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Chapter 1

Introduction

Let n and b be fixed integers with n > 3 and 1 < b < n — 1, and let k be an
algebraically closed field of characteristic p > 0. Fix a positive integer [. Inside the
projective space of all hypersurfaces in P" of degree [, consider the ones which are

singular along some b-dimensional closed subscheme,
X = {[F] € P(k][ivo, ...,l‘n][) ] dimV(F)sing 2 b}

(this is a closed subset).

A simple argument (Lemma 5.1) will show that
X' = {[F] € X | L C V(F)sing for some linear b-dimensional L C P"}

is an irreducible closed subset of X of dimension (l’;”) — a;p(l), where

ans(l) = <“;b> +(n—b)<l_2+b> 1= (b+1)(n—1b)

_n—b—l—l

b
m P+

Theorem 1.1. There exists an integer ly = lo(n, b, p), such that for all I > lg, X! s

the unique irreducible component of X of mazimal dimension.

In fact, the proof of the theorem will give a simple procedure to compute a possible
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value of ly, given n, b, p (assuming a conjecture of Eisenbud and Harris when b > 2).
In addition, again for large [, we find the second largest component of X, at least
when chark # 0: it comes from the hypersurfaces singular along an integral closed

subscheme of degree 2 (Corollary 7.16).

We now sketch the main idea of the proof. Let Hilb? denote the disjoint union
of the finitely many Hilbert schemes Hilbf;fi, where P, ranges over the Hilbert poly-
nomials of integral b-dimensional closed subschemes C' C P" of degree d, and define
the restricted Hilbert scheme ﬁind as the closure in Hilb? of the set of points cor-
responding to integral subschemes. Let V = k[zo,...,x,);. Consider the incidence

correspondence
0 = {(C,[F]) € Hib' x B(V) | C C V(F)ang}.

The first step’ is to show that for 2 < d < ’—“;—1 (“small” degree), any irreducible
component of Q¢ has dimension less than dim X'. For this, we apply the theorem
on dimension of fibers to the map = Q4 — I—ﬁﬁ)d. A result of Eisenbud and Harris
gives dim ﬁi\ﬁad when b = 1; for b > 1, they state a conjecture for the corresponding
result. (We assume this conjecture but also note that our proof can be modified to
give an alternative unconditional — but ineffective — proof of Theorem 1.1.) So it
remains to give an upper bound for the dimension of the fiber of 7 over an integral C

of degree d. For this, we specialize C' to a union of d b-dimensional linear subspaces

that contain a common (b — 1)-dimensional linear subspace.

The second step is to handle the case d > ’—*21 (“large” degree). For this, the
first main observation is that it suffices to assume that k = F, in the statement of
the main theorem. The reason is that the variety X is the basechange by Speck —
SpecZ of a projective variety X" — Spec Z, and in order to give an upper bound
for dim X"V x Q, by upper-semicontinuity, it suffices to give an upper bound for

dim X" x F, for a single prime p (we will take p = 2).

}We are going to be slightly imprecise here; see Section 5.3 for the exact statement.

10



Solet k= F; and d > l—i?—l We have to give an upper bound for the dimension of

T = {[F] € P(k[zo, ..., zn)t) | V(F)sing contains

a subscheme with Hilbert polynomial among {P,}}.

Any variety T over F, comes from a variety Ty defined over some finite field Fyy; in
order to give an upper bound dim T < A, it suffices to prove that #7y(F,) = O(g™)
as ¢ — 00, by the result of Lang-Weil [8]. So we reduce the problem to giving an
upper bound on the number of hypersurfaces I’ € Fylzo. ..., 2]y such that V(F)gng

contains an integral closed subscheme of large degree d.

For this, we mimic the main argument in [10]. We sketch it here in the case b =1

and [ =1 (mod p) to simplify notation. Write F in the form
F=F+) Gl
i=0
where Fy has degree [, each G; has degree 7 = l—%} and note that

OF _ OF,

o = 2 P
Ox;  Oxy + G

Fix Fy. We exhibit a large supply of (G, ..., G,,) such that the F' constructed in this

way has the property that V(F)sne contains no integral curves of degree d. To do

this, we first give a large supply of (Gy, ..., Gn—2) such that V(g-fg, ey &?iz) has all
components of dimension 1. The number of such components is bounded by Bézout’s

theorem. It remains to give a large supply of G,_1 such that no irreducible component

Cof V(Taa‘z%v . 6f£2) of degree d is contained in V(%—% +G"_,). We accomplish this by

specializing C' to a union of d lines again, and giving an upper bound on the number of
Gro1 with C C V(%%—Gﬂﬁ. With some technical details concerning the uniqueness

of the largest-dimensional component in characteristic 0. this completes the proof of

Theorem 1.1. The discussion of the second largest component is along the same lines.
We also give an alternative approach for the case of small degree d (when b = 1).
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Namely, in Chapter 8, we fix an integral curve C' — P with ideal sheaf 7, and
associate to it an ideal sheaf J C Opn (with J D Z?) such that for F' € k{zg, ..., 2],
we have C C V(F)sing if and only if F € T'(P", J(1)). Next, we compute the Hilbert
polynomial of J, and hence the dimension of W¢ = {F € klzo,...zn)i | C C
V(F)sing} (in terms of invariants of C') for I > 0. We use Mumford regularity to find
a polynomial P,(d) such that this formula for dim W¢ is valid for all integral curves

C of degree d and for all I > Py(d).
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Chapter 2

Notation

For a field k, the graded ring k[zo, ..., z,) will be denoted by S. For a graded S-
module M (in particular, for a homogeneous ideal), M; will denote the [-th graded
piece of M. When I C S is a homogeneous ideal, (I%); is denoted simply by I7. Also,
k[x, ..., zn]<; denotes the vector space of (inhomogeneous) polynomials whose total
degree is at most . When the field k and the integer | are fixed, V' will denote the
vector space V' = k[zo, ..., Zni.

For a finite-dimensional k-vector space V, P(V) denotes the projective space
parametrizing lines in V, so for a k-scheme S, Homge /x(S,P(V')) consists of a line
bundle £ on S, together with an injective bundle map (i.e., with locally free cokernel)
L — V ® Og. Given a homogeneous ideal I C klzo. ..., x,}, V(I) denotes the closed
subscheme Proj(k[zo. ..., ¥,]/1) — P}, and for i = 0,...,n, Dy (x;) is the complement
of V(z;). We often abbreviate V({G.}ic;) C P* as V(G;), when the index set [ is
irrelevant or understood.

For F € S), V(F)sing C P" is the closed subscheme V' (F, gf—i) = V(F. gxio, . gTFn)
of P, so when F # 0, the underlying topological space of V(F)sng is the singular
locus of V(F).

If C — P is a closed subscheme of dimension b and Hilbert polynomial Po(z) =
42t .. we say that C has degree d.

We will reuse [, for different bounds as we go along, in order to avoid unnecessary

notation; however, it will be clear that we are actually referring to different values of
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lo even though we use the same symbol. Also, it will be understood that sometimes
the value of [ is the maximum of a finite set of previously defined bounds, each of
them still denoted by lo.

When X is a scheme of finite type over an algebraically closed field, we often
identify X with its set of closed points, since most of our arguments will be just on
the level of closed points. So when we say “z € X,” we usually refer to a closed point
z € X (this will be clear from the context).

For integers b and n with 1 < b < n — 1, we denote by G(b,n) the Grassmanian
of b-dimensional projective linear subspaces of P".

For a scheme X, let QCoh(X) and Coh(X') denote the categories of quasi-coherent

and coherent sheaves on X, respectively.
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Chapter 3

The incidence correspondence

The goal of this chapter is twofold: first, to prove that the incidence correspondence
is a closed subset of the product Hilb” xP(k[zo. ..., z,];) (Corollary 3.2). and second.
to show that we can define a universal incidence correspondence Q27 over Spec Z and
to introduce the universal moduli spaces T¥ — SpecZ (defined at the end of the
section). The reason we want to work over Spec Z is that later we will use upper-

semicontinuity to compare dim 7T @I; with dim 7.
P

Recall that if Yy is a scheme and o & — & is a map of vector bundles on Yp,

the functor Van. Loc. &: Sch” — Sets given by
Van. Loc. a(S) = {t: S — Yy | t'a = 0}

is representable, by a closed subscheme of Yy. If U = Spec A is an affine open U C Yq
on which &;, &; are trivial, so the map a: A™ — A™ on U is given by an ry x r; matrix
(fi;) with entries in A, then (Van. Loc. ) NU — U is given by the closed embedding
Spec(A/(fij)) = Spec(A). If F € Z[xo, ..., x,); is a homogeneous polynomial of degree
L, it gives rise to a map 3: Opy — Opz(l): then the functor Van, Loc. 3 is represented

by the closed subscheme V (F) C Py,

Let [ > 1 be an integer, and let V = Z[xo, .... x,);. For F' € V., we can describe the
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map [ above as the composition
Opn —_ V ®Z O[Pn ad O[pn(l),

where the first map is given by F € V = T'(P},V ®z Opr) and the second one is the

canonical map.

Let V' = Z[xo, ..., n)i-1. Consider the linear maps D;: V — V', F — —gf; for i =
0,...,n, and fix a nonzero polynomial P € Q[z]. The functor Hilbf, xP(V): Sch” —
Sets is given as follows: an elerﬁent of HilbL, xP(V)(S) consists of a closed subscheme
X — P% such that the composition X — P% — S is flat and each fiber has Hilbert
polynomial equal to P, together with a line bundle £ on S and an injective bundle

map a: L — V @z Og.

A map a: L — V ®z Og induces maps o;: L — V ®z Og Disid, g ®z Og,

fori = 0,...n. Let v: V ®g (911»; — 0@;([) and 7v': V' Qg OIP”Z‘ — O]}wzl(l — 1) be
the canonical maps. Since the pullback to P% of the target of a coincides with the

pullback of the source of ~ (similarly for a; and ~'),

X—s ]P’g . P%

N

S

we can form the compositions

e L %% V @z Opn —2 Opy (1)

e L T V! @y Opy T Opy (I - 1),

which are maps of line bundles on P%. Thus, for any (X — P& L,a: L — V®z0s) €
Hilb” xP(V)(S), we have attached maps €,&;,7 = 0,...,n of line bundles on P%.

Consider the subfunctor F: Sch” — Sets of the (representabe) functor Hilb” xP(V),
given as follows: F(S) is the set of all (X — P%, L, L — V &z Os) € Hilb” xP(V)(S5)
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such that the pullback of € and each ¢; (for i = 0,...,n) to X vanishes.

X——Ps

|

S

Proposition 3.1. The functor F is representable by a closed subscheme 0F of

Hilb” xP(V).

Proof. Consider the scheme Y = Hilb” xP(V), and let (X — P}, L,a: L= V &
Oy) be the tautological element of Hilb? xP(V)(Y'). This gives rise to maps ¢, &; of
line bundles on P}.. Let £,€; be the pullbacks of ¢,&; to X.

For a scheme S, F(S) consists of all maps S — Y such that the maps of line
bundles £,¢; on X pull back to zero on X xy S. Since Y is noetherian and the
morphism X — Y is flat and projective, this functor is representable, by a closed

subscheme of Y (see Theorem 5.8 and Remark 5.9 in [5]). O

If k is an algebraically closed field and Qf denotes the basechange QF x Speck,

we know the set of closed points of Qf:
Homgep /& (Spec k. Q) = F(Speck).
From the definitions, this is just

{(C, [F]) € Hilbg, xP(k[zo, ... zalt) | C CV (F’ %)}

(inclusion above denotes scheme-theoretic inclusion).
Corollary 3.2. Let k be an algebraically closed field, [ > 1 an integer, and P € Q=]

a polynomial. The set

{(C, [F]) € Hilbg, xP(k[zo, ....za]) | C CV (F‘ S_D}

is a closed subset of (the set of closed points of) Hilbﬁ’%Z xP(k[zg, ..., za)1).
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Let T% denote the scheme-theoretic image of QF — P(V), so we have a diagram

QP Hilb” xP(V)

L

TP = P(V).

Since surjections and closed embeddings are stable under base-change, for any

algebraically closed field k, we have a corresponding diagram

Qf —— Hilbj, xP(V4)

| l

TPe———P(Vi)

(where Vi, = V ®z k = klzq, ..., zn]i) and by looking at closed points, it follows that

TF = {[F] € P(Vi) | V(F)sing contains a subscheme with Hilbert polynomial P}.

18



Chapter 4

Specialization arguments

The first main technique that we use in the proof of Theorem 1.1 is a specialization
argument, that allows us to bound dim{F € k{zo. ..., z,); | C C V(F)sing} from above
for a fixed C, by degenerating C' to a union of linear spaces. In Section 4.1, we
prove (for lack of reference) that we can specialize a b-dimensional integral closed
subscheme C of P" to a union of d b-dimensional linear spaces containing a common
(b—1)-dimensional linear space. Next, the bound we obtain in Section 4.2 will be the
main ingredient for the discussion of the cases of small degree 2 < d < ’—‘;—1 in Chapter
5. Finally, Section 4.3 is a preparation for the discussion of the case of large degree
d> li21-, which will be treated in Chapter 6. The main result of Section 4.3 is stated

in Corollaries 4.9 and 4.11 in a form that is most convenient for later purposes.

In this chapter, k is a fixed algebraically closed field.

4.1 Specialization of a closed subscheme to a union

of linear subspaces

The result of this section is known, but we were unable to find a reference, so we
include it here.
Let C C P" be an integral b-dimensional closed subscheme of degree d. Let

P =V(zg,...,Zns) be the (b — 1)-dimensional “linear subspace at infinity.” Suppose
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that the linear subspace H = V(Zn_pi1, ..., T) intersects C in d distinct points Q.
Let L; be the unique b-dimensional linear space through P and @;. The L; are distinct
because if L; = L; for some ¢ # j, the line through @; and @; would be contained in
H but would have to intersect P: this is impossible, since PN H = (. Consider the

projective linear transformations

(where the bottom block has size b x b) and let C, = A,C.

Proposition 4.1. The underlying topological space of the flat limit Cy = lim, .o Cy
18 Ule Lz
Proof. Let C = V({G,}) C P" (as a scheme). where G € k[zo. ..., z,] are homoge-

neous. Consider the map
o: P* x (A = {0}) = P*,  ([x0, ... Zn), @) = (0 - Loty ATt 1s -, AT0)
and define the closed subscheme X C P" x (A! — {0}) as the fiber product
X——P" x (A! — {0})

| |

C————P".

In other words,
X = V(Gs(l'o, oy Ln—bs a;a:'n._b+]7 ...,(l.??n)) C ]P)K1w{0}7

where we regard G(zo, ..., Tnob, ALn—pt1, .-, ATy) € kla,a'|[zo, ..., xn]. This is a flat

20



family X — Al — {0}, whose fiber over a # 0 is C, (as a subscheme of ™).
Let X be the scheme-theoretic closure of X in P*x Al. By the proof of Proposition
I11.9.8 in [7], the flat limit of the family (C,) is the scheme-theoretic fiber Xo.

Consider
Y = V(Gy(xg, s Tneb, ATp_ps1, .-r aT7)) C P* X Al

Then Y is a closed subscheme of P* x A! containing X (scheme-theoretically), so Y’

contains X. Thus, Xo C Y; is a closed subscheme.

=/

P x (A! — {0})———P" x A!

| |

Al - {0}——— Al

Y

We have
Yo = V(Gs(wo, ooy Trps 0, ,0)) c P

Thus, as a set, Yj is Ule L;.
We claim that Y} is reduced away from P. Equivalently, for i = 0,..,n — b, we

have to check that Yy N D, (z;) is reduced. To simplify notation, suppose that i = 0.
Then

k[l’l, ,In}
(Gs(1, 21, ..., Ty, 0, ...,0))

_ k‘[l’l, ,$n] ’ f
B Spec <(Gs(1v HAPRIES In)vrrr-b-!—lv ey xn)) [In—‘b+1’ “ul‘n].

So we have to show that the 0-dimensional ring

YQ N D+(l‘0) = Spec

k‘{l‘l, xn]
(Go(1, 21, e, Tn)s Tn—bi1e s Tn)
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is reduced. We have assumed that C intersects V (2, pi1, ..., Tn) transversely, so

kl[zg, ..., Tn)

(Ga(T0r s Tn)s T pr1s s )

Proj

is a reduced O-dimensional scheme; looking at its intersection with D (z¢), we obtain
the desired conclusion.

Now that Yj is reduced away from a subscheme of smaller dimension, it follows
that the Hilbert polynomial of Y; has the same degree and leading coefficient (namely,
b and d/b!, respectively) as the Hilbert polynomial of (¥),ea. The Hilbert polynomial
of the flat limit X, also has degree b and leading coefficient d/b!. Morcover, Y; is

equidimensional, so the inclusion X < Y; must be a homeomorphism. d

Remark 4.2. The proof above does not imply that Y{ is reduced everywhere. Let us

look at Yy in the chart D, (z,), so

k(zg, ..., Tp-1]
(GS(Z‘(), ooy Tn—by 0, ey 0))

S ec( klzg, ..., xn) > o -
= A
P (Gs(m(h-~~sxn)$$n—b+lv~--s$n) bl et

Let S = k[zg, ..., za)/(Gs(T0y o Tn)s Tnmbs1s o Tp). We know that Proj S is reduced

Yo N D, (z,) = Spec

as a scheme by the transversality assumption on C'N H; however, this does not in

general imply that S itself is reduced as a ring.

Let V = k[zo,...,zn);. For each closed subscheme C' C P", define the k-vector
space

We = {F eV |CCV(Fng)

Corollary 4.3. Let C' < P" be an integral closed subscheme of dimension b and
degree d. There exist d b-dimensional linear subspaces Ly, ..., Lq of P containing a

common (b — 1)-dimensional linear subspace, such that

dim Wc S dim W’ruLl,

where UL; is given the reduced induced structure.
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Proof. Let P be the Hilbert polynomial of C. Recall the incidence correspondence
from Corollary 3.2 and apply the upper semicontinuity theorem (see Section 14.3 in

[2]) to the map
{(C,[F]) € Hilb” xP(V) | C C V(F)ung} — Hilb”.

By Proposition 4.1, UL; (with some scheme structure) is the flat limit Cy of a family
(C,), with each C, (a # 0) being projectively equivalent to C = (4, and hence
7 HC,) =~ n7(C) for each a # 0. Therefore,

dimP(W¢) = dim 7~ }(C) < dim 7~ YCy) = dim P(W¢,) < dim P(W,y,). O

4.2 An upper bound on the dimension of the space
of F' such that C C V(F)gp,, for a fixed C of

small degree
Fix a positive integer [. Recall the notation V' = k[zg, ..., Zp )i

Lemma 4.4. Let L C P* be a b-dimensional linear subspace. Then for FF € V, we
have L C V(F)sing if and only if F € I}. Moreover,

codimy {F € V| L C V(F)sing} = (Zzb) +(n—b)<l—2+b).

Proof. Without loss of generality, L = V(I) with I = (Zp41,...,Zn). For F € V, we

claim that (F,85) C I if and only if F € I*. Suppose that (F,g5-) C I. Write

F = Fy+ Yy Fizg + T, where Fy, Fi € k[xo, ..., 15| are homogeneous of degrees

l,1 — 1 respectively, and T € I}?. Since g;{- € I for all i, we can assume without loss
oF

of generality that T = 0. Now, the condition z- € [ for i = b+ 1.....n implies
F, € INklzg,....,zy) = 0,80 F, = 0. Then F = Fy € I Nk[zg,...,z5) = 0,50 F =0
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overall, as desired. Clearly, (S/I%); ~ k[zo. ...z}t & (Bi_yi1 k[To, -, Tpli-12:) has

dimension as in the statement. O

Lemma 4.5. Let Ly, ..., Ly be d b-dimensional linear subspaces of P" containing a

common (b — 1)-dimensional linear subspace. Then for d < ”Tl, we have

‘ [+ L fl-2+1+b
COdlmv(WuLl)Z< b >+(n—b)z< eb )

e=1

that the b-dimensional linear subspaces Ly, ..., Ly all contain P = [0, %,...,%,0, ., 0]
b

and that none of them is contained in the hyperplane zo = 0, so the ideal of each
of them is of the form (Zp-1 — Pp11%0, s Tn — Pulo) for a uniquely determined tuple

(Po+1, -, Pn) € k"t Let

I = (zpy1 — pl()ill'(],l'b+2 — pl(flﬁo, vy Ty — pgf)mo) fort=1,...d -1,

and without loss of generality
Iy = (Tps1, o Tn)-

By Lemma 4.4, Woz, = (I2N---N13);, so we have to give a lower bound for dim(S/I0
N 1I%),. Fore € {d—1,d}, let p. = dim(S/I7 N--- N I2);. There is a short exact

sequence

n.-nIi, S S
En---nI3 )/, n---nI3i/, IBn--nlii/,
So we have to write down enough linearly independent elements in (12N --NI5_,/I{N

...m[j)l,

For each i = 1,...,d — 1, there exists m; € {b+ 1, ....n} such that pSﬁl # (. Let
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F =TI (m, — ph20)?. Consider all elements

BEn---ni3
Fl‘jP(.To,...,iEb) € <‘1—'—_"—$}‘) y
l

En--.nI;

where j € {b+1,..,n} and P(zq,...,x;) runs through a basis of k[xg, ..., Zp)i—24+1-
Their number is (n —b) (""*%7'*") and we claim that they are all linearly independent.
Indeed, it suffices to check that their images under the injection (I N---NI3_,/If N
<M I2); <= (S/13); become linearly independent. This is evident, however, since
(S/I3)) =~ K[z, ... To)i B k[Toy .o Tpli—12p41 €+ - E k20, ... 24,12 as k-vector spaces,

and the images of the elements under consideration are
- 2(d—1
(Pl ) (Bl )P Poao ),

Therefore

l—2d+1+b>
b ,

Mzu%run—m(

and the statement follows by induction. O

4.3 An upper bound on the dimension of the space
of F such that C C V(F), for a fixed C of small

degree

Lemma 4.6. Fiz positive integers [,m, with m < | + 1. For any integral closed

subscheme C' C P™ of dimension b and degree d > m, we have

codimp{G €V [CCV(G)} 2 (l - Z ! +b> — Al m).
e=1

Proof. As above, we specialize C' to a union of d b-dimensional linear spaces containing

P (notation as in the previous lemma). Throwing away some of these linear spaces
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if necessary, we may assume d = m. So we induct on m = 1,..,l + 1 to give a
lower bound for dim(S/f; N -+ N I,);. We follow the notation and proof of Lemma
4.5, except that this time, we consider F' = 75 (o, — p%{xo) and the linearly
independent elements FP € (NN I/l NN I,), where P runs through a

basis of k[zg, ..., Zp)i—m+1. Thus,

l—m+1+5b
Pm 2 ;-1 T b )
which proves the statement by induction. d
Remark 4.7. Note that
4

_ Lip
All+1)> (l e+1+b>21_+_1<2+),
- b 2 b

Il

so Ay(l,1 + 1) dominates a polynomial in [ of degree b + 1.

Corollary 4.8. Let k be an algebraically closed field, and ko C k a subfield. Again,
let m,1 be fized integers, with m < |+ 1. Let C C P} be a b-dimensional integral

closed subscheme (not necessarily defined over kq) of degree d > m. Then
codim(eg.....oa) {G € kolTo, . 2l | C C V(G)} = Ap(l.m).
Here, the condition C C V(G) (inclusion of closed subschemes of Fy;) makes sense

when we regard G € klzo, ..., za)1 first.

Proof. Tt suffices to prove that
dimg, {G € kolzo, ..., za)i | C € V(G)} < dimp{G € k[zo, ..., z)i | C C V(G)}
This is automatic, since any kg-linearly independent elements in kolxo, ..., zn); are

k-linearly independent in k[xo, ..., Zn). O

Corollary 4.9. Let kg = F, now. Let C C Py be an integral b-dimenstonal closed

subscheme of degree d > m (again, m <1+ 1 is fited). For G chosen randomly from
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F,[zo, ..., zn)i, we have

Prob(C C V(G)) < g~ 4tm),

Proof. This is just a restatement of Corollary 4.8, since
#{G € o, i | € C V(G)} = ¢GOSV, O

Lemma 4.10. Let k be an algebraically closed field, and S C P} an integral closed

subscheme of dimension at least b+ 1. Then

[+b+1
codimygy,. 2., {G € klzo, ...z} | S T V(G)} > ( _Z—F‘: )

Proof. We can assume that dim S = b+ 1. This is a particular case of Lemma 4.6;

just note that Ay,1([,1) = (l“;f’:;l) O
The same argument leading from Lemma 4.6 to Corollary 4.9 leads from Lemma
4.10 to the following

Corollary 4.11. Let kg = Fy now. Let S C IP;— be an integral closed subscheme of
P

dimension at least b+ 1. For G chosen randomly from Fy[zg, ..., n);, we have

l+b+1)

Prob(S € V(G)) < ¢~ (401
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Chapter 5

The case of small degree d

With the preparations from the previous chapter, it is now easy to handle the cases of
small degree 2 < d < l—’;—l The new ingredient here is a result of Eisenbud and Harris
(conjectural for b > 2), which gives the dimension of the restricted Hilbert scheme.
So we can treat the cases of small degree d by applying the theorem on the dimension
of fibers to the map Q¢ — Hilb” (Section 5.3). The main result of this chapter is
Corollary 5.6. Finally, in Section 5.4, we perform the analogous calculation for the
second largest component of X.

Again, k is a fixed algebraically closed field.

5.1 The component corresponding to d =1

The lemma below is simple, since any two linear b-dimensional subspaces of P* are
projectively equivalent. Recall the definitions of X' and ay, (1) from the introduction.

Let G(b, n) be the Grassmanian of projective linear b-dimensional subspaces of P™.

Lemma 5.1. Thé set X1 is an irreducible closed subset of X of dimension equal to

A= (%)~ an(l).

Proof. Consider

QO = {(L,[F]) € G(b,n) x P(V) | L C V(F)sing} C G(b,n) x P(V).
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By Corollary 3.2, this is a closed subset of the product, since Q' = QF with P(z) =
(1)

Let 7: Q' — G(b,n) and p: Q' — P(V) denote the two projections. The fiber of
7 over any linear b-dimensional L is P(Wy). So Q' is irreducible, and has dimension
dimP(W;) + dimG(b,n) = A (use Lemma 4.4).

Consider now p: Q' — X1, To prove that Q! and X' have the same dimension, it
suffices to show that some fiber of p is 0-dimensional. This is easy (we prove a more

general statement later; see Lemma 7.4). d

5.2 The result of Eisenbud and Harris

We first recall (see [1], p. 3) the following classical result.

Theorem 5.2 (Chow’s finiteness theorem). Fiz positive integers n,b,d. There are
only finitely many Hilbert polynomials Py of integral b-dimensional closed subschemes

of P of degree d. The algebraically closed field k varies as well in this statement.

Fix k. For an integer d > 1, let Hilbg’f be the disjoint union of the Hilbert schemes
Hilbgﬁ for all the finitely many possible Hilbert polynomials P, of an integral b-
dimensional closed subscheme C C P" of degree d. Define the restricted Hilbert
scheme m;ﬁ to be the Zariski closure in Hilbj! of the set of integral subschemes,
with reduced subscheme structure. Eisenbud and Harris [4] prove the following result

— bd
for the dimension of Hilbp, in the case b= 1.

—~1d
Theorem 5.3. Let b = 1. For d > 2, the largest irreducible component of Hilbpx
is the one corresponding to the family of plane curves of degree d; in particular,

—1d
dim Hilbp, = 3(n — 2) + 442,
In analogy, for b > 2, Eisenbud and Harris state the following conjecture:

—— bd
Conjecture 5.4. For d > 2, the largest irreducible component of Hilbpn is the one

corresponding to the family of degree-d hypersurfaces contained in linear b+ 1)-

d+l7+1)

——bd
dimensional subspaces of P*; in particular, dim Hilbg, = (b+2)(n—b—1)—1+(“;}]
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From now on, we will be assuming that this conjecture holds, so the results we
obtain will depend on it, except in the case b = 1. However, we also give an uncon-
ditional (but ineffective) proof of Theorem 1.1 (see Remark 7.3).

From now on, we fix b and n, and abbreviate Pm;j as }’ﬁﬁ)d.

Let Q¢ be the disjoint union of the finitely many Qf (notation as in Proposition
3.1). Also, define T¢ as the scheme-theoretic image of Q¢ — P(Z[xg, ....x,];). so we
have a diagram

Qd — Hilb" xP(Z[zo, ..., z,);)

l

T P(Z[zg, ooy 2a]1).

For any algebraically closed field k, we have

Ti = UTkPa = {[F] € P(Vi) | V(F)sing contains

a subscheme with Hilbert polynomial among {P,}}.

Any integral closed subscheme of degree 1 is linear, so X' = T}}. We will use X' and

T} interchangeably.

5.3 The case d < ! (small degree)

Fix an integer [ as usual, and fix an integer d > 1. As usual, let V' = klzg, ..., z,).
Recall that

~ ——d

Q4= {(C,[F]) € Hilb x P(V) | C' C V(F)sing}-

Define
R = {(C,[F)) € Hilb" x P(V) | C is integral, C C V(F)ung} C .

Let R? be the closure of RY inside Q2 (or inside Hilb” P(V)). Let 7: Hilb” P(V) —
Imd and p: Ifm/bd x P(V) — P(V) denote the first and second projections.

Lemma 5.5. There exists ly (easily computable) such that for all pairs (d,1) with
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2<d< Y andl > ly, we have
dim R? < dim X7

It follows that dim p(R?) < dim X*.

Proof. Let Z be an irreducible component of Re. Certainly, Z N R # 0, so 7(2)
contains an integral subscheme C C P". Degenerate C' to a union U‘f:l L; of d
b-dimensional linear spaces, as in Section 4.1. Let Ly be any linear b-dimensional
subspace of P*. By abuse of notation, let 7: Z — 7(Z) C }’Ii\l/bdA By the theorem on

the dimension of fibers, we have

dim Z < dim 7~ }(C) + dim7(Z)
< dimP(W¢) + dim7(Z)
< dimP(Wyy,) + dim Hilb%. (5.1)

Thaus, it suffices to check that
—d
dimP(W_,) + dim Hilb < dimP(Wg,) + (b +1)(n — b)
(recall Lemma 5.1), or, equivalently, that

——d
codimy W, + dim Hilb < codimy Wy, + (b + 1)(n — b).

By Lemmas 4.4 and 4.5, it suffices to prove the inequality

brb +(n—b) F=1w0Y | G D
b b
d

< (lzb>+(n—b)z<l—2€;—1+b>+(b+1)(n—b),

e=1
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or, equivalently,

d
dimfﬁﬁod—(bu)(n-b)<(n—b)z<l“26;1”’>, (5.2)

e=2
forall2<d<H“landl>lp. Letc=(b+2)(n—b—1)—1—(b+1)(n—1b). Assume

Conjecture 5.4; then 5.2 is equivalent to

+<d:jT1><(n—b)§:(l~2€:1+b> (5.3)

e=2

forallQSdgl*Tlandlzlo.

For [ > 2d — 1, the right hand side of (5.3) is at least

d

(n_b)z<2d—§e+b) (b

e=

Q.

-2 (2k+b

b ) (where k =d — e)

i
|
N O

(2k +b)(2k + b —1)..(2k + 1)

=(n=b) bl

g

={(n-—>5) (Q—Zf—b+)

=0

[V
O

x

Recall that ZZ:O k® is a polynomial in d of degree b+ 1 and leading coefficient F11‘ S0

the right hand side of (5.3) dominates a polynomial in d of degree b + 1 and leading

2 1 (n=b)2® g
B b+l (b1 . Since (

b+ 1, but smaller leading coefficient ?3%7 the inequality (5.3) holds for all [ > 2d—1

d+b+1

coefficient (n—b) b1

) is a polynomial in d of the same degree
and all d > dq for some dy (which is easy to calculate algorithmically, for fixed n,b).

On the other hand, for each fixed value d = 2, ..., dy, the right hand side of (5.3)
is a polynomial in [ of degree b and positive leading coefficient (L'—b%)gd—”ﬁ. while the
left hand side is a constant. So there is [y (easily computable for given b, n,dy) such
that for all d = 2,...,dy and [ > ly, the inequality (5.3) holds true. Therefore, for all

2<d< l—iz—l and [ > [y, the inequality from the statement of the lemma holds, as

well. O

Let Iy be as in Lemma 5.5.
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Corollary 5.6. Let2 < d < %—1 and 1 > ly. If Z C T¢ is an irreducible component,
then either Z = X!, or dim Z < dim X*.

Proof. We claim that if [F] € T¢ — (T¢N (US4 T ), then V(F)sing contains an
integral b-dimensional subscheme of degree d. Indeed, V(F)sing contains some inte-
gral b-dimensional closed subscheme of degree d € {1,...,d}: if [F] ¢ UL T, then
necessarily d=d.
Now, we can induct on d, so assume that Z ¢ UL T . Note that Z—(Z M (U5, TY)) ©

Z is a dense open subset of Z, which therefore has the same dimension as Z, but is
contained in T¢ — (T¢ N (US4 TE)) € p(RY) C p(R?). Thus dim Z < dim p(R?) <
dim X!, by Lemma 5.5 O

In Remark 7.3, we will give a (non-effective) proof of Theorem 1.1 that does not

rely on Conjecture 5.4; for this, we will need the following preparation.

Lemma 5.7. Fiz an integer B. There exists ly such that for all 2 < d < B and

1 > 1y, for any irreducible component Z of T2, either Z = X', or dim Z < dim X,

Proof. Just note that inequality (5.2) in the proof of the previous lemma is satisfied

when d € {2, ..., B} is fixed and [ > 0. O

5.4 Preparations for the computation of the sec-
ond largest component

Here we discuss a calculation similar to the one in the previous section, which will
later be used for the computation of the dimension of the second largest component

of X. Define

= (127 (3E) o0 () (3179

and set 72(0) = Bao(l) + 1 — (b+2)n + 282 We will later see that (") = 22(1) is the

dimension of the second largest component of X, at least when chark # 0. We are

still assuming Conjecture 5.4.

34



Lemma 5.8. There exists ly (easily computable) such that for all pairs (d,1) with
3<d< ’—;l and 1 >y (ifb=mn—1, assume d > 4), and any irreducible component

Z of T¢, either Z C T UTE, or

dim Z < (l —;n) — Yo (1).

(In the case b = n — 1,d = 3, we will prove a slightly weaker but sufficient

statement in Remark 7.15.)

Proof. Precisely as in Lemma 5.5, because of inequality (5.1), it suffices to establish

the inequality
o~ l
dim P(W_p,) + dim Hilb* < ( —;n) — (1), ie.,

2(l) = 1 +dim Hib' < codimy (Wor, ).

Set ¢ = —£b+—1)2£b+—4) — 1. By Lemma 4.5 and Conjecture 5.4, we are reduced to proving

d+b+1 [+b /l=2+1+b
c+ﬁ2(l)+( b1 )<< ) >+(n—b);< A )

or, equivalently, that

c+(n—b)<l-gﬁz3)+<l+i—3>+<d—;f_—;1> <(n~b)i(l—‘2621+b).

e=3
(5.4)

that

Suppose first that n — b > 1. If d = 3, this inequality is certainly satisfied for
1> 0 (look at the leading terms of both sides). Consider now d > 4. Since n —b > 1,

we can find I’ such that for all [ > [',

c+(n—b)<l:i*13> +<”Z“3> <(n—b)(l—i+b>.

What is left now is to prove that there exists [ such that for [ > " and 4 < d < z_+2_1’
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we have

(d:iil><(n_w§§<k—%zd+b)

e=4

This is analogous to (5.3) and follows éxactly as in the proof of Lemma 5.5. Now we
just take lp = max(l',{").

Suppose now that n —b =1 and d > 4. If d = 4, inequality (5.4) certainly holds

for large ! (the leading term of the right hand side is 2-—lb) Consider d > 5. We can

B!
find !’ such that for all [ > ',

n [+b~3 . [+b-3 < [=5+0b N [=T+0b
b—1 b b b '

Finally, we have to show that that there exists {” such that for 5 < d < li?l and | > 1",

we have J
d+b+1 l—2e+1+0
< .
()2 ()
Again, this is analogous to inequality (5.3). O
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Chapter 6

The case of large degree d, when

L=T,

Fix n and 1 < b < n-—1 as usual, and fix a prime p. Let k = E. Recall the definition
of Ay(l,m) from Section 4.3.

The goal of this chapter is to handle the case of large d when & = F;. Specifically,

we prove the following

Proposition 6.1. Fiz a triple of positive integers (I, m,a). Set T = I.I—Tl.l and m' =

min(m, 7 + 1). Suppose that

(r+b+1

b4l )>a—~1 and  Ay(r,m') >a— 1.

Let d > m. If Z is an irreducible component of TZ, then either Z C T,f’ for some

dim Z < <l +”’) _a

1<d <d, or

n

Let Z C T¢ be an irreducible component (notation and assumptions as above).

Suppose that Z ¢ (J4, T¢. Then Z — (Z N (U, T,f’)) C Z is a dense open subset,
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and therefore is of the same dimension as Z. It is contained in

d-1
Tt =T - (T,fm (U T,g”)) .
d'=1

So the goal is now to prove that dim 7% < (‘") — a.

6.1 Reduction to a problem over finite fields

We begin with a general discussion, which applies to any (quasiprojective) variety
over F,. Let T = NV(G,) - nvV(G)) C ]P’% be a quasiprojective variety over F,, where
Gi,G; € Folyo,...,ym). Let A be an integer, and suppose we want to prove that
dimT < A. There is a finite field Fy, such that G, G € Fy,lyo,....ym], so T comes
from Ty := NV(G;) — NV(G)) C IP’{Q/;O, which is now a variety over F,,. We know
that dim T = dim Ty, so suffices to prove that dim Ty < A. For this, by the result of
Lang-Weil [8], it suffices to prove that #7,(F,) = O(¢*) as ¢ — oo (through powers
of go of course).

Consider now T = T4 C P(E[l‘o, oy Zn]r), and let Tg (a variety over a finite field
F,) be as in the previous paragraph. In particular, T(‘)i(IFq) consists of all [F] €
(Fy[zo, ... za)i — {0})/F such that when we regard [F] in (Fp(zo. ..., z.)i — {0})/F, .
we have that [F] € T C P(F, [z, .., zn)1).

Remark 6.2. Even if F has coefficients in [F,. we always consider V(F) and V(F )i

as subschemes of Pz by first regarding £ in F,(zo, ..., zn).
P

By the argument in the proof of Corollay 5.6, the set T(‘)i(]Fq) is a subset of

T = {[F) € (Fylzo, ..., @a)i = {0})/F; | V(F)sing C Pf contains

an integral b-dimensional subscheme (over F,) of degree d}.

i+n

So our goal now is to prove that #7% = O(q( n )'“) as ¢ — oo (through powers

Of QQ)
As F is chosen randomly from Fy[zo,...,x,]i. let A be the event that V(F)sng
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contains an integral b-dimensional subscheme of degree d. Thus, our task is to prove

I+n

that Prob(A)q(l?) = O(q( n )“““), or equivalently, that Prob(A) = O(g™*"!) as

q — oo (through powers of ¢g).

6.2 Final preparations

Consider the natural homogenization map ~: Fylzg, ... £n1]< 5 Folzo, ..., zn)s with
respect to the variable x,,. We have to be slightly careful because this is not the usual
homogenization map (which takes a polynomial and homogenizes it to the smallest

possible degree); we think of ~ as “homogenization-to-degree-I” map. Recall that
it
T=|5 |.
Lemma 6.3. Let Z C Pg- be an integral closed subscheme not contained in the
P

hyperplane V (x,). Let Fy € Fylxo, ..., Tn-1]<i-1 be a fized polynomial. Then, as G is

chosen randomly from Fyzo, ..., Tn-1]<s, we have
Prob(Z C V((Fo + GF)™)) < Prob(Z C V(G™)).

Here, the first ~ is homogenization to degree | — 1, and the second one is homoge-

nization to degree T.

Proof. Let I C F[xg,...,z,-1] be the (radical) ideal of Z N D, (x,) C D(z,). We
claim that for an inhomogeneous polynomial H € Fy[zo, ..., Zp-1]<i—1, we have Z C
V(H™) if and only if H € I. For this, first notice that V(H™) is either V(H)™ or
V(H)" UV(x,) (where V(H)~ is the topological closure of V(H) C D,(z,) in IP’%;),
depending on whether or not the degree of H is equal to the degree of homogenization
of the map ~. Since Z is irreducible and not contained in V(x,,), we have Z C V(H™)
if and only if Z ¢ V(H)~. In turn, since ZN D (x,) # 0, this condition is equivalent
to ZN D, (z,) C V(H), which is precisely the condition H € [I.

Therefore, Z C V{((Fy + GP)™) if and only if Fy + G? € [. If Fy + GP € I and
Fy+ G} € I, then (G — G,)P € I, and hence G' :== G — G € I. So the number of G

with Fy + GP € [ is either zero, or is equal to the number of elements G’ € I with
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G’ € Fylzo, ..., 2n_1]<r. This is precisely the number of G' € Fy[zo, ..., p—1]<, such

that Z C V((G")™). O
Corollary 6.4. Keep the notation of Lemma 6.5.
a) IfdimZ > b+ 1, then

T+b+1)

Prob(Z C V((Fy+GP)™)) < ¢ ¥

b) Ifdim Z = b and deg Z = d > m, then
Prob(Z C V((Fy + G")™)) < g~ Aelrm),

where m’ = min(m, 7 + 1).

Proof. Combine Lemma 6.3 with Corollaries 4.9 and 4.11. t

6.3 The key step (large degree d)

Fix a triple (I, m, a) of positive integers. Recall that 7 = U‘le and m’ = min(m, 7+1).
Let d > m.

As F~ is chosen randomly from F,[xq, ..., z,];, or, equivalently, as F is chosen
randomly from [z, ..., z,—1]<i, let E, be the event that the following two conditions

are satisfied:

e For each i = 0,....,n — b — 1, the variety V(%i;, .22 has all irreducible

components of dimension n — i — 1, except possibly for components contained

in the hyperplane V(z,).

o IfC C V(%Lz;-, azi‘:_l) is a b-dimensional integral closed subscheme of degree
d, then either C C V(z,), or C ¢ V(a‘zjl ).

We now proceed to bound Prob(FE,) from below (this is the hard part).
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Lemma 6.5.

0= (1= 1)t
Prob(E (H ( i f:m)) (- ) o1

Proof. We now mimic the main argument in {10, Section 2.3]. We will generate a
random F by choosing Fy € Fylzo, ..., 2n-1]<1, Gi € Fylzo, ..., 2n-1]<, randomly, in

turn, and then setting
F .= F() + Gg.%'o + o+ thlxn-l' (62)

For F' € Fy[zo, ..., zn—1]<i—1, the number of tuples (Fy. Gy, ..., Gy-1) for which (6.2)
holds is independent of F'. We have

OF _0F

oz, " e, + GY.

Moreover, the homogenization map ~ commutes with differentiation, so

IF~ 0Fy e ~
8:81‘ 8$,
(again, the two uses of ~ here refer to homogenizations to different degrees, | and
[ — 1, respectively).
Let7 € {0,...,n—b—1}. Suppose that Fy, G, ..., G, are fixed such that V(aFN, ;%%)
has only (n — i)-dimensional components, except possibly for components contained
in the hyperplane V(z,). By Bézout’s theorem (see p. 10 in [5] for the version we
are using here), V[%%. gf ) has at most (I — 1) irreducible components. Let

Z be one of them, and suppose that Z € V(z,). As G; is chosen randomly from

Fylzo, ..., Tn-1]<r, we claim that

Prob (Z cv <8F~)> < g (o),

oz,
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This follows from Corollary 6.4a, since dimZ =n —14i > b+ 1.

OF™~ )

For the final step, conditioned on a choice of Fy, Gy, ..., G —p—1 such that V(%%, s P

has only b-dimensional components, except possibly for components contained in

V(z,), we claim that the probability, as G,—1 € Fyzo,...,Zn-1]<,, that some b-

dimensional component C of V(%g—, o 7222 of degree d and not contained in

P 0Ty by

V(z,), is contained in V(Z2E=), is at most (I - 1)nbg=Aelrm’),

Indeed, the number of b-dimensional components C of V/ (%%0:, ey &i—ﬁi—?) of degree
d is at most (I —1)""% by Bézout’s theorem again (this is a bound on the total number
of components of all dimensions). If we fix a b-dimensional component C' of degree d
and not contained in V(z,), for fixed Fy, Gg. ..., Gu_p-1, the probability (as G,-1 is
chosen randomly from Fy[zg, ..., 2n-1]<,) that C C V ((ﬁ% + Gf’lvl)w). is at most

g ™) by Corollary 6.4b. O

Proof of Proposition 6.1. By the hypothesis of Proposition 6.1, each of the exponents
on the right hand side of (6.1) is greater than a — 1. By virtue of the inequality
[1(1 =) > 1 = T e, Lemma 6.5 implies that Prob(E,) > 1 — =5 for large g.

Therefore,

l—Prob(En)=O< ) as g — 0.

qa-l

As F € Fylzog,....,Tn-1]<i, let E}, be the event that any integral b-dimensional
closed subscheme C' C V(F)sing of degree d is contained in V(x,). Then E, implies
E!. For each i = 0,....,.n — 1, define E,, E/ in analogy with E,, E, except with de-
homogenization with respect to the variable r; (and any ordering of the remaining
variables). The same conclusion 1 —Prob(E;) = O(q—{}_—l) holds for all i = 0, ....n. Note
that A (defined at the end of Section 6.1) implies | JI_, E.. where E! denotes the event
opposite to E!. Indeed, (V(z;) = 0, so we cannot have C' C V(F )4y contained in

all the coordinate hyperplanes. Therefore,

Prob(A) < ia — Prob(E})) < }nju — Prob(E,)) = O <qal_1) as ¢ — oo,

=0 1=0

as desired. O
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Chapter 7

Proof of the main theorem

We now put together the main results Corollary 5.6 and Proposition 6.1 and finish the
proof of Theorem 1.1. Namely, Theorem 1.1 follows immediately from our previous
work when k = F;, and we use upper-semicontinuity applied to T¢ — SpecZ to
prove the case chark = 0 (Section 7.1). However, there are technicalities (Corollary
7.7) concerning the uniqueness of the largest component in characteristic 0, which we
discuss in Section 7.2. Finally, in Section 7.3, we finish the discussion of the second

largest component, but only when char & # 0 (Corollary 7.16).

7.1 Restatement of the problem and the end of the
proof

Lemma 7.1. Let [F] € P(V') be such that dim V (F)gng > b. Then there is an integral
b-dimensional closed subscheme C — P" of degree at most I(I — 1)"" such that

C C V(F)sing-

Proof. Let Zi, ..., Zs be the irreducible components of V(F)gne = V(F, gf&‘ 5%}‘:—[).
Then by Bézout’s theorem ([5], p. 10),

Sdegz) < den(p) ] s (5) sta-vr

0<j<n
OF /Oz;#0
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But some component Z; has dimension at least b, so, intersecting with hyperplanes if
necessary, this component will contain an integral b-dimensional closed subscheme of

degree at most deg(Z;) < [(l — 1)"+1, =

Proof of Theorem 1.1 assuming Conjecture 5.4. By Lemma 7.1, X is a finite union:

l(l~l)"+1

x= |J 7 (7.1)
d=1

In particular, X is a closed subset of P(V). The statement of Theorem 1.1 is now
equivalent to the following one: for any d > 2. we have dim(T¢ — T}) < dim X!. But
TE—T} = (T*—-T");, and if kg C k is a subfield, then dim(7?—T"); = dim(T4—T")y,.
So it suffices to assume that k = F, or k = Q.

First, suppose that k = F,. Let 7(I) = [5*] and m(l) = [%*]. Notice that
m(l) > 7(1)+1, som’ = 7(l) +1 in Proposition 6.1. There exists Iy = ly(n, b, p) (easily
computable) such that for all | > lo, we have ("")70"") > a,,(1) and A,(7(1), 7())+1) >
anp(l), by Remark 4.7 and the fact that a, (/) is a polynomial in [ of degree b. We can
assume in addition that [y satisfies Corollary 5.6, We claim that for any [ > ly(n. b. p),
the statement of Theorem 1.1 holds.

In fact, we prove by induction on d > 2 that for any irreducible component Z of
T¢, either Z = X! or dimZ < dim X!, For 2 < d < ‘—;—1 this follows from Corollary
5.6. Let d > ”71 Assume that the statement holds for all 2 < d’ < d — 1. Then it
also holds for d, by Proposition 6.1, applied to the triple (I, m(l), an (1) + 1).

Now, let k = Q. Let p be any prime, and consider | > lo(n,b,p) as above. By
the previous paragraph, for any d > 2, dim7§, = dim TI% < dim X!, But, since

T? — SpecZ is projective, by the upper semicontinuity theorem, we know
dim7¢ = dim 72 < dim T¢ < dim X'*.
Q Q Fy

Therefore, as long as | > lo(n,b, p) for some p (take p = 2 to obtain the best value
of Iy here), we know that X' (over Q) is an irreducible component of X (over Q) of

maximal dimension.
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We now address the question of uniqueness of X! as a largest component. In
Section 7.2 we will show that it is possible to choose p such that X' ¢ TE‘_L for any
P

d > 2. For such p, and for d > 2, the conclusion from two paragraphs ago implies
dim T¢- < dim X"

So
ding < dian;i < dim X!
P

By (7.1), any irredcible component of X is either X! or is contained in T'dy for some

d > 2. This completes the proof. O

Remark 7.2. We postpone for the next section the fact that over F,, we have X' ¢ T%,
provided that p # 2 or n — b is even. So for [ > ly(n,b.2), we know that X' is an
irreducible component of X of largest dimension; for [ > ly(n,b,2) when n — b is
even, and for [ > ly(n, b,3) when n — b is odd, we also know that X! is the unique

largest-dimensional component of X.

Remark 7.3. We now give a (non-effective) proof of Theorem 1.1 without using Con-
jecture 5.4. It is the same as before, except that we use Lemma 5.7 in place of
Corollary 5.6, and use a different value of m in Proposition 6.1. Set B = p’(n—b+1)
in Lemma 5.7, and set m = p°(n — b+ 1) + 1 in Proposition 6.1. By the definition
in Lemma 4.6 and by the definition of 7(I), we have that A,(7,m) grows as a poly-
nomial in { of degree b and leading coefficient - > Rl 50 Ay(T,m) > anp(l) for
sufficiently large [ (recall the definition of a,,({) from the intoduction). Thus, the

hypothesis of Proposition 6.1 is satisfied again.

7.2 Uniqueness of the largest component (in char-
acteristic 0)

We set the following notation for this section. Consider a b-dimensional closed

subscheme C' = V(f zy,9,...,x,) of P, where f € k[zg,...,zp+1]a — {0}, and set
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W = (f, Tbs2, ..., Tn)?. In order to finish the proof of Theorem 1.1, it will be sufficient
to consider the case when C is a linear b-dimensional subspace in the next lemma;

however, we will use the more general statement (when d = 2) in Section 7.3.

Lemma 7.4. Assume | > 2d+ 1. There is a dense open subset Uy C P(W) such that
for all [F] € Uy, V(F)ging = C (set-theoretically).

Proof. Consider the incidence correspondence
Yi={([F,P) e PW)x (P"=C) | P € V(Fing} CP(W) x (P"-C)

(it is a closed subset of this product, and hence a quasiprojective variety). We are
going to show that dim Y] < dim P(WW); this will imply that the closure Y; of ¥ in
P(W) x P* also has dimension smaller than that of P(W), and thus the image of
this closure under the projection to P(W) will be a proper closed subset of P(W). Its

complement U; will satisfy the condition of the lemma.

Consider the second projection 7: ¥; — P* — C, and let P € P* — C. We claim
the fiber 77!(P) is a projective linear subspace of P(W) of codimension n + 1. This

will imply that Y] is irreducible, of dimension dim Y] = dimP(W) — 1.
Suppose first that P € U, ,D(x;). Without loss of generality, assume that
P = [ag, ..., an-1, 1]. Notice that 77!(P) is just

P (((zo = 60Zns -y Tne1 = Ano120)? N (f, Tos2, o 20)?)1) C P(W),

so it remains to show that

di ( W ) n+1
im _ ,
‘ ($0*G0$n,~-w$n—1 "an—lxn)2m(f*mb+21--~s'rn)2 i
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i.e., that the map

([, Tor2, o Tn)? o
Zn)? ),

<(f€0"aofvm~»,$n 1~ On— 1%)20 (f, Tbsas -

S
<(x0 — AoTpny oy Tn-1 — an—lxn)2 k £n : @ (z k e all‘n))

is an isomorphism. The images of 2! and z!"Y(z; — a;z,) for i = 0,...,n — 1 give a
n n n ’ 3y g

basis of the target.

Suppose now that P € V(xpi2, ..., Tn), without loss of generality P = [1, a1, ..., ap+1,0, ...,

As above, we have to prove that the following map is an isomorphism:

( (fsmb+29"~~$7l)2 ) -
(T1 = @10, .o, Tos1 = Qo120 Tots - Tn)2 N (f o2y o 20)?

( : )
(331 = Q1TQ, oy Tl = Qb1 T0; Tha2, -0 L) 1

o+1 n
klzo]i @ (@ k(zoli-1(z: — ai:vo)> D (@ k{ﬂ?o]m%) :

i=b+2

Now, dehomogenize f with respect to xg, consider a Taylor expansion at (as. ..., ap-1),
and homogenize to degree [ again, so f = azd (mod (z; — a1Zg, ..., To41 — Ap+120))
with @ # 0. So f? = a®z3 (mod (z; — @120, ..., Tor1 — Ap+120)). Now, the elements
F2b 2 gy — azmo) (for i = 1,..,b+1), f2ai 2 1z, (fori = b+2,...n), and f2x{ *

map to a basis of the target. O

We will use the lemma below only when C is linear, but we prove it here for a

more general C for the purposes of the later discussion in Remark 7.17.

Lemma 7.5. Suppose thatl > 2d. If char k # 2, then there exists a dense open subset
U, C P(W) such that for all [F) € U,, we have

dim{P € C | dim TpV (Fging > b+ 1} <b—1.

If char k = 2 and C is a b-dimensional linear subspace, and n — b is even, then the

same conclusion holds.
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Proof. Consider the incidence correspondence
Y, = {([F],P) e P(W) x C | dim TpV (F)sing > b+ 1} cP(W)xC

(this is a closed subset). We will show that Y # P(W)x C, i.e., dimY; < dim P(W)+
b—1. Once this is done, the map Y — P(W) will give a dense open U, C P(W) such

that the fiber over any [F] € U, has dimension at most b — 1.

Suppose that char k # 2. Fix a point P = [Pos - Pb41,0, ..., 0] € C with at least 2
nonzero coordinates such that V(f) C P! = V(zp.9. ... 2,,) is smooth at P. Without
loss of generality, 8—3&(13) # 0 and py # 0. We claim that there exists [F] € P(W)
with dim TpV (F')sing < b.

For [F] € P(W), we have V(F)sng = V(F SE aaT};)’ so we have to look at the

[} 61.0?
Jacobian
9E(p) L) ... FE(P)
9*F 92F 9’F
J(P)= —3;07(}3) dz00z1 (P) - dzo0zn (P)
ZL(P) GEE(P) ... FE(P)

We know that dimTpV (F)sng = n — rkJ(P), so dim TpV (F)sing < b if and only if
rkJ(P) > n — b. In other words, we have to give some [F] € P(WW) such that some

(n —b) x (n — b) minor of the Jacobian is nonzero. Consider
n
1-2d g2 1-2_2
F=ay“f+ E Xy “x.
i=b+2

We claim that the bottom right (n — b) x (n — b) minor of J(P) is nonzero. Since

po # 0 and 52-(P) £ 0,

2 2
ﬂw):%w(( LY i )(Pnéo,

2 )
oxt,, 0Ty Oxy,,

so the minor

0?F
(P)) (7.2)
(aﬂ?z‘@% b+1<i,j<n
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is a diagonal matrix with nonzero diagonal entries.
Now suppose that char k = 2 but n — b is even and C = V(zp41,...,2,). Let
n—b
P =1,0,..,0]. Consider F = 3,2 Zp 212525 2. Then the minor (7.2) is nonzero

again. , O
Remark 7.6. This lemma fails when char k = 2, C is linear, and n — b is odd.

Corollary 7.7. Suppose that char k # 2 or char k = 2 but n — b is even. Then
Xt ;(_T%for any d > 2.

Proof. Let C = V(xps1,...,z,). Let Uy and Uy be as given by Lemmas 7.4 and 7.5.
Let U = Uy NU,. So U is a dense open subset of P(W) such that for all [F] € U.
V{(F)sing = L set-theoretically, and in addition, the closed embedding L — V(F)sing
is an isomorphism over the complement of a closed subset of smaller dimension. Thus
the Hilbert polynomial of V(F)sing has degree b and leading term 1/b!, so V (F)sing
does not contain any closed subscheme of dimension b and degree d > 2. In other

words, [F] € X! - TZ, |
p

Similarly, we can apply Lemmas 7.4 and 7.5 to an integral C' = V(f. zp32..... Zs)

of degree 2 and obtain the following

Corollary 7.8. Suppose that char k # 2. There ezists [F| € P(V) such that V (F)sing
is a b-dimensional integral closed subscheme of degree 2 (as a set), and such that

V(F)sing does not contain any b-dimensional closed subscheme of degree d > 3.

7.3 The second largest component

In contrast to the treatment of the largest component of X, the existence of a compo-
nent of the expected second-largest dimension is a little more subtle, so there will be
an extra twist in the argument. We will determine the second largest component of
X when char k # 0 (Corollary 7.16). Unfortunately, a technical problem will prevent
us from deducing the corresponding statement when char k = 0 (see Remark 7.17).

For now, k is again any algebraically closed field.
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Fix n, b as usual, and let d > 1. Define

= (77 () e (1) (5159

— d
=(_n___%ﬂ_lb+.“

Let I = (f,Tpr2, v Zn) C S = kizo,...,xn], where f € k[zg,...,zp+1]a — {0}

Consider the composition

d: k[l’o, ...,$b+1][ b ( @ k)[IO, s IIH—]]l—liEi) — S - Sl/(lz N Sl>

i=b+2
Note that @ is surjective.

Lemma 7.9. We have that

ker(®) = {P+ > P : P, f|P; fori=1b+2,..,n}.

i=b+2
For | > 2d, the codimension of I} in S, equals B4(l).

Proof. 1f P + 3" Pix; € ker(®). then we can write P + S Pax; =T € I* Expand
both sides as polynomials in zp.a, ..., 2, and just compare the two expressions. The

second part is an immediate consequence. a

Lemma 7.10. Let C — P" be any integral b-dimensional closed subscheme of degree

2, with (saturated) ideal I. If F € k[zq, ..., z,); satisfies C C V(F )gng, then F € I2.

Proof. Projection from a point on C shows that C is contained in a linear (b + 1)-
dimensional subspace of P*. So we can assume that C = V(I), with I = (f, Zp19. ... Tn).
where f € k[xo, ..., zp11]2 — {0} is irreducible. We claim that the ideal I? is saturted.
Indeed, let F € S be homogeneous, and suppose that 2}/ F € I? for all j = 0,....n
(and for some M). Write F = P+ 3", , P, + T, where P, P, € k[zg, ..., Tps1] are
homogeneous of the appropriate degrees, and T € (xpi9,...,2,)%. Since z}'F € I?,

Lemma 7.9 implies that f2|z}! P and f|z{'P; for each i = b+ 2,...,n. Since f and z

are relatively prime, it follows that f2|P and f|P, for each i, and hence F € I°.
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Since C is a local complete intersection and the ideal I? is saturated, the conclusion

now follows from Proposition 8.2, where we prove a more general result. (]

Let P = (Z“;l:'l) - (Z;gb) (this is the Hilbert polynomial of a degree-2 hypersurface
in P**1). Recall that }’ﬁl/bp denotes the closure in Hilb” of the set of integral b-
dimensional closed subschemes of degree 2; in this case, a point in Iﬁﬂf is, up to a
change of coordinates, a closed subscheme of the form V{f, zps2, .., ) C P*, where

f € klzg, ... Tp1]2 — {0} (not necessarily irreducible of course). Note that

dim }’ﬁl#bp = dimG(b+ 1,n) + dimP(k[zo, ..., 2p+1]2)

= (b4 2)n - b(b; Y. (7.3)

By Lemma 7.9, if f € k[zo, ..., To1]2 — {0}, then

n

aimP ((favea,ozal]) = (1 77) =0 -1 (74)

Recall the usual incidence correspondence (where inclusion is scheme-theoretic)
~ o~ P — P
OF = {(C,[F)) e Hilb x P(V)|C C V(F)sng} C Hilb x P(V).

— P
Recall that m and p denote the projections to Hilb and P(V), respectively. For

C C P" a closed subscheme, let I denote its (saturated) ideal. Consider the subset
7 = {(C,[F)) e Hib xP(V)|FeI2}cr.

Lemma 7.11. The subset Z' of QF is irreducible.

Proof. By Lemma 7.9, for a fixed f € k[zg.....zp41]2 — {0} and given [ = Fy +
St pes Fizi + T € klzo, ..., Ty, where Fy € k{zo, ... ol i € klzo. ..., Zp+1)i-1, and
T € (:Eb+g,‘.‘,xn)l2, we have that F € (f, Zpsos -, Tn)7 if and only if f?|Fy and f|F;
foreacht=0b+2,..,n.

Let V' = klzo, ..., To4+1]1-4 @ (@?:HQ k[zg, - Tos1li-3) B (Toso, ..., T,)?. Denote by
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A(k[zg, ..., Tp1+1]2) the affine space parametrizing points in k[zg, ..., Zp41]2. Consider

the composition

Aut(P") x (A(k[zo, ... zp+1]2) — {0}) x (V')

l

Aut(P") x P(k[xg, ..., Tps1]2) X P(V)

|

— P
Hilb x P(V)

where the first map is given by

(Uv fv [Qv Rb+2w-<aRn~Tl) — (Uv [f]v[fQQ’*" Z fRiIi'i'TD

i=b+2

and the second map is given by
(o, [f1. [F]) — (V7. 20,0, ....xl). [F]7).

By construction, Z’ is precisely the image of the composition, hence is irreducible. O

= r o P
Remark 7.12. Tt is not true that the fibers of QF 5 Hilb are all of the same di-
mension. For example, let b = 1,n = 3, and look at C' = V(a3,3) € P/I\il/bp, Let
F = 23257 Then (C,[F}) € #7}(C), but F ¢ (z3, x3)% This is why we have to study

the auxiliary Z’.
Let Z be the closure of Z' in Q.
Lemma 7.13. We have that

b(b+1)
5

dim Z = <“;L"> —Bo(l) =1+ (b+2)n —

e~ P — P

Proof. First, 7(Z') = Hilb , since given any C' € Hilb , the ideal I contains forms
P

of degree 4 already, so we can certainly find F € (/2);. Thus, 7: Z — Hilb is

— P
onto. A generic C € Hilb is an integral b-dimensional closed subscheme of degree
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2; for such a C, by Lemma 7.10, we know Z. = QF and hence also Z¢ = Zb.
This allows us to compute dim Z¢ = dim Z/ = (ZZ”) — 35(1) — 1. This computes
dim Z = dim I:I?l/bp + dim Z; and gives the desired result, by virtue of (7.3) and
(7.4). 0

+n) .
n

Lemma 7.14. X? := p(Z) is an irreducible closed subset of X of dimension (l
Go(ly =1+ (b+2)n — ﬂb{—l—) If [F] € X contains an integral closed subscheme of

dimension b and degree 2 in its singular locus, then [F] € X2

Proof. Tt is clear that p(Z) is an irreducible closed subset of X since Z is irreducible
and closed in QF. Choose any integral b-dimensional C of degree 2. Apply Lemma
7.4 to C to find [F] € P(V) such that we have a homeomorphism C < V(F)gpg. If
Ce IfIi\lBP is another closed subscheme contained in V(F)sng, then necessarily we
have C — C, since C is reduced. Hence C = C since C and € have the same
Hilbert polynomial. Therefore, the map Z — p(Z) has a O-dimensional fiber, so
dimp(Z) = dim Z.

Let [F] € X be such that V(F)sne contains an integral b-dimensional closed
subscheme C of P" of degree 2. Then we know that F € IZ by Lemma 7.10, so
(C,[F]) € Z', and hence in fact [F] € p(Z') C p(Z) = X*. O

Remark 7.15. Lemma 5.8 did not treat the case b = n — 1,d = 3. We discuss this
now. When b = n — 1, we can describe X explicitly. Indeed, if V(G) is an integral
(n — 1)-dimensional closed subscheme of P} (here k has any characteristic) with
V(G) C V(F)sing, then necessarily F = G?H for some H (since V(G) is a complete
intersection and the ideal (G?) is saturated; see Proposition 8.2). For d = 1,..., [£].

consider the map

Pd P(k[mg, sy l‘n]d) X P(k‘[(ﬂo, 'rn}l—Zd) —_— IP(/‘»[IQ In]l)
(G.H) — G*H.
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L
Certainly, im(py) C T¢ € X and X = Ubijl im(pq), s0
L5]
X = X' Uim(py) Uim(ps) U | [ T
d=4

Since any point in the image of ¢, has only finitely many preimages, it follows that

dimim(py) = (d:n) + <l B 2d+n) -2

n

So dimim(y3) < dimim(p,) = dim X2 for [ > Iy (where [y is effectively computable)
and hence when b = n— 1, it suffices bound dim T only for d > 4, which was handled

by Lemma 5.8.

Corollary 7.16. Suppose that chark = p > 0. There exists (again, effectively com-
putable) ly = ly(n, b, p) such that for alll > ly, X? is the unique irreducible component

of X of second largest dimension.

Proof. Let k = E. With the above preparations, the proof is now analogous to that of
Theorem 1.1. We use Lemma 5.8 (with Remark 7.15 if b = n— 1) and Proposition 6.1
to argue that if Z C T¢ is an irreducible component of T (where d > 3), then either
Z CT}UTE, or dimZ < dim X? (as long as | > ly, for some effectively computable
lo)-

We have

N
X={J1¢ for N=1(l- 1N
d=1

If Z is an irreducible component of X with dim Z > dim X?, then Z C T for some
d. If d > 3, then by the previous paragraph, we have Z C T U T?. So in any case,
ZCT'UT?=X'UX? Hence Z = X' or Z = X% O

Remark 7.17. Let p # 2. If we could prove that dim T~ < dim X? for all d > 3, we
would be able to deduce that for d > 3, .

dim Tg < dim Tg—p < dim X2
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Suppose instead that dim 7 > dim X? for some d > 3 and k = F,. Let Z be an
irreducible component of T with dimZ > dim X2 We have Z C X' U X? by the
proof of Corollary 7.16. Moreover, Z € X? (since X? ¢ T by Corollary 7.8), so
Z C X' So it would suffice to prove that dim(7¢ N X') < dim X2 for d > 3 (this
inequality fails when d = 2). This is the technical problem that unfortunately does

not allow us to remove the assumption char k£ # 0 from Corollary 7.16.
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Chapter 8

The space of I’ such that V(F)g,e

contains a fixed C (case b= 1)

In the last two chapters, we approach Theorem 1.1 from a different point of view (when
b = 1), which will result in an alternative argument for the case when d is small. This
second approach gives a proof without explicit bounds, but addresses some questions
that appear naturally, and which are interesting on their own right. Namely, for a
fixed (reduced) C' C P", we study the linear space (We), :={F € 5| C C V(F)sing}
(Section 8.1). It turns out that C gives rise to a certain ideal sheaf J (coming
from exact sequences involving Kéhler differentials), such that (W¢), = T'(P™, J (1))
(Proposition 8.2). In turn, one naturally asks for the Hilbert polynomial of the sheaf
J; this question is answered in Section 8.2 in terms of invariants of C' (Proposition

8.5).
Here, k is any algebraically closed field.

Let S = k[zo, ..., x,] with the usual grading. Recall the functor

[': QCoh(P") — Graded S-modules,

F— PrE. F)).

leZ

We denote its left adjoint by Loc (denoted ~ on p. 116 in 7]). Recall that Locl' = id
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and that if M is a finitely-generated graded S-module, then M — fm(M) is an

isomorphism in large degrees.

8.1 Understanding the condition C' C V (F )y, for a
fixed C

Let I € A = k[zy,...,x,] be a radical ideal, and C' = Spec(A/[). For f € A, f # 0,
we have C' C V(f)sing if and only if f € m? for any maximal m 2 T (here, V(f)sing
is the set of singular points of V(f) = Spec(A/f)). We now have to understand this

condition.

Lemma 8.1. For f € I, we have f € m? for allm D I if and only if f belongs to the
kernel of
I — Qam/IQask.

Proof. Suppose that f satisfies f € m? for all m D I. Let B = A/I. We claim that f

belongs to the kernel of the map I — Qa//IQ4y; i.e., we claim
df € IQak.

where d: A — Qg is the canonical derivation. (In this way, we linearize our un-
handy condition that f € m?). We know that for cach maximal m 2 I, we have

Qasn/mQask = Qasp ®4 A/m >~ m/m? as A/m-vector spaces, and

[)PP——m/m?

Tk

Qas/IQas — Qasn/mQask

commutes, so the condition f € m? is equivalent to df € mQax.
q /
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Since 4k is a free A-module, we conclude that

df € ﬂ(mQA/k) = <m m> QA/Ic = IQA/k.

mDJ m>J

The converse is obvious from the commutative diagram above. O

Let i: C' — P" be any reduced closed subscheme (not necessarily integral or 1-
dimensional), and let Z be its ideal sheaf. Define G € Coh(C) as the kernel of the

first map in the second fundamental exact sequence,
056G —i"T—i"Qps — Qe — 0,
and H € Coh(C) by the exactness of
0—=H —i"Qp — Q¢ — 0,
so we have a short exact sequence
0—-G—iT—H—0.

Since i. is exact (as i is a closed embedding, hence affine), it follows that ¢,7*Z — 0, H
is surjective, and hence so is the composition Z — I/I2 = 1,0*7 —» i, H. Let J denote

its kernel, so we have a short exact sequence
0—-7J -7 —i1H—0.
In other words, 7 is defined by the exactness of

O‘HJ—*IHQPH/[Q\}M ﬂi*gzc — 0.

Note that 72 C J, and we have an equality if C'is a local complete intersection,

since in this case, ¢ = 0 (see Exercise 16.17 in [2]).
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Proposition 8.2. With notation as above, for F' € Shomog, we have C' C V{F)sing if
and only if F € T(J).

Proof. For i = 0,...,n, let f; = F(zg,...,1,...,x,) be the i-th dehomogenization of
F. Assume that F # 0, so also f; # 0. The condition F' € l:(J) is equivalent to
fi € D(Dy(z;),J) for all i = 0,...,n. On the other hand, C' C V/(F)sing Is equivalent
to CN Do (x;) C V(fi)sing, and hence the statement of the proposition reduces to the
following affine statement.

Let A = klzy,....x,] and C = Spec(A/I), where I C A is radical. Let B = A/I.

Define an A-module J by the exactness of
O—>J——>I'—>QA/[QA—>QB'—>O

Then for a nonzero polynomial f € A, we have C C V(f)sing if and only if f € J.

This follows from Lemma 8.1. O

8.2 Computing the Hilbert polynomial of [J

Lemma 8.3. Let
0—=F - F—=F"=0

be a short ezact sequence in QCoh(P™), with F' coherent. Then for lvarge [,
0 — D(F) — [(F) = T(F") =0

is a short ezact sequence of k-vector spaces.
Proof. Apply Theorem 111.5.2(b) in [7] to F'. O
Let C be any integral curve over k (not necessarily projective for now), and let
p: C — C be its normalization. Consider the canonical map «: Q¢ — p.Qx. Let
R, Ry € Coh(C) denote its kernel and cokernel:
0—>R1—-+Qci>p*(25——>7€2~+0.
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Since p is an isomorphism over a dense open U C C, so is «, and hence R; and R,
have finite support, contained in Cgng. For each P € Cyg, the stalks (Ry)p and
(R2)p are finite-dimensional k-vector spaces.
Define
p(C) = > (dimg(Ry)p — dimy(Rs)p).

PeCS;ng
For the rest of this chapter, let i: C' — P” be an integral curve of degree d, and

let g be the genus of its normalization.

Lemma 8.4. For large [,

dimg T(C, Qc(l)) = dl + § — 1 + u(C).

Proof. Consider the exact sequence
0— Ry — Qc 5 pQs — Ry — 0.
For large [, the sequence
0= T(C, R1(1) = T(C. Q1)) = T(C, (pf2e) (1)) = T(C,R2(1)) = 0 (8.1)

is exact.
Note that
L(C,Ri(1) ~T(C.R) = € (Ri)p.

PeCing
and similarly for R,.

Now, we look at the term I'(C, (p.Q2=)(1)). By the projection formula, we know
(2:Q) () = p(Qs ®o,, p*Oc(1)).

Since C has degree d, p*O¢(l) is a line bundle on C of degree dl (see Corollary 5.8 on
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p. 306 in [9]). By the Riemann-Roch theorem applied to C, it follows that for large [,
dim T(C, Qz ® p*Oc(l)) = dl +§ — 1.

Take the alternating sum of dimensions in (8.1). |

For an integral curve i: C < P" with ideal sheaf 7 and I = [(Z). we let d be its

degree and p, be its arithmetic genus, so for large [, we have
dlmk(S/1>1 = dl +1 — Da-

For [ > 1, let
(LVC)Z = {F €S | Cc V<F)sing}-

Proposition 8.5. Let C.i,§ be as in Lemma 8.4. For [ > 0.

dimg(S/(Weh) = ndl+ 1+ (n+1)(1 = d = pa) = § = p(C).

Proof. Recall the short exact sequences
0—H — " Qprn — Qc — 0 (definition of H) (8.2)

and

0—J —7TI—i,H—0 (definition of J).

We will be using Lemma 8.3 continuouély without explicit notice. By Proposition
8.2, for all |, we have (W¢); = f(j)l, so we have to compute dimy f((’)pn/j)[ for
large {. From the short exact sequence

0—i,H — Opn/T — Opn /T — 0,
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we obtain a short exact sequence
0— T(EH) — T(Opn/T) — T(Opa JT) — 0

for large [. Since the last term is (f(Opn)/f(I))l = (S/I), for large I, and hence of
dimension dl + 1 — p,, it suffices to compute the dimension of the first term.

Applying the exact functor i, to (8.2), we obtain short exact
0 — iH — Qpn /IQpn — 1,00 — 0,
which for large [ gives short exact
0 — [(i.H) — T(Qpn /T ), — T(C, (1)) — 0.

We know the last term has dimension dl + § — 1 + u(C).
Finally, we have to compute dim;I'(€p» /ZQpn); for large [. Recall from Theorem

I1.8.13 in {7] the short exact sequence
0 — Qpn — Opn(—1)2FD 5 Opn — 0.

Since Opn is locally free, applying — ®¢,. Opn/Z to this short exact sequence yields

a short exact sequence

0 — 0.

Q'Pn O]p'n ("'l) $(n+l) OHJm
T TOm (1) 7

Once again by Lemma 8.3, we know that

- . _ (= S(n+1) _ .
o=t () ~Tarn), T (F)
IQ‘Pn ! IO[PH("l) i I i

is exact for large [. Again, we have to compute the dimensions of the second and

third terms. For large [, the third term has dimension dl + 1 — p,, as before.

We are left to compute dimI'(O(=1)/TO(=1)); for large I. Notice that TO(—1) =~
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Z(-1) and that for large I, [(O(=1)/Z(-1)); is (f((’)(—l))/f(I(-l)))l, which is
(S/1),-, for large I. This is a shift of S/I and thus dimension equal to d(l—1)+1—p,.

Going back through the exact sequences, we complete the calculation. ]

Remark 8.6. Comparing Proposition 8.5 with Lemma 7.9 (combined with Proposition
8.2) shows that for an integral plane curve C', we have u(C) = p, — g. However, this

fails for a'general integral curve C.

Remark 8.7. Lemma 8.4 and the previous remark imply that for any integral plane

curve C' — P? ¢ P*, the Hilbert polynomial of the sheaf Q¢ of Kéahler differentials is

x(Qc(l)) =dl +pa — 1.
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Chapter 9

Alternative argument for the case

b=1

The goal is now to make the conclusion of Proposition 8.5 uniform over integral curves
of given degree; in fact, we will prove that there exists a polynomial P(D) € Z[D] such
that the formula for dim(W¢); holds for all integral C' of degree d and all [ > P»(d)
(Lemma 9.8). The technique we use throughout this chapter is Mumford regularity
(see Section 9.1). Section 9.2 is technical; the goal there is to give a uniform bound
on the invariant x(C) just in terms of the degree of C. Once this is done, the second
proof of Theorem 1.1 is easily finished in Section 9.3 (small degree) and Section 9.4
(large degree).

Again, k is an algebfaically closed field.

9.1 Mumford regularity
Definition 9.1. A coherent sheaf F on P" is m-regular if for any ¢ > 1,
HYP", F(m —1)) = 0.

One can show (see Chapter 5.2 in [5]) that if F is m-regular, then H*(P*, F(l)) = 0

for all 4 > 1,1 > m — i (in other words, F is also m'-regular, for any m' > m).
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Moreover, if F is m-regular, then for any [ > m, the sheaf F(l) is generated by global

sections.

Theorem 9.2 (Mumford). There ezists a polynomial F, € Z[zq,...,x,| with the
following property. Let T C Opn be any ideal sheaf, and let the Hilbert polynomial of
7 be

@) =3 a ()

i=0

Then T is m-reqular, where m = Fy,(ag, ..., @)

9.2 Uniform bound on u(C)

The goal of this technical section is to prove the following

Lemma 9.3. There are polynomials Py, P, € Z[D] such that if C' — P" is any integral
curve of degree d, then

Py(d) < u(C) < Pi(d).

The proof requires some preparation.

Lemma 9.4. There exists a polynomial Q € Z[D, G] such that for any integral curve

C — P" of degree d and arithmetic genus g, and for any 1 > Q(d. g), we have

HY(C. Q1) = 0.

Proof. Fix a surjection

GB O]}»n(q,’) — Q]pn — 0.

Consider a polynomial F,, € Z[zq, ..., z,} from Mumford’s theorem. Write (l“;") -
(DIl+1-G) =Y a (i), where a; € Z[D,G]. If C — P" is any integral curve

of degree d and arithmetic genus g, so that its ideal sheaf 7 has Hilbert polynomial
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(l’;") —(dl+1—g), we know that 7 is m-regular, for any m > Fy,(ao, ..., an)|(D,G)=(a.9) €
Z. Set Q(D,G) = Fy(ag, ..., an) + max(—¢;) € Z[D,G).

Now, let i: C <= P" be any integral curve of degree d and arithmetic genus g, and
suppose that | > Q(d, g). Since we have a surjection i*(2p» — (¢, in order to prove
that H'(C,Qc(l)) = 0, it suffices to prove that H'(C,i*Qpn(l)) = 0. In turn, we have
a surjection

P Oclai +1) = Qe (1) — 0,

and so it suffices to prove that H(C, Oc(g; + (1)) = 0 for all i. Twist the short exact

sequence

0—T— Opn —i,0c—0

by ¢; + | and note that since H'(P", Opn(g; + 1)) = 0. it suffices to prove that
H2(P",I(g; + 1)) = 0. This holds since Z is (¢ + [)-regular by our choice of . O

Lemma 9.5. There is a polynomial Q,(D,G) € Z{D, G| such that for any integral
curve i: C — P" of degree d and arithmetic genus g, if we define a sheaf H by

ezactness of

0'—>H—>i*Qp7z—+Qc—>0,

then H(C,H(l)) =0 for alll > Q:(d, g).

Proof. Let F,, € Z[xy, ... x,) be a polynomial from Mumford’s theorem. Write (M-
(Dl+1-G) =37, ai(ﬁ) and consider F,(ag,...,a,) € Z[D.G]. Set Q(D.G) =
2F,(ag, ..., a,) € Z[D,G]. Let i: C — P™ be any integral curve of degree d, arithmetic
genus g, and ideal sheaf Z; let H be defined as in the statement of the lemma, and

let [ > Q.(d, g). We claim that H*(C,H(l)) = 0.

Indeed, if ly = Fu(ag, ..., an)|(p.c)=(d.9) € Z, we know that T is lg-regular. In

particular, Z(lg) is generated by global sections, and so there is a surjection

P 0z — () — 0.
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Twist this surjection by [ — Iy > {p to obtain a surjection
P Opn o + 1) = T(1) — 0,
where I’ > 0. Apply i* to obtain a surjection
P ocllo + 1) — (1) — 0.

Now, HY(C,Oc(lp + ")) = 0: twist the short exact sequence 0 — Z — Opn —
i.0¢c — 0 by lp + 1" and note that H*(P*,Z(ly + I')) = 0, since T is lp-regular.
The surjection above implies that H*(C,#*Z(l)) = 0. Since we know that there is a
surjection

"L —H — 0,
twisting by { and taking cohomology implies H*(C,H(l)) = 0. as desired. O

Setting Q2(D,G) = (IJ;”) — (Dl +1 - @), we know that for any integral curve
C < P" of degree d, arithmetic genus g, and ideal sheaf 7, and any [ > Q,(d.g). we
have H'(P*,Z(l)) = 0. Combining this with the lemma above, we conclude that there
exists a polynomial Qo(D,G) € Z[D, G] with the following property. Let i: C — P"
be any integral curve, and let d, g,Z denote its degree, arithmetic genus, and ideal
sheaf, respectively. Define the sheaf H by exactness of 0 — H — i*Qpn — Q¢ — 0.
Let | > Qq(d, g) be any integer. Then H'(P".Z(l - 1)) = 0 and H'(C. H(l)) = 0. Fix
such a polynomial Qo(D,G).

Lemma 9.6. There ezists a polynomial Q(D, G) € Z[D,G] such that for any integral
curve i: C — P" of degree d and arithmetic genus g, we have

dlmk F(C7 i*Q]P’" (l)) < Q(d7 g)

for 1 = Qold, g).

Proof. Set Q(D.G) = (n + 1)(Q°(D’€L)_H") and let i: C' — P" be an integral curve

as in the statement.
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Start with the short exact sequence
0 = Qpe — Ope(—1)ED O — 0,
apply i*, twist by | = Qo(d, g), and take global sections, to obtain an injection
0 — D(C, i Qpn (1)) = T(C, Oc(l — 1))# .

On the other hand, twisting the short exact sequence

0—T— Opn — 1,0c— 0
by | — 1 and taking global sections, we obtain a surjection

L(P", Op(l = 1)) = I'(C, Oc(l - 1)) — 0,
because H'(P*, Z(l — 1)) = 0 (since | = Qu(d, g)). Thus,
dimg T(C,i*Qpn (1)) < (n+ 1) dimg T(C, Oc(l = 1)) < Q(d, g),

as required. O
Fix a polynomial @ as in the statement of Lemma 9.6.

Corollary 9.7. For any integral curve C'— P" of degree d and arithmetic genus g,
we have

dimy T(C, Qe () < Q(d, g),

for 1 = Qo(d, g).

Proof. Twist the short exact sequence
0—H— i*QP'rl s QC — 0,

by | = Qu(d, g), and take global sections. By choice of Qo(d, g), we have HYC,H()) =
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0, so dim T(C, Qe(1)) < dimT(C, i*Qpn (1)). Now apply Lemma 9.6. O

Proof of Lemma 9.3. Castelnuovo’s theorem (see Theorem 3.7 in [3]) gives a polyno-
mial bound on the arithmetic genus in terms of d. So it suffices to find polynomials
Py, P, € Z|D, G] in two variables such that for any integral curve C of degree d and

arithmetic genus g, we have
Po(d,g) < p(C) < A(d, g)-

Define Py(D, G) = —DQ(D,G)—G+1and Pi(D,G) = Q(D,G) - DQy(D,G)+1.
Let C < P" be any integral curve, let d, g be its degree and arithmetic genus,
and let p: C — C be the normalization map. Recall that p(C) is defined as p(C) =

x(R1) — x(Ra), where Ry, R denote the torsion sheaves in the exact sequence below
0'—>R1—>QC—>])*Q@—>R2—'O.

The Hilbert polynomials of R, R, are of degree 0. Thus, twisting the above exact
sequence by an integer [, using that p is an affine map, and applying Riemann-Roch

to C~', we obtain

w(C) = x(Qec(l)) = x(p.0(1)) = x(Qc) = x(Qz(1) = x(Qc() — (d+§-1)

for any integer [.

Set [ = Q(d, g) in the above expression (see Lemma 9.4). For this choice of I, we
know that H'(C,Qc(1)) = 0, and so x(Qc(l)) = dim ['(C, (1)) > 0. Consequently,
w(C) > —(dl+§—1)=—dQ(d,g) —§+1 > —dQ(d.g) — g + 1, which gives the lower
bound. ,

As for the upper bound, set | = Qo(d, g) in the expression for u(C'). We obtain

u(C) < dimg T(C, Qc(l) = (dl +§ = 1) < Q(d, g) — dQu(d. g) + 1,

by Corollary 9.7. 0
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9.3 The curves of small degree

Lemma 9.8. There ezists a polynomial Py € Z[D] such that if C — P" is any integral
curve of degree d and 1 > Pa(d), then

codimy(zg, o {F € klzo. . 2nli | C C V(F)sing} = ndl+1+(n+1)(1—d—p,)—§—pu(C)

-----

~(where pq, §, 11(C) are as in Section 8.1).

Proof. Recall that we have attached a certain ideal sheaf J C Opn to the curve C,
such that for F € k[zg, ..., za)i. C C V(F)gng if and only if F € T(P", J(1)). Also, by
Proposition 8.5, for [ > 0,

Il

dimy T(E", (1)) = (l;”) —ndl+ 1+ (4 1)1 —d—po) — G~ u(O)] <l>
0

where a; are polynomial expressions in d,p,, §. 4(C). Consider Fy(aq, ..., a,) (wWhere
F, is from Mumford’s theorem); this is likewise a polynomial in d, p,, g, u(C). Since
we have a lower and upper bound for each of these quantities in terms of d, there is
a polynomial P, € Z[D], independent of C, such that F,(ao,...,a,) < P(d) for any
such curve C.

Thus, for [ > Py(d), we have | > Fy(ag, ...,a,), and hence J is l-regular. Thus
Hi(P*, J(1)) = 0 for all i > 1, so dimy ['(P", J(l)) agrees with the value at { of the
Hilbert polynomial x(7(1)). O

Corollary 9.9. Let P, be as above. There is a polynomial Py € Z[D] such that if

C — P" is any integral curve of degree d and | > Pa(d), then

codimy ({F € V | C C V(F)sing}) = ndl + P3(d).

Proof. Lemma 9.3 yields a polynomial bound on p(C). By Castelnuovo’s theorem

and the fact that § < ps, polynomial bounds exist for p, and g, too. O
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Remark 9.10. Even if are interested in proving the inequality from the corollary, the
proof goes through the equality in Lemma 9.8 first, in order to give bounds for the
coefficients of the Hilbert polynomial x(7 (1)) in terms of d and to be able to apply

Mumford’s theorem. In particular, we had to bound u(C) from both sides.

Recall by Theorem 5.3 that dim Hilb' < Py(d), where Py(d) = 3(n—2)+d(d+3)/2.
Let L C P™ be a line.

Corollary 9.11. There exists a polynomial Pe Z|D] such that for | > Is(d), we have
dim(We), + dim Hilb" < dim(W;); + dim G(1, n),
for any integral curve C — P™ of degree d > 2.
Proof. Rewrite the inequality as
codimg, (W), + dim ﬁiﬁ)d < codimg, (We), + 2(n — 1). (9.1)

The left hand side is bounded above by nl 4+ 1 + P4(d), and the right hand side, for
| > Py(d), is at least ndl + P3(d) + 2(n — 1) by Corollar‘y 9.9. Thus (9.1) will hold as
long as [ > Py(d) and nl + 1+ P4(d) < ndl + P3(d) +2(n — 1). There is a polynomial
P € Z|d] such that these two conditions are satisfied whenever d > 2 and | > P(d)

O

So replacing P by d¥ if necessary for some M (take d = deg P +1 and treat the
finitely many d > 2 for which P(d) > d* separately as we had done before in Lemma
5.7), we have handled now the cases of small degree d < | V1.

Corollary 9.12. There exists M such that for all pairs (d,1) with 2 < d < V1, and
any irreducible component Z C T%, either Z = X', or dim Z < dim X*.

(This is weaker than Corollary 5.6, but sufficient.)

72



9.4 The case of large degree d > VI

Let m(l) = [ ¥1], m'(1) = min(m(l), 7(l) + 1), where 7(l) = [l—;;lj as in Proposition
6.1 (so m/(l) = m(l) for large [). Notice that

m(m+ 1)
2
=1V - V\]/ﬂ((;\l/ﬂ +1) + 20 VI

Ai(l,m) =Im — +2m

is of order [ ¥/1 and is therefore greater than a,(l) (which is linear in [), as long as
1 is large enough. So there exists lo such that for { > ly, we have A,([,m(l)) > an1(l)
and (T(l%”) > an1(l). Apply Proposition 6.1 to the triple (I,m(l),an(l) + 1) and

combine it with Corollary 9.12 to finish this alternative proof of Theorem 1.1.
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