e
miny,py), - D (V[ W|P) R > R;(P,Q)
R[(P,Q) = min  pyspw | (P, V) (2.33b)

(PV)y=Q

R,(P,Q) = ming {R sminpy)<r D(VI[[W|P) = miny.py), - D (V] W\P)}
(PV)y=Q
(2.33¢)

where PV > PW iff for all (z, y) pairs such that P(z)W (y|z) is zero, P(z)V (y|z) is also
Zero.

Let T' (T, 1I) be the minimum Kullback-Leibler divergence with respect to W, under II,
among the U’s whose Kullback-Leibler divergence with respect to W, under II is less than

or equal to T'.

I (T,10) 2

2 min D(U|W,I) (2.34)
U:D(U||W o |IT)<T

"Evidently we need to make a minor modification for Fx = 0 case as before to ensure that we consider

only the Eo(R, Ex, a, P,II)’s that correspond to the reliable sequences: a*(R,0, P) = I(PRW)'
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For a given II, T" (T, IT) is non-increasing and convex in 7', thus I' (T',IT) is strictly decreasing
in T on a closed interval. An equivalent expressions for I' (T, IT) and boundaries of this closed
interval is derived in Appendix [A]

00 if T <D(Up|| WglI)
D(T,II) = ¢ D(Us|| W, II) if T =D (Us| W) for some s € [0, 1] (2.35)
D(h|| W) if T >D(U| W)

where

Ly (y]zg)>0} . B
7:W (7]9)>0 W(i/lxl)W(y’%) if s=0
w xT —SW 5)% '

US(y‘xl, 172) - 25 ‘Sg(‘@\lizl)l—slglggy\zé)s if se (07 1)

1
WOle)=0 W (y|z if s=1
25w (glag)>0 W (Flz2) (y]z2)

For a (R, Fx, «, P,II) such that Ex < aET(g, P), using the definition of Fe(R, Ex, av, P, 1I)
in (2.18)) together with the equations (2.13)), (2.33)) and (2.35)) we get

EyR, By, a, P,TI) = ol P.Q)+ Ry~ BT+ (1- o ({£5.T0)
RS Ry>0, 720

al(L P.Q)+|Ra—R|T+T<Ex

For any (R, Ex, o, P,II) above minimum is also achieved at a (@, R1, R2,T') such that Ry >
Ry > R. In order to see this take any minimizing (Q*, R}, R5,T*), then there are three
possibilities:

(a) R} > R5 > R claim holds trivially.

(b) Rf > R > Rj, since C(%,P, @) is non-increasing function (Q*, R}, R,T%), is also
minimizing, thus claim holds.

(¢c) R > R} > Rj, since C(g,P,Q) is non-increasing function (Q*, R, R, T*), is also mini-
mizing, thus claim holds.

Thus we obtain the following expression for FEe(R, Fx, a, P, 1),

aE, (&, P) if By >ak,(

. R T .
Ee(R,Ex,CY, P, H): Qy’?/’l]l%riRQ; OéC(FQ,P, Q) +R1 —R +(1—Oé)r (ﬁ,ﬂ) if EXSQE’F(
Ri1>R2>R, T>0

aC(%h P.Q)+Ra— R+T<Ex

& P)
arP)

(2.36)
Equation (2.36) is simplified further for symmetric channels. For symmetric channels,

Ep(R) =C¢(R, P, Q") = Hgn C(R,P*,Q) (2.37)
where P* is the uniform input distribution and @Q* is the corresponding output distribution
under W.

Using alternative expression for Fe(R, Fx, a, P,II) given in (2.36|) together with equa-
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tions (2.32)) and (2.37)) for symmetric channels we get,

E.(R) if Ex>E,.(R)

i g R (B 0 () w25
R">R'>R T>0
o Bap(B0 )+ R/~ R+ T <
(2.38)
where a*(R, Fx) is given in equation (2.27)).
Although does not hold in general using definition of ((R, P,Q) and Es,(R, P)
one can assert that

((R,P,Q) >min((R,P,Q) = Eg(R,P). (2.39)
Q

Note that can be used to bound the minimized expression in from below. In
addition recall that if the set that a minimization is done over is enlarged resulting minimum
can not increase. One can use also to enlarge the set that minimization is done over
in . Thus we get an exponent E’e(R, Ex, a, P,II) which is smaller than or equal to
Ee(R, Ex,«, P,1I) in all channels and for all Ee(R, Ex, o, P,1I)’s:

aE, (£, P) if Ex>aE,.(&,P)
Ee(R, Ey,a, P, H) = R’%II%{IT: aESp <%/’ P) +R R+ (1—04)F <%’ H> if Bx< aET( ’ P)
R">R'>R T>0
aBap(BL P+ R~ R+T<Ex
(2.40)
After an investigation very similar to the one that has been done for Ee(R, Ex, «, P,II) in
Section [2.3.5] one obtains the below expression for the optimal error exponent for reliable

sequences emerging from ([2.40)):

i E(R) VR>0 VEx> E.(R)
Ee(R, Ex) = max max max Ee(R, Ex,a, P,II) VR >0 VEx < E,(R)
a€la*(R,Ex),1] PEP(R,Ex,a) 11

2.41
where o (R, Ex), P (R, Fx, ) and Ee(R, Ex, a, P,1I) are given in equations (2.27), (2.29)
and ([2.40)), respectively.

2.3.7 Special Cases

Zero Erasure Exponent Case, & (R,0)

Using a simple repetition-at-erasures scheme, fixed-length block codes with errors and era-
sures decoding, can be converted into variable-length block codes, with the same error
exponent. Thus the error exponents of variable-length block codes given by Burnashev in
[4] is an upper bound to the error exponent of fixed-length block codes with erasures:

Ee(R,Ex)< (1-%)D VR >0,Ex >0

where D = max; ; y, W(y|z) log %8{53
We show below that, Fe(R,0) > (1 — Z)YD. This implies for Ex = 0 for all rates

Eo(R,0) = E(R,0) = (1— g)D. In other words the two phase encoding scheme discussed
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above is optimal for Fx = 0.
Recall that for all R less than the capacity, o*(R,0) = %. Furthermore for any o >

Qlm

P(R,0,a) ={P:1(P,W) > £}

Thus for any (R, 0, a, P) such that P € P (R,0,a), R” > R' > R, T > 0 and aEsp(%”, P)+
R'— R+ T <0, imply that R = R, R” = ol (P,W), T = 0. Consequently
Ee(R,0,a,PI) = a [Ey (£, P) + 1(P,W) — £] + (1 — a)D (W,.|| W,|IT) (2.42)

a’
When we maximize over II and P € P (R,0, ) we get:

Eo(R,0,0) = Pl aEg (2,P) +al(PW)—R+(1-a)D  Vae[£,1]. (243)

The value of Ee(R,0, ) at any particular value of a is a lower bound on Ee(R,0). Thus,

Eo(R,0) > Eo(R,0, &)
R R R
= max *ES C,P +7| va _R+ 1-¢)D
pep(R0,2) € (G Bl e

=(1-4)D.

Indeed one need not rely on the converse for variable-length block codes in order to establish
the fact that Ee(R,0) = (1 — g)D. The lower bound to probability of error presented in
the next section, not only recovers this particular optimality result but also upper bounds
the optimal error exponent, (R, Fx), as a function of rate R and erasure exponents Ex.

Channels with non-zero Zero Error Capacity

For channels with a non-zero zero-error capacity, one can use equation to prove
that, for any Fx < E.(R), Fe(R, Ex) = co. This implies that we can get error-free block
codes with this two phase coding scheme for any rate R < C and any erasure exponent
Ex < E.(R). As we discuss in Section in more detail, this is the best erasure exponent
for rates over the critical rate.

2.4 An QOuter Bound for Error Exponent Frasure Exponent Tradeoff

In this section we derive an upper bound on (R, Fx) using previously known results on
erasure free block codes with feedback and a generalization of the straight line bound of
Shannon, Gallager and Berlekamp [38]. We first present a lower bound on the minimum
error probability of block codes with feedback and erasures, in terms of that of shorter
codes in Section Then in Section we give a brief overview of the outer bounds
on the error exponents of erasure free block codes with feedback. Finally in Section
we use the relation derived in Section to tie the previously known result summarized
in Section to bound & (R, Ex).

2.4.1 APropertyofMinimum Error Probability for Block CodeswithErasures

Shannon, Gallager and Berlekamp [38] considered fixed-length block codes, with list decod-
ing and established a family of lower bounds on the minimum error probability in terms of
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the product of minimum error probabilities of certain shorter codes. They have shown, [38],
Theorem 1], that for fixed-length block codes with list decoding and without feedback

Pe(M,n,L) > Pe(M,n1,L1)Pe(L1 + 1,n — ny, L) (2.44)

where 75.3(M ,n, L) denotes the minimum error probability of erasure free block codes of
length n with M equally probable messages and with decoding list size L. As they pointed
out in [38], this theorem continues to hold in the case when a feedback link is available from
receiver to the transmitter; although Pe is different when feedback is available, the relation
given in equation still holds. They were interested in erasure free codes. We, on the
other hand, are interested in block codes which might have non-zero erasure probability.
Accordingly we will incorporate erasure probability as one of the parameters of the optimal
error probability.

The decoded set M of a size L list decoder with erasures is either a subse of M
whose size is at most L, like the erasure-free case, or a set which only includes the erasure
symboli.e. either M € M such that [M| < L or M = {x}. The minimum error probability
of length n block codes, with M equally probable messages, decoding list size L and erasure
probability Px is denoted by Pe(M,n, L, Px).

Theorem [2 below bounds the error probability of block codes with erasures and list
decoding using the error probabilities of shorter codes with erasures and list decoding, like
[38, Theorem 1] does in the erasure free case. Like its counter part in the erasure free case
Theorem [2] is later used to establish outer bounds to error exponents.

Theorem 2 Foranyn, M, L, Px,n; <n, L1, and0 < s < 1 the minimum error probability
of fized-length block codes with feedback satisfy

Po(M,n, L, Px) > Po(M,n1, L1, s)Pe (L1 +1,n—ny,L, %) (2.45)
Note that given a (M, n, L) triple if the error probability erasure probability pairs (Pe,, Pxq)
and (Pey, Pxp) are achievable then for any v € [0, 1] we can use the code achieving (Peg, Pxq)
with probability « the code achieving (Pey, Pxp) with probability (1 —«) and achieve error
probability erasure probability pair (7Pe, + (1 — ) Pep, YPxa + (1 —7) Pxp). As a result for
any (M,n, L) triple the set set of achievable error probability erasure probability pairs is
convex. We will use this fact twice in order to prove Theorem
Let us first consider the following lemma which bounds the achievable error probability
erasure probability, pairs for block codes with nonuniform a priori probability distribution,
in terms of block codes with a uniform a priori probability distribution but fewer messages.

Lemma 2 For any length n block code with message set M, a priori probability distribution
o(+) on M, erasure probability Px, decoding list size L, and integer K

Po > Q (g, K) P (K +1,n,L, ﬁ) where Q (g, K) = 0(S). (2.46)

= min

SCM:S|=|M|-K
where Pe (K + 1,n, L, Px) is the minimum error probability of length n codes with (K + 1)
equally probable messages and decoding list size L, with feedback if the original code has
feedback and without feedback if the original code has not.

2Note that if M C M then x ¢ M because x ¢ M.
13Note that ) C M thus in our convention decoding to an empty list is an error rather than an erasure.
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Note that Q (¢, K) is the error probability of a decoder which decodes to K messages with
the largest probability i.e. ¢. In other words Q (¢, K) is the minimum error probability for
a size K list decoder when the posterior probability distribution is (.

Proof:

If Q (¢, K) = 0, the theorem holds trivially. Thus we assume Q (¢, K) > 0 henceforth. For
any size (K + 1) subset M’ of M, one can use the encoding scheme and the decoding rule
of the original code for M, to construct the following block code for M’:

e Encoder:Vm € M’ use the encoding scheme for message m in the original code, i.e.

Py (m,y'" ) = &y(m,y"")  VmeM, teln], ytey!

e Decoder: Vy" € V" if the original decoding rule declares erasure, declare erasure,
else the decode to the intersection of the original decoded list and M’.

o X if M=x
MN M else

This is a length n code with (K + 1) messages and decoding list size L. Furthermore for
all m in M’ the conditional error probability Pé Im and the conditional erasure probability
P!, are equal to the conditional error probability Pg|m and the conditional erasure
probability Py, in the original code, respectively. Thus

= ZmeM/ (Pejm»> Pxjm) € U(K+1,n,L) VM’ C M such that |M/| = K +1 (2.47)

where W(K + 1,n, L) is the set of achievable error probability, erasure probability pairs for
length n block codes with (K + 1) equally probable messages and with decoding list size L.
Let the smallest non-zero element of {p(1),p(2),...¢o(|M|)} be p(&1). For any size

(K + 1) subset of M which includes &; and all whose elements have non-zero probabilities,
say M1, we have,

(PeyPx) = @(m)(Pefpm, Pjm)
- Zme/\/l[cp(m‘) o (p(gl)]l{meMl}](Pdma Px\m) + 80(51) Z

Equation (2.47) and the definition of W(K + 1,n, L), implies that J¢; € U(K + 1,n, L)
such that

meM,y (Pe|m7 Px\m)

(Pe7 PX) = ZmEM 90(1)(m)(Pe|m7 Px|m) + 90(1/)1)1/)1 (2‘48)
L=+ Y e P(m) (2.49)

where p(11) = (K 4 1)p(&) and oM (m) = o(m) — (€)1 {men,y- Furthermore the
number of non-zero o) (m)’s is at least one less than that of non-zero ¢(m)’s. The
remaining probabilities, (1) (m), have a minimum, ¢()(&;) among its non-zero elements.
One can repeat the same argument once more using that element and reduce the number
of non-zero elements at least one more. After at most | M| — K such iterations one reaches

32



to a ¢ which is non-zero for K or fewer messages:
l
- § : N E 0
(Pea Px) - j=1 90(%)7!)] + meM 2 (m)(Pe|ma Px\m) (250)

where o) (m) < ¢(m) for all m in M and 3", 4 ]l{<p<f>(m)>0} <K.

In equation ([2.50)), the first sum is equal to a convex combination of ¢;’s multiplied by

Z§:1 ©(1)); the second sum is equal to a pair with non-negative entries. As a result of
definition of Q (p, K) given in equation ([2.46)),

Qe K) <3 W), (251)
Then as a result of convexity of (K + 1,n, L) for some a > 1, by > 0 and b > 0 we have,
) € U(K + 1,n, L) such that (Pe, Px) = af (¢, K) v + (b, b) (2.52)

Thus from equation and the definition of W(K + 1,n, L) we have

F € U(K + 1,n, L) such that (gl girgy) = ¥ (2.53)

Then the lemma follows from equation (2.53)) and the fact that Pe(M,n, L, sx) is uniquely
determined by (M, n, L) for sx € [0,1] as follows

Pe M,n,L, x) — min e \V/ M,n’L’ x)- 254
( ,(/) ) ¢x1(¢e7¢x)€q/(M7n7L)¢ ( Q,Z) ) ( )

QED

For proving Theorem [2] we express the error and erasure probabilities, as a convex

combination of error and erasure probabilities of (n — ny) long block codes with a priori

probability distribution ¢ym (m) = Pm|y™] over the messages and apply Lemma 2] together
with convexity arguments similar to the ones above.

Proof [Theorem [2]:
For all m in M, let G(m) be the decoding region of m, G(x) be the decoding region of the
erasure symbol x and G(m) the error region of m:

Gm)2{y" : m e M} Gx)2{y" : x € M} G(m)2G(m)° N G(x)°. (2.55)
Then for all m € M,
(Pefms Pm) = (P [G(m)| m] , PIGG)] m]) (2:56)

Note that

Py = P[y"
x‘m Zy”:y”Eg(x) [y |m]

=3 POTmY,

P n m7 n .
Un,+1:(¥"L00, 41)EG(X) [ynl—i-l’ Y ]
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Then the erasure probability is

P= Zme/\/l M| Z Y"1 ”1‘ m Zyﬂlﬂr(y"l,yglﬂ)eg(x) P[yzl‘*‘l‘ m, yn1]
=3 P (X, P S

yn1+13(yn1 7y:1+1
=> " Py™] Pe(y™).
y"

Note that for every y™, Px(y"™) is the erasure probability of a code of length (n — np)
with a priori probability distribution is ¢yn (m) = P[m|y™]. Furthermore one can write
the error probability, P as

_ ) .
Pe - ( Z P m‘ y Zy21+1:(yn17y:1+1)eg(m) P[yn1+1| m,y ])

meM

=3 Pl Pely™)

)EG(x) P [y21+1| m, ?Jnl])

where Pg(y™) is the error probability of the very same length (n —ny) code. As a result of
Lemma [2] the pair (Pe(y™), Px(y™)) satisfies

Po(y™) > Q(@yn1, L1) Pe <L1 +1,(n—ny), L P“”) : (2.57)

’ Q(Soym 7L1)

Then for any s € [0, 1].

P >Z ”1 1 - S)Q (wynlaLl)Pe <L1 + 1, (n - n1)7L7 m)
y b

n >2ym Ply"](1—s) Px(y")
> 1 — n _ y
> ( o Ply™] (1 —5)Q (¢ym, Ll)) Pe <L1 +1,(n—ny), L, o P[y"l](l—s)Q(wynl,L1)>

_ ni - N _ (1-s) Px
—< M0 s)Q(<py1,L1))7%<L1+1,(n n), L, Zynlp[ynl](ls)ﬂ(%nl,h)> (2.58)

where the second inequality follows from the convexity of Pe(M,n, L, Px) in Px.

Now consider a code which uses the first ny time units of the original encoding scheme as
its encoding scheme. Decoder of this new code draws a real number from [0, 1] uniformly
at random, independently of Y™ (and the message evidently). If this number is less than s
it declares erasure else it makes a maximum likelihood decoding with list of size L;. Then
the sum on the left hand side of the below expression is its error probability. But
that probability is lower bounded by Pe (M, n1, L1, s) which is minimum error probability
over all length n; block codes with M messages and list size L1, i.e.

Zynl Ply™] (1 — 8)Q(pym, L1) > Pe (M, n1, L1,5) . (2.59)

Then the theorem follows from the fact that Pe(M,n, L1, Px) is decreasing function of Px
and the equations (2.58) and (2.59).

QED

Like the result of Shannon, Gallager and Berlekamp in [38, Theorem 1], Theorem

is correct both with and without feedback. Although Pe’s are different in each case, the
relationship between them given in equation ([2.45)) holds in both cases.
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2.4.2 Outer Bounds for Erasure-free Block Codes with Feedback

In this section we give a very brief overview of the previously known results on the error
probability of erasure free block codes with feedback. These result are used in Section [2.4.3
together with Theorem [2|to bound £ (R, Ex) from above. Note that Theorem [2| only relates
the error probability of longer codes to that of the shorter ones. It does not in and of itself
bound the error probability. It is in a sense a tool to combine various bounds on the error
probability.

First bound we consider is on the error exponent of erasure free block codes with feed-
back. Haroutunian proved in [20] that, for any (M,,n, L,) sequence of triples, such that

hmn_>00 lnMnn—han — 1%7
lim —Pellenled) < fp(R) (2.60)
where
Ey(R) = V:CI?\}?SR max D(V|W|P) and C(V) = m]fgmxl (P, V). (2.61)

Second bound we consider is on the tradeoff between the error exponents of two messages
in a two message erasure free block code with feedback. Berlekamp mentions this result
while passing in [I] and attributes it to Gallager and Shannon.

Lemma 3 For any feedback encoding scheme with two messages and erasure free decision
rule and T > Ty:

either Pey > %e_nT+ﬁ4lani” or Pey > %e_nF(T)J“ﬁ“ani". (2.62)

where Ppin = ming .\ (y|z) W(y|z)

A
To £ max, ; —In Zy:W(y\i)>O W (y|z) (2.63)
'(T) £ maxy I (T,10). (2.64)

Result is old and somewhat intuitive to those who are familiar with the calculations in the
non-feedback case; thus probably it has been proven a number of times. But we are not
aware of a published proof, hence we have included one in Appendix [A]

Although Lemma (3| establishes only the converse part, (T, (T")) is indeed the optimal
tradeoff for the error exponent of two messages in an erasure free block code, both with
and without feedback. Achievability of this tradeoff has already been established in [38],
Theorem 5] for the case without feedback; evidently this implies the achievability with
feedback. Furthermore Ty does have an operational meaning, it is the maximum error
exponent first message can have, while the second message has zero error probability. This
fact is also proved in Appendix [A]

For some channels Lemma [3gives us a bound on the error exponent of erasure free-codes
at zero rate, which is tighter than Haroutunian’s bound at zero rate. In order to see this
let us first define T™ to be

T*2 max min{T,T (T)}.

Note that 7™ is finite iff > W(y|z)W (y|Z) > 0 for all z,  pairs. Recall that this is also
the necessary and sufficient condition of zero-error capacity, Cy, to be zero. Ey(R) on the
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other hand is infinite for all R < R like E,,(R) where R is given by,

Ry = —minp(.y maxy, In Z P(z)

z:W (y|z)>0

Even in the cases where Ey(0) is finite, Ef(0) > T%. Following lemma uses this fact,
Lemma |3] and Theorem [ to strengthen Haroutunian bound at low rates.

Lemma 4 For all channels with zero zero-error capacity, Co = 0 and any sequence of M,,
such that limp_ oo lni\/[" =R,

lim —nPelhnl0) « B (R) (2.65)

n—o00 n

where

- - Exn(R) if R> Rp
u(R) = T*—s—%R if Re€l0,Ru)

and Ry, is the unique solution of the equation T* = Ex(R)—RE} (R) if it exists C otherwise.

Before going into the proof let us note that EH(R) is obtained simply by drawing the
tangent line to the curve (R, Ey(R)) from the point (0,7*). The curve (R, Ey(R)) is same
as the tangent line, for the rates between 0 and Ry, and it is same as the curve (R, Er(R))
from then on where Ry, is the rate of the point at which the tangent from (0,7™) meets the
curve (R, Eg(R)).

Proof:
For R > Ry, this Lemma immediately follows from Haroutunian’s result in [20] for L; = 1.
If R < Ry; then we apply Theorem

Po(M.n, Ly, Py) = Po(M, i, L1, 8)Po (Lt + 1,0 = i, L 502 ) (2.66)

wit $s=0,Px=0,L;=1and n= L%nj. On the other hand as a result of Lemma

and definition of 1™,
(n—R)T*++v/n—iln Py ;,

Po(2,n — i, L,0) > & . . (2.67)
Using equations (2.66|) and (2.67) one gets,

—In"Pe(M,n,1,0) —InPe(M,n,1,0) R R 1 * 1 Ry:—R Prin
z < i L v R GV D A RV vl L

where % = Rp;. Lemma follows by simply applying Haroutunian’s result to the first
terms on the right hand side.

QED

2.4.3 Generalized Straight Line Bound and Upper Bounds to & (R, Ey)

Theorem [2| bounds the minimum error probability length n block codes from below in terms
of the minimum error probability of length n; and length (n — n;) block codes. The rate
and erasure probability of the longer code constraint the rates and erasure probabilities

0r [38, Theorem 1] with L; =1 and n; = L%nj.
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of the shorter ones, but do not specify them completely. We use this fact together with
the improved Haroutunian’s bound on the error exponents of erasure free block codes with
feedback, i.e. Lemma [4 and the error exponent tradeoff of the erasure free feedback block
codes with two messages, i.e. Lemma [3| to obtain a family of upper bounds on the error
exponents of feedback block codes with erasure.

Theorem 3 For any DMC with Cy = 0 rate R € [0,C] and Ex € [0, Ex(R)] and for any
r € [ra(R, Ex),C]

) Cap
Ee (R, Ey) < By (r) + (1 - )T <EI_§H<>>

where r,(R, Ey), is the unique solution of REg(r) — rEx = 0.

Theoremsimply states that any line connecting any two points of the curves (R, Ex, Eo) =
(R, Eg(R), En(R)) and (R, Ex, Eo) = (0, Ex, ' (Ey)) lays above the surface (R, Ey, Eo) =
(R, Ex,&e(R, Ex)). The condition Cp = 0 is not merely a technical condition due to the
proof technique. As it is shown in Section [2.5] for channels with Cy > 0, there are zero-error
codes with erasure exponent as high as E,(R) for any rate R < C.

Proof:
We will consider the cases r € (r,(R, Fx),C] and r = r,(R, Fx) separately.

e r € (rp(R, Ex),C): Apply Theorem 2} for s =0, L =1, Ly = 1, take the logarithm of
both sides of equation ([2.45) and divide by n,

_lnPe(Q,n—nl,l,m) . (268)

71nPe(]:l/[,n,l,Px) < (n?l) 71HP9(M,n1,1,0) + (1 _ n71) e

np n

For any (M, n, Px) sequence such that liminf, lnnM = R, liminf,_ _h:\Px = FEy,
if we choose ny = L%nj since r > (R, Ex) we have,

. -1 Py o 1 R - In Pe(M,n1,1,0)
hnfg}ggf nmnt D o) = =R (Bx 3 lﬁg&f )
= 17}12/7“ (EX o EH(T)
> 0.

where the last step follows from our assumption that r > 74 (R, Ex) and the fact that
Ep(r) is strictly decreasing.

Assume for the moment that for any 7' € (0,7*] and for any sequence of P™ such

that lim inf,_ o Anfpx(n) =T we have
lim inf =0 PeC0LP) o p ) (2.69)
n—00

Using equation (2.68)), taking the limit as n goes to infinity and using Theorem (3 we

get ~
Eo (R, Bx) < B (r) + (1 — £)p (e fpul)
3 rEx—REH(r) * . . }
as long as —*~ =5~ < T™*. But this constraint holds for all € (r,(R, Ex),C]

because of the convexity of Ep- and the fact that E(0) = T*.
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In order to establish equation (2.69)); note that if 7y >0 and T <Tj then I' (T')=oo.
Thus equation holds trivially when t < Tj. For the case T' > Ty we prove
equation by contradiction. Assume that is wrong. Then there exists a
block code with erasures that satisfies

P [G(ﬁl)’ T?L} < e "(T(T)+o(1)) P[G(x)| i] < e~ n(T+o(1))

P[g(m)

m} < e~ n(I(T)+o(1) P[Q(X), ﬁz] < e n(T+o(1))

Enlarge the decoding region of m by taking its union with the erasure region:
G'(m)=G(m)UG(x)  G'(m)=G(m) ¢'(x)=0.

The resulting code is an erasure free code with

P[g/(’ﬁl)’ ’ﬁl] < e—n(F(T)—l—o(l)) and P[g/(ﬁl)’ ﬁl] < 6—n(min{F(T),T}+o(1))

Since Ty < T < T* T'(T) > T, this contradicts with Lemma thus equation (2.69))
holds.

Pe(Mv n, 17 Px) > Pe(M7 ng, 1,0)Pe(2, n—np, 17 m)
Z PX In Pixlpe(27 n—ng, 11 ﬁ) (270)
Note that for n; = max{¢: Pe(M,¥¢,1,0) > PxIn PLXL
. . R
hgggéf TE(RY) = Ex

Then as a result of Lemma |4| we have,

liminf 2 Ey (£0) > B,

ni -

n—00
Then
N R
i inf T > 7R B (2.71)

Assume for the moment that for any €, such that liminf, ..o €, =0

lim inf —2PelZnLen) < () (2.72)
n—o00
Then taking the logarithm of both sides of the equation ([2.70]), dividing both sides
by n, taking the limit as n tends to infinity and substituting equations (2.71)) and

(2.72) we get,

B
€o (R, Bx) < Ex+ (1 = gl ms)T (0) (2.73)

For r = rp(R, Ex) Theorem [3|is equivalent to (2.73)). Identity given in (2.72)) follows
from an analysis similar to the one used for establishing (2.69)), in which instead of
Lemma [3] we use a simple typicality argument like [12, Corollary 1.2].

QED
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Figure 2-1: Error Exponent vs Erasure Exponent: Upper and lower bounds on error exponents as
a function of erasure exponent for a binary symmetric channel with cross over probability € = 0.25
at rate R = 8.62 x 10~2 nats per channel use. Solid lines are lower bounds to the error exponent for
block codes with feedback established in Section [2.3] and without feedback established previously
[15], [I2], [41]. Dashed lines are the upper bounds obtained using Theorem

We have set L1 = 1 in the proof but we could have set it to any subexponential function
of block length which diverges as n diverges. By doing so we would have replaced I" (T') with
£e(0, Ey), while keeping the term including E (R) the same. Since the best known upper
bound for £ (0, Ex) is I' (Ex) for Ex < T™* final result is same for case with feedbackE On
the other hand for the case without feedback, which is not the main focus of this paper,
this does make a difference. By choosing L1 to be a subexponential function of block length
one can use Telatar’s converse result [41, Theorem 4.4] on the error exponent at zero rate
and zero erasure exponent without feedback.

In Figure the upper and lower bounds we have derived for error exponent are plotted
as a function of erasure exponent for a binary symmetric channel with cross over probability
e = 0.25 at rate R = 8.62 x 102 nats per channel use. Note that all four curves meet at
a point on bottom right, this is the point that corresponds to the error exponent of block
codes at rate R = 8.62 x 1072 nats per channel use and its values are the same with and
without feedback since the channel is symmetric and the rate is over the critical rate. Any
point to the lower right of this point is achievable both with and without feedback.

'5In binary symmetric channels these result can be strengthened using the value of £(0), [45]. However
those changes will improve the upper bound on error exponent only at low rates and high erasure exponents.
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2.5 Erasure Exponent of Error-Free Codes: &(R)

For all DMC’s which has one or more zero probability transitions, for all rates below ca-
pacity, R < C and for small enough Ey’s, Fe(R, Fx) = oco. For such (R, Ex) pairs, coding
scheme described in Section gives an error free code. The connection between the era-
sure exponent of error free block codes, and error exponent of block codes with erasures is
not confined to this particular encoding scheme. In order to explain those connections in
more detail let us first define the error-free codes formally.

Definition 3 A sequences Qg of block codes with feedback is an error-free reliable sequence
if

P.™ =0 vn, and lim sup,, . (Px™ + ) =0.

_1
M|
The highest rate achievable for error-free reliable codes is the zero-error capacity with
feedback and erasures, C, .

If all the transition probabilities are positive i.e. ming , W (y|z) = > 0, then Py"| m] >
0" for all m € M and y" € Y". Consequently Cx is zero. On the other hand as an
immediate consequence of the encoding scheme suggested by Yamamoto and Itoh in [43], if
there is one or more zero probability transitions, C, ¢ is equal to channel capacity C.

Definition 4 For all DMC’s with at least one (x,y) pair such that W(y|z) =0, VR < C
erasure exponent of error free block codes with feedback is defined as

Ex(R) =  sup  Ex(Qp). (2.74)
Qo:R(Qo)>R

For any erasure exponent, Fx less than x(R), there is an error-free reliable sequence, i.e.
there is a reliable sequence with infinite error exponent:

By < Ex(R) = Eo(R, Ex) = oo.

More interestingly if Ex > Ex(R) then E (R, Ex) < oo. In order to see this let ¢ be the
minimum non-zero transition probability. Note that if P[y"| m| # 0 then P[y"| m] > ".

Thus if P[M ” M} £ 0, then P[M ” M} > ghe "R je. =P < R Ing. However if
Ex > &(R) then there is no error free reliable sequence at rate R with erasure exponent

Ey. Thus P(™ > 0 for infinitely many n in any reliable sequence and error exponent of all
of those codes are bounded above by a finite number. Consequently,

Ex > Ex(R) = Ee(R, Ex) < 0.

In a sense like the error exponent of erasure free block codes, £(R), erasure exponent of the
error free bock codes, E(R), gives a partial description of E(R, Fx). £(R) gives the value
of error exponents below which erasure exponent can be pushed to infinity and Ex(R) gives
the value of erasure exponent below which error exponent can be pushed to infinity.

Below the erasure exponent of zero-error codes, Ex(R), is investigated separately for two
families of channels: Channels which have a positive zero error capacity, i.e. Co > 0 and
Channels which have zero zero-error capacity, i.e. Cyg = 0.
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2.5.1 Casel: Cy >0
Theorem 4 For a DMC if Cy > 0 then,

En(R) > Ex(R) > Egp(R).

Proof:

If zero-error capacity is strictly greater then zero, i.e. Cyp > 0, then one can achieve the
sphere packing exponent, with zero error probability using a two phase scheme. In the
first phase transmitter uses a length n; = [e" ] block code without feedback with a size
L= {%ESP(R, P},)| list decoder, where P}, is an optimal input distribution At rate R
with this list size is sphere packing exponent is achievablem Thus correct message is in
the list with at least probability (1 — e~™Ps»(R)) see [12) Page 196]. In the second phase
transmitter uses a zero error code, of lengt no = (%] with L + 1 messages, to tell
the receiver whether the correct message is in that list or not, and to specify the correct
message itself if it is in the list. Clearly such a feedback code with two phases is error free,
and it has erasures only when there exists an error in the first phase. Thus the erasure
probability of the over all code is upper bounded by e~™ (%) Note that no is fixed for a
given R. Consequently as the length of the first phase, ni, diverges, the rate and erasure
exponent of (n; 4+ n2) long block code converges to the rate and error exponent of n; long

code of the first phase, i.e. to R and E;,(R). Thus
Ex(R) > Eq(R).

Any error free block code with erasures can be forced to decode, at erasures. The resulting
fixed-length code has an error probability no larger than the erasure probability of the
original code. However error probability of the erasure free block codes with feedback
decreases with an exponent no larger than Eg(R), [20]. Thus,

This upper bound on the erasure exponent also follows from the outer bound we present
in the next section, Theorem [6]

QED
For symmetric channels Ey(R) = Es,(R) and Theorem [4| determines the erasure exponent
of error-free codes on symmetric channels with non-zero zero-error-capacity completely.

2.5.2 Case 2: Cp =0

This case is more involved than the previous one. We first establish an upper bound on
Ex(R) in terms of the improved version of Haroutunian’s bound, i.e. Lemma [4] and the
erasure exponent of error-free codes at zero rate, £x(0). Then we show that £ (0) is equal
to the erasure exponent error-free block codes with two messages, £x 2, and bound &y 2 from
below.

Y6 Py is an input distribution satisfying Esp(R) = Esp(R, P)

1"Indeed this upper bound on error probability is tight exponentially for block codes without feedback.
8For some DMCs with Cy > 0 and for some L one may need more than [%W time units to convey
one of the (L + 1) messages without any errors, because Cy itself is defined as a limit. But even in those
cases we are guaranteed to have a fixed amount of time for that transmissions, which does not change with

ni. Thus above argument holds as is even in those cases.
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For any M, nand L, Pe(M,n, L, Px) = 0 for large enough Px. We denote the minimum
of such Px’s by Pox(M,n, L). Thus E 2 can be written as

Ex2 = liminf Py (2,n,1).
n—o00

Theorem 5 For anyn, M, L, ny <n and Ly, minimum erasure probability of fixed-length
error-free block codes with feedback, Pox(M,n, L), satisfies

PO,X(Ma n, L) > Pe(M, ni, L, 0)7)07,( (Ll +1,n—ny, L) . (275)

Like Theorem [, Theorem [5] is correct both with and without feedback. Although Pox’s
and Pe are different in each case, the relationship between them given in equation (2.75))
holds in both cases.

Proof:
If Pe(M,nq, L1,0) = 0 theorem holds trivially. Thus we assume henceforth that
Pe(M,ny1, L1,0) > 0. Using Theorem With Py =Pox(M,n, L) we get

Pe (M,n, L, Pox(M,n, L)) = Po(M,n1, L1, 0)Pe (L1 + 1, (n = m), L, priaeil )

Since Pe (M, n, L, Pox(M,n, L)) =0 and Pe(M,n1,L1,0) > 0 we have,
Pe (L1 +1,(n—m), L, ipf‘g;;fﬁﬂ’fg)) —0.

P x M7 5 l I — 1
% > ’)0’ ( 1 + , (n n )’ L) .

QED

As it was done in the errors and erasures case, one can convert this into a bound on

exponents. Using the improved version of Haroutunian’s bound, i.e. Lemma[d] as an upper
bound on the error exponent of erasure free block codes one gets the following.

Theorem 6 For any rate R > 0 for any o € [%, 1]
Ex (R) < aBii (£) + (1 - 3)& (0)

Now let us focus on the value of erasure exponent at zero rate:

Lemma 5 For the channels which has zero zero-error capacity, i.e. Co = 0, erasure expo-
nent of error free block codes at zero rate Ex(0) is equal to the erasure exponent of error free
block codes with two messages Ex 2.

Note that unlike the two message case, in the zero rate case the number of messages are
increasing with block length to infinity, thus their equality is not an immediate consequence
of the definitions of & » and & (0).

Proof:
Using Theorem [f|for L=1,n; =0 and L; =1

PO,X(Mv n, 1) 2 Pe(Ma 0, 1)P0,x(2> n, 1)
= %Po,x@, n,1) VM, n.
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Thus as an immediate result of the definitions of £x(0) and Ex 2, we have Ex(0) < Ex 2.
In order to prove the equality one needs to prove £ (0) > Ex 2. For doing that let us
assume that it is possible to send one bit with erasure probability € with block code of
length ¢(e):

€ > Pox(2,(e), 1). (2.76)

One can use this code to send r bits, by repeating each bit whenever there exists an
erasure. If the block length is n = kf(e) then a message erasure occurs only when the
number of bit erasures in k trials is more then & — r. Let #x denote the number of
erasures out of k trials then

k
Plx = 1] = g (1 — o)1 and Py = Zl:k_m Pl#e=1].

Thus

k
_ E: k! k—1 1
Px= I=k—r+1 U(k=0)! (1—e)e
k ! k=l i Y (k) I AUE
_ k! 1 1 [[In =+ (k—1) In —47]
=> :l:k—r+1 mem (1) 1—%) e '

k I k=l _pD(Llle
- Zl:k_TH l!(kkil)! (7)) =F)" e #(elle).

Then for any e <1 — 7,

Py < e_kD(l_iug)_

Evidently Px > Py x(2",n,1) for n = kl(e). Thus,

—InPo,x(27,n,
n = £(e)

Then for any sequence of (r, k)’s such that limy_,o, 7 = 0, we have & (0) > _K(he“)e. Thus any
exponent achievable for two message case is achievable for zero rate case: Ex(0) > Ex 2.

QED
As a result of Lemma [6] which is presented in the next section we know that

Pox(2,n,1) > 3( sup B(s))" where B(s)= minx,gjz W (y|z) =W (y|2)°.
s€(0,.5) Y

Thus as a result of Lemma B we have

Ex(0) =&Exp < —In sup PB(s).
s€(0,.5)

2.5.3 Lower Bounds on Py«(2,n,1)

Suppose at time ¢t the correct message, M, is assigned to the input letter  and the other
message is assigned to the input letter z, then the receiver can not to rule out the incorrect
message at time ¢ with probability 3, 1y(,17)~0 W (y|2). Using this fact one can prove that,

Pox(2,n,1) > <mmx,g~; > W(y|x)> N (2.77)

y:W (y|Z)
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Now let us consider channels whose transition probability matrix W is of the form

_11-q ¢
w0

Let us denote the output symbol reachable from both of the input letters by 3. If Y" is a
sequence of §’s then the receiver can not decode without errors, i.e. it has to declare and
erasure. Thus

Pox(2,n,1)>2(PN"=77...9/M=1+PY"=37...5|M=2])
(a

> /PN =§j...jIM=1PNY"=jj...5|M=2]

where (a) hods because arithmetic mean is larger than the geometric mean, and (b) holds
because
PY,=jM=LY PV, =g§M=2,Y""]>¢ W%

Indeed this is bound is tight@ If the encoder assigns first message to the input letter

that always leads to § and the second message to the other input letter in first 5| time

instances, and does the flipped assignment in the last [§] time instances, then an erasure
n

happens with a probability less than qLiJ.

n
Note that equation (2.77) bounds Py x(2,n,1) only by ¢", rather than quJ. Using the
insight from this example one can establish the following lower bound,

Pox(2,n,1) > (mlnxmz \/W (y|z)W y|3~v))n (2.78)

However the bound given in equation is decaying exponentially in n, even when all
entries of the W are positive, i.e. even when Pyx(2,n,1) = 1. In other words it is not
superior to the bound given in equation . Following bound implies bounds given in
equations and . Furthermore for certain channels it is strictly better than both.

Lemma 6 Minimum erasure probability of error free codes with two messages is lower
bounded as

Pox(2,n,1) > ( sup B(s))" where B(s):minz@Z W (yle) =W (y)2)*  (2.79)
s€(0,.5) Y

Proof:
For any error free code and for any s € (0,0.5)

=1 M = 4 P |m=2]
Px=2 Zy”=P[y“IM=1}P[y"IM=2]>OP[y (M =1] ( Ply" M= 1])
1 M — L P M=)
= Zy”:P[y"lM:l}P[y"IM:QbOP[y IM=1] ( Ply" M= 1])
>l PnM:]-lfSP nNM = 2]° . 2.80
>3 o e PITIM = 1 PR M = 2 (2.80)

19T would like to thank Emre Telatar for sharing these observations about z-channel.
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Furthermore
> Ply"|M=1]""P}"|M = 2J°
y"Ply" [M=1]P{y"[M=2]>0

_ 3 P M=1]""P[p"M=2] Y PlylM=1,4"" Py M=24""]
y" Py M=1]P[y"~ ! |[M=2]>0 yn:Ply"|M=1]P{y"|M=2]>0

> S PR M=1]"TP M =2] 4(s)
yn—LPy" ! [M=1]P[y"~ ! [M=2]>0
> (B (2.81)

Lemma |§| follows equations (2.80) and ([2.81)) by taking the supremum over s € (0,0.5).

QED

The bound in equation is implied by lim,_,o+ A(s) and bound in equation

is implied by lim, ,o5- 3(s). However bound given by Lemma [6] does not follow from
the bounds given in equation and . In order to see this note that; although
>, Wylz)* W (y|z)' = is convex in s on (0,0.5) for all (z,Z) pairs, B(s) is not convex in s
because of the minimization in its definition. Thus the supremum over s does not necessarily
occur on the boundaries and there exist channels for which bound given in Lemma [0 is
strictly better than the bounds given in and . Following is the transition

probabilities of one such channel.

0.1600 0.0200 0.2200 0.3000 0.3000
W = 10.0900 0.4000 0.2700 0.0002 0.2398
0.1800 0.2000 0.3000 0.3200 0

lim, o+ B(s) = 0.7, lim, . 5- B(s) = 0.7027, 3(0.18) = 0.7299.

2.6 Conclusions

In the erasure-free case, the error exponent is not known for a general DMC with feedback.
It is not even known if it is still upper bounded by sphere packing exponent for non-
symmetric DMCs. However for the case with erasures, at zero erasure exponent, the value
of error exponent has been known for a long time, [4], [43]. The main aim in this chapter
was establishing upper and lower bounds that will extend the bounds at the zero erasure
exponent case gracefully and non-trivially to the positive exponents. Results of this chapter
are best understood in this framework and should be interpreted accordingly.

We derived inner bounds using a two phase encoding schemes, which are known to be
optimal at zero-erasure exponent case. We have improved their performance at positive
erasure exponent values by choosing relative durations of the phases properly and by using
an appropriate decoder. However within each phase the assignment of messages to input
letters is fixed. In a general feedback encoder, on the other hand, assignment of the messages
to input symbols at each time can depend on the previous channel outputs and such encoding
schemes have proven to improve the error exponent at low rates, [44], [14], [7], [31] for some
DMCs. Using such an encoding in the communication phase will improve the performance
at low rates. In addition instead of committing to a fixed duration for the communication
phase one might consider using a stopping time to switch from communication phase to
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the control phase. However in order to apply those ideas effectively for a general DMC,
it seems one first needs to solve the problem for the erasure-free block codes for a general
DMC. The analysis presented in Chapter [4] is a step in that direction.

We derived the outer bounds without making any assumption about the feedback en-
coding scheme. Thus they are valid for any fixed-length block code with feedback and
erasures. The principal idea of the straight line bound is making use of the bounds derived
for different rate and erasure exponent points by taking their convex combinations. This
approach can be interpreted as a generalization of the outer bounds used for variable-length
block codes, [], [2]. As it was the case for the inner bounds, it seems in order to improve
the outer bounds one needs establish outer bounds on some related problems: on the er-
ror exponents of erasure free block codes with feedback and on the error exponent erasure
exponent trade of at zero rate.
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Chapter 3

Bit-Wise Unequal Error Protection
for Variable-Length Block Codesﬂ

In the classic framework for point to point communication, [36], there is a tacit assump-
tion that any error event is as undesirable as any other error event. Consequently one is
only concerned with the average error probability or maximum conditional error probability
among the messages. In many applications, however, not all error events are equally unde-
sirable. In those situations one can group the error events into different classes and analyze
probabilities of these classes of error events separately. In order to prioritize protection
against one or the other class of error events, corresponding error exponent is increased at
the expense of the other error exponents.

This information theoretic perspective on unequal error protection (UEP) was first pur-
sued by Csiszar in his work on joint source channel coding [I1]. He showed that for any
integer k one can have a length n code such that M = Ué?:le where | M| ~ e and con-
ditional error probability of each message in each subset | M| is ~ e "Er(R;) The problem
considered by Csiszar in [I1] is a message-wise UEP problem, because the probability of
the class of error events in consideration can be expressed solely in terms of the conditional
error probabilities of the messages.

Bit-wise UEP problems are the other canonical form of UEP problems. In Bit-wise
UEP problems the error events in consideration can be expressed solely in terms of error
probabilities of different groups of bits. Consider for example the situation where the
message set is of the form M = M x My x ... x My, and M| ~ e"i. Then messages are
of the form M = (M1, Mg, ..., M) and one can study the exponential decay rate of the error

probabilities associated with different groups, P [M jF M ]} for j =1,2,...,k, separately.
In order to demonstrate the stark difference between the bit-wise and the message-wise
UEP problems it is shown in [3] that if M = M3 x Ma, My = {0,1}, My ={0,1,..., e}
and P[MQ #* M2:| ~ 0 the M ~ 0. Thus in the bit-wise UEP problem even
a bit can not have a positive error exponent. But as result of [I1] we know that in the
message-wise UEP problem a two-element subset of the message set can have an error

—InP[M#m|M=
exponent as high as E,(0) > 0, i.e. — [ ﬁm| il ~ FE,(0) for m = 1,2. As noted in
[3], there are many UEP problems of practical importance that are neither message-wise

UEP nor bit-wise UEP problems. Yet studying these special cases is a good starting point.

!The results presented in this chapter are part of a joint work with Siva K. Gorantla of UTUC, [19].
2The channel is assumed to have no zero probability transition.
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In this chapter two closely related UEP problems, the multi-layer bit-wise UEP prob-
lem and the single message message-wise UEP problem are considered. In the bit-wise
UEP problem there are multiple groups of bits each with different priorities and rates; the
aim is characterizing the tradeoff between the rates and error exponents of the layers, by
revealing the volume of achievable rate vector, exponent vector pairs. In the single message
message-wise UEP problem, failing to detect the special message when it is transmitted is
much more costly than failing to detect ordinary messages and we characterize the tradeoff
between best missed detection exponent of a message of the code and over all error exponent
of the code. Both of these problems were first considered in [3], for the case when overall
rate is (very close to) the channel capacity. For many of the UEP problems not only the
channel model but also the particular family of codes in consideration makes a big difference
and problems considered in this chapter are no exception. We will be investigating these
problems for variable-length block codes on DMCs, like the ones in [4].

First we formally define variable-length block codes and the two unequal error protec-
tion problems of interest. Then we present the main results of the chapter by giving the
achievable region of rate and error exponent vectors for the two problems in consideration.
For both of the problems the proofs of achievability and converse are presented in Sec-
tion and Section respectively. We will finish our discussion of UEP problems for
variable-length block codes by summarizing our qualitative conclusions in Section [3.4]

3.1 Model and Main Results

3.1.1 Variable-Length Block Codes

A variable-length block code on a DMC is given by a decoding time 7, an encoding scheme
¢ and a decoding rule ¥. Decoding time 7 is a stopping time with respect to the receivers
observationﬁ For each y' € V! such that ¢t < 7, encoding scheme (-, ') determines the
input letter at time (¢ + 1) for each message in the message set M,

Oy M= X vyt < T

The decoding rule is a mapping from the set of output sequences at 7 to the message set
M which determines the decoded message,

w(): YT — M.

At time zero a message M chosen uniformly at random from M is given to the transmitter;
transmitter uses the codeword associated with this message, i.e. @(M,-), to convey the
message until the decoding time 7. Then the receiver decodes a message M = 7(YT). The
error probability and the rate of a variable-length block code are given by

&:PW#M] R ="M

One can interpret the variable-length block codes on DMCs as trees; a detailed discussion
of this perspective is given in [2 Section II].

3In other words given Y* the value of 1(->¢ is known, where 1.} is the indicator function.
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3.1.2 Reliable Sequences for Variable-Length Block Codes

In order to suppress the secondary terms while discussing the main results we use the
concept of reliable sequences. In a sequence of codes we denote the error probability and
the message set of the nt" code of the sequence by Pe™ and M™), respectively. Similarly,
whenever necessary in order to avoid confusion, we denote the probability of an event under
the probability measure resulting from the nt" code of the code sequence by P (™ [-] instead
of P[-].

A sequence of variable-length block codes Q is reliable iff its error probability vanishes
and the size of its message set diverges:

lim (Pe("> n W) —0.

n—oo
The rate and the error exponent of a reliable sequence Q is defined as,

In M)

A e - Aqe + p —1n Po(M™)
Rotimint STy Follimin

E[‘r(">] :

Furthermore the reliability function of the variable-length block codes is defined as,

E(R): sup Eqg.
Q:Ro>R

Burnashev [4] determined the reliability function of variable-length block codes on DMCs
for all rates. According to [4:

e If all entries of W (-|-) are positive then

where D is maximum Kullback Leibler divergence between the output distributions
of any two input letters:

D = max D(W,||W3).
z,zeX

e If there are one or more zero entriesﬁ in W(-]-), i.e. if there are two input letters z1,
z9 and an output letter y such that, W(y|z1) = 0 and W (y|z2) > 0, then for all
R < C, for large enough E[7] there are rate R variable-length block codes which are
error free, i.e. Pe = 0.

When P, = 0, all of the messages and bits can have zero error probability simultaneously.
Consequently all the UEP problems are answered trivially when there is a zero probability
transition. Thus we assume hence forth that W(y|z) > 0 for all z € X and y € Y and
denote the smallest transition probability by A, i.e. min,, W(y|z) = XA > 0. Furthermore
we denote the input letters that get this maximum value of Kullback Leibler divergence by
T, and z,:

D=D (WIa ” Wavr) (31)
where W, (-) = W(:|z).

4Note that in this situation D = oco.
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3.1.3 Exponents for UEP in Variable-Length Block Codes with Feedback

For each m € M, the conditional error probability is defined as,
Pej 2P [M ” M‘ M = m} . (3.2)

In the conventional setting, either the average or the maximum of the conditional error
probabilities of the messages is studied. However, in many situations different kinds of
error events have different costs and the subtlety between different error events can not be
captured by the conditional error probabilities of the messages. In particular when different
groups of bits of the message have different importance; we need to study the error events
associated with each group separately. For doing that we consider message sets of the form
M= Mqx Mgy x...x My and analyze the probabilities of the events M, # M;, separately.
To that end let Pe; for each i € {1,2,...,k} be

Pe ;=P [Mi 7 Mi] (3.3)

We assume, without loss of generality, that indexing order is also the importance order for
different groups of bit, i.e.

Poe1 < Peg< Pe3g<...< Pey. (3.4)
Definition 5 For any reliable sequence Q whose message sets M are of the form
M® = p e MY« x M,gn) (3.5)

the rate and the error exponents of the layers are defined as,

. e Inm™ .
.. —InPMI[M£M; )
EQ,iéhnHing[T([n)]] Vie{l,2,...,k}.

Closure of the points of the form (Ro, Eq) is the achievable volume of rate vector exponent
vector pairs.

In characterizing the tradeoff for the bit-wise UEP problem, the message wise UEP prob-
lem with a single special message plays a key role. In the single message message wise
UEP problem the tradeoff between exponential decay rates of Pe and mingen Pejp, 18
studied. The operational definition of the problem in terms of reliable sequences is as
follows.

Definition 6 For any reliable sequence Q missed detection exponent is defined as:

e —In PO ML M=1]
Bmag = Iiminf ——g

. (3.6)

For any rate R € [0,C], error exponent E € [0,(1 — £)D], missed detection exponent
End(R, E) is defined as,

E4(R,E)2 sup Endo. (3.7)
Q:Ro>R, Eg>FE
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3.1.4 Main Results

The results of both the multi-layer bit-wise UEP problem and the single message message-
wise UEP problem are give in terms of the function J(R) defined below.

Definition 7

j(R)é max aD (PyJH Wm) + (1 — Od)D (PY,2H Wm) (38&)

a,z1,72,Px,1,Px 2:
al(Px 1,W)+(1-a)l(Px,2,W)>R
i(R)2 D (Py|| W 3.8b
JRE | DY) (3.8b)

where Py i(y) =3, W(y|z)Px i(z) fori=1,2 and Py(y) = >_, Px(2)W (y|z).

Note that the function J(R) is the minimum concave function upper bounding the function

§(R) and J(0) = j(0) = D.

Theorem 7 A rate vector error exponent vector pair (R',E') is achievable if and only if
there exists a time sharing vector 7j such that,

k k R; ,
iSA=Y DAY () vie{lL2...k  (39)
L<c Vie{1,2,...,k} (3.9b)
k
D mst (3.9¢)

Proof:
Use Lemma |12{for § = - P together with Lemma@ and equation 1D

QED
The region of achievable (]_% E ) pairs is convex. In order to see this, note that if (]_%a, E a)
and (Rb, Eb) are achievable then there exist (Ra, Ea,na) and (Rb, Eb,nb) triples satisfying
(3.9). Thus as a result of concavity of J(-), (« (Ra, Eq,7,)+(1—a)(Ry, Ey, 1)) also satisfies
(3.9). Hence (c(Ra, Eq) + (1 — a)(Ry, Ep)) is also achievable because of TheoremEI
For the case with two priority levels the condition given in Theorem [7| leads to an
analytical expression for the optimal value of F in terms of Ri, Ry and Fs.

Corollary 2 For any rate pair (R1, Ra) such that Ry + Ro < C and error exponent Eo such
that EFo < (1 — R1+R2 )D, the optimal value of E; is given by

C D

gl(Rl,RQ, Eg) =Fy+ (1 — % — %) j(%) . (3.10)

Theorem 8 For any rate 0 < R < C and error exponent E < (1 — g)D missed detection
exponent E,q(R, E) is given by

EniR.E)=E+(1-£) j(l_RE> : (3.11)

D

Proof:
Use Lemma |11 for § = ﬁ together with Lemma and equation 1)

QED

51



3.2 Achievablity

The design of the codes that achieve the optimal performance use multiple ideas at the same
time. In order to introduce those ideas one by one in a piecemeal fashion, we introduce
various families of codes and discuss their properties.

We first consider a family of fixed-length block codes without feedback or erasures and
establish an inner bound to the achievable rate, missed detection exponent pairs. The codes
achieving this tradeoff have a positive missed detection exponent but their overall error
exponent is zero, i.e. as we consider longer and longer codes the average error probability
decays to zero but subexponentially in the block length. Then we append a control phase,
like the one used by Yamamoto and Itoh in [43], to these codes to obtain a positive error
exponent. These fixed-length block codes with feedback and erasures are then used as
the building block for the variable-length block codes for the two UEP problems we are
interested in. This encoding scheme can be seen as a generalization of an encoding scheme
first suggested by Kudrayshov [22]. The key feature of the encoding scheme in [22] is the
tacit acceptance and explicit rejection strategy, which was also used in [3]. We combine this
strategy with a classic control phase with explicit acknowledgments to get a positive error
exponent for all messages/bits. The outer bounds we derive in Section reveal that such
schemes are optimal, in terms of the decay rate of error probability with expected decoding
time, E[7].

3.2.1 An Achievable Scheme without Feedback

Let us first consider a parametric family of codes in terms of two input-letter-input-distribution
pairs (z1,Px 1) and (z2,Px 2) and a time sharing constant «. In these codes the codeword
of the special message is concatenation of an z1’s and (1 — a)n z2’s and the codewords for
the ordinary messages are generated via random coding with time sharing. A joint typical-
ity decoding is used for the ordinary messages, and pretty much all of the output sequences
that are not decoded to an ordinary message is decoded as the special message. The error
analysis of these codes and resulting performance are presented below.

Lemma 7 For any block length n, time sharing constant o € [0,1], input distribution input
letter pairs (z1,Px 1) and (z2,Px 2) there exists a fized-length block code such that

M| —1> (@ (Px,1, W) +(1=a)l(Px,2,W) —e1(n))
Pejm < €2(n) m=1,23,...,IM -1
Pejo < e (@D (Py 1 [[Way ) +(1-a)D(Py 2[|[Way ) —es(n)

where €;(n) > 0 and lim,_o0 €;(n) =0 fort=1,2,3.
Proof:
Recall that the output distributions resulting from Px ; and Px o under W(:|-) are
denoted by Py ; and Py »:
Pyi(y) = Zm W(ylz)Px,(z) i=1,2.

Let ny be ny = [na|. The codeword of the message M = 0 is the concatenation of nj z;’s
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and (n —np) z9’s. The decoding region of the first message is given by

Q(O) = {y" : nlA(Q(yfl‘l)§PY,l) + (n - nl)A(Q(yﬂl)?PYz) > n3/4}

where Q(yql) denotes the empirical distribution of y}* and A,y denotes the total variation

3

between the two distributions. Then
Pepy :P[M 7A0|M :o}
Zyn 4G(0) [y"| ]
For all y" ¢ G(0) we have,

ni D (Q(yrl‘l)

W) + (0= n1)D (Qug || W)
= n1D <Q(y;1) PY71> + (n — nl)D (Q(yzl)H Pyg)
Py.1(y) Py .2(y)
) Q) el + (=) 3 Qe () In g
> D (Py 1| Wy,) + (n—n1)D (Pyo|| W,,) + 2034 In A,

Furthermore, there are less than (n; + 1)/l distinct empirical distributions in the first
phase and there are less than (n — nj + 1)l distinct empirical distributions in the second
phase. Thus
P <11+ )% (1 = g £ )P PEw [0 - D(y 5g) 201
< e—n(aD(Py,l”Wzl)—&—(l—a)D(PygHWIQ)—E:),(n))

—2n3/4In A+D+2|Y|In(n+1)
. .

where eg(n) =

The codewords of the remaining messages are specified using a random coding argument
with the empirical typicality as follows. Consider an ensemble of codes in which first ny
entries of all the codewords are independent and identically distributed (i.i.d.) with input
distribution Px ; and the rest of the entries are i.i.d. with the input distribution P x ».
For each message m € M and codeword z"(m) € A" let I'(z"(m)) be the set of y" for
which (z"(m), y") is typical with (a, Px1W,PxoW):

3/4}.

L(z"(m)) = {y" nlA(Q(mM(m)’ynl);PXlW) +(n — "I)A(Q< PyaW) SN

x21+1<’")’y21+1)
Note that I'(z"(m)) N G(0) = 0 by definition for m = 1,2,3,...|M| — 1. Let the decoding

region of the ordinary messages be

G(m) =T("(m) () (Naen D@ () ¥m € {1,2,3,...,(IM] = 1)},

h

Then the average of the conditional error probability of m? message over the ensemble is

upper bounded as,

E[Pyy] < Pl" ¢ D(a"(m))[M =m] + ) Pl" € {T(a"(m)) NT(z"(m))}|M = m].

m#m
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Let us start with bounding P[y" ¢ I'(z"(m))|M = m]. Note if the weighted sum of the
total variations are greater than n®%, then there exists at least one (z,y) pair such that

3/4

Gz, y) + G2, y) = 3%y

where

Cl(xa y) = nl|Q(gj"1(m),y"1)($’ y) - PXl(x)W(y’x)‘v (312&)
C(z,y) = (n=n)|Qen , (m)wp, ) (#:Y) = Pxa(2)W(y[z)]. (3.12b)

As a result of Chebyshev’s inequality we have,

Ply ¢ T(2"(m))|M = m] < P|Ci(2,y) + (2, y) = 555y |M = m)]
S E (Cl(Zvy)n';/CQQ(Ivy))z M = m (313)
41x121y12
Using Schwarz inequality we get,

Using equations(3.12)), (3.13) and (3.14) we bound P[y" ¢ I'(z"(m))| M = m] as follows,

n

Ply" ¢ T(x"(m))|M = m] < 22— i 2(X||V])%n 12,

2[X[[Y]

For bounding P[y" € I'(z"(m)) NT'(z"(m))| M = m] terms, we use the fact that n i.i.d.
trials with probability distribution P will have an empirical type @ with probability

e "P(@IP) | Furthermore n trials on the alphabet Z has less than (n + 1)IZ! different
empirical types. Thus

P[Fm N Fm’ M = m] < (nl + 1)\X||))|(n —n+ 1)|X\D}\efnlI(Px,l,W)7(nfn1)|(PX72,W)—2n3/4ln)\
fn(aI(PXJ,W)Jr(lfa)I(PX’Q,W))eC+2\X\|y| Inn—2n%/*In A

IN

e

Hence if [M] — 1 = n=1en(@1(Px.1. W)+ (1=a)l(Px 2. W) o —C—2 XY Inn+20%/ 40X g0y
Zﬁ#mP[Tm NTmM=m] <1

Thus the average P. over the ensemble is bounded as

E[Pe] < wﬂ# + 1

But if the ensemble average of the error probability is upper bounded like this there is, at
least one code that has this low error probability. Furthermore half of its messages have
conditional error probabilities less then twice this average. Thus lemma holds for,

C+(2|X||Y|+1) Inn—n3/4In A+1n 2 2|x||Y))2 2
€1(n) = (2|X]|Y|+1) L €a(n) = ( |n1”/2D +2,

QED
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Given the channel, W(:|-), and the rate 0 < R < C one can optimize over time-sharing
constant «, and the input letter input distribution pairs (z1,Px ;) and (z2, Px 2) to obtain
the best missed detection exponent achievable for a given rate with the above architecture.
As a result of Carathéodory’s Theorem, we know that one need not to do time sharing
between more than two input-letter-input-distribution pairs.

3.2.2 Error-Erasure Decoding

The codes described in Lemmal/[7]have large missed detection exponent for their first message;
but their over all error exponent is zero. We append them with a control phase and allow
erasures to give them a positive error exponent, like it was done in [43].

Lemma 8 For any block length n, rate 0 < R < C and error ezponent 0 < E < (1 — g)D,
there exists a block code with erasures such that,

‘M’ > 1+ en(R—el(n))
Pejm < (1 = E)yegmymin{1, e =M} m=1,23,..., M| -1

P < o B8 (1=E7p ) +es(n)

Py < 2(1 = Z) tea(n)
where €;(n) > 0 and limy,_, €;(n) =0 fori=1,2,3.

We use a two phase block code to achieve this performance. In the first phase a length nq,
rate —R code with high missed detection exponent is used to convey the message, like the
one descrlbed in Lemma [7] At the end of this phase a tentative decision is made. In the
remaining (n — np) time instances receiver either sends the accept letter z,, if the tentative
decision is correct, or sends the reject letter z.., if the tentative decision is wrong, where
accept and reject letters are the ones described in equation . At the end of the second
phase an erasure is declared if the output sequence in the second phase is not typical with
W, if it is typical with W tentative decision becomes the final.

Proof:

Note that we have assumed & < 1 — Z. Consequently, if we let n; = [(1 — Z)n] we can
conclude that cR<C. Then as a result of Lemma |7| and the definition of J(-) given in
equation (3.8} there exists a length n; code such that,

M| — 1> mlarfimeam] (3.15a)
Pejn < €3(m)  m=1,2,3,... (M| 1) (3.15b)
Pap < e M)t (3.15¢)

We use this code for the first phase; in the second phase transmitter either accepts or
rejects the tentative decision, M, by using the input letters z, or z, for the remaining

(n —np) time units. Whenever the empirical distribution of the second phase is not typical
with W, an erasure is declared. Thus decoding region for erasures is given by

GO ={y"(n = m)A@uy W) 2 n®/}.

1)’
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Then probability of erasure for correct tentative decision is upper bounded as,

p[m _ x‘ M = m, M = m] < 2yPosn
< 92112 Vm e M. (3.16)

The probability of non-erasure decoding when tentative decision is incorrect is upper
bounded as,

P{I\A/I # X‘ M m,M = M] < min{(n—ny + 1)|y|(3_(”_"1)D_"3/4 A1}

< min{e_"E'*"y'h’(r""l)_"3/4 A1y Vm e M. (3.17)

Lemma follows from the equations (3.15)), (3.16]), (3.17) and the following identities

ni€i(n1) < nei(n) 1=1,2,3 (3.18&)
Pejm < P;|mP[|\“/| ”] x‘ M # m, M = m] Vm € M (3.18b)
Py = ;|m+P[|\7| :x‘l\7l — m,M :m} Vm € M. (3.18¢)

QED

3.2.3 Message-wise UEP with Single Special Message

We use a fixed-length block code with error-and-erasure decoding like the one described
in Lemma [§] repetitively until a non-erasure decoding occurs. Resulting code is a variable-
length block code and Vm € M the conditional values of the expected decoding time and
the error probability are given by

E[rf|[M=m] =5 Pejm = 1=p—

x|m

(3.19)

3.2.4 Bit-wise UEP

Lemma 9 For any block length n, integer k, rate vector é, time sharing vector 1] such that

) i k
L<c vie{l,2,...,k} and >, ms1 (3.20)
there exists a block code such that:
IM;| > en(Rimean) Vie{1,2,...k}
Px\m < €5(n) m e M

~ ; —n| €s(n)+ D+ ’?_2. ~j£?
P|M ¢ {x,m'} M:m} < es(ne (6“ et P2 i T ("J)) YmeM, ie{l,2,...k}

where M = (M1, Mg, ... M;), npy1 =1 — Zle 7 and limy o0 €j(n) = 0 for j =4,5,6.
Proof:

We use a (k + 1) phase block code to achieve this performance. In all of the phases a code
with a special message, like the one described in Lemma [7} is used. Let us consider a
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message set M of the form My x Mg x -+ x My, as described in Section [3.1.3] Then each
message of the message set M is of the form M = (My, I\/I2, ..., Mg) where M; € M;

Vi€ {1,2,...,k}. In the first phase a length nyn, rate Code is used to convey My, i.e.
My I\/I1 At the end of this phase a tentative decision, l\/|1 is made about |\/|1 If M1 £ My
or if M; = 0 the special message is sent in the second phase, i.e. My = 0. If My = M; and
M, #0 then Ms is sent in the second phase, i.e. My = M. The code in the second phase

is a rate &2 .2 code of length nan. In grd 4th - pth

(k+ l)th phase a length (1 — Y>%_ 7;)n repetition code is used. If My = M and Mj #0
then Mg,; = 1 and the accept letter z, is sent throughout the (k -+ 1)th phase. If

I\:/Ik #* M or I\:/Ik = 0 then I\_/IkH = 0 and the reject letter z, is sent throughout (k + l)th
phase. If the output distribution in the last phase is not typical with W, an erasure is
declared. Otherwise, the tentative decisions become the final, i.e M = (I\/I17 Ms .. M k)-
The decoding region for erasures, G(x), is given by

phases same signaling is repeated. In

Then the probability of erasure, when all k tentative decisions are correct, is given by

1Nj

< 2yy\2n—1/2. (3.21)

The probability of not declaring an erasure when there is one or more incorrect tentative
decisions in the first k& phases is given by,

Y v k .
P [M 7 X‘ My41 = 0} <(n+1- Zj:1 nj)lyle—(n—2§:1 n;)D—n%/41n A

< e "(Mkt1D—e3(n)). (3.22)

Furthermore, as a result of Lemma |7, we know that if % < C , for large enough n; there
exists a code such that

C ni(Zi—e; (n;
|Mz| —1>e z(ni 1(n;)) (323&)
P [I\Z/IZ- # M| M; = mz] < ea(n) (3.23b)
P[f, 0|, = 0] < -0, 8250
In the first k phases, we use those n; = |n;n| long codes with rate . Then M; is decoded
incorrectly to a non-transmitted sub-message only when M;, MZ+1, ..,M k11 are all
decoded incorrectly:
PN M= m| < P[Mi - “Uoplmy £0[mMy=0] (324
[ _m}— [ _m}Hj:H-l [ﬂé’ J_} (3:24)

An erasure, on the other hand, is declared only when one or more of the My, Ma, ..., Mg

57



are decoded incorrectly:

k+1 ~ _ _
<> TP (M £ M M 0] (3.25)
Using equations (3.21)), (3.22)), (3.23]), (3.24) and (3.25)) we get
Bi e (n:
M| > O ) (3.26a)
Py < 2|V’n 12 4 Z €2(ny) (3.26b)
' n(ng41D—e3(n) (I(R; /n;)=es(n;)
] < [Zj:fz(nj)] Ml e H] _ii§ ni)estng)) - (3.26¢)
Then the lemma follows from nje;(n;) < ne;(n) for i = 1,2,3 and j =1,2,...,k for
k
€4(n) = €1(n) + % €5(n) = 2(Zj:1 n%)eg(n) -+ 2\3/\2n_1/2 €g(n) = kes(n).
QED

Note that like we did in the single special message case we can use the fixed-length block
code with error-and-erasure decoding repetitively until a non-erasure decoding occurs. Then
Vm € M the resulting variable-length block code will satisfy

Mig{x,mi}|M=m
"M = m} < P[ =Py, ] (327)

Elr|M = m] = —f— PN

For a given rate vector R and time sharing vector 77, Lemma |§| gives us an achievable
error exponent vector . In other words a (R, E) pair is achievable if there exists a time
sharing vector 77 such that,

L <C Eiﬁ(l_zé +Zj —ir1 (m)

Thus the existence of the time sharing vector 77 is a sufficient condition for the achievablity
of a (R, F) pair. We show in the following section that the existence of such a time sharing
vector 77 is also a necessary condition for the achievablity of a (R, E') pair.

e

3.3 Converse

Berlin et. al. [2] used the error probability of a binary query posed at a stopping time
in bounding the error probability of variable-length block codes. Later similar techniques
have been applied in [3] for establishing outer bounds in UEP problems. Our approach
is similar to that of [2] and [3] in using error probabilities associated with appropriately
chosen queries for establishing outer bounds. The novelty of our approach is in the error
events we choose to consider in our analysis.

We will start with lower bounding the expected values of certain conditional error prob-
abilities associated with these queries, in terms of the rate of decrease of the conditional
entropy of the messages in different intervals. We then use this bound, Lemma to de-
rive outer bounds for the single message message-wise UEP problem and the multi-layer
bit-wise UEP problem.
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3.3.1 Missed Detection Probability and Decay Rate of Entropy

Like similar lemmas in [2] and [3], Lemma [L0| bounds the error probability of a query posed
at a stopping time. However, instead of working with expected value of the error probability
of the query and making a worst case assumption on the rate of decrease of entropy; Lemma
works with the expected value of a certain conditional error probability and bounds it
in terms of the rate of decrease of the conditional entropy in different intervals. Above
mentioned conditional error probability, is best described using the probability distribution
defined below.

Definition 8 For a stopping time, T, smaller than or equal to T and a subset of M, A,
determined by YT with positive conditional probabilitﬂ we define the probability distribution
P[] on M x Y7 as follows:

T T m 1 m T T T
Py [m, y 2P [y7] WP[%H} Y™, m) (3.28)
where PM € Az| y7] = > e Pim] y7].

Probability distributions Py y[] and P[-] have the same marginal distribution on Y7 and

the same conditional distribution on Y given (M,YT). For a given y” on the other hand
{meAT

Paym|yT] is PMEA-17] times P[m|y7]. Thus Pgy3[M = [ y7] has probability mass only
on those messages in As.

Lemma 10 For any variable-length block code with decoding time 7, k stopping times such
that 0 < 171 <719 < --- <7} < 7 and k subsets of M, A;,, A,,..., As,, each measurable
in the corresponding o(Y™) and each with positive probabilityﬂ

k
E[H(M|YT7)—H(M|YT5+1)]
(1— Pe—P[Me A, ]) In W <In 2+ZE T4l —T]]j< ] (3.29)

j =1

where the probability distribution Py 4[] is defined in .

The bound on Py, [I\?l ¢ An] depends only on P[M € A;,] and the rate of decrease of

conditional entropy in the intervals (7;,7j41] for j > ¢. The particular choice of A, for

J # i has no effect on the bound on Py A} [I\?l ¢ ATi]. This property of the bound is its

main merit over bounds resulting from the previously suggested techniques.

Proof:
As a result of data processing inequality for Kullback-Leibler divergence, we have

[ln P{[YD](T]] > P[N/I € AT,} PMeA,,] 1+ P[I\?I ¢ Afl} 1o _FMEA-]

P{AT [M E-A‘rl P{ATZ}[MéATl] .

Since h(z) = #In L —(1—z)ln & <2 Vz € [0,1] and 0 < Py, L}[I\/IGA } <1, we have

ey | . R
" [ln P{A”}[YT}] = - m2tp [M # A”} = P, [MgA ] (3.30)

°In other words 7 < 7 and P[M € Az|Y7] > 0 with probability one.
SPM € A.,|Y7i] > 0 with probability one for i = 1,2,..., k.
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In addition,

PM¢A,|=1-P[NeA]
—1- P[M €A, } PM¢ A, ] P[M €A, } PM € A,,]
>1-Pe—PMeA,]. (3.31)

Thus using equations (3.30) and - we get,

_p. R PlY7]
(1—Pe—PMe A ])n I <ln2+E [ln Pa, }[YT]] (3.32)

Assume for the moment that,

Y k E[H(M|Y3)—H(M|YTi+1)
[ln P{A[}[]YT]:| < Zj:iE[TjH—Tj]J( [ )] ]> . (3.33)

Equation (3.29), i.e. Lemma [10] follows from equation (3.32) and (3.33).

Above, we have proved the lemma by assuming equation (3.33)) is valid for all ¢ in
{1,2,...,k}. We now prove equation (3.33) for ¢ = 1, which implies the validity of
equation (3.33)) for all i € {1,2,...,k}. Let us consider the stochastic sequence

_ PI¥:, Y] ! RIS
Sy = [— In PV ] +Zj:T1+1j(I(M,YJ Y77 1< (3.34)
where T (M; Y, |Yt=1) = E[an‘Yt—l]. Then
t
St+1 - St == <J(I (M;Yt+1 ‘Yt)) — h’l m) 1{T1§t}‘ (335)

Given Y! random variables M — X; 11 — Y441 form a Markov chain, thus as a result of data
processing inequality for mutual information we have 7 (Xt+1; Yit1 |Yt) >7 (M; Y1 ‘Yt )
Since J(+) is a decreasing function this implies that

T(T (M;Yeq1 [YH)) > T(T (Ke1; Y [YF)) - (3.36)

Furthermore because of the definition of J(-) given in 1) the definition of Pyy, 3 [']
given in (3.28]) and the convexity of Kullback Leibler divergence we have

PlYi|Y?
T (T (Xep1:Yeq1|YH)) > E [ln % Yt] : (3.37)
Thus as a result of equations (3.35)), (3.36]) and (3.37)) we have
E[Si+1]Y'] > S (3.38)

Recall that min, , W (y|z) = A and |J(-) | < D. Hence as a result of equation ([3.35)

E[|Si1— S| Y] <In +D. (3.39)
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As a result of (3.38)), (3.39) and the fact that Sp = 0, S; is a submartingale. Because of
(3-39) we can apply a version of Doob’s optional stopping theorem [40, Theorem 2,p 487]
for stopping times 71 and 792 such that E[r1] < E[r2] < co and get E[S;,] > E[S;,] = 0:

P[Y?-H‘Yﬁ] T2 ] _
Bl P{An}[\l(:fﬂ v7] = E[Zt:Tﬁ-l T (M5Ye [Y! 1))} ' (3.40)

Note that as a result of the concavity of J7(-) and Jensen’s inequality we have

E [ZTQ j(I (M; Yy ‘Yt_l ))} =E[ry—71|E [Z 1{T22t>71ﬁ{(21_(x}Yt]Yt*1 ))]

t=r1+1 t>1

< E[ry — 71] J(E[ZZ”“Z(M;MWH) . (3.41)

Ero—71]
In order to lower bound the sum within J(-) in (3.41) consider the stochastic sequence
t t , i—1
Vi = H(M|Y?) + ijlz (M;Y; [Yi7h). (3.42)
Clearly E[Vi41]Y'] = V; and E[|V;]] < oo, thus V; is a martingale. Furthermore,
E[|V}+1 — V}HY':} < oo and E[r1] < E[19] < 00, thus using Doob’s optimal stopping

theorem, [40, Theorem 2, p 487] we get E[V,,] = E[V, ]:

E[Z;HI (M3 Y, [Y1) | = BIHMIY™) = H(M[Y™)]. (3.43)

Using equations (3.40), (3.41)) and (3.43)

Y7 L [v1]

P{ATI}[YII_,_IIYH}

E In P[¥7,|Y72]
Plry Y12+1‘Y72]

In

Hra—71

<E[r;—T1] j(E{H(MWTl)*”H(]MIYT?)}) +E

] (3.44)
Repeating the arguments (3.40)) through (3.44) for (7;,7;41] for j =2,3,...,k we get,

PIYT . |YT Tiy_ ™
[ TIH‘ 1] ] < Zk 1E[Tj+1—rj]~7<E[H(M|Y J)HM[Y ]H)]) . (3.45)
]:

E P{ATl}[Y:1+1‘Y71] Bl7;417;]

In

QED

3.3.2 Single Special Message

We first derive a lower bound on the minimum conditional error probability of a message
in a variable-length block code, using Lemma This derivation introduces some of the
ideas used for the outer bound for the multi-layer bit-wise UEP problem.

Lemma 11 For any variable-length block code with feedback with | M| = BT messages
and average error probability Po = ¢ B7E  and for any § € (0,0.5)

In P[M#£m|M=m _z _e
_%]SEJFQ_ED )j<1%E_E> v e M (3.46)

where & = 9242 & = P 6 + Lo 4 |M| 71 and & = 200
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Lemma[11]is a generalization of [3, Theorem 8|, which is tight not only for small but all
positive values of E. Furthermore unlike the proof for [3, Theorem 8] which needs previous
results like [2 Lemma 1], our proof is self sufficient.

Proof:
Let 7120, A, ={m} and 72 be the first time instance before 7 such that one message has
a posteriori probability 1 — § or higher:

To=min{t : maxP[M = m|Y'] >1—§ort = 7}.

Let A., be the set of all messages except the most likely one, if the most likely one has a
probability (1 — 0) or higher; M otherwise:

A 2{m e M:PM=m|Y™] < (1-6)}

Since mingex yey W(y|z) = A the posterior probability of a message can not decrease by a
(multiplicative) factor less than X in one time instance. Hence P[M € A.,|Y72] > Ad for
all values of Y2 and as a result of the definition of Py y [m,y"] given in equation ([3.28)
we have,

1
Py, m,y7] < Plm,y7] 255med. (3.47)
Evidently if M € A,, and M ¢ A, then M # M:
Limea  mga,t = Limgmy- (3.48)

Using equations (3.47)) and (3.48) we get
1,
P{ATQ} [mv yT] 1{M¢AT2} < P[ma yT] %
If we sum over M x V7 we get

Py, [M ¢ Am} < ke (3.49)

Using Lemma [10} equation ([3.49) and the fact that J(R) < D we get

1—Pe—| M|~ ! 1 In | M|—H(M|YT2) _
T I gy <2 nj(—nEH ) +(1—n)D (3.50a)
%&“{'EAW] A <2+ (1-n)D (3.50b)
where n = %TTQ]}

Now we bound P[M € A,,] and H(M|Y™) from above. As a result of Bayes’ rule
PV £ M| = PN 2 M‘ATQ = M| PlA;, = M|+ P|W 2 M‘ATQ # M| PlA, # M.
Since P[M ] M} _ P, and P[M ”] M‘Am - M} > § we have
Po > 6P[A;, = M]. (3.51)
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Using the fact that P[M € A.,| A., # M] < § together with equation (3.51)) and Bayes’
rule we get

P[M € A,,] = PM € A, | Ay, # M]P[A;, # M] +PM € Ay, | A, = M|P[A,, = M|
<5+ Le. (3.52)

Note that A, has at most |M]| elements and its complement, A;,, has at most one
element thus,

HMIY™2, A,,) < In|M| HM|Y™2 A,,) =0 (3.53)

Furthermore h(z) = —zlnz — (1 —2)In(1 — z) <In2 for all = € [0, 1]. Hence from

equation (3.53|) we get
HMY™) = h(PMe A7 | Y2]) + PMe A | Y2 H(MIY™, Ary) + PIME AL | Y H(M|YT

<In2+PMeA,,|Y?]In|M]|. (3.54)
Using equations (3.52)) and - we get
EHM|Y™)] <In2+ (6 + £2)In | M. (3.55)

Using equations (3.50)), (3.52) and (3.55) we get

é €1)R—é ~
w1 In [M;s 1‘M—m] = ”7(#) +(1=n)D+é (3.56a)
g < (L-n)D+é& (3.56b)
where n = Eg{f]}
Since J(R) is a concave function, it lies below its tangents, i.e. VR € [0,C] and 7 < %
d R — R R 7/ (R
ay (17 (5) +=wp) =7 (3) = 47 (}) -7
> 0. (3.57)

Thus the bound in equation (3.56a)) has its maximum value for the maximum value of 7.
Furthermore equation (3.56b|) gives an upper bound on 7. These two observations leads to
Lemma [Tl

QED

3.3.3 Special Bits

In this section we prove an outer bound for achievable rate and error exponent vectors in
a k-level bit-wise UEP code with finite E[7], i.e. we derive a necessary condition that is
satisfied by all achievable (R, E, E[7]) triples. This leads to an outer bound to the achievable
points on rate error exponent vectors, which matches the inner bound described in Section
3.2.4] as E[7] increases for all reliable sequences.
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Lemma 12 For any E[7], k, 6 € (0,0.5), all achievable rate vector error exponent vector
pairs, (R, E) satisfy

k k c
VB — ¢ _ 4 g (O=E)R ),
(l-@)Bi-a<(-) _ m)D+) j:iHan( D) =12k (358)

(l—gs)Rjn;Qﬂ{j:l} <C i=1,2,....,k (3.58D)
k
Z' S 1 (3.58¢)
]:
for some 1] where é; = § + % and éy = %.
Proof:

Let M? be M1 x My x ... x M;. If a member of M’ gains a posterior probability larger
than or equal to 1 — ¢ at or before 7, 7; is the first times instance it happens and A;, is
the set of messages of the form (m?, m;y1,..., ms) where m’® # argmaxP [frﬂ| Y”]; else

;i =7 and A;, = M: "

Ti2min{t : max,,; P[M* = m!| Y] >1-6§or t =7} (3.59)
A 2{(m' miga, ..., my) € M:m' € M" and P[M' = m1| Y7 <1-4}. (3.60)

Recall that mingex yey W(y|z) = A, thus the posterior probability of a m’ € M® can not
decrease by a (multiplicative) factor less than ) in one time instance. Hence as a result of
equations and (3.60), P[M € A;,|YTi] > \§ for all values of YTi. Then as a result of
the definition of Py A} [m, y7] given in equation we have,

]l m T
Py, ylm,y7) < Plm,y7] 25md (3.61)

As a result of the definition of A, given in equation (3.60) we have,
Timeary B} < Lomzm (3.62)
From equations (3.61)) and (3.62)) we get
Py (W ¢ 4] < 202, (3.63)
Recall that we have assumed Pe 1 < Peg < ... < Pe . Thus
P ] < ngp[l\?lj # M| < iPo. (3.64)
As a result of equations (3.63)), (3.64) and the fact that i < k we have
Py [M ¢ Aﬁ} < kP, (3.65)
Using Bayes’ rule we get

P[I\A/I"#MZ} :P{M"#Mi

Ar, = M| PLA;, = M)+ P 2 W

Ar, # M| PLA;, # M),
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Plugging in the inequalities P > P [|\7|’ =+ I\/Il} and P {I\A/I’ £ M?

A = M} > § we get

Pe > 0P[A,, = M]. (3.66)

In addition using Bayes’ rule together with equation (3.66) and PM € A,,| A;, # M] <4
we get,
P[M S A‘Fz] = P[M S ATi|A7'i = M] P[ATi = M] JFP[M S A7i|“47'i # M]P[Aﬂ # M]
<ZLeys. (3.67)

Using Lemma [10| together with equations (3.65) and (3.67)) we get

k+1
(l-&)Bi<éa+y B

i jj(ﬁ) i=1,2,...k (3.68)

Bj

where 3; and f; are defined for j € {1,2,...,k+ 1} as followsﬂ

ri]—Er,_ EH(MYTi-1)—H(M[Y"3)
BjéE{ ]]H]E} j—1] fjé [ o ] (3.69)
Note that A, has at most | M| elements and its complement, A, has at most ‘IA/\//‘“‘
elements. Thus,
HMY™i, A,,) < In|M| HMIY™, Ay) = In ) (3.70)

Using the fact that h(z) = —zlnz — (1 — 2)In(l — z) <1n2 for all z € [0, 1] together with

equations (3.70) we get

H(M|YT?) = h(PMEA,|YT]) + PMEA | YTHH(MY™, A-) + PME A YT H(MIY™ AL
<In2+PMeA Y| In M|+ PM¢EA Y™ In

=2+ In {57l + PM € A [ Y] In| M), (3.71)

By calculating the expected value of both sides of the inequality (3.71]) we get,
E[H(MY™)] =2+ In {7 + PM € A, ] In| ). (3.72)
Using equations 1) and 1) together with E[H(M|Y"#)] = R — Eézlfj we get,
i ~ ~ i
R—ijlfqu—i-R—&-(eg—l) jlej
Hence
i - i - .

ijlfj > (1 —é3) Zj:1 Rj—& i=1,2,...,(k+1) (3.73)

As a result of equation 1) and the fact that 7 (Yt+1; M ‘Yt) < C we have

fi <CB;i ie{l,2,....,(k+1)}. (3.74)

"We use the convention 79 = 0 and Thtl = T.
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Thus equations (3.68)), (3.73)), (3.74) imply that the following set of necessary conditions,
that are satisfied by all achievable (R, E) pairs for some (53, f) = (81, - \Bk+1, 1, - »f kt1):

(1-&)E —54<Z] B < ) i=1,2,... .k (3.75a)

ijlfj > (1-¢) ZH R — & i=1,2,..., (k+1) (3.75b)
fi<CBi i=1,2,...,(k+1). (3.75¢)

We show below that the necessary conditions given in equation implies the ones in
equation (|3.58]). First we show that the inequality constraint in equation can be
replaced by an equality constraint for all ¢ € {1,2,...,k} without changing the set of rate
vector, error exponent vector pairs satisfying the constraints. Since we are imposing a
more stringent condition clearly we are not expanding the set of (R E ) pairs satisfying the
constraints. In order to see why we are not curtailing the set of (R E ) pairs satisfying the
constraints, let ¢ be the first integer for which equation (3 is a strict inequality. Let ¢
be

CEfr— (1 —&)Ry+ élyyy. (3.76)
Let us define (f, 8) in terms of (f,8) and ¢ as

fi=fit+ My — L=y Bi=Bi+ %C(ﬂ{izeﬂ} —Liizpy). (3.77a)

Then we have

q

) Be
=Ly T (Lo lenyg
R + 5z+1+,3ef ( B e /3£+1) {i=+1}- (378)

Since (f, 3) satisfies (3.75c) equation (3.78) implies that (f B3) satisfies (3.75¢)).

Definition of ¢ given in equation @ definition of ( f,B) given in (3.77) and the fact
that (f,3) satisfies (3.75b]), implies that ( f j3) satisfies (3.75b). Furthermore (3.75b)) is
satisfied with equality for all i < { for ( 1, B) because ([3.75b)) is satisfied with equality for
all i < ¢ for (f, B).

Finally note that as result of concavity of the J(-) function we have,

B (522) + 07 (1) < Ben (Je2). (3.79)

Consequently
k+1 f] k+1 ~ ]77] .
Since (f, 3) satisfies (3.75al), equation (3.80) ensures that (f, 3) satisfies (3.75a)).

We can repeat this procedure successively and replace the inequality constraints in (3.75b))
with equality constraint in all 7 € {1,2,...,k}. Then the lemma follows from the modified

(3.75) and fact that J(-) <D

QED
Note that the necessary condition for the achievability of (R, F') pair is same as the sufficient
condition apart from the error terms that vanish as E[7] diverges.
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3.4 Conclusions

We have considered the single message message-wise and the multi-layer bit-wise UEP prob-
lems and characterized the achievable rate, error exponent region completely for both of
the problems.

We have shown that, like the conventional variable-length block coding schemes without
UEP, it is possible to decouple communication and bulk of the error correction both at the
transmitter and at the receiver in bit-wise UEP schemes. Unlike the conventional case,
however, in bit-wise UEP schemes there is hierarchy of bits and thus:

(a) The communication phase of each layer of bits needs to be merged with the error
correction phases of the more important layers.

(b) The error correction phase of each layer of bits needs to be merged with the error
correction phases of the more important layers.

This is done using the implicit confirmation explicit rejection protocols. They were first
suggested by Kudryashov [22] for non-block encoding schemes, it turns out that they also
play a key role in UEP schemes for block codes.

We have also suggested a new technique for establishing outer bounds to the performance
of the variable-length block codes. Lemma [10| relating the missed detection probability of
a hypothesis chosen at a stopping time to the decay rate of the entropy of the messages, is
at the core of this new technique.
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Chapter 4

Feedback Encoding Schemes for
Fixed-Length Block Codes]

In this chapter we derive upper bounds to the error probability of fixed-length block codes
with ideal feedback by modifying the analysis technique of Gallager [16]. Using encoding
schemes suggested by Zigangirov [44], D’yachkov [14] and Burnashev [7] we recover pre-
viously known best results on binary symmetric channels and improve on the previously
known best results on k-ary symmetric channels and binary input channels. Let us start
with a brief overview of the previous studies on the problem.

Berlekamp [I] analyzed the decay rate of error probability with block length in fixed-
length block codes and gave a closed form expression for the error exponent at zero rate on
binary symmetric channels (BSCs). Later Zigangirov [45] presented a rigorous proof of the
converse part of Berlekamp’s claim. In another paper Zigangirov [44] proposed an encoding
scheme, for BSCs which is optimal for all rates larger than a critical rate RZcmEI and at
zero rate, i.e. his encoding scheme reaches sphere packing exponent for all rates larger than
Rzcrit and reaches the optimal error exponent derived by Berlekamp [I] at zero rate. After
that Burnashev [7] improved Zigangirov’s inner bound for error exponent at all positive
rates below Rz.-;+ by modifying his encoding scheme.

D’yachkov [14] on the other hand proposed a generalization of the encoding scheme
of Zigangirov and obtained a coding theorem for general DMCs. However the optimiza-
tion problem resulting from his coding theorem, is quite involved and does not allow for
simplifications that will lead to conclusions about the error exponents of general DMCs.
In [14] after pointing out this fact, D’yachkov focuses on binary input channels and k-ary
symmetric channels and derives the error exponent expressions for these channels.

Recently Burnashev and Yamamoto investigated the problem for a noisy feedback link.
They considered the binary symmetric channel both in the forward and in the feedback
channels and derived a lower bound to the error exponent first at zero rate [8] and then at
positive rates [9].

We first bound the error probability of a maximum likelihood decoder for a feedback
encoder by modifying Gallager’s technique [16]. After that we show how to use the encoding
scheme of Zigangirov [44] and D’yackov [I4] within this framework. Then in Section
we discuss the weaknesses of the analysis presented in Section and propose a way to

'Results presented in this chapter have been reported previously in various conferences [29], [30], [31].
2The rate above which random coding exponent is equal to the sphere packing exponent is called the
critical rate Reri¢ and [44] that Rzerit < Rerit-
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improve it by using a weighted maximum likelihood decoder. Then using the encoding
scheme suggested by Burnashev [7] we obtain an upper bound to the error exponent and
compare it with the results of the previous studies. In the binary symmetric channels we
simply recover results of Burnashev in [7], in all other channel this techniques results in an
improvement.

4.1 Basic Bound on Error Probability with Feedback

In this section we introduce the basic idea behind our bounds and derive a preliminary bound
on the error probability. We start with deriving an upper bound on the error probability,
in terms of the expected value of a function of the likelihoods of the messages, &,. Function
&, has a natural extension of to the time instances before n, in terms of the likelihoods of
the messages at those time instances. By deriving bounds on the expected rate of decrease
in the value of & we bound the error probability from above. For doing that we use random
coding argument and the matching scheme of Zigangirov and D’yachkov.

4.1.1 Error Analysis

We have a discrete memoryless channel with input alphabet X, output alphabet ) and a
noiseless, delay-free feedback link from the receiver to the transmitter as before. In this
section we assume the encoding scheme @ is deterministic, i.e. the encoding function at
time t is of the form,

Pi(): MxYTt s x vee{l,2,...,n}. (4.1)

We will specify @;(-) later. For any encoding scheme the maximum likelihood decoder is

given by R
M = argmaxP[Y"| m]. (4.2)

m

A maximum likelihood decoder, decodes erroneously only when the likelihood of the actual
message is less than or equal to the likelihood of another message. Thus the indicator
function of the error event is upper bounded as,

Yomaem PIY" | m
]l{“”#“”}g( SR

Since Pe = E[]l M #M}}’ equation 1) implies that,

Pe < E[§,] (4.4)

™\
> YA>0, p>0. (4.3)

where

PV m] M\’
35 (Zm;'\E'Yt|[M]L ] > Y| . (4.5)

Note that & is only a function of Y and the encoding scheme up to ¢, it does not depend
on the transmitted message M.

3If there are multiple messages with same likelihood the one with the smaller index is chosen.
“We make a slight abuse of notation and use P[Y"| m] instead of P[Y"|M = m].
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Let us assume for the moment that there exists an encoding scheme that satisfies fol-
lowing inequality for all realizations of Y! and for all ¢ in {1,2,...,n}

E[¢41] Y] <e Vg, (4.6)
where G(p, A) is a real valued function of p and A. For such an encoding scheme we have

E[S] < e CPVE[E, 4]
< e "CPNE[g]. (4.7)

Thus using equations (4.4) and (4.7) together with the fact that & = |[M — 1|P < e"® we
can upper bound error probability as follows

P < eGP A)=pR) (4.8)

Any lower bound on the achievable values of G(p, A) in equation gives us an upper
bound on the error probability via equation (4.8). In the following two subsections we
establish lower bounds to achievable values of G(p, \) using a random coding argument and
using the encoding scheme of Zigangirov and D’yachkov. Before starting that discussion let
us point out a fact that will become helpful later on.

For any Y' such that & = 0 we have {41 = ... = & = 0. Hence, E[§441|Y!] < e~ GNg,
holds trivially for all real G(p, \)’s. Because of that we assume from now on without loss
of generality that & > 0. For Y? such that & > 0, E[§t+1|Yq /& can be written only as a
function of the likelihoods of the messages at time t and the encoding scheme at time ¢ + 1
as follows,

P
> P[Yt|m]1_>\pW(Yt+1|¢z+1(m7Yt))1_)‘p(iz P[Yt|7ﬁ]AW(Yt+1|¢t+1(”~”L,Yt))A>
E[§t+1|Yt] . m,Yt+1 m#m

&t - 4
ZP[thll_Ap< > PW"LP)

m m#m

(4.9)

4.1.2 Encoding for The Basic Bound on Error Probability

We use different techniques for establishing lower bounds to the achievable G(p, \)’s de-
pending on the value of p. For p € [0,1] case we use a random coding argument, to show
that there exists a mapping with the given G(p,A). For p > 1 case on the other hand we
use a slightly modified version of the encoding scheme suggested by Zigangirov [44] and
D’yachkov [14] to obtain an achievable value of G(p, \).

Random Coding

Consider the ensemble of assignments of messages m € M to x € X at time ¢t + 1 in which
each message m is assigned to the input letter z with probability P(z), independently of
the encoding in previous time instances @}, previous channel outputs Y! and assignments
of the other messages at time ¢ + 1, i.e. for all realizations of previous channel outputs Y?,
for all previous assignments @! and for all (z1, s, ..., T|pm|) in XMl we have

E[IT, Marismyomen]| Y5 2] =TT Plam) (4.10)

where E[-] stands for the ensemble average.
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As a result of equation (4.9 and the independence of assignments of different messages
i.e. equation (4.10) we have,

E Ef6 1YY vt ot | — Dom Y PIY!|m] TN EW(Yig1| Bogr (mYH) 0| YE, 5]
& T S P m] A (2, PIYEm]Y)?

'E[(Zm;ﬁm P Y ] W (Y] qsm(m,vt))k)p) Y, qﬁﬂ .

Using the concavity of z# function for p € [0, 1] together with Jensen’s inequality we get,

Zm,th P[Yt|m]17)\pE{W(Yt+1| ¢t+1(m,Yt))1*Ap|Yt7@t1]
Zm :P[Yt‘m]l_Ap (Zﬁ;;&m P[Ytlm}x)p

(Zﬁ#m P[] i B[W (Y| @i (2, Y)Y Y, 0] )

= Z ) e (P, p, \) (4.11)

E [E[&H v']
&t

v, qsa] <

where

pa(Pop ) = Y Wyla) = (30 P@W(la))" (4.12)

The inequality (4.11)) holds universally for all realizations of Y and &¢{. If the ensemble
average over the mappings at time t+1 satisfies inequality then there exists at least
one mapping of M to X that satisfies . Thus for all realizations of Y and @} there
exists a mapping at time ¢t+1 such that

5t+1'Y <Y P@)u(Pp, ) Vp e [0,1], A > 0. (4.13)

where p, (P, p, \) is defined in equation (4.12)).

Zigangirov-D’yachkov Encoding Scheme

Z — D encoding scheme is given in terms of a probability distribution P on the input
alphabet X and a likelihood vector on M. The assignment of messages to the input letters
at time t+1 depends on previous channel outputs Y? and the assignments &1, ®», ..., &; only
through the likelihoods of the messages P [Yt’ m] for m € M. First, messages are reordered
according to their likelihoods in a decreasing fashion and tilted mass v of all input letters
are set to zero. Then starting from the most likely message, messages are assigned to the
input letters with the smallest v(z)/P(z) ratio, one by one. After the assignment of each
message the tilted mass «y(z) of the corresponding letter is increased by P [Yt| m])‘.

We assume without loss of generalityﬂ Vm, m €M if m <1 then P [Yt‘ m|>P [Yt| m].
With that assumption the encoding scheme at time (¢ + 1) for any P(-) is given by:

Yo(z) =0 Ve e X

Pr1(m,Y') = gjmg%}a(;(f)
PP

Ym(T) = P[]

Zlgmgm@”l(m,vt):x

5 If this is not the case we can rearrange the messages m € M, according to their likelihoods in decreasing
order. If two or more messages have same mass we order them according to their indices.
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In [44] and [I4] instead of tilted likelihoods of the messages, posterior probabilities of the
messages calculated according to a “noisier” DMC V from X to ) is used for calculating
v’s. Apart from this above encoding scheme is identical to the ones in [44] and [14].

Z-D encoding scheme distributes the tilted likelihoods over the input letters in a par-
ticular way: if we consider all the tilted mass except that of m € M and normalize it to
sum up to one, it is a convex combination of P(z) and 4, 3’s for  # @411(m,Y?), ie.

PN
> mtm ]l{qstJrl(m,Yt):x}P[Yt |17]
S i PIY ]

PO+ pm(z) =1 Ym e M (4.14D)

= pm(0)P(z) + pm () Vz € X,Ym € M (4.14a)

where p,, > 0 and py,(®s41(m,Y?)) = 0.

In order to see this first assume that m is the last message assigned to the the input
letter ®;11(m,Y?). Then as a result of the construction we know that

I P NP
Xih<m ﬂ{qstH(m,vt)=qst+1(m,vt)}P[Yz |m] < Xm<m 1{¢t+1(m,vt)=z}P[Yt|m]

P11 (m,Y) =< (o) Vr e X

Since no other message is assigned to @;.1(m,Y?!) after m we also have

RPN 1A
2 ritm 1{¢t+1(m,vt)=qst+1(m,vt)}P[Yt |72] < 2 itm 1{¢t+1(m,vt)=m}P[Yt|m]

P(®111(m,YT)) = Pa) Ve e X  (4.15)

The likelihood of the messages that are assigned prior to m can not be less than P [Yt| m],
hence equation (4.15]) holds for all the messages, not just the last message assigned to each
input letter. Consequently we can conclude that there exists a 7,,(-) > 0 such that

~TA
Zﬁ#m Ly, (myty=a) P Y 1]" = 1 (0)P(z) + ym(z) Vo € X, Yme M

~TA
Zrﬁ;ﬁm ]l{¢t+1(m’Yt)=¢t+1(m7Yt)}P[Yt| m] = m(0)P(Pr1(m, ")) Vm € M

If we normalize v,,(z)’s over x for each m to sum up to one, we obtain equation (4.14)).
Using equation (4.14b)), the convexity of z* for p > 1 and Jensen’s inequality we get,

[Zm (pm(0)P(z) + pm(z)) W(Yt+1|$))‘] P
— [Pm(O) <Zm P($)W(Yt+1’$))\> + Zx () (W(Ytﬂ\x))‘)r
= (Z P(x)W(YthA)p +> (@)W (YooY (4.16)

x

As a result of equations (4.9)), (4.14al) and (4.16)) for all p > 1, A > 0 input distributions P

we have

Mg max_max{ (P, p, \), vz (pA)} (4.17)
t rEsuppP

where . (P, p, \) is given in equation (4.12)) and v, (pA) is give by

Vm(p)‘) = MaXz+£y 7€suppP Zy W(Z/‘x)(lip/\)w(y“%)p)\' (418)
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5.5
F Random Coding Exponent
Sphere Packing Exponent

4.5 . — D’yachkov’s Bound

—— Theorem 9

Exponent

0 | | | | |
0 0.2 0.4 0.6 0.8 1 1.2

Rate
Figure 4-1: Lower bound on the error exponent given in Theorem |§| and previously known best,
Dyachkov’s lower bound given in [I4], are plotted for a ternary symmetric channel with § = 1074,
together with random coding exponent and sphere packing exponent. Recall that sphere packing
exponent is an upper bound on the error exponent with feedback for symmetric channels even.

4.1.3 Basic Bound Error Probability

We summarize the results of our analyzes given in (4.8]), (4.13]) and (4.17)) as follows.

Theorem 9 For any block length n, rate R > 0, input distribution P and tilting factors
p >0, X\ > 0 there exists a feedback encoder with |M| = |e"| messages whose error
probability with maximum likelihood decoder is upper bounded as,

Pe < e_n(G(Pvp)\)_pR)
where
— Inmaxgesuppp max{ (P, p,\), vz (pA)}  p>1 }
G(P,p,\) = €supp 4.19
2oy =1 “InY, P(2).(P.p. N pe0.1] (4.19)

and pz (P, p, \) and vy (p\) are given in equations and respectively.

When optimized over P, p and A, Theorem |§| recovers the results of Zigangirov [44] and
D’yachkov [I4] for binary input channels. The improvements due to the analysis presented
in this section become salient only in channels with more than two input letters. The
channels whose transition probabilities are of the form

1-0 xz=y

W(y|z) = { 5

ety (4.20)

are called k-ary symmetric channels. On k-ary symmetric channels previously known best
performance is that of [14]. In Figure we have plotted the exponent curves resulting
from [14] and Theorem |§| for a ternary symmetric channel with § = 10~% for comparison.
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4.2 Improved Error Analysis with Weighted Likelihoods and
Stopping Time

In the previous section we have required the encoding scheme to satisfy
E[5 1| Y1] < e

for all values of Y!. In order to ensure that when finding the feasible G(p, \)’s we established
bounds that hold for all possible |M| dimensional likelihood vectors. However we do know
that likelihoods of the messages will have comparable values at least for the initial part of
the block. In other words, if we calculate a posteriori probability distribution by normalizing
the likelihoods; for some part of the block, even the message with the maximum posterior
probability will have a posterior probability smaller than € for an € < 1. In order make use
of this fact we will keep track of the likelihoods using a stopping time and apply different
encoding schemes before and after this stopping time.

In addition in previous section we have used the same tilting factor in encoding through-
out the block. But depending on the tilted probability distribution we might want to allow
changes in tilting factor of the encoding. For doing that we need to replace the maximum
likelihood decoder with a weighted maximum likelihood decoder. Clearly maximum likeli-
hood decoder is the best decoder for any encoder in terms of the average error probability.
However, it does not necessarily lead to the best bounds on the error probability when used
in conjunction with our analysis. As we will see later in this section for certain values of
the rate, maximum weighted likelihood decoders result in better bounds than the maximum
likelihood decoder.

Burnashev [7] has already used similar techniques within the framework of [44] for
binary symmetric channels and improved the results of [44]. For binary symmetric channels
analysis presented in this section is simply an alternative derivation of Burnashev’s results
in [7]. But our analysis technique allow us to extend the gains of these observations to a
broader class of memoryless channels.

In the rest of this section we do the error analysis again from scratch in order to account
for the above mentioned modifications. We first derive an upper bound on the error proba-
bility, in terms of a general encoding scheme and a decoder. Then we specify the encoding
scheme and the decoder and obtain parametric bounds on the error probability.

4.2.1 Error Analysis Part 1

Incorporating the two modifications discussed above require us to not only do the error
analysis again from scratch but also change our model of the encoder slightly. We will
assume, that at each time ¢ receiver sends an additional random variable of its choice
U; together with the channel output Y; to the transmitter. The transmitter receives the
feedback link symbol for time ¢, Z; = (Y}, U;) before the transmission of X;y; and use it
in the encoding function @,4; at time ¢ + 1. Thus the feedback encoder @ is a sequence
(&1, 9, ..., Pn) of mappings of the form

P():MxZL s x vte{l1,2,...,n}. (4.21)

Any performance achievable using a feedback encoder of the form given in equation (4.21])
is also achievable by deterministic encoders of the from given in equation (4.1)). We use the
encoder of the form (4.21)) in order to simplify the analysis.
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In this section we use weighted likelihoods, ¢(Z"|m)’s, instead of likelihoods, P[Z"| m]’s,
in our decoder. R
M = argmax¢(Z"|m) (4.22)

where ¢(Z"|m) is non-negative function to be specified later.

A decoder of the form given in (4.22)) decodes erroneously only when ¢(Z"|M) is less
than or equal to ¢(Z"|m) for some m # M. Hence the indicator function of the error event
is upper bounded as,

Sy oim) )

Ly < (=22 Vp > 0. (4.23)

Unlike equation (4.3) we have not included A in the bound, simply because we include A
within the definition of ¢(:|-). We define & and use it to bound the error probability as we

did in the last section. )
mam P(ZEm
(LR [(Z a )> ’ zt} . (4.24)

As it was the case in the last section, & is only a function of Z¢ and the encoding scheme up
to t; it does not depend on the transmitted message M. Furthermore as a result of equations
(4.23]) and (4.24]) the conditional error probability given Z" is bounded as

B[] 2] < (4.25)

In order keep track of the weighted likelihoods of the messages we use a stopping time
measurable with respect to receivers observation. Let 7 be a stopping time with respect
to the stochastic sequence Z1,7Z5,Z3, ..., i.e. with respect to the receivers observation. For
each t let ¢; be a high probability subset set of Z! to be determined laterﬂ Let (" be the
set of Z7’s such that all subsequences are in the corresponding high probability subset and
(™ be its complement, i.e.

(TE{T vt < 7,2 € ) (4.26a)
{2727 ¢ (7). (4.26b)

Then for all ¢, 1y¢ry3 1,y is measurable in 7', ie.

E[linlpon|Z'] = 1y lay- (4.27)

Note that ]I{F} + ]].{C‘r} =1 and ]l{T>n} + Z?:l ]l{T:t} = 1 thus we have

L) < Ly + 0oy Lrsny + Ly D D=L finem- (428)

Taking the expectation of both sides of (4.28) over M and using (4.25)) and (4.27) we get

E []l{I\A/I;éM}) Zn} < ]l{gj} + ]l{gf}]l{r>n} + ]l{CT} Zt:l ]l{T:t}gn- (4.29)

6Say with probability P[¢;] =1 —e ™.
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If we take the expectation over Z" we get,

Po < Po"+ Pop+ > Pey (4.30)
where
JRES ) []1 {F}} (4.31a)
PerZE[1iery1{rony] (4.31b)
Pet2E Lo Lropnbal - (4.31c)

In order to bound the error probability further we need to specify the decoder, high prob-
ability sets (;, the stopping time 7 and the encoding scheme.

4.2.2 Weighted Likelihood Decoder

We use the following weighted likelihood function in the decoder,

(4.32)

t Aa .
¢(Zt|m)é{ P[Z‘m] ift<r }

P[Zi | m, 27| P m it > 7

where 7 is the first time instance at which a message reaches a tilted posterior probability
higher than e.

o Aa
72 min < ¢ : max % > € (4.33)
meM 3. P[Zt|m]™"

For some Z" € Z" the largest tilted posterior probability among the messages can be smaller
than € in first n times; in such cases 7 > n.

Note that 7 given in equation is a stopping time with respect to the stochastic
sequence Zj,Zs, ... as we have assumed in Section [£.2.1] In fact 7 is also a stopping time
with respect to the stochastic sequence Y1, (U1, Y2), (U2,Y3),.... In order to see this first

note that for any ¢ receiver chooses U; after observing (Zt_l, Y:), without knowing the actual
message M. Thus given (Z871,Y;), U; is independent of M:

P[Ue| Z71 Y = PUg| 271, Y, M]
Then the likelihoods of the messages depend on U; as follows
P[Z'|m]| =P[Z'7', Y| m] - P[U| 2, Y,]. (4.34)

Hence the receiver can determine whether 7 > ¢ or not without the knowledge of Uy, i.e. 7
is also a stopping time with respect to the stochastic sequence Y1, (U1, Ys), (U2, Ys),....

4.2.3 Encoding Scheme

The encoding scheme is composed of two phases and the transition between them happens
at 7. In the first phase, [1, 7], each message is assigned to input letters independently of the
others according to some probability distribution P,(-) on X. Since all the messages have
small tilted posteriors we will be able to bound the expected change in &; pretty accurately.
In the second phase, [T + 1,n], we use an encoding scheme like the one in Section that

77



ensures at each time & decreases in expectation by some fixed multiplicative factor.

Encoding in [1,7]: Random Coding

At each time t, encoding function @; assigns each message to an input letter. For all
(Zt_Z,Yt_l) such that ¢ < 7 we use Us_1 to choose these assignments randomly using a
probability distribution P,(-) on X. For all (Z:=2,Y,_1) such that t < 7 assignments of the
messages are independent of one another and (Z72,Y;_):

E [Hm ]l{@t(m,ztfl):zm} Zt_2’ Yt*l} = Hm E []l{aﬁt(m,ztfl)zxm}‘ Zt_2’ Yt*l]
~T1 Pulew). (4.35)

For such an encoding scheme following approximate equality will hold with high probability
whenever 7 >t

t—1 t—1
Zm:d%('m,zt_l):z (b(z |m Z ¢ Z |m

The reason is that if ¢ < 7 then tilted posterior probability of each message is small, i.e.
less than €, and there are many of them, i.e. |[M|. Thus if we assign each one of them to the
input letter  with probability P,(z) independently, the total tilted posterior probability of
the messages that are assigned to input letter z is very close to P,(x) most of the time for
all z in X. Following lemma states this fact more precisely,

Lemma 13 Let (; be

G= {zt: (t>7) or (t< 7 and Em@g:’ﬁ;ﬁ(zt'm) — Po(2)| < €1Palz), Vi € X)} (4.36)
then
P[Z' e G771, Y] =1 t>7 (4.37a)
P[Z' e ¢|Z7 Y] <1- 2\X|eéminzzpa<m>>o Pa(z) t<r (4.37b)
Proof:

Note that (4.37a]) follows from the definition of (;—; trivially, so we focus on (4.37b|). Let
A, G (z) and o(any,(x)) be

()21 g, (1 71)=0) (2 |) (4.38a)
A (2)2E[an(z)| 271, Y] (4.38b)
(@ (2))22E [(am(z) — @m(@))?| 2871, Y] (4.38¢)
Then
() = (Z'|m)Pa(z) (4.39a)
(am(@))? = ¢(Z'|m)*Pa(z)(1 — Pa(x))
< o(Z'm)e Yy $(Z'1i)Pa(x)(1 ~ Pa()) (4.39b)

where the inequality follows from the fact that max,, ¢(Z'|m) < €Y, ¢(Z'|m) when 7 > t.
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As result of |10, Theorem 5.3] we have,

2

- B
P> an(2) 2 8271, Y:| < 2¢ et (4.40)

If we choose 3 = €1P4(z) Y, ¢(Z'|m) and apply union bound over z € X', Lemma
follows from equations (4.38]), (4.39) and (4.40)).

QED

The closeness of tilted posterior distribution of input letters to P,(-) can be used to

bound &, from above. Note that for ¢; given in equation (4.36)), VZ' € ¢; and VY41 € Y we
have

P[Y; 1|m,2t] " 6(Z¢m
Zon [gﬂ‘ nE LI ST W (Y1) Pa(a)| < Y W(Yilr) Pa(z)  (441)

Thus for all Z! € ¢" we have

O ICA LD WD DR 3 \ 210 A M AR L)
¢(Zt|m) P[Yt|m72t71]>\a¢(zt71‘m)
Sy W(Yi|2) aPa(z) 3, G281 1)
< z i
= (]- + 61) P[Ytlm’ztfl]ka ¢(zt—l‘m)

¢ Aa
< nR 1 t Zz W(Yg|tl‘) Pa(x)
<" (1+e) =1 P[Yg|m,ZZ’1])\a

e"B(14¢e;)t
_ F(t(m)l) (4.42)
where I';(m) is defined as
AT PlY|m 2]
r(m=]l,_, sowesrer.m (4.43)

Similarly one can also prove that for all Z € ¢" we have

P dZm) o eFl-a)’
oZm) 2 rt(m)l)' (4.44)

Note that for any Z! and m,
toe tom
S e <Y oz
Thus as a result of equation (4.42)

& <E[(Zgi) | 7]

= (1+e) e PE T (M) 7| 2] vzt e ¢t (4.45)

Encoding in [r + 1,n]

In the interval [T + 1,n] we use the deterministic encoding schemes used in Section to
ensure a fixed multiplicative decrease in each step as before. For & defined in equation
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({4.24), ¢(Z'|m) defined in equation (4.32) and Z such that t > 7 we have,

DY o(zt|m) ~ A\
Beon(z!] | Smvep PRIV Y0 (0,29 00 (£ SEEW (V|14 (Y ) )

= T\ P
ft Em P[Zt ‘ m] (Zm#m ig;t Itz; )

(4.46)

Repeating the analysis we have done in Section 1) for ¢(Z'|m) instead of P [Yt‘ m} A we
can conclude that there exists an encoding scheme for which,

E[¢11]Z!] = e CPrrhlg, VZiit > (4.47)
where G(Py, p, Ap) is given in equation (4.19)).

4.2.4 Error Analysis Part 11

In this subsection we continue the error analysis we have started in Subsection for the
decoder and encoder specified in Subsection and Subsection [4.2.3] respectively.

Bounding P.*
For (7 defined in equation (4.26)) as a result of the union bound we have

n
E[ﬂ{?f}] = thlE[]l{@ﬂ : (4.48)
Using Lemma and the definition of Pe* given in equation (4.31a)) we get

62 .
Pe* < 2|X|ne 2 Minepa () >0 Pal®) (4.49)
Bounding P,
If 7 > n then max,;; ¢(Z"|m) < e) . ¢(Z"|m). Thus using equation (4.42)) we get,

]1{T>n}]1{Z"EC”} S ]1{ T't(m) < }

max €
m e“R(1+el)n -

sn{ o } (4.50)

—_—n <
e”R(1+51)" =€

Thus using definition of Pe) given in equation (4.31b)) we get

Pi<E

1
< (€™ (1+ )BTy (M) ]

< (ee(1 + )™ (3 Pul@)ie(Puspo. AQ))" (4.51)

where p, (P, p, \) is given in equation (4.12]).

Indeed there is a slight abuse of notation in the above array of inequalities. The expec-
tations that leads to inequality are not the expectations resulting from the encoding
scheme described in Subsection [4.2.3] in which after 7 encoder stops using random coding
and switches to a deterministic encoding scheme. In the expressions leading to inequality

80



4.51)) it is assumed that random coding continues after 7. Since the equations (4.31b)),
4.45)) and (4.50)) hold for expectations calculated in either way; expectations calculated in
either way gives us an upper bound on Pe.

Bounding P,
As a result of definition of 7 given in equation (4.33)), if 7 = ¢ then

max,, ¢(Z|m) > ¢ Zm o(Ztm).
Thus using equation (4.44) we get

]l{T:t}]l{ZteCt} < 1{ ) } (4.52)

maXm —p -~ =€
m enR<1,€1)t el

Equation (4.52) is an implicit lower bound on 7. To see this first note that if Z* € ¢* and
t < 7 then

t
W (y|z)re
Ti(m) < <r§‘f"yX ZEW((;TJ%)LP&@)) : (4.53)
If in addition ¢t = 7 then t > ty where,
o2 —Hloa e (4.54)

ey S W(yl#)AaPa(3)

Hence considering Pe;’s definition give in (4.31c) we can conclude that Pe; = 0 for ¢ < tg.
In order to bound Pe; for t > ty first we use equation (4.47)).

Per < E[ﬂ{rzt}]l{ztegt}fn}
<E [H{T:t}ﬂ{ztegt}ft] e~ (=GP Ae)

Then using equations (4.45) and (4.52) we get

Po, <E

(1+ 61)ptenpR—(n—t)G(Pb,p,Ab)

]1{ rym) 5 }Ft(M)p

maXm —p - =€
m e"R(l—sl)t =

The message that gains the tilted posterior probability of € can be the actual message or
some other message. We analyze two cases separately:

Pet < Peta + PezEb (455)

PetaéE (1+ 61)PtenpRe—("—t)G(Pbm,)\b)

—p
]l{ Ty(m) .. Ty(M) >€}Ft(M)

max,
AXm AR (1—e)t O enR(1_e)t =

Po2E (1+ 61)ptenpRe—(n—t)G(Pb,p,/\b)

]1{ Ty(m) S . Ty(M)

max. €]
m e"R(lfel)t - 7enR(1751)t

}I‘t(M)_p

<€

Note that equation (4.55) and the definitions of Pe;, and Pey, have the slight abuse of
notation, like the one in equation (4.51)): encoding scheme is assumed to continue to employ
the random coding after 7 while calculating these expectations.
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Let us start with bounding Pes,. Note that if -

Ft(M)

gy = € then the first condition of

the indicator function is always satisfied. Thus for all Pa 2 0 we have

_(n_t)G(vapv)‘b)

P, =E|1 o I‘t(M)_p (1 +61)ptenpRe
< E[(%)paf‘t(l\ﬂ)_p} (14 e1)PtenPRe= (=GP A0)
t
_ epﬁ?{g;;a n(p—pa)R <Z Pa( Pa,p — pa,)\a)) e~ (n=t)G(Py,p,\) (4.56)
For bounding Pey, first note that,
E|1 . Ty(M)~™”
{maxmyfﬁM enlg(tl( 5)1>t7 ;Ean_‘<t1(Me)1>t< }
—E|1 . I Fu(M)™
—E|E|1 o 0 Le(M)™P 1Y (4.57)
{maX,m#M 6n1§<tl<75)1>t ZE} {enRF(tl(le)t E}
Note that given Y!, T'y(m) for different m’s are independent of each other. Hence,
E|1 S| Ly(M)~*|Y*
{maxm?sM e"lg(a(fgl)t ZE} {en,;f(tl('v'e)l)t <e }
~E|1 Y E|1 Li(M)~*| Y
i {maxm;,gM %26} {e"{(tl(iﬂe)l)t <e}
=E|>_ .1 Y| E|1 Te(M)~7]Y!
m)
[ {%ZE} {J};ﬁgm 6}
r Ly (m) t e (1-e1)’eyp, Pyt
<E _Zm¢m(m>pb V] Bl |y ] )

Thus using equations (4.57)) and ( - we get,

€Pe—Pb (14-¢1)Pt

(

Petp < (1—€)(Pe=rb)t
Eﬂc—ﬁb(1+€1)/3t
— (1_61)(r>cﬂ>1,)7s

where

77;1;(Pa7 P, >‘a7 Pb)

en(ptre—pp) R [Z i Ft(m)PbI‘t(M)—(P+PC):| e~ (n=t)G(Py,p,Ap)

e n(p+pc—pp+1)R (Z p

_(n_t)G(Pbup)\b)

(4.59)

t
Pa, p+ pe; Aas pb)) e

)/\aﬂb
T

[>°; Pa (@)W (y|2)*e]”
W (ylz)rar

(y
(y

L Pu(@®)W (ui
- w - 4.60
, ko) s Pa@W(yl (4.60)

Parametric Error Bounds

We use equations (4.30)),

(4.49), (4.51)), (4.55), (4.56)), and (4.59) to bound the error prob-

ability in terms of €, €1, p

s Aas b, Pas Py, po, pa, pp and p. as follows:
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Theorem 10 For any block length n, rate R > O there exists fixed-length block code with
feedback with | M| = |e"?| messages whose error probability is upper bounded as,

Pe <P, *+Pen+Z (Peta + Pe)
to — n(R+In(1—e€1))+Ine
A W (y|2)%a
Y T W(ylz)NaPa ()

2
Po* < 2|X|ne” 3¢ Mingp, (2)>0 Pa(2)
< €PO(1 4 ;)"0 en(Politin 3, Pa(@)iz(Paspo,ra))

< (1+€1)7t en((P_Pa)R"‘% In}>, Pa(x)ﬂm(Pavp—ﬁ'a)\a)_(l_%)G(Pb’P,Ab))
— ePa(l—El)Pat

o9
I
S}

ePc™Pb ((1+61))ptt en((P+pc*Pb+1)R+% Iny, Pa(x)nz(Pa:P‘H’m/\anob)*(I*E)G(szp,)\b))
(1761) Pc—Pp

where pz(P, p, ), 1:(Pa, ps Aas pp) and G(P, p, \) are given in equations ({.14), and
respectively.

Petb§

Note that if &5 = o(1/n) then Pe" decays super exponentially with block length n. Fur-
thermore if € = o(1) and € decays to zero subexponentially with n then terms in front of
the exponential functions in Pe,, Pes, and Pey, diverges to infinity subexponentially with
n. Thus for a (¢, ¢1) pair satisfying both conditions, like € = m and € = ﬁ, the
exponential decay rate of the error is determined by the worst exponent among Pe, Petq’s
and Pey’s.

In order to generalize results of [7] for binary symmetric channels to general DMCs we

assume that p, € [0, p| and set po = p—pa, Pp = 1+ pa, pc = 0 and A\, = ﬁlp. Consequently;

I ler — H(P,, p, pa) — (p — pa) R + 0(1)
lnieta — %H(Pa7p7pa) + (1 - %)G(Plnp? Ab) - (p - pa)R + 0(1)
h’lp% - %H(Paapvpa) + (1 - %)G(Pb7p7 )‘b> - (p - pa)R + 0(1)
h
. >, Pa@W (g7 )
H(Pa, p,pa) = =10y Palz)W(y|z) =g (4.61)
W (ylz) THe
Thus
5(R) 2 F(R) = Inax min max OKH(PmPa Pa) + (1 - a)G(vapa )\b) - (10 - Pa)R

Pa.p a€lao(pPa)1] paglOop] Pyt
= max min max |[aH(Pg, p,pa) — (p — pa) R + (1 — a) max G(Py, p, A
pox iy JaH(Poup.pn) = ()R + (1 @) GlP )
(4.62)

where H(Pg, p, pa),G(Py, p, \p) are given in equations (4.61)), (4.19) and ag(p, Pg) is given by

aO(p7 Pa)émin B T 71

w I+p
maxg,y In (yl=)

S5 Pa(@W(y|z) 1FP
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Figure 4-2: Improvement resulting from Theorem [10]is plotted together with the previous results

for a ternary symmetric channel with § = 10~* given in Figure

In binary symmetric channels the lower bound in (4.62) is equal to the one in [7, Theorem
1], which was derived specifically for binary symmetric channels.

One can further simplify the lower bound F'(R) by noting the concavity of H(Pg, p, pa)

in p,. As a result of Holder’s inequalityﬂ and the definition of H(Pg, p, p,) given in (4.61))
we have

BH(Pa, p, pa1) + (1 — B)H(Pa, p, paz) < H(Pa, p, Bpar + (1 = B)pas)-

Consequently H(Pq, p, pq) is convex in p, for a given (P,, p). Hence we can change order of
the minimization over o and maximization over p, in the definition of F(R).

F(R) = max max mi

n aH(Pg, p, pa) — (p — pa) R + (1 — o) max G(Py, p, A
Pa,p pa€[0,p] a€lan(p,Pa),1] |: ( P, P ) (,0 p ) ( )va)\b ( by P b):|

= max max [H(Pa,p, pa) — (p— pa) R+ (1 — ap(p, Pa)) min{H(Pg, p, pa), max G(Py, p, )\b)}}
Pa,p pa€[0,p] Py, Ap
(4.63)

In Figure we have plotted lower bound on £¢(R) given in equation for a ternary
symmetric channelﬂ with § = 1074, together with the previously derived lower bounds,
random coding exponent and sphere packing bound. Recall that sphere packing bound in
an upper bound to £ (R) for all symmetric channels.

@ 11—«
"For any two positive random variables u, v and for any o € [0,1], E[uv] < E ué] E[vﬁ] .
J

8Transition probabilities of a k-ary symetric channel is given in equation
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4.3 Conclusions

We have presented an alternative method, for analyzing the error probability of feedback
encoding schemes. We have recovered or improved all previously known results [44], [14],
[]. Our results suggest that if matching schemes are used at a rate below capacity then the
encoding should be damped down via some kind of tilting in order to be optimal in terms
of error performance. This not only explains why so called posterior matching schemes
[39] are suboptimal in terms of error performance, but also suggests a way to make them
optimal in terms of error performance.

Recall that posterior matching schemes are the counter part of Schalkwijk-Kailath
scheme in DMC’s. Schalkwijk Kailath scheme was designed for memoryless additive Gaus-
sian noise channels. It is already known that, [32], [44], [17] that Schalkwijk and Kailath
scheme is suboptimal in terms of its error performance in Gaussian channels. What stands
as curious question is whether or not a tilting mechanism can be used to improve the error
performance of Schalkwijk-Kailath scheme in additive Gaussian noise channels.
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Appendix A

The Error Exponent Tradeoff for
Two Messages:

Lemma 14 T'(T,1I) defined in equation is equal to

0 if T < D ( Up|| WD)
F(T,H){ D (U||W,II) if 3se[0,1]s.t. T =D (Us|| W) }
D (| W,[IT) if T > D (U] W[II)

Liw (y1#)>0} . _
Z@:W<W{>OW(§|$)W(1/‘$) if s=0

~ z) TSW(ylz .
where Us(ylz,z) = 5 Igf//éyl)x)l SIEI?/J(ly|)1:)S if se(0,1)

Lyw (yz)>0} - . _
25w (o) >0 W(HIZ) (y‘z) if s=1

Proof:
['(T,1T) = ming.p(u|jw.m<r D (U] W)
=miny supys D (U|| W,|II) + A(D (U|| W,|II) — T')
@ supysoming D (U] W, |II) + A(D (U|| W, |IT) = T')

= supysoming —AT + (1+3) Y Tl(z, 5)U(ylz, 7)1 W(ym[g;zmﬁ

Dsupyog AT = (L+N) Y N@.@)n Y Wyl) S Wyla) ™ (A1)

where (a) follows from convexity of D (U|| W, |[II)+A(D (U|| W4|II)=T) in U and linearity
(concavity) of it in A; (b) holds because minimizing U is U 1 . The function on the right

hand side of (A.1)) is maximized at a positive and ﬁnlte A 1ff there is a A such that
D ( U H Wa\H) = T. Thus by substituting A\ = T we get
1+A

0 if T < limy_,or D (Us| Wo|I)
lim, o+ D (Us|| Wo|II) if T =lim, g+ D ( Us|| W|II)
r(r1I) = D ( Us|| W,|II) if T =D(Us|]|Wg|) forsome s e (0,1) (A.2)

limg - D (Ul We[IT) if T =Tlimg ;- D (Usl| WolII)
lim, ;- D(Us|| W, II) if T >lim, ;- D(Us|| Wgl|II)

Lemma follows from the definition Us at s =0, s = 1 and equation (A.2)). QED
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Proof [Lemma |3|:

Proof is very much like the one for the converse part of [38, Theorem 5], except few
modifications that allow us to handle the fact that encoding schemes in consideration are
feedback encoding schemes. Like [38, Theorem 5] we construct a probability measure
Pr[-] on Y" as a function of T' and the encoding scheme. Then we bound the error
probability of each message from below using the probability of the decoding region of the
other message under Pr [-].

For any T' > Ty and II, let S be
0 if T < D(Up| Wg|l)
Srn={ s if Fs€[0,1s.t. D(Us|WoIl) =T 3. (A.3)
1 if T >D(U|W,I)

Recall that

Ty=max—In Y W(ylz) and D (Up| W)=~ M(z,&)ln W (y|z).
o W (y]7)>0 o, YW (3]7)>0
Thus
Ty > D (U]l Wl (A1)
As a result of definition of St 1 given in (A.3) and equation (A.4)
D (Uspy||Waolll) <T VT > T, (A.5)
Using Lemma definition of Sp 1 given in (A.3) and equation (A.4))
D (Usyy|| WrII) =T (T,10) < T (T) VT > Tp. (A.6)

For a feedback encoding schemes with two messages at time ¢, ®;(-) : {my, ma} x Y71,
given the the past channel outputs, y'~!, channel input for both of the messages are fixed.
Thus there is a corresponding II:

o) { 0 it (2,8) # (e(m1, 3 ™)), Bulma,y') } (A7)

Then for any T > Tp let Py [y:| y*~'] be
PT [yt| yt_l] = UST,n(yt|¢t(mla yt_l)a ¢t(m27 yt_l))' (A8)

As a result of equation (A.5)) and equation (A.6) we have,
t—1 Pplydlyt?

t—l]

t—1 Prly:ly

Now we make a standard measure change argument,

P[ynlM:ml]

Ply"[M = my] =" PriT Ppy"] (A.11)
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Note that

Ply"|M=m] n Prly:ly
In 45—+ = E Ins————+4
Prlyn] t=1  PlytM=mq,yt-1]

t—1 Prg,y' ]
_Zt 1 |: Ztl yt’y +Z PT yt|y ]IHW (A12)

t—l)

tfl]

where Z; 1(yt|y is given by

Py | t—1 P il t—1
Zt 1 Z/t‘y 1 Z Pr yt| y ] <ln p[@tﬂ?itn?jhyt]—l} —In p[ytrh/gy,ghyt]q) . (A‘l?’)

Thus using equation (A.9)), (A.11), (A.12)) and (A.13) we get

P[y"|M = my] > e "TeXi=1 Zealuely™) pyn) (A.14)

Following a similar line of reasoning and using equation (A.10)) instead of (A.9) we get

P M = mg] 3 ¢~ (DeEins 22l ™) pp [y (A15)
where Z; o(y:|y' 1) is given by
=1y _ | Pr[g,ly* ] Prly:ly' ]
Zt@(@/t‘y ) = Z@t Pr [yt| Y ] <1n W —1In PyaM=ma,g-1] | - (A.lﬁ)

Note that Vm € {m1, ma}, t€{1,2,...,n}, y* 1€Y1 and k€ {1,2,...,t — 1} we have

Zyt Pr [y:] yt_l] Zem(yely'™") =0 (A.17a)
(Ztm(yely'™1))? < 4(In Pryn)? (A.17b)
Zyt Pr [yel '] Zom (9ely"™") Ze—km (yely'™ ") = 0 (A.17¢)

Thus as a result of equation (A.17)), for all m = {mq, mo}
Do Prlv Zimlmly™) =0 (A.18a)
n 2
> el (X, Zin(ly'™)) < 4n(in Pgn)? (A.18D)

For m € {m1, ma} let Z,, be

n —
Zn={y": 1> Zemly™H < 4VAmpL- ]
Using equation (A.18) and Chebychev’s inequality we conclude that,
PT[Zm]23/4 m:ml,mgipT[ZmlﬂZmQ]Zl/Q.

Thus either the probability of intersection of Z,,, NZ,,, with the decoding region of the
first message is strictly larger than 1/4 or the probability of intersection of Z,,, NZ,,, with
the decoding region of the second message is equal to or larger than 1/4. Then Lemma
follows from equations ({A.14) and (A.15]). QED
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As it has been noted previously Tj does have an operational meaning: Tj is the maximum
error exponent the first message can have, when the error probability of the second message
is zero.

Lemma 15 For any feedback encoding scheme with the message set M = {my, ma} if

Pe|m, = 0 then Pgjp,, > e "o Purthermore there does exist an encoding scheme such that

Pejm, =0 and Py, = e "o,

Proof:
In order to prove the outer bound i.e. the first part of the lemma we use a construction
similar to the one used in the proof of Lemma

Pr [yl v = Uo(ye| D¢(ma, y' =), ®4(ma, y'1)).

Recall that

=y Lwem>o)
Uo(yilz, ) = W (315)>0 W(@|$)W(y|z)'
Thus
Pry y' '] < PPy M =my, y" ]
Pr [yel '] < Lpiyu=ms 1150
Then
P[y"|M = my] > e "0 Py [y"] (A.19)
P[y"[M = mp] > e Fmin P [y"] (A.20)
where P, is the minimum non-zero element of W. Since Pg,,, = 0 equation ({A.20)
implies that Pr [l\?l = mg} = 1. Using this fact and equation (|A.19) one gets
Pejmy > € "0, (A.21)

In order to prove the inner bound i.e. the second part of the lemma, let us consider the
following encoder decoder pair

e The encoder sends z7 for the first message and z3 for the second message where
(z7,x%) is the maximizing input letter pair satisfying 7o = —In > W(yl|z7).

y:W(y|z3)>0

e The decoder decodes to the second message unless 3t € {1,2,...,n} and Y; = y*
where y* satisfies W (y*|z3) = 0.

Then the conditional error probabilities Py, and Pgj,, are given by
—nT;
Pe|m1 =e MO, Pe|m2 =0

QED
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Appendix B
Certain Results on E¢(R, Fx, a, P, 1)

B.1 Convexity of F.(R, Fx,a, P,1I) in a:

Lemma 16 For any input distribution P, ((P,Q, R) defined in equation 18 conver
in (@, R) pair.

Proof:
Note that

Ra, P, Qu)+(1—v)C(Rp, P, Qp) = i D (V,|| W|P)+(1—~)D (V3| W|P
7¢( Qa)+(1=7)C(Ry, P, Qyp) VV,I(P,VG)?JI%S n<n, ) (Vall WIP)+(1—~)D (V3| W|P)
@ PVa)y=Qa (PVh)y=Qp

Using the convexity of D (V|| W|P) in V and Jensen’s inequality we get,

R., P, Q, 1— Ry, P, > i D(V,|W|P
¢ ( Qa) + (1 = 7)C(Rsy, P, Q) g V,|(P,va)1§éf P (V| W1|P)
DI PV y=Qa (PVi)y=Qp

where V,, = vV, + (1 — )V}
If the set that a minimization is done over is enlarged, then the resulting minimum does
not increase. Using this fact together with the convexity of I (P, V) in V and Jensen’s
inequality we get,
V¢(Ra, P, Qa) + (1 = 7)¢( Ry, P, Qp) > im D (VA [IWP)
W'(P V’Y)Y:Q’Y

= C(R’vav Q’Y)

where R, = YR, + (1 —¥) Ry, Qy = vQq + (1 — 7)Qs.
QED

Lemma 17 For all (R, Ex, P,II) quadruples such that E,(R,P) > Ex, Ee(R, Fx,a, P,1I)
is a convex function of a on the interval [o* (R, Fx, P), 1] where o*(R, Ex, P) is the unique
Solutio of the equation aEr(g, P) = Fx.

Proof:

For a given input distribution P, the function E,.(R, P) is non-negative, convex and
decreasing in R on the interval R € [0,1 (P, W)]. Thus for an (R, P) pair such that

R € (0,1 (P, W)], function aE,( g, P) is strictly increasing and continuous in « on the

'The equation aE, (£, P) = 0 has multiple solutions; we choose the minimum of those to be the a* i.e.,

a*(R,0, P) = 155y
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interval o € [ﬁ, 1]. Furthermore ozEr(g,P)’ _ g =0and aEr(g,P)‘azl > By

O=TEwW)
Thus for an (R, P) pair such that R € [0, (P, W)] the equation aET(g, P) = Ex has a
unique solution for a.
Note that for any v € [0, 1]

’YEe(RuExa Qg P) H) + (1 - ’}/)Ee(R, EX7 Qap, P H)

— min [aa<(R2a P,Q.) +Ris— R+ (1 —a,)T (%’H)}

Qa,R1a,R20,Ta,Qp,R1p, Rop,Tp: — BRap — _ Ty

Rig>Rou>R To20 +H1=7) [ch(( a2 @o) + Bap = Bt (1= )T (=, 1T
R1bZR2bZR T,20

aa(( 1 PQa)+R2a R+Ta<Ex

apC(+ 1b ,P,Qp)+Rop— R+Tp<Ex

min a (B2 P O)+ R, — R+ F(L,H)
Q- Riv o T ’YC( Q) 1y (1—ay) .
Rl'yZR?'yZR Ty>0

R
O‘VC(%:RQV)JFR%*RJFTWSEX

— Eo(R, By, oy, P,1I).

where a, T, Q~, R1, and Ry, are given by,
o = Yaq + (1= 7)ay Ty=ATat+ (=T Q= 22Q, + 1%,
Riy =79Ria+ (1 —7)Rwp  Roy=7Roa+ (1 —7)Ra

The inequality follows from convexity arguments analogous to the ones used in the proof

of Lemma [16] QED

B.2 maxy Ee(R, Ex, a, P/11) > maxy Ee(R, Ex, 1, P,I), VP € P (R, Ex, a)

P(z1)P(z2)1
Let us first consider a control phase type Ilp(z1,z2) = (Illzz(xzj({;)l)?”} and establish,

Ee(R,Ex,c, PIlp) > Eo(R, Ex, 1, P,1Ip) VP € P (R, Ex, ) (B.1)
First consider

D(UIWalllp) = =5tz 2. P<$1>P<f2)zyU(ylxlaxz)log%

1,22:T1FT2

= oxrar 2. PE)P@2)Y] Ulyler o) [log GEEES +log v ]

T1,22:T1FT2

st [ (P V) +D (V| w1 P)] (B.2)

Y

where the last step follows from the log sum inequality and transition probability matrices
Vu and Vi are given by

Vu(ylz1) = W(ylz1) P(z1) + me#xl Ul(y|z1, z2) P(x2)

Vo (ylza) = W (ylza) P(x2) + le:m#z U(ylz1, v2) P(z1).
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Using a similar line of reasoning we get,
D (U)W, lTTp) 2 —5—tpryye [P (V| WIP) +1(P )] (B.3)

Furthermore VP € P (R, Ex, «) using the inequalities (B.2]) and (B.3]) together the definition
of Ee given in (2.13]) and (2.18)) we get,

Ee(R, Ex, (R, Ex), P,IIp) > Eo(R, Ex, 1, P,1Ip) + 6p

for some 0p > 0. Consequently VP € P (R, Ex, ), equation (B.1]) holds.
Note that VII and VP € P (R, Ex, «)

Ee(R,Ex,1,P,1lp) = Ee¢(R, Ex, 1, P,1I).
Thus,

max E¢(R, Ex,, P,1I) > max Ee(R, Ex, 1, P,1I) VP € P (R, Ex, ). (B.4)
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