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ABSTRACT. Quantile regression (QR) is a principal regression method for analyzing the
impact of covariates on outcomes. The impact is described by the conditional quantile
function and its functionals. In this paper we develop the nonparametric QR series frame-
work, covering many regressors as a special case, for performing inference on the entire
conditional quantile function and its linear functionals. In this framework, we approxi-
mate the entire conditional quantile function by a linear combination of series terms with
quantile-specific coefficients and estimate the function-valued coefficients from the data.
We develop large sample theory for the empirical QR coefficient process, namely we ob-
tain uniform strong approximations to the empirical QR coefficient process by conditionally
pivotal and Gaussian processes, as well as by gradient and weighted bootstrap processes.

We apply these results to obtain estimation and inference methods for linear function-
als of the conditional quantile function, such as the conditional quantile function itself, its
partial derivatives, average partial derivatives, and conditional average partial derivatives.
Specifically, we obtain uniform rates of convergence, large sample distributions, and infer-
ence methods based on strong pivotal and Gaussian approximations and on gradient and
weighted bootstraps. All of the above results are for function-valued parameters, holding
uniformly in both the quantile index and in the covariate value, and covering the pointwise
case as a by-product. If the function of interest is monotone, we show how to use mono-
tonization procedures to improve estimation and inference. We demonstrate the practical
utility of these results with an empirical example, where we estimate the price elasticity
function of the individual demand for gasoline, as indexed by the individual unobserved

propensity for gasoline consumption.
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1. INTRODUCTION

Quantile regression (QR) is a principal regression method for analyzing the impact of
covariates on outcomes, particularly when the impact might be heterogeneous. This impact
is characterized by the conditional quantile function and its functionals [3] [7, 24]. For exam-
ple, we can model the log of the individual demand for some good, Y, as a function of the
price of the good, the income of the individual, and other observed individual characteristics

X and an unobserved preference U for consuming the good, as
Y =Q(X,U),

where the function @ is strictly increasing in the unobservable U. With the normalization
that U ~ Uniform(0,1) and the assumption that U and X are independent, the function
Q(X,u) is the u-th conditional quantile of ¥ given X, i.e. Q(X,u) = Qy|x(u/X). This
function can be used for policy analysis. For example, we can determine how changes in

taxes for the good could impact demand heterogeneously across individuals.

In this paper we develop the nonparametric QR series framework for performing inference
on the entire conditional quantile function and its linear functionals. In this framework,
we approximate the entire conditional quantile function Qy x (u|z) by a linear combination
of series terms, Z(z)'8(u). The vector Z(z) includes transformations of = that have good
approximation properties such as powers, trigonometrics, local polynomials, or B-splines.
The function u +— [(u) contains quantile-specific coefficients that can be estimated from
the data using the QR estimator of Koenker and Bassett [25]. As the number of series
terms grows, the approximation error Qy|x(ul|z) — Z(z)'8(u) decreases, approaching zero
in the limit. By controlling the growth of the number of terms, we can obtain consistent
estimators and perform inference on the entire conditional quantile function and its linear
functionals. The QR series framework also covers as a special case the so called many
regressors model, which is motivated by many new types of data that emerge in the new

information age, such as scanner and online shopping data.

We describe now the main results in more detail. Let B() denote the QR estimator of
B(+). The first set of results provides large-sample theory for the empirical QR coefficient
process of increasing dimension /7 (B(-) — 8(-)). We obtain uniform strong approximations

to this process by a sequence of the following stochastic processes of increasing dimension:

(i) a conditionally pivotal process,

(ii) a gradient bootstrap process,



(iii) a Gaussian process, and

(iv) a weighted bootstrap process.

To the best of our knowledge, all of the above results are new. The existence of the pivotal
approximation emerges from the special nature of QR, where a (sub) gradient of the sam-
ple objective function evaluated at the truth is pivotal conditional on the regressors. This
allows us to perform high-quality inference without even resorting to Gaussian approxima-
tions. We also show that the gradient bootstrap, introduced by Parzen, Wei and Ying [30]
in the parametric context, is effectively a means of carrying out the conditionally pivotal
approximation without explicitly estimating Jacobian matrices. The conditions for validity
of these two schemes require only a mild restriction on the growth of the number of series
terms in relation to the sample size. We also obtain a Gaussian approximation to the entire
distribution of QR process of increasing dimension by using chaining arguments and Yurin-
skii’s coupling. Moreover, we show that the weighted bootstrap works to approximate the
distribution of QR process for the same reason as the Gaussian approximation. The condi-
tions for validity of the Gaussian and weighted bootstrap approximations, however, appear

to be substantively stronger than for the pivotal and gradient bootstrap approximations.

The second set of results provides estimation and inference methods for linear functionals

of the conditional quantile function, including

(i
(i

(iii) the average partial derivative function, u — [ 9y, Qy|x (ulz)du(z), and

the conditional quantile function itself, (u,z) — Qy|x (u|r),

the partial derivative function, (u,z) + 0y, Qy|x (ulz),

~— ~— ~— ~—

(iv) the conditional average partial derivative, (u, ) — [ 9p, Qy|x (u|z)dp(z|zy),

where p is a given measure and xy, is the k-th component of x. Specifically, we derive uni-
form rates of convergence, large sample distributions and inference methods based on the
strong pivotal and Gaussian approximations and on the gradient and weighted bootstraps.
It is noteworthy that all of the above results apply to function-valued parameters, holding
uniformly in both the quantile index and the covariate value, and covering pointwise nor-
mality and rate results as a special case. If the function of interest is monotone, we show

how to use monotonization procedures to improve estimation and inference.

The paper contributes and builds on the existing important literature on conditional
quantile estimation. First and foremost, we build on the work of He and Shao [22] that
studied the many regressors model and gave pointwise limit theorems for the QR estimator

in the case of a single quantile index. We go beyond the many regressors model to the series
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model and develop large sample estimation and inference results for the entire QR process.
We also develop analogous estimation and inference results for the conditional quantile
function and its linear functionals, such as derivatives, average derivatives, conditional
average derivatives, and others. None of these results were available in the previous work.
We also build on Lee [28] that studied QR estimation of partially linear models in the
series framework for a single quantile index, and on Horowitz and Lee [23] that studied
nonparametric QR estimation of additive quantile models for a single quantile index in a
series framework. Our framework covers these partially linear models and additive models
as important special cases, and allows us to perform inference on a considerably richer set
of functionals, uniformly across covariate values and a continuum of quantile indices. Other
very important work includes Chaudhuri [10], and Chaudhuri, Doksum and Samarov [11],
Hardle, Ritov, and Song [20], Cattaneo, Crump, and Jansson [§], and Kong, Linton, and

Xia [27], among others, but this work focused on local, non-series, methods.

Our work also relies on the series literature, at least in a motivational and conceptual
sense. In particular, we rely on the work of Stone [35], Andrews [2], Newey [29], Chen
and Shen [I3], Chen [12] and others that rigorously motivated the series framework as an
approximation scheme and gave pointwise normality results for least squares estimators,
and on Chen [12] and van de Geer [36] that gave (non-uniform) consistency and rate results
for general series estimators, including quantile regression for the case of a single quantile
index. White [38] established non-uniform consistency of nonparametric estimators of the
conditional quantile function based on a nonlinear series approximation using artificial neu-
ral networks. In contrast to the previous results, our rate results are uniform in covariate
values and quantile indices, and cover both the quantile function and its functionals. More-
over, we not only provide estimation rate results, but also derive a full set of results on

feasible inference based on the entire quantile regression process.

While relying on previous work for motivation, our results require to develop both new
proof techniques and new approaches to inference. In particular, our proof techniques
rely on new maximal inequalities for function classes with growing moments and uniform
entropy. One of our inference approaches involves an approximation to the entire conditional
quantile process by a conditionally pivotal process, which is not Donsker in general, but
can be used for high-quality inference. The utility of this new technique is particularly
apparent in our high-dimensional setting. Under stronger conditions, we also establish an
asymptotically valid approximation to the quantile regression process by Gaussian processes

using Yurinskii’s coupling. Previously, [15] used Yurinskii’s coupling to obtain a strong
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approximation to the least squares series estimator. The use of this technique in our context
is new and much more involved, because we approximate an entire empirical QR process of
an increasing dimension, instead of a vector of increasing dimension, by a Gaussian process.
Finally, it is noteworthy that our uniform inference results on functionals, where uniformity
is over covariate values, do not even have analogs in the least squares series literature (the

extension of our results to least squares is a subject of ongoing research, [5]).

This paper does not deal with sparse models, where there are some key series terms and
many “non-key” series terms which ideally should be omitted from estimation. In these
settings, the goal is to find and indeed remove most of the “non-key” series terms before
proceeding with estimation. [6] obtained rate results for quantile regression estimators in
this case, but did not provide inference results. Even though our paper does not explic-
itly deal with inference in sparse models after model selection, the methods and bounds
provided herein are useful for analyzing this problem. Investigating this matter rigorously
is a challenging issue, since it needs to take into account the model selection mistakes in
estimation, and is beyond the scope of the present paper; however, it is a subject of our

ongoing research.

Plan of the paper. The rest of the paper is organized as follows. In Section Bl we describe
the nonparametric QR series model and estimators. In Section Bl we derive asymptotic
theory for the series QR process. In Section [, we give estimation and inference theory for
linear functionals of the conditional quantile function and show how to improve estimation
and inference by imposing monotonicity restrictions. In Section [, we present an empirical
application to the demand of gasoline and a computational experiment calibrated to the
application. The computational algorithms to implement our inference methods and the

proofs of the main results are collected in the Appendices.

Notation. In what follows, S™~! denotes the unit sphere in R™. For € R™, we define
the Euclidian norm as [|z| := sup,egm-1 |oz|. For a set I, diam(I) = sup, z¢; [|[v — 7|
denotes the diameter of I, and int(/) denotes the interior of I. For any two real numbers a
and b, a V b = max{a,b} and a A b = min{a,b}. Calligraphic letters are used to denote the
support of interest of a random variable or vector. For example, U C (0, 1) is the support of
U, X C R%is the support of X, and Z = {Z(x) € R™ : z € X'} is the support of Z = Z(X).
The relation a,, < b, means that a,, < Cb, for a constant C' and for all n large enough.
We denote by P* the probability measure induced by conditioning on any realization of
the data D, := {(Y;, X;) : 1 < i < n}. We say that a random variable A,, = op«(1) in
P-probability if for any positive numbers € > 0 and n > 0, P{P*(|A,| > €) > n} = o(1), or
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equivalently, P*(|A,| > €) = op(1). We typically shall omit the qualifier “in P-probability.”
The operator E denotes the expectation with respect to the probability measure P, E,

denotes the expectation with respect to the empirical measure, and G,, denotes /n(E, — F).

2. SERIES FRAMEWORK

2.1. The set-up. The set-up corresponds to the nonparametric QR series framework:
Y = Qyx(UlX) = Z'8(U)+ R(X,U), U|X ~ Uniform(0,1) and S(u) € R™,

where X is a d-vector of elementary regressors, and Z = Z(X) is an m-vector of approxi-
mating functions formed by transformations of X with the first component of Z equal to
one. The function Z’B(u) is the series approximation to Qy|x(u|X) and is linear in the
parameter vector [(u), which is defined below. The term R(X,u) is the approximation
error, with the special case of R(X,u) = 0 corresponding to the many regressors model.
We allow the series terms Z(X) to change with the sample size n, i.e. Z(X) = Z,(X), but
we shall omit the explicit index indicating the dependence on n. We refer the reader to
Newey [29] and Chen [12] for examples of series functions, including (i) regression splines,
(ii) polynomials, (iii) trigonometric series, (iv) compactly supported wavelets, and others.
Interestingly, in the latter scheme, the entire collection of series terms is dependent upon

the sample size.

For each quantile index u € (0, 1), the population coefficient () is defined as a solution

to
min Elp, (Y — 7’ 2.1
min Elp, (¥ ~ 2/5) 2.1)
where p,(z) = (u— 1{z < 0})z is the check function ([24]). Thus, this coefficient is not
a solution to an approximation problem but to a prediction problem. However, we show
in Lemma [Il in Appendix [B] that the solution to (2.I) inherits important approximation
properties from the best least squares approximation of Qy| x(u|-) by a linear combination
of Z(-).
We consider estimation of the coefficient function u + [(u) using the entire quantile

regression process over U, a compact subset of (0, 1),

{u — E(u),u eu},
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namely, for each u € U, the estimator B(u) is a solution to the empirical analog of the
population problem (2.1])

Join Enfpu(Y; — Zip))- (2.2)

We are also interested in various functionals of Qy|x(-|z). We estimate them by the corre-
sponding functionals of Z(z)’ B(), such as the estimator of the entire conditional quantile
function, (z,u) — Z(x) B (u), and derivatives of this function with respect to the elementary

covariates x.

2.2. Regularity Conditions. In our framework the entire model can change with n, al-
though we shall omit the explicit indexing by n. We will use the following primitive as-

sumptions on the data generating process, as n — oo and m = m(n) — oo.

Condition S.

S.1 The data D,, = {(Y;, X!)',1 <i < n} are an i.i.d. sequence of real (1 + d)-vectors,
and Z; = Z(X;) is a real m-vector fori=1,...,n.

S.2 The conditional density of the response wvariable fy|X(y\x) is bounded above by f
and its derivative in y is bounded above by f', uniformly in the arguments y and
r € X and in n; moreover, fy x(Qy|x(ulz)|r) is bounded away from zero uniformly
for all arguments w e U, x € X, and n.

S.3 For every m, the eigenvalues of the Gram matriz X, = E[ZZ'] are bounded from
above and away from zero, uniformly in n.

S.4 The norm of the series terms obeys max;<y || Z;|| < {(m,d,n) := (.

S.5 The approzimation error term R(X,U) is such that sup,e y ,eyq [R(z,u)] S m™".

Comment 2.1. Condition S is a simple set of sufficient conditions. Our proofs and lem-

mas gathered in the appendices hold under more general, but less primitive, conditions.

Condition S.2 impose mild smoothness assumptions on the conditional density function.

Condition S.3 and S.4 imposes plausible conditions on the design, see Newey [29]. Condi-

tion S.2 and S.3 together imply that the eigenvalues of the Jacobian matrix

Im(u) = Elfyx (Qyx (u|X)|X)ZZ']

are bounded away from zero and from above; Lemma [I2] further shows that this together
with S.5 implies that the eigenvalues of Jy, (u) = Elfy|x(Z'8(uw)|X)ZZ'] are bounded away
from zero and from above, since the two matrices are uniformly close. Assumption S.4

imposes a uniform bound on the norm of the transformed vector which can grow with
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the sample size. For example, we have (,, = y/m for splines and (,, = m for polynomials.
Assumption S.5 introduces a bound on the approximation error and is the only nonprimitive
assumption. Deriving sharp bounds on the sup norm for the approximation error is a
delicate subject of approximation theory even for least squares, with the exception of local
polynomials; see, e.g. [5] for a discussion in the least squares case. However, in Lemma [Il
in Appendix [Bl we characterize the nature of the approximation by establishing that the
vector B(u) solving (2.I)) is equivalent to the least squares approximation to Qy|x(u|r) in
terms of the order of Lo error. We also deduce a simple upper bound on the sup norm
for the approximation error. In applications, we recommend to analyze the size of the
approximation error numerically. This is possible by considering examples of plausible
functions Qy x (u|z) and comparing them to the best linear approximation schemes, as this
directly leads to sharp results. We give an example of how to implement this approach in

the empirical application.

3. AsympTOTIC THEORY FOR QR COEFFICIENT PROCESSES BASED ON SERIES

3.1. Uniform Convergence Rates for Series QR Coefficients. The first main result

is a uniform rate of convergence for the series estimators of the QR coefficients.

Theorem 1 (Uniform Convergence Rate for Series QR Coefficients). Under Condition S,
and provided that (2, mlogn = o(n),

mlogn

sup ||B(u) = Bw)| e

uel n

Thus, up to a logarithmic factor, the uniform convergence over U is achieved at the
same rate as for a single quantile index ([22]). The proof of this theorem relies on new
concentration inequalities that control the behavior of the empirical eigenvalues of the design

matrix.

3.2. Uniform Strong Approximations to the Series QR Process. The second main

result is the approximation of the QR process by a linear, conditionally pivotal process.

Theorem 2 (Strong Approximations to the QR Process by a Pivotal Coupling). Under
Condition S, m®¢2,log" n = o(n), and m~"log3n = o(1), the QR process is uniformly
close to a conditionally pivotal process, namely

~

Vi (Blu) = Bw) = I} (w)Un (u) + (),



where
U (u) = % Z: Zi(u— 1{U; < u}), (3.3)

where Uy, ..., Uy, are i.i.d. Uniform(0,1), independently distributed of Z1,...,Z,, and

m3/4C71n/2 log?’/4 n
sup [|rn (u)|| Sp i/ + vml=*logn = o(1/logn).

ueU

The theorem establishes that the QR process is approximately equal to the process
J-1(-)U,(-), which is pivotal conditional on Zi, ..., Z,. This is quite useful since we can
simulate Uy, (+) in a straightforward fashion, conditional on Z1, ..., Z,, and we can estimate
the matrices Jy,(-) using Powell’s method [32]. Thus, we can perform inference based on the
entire empirical QR process in series regression or many regressors contexts. The following

theorem establishes the formal validity of this approach, which we call the pivotal method.

Theorem 3 (Pivotal Method). Let Jy,(u) denote the estimator of Jy,(u) defined in (57)
with bandwidth hy, obeying hy, = o(1) and hpy/mlog®?n = o(1). Under Condition S,
m= 1 210g%/2 n = 0(1), and (3 m?%log* n = o(nhy,), the feasible pivotal process J(-)UZ (-)

correctly approzimates a copy J,,*(-)U%(:) of the pivotal process defined in Theorem [2:
T (@)U () = T ()U5 () + (),
where
1 n
Uy (u) == —= ) Zij(u—1{U <u}), (3.4)
iy

Uf,...,Ur are i.i.d. Uniform(0,1), independently distributed of Z1,...,Zy, and

oup o 0] Sp || SETEIE /2 g4/ mlog = o1 g ).
ue n

This method is closely related to another approach to inference, which we refer to here as
the gradient bootstrap method. This approach was previously introduced by Parzen, Wei
and Ying [30] for parametric models with fixed dimension. We extend it to a considerably
more general nonparametric series framework. The main idea is to generate draws 3*() of
the QR process as solutions to QR problems with gradients perturbed by a pivotal quantity
Uz (-)/+/n. In particular, let us define a gradient bootstrap draw B*(u) as the solution to
the problem

min Bupu(Y; = Z{6)) = Ui () 8/ (35)
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for each u € U, where U} (-) is defined in ([B3.4]). The problem is solved many times for
independent draws of U (-), and the distribution of \/ﬁ(ﬁ (-) — B(+)) is approximated by the
empirical distribution of the bootstrap draws of \/ﬁ(ﬁ*() ~-B ().

Theorem 4 (Gradient Bootstrap Method). Under Condition S, ¢2m?log" n = o(n), and
m /2 0g3/2 = o(1), the gradient bootstrap process correctly approximates a copy J,,*(-)U% (+)

of the pivotal process defined in Theorem [3,
Vit (B (w) = B(w)) = Jn @)U () + 7w,
where U} (u) is defined in (34) and

3/4,1/2

m log®/4n
sup ra(w)l| Sp =" o+ m T /mlogn = o1/ log n).
UE

The stated bound continues to hold in P-probability if we replace the unconditional probability
P by the conditional probability P*.

The main advantage of this method relative to the pivotal method is that it does not
require to estimate J,, () explicitly. The disadvantage is that in large problems the gradient

bootstrap can be computationally much more expensive.

Next we turn to a strong approximation based on a sequence of Gaussian processes.

Theorem 5 (Strong Approximation to the QR Process by a Gaussian Coupling). Under
conditions S.1-S.4 and m7¢8 log?> n = o(n), there ewists a sequence of zero-mean Gaussian
processes Gyp(-) with a.s. continuous paths, that has the same covariance functions as the

pwotal process U, (+) in (37)) conditional on Z,...,Z,, namely,
E[Gn(u)Gr(v)] = E[U,(w)U,(v")] = Eu[Z: Z]](u A/ — ut), for all u and u' € U.
Also, Gy (+) approzimates the empirical process Uy(+), namely,
sup [Un(u) = Gn(u)|| Sp o(1/logn).
Consequently, if in addition S.5 holds with m™"*1log3n = o(1),

sup [|v/n(B(u) — B(w)) = J," (w)G(u)|| Sp o(1/logn).

Moreover, under the conditions of Theorem [3, the feasible Gaussian process j,,fbl(-)Gn(-)

correctly approzimates J,,t(-)G ()

T (W) G (w) = Ji (u) G () + 7 (w),
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where

oup [ (1) Sp || SETEIE 112 g /g = o1 g ).
ue n

The requirement on the growth of the dimension m in Theorem [ is a consequence
of a step in the proof that relies upon Yurinskii’s coupling. Therefore, improving that
step through the use of another coupling could lead to significant improvements in such
requirements. Note, however, that the pivotal approximation has a much weaker growth
restriction, and it is also clear that this approximation should be more accurate than any

further approximation of the pivotal approximation by a Gaussian process.

Another related inference method is the weighted bootstrap for the entire QR process.
Consider a set of weights hq, ..., h, that are i.i.d. draws from the standard exponential
distribution. For each draw of such weights, define the weighted bootstrap draw of the QR
process as a solution to the QR problem weighted by hq, ..., hy:

B (u) € arg min Enlhipu(Y; = ZiB)], foru €U,
E m

The following theorem establishes that the weighted bootstrap distribution is valid for
approximating the distribution of the QR process.

Theorem 6 (Weighted Bootstrap Method). (1) Under Condition S, (2 m>log’n = o(n),

k+1

and m~"t1ogdn = o(1), the weighted bootstrap process satisfies

Jibj%“) ZZ:;(hi —1)Zi(u — H{U; < u}) + rp(u),

where Uy, ..., U, are i.i.d. Uniform(0,1), independently distributed of Z1,...,Z,, and
3/401/2155/4
sup [[ra(w)]| Sp "B o y/mT log = o(1/log n).
n

ueU

Vi (B'(w) - B(w) =

The bound continues to hold in P-probability if we replace the unconditional probability P
by P*.

(2) Furthermore, under the conditions of Theorem [3, the weighted bootstrap process ap-
prozimates the Gaussian process J. 2 (-)Gyp(-) defined in Theorem [3, that is:

sup V(B (u) — Bu)) — J (u) G ()| <p o(1/logn).

In comparison with the pivotal and gradient bootstrap methods, the Gaussian and

weighted bootstrap methods require stronger assumptions.
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3.3. Estimation of Matrices. In order to implement some of the inference methods, we
need uniformly consistent estimators of the Gram and Jacobian matrices. The natural

candidates are
S = E,[Z:20, (3.6)
1 ~
I (u) = ﬁEn[l{\Yz’ — Z{B(w)| < hn} - ZiZj), (3.7)

where h, is a bandwidth parameter, such that h,, — 0, and u € Y. The following result
establishes uniform consistency of these estimators and provides an appropriate rate for the
bandwidth h,, which depends on the growth of the model.

Theorem 7 (Estimation of Gram and Jacobian Matrices). If conditions S.1-S.4 and (2, logn =
o(n) hold, then S, — Sy = op(1) in the eigenvalue norm . If conditions S.1-S.5, hy, = o(1),
and m¢2logn = o(nhy) hold, then Jy,(u)—Jum(u) = op(1) in the eigenvalue norm uniformly

muel.

4. ESTIMATION AND INFERENCE METHODS FOR LINEAR FUNCTIONALS

In this section we apply the previous results to develop estimation and inference methods

for various linear functionals of the conditional quantile function.

4.1. Functionals of Interest. We are interested in various functions 6 created as linear
functionals of Qy|x(u|-) for all u € U. Particularly useful examples include, for z = (w, v)

and xj denoting the k-th component of x,

L. the function itself:  0(u,z) = Qy|x (u|r);

2. the derivative:  6(u,x) = 0z, Qy|x (ulz);

3. the average derivative:  0(u) = [ 0y, Qyx (u|z)du(z);

4. the conditional average derivative: 6(ulw) = [ 0y, Qy|x (ulw,v)du(v|w).

The measures p entering the definitions above are taken as known; the result can be extended

to include estimated measures.

Note that in each example we could be interested in estimating 6(u,w) simultaneously
for many values of (u,w). For w € W C R% let I C U x W denote the set of indices (u,w)

of interest. For example:

e the function at a particular point (u,w), in which case I = {(u,w)},
e the function u — 6(u,w), having fixed w, in which case I =U x {w},

e the function w — 6(u,w), having fixed u, in which case I = {u} x W,
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e the entire function (u,w) — 0(u,w), in which case I =U x W.

By the linearity of the series approximations, the above parameters can be seen as linear

functions of the quantile regression coefficients 3(u) up to an approximation error, that is
0(u, w) = L(w)' B(u) + rn(u, w), (u,w) €1, (4.8)

where £(w)’5(u) is the series approximation, with ¢(w) denoting the m-vector of loadings on
the coefficients, and r, (u, w) is the remainder term, which corresponds to the approximation
error. Indeed, in each of the examples above, this decomposition arises from the application
of different linear operators A to the decomposition Qy|x(u|-) = Z(-)'8(u) + R(u,-) and

evaluating the resulting functions at w:
(AQyx (u]) [w] = (AZ()) [w]'B(u) + (AR(u,)) [w]. (4.9)
In the four examples above the operator A is given by, respectively,
1. the identity operator: (Af)[x] = f[x], so that
Ux)=Z(x), rn(u,x)=R(u,x) ;
2. a differential operator: (Af)[z] = (0y,f)[z], so that
Uzx) =04, Z(x), rp(u,x) =0y R(u,x);

3. an integro-differential operator: Af = [ 0, f(z)du(z), so that

t= [on2@inte). rw) = [ 00 Ru0)uta)

4. a partial integro-differential operator: (Af)[w] = [ 0y, f(z)dp(v|w), so that

f(w) = / Do Z(@)dp(v]w), (s w) = / Do, R, 2)da(v]w) .

For notational convenience, we use the formulation (48] in the analysis, instead of the

motivational formulation (.9).

We shall provide the inference tools that will be valid for inference on the series approx-
imation

l(w)'Bu), (u,w) €1,

and, provided that the approximation error 7, (u,w), (u,w) € I, is small enough as com-
pared to the estimation noise, these tools will also be valid for inference on the functional

of interest:

O(u,w), (u,w)e€l.
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Therefore, the series approximation is an important penultimate target, whereas the func-
tional # is the ultimate target. The inference will be based on the plug-in estimator

O(u,w) = E(w)’g(u) of the the series approximation ¢(w)’3(u) and hence of the final target
0(u,w).

4.2. Pointwise Rates and Inference on the Linear Functionals. Let (u,w) be a pair
of a quantile index value u and a covariate value w, at which we are interested in performing
inference on #(u,w). In principle, this deterministic value can be implicitly indexed by n,

although we suppress the dependence.

Condition P.

P.1 The approximation error is small, namely v/n|r,(u,w)|/|[¢(w)] = o(1).
P.2 The norm of the loading ¢(w) satisfies: |[¢(w)|| < &p(m,w).

Theorem 8 (Pointwise Convergence Rate for Linear Functionals). Assume that the condi-
tions of Theorem [2 and Condition P hold, then

0(u, w) — 0(u, w)| Sp L (4.10)

In order to perform inference, we construct an estimator of the variance as

~

52 (u, w) = u(l — w)l(w) T (1) S I (w)l(w) /n. (4.11)

n

Under the stated conditions this quantity is consistent for
o2 (u,w) = u(l — u)l(w) I (w)Zn It (u)b(w) /n. (4.12)

Finally, consider the t-statistic:

~

0(u, w) — H(U,w).

on(u,w)

tn(u,w) =

Condition P also ensures that the approximation error is small, so that

t (1, w) = f(w)'éi(&) ;)ﬁ(u)) +op(1).

We can carry out standard inference based on this statistic because t,(u,w) —4 N (0, 1).



15

Moreover, we can base inference on the quantiles of the following statistics:

Uw) T (w)U; (w) /1

8n(u7 w) 7

pivotal coupling tr (u,w) =

f(w) (B*(u) = B(w) (4.13)

gradient bootstrap coupling ¢ (u,w) = — ;
O-n(u7 w)

Cw) (Bb(u) — B(u) '

weighted bootstrap coupling ¢ (u,w) = G0 0)
n b

Accordingly let k(1 — «) be the 1 — /2 quantile of the standard normal variable, or let
kn(1—«) denote the 1—«a quantile of the random variable |t} (u, w)| conditional on the data,
ie. kp(l —a) =inf{t: P(|t;(u,w)| < t|D,,) > 1 — a}, then a pointwise (1 — «)-confidence
interval can be formed as

[i(u, w), i, w)] = [B(u,w) = k(1 — )G (u, ), O(u, w) + En(1 — )G (u, w)].
Theorem 9 (Pointwise Inference for Linear Functionals). Suppose that the conditions of
Theorems [2 and[7, and Condition P hold. Then,

tn(u, w) =4 N(0,1).

For the case of using the gradient bootstrap method, suppose that the conditions of Theorem
hold. For the case of using the weighted bootstrap method, suppose that the conditions of
Theorem [@ hold. Then, t},(u,w) —4 N(0,1) conditional on the data.

Moreover, the (1 —«)-confidence band [i(u,w), i(u,w)] covers 6(u,w) with probability that

1s asymptotically no less than 1 — a, namely

P{H(u,w) € [i(u,w),[(u,w)]} >1—a+o(1).

4.3. Uniform Rates and Inference on the Linear Functionals. For f : I — RF,

define the norm

Ifllr:= sup |f(u,w)l.

(u,w)erl
We shall invoke the following assumptions to establish rates and uniform inference results

over the region I.

Condition U.

U.1 The approzimation error is small, namely v/nlogn sup ||rn(u,w)/||[f(w)]||| = o(1).

(u,w)el
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U.2 The loadings ¢(w) are uniformly bounded and admit Lipschitz coefficients €& (m, I),
that is,

1ellr < &o(m, 1), [[e(w) — ()| < & (m, I)|jw —w'[|, and
log[diam(I) V &(m, I) V SGL(m, I)V () S logm

Theorem 10 (Uniform Convergence Rate for Linear Functionals). Assume that the condi-
tions of Theorem[d and Condition U hold, and d&Z(m,I)¢% log?n = o(n), then

SUD (1, u)el \g(u, w) — O(u,w)| Sp % log n. (4.14)

As in the pointwise case, consider the estimator of the variance 2 (u,w) in (ZII)). Under

our conditions this quantity is uniformly consistent for o2 (u,w) defined in (ZI2)), namely

2

2(u,w) /o2 (u,w) = 1+ op(1/logn) uniformly over (u,w) € I. Then we consider the

{tn(u,w) = Ou,w) - 9(u,w)’ (u,w) € I} )

o

t-statistic process:

Under our assumptions the approximation error is small, so that

(w) (Bw) - B(u))

On(u,w)

tn(u, w) = +op(1/logn) in £°°(1).

The main result on inference is that the t-statistic process can be strongly approximated

by the following pivotal processes or couplings:

Hw) T ()U; (u) /v/n

pivotal coupling {t,’;(u,w) = , (u,w) € I};

(w) (B*(w) — B(w))

On(u,w)

gradient bootstrap coupling {t:(u,w) = ) (u,w) € I};

Gaussian coupling {t;(u, w) =

, (u,w) € I}.
(4.15)

The following theorem shows that these couplings approximate the distribution of the t-

weighted bootstrap coupling {t:(u, w) =

statistic process in large samples.
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Theorem 11 (Strong Approximation of Inferential Processes by Couplings). Suppose that
the conditions of Theorems [3 and [3, and Condition U hold. For the case of using the
gradient bootstrap method, suppose that the conditions of Theorem [4] hold. For the case of
using the Gaussian approximation, suppose that the conditions of Theorem [d hold. For the
case of using the weighted bootstrap method, suppose that the conditions of Theorem[d hold.
Then,

tn(u,w) =4ty (u,w) + op(1/logn), in £°°(I),

where P can be replaced by P*.

To construct uniform two-sided confidence bands for {6(u,w) : (u,w) € I}, we consider

the maximal t-statistic

[tnllr = sup [tn(u, w)],
(u,w)erl

as well as the couplings to this statistic in the form:

ltnllr = sup |t (u, w)l.
(u,w)el

Ideally, we would like to use quantiles of the first statistic as critical values, but we do not
know them. We instead use quantiles of the second statistic as large sample approximations.
Let k(1 — ) denote the 1 — a quantile of random variable ||t} ||; conditional on the data,
ie.

kn(1— a) = inf{t : P(|£3||; < {Dn) > 1 — a}.

This quantity can be computed numerically by Monte Carlo methods, as we illustrate in

the empirical section.

Let §,, > 0 be a finite sample expansion factor such that &, logl/ 2n — 0 but 6, logn — oo.
For example, we recommend to set 6, = 1/(4log®*n). Then for ¢,(1 —a) = kn(1— &) + 6,
we define the confidence bands of asymptotic level 1 — o to be

-~ -~

[L(’LL, ’lU), L(u7 w)] = [0(u7 w) - Cn(l - Oé)/O'\n(u, w)7 9(“7 ’LU) + Cn(l - a)&n(u, ZU)], (u7 w) S
The following theorem establishes the asymptotic validity of these confidence bands.

Theorem 12 (Uniform Inference for Linear Functionals). Suppose that the conditions of
Theorem [I1 hold for a given coupling method.
(1) Then

P{lltallr < en(1 = 0)} > 1= a+o(1), (4.16)
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(2) As a consequence, the confidence bands constructed above cover 6(u,w) uniformly for

all (u,w) € I with probability that is asymptotically no less than 1 — o, namely
P{H(u,w) € [i(u,w), i(u,w)], for all (u,w) € I} >1—a+o(1). (4.17)
(3) The width of the confidence band 2c¢y, (1 — a)oy,(u, w) obeys uniformly in (u,w) € I:
2¢n,(1 — @)o,(u,w) = 2k, (1 — a)(1 + op(1))op (u, w). (4.18)

(4) Furthermore, if ||t:||1 does not concentrate at k,(1 — «) at a rate faster than \/logn,
that 1is, it obeys the anti-concentration property P(||t:|r < kn(1 —a) +e,) =1 — a+ o(1)
for any e, = o(1/y/logn), then the inequalities in {{.10) and ({{.17) hold as equalities, and

the finite sample adjustment factor §, could be set to zero.

The theorem shows that the confidence bands constructed above maintain the required
level asymptotically and establishes that the uniform width of the bands is of the same
order as the uniform rate of convergence. Moreover, under anti-concentration the confidence

intervals are asymptotically similar.

Comment 4.1. This inferential strategy builds on [I5], who proposed a similar strategy
for inference on the minimum of a function. The idea was not to find the limit distribution,
which may not exist in some cases, but to use distributions provided by couplings. Since the
limit distribution needs not exist, it is not immediately clear that the confidence intervals
maintain the right asymptotic level. However, the additional adjustment factor §,, assures
the right asymptotic level. A small price to pay for using the adjustment J, is that the
confidence intervals may not be similar, i.e. remain asymptotically conservative in coverage.
However, the width of the confidence intervals is not asymptotically conservative, since &,
is negligible compared to k,(1 — «). If an additional property, called anti-concentration,
holds, then the confidence intervals automatically become asymptotically similar. The anti-
concentration property holds if, after appropriate scaling by some deterministic sequences
an and by, the inferential statistic a,(||t,||r — by) has a continuous limit distribution. More
generally, it holds if for any subsequence of integers {ny} there is a further subsequence {ny,_}
along which ay, (|[ts,, |1 — bn,, ) has a continuous limit distribution, possibly dependent on
the subsequence. For an example of the latter see [9], where certain inferential processes
converge in distribution to tight Gaussian processes subsubsequentially. We expect anti-
concentration to hold in our case, but our constructions and results do not critically hinge

on it.
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Comment 4.2 (Primitive Bounds on &y(m, I')). The results of this section rely on the quan-
tity £g(m, I). The value of {y(m, I) depends on the choice of basis for the series estimator
and on the type of the linear functional. Here we discuss the case of regression splines and
refer to [29] and [12] for other choices of basis. After a possible renormalization of X, we
assume its support is X = [—~1,1]%. For splines it has been established that ¢, < /m and
maxy Sup,e v |00, Z(x)|| < m/2+* [29]. Then we have that for

e the function itself: 0(

e the derivative: 0(

) = Qvix(ulz), £(x) = Z(x), &(m, 1) S v/m;

) = 00, Qyx (ulz), Uz) = 0, Z (), Eo(m, I) S m*?;

e the average derivative:  0(u) = [ 0y, Qy|x (ulz)dpu(z), supp(p) C intX, |9y, p(z)| <1,
0= [ 0, 2(@)lw) do = — [ Z(0)0a () da, E9lm) S 1.

U, T
U, T

4.4. Imposing Monotonicity on Linear Functionals. The functionals of interest might
be naturally monotone in some of their arguments. For example, the conditional quantile
function is increasing in the quantile index and the conditional quantile demand function
is decreasing in price and increasing in the quantile index. Therefore, it might be desirable
to impose the same requirements on the estimators of these functions.

Let 6(u,w), where (u,w) € I, be a weakly increasing function in (u,w), i.e. (v, w') <
0(u,w) whenever (v, w'") < (u,w) componentwiseﬂ Let 6 and [¢,7] be the point and band
estimators of 6, constructed using one of the methods described in the previous sections.
These estimators might not satisfy the monotonicity requirement due to either estimation
error or imperfect approximation. However, we can monotonize these estimates and perform

inference using the following method, suggested in [14].

Let q, f : I — K, where K is a bounded subset of R, and consider any monotonization

operator M that satisfies: (1) a monotone-neutrality condition
Mgq = q if ¢ monotone; (4.19)
(2) a distance-reducing condition
Mg = MFllr < llg = fllz; (4.20)
and (3) an order-preserving condition
g < f implies Mg < Mf. (4.21)
Examples of operators that satisfy these conditions include:

1f 9(u, w) is decreasing in w, we take the transformation @ = —w and 6(u, @) = 6(u, —), where 6(u, @)

is increasing in w.
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1. multivariate rearrangement [14],
2. isotonic projection [4],
3. convex combinations of rearrangement and isotonic regression [14], and

4. convex combinations of monotone minorants and monotone majorants.

The following result establishes that monotonizing point estimators reduces estimation er-
ror, and that monotonizing confidence bands increases coverage while reducing the length
of the bands. The following result follows from Theorem [12] using the same arguments as

in Propositions 2 and 3 in [14].

Corollary 1 (Inference Monotone Linear Functionals). Let 6 : I — K be weakly increasing
over I and 8 be the QR series estimator of Theorem 0. If M satisfies the conditions (4.19)

and (4.20), then the monotonized QR estimator is necessarily closer to the true value:
M6 =0l < |6 — 0]

Let [i,7] be a confidence band for 6 of Theorem [I24. If M satisfies the conditions (4.19)
and ([{-21)), the monotonized confidence bands maintain the asymptotic level of the original

intervals:
P{f(u,w) € [Mi(u,w), Mi(u,w)] : (u,w) € I} >1—a+o(l).

If M satisfies the condition ({{.20)), the monotonized confidence bands are shorter in length

than the original monotone intervals:
[Mi = Mifr < [li =iz

Comment 4.3. Another strategy, as mentioned e.g. in [I4], is to simply intersect the initial
confidence interval with the set of monotone functions. This is done simply by taking the
smallest majorant of the lower band and the largest minorant of the upper band. This, in
principle, produces shortest intervals with desired asymptotic level. However, this may not
have good properties under misspecification, i.e. when approximation error is not relatively
small (we do not analyze such cases in this paper, but they can occur in practice), whereas
the strategy explored in the corollary retains a number of good properties even in this
case. See [14] for a detailed discussion of this point and for practical guidance on choosing

particular monotonization schemes.
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5. EXAMPLES

This section illustrates the finite sample performance of the estimation and inference
methods with two examples. All the calculations were carried out with the software R

([33]), using the package quantreg for quantile regression ([26]).

5.1. Empirical Example. To illustrate our methods with real data, we consider an empir-
ical application on nonparametric estimation of the demand for gasoline. [21], [34], and [39]
estimated nonparametrically the average demand function. We estimate nonparametrically
the quantile demand and elasticity functions and apply our inference methods to construct
confidence bands for the average quantile elasticity function. We use the same data set as
in [39], which comes from the National Private Vehicle Use Survey, conducted by Statistics
Canada between October 1994 and September 1996. The main advantage of this data set,
relative to similar data sets for the U.S., is that it is based on fuel purchase diaries and
contains detailed household level information on prices, fuel consumption patterns, vehicles
and demographic characteristics. (See [39] for a more detailed description of the data.)
Our sample selection and variable construction also follow [39]. We select into the sample
households with non-zero licensed drivers, vehicles, and distance driven. We focus on regu-
lar grade gasoline consumption. This selection leaves us with a sample of 5,001 households.

Fuel consumption and expenditure are recorded by the households at the purchase level.

We consider the following empirical specification:
Y =Qyx(UlX), Qyx(U|X)=gW,U)+V'BU), X=(WV),

where Y is the log of total gasoline consumption in liters per month; W is the log of
price per liter; U is the unobservable preference of the household to consume gasoline;
and V is a vector of 28 covariates. Following [39], the covariate vector includes the log
of age, a dummy for the top coded value of age, the log of income, a set of dummies for
household size, a dummy for urban dwellers, a dummy for young-single (age less than 36 and
household size of one), the number of drivers, a dummy for more than 4 drivers, 5 province
dummies, and 12 monthly dummies. To estimate the function g(W,U), we consider three
series approximations in W: linear, a power orthogonal polynomial of degree 6, and a cubic
B-spline with 5 knots at the {0,1/4,1/2,3/4,1} quantiles of the observed values of W.
The number of series terms is selected by undersmoothing over the specifications chosen

by applying least squares cross validation to the corresponding conditional average demand
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functions. In the next section, we analyze the size of the specification error of these series

approximations in a numerical experiment calibrated to mimic this example.

The empirical results are reported in Figures[MH3l Fig. [ plots the initial and rearranged
estimates of the quantile demand surface for gasoline as a function of price and the quantile
index, that is

(u,exp(w)) = O(u,w) = exp(g(w,u) + v'B(u)),
where the value of v is fixed at the sample median values of the ordinal variables and one
for the dummies corresponding to the sample modal values of the rest of the VariablesE The
rows of the figure correspond to the three series approximations. The monotonized estimates
in the right panels are obtained using the average rearrangement over both the price and
quantile dimensions proposed in [14]. The power and B-spline series approximations show
most noticeably non-monotone areas with respect to price at high quantiles, which are

removed by the rearrangement.

Fig. 2l shows series estimates of the quantile elasticity surface as a function of price and

the quantile index, that is:
(u, exp(w)) = O(u, w) = Oug(w, u).

The estimates from the linear approximation show that the elasticity decreases with the
quantile index in the middle of the distribution, but this pattern is reversed at the tails.
The power and B-spline estimates show substantial heterogeneity of the elasticity across

prices, with individuals at the high quantiles being more sensitive to high prices

Fig. Bl shows 90% uniform confidence bands for the average quantile elasticity function

u— 0(u) = /8w g(w, u)du(w).

The rows of the figure correspond to the three series approximations and the columns
correspond to the inference methods. We construct the bands using the pivotal, Gaussian
and weighted bootstrap methods. For the pivotal and Gaussian methods the distribution
of the maximal t-statistic is obtained by 1,000 simulations. The weighted bootstrap uses

standard exponential weights and 199 repetitions. The confidence bands show that the

2The median values of the ordinal covariates are $40K for income, 46 for age, and 2 for the number of
drivers. The modal values for the rest of the covariates are 0 for the top-coding of age, 2 for household size,
1 for urban dwellers, 0 for young-single, 0 for the dummy of more than 4 drivers, 4 (Prairie) for province,
and 11 (November) for month.

3These estimates are smoothed by local weighted polynomial regression across the price dimension ([16]),

because the unsmoothed elasticity estimates display very erratic behavior.
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FiGURE 1. Quantile demand surfaces for gasoline as a function of price and
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estimates and the right panels shows the corresponding estimates mono-

tonized by rearrangement over both dimensions.
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evidence of heterogeneity in the elasticities across quantiles is not statistically significant,
because we can trace a horizontal line within the bands. They show, however, that there is
significant evidence of negative price sensitivity at most quantiles as the bands are bounded

away from zero for most quantiles.

5.2. Numerical Example. To evaluate the performance of our estimation and inference
methods in finite samples, we conduct a Monte Carlo experiment designed to mimic the
previous empirical example. We consider the following design for the data generating pro-

Cess:
Y = g(W)+V'B+0d 1 (U), (5.22)

where g(w) = ap + cqw + agsin(2rw) + ag cos(2mw) + aysin(4drw) + as cos(dnw), V is
the same covariate vector as in the empirical example, U ~ U(0,1), and ®~! denotes the
inverse of the CDF of the standard normal distribution. The parameters of g(w) and S
are calibrated by applying least squares to the data set in the empirical example and o is
calibrated to the least squares residual standard deviation. We consider linear, power and
B-spline series methods to approximate g(w), with the same number of series terms and

other tuning parameters as in the empirical example

Figures [ and [l examine the quality of the series approximations in population. They

compare the true quantile function
(u, exp(w)) = O(u, w) = g(w) + '8+ a®(u),
and the quantile elasticity function
(u, exp(w)) = O(u, w) = dug(w),

to the estimands of the series approximations. In the quantile demand function the value of
v is fixed at the sample median values of the ordinal variables and at one for the dummies
corresponding to the sample modal values of the rest of the variables. The estimands are
obtained numerically from a mega-sample (a proxy for infinite population) of 100 x 5,001
observations with the values of (W, V) as in the data set (repeated 100 times) and with
Y generated from the DGP (5.22]). Although the derivative function does not depend on
u in our design, we do not impose this restriction on the estimands. Both figures show
that the power and B-spline estimands are close to the true target functions, whereas the
more parsimonious linear approximation misses important curvature features of the target

functions, especially in the elasticity function.
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FiGURE 4. Estimands of the quantile demand surface. Estimands for the

linear, power and B-spline series estimators are obtained numerically using
500,100 simulations.
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FIGURE 5. Estimands of the quantile elasticity surface. Estimands for the
linear, power and B-spline series estimators are obtained numerically using

500,100 simulations.
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To analyze the properties of the inference methods in finite samples, we draw 500 samples
from the DGP in equation (5.22]) with 3 sample sizes, n: 5,001, 1,000, and 500 observations.
For n = 5,001 we fix W to the values in the data set, whereas for the smaller sample sizes we
draw W with replacement from the values in the data set and keep it fixed across samples.
To speed up computation, we drop the vector V by fixing it at the sample median values
of the ordinal components and at one for the dummies corresponding to the sample modal

values for all the individuals. We focus on the average quantile elasticity function

wes B(u) = / Bug(w)dp(w),

over the region I = [0.1,0.9]. We estimate this function using linear, power and B-spline
quantile regression with the same number of terms and other tuning parameters as in the
empirical example. Although 6(u) does not change with u in our design, again we do not
impose this restriction on the estimators. For inference, we compare the performance of
90% confidence bands for the entire elasticity function. These bands are constructed using
the pivotal, Gaussian and weighted bootstrap methods, all implemented in the same fashion
as in the empirical example. The interval I is approximated by a finite grid of 91 quantiles
I ={0.10,0.11, ..., 0.90}.

Table 1 reports estimation and inference results averaged across 200 simulations. The
true value of the elasticity function is #(u) = —0.74 for all u € I. Bias and RMSE are
the absolute bias and root mean squared error integrated over I. SE/SD reports the ratios
of empirical average standard errors to empirical standard deviations. SE/SD uses the
analytical standard errors from expression [#I1)). The bandwidth for J,,(u) is chosen using
the Hall-Sheather option of the quantreg R package ([19]). Length gives the empirical
average of the length of the confidence band. SE/SD and length are integrated over the
grid of quantiles I. Cover reports empirical coverage of the confidence bands with nominal
level of 90%. Stat is the empirical average of the 90% quantile of the maximal t-statistic used
to construct the bands. Table 1 shows that the linear estimator has higher absolute bias
than the more flexible power and B-spline estimators, but displays lower rmse, especially
for small sample sizes. The analytical standard errors provide good approximations to the
standard deviations of the estimators. The confidence bands have empirical coverage close
to the nominal level of 90% for all the estimators and sample sizes considered; and weighted

bootstrap bands tend to have larger average length than the pivotal and Gaussian bands.
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All in all, these results strongly confirm the practical value of the theoretical results and
methods developed in the paper. They also support the empirical example by verifying that

our estimation and inference methods work quite nicely in a very similar setting.

TABLE 1. Finite Sample Properties of Estimation and Inference Methods

for Average Quantile Elasticity Function

Pivotal Gaussian ‘Weighted Bootstrap
n = 5,001
Bias RMSE SE/SD Cover Length Stat Cover Length Stat Cover Length Stat
Linear 0.05 0.14 1.04 90 0.77 2.64 90 0.76 2.64 87 0.82 2.87
Power 0.00 0.15 1.03 91 0.85 2.65 91 0.85 2.65 88 0.91 2.83
B-spline  0.01 0.15 1.02 90 0.86 2.64 88 0.86 2.64 90 0.93 2.84
n = 1,000
Linear 0.03 0.29 1.09 92 1.78 2.64 93 1.78 2.64 90 1.96 2.99
Power 0.03 0.33 1.07 92 2.01 2.66 91 2.00 2.65 95 2.17 2.95
B-spline  0.02 0.35 1.05 90 2.08 2.65 90 2.07 2.65 96 2.21 2.95
n = 500
Linear 0.04 0.45 1.01 88 2.60 2.64 88 2.60 2.64 90 2.84 3.05
Power 0.02 0.52 1.04 90 3.12 2.65 90 3.13 2.66 95 3.29 3.01
B-spline  0.02 0.52 1.04 90 3.25 2.65 90 3.25 2.65 96 3.35 3.00

Notes: 200 repetitions. Simulation standard error for coverage probability is 2%.
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APPENDIX A. IMPLEMENTATION ALGORITHMS

Throughout this section we assume that we have a random sample {(Y;, Z;) : 1 <i < n}.
We are interested in approximating the distribution of the process v/n(B(-) — B(-)) or of
the statistics associated with functionals of it. Recall that for each quantile u € U C (0, 1),
we estimate B(u) by quantile regression B(u) = arg mingegpm By [pu(Y: — Z8)], the Gram
matrix X, by Sy, = E,[Z;Z!], and the Jacobian matrix Jy,(u) by Powell [32] estimator
T (1) = En[1{|YZ—ZZ’B(u)| < hyp}-Z;Z!)/2h,,, where we recommend choosing the bandwidth
hy, as in the quantreg R package with the Hall-Sheather option ([19]).

We begin describing the algorithms to implement the methods to approximate the dis-
tribution of the process v/n(3(-) — B(+)) indexed by U.

Algorithm 1 (Pivotal method). (1) For b = 1,...,B, draw U?,...,U? i.i.d. from U ~
Uniform(0,1) and compute Ul(u) = n=Y23"" | Zi(u — L{UP < u}), w € U. (2) Ap-
prozimate the distribution of {\/H(B(u) — B(u)) : u € U} by the empirical distribution of

{T-1(w)U (u) : w e U,1 < b< B}.

Algorithm 2 (Gaussian method). (1) Forb=1,..., B, generate a m-dimensional standard
Brownian bridge onU, BL,(-). Define G%(u) = ifnlprn(u) foru eU. (2) Approzimate the
distribution of {\/ﬁ(g(u) — B(u)) : u € U} by the empirical distribution of {jnfbl(u)GfL(u) :
uelU,1<b< B}.

Algorithm 3 (Weighted bootstrap method). (1) For b =1,...,B, draw h%,... k% i.i.d.
from the standard exponential distribution and compute the weighted quantile regression
process Bb(u) = argmingerm Y iy h-pu(Yi—Z!B), u € U. (2) Approzimate the distribution
of{\/ﬁ(g(u)—ﬂ(u)) cu € U} by the empirical distribution Of{\/ﬁ(gb(u)—g(u)) ruel,1<
b< B

Algorithm 4 (Gradient bootstrap method). (1) For b = 1,...,B, draw Up, ..., U? i.i.d.
from U ~ Uniform(0,1) and compute Ul (u) =n"V23"" | Zj(u — 1{U? < u}), uel. (2)
Forb=1,...,B, estimate the quantile regression process @’(u) = argmingegm » 1y pu(Yi—
ZIB) + pu(Ynt1 — X2 1 (w)'B), w € U, where Xb. i (u) = —/n Ub(u)/u, and Yy =
nmaxi<i<p |Yi| to ensure Y41 > XfLH(u)/Bb(u), for all w € U. (3) Approxzimate the
distribution of {\/n(B(u)—B(w)) : u € U} by the empirical distribution of {/n(B°(u)—pB(u)) :
weld,1<b<B).

The previous algorithms provide approximations to the distribution of \/E(B (u) — B(u))

that are uniformly valid in u € U. We can use these approximations directly to make



32

inference on linear functionals of Qy|x(:|X) including the conditional quantile functions,
provided the approximation error is small as stated in Theorems @ and [l Each linear
functional is represented by {0(u,w) = ¢(w)'B(u) + rn(u, w) : (u,w) € I}, where £(w) B(u)
is the series approximation, ¢(w) € R™ is a loading vector, r,(u,w) is the remainder term,
and [ is the set of pairs of quantile indices and covariates values of interest, see Section
[ for details and examples. Next we provide algorithms to conduct pointwise or uniform

inference over linear functionals.

Let B be a pre-specified number of bootstrap or simulation repetitions.

Algorithm 5 (Pointwise Inference for Linear Functionals). (1) Compute the variance esti-
mate 52(u, w) = u(1—u)l(w) Tt (u)SmJt (w)(w) /n. (2) Using any of the Algorithms[1H{)

compute vectors Vi(u), ..., Vg(u) whose empirical distribution approximates the distribution
of vn(B(u) — B(u)). (3) Forb=1,...,B, compute the t-statistic t:(u,w) = ‘Wm

(4) Form a (1 — «)-confidence interval for 0(u,w) as E(w)’g(u) + kn(1 — a)op,(u, w), where
kn(1 — @) is the 1 — a sample quantile of {t:*(u,w) : 1 < b < B}.

Algorithm 6 (Uniform Inference for Linear Functionals). (1) Compute the variance es-
timates 52 (u,w) = u(l — w)l(w) T (W) (w)l(w) /n for (u,w) € I. (2) Using any
of the Algorithms [1Hf), compute the processes Vi(-),...,Vp(-) whose empirical distribution
approximates the distribution of {\/H(B(u) B(u)) :ueU}. (8) Forb=1,...,B, compute
the mazimal t-statistic |t:°|; = SUD(y,w)el (f/@nvi(i (4) Form a (1 — «)- conﬁdence band
for {0(u,w) : (u,w) € I} as {L(w) B(u) + kp(1 — )T (u,w) : (u,w) € I}, where ky(1 — o)
is the 1 — o sample quantile of {||t*|7 : 1 < b < B}.

APPENDIX B. A RESULT ON IDENTIFICATION OF QR SERIES APPROXIMATION IN
POPULATION AND ITS RELATION TO THE BEST L3-APPROXIMATION

In this section we provide results on identification and approximation properties for the
QR series approximation. In what follows, we denote z = Z(x) € Z for some z € X, and

for a function h : X — R we define
Qu(h) = E[p,(Y — h(X))],

so that B(u) € argmingerm Qu(Z'F). Also let f := infucy xex fy|x(Qy)x(u[X)|X), where
f > 0 by condition S.2.
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Consider the best Ly-approximation to the conditional quantile function g, (-) = Qy|x (u|)
by a linear combination of the chosen basis, namely
B (u) € argﬁm[;&n E|Z'8 - gu(X)*] . (B.23)
E m

We consider the following approximation rates associated with 5 (u):

ci72 =FE [’Z,/é* (u) - gu(X)’2] and Cu,00 = XSUPZ( )’Z//é* (u) - gu(‘r)’
rxeX ,z=4(x

Lemma 1. Assume that conditions S.2-5.4, (mcy2 = 0(1) and ¢y = o(1) hold. Then, as

n grows, we have the following approximation properties for B(u):

E[|Z6(u) - gu(X)P] < 16V 3/N)c2, B[17'8(w) ~ 25 )] < (0V8F/Ney and

sup ) ’Z//B(u) - gu(x)‘ 5 Cuy,00 + Cm \/ (9 \ 8f/i)cu,2/ V mineig(zm)’

2EX 2=Z(x

< 1/2 ~ 1/2
Proof of Lemma[l. We assume that E [\Z’ﬂ(u) -7Z'p (u)\2] > 3F [[Z’ﬂ (u) — gu(X)lz] ,

otherwise the statements follow directly. The proof proceeds in 4 steps.

Step 1 (Main argument). For notational convenience let

3/2

a=(f?/FE[|Z'B(u) — gu(X)I]”" JE[|1Z'B(w) — gu(X)*] .

By Steps 2 and 3 below we have respectively

Qu(Z'B(w)) — Qulgu) < fei 5 and (B.24)
Qu(2'80) - Quign) > LA Z 0] (8 750 - r)) . (B2

Thus

iE[\Z’ﬁ<u;—9u<X"2] A {(Q/i’))\/ FEZ'8(u) — gu(X )!2]} < fei o

As n grows, since / fc2 ., < /'3 by Step 4 below, it follows that E [|Z/8(u) — g.(X)|?] <
u,2

3¢2 o f/f which proves the first statement regarding 3(u).

The second statement regarding [(u) follows since

VB 178 - 25 @] < VETZB0 — aulOPT+ /B (1278 @) - 0u(X)F] < 3k aF e
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Finally, the third statement follows by the triangle inequality, S.4, and the second state-

ment
WD) [7B00) — 9u(@)| < B |25 () — 9u(a)| + GullB(w) — F ()]
< ot cm\/ 125" () ~ 2/8(w)2] /mineig(21,)
< Cuoo + Cn[(9V 8F/f)cu2//mineig(3,,).

Step 2 (Upper Bound). For any two scalars w and v we have that

ol — ) — pulw) = —v(u — 1{w < 0}) + /00(1{10 <O —1{w<0)d.  (B.26)

By (B.26) and the law of iterated expectations, for any measurable function h

Qu(h) = Quign) = B [ J3 ™ Pyix(gu + t1X) = Frix (9l X)dt]
= B[ J37 thyx(gu + Ixa X)dt] < (F/2)ElR - guf?
where tx ; lies between 0 and ¢ for each ¢ € [0, h(x) — gu(z)].
Thus, (B27) with A(X) = Z'F" (u) and Qu(Z'B(u)) < Qu(Z'3" (u)) imply that
Qu(Z'8(u)) = Qulgu) < Qu(Z'B (1)) — Qulgu) < fei 5.

(B.27)

Step 3 (Lower Bound). To establish a lower bound note that for a measurable function h

Qu(h) = Quig) = E [ Jo ™" Fyix(gu + t1X) — Fyix (9, X)dt]
[f() o th\X(gu‘X) + ﬁfy‘x(gu + tX,t’X)dt] (B28)
> (f/2)Elh — gul’] = g /'Ellh — gul?].

It /fE[|1Z2'B(w) - gu(X)[?] < G, then J'E [|Z'(u) — gu(X)] <
and (B.28) with the function h(Z) = Z'B(u) yields

JE[|2'8(u) — gu(X)[?]
; :

FE|Z'8(u) — gu(X) ]

QU(Z/ﬁ(U)) - QU(QU) 2

On the other hand, if \/ FEZ'B(u) — gu(X)[2] > @, let hy(X) = (1— ) Z'B(u) + agu(X)
where o € (0,1) is picked so that y/fE [|hy — gu|?] = ¢. Then by (B.28) and convexity of

Q. we have

| VIEIZB@) — 9. (0P)

Qu(Z/ﬂ( = Qulgu) > (Qulhu) = Qulgu) ) -
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Next note that hy(X) — gu(X) = (1 — a)(Z'8(u) — gu(X)), thus
[ E|1Z'8(w) — gu(X)PF2 [ Ellh, — 9.
o E[Z'B(u) — gu(X)[?] o Elhy — gul]
Using that and applying (B.28) with h, we obtain

TEhu —gu?l =@

Qulta) = Qulow) > (/2 Bl — gul?] = < F Ellh — ') = /3.

Therefore

Qu(ZB0) - Quig) = LEIZO -

9(OP] (%\/iE 12/8(u) = gu(X)P))

Step 4. (fcﬁg < ¢*/3 as n grows) Recall that by S.4 ||Z|| < (,, and that we can assume

B[1280) - 25 @P) " > 38 12/ @) - gux)?]

Then, using the relation above (in the second inequality)

3/2 1/2

B[|2/8()—gu(X)P’] B[|28(w)—gu(X)?]
ENZA@ e = Sbrexoz(a) 1283 (@)]
B(|2'8w)-2'5 wi] " +E[| 25 w)-gu 0]
Prex,—z(x) |2/BW)—2' B (u)|[+5ub,e v . 70 1287 (u)—gu(2)]
pllzse-z5 we] " B2 wgu0or] >

SUPzc X, z=2Z(x) ‘ZIB(U‘)_Z/B* (u)‘ SUPzcx,z=2Z(x) ‘ZIB* (u)—gu(x)|

IV
N[

S

=

v
D=
A/\

> 3 (S )
where £ = y/mineig(%,,).
Finally, v/feu2 < (i3/2/?)(1/2)(<im ccjfo )/V/3 < G/+/3 as n grows under the condition
CmCu,2 = 0(1), ¢y 00 = 0(1), and conditions S.2 and S.3. O

APPENDIX C. PROOF OF THEOREMS [IHT]

In this section we gather the proofs of the theorems[IH7 stated in the main text. We adopt
the standard notation of the empirical process literature [37]. We begin by assuming that
the sequences m and n satisfy m/n — 0 as m,n — co. For notational convenience we write
¥i(B,u) = Z;(1{Y; < Z!B} — u), where Z; = Z(X;). Also for any sequence r = 1, = o(1)
and any fixed 0 < B < oo, we define the set

Ry = {(u, ) €U x R™ : || — B(u)|| < Br}
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and the following error terms:

co(m,n) = sup  [|Gn(¥i(B(u),u))ll,
ueU
ei(m,n) = sup  [|Gu(¢i(B,u) — Gn(vi(B(u),u))ll,
(uvﬁ)eRn,m
ea(myn) = sup a2 E[y(8,w)] — E[i(B(u), w)] — Jn(uw)(B — B(w))]-
(uvﬁ)eRn,m

In what follows, we say that the data are in general position if for any v € R™,
P (Y; = Z[~,for at least one i) = 0. Under the bounded density condition S.2, the data
are in the general position. We also assume i.i.d. sampling throughout the appendix,

although this condition is not needed for most of the results.

C.1. Proof of Theorem [l We start by establishing uniform rates of convergence. The

following technical lemma will be used in the proof of Theorem [1I

Lemma 2 (Rates in Euclidian Norm for Perturbed QR Process). Suppose that B(u) s a

minimizer of
Enlpu(Yi — Z;B)] + An(u)' B

for each w € U, and that the perturbation term obeys sup,cy [|[An(w)|| Sp r = o(1). The
unperturbed case corresponds to A,(-) = 0. If inf,cy mineig[Jy,(u)] > J > 0 and the

conditions

R1. eo(m,n) SP \/HT‘,
R2. e1(m,n) Sp v/nr,
R3. ea(m,n) Sp v/nr,
hold, where the constants in the bounds above can be taken to be independent of the constant

B in the definition of Ry, then for any € > 0, there is a sufficiently large B such that
with probability at least 1 — ¢, (u,B(u)) € Ry, uniformly over w € U, that is,

sup Hﬁ(u) - ﬂ(u)” Spr. (C.29)

ueU

Proof of Lemma[Z4. Due to the convexity of the objective function, it suffices to show that

for any € > 0, there exists B < oo such that

P <uiI€1{{ ||1ivf|1£ B [91 (B, w)] + An(w)] |p=s(u) 4 Bry > 0) >1-e. (C.30)
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Indeed, the quantity E, [¢; (8,u)] + A, (u) is a subgradient of the objective function at f.
Observe that uniformly in u € U,
Vi By [¥; (B(u) + Bra, u)] = G (n'i(B(w), w) + 0/ Jm (w)nBy/nr — e1(m, n) — e2(m,n),
since F [¢;(B(u),u)] = 0 by definition of 5(u) (see argument in the proof of Lemma [3)).
Invoking R2 and R3,
e1(m,n) + e2(m,n) Sp \/nr,

and by R1, uniformly in n € S™~! we have

1Gn (i (B(u), w)] < sup |G (¢i(B(u), w)|| = eo(m,n) Sp v/nr.

uel

Then the event of interest in (C30) is implied by the event

{n’Jm(U)nB\/ﬁr —€o(m,n) —ex(m,n) — ez(m,n) — \/531615 [ An ()] > 0} :

whose probability can be made arbitrarily close to 1, for large n, by setting B sufficiently
large since sup,,cy || An(w)|| Sp r, and o' Jp, (u)n > J > 0 by the condition on the eigenvalues
of Jp(u). O

Proof of Theorem[l. Let ¢, = supyegm-1 E[(Zla)?] V E,[(Z!a)?]. Under (% logn = o(n)
and S.3, ¢, <p 1 by Corollary Rlin Appendix [Gl
Next recall that R, , = {(u,8) € U x R™ : || — B(u)|| < Br} for some fixed B large

enough.

Under S.1-S.5, eg(m,n) <p vVmo,logn by Lemma 23] and e1(m,n) Sp +/mo,logn
by Lemma 22] where none of these bounds depend on B. Under S.1-S.5, ez(m,n) <
V1l B%r? 4 /nm~"Br < y/nr by Lemma 24] provided (,, B?r = o(1) and m™"B = o(1).

Finally, since ¢(3mlogn = o(n) by the growth condition of the theorem, we can take
r = +/(mlogn)/n in Lemma 2l with A, (u) = 0 and the result follows. O

C.2. Proof of Theorems 2 Bl [4, 5] and 6l In order to establish our uniform linear
approximations for the perturbed QR process, it is convenient to define the following ap-

proximation error:

ea(mym) = sup n'f?| E,[i(B(u), )] + An(u)]].

Lemma 3 (Uniform Linear Approximation). Suppose that 3 (u) is a minimizer of
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for each uw € U, the data are in general position, and the conditions of Lemma [ hold. The

unperturbed case corresponds to Ay (-) = 0. Then

-~

Vit (F) = ) = <2 3008, u) = Aulw) + 7w s
i=1 :

SUDPyecus ||7"n(’LL)H SP 61(m7 n) + € (mv ’I’L) + 63(m7 n)

Proof of Lemma[3. First note that E [¢;(8(u), u)] = 0 by definition of (u). Indeed, despite
the possible approximation error, 3(u) minimizes E|[p, (Y —Z’(3)] which yields F [¢;(8(u),u)] =
0 by the first order conditions.

Therefore equation (C.31]) can be recast as
rn(w) =020 () (B(u) = B(w)) + Gy ($i(B(u), w)) + An(w).

Next note that if (u, B (u)) € Ry uniformly in u € U by the triangle inequality, uniformly
inueld

Ira@Il < |[Gu@i(B(w), ) = Gulwi(Blw), )| +
n'/? HE [%(E(u),u)] — E[hi(B(u), w)] = Jm(u) <§(u) a B(U)) H "
E, [4i(Bw),w)] + An(u)|

e1(m,n) + ea(m,n) + e3(m, m).

+
+ nl/z‘
<

The result follows by Lemma 2l which bounds from below the probability of (u, B (w)) € Rum

)

uniformly in u € Y.

O

Proof of Theorem[2 We first control the approximation errors €, €1, €2, and €3. Lemma
23 implies that eg(m,n) Sp v/me, logn. Lemma [24] implies that
m(my logn

vn

Next note that under the bounded density condition in S.2, the data are in general

er1(m,n) Sp v/myrlogn + and ex(m,n) Sp Vnlmr? + v/nm ™ r.

position. Therefore, by Lemma 26 with probability 1 we have

63(m7n) < m—CTn

N4
Thus, the assumptions required by Lemma [] follow under m3¢?, log®n = o(n), the uni-

form rate r = /(mlogn)/n, and the condition on .
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Thus by Lemma B with A,,(-) =0

~

NN (B(u) — B(u)) = \_/—71_1 Zwi(ﬂ(u),u) + rp(u), where
i=1

mm logn

vn

mGm

+m "y/mlogn + ——.

vn

sup ||rn(w)]] Sp v/mEyrlogn +
ueU

Next, let

R, = % S Z({Y; < ZIB(w) + R(Xi,u)} — 1{Y; < ZLB(u)}).
=1

mCm logn

By Lemma 25 sup, oy |70l Sp v/m!~*logn + . The result follows since U, (u) =4
LS, Ziu— 1Y: < ZIB() + R(X0)}). 0

Proof of Theorem[3. Note that

ueU aeS™—1 ueld ueU

sup [ro(w)| < sup o' (5} (u) — T, (w)al sup U ()]

To bound the second term, by Lemma 23]
sup [|U (u)|| Sp v/mlogn (C.32)
ueU

since ¢, <p 1 by Corollary 2 in Appendix [Glunder ¢? logn = o(n).

Next since J,,,(u) has eigenvalues bounded away from zero by S.2 and S.3, J,,!(u) also

has eigenvalues bounded above by a constant. Moreover, by Lemma 4]

sup [0’ (Jn(u) = Jm(u))al - Sp es(m,n) + eg(m, n)
acSm—1 ycld
2 2
Sp [ SROER 4 MG lOBR gy [IUOERC )y

where the second inequality follows by LemmaR8 with » = y/(mlogn)/n. Under the growth

conditions stated in the Theorem,

sup [0/ (T () — Jun(w))a] < op (1/ mlog3n).
acS™m—1 ueld

Thus, with probability approaching one, jnfbl(u) has eigenvalues bounded above by a con-

stant uniformly in u € U.
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Moreover, by the matrix identity A~! — B~' = B~1(B — A)A~!

o (T (u) = Tt (W)l = [ T () (T () — o (u) T ()l

< Ho/j;f(u) esup ’d/(jm(u) — Jm(w)al ||, (w)all (C.33)

a

<op <1/\/mlog3n> )

which holds uniformly over o € S™~ ! and u € U.

Finally, the stated bound on sup,cy |7 (u)|| follows by combining the relations (C.32)

and (C.33). O

Proof of Theorem[4. The first part of the proof is similar to the proof of Theorem [2] but
applying Lemma Bl twice, one to the unperturbed problem and one to the perturbed problem
with A, (u) = —U} (u)/y/n, for every u € U. Consider the set E of realizations of the data
Dy, such that supjj, =1 En[(e/ Z;)?] £ 1. By Corollary 2lin Appendix[Gland assumptions S.3
and S.4, P(E) =1 — o(1) under our growth conditions. Thus, by Lemma 23]

mlogn

sup [| A (u)|| Spr=
ueU n

where we used that ¢,, <p 1 by Corollary 2in Appendix [Glunder ¢2 logn = o(n) and S.3.
Then,

~

VitTn(w) (B*(u) = B@w)) = vVida(w) (B*(w) = B(w) ) = VitIn(w) (Blu) ~ B(w))
= Us (u) + 72 (u) — 72" (), where

|
sup ||7‘£’frt(u) — T,Z”pe”(u)ﬂ <p vV/mCnrlogn + w +m~ "y/mlogn + %

well vn vn o
Note also that the results continue to hold in P-probability if we replace P by P*, since
if a random variable B,, = Op(1) then B,, = Op«(1). Indeed, the first relation means that
P(|Byn| > ¢,) = o(1) for any ¢,, — oo, while the second means that P*(|B,| > ¢,) = op(1)
for any ¢, — oco. But the second clearly follows from the first from the Markov inequality,
observing that E[P*(|By| > ¢,)] = P(|By| > ¢,) = o(1). O

Proof of Theorem[d. The existence of the Gaussian process with the specified covariance
structure is trivial. To establish the additional coupling, note that under S.1-S.4 and the
growth conditions, supjj,|=1 En[(c¢/ Z;)?] <p 1 by Corollary Bin Appendix[Gl Conditioning
on any realization of Zi, ..., Z, such that supjq = E,[(a'Z;)?] < 1, the existence of the

Gaussian process with the specified covariance structure that also satisfies the coupling
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condition follows from Lemma [§l Under the conditions of the theorem sup,;, ||Up(uw) —

Gn(u)|| = op(1/logn). Therefore, the second statement follows since

sup [|v/n(B(u) — B(u)) = T, (w) G (u)|

ueU
< sup 15" (@) Un(u) = I (w) G (w)]| + 0p(1/ log n)

< sup |5, (u)[| sup |Un (u) — Gp(u)]| + 0p(1/log n) = op(1/logn),
uel uel
where we invoke Theorem [2] under the growth conditions, and that the eigenvalues of J,,, (u)
are bounded away from zero uniformly in n by S.2 and S.3.

The last statement proceeds similarly to the proof of Theorem [Bl

O

Proof of Theorem[@. Note that Bb(u) solves the quantile regression problem for the rescaled
data {(h;Y;,h;Z;) : 1 < i < n}. The weight h; is independent of (Y;,Z;), E[h;] = 1,
E[h?] = 1, and maxj<;<, h; Sp logn. That allows us to extend all results from B(u) to Bb(u)
replacing ¢, by ¢, = ( log n to account for the larger envelope, and ¥? (8, u) = h;v; (B, u).

The first part of the proof is similar to the proof of Theorem 2l but applying Lemma [3]
twice, one to the original problem and one to the problem weighted by {h;}. Then

Vi (B = Bw) = v (B'(w) = Bw) + v (Bu) - Blw)

= an;:—lU) Zz:;hizi(u — 1{Y; < ZIB(u)}) + 2 (u)—
_ J;\,,;%u) ; Zi(u— 1{Y; < ZB(u)}) — rn(u)

where supqey |7 (1) — 4 (w) | Sp v/mGprlog? n + MR = /i Togy 4 Ménlosn,
Next, let

Ty 1= % Z(hi —1)Z;(1{Y; < Z!B(u) + R(X;,u)} — 1{Y; < Z!B(u)}).
i=1

By Lemma 25, sup,cy |7l Sp /mI—~logn + %. The result follows since 1{U; <
w} = 1{Y; < ZI8(u) + R(Xs,w)}.

Note also that the results continue to hold in P-probability if we replace P by P*, since
if a random variable B,, = Op(1) then B, = Op«(1). Indeed, the first relation means that
P(|By| > ¢,) = o(1) for any ¢, — oo, while the second means that P*(|B,| > ¢,) = op(1)
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for any ¢, — co. But the second clearly follows from the first from the Markov inequality,
observing that E[P*(|B,| > ¢,)] = P(|Bn| > £,) = o(1).

The second part of the theorem follows by applying Lemma [§ with v; = h; — 1, where
h; ~ exp(1) so that E[v?] = 1, E[|v;|*] < 1 and maxi<;<p |vi] <p logn. Lemma B implies
that there is a Gaussian process G, () with covariance structure E,[Z; Z/](u A v’ — uu’) such
that

sup
ueU

<p o(1/logn).

% D (hi = 1)Zi(u — {U; < u}) ~ Gulu)

Combining the result above with the first part of the theorem, the second part follows by
the triangle inequality. ([l

C.3. Proof of Theorem [7] on Matrices Estimation. Consider the following quantities

atmn) = sup |06, ((0'2)%)]

aeSm—1

n—l/2 9

n acsm—1,
(u,B)ERmM,n
1

66(m7n) = sSup 'ﬁ E [1{‘}/; - ZZ/B’ < hn}(a/Zi)z] - O/Jm(u)a >

aeS"”*l, n

(u,B)ERmM,n

where h,, is a bandwidth parameter such that h,, — 0.

Lemma 4 (Estimation of Variance Matrices and Jacobians). Under the definitions of eu, €s,
and €g we have
sup | o/ (Epm — S | < ea(myn)  sup | o (Tm(u) = Jm(u)er | < e5(m, n)+eg(m,n).

acsSm—1 acsm—1,
uelU

Proof. The first relation follows by the definition of e4(m, n) and the second by the triangle

inequality and definition of e5(m,n) and eg(m,n). O

Proof of Theorem [7. This follows immediately from Lemma [ Lemma 27] and Lemma
d
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APPENDIX D. PROOFS OF THEOREMS [§ AND

Proof of Theorem|[8 By Theorem [2] and P1

10(u,w) = O(u,w)| < |6(w) (Bu) — B)| + [ra(u, w)|
< M0 I ()] (%OQD + o(|[e(w)]|/v/n)
é \Z(w) \/(E)Un( )| _|_0P (%) + O( (m U))/\/_)

where the last inequality follows by [[{(w)| < &g(m,w) assumed in P2. Finally, since
E[lt(w) T, () Un(u)]?] < [6w) 217! (@)1 supacgm—1 El(o'Z)?] S &3(m,w), the result
follows by applying the Chebyshev inequality to establish that |[¢(w)J,!(u)Un(u)] <p
Eo(m,w). O

Proof of Theorem[9. By Assumption P1 and Theorem

_ ) (Bw)=B(w) | ra(uw) _ O(w) Jm' (w)Un (u) [1€Cw)]| [1£(w)]]
ta(u,w) === t aw) = Vi) T OP (ﬁ&n(u,w) logn> +op <\/ﬁan(u,w)> '

To show that the last two terms are op(1), note that under conditions S.2 and S.3, 7, (u, w) Zp
|€(w)]|/+/n since oy, (u, w) = (1 4+ op(1))oy, (u, w) by Theorem [7l
Finally, for any € > 0, E[(¢(w)' J (u)Z;)? /o2 (u, w)1{|0(w) J 1 (u) Z;| > ex/non(u, w)}] —
0 under our growth conditions. Thus, by Lindeberg-Feller central limit theorem and
on(u,w) = (1 +op(1))oy(u,w), it follows that
U(w)' Ty (w)Up (u)
Vo (u, w)

—d N(07 1)

and the first result follows.

The remaining results for ¢ (u,w) follow similarly under the corresponding conditions.
U

APPENDIX E. PROOFS OF THEOREMS [T0HI2]

Lemma 5 (Entropy Bound). Let W C R? be a bounded set, and £ : W — R™ be a mapping
in W, such that for &(m) and £F(m) > 1,

1(w)|| < €o(m) and [[((w) — €(@)]| < & (m)|lw — @, for all w,w € W.

Moreover, assume that || Jy, (u) — Jp (W] < E(m)|u—u'| for u,u’ € U in the operator norm,
€(m) > 1, and let pn = sup,ey || Jm(w) 7| > 0. Let L, be the class of functions

Lo = {fuw(g) = L(w) T, (w)g : weld, we W}U{f(g) =1}
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where g € B(0,(m), and let I denote the envelope of Ly, i.e. F'=supscp  |f|. Then, for
any € < €qg, the uniform entropy of L, is bounded by

g0 + diam (U x W)K>d+1

SlépN(EHFHQQ,EmaL?(Q)) < < c

where K := p&l G + 1269(m)E(m)Gon.

Proof. The uniform entropy bound is based on the proof of Theorem 2 of Andrews [I]. We
first exclude the function constant equal to 1 and compute the Lipschitz constant associated

with the other functions in £,, as follows

[e(w)' T, (w)g — L(@) T (@)gl = [(C(w) — L))" T, (w)g + L) (T, (w) — T H (@) g]
= [(l(w) = &@))" T, (w)gl+
(@) I, (N)(Jm(ﬂ)—Jm(U))szl(u)gl
< &m)llw — a5 (w)gll+

He@@) T, @) E(m)la —ul |7, (w)gll
)

< K([lw =] +[a—wul

where K := &l m + p12&9(m)E(m) .

Consider functions f3; 4,, where (aj,w;)’s are points at the centers of disjoint cubes of

diameter ¢||F'||g,2/K whose union covers U x W. Thus, for any (u,w) € U x W

min {| fuw — fa;a; Q2 < K min (o — ;] +|4; —uf) < || Fllg,2-

u]ij Uz, Wj

Adding (if necessary) the constant function in to the cover, for any measure () we obtain
Nl FllQ2, Lm, L2(Q)) < 1+ (diam(U x W)K /|| Fllg2)™*".

The result follows by noting that € < ¢ and that ||F'||g,2 > 1 since £,, contains the function

constant equal to 1. O

Lemma 6. Let F and G be two classes of functions with envelopes F' and G respectively.
Then the entropy of FG ={fg: f € F, g € G} satisfies

Sup N(el|[FGlQ.2, FG, L2(Q)) < Sup N((e/2)FllQ2: F: L2(Q)) Sup N((e/2)GllQ.2: G, L2(Q))-
Proof. The proof is similar to Theorem 3 of Andrews [I]. For any measure Q we denote

cr = HFHQQand g = HGHQ2 Note for any measurable set A, Qp(A) = [, F?(2)dQ(z)/cr
and Qg (A) = [, G*(2)dQ(z)/cq are also measures. Let

K= Séle(€||G||QF,2vg,L2(QF)) = SgPN(eHGHQ,z,Q,Lz(Q)) and



45
L= %le(eHFHQG’Q’f’ Ly(Qa)) = sup N(e||Gllg.2: G, L2(Q)).
G

Let g1,...,9x and fi,..., fr denote functions in G and F used to build a cover of G and
F of cubes with diameter ¢||FG||g2. Since F' > |f| and G > |g| we have

—_— e )
jmin g~ fiarloa < _min [f(a~a0lloa+ lan(s - fllo:

in||F(g— in||G(f —
gglgll (g 9k)||Q,2+Ig1§1?H (f = follge

IN

]Igrg[]% (g —gr)llop2+ 1?%1? I(f = fo)llge,2

ellGllgr.2 +ellFllgg2 = 26| FGllg,2-

IN

Therefore, by taking pairwise products of gi,...,9x and fi,..., fr to create a net we

have

N(e|FGllQa2, FG, L2(Q)) < N((¢/2)[Fll@z2, F, L2(Q)) N((e/2)[|GllQ2:9, L2(Q))-

The result follows by taking the supremum over () on both sides. O

Proof of Theorem [10. By the triangle inequality

sup [0(u,w) — O(u,w)] < sup [0(w) (B(w) = Bu))| + sup | (u,w)
(u,w)el (u,w)el (u,w)el
where the second term satisfies sup(, y)er | 7n(u, w)/|[{(w)| | = o(n"'?1og™! n) by condi-
tion U.1.
By Theorem 2 the first term is bounded uniformly over I by
[£(w)" 5 () Un (w)]
vn

since ||[l(w)]| < &(m,I) by U.2 and the remainder term of the linear representation in

e(w) (B(u) — B(u))] <p +op(o(m, I)/[v/nlogn)) (E.34)

Theorem [2] satisfies sup,,cy || (w)|| = op(1/logn).

Given Z; = Z(X;) consider the classes of functions

Fn = {K(w)'Jnfbl(u)Zi s (uyw) €T}, G={({U; <u}—u): uel} and L,, = F,U{f(Z;) =1}.

By Lemma Bl and Lemma [ the entropy of the class of function £,,G = {fg: f € L, g €
G} satisfies, for K < (&(m, I) Vv 1)(Ef(m,I) Vv 1)(¢n V 1),

sgplogN(EHFHz,Qa LnG, L2(Q)) < (d+1)log[(1 + diam(I) K)/e] < log(n/e)

by our assumptions. Noting that under S.3

s Vull = w0y i (@) S (w)(w) S Em, 1),
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Lemma [T@ applied to £,,G with J(m) = v/dlogn, M(m,n) < 1V &(m, 1), yields

logl/2 n

dlog(n) (1V &2(m, I) <;i>logn>”2

n

sup  [U(w) T (u) " U, (u)] Sp /dlogn (1 v ER(m, T) +

(u,w)erl

where the second term in the parenthesis is negligible compared to the first under our
growth conditions. The result follows using this bound into (E.34]).

O

Proof of Theorem [11. Under the conditions of Theorems [2l and B, sup,,¢;, Imaxeig(J 1 (u) —
J ()| <p o(1/y/mlog®?n), and G, (u,w) = (1 + op(1/y/mlog®?n))o, (u, w) uniformly
in (u,w) € I. Note that 7, (u,w) Zp |[{(w)||/v/n. Next define ¢} (u,w) as follows:

- Y(w) I (u)U*
For pivotal and gradient bootstrap coupling: tr(u,w) = (w) T (1) "(u)/\/ﬁ,
On (’LL, ’LU)
3 /¢ I 7—1 n
For Gaussian and weighted bootstrap coupling: ¢, (u,w) = () Jin (ZLU)GM)(U)/\/E
On (U,

Note that ¢ is independent of the data conditional on the regressor sequence Z,, = (Z1, ..., Z),

unlike ¢ which has some dependence on the data through various estimated quantities.

For the case of pivotal and gradient bootstrap couplings by Theorem Pl and condition U
tn(u,w) =4ty (u,w) +op(1/logn) in £°(I).

Moreover, for the case of Gaussian and weighted bootstrap couplings under the conditions
of Theorem

tn(u,n) =4 t; (u,w) + op(1/logn) in £>°(I).
Finally, under the growth conditions
ty (u, w) =t (u,w) + op(1/logn) in £>°(I).
Thus, it follows that uniformly in (u,w) € I
tn(u, w) =4ty (u,w) + op(1/logn) = t,(u,w) + op(1/logn)

and the result follows.

O

Proof of Theorem[I2. Let e, = 1/logn, and d,, such that ¢, logl/2 n — 0, and 6, /g, — oco.
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Step 1. By the proof of Theorem [lthere is an approximation ||£;;[|; = sup(, wer [, (v, w)|
to ||t |l = sup(yw)er [t (w, w)], which does not depend on the data conditional on the re-

gressor sequence 2, = (Z1, ..., Zy,), such that
P Itallr = lItallr [ < en) =1 —o(1).

Now let

kn(1 — «) := (1 — a) — quantile of ||t}||;, conditional on D,,,

and let

kn(1 —a):= (1 —a) — quantile of ||t} ||;, conditional on D,
Note that since ||t ||; is conditionally independent of Y7,...,Y,,
kn(l —a) = (1 —a) — quantile of ||£||;, conditional on Z,.
Then applying Lemma [T to ||t ||; and ||t} |7, we get that for some v, \ 0
Pln(p) = kn(p — vn) — € and ky(p) > kn(p — ) —en] =1 — 0(1).
Step 2. Claim (1) now follows by noting that

P{|ltallr > kn(1 — ) + 60} < P{lltallr > kn(l —a—vy) —en + 9} + 0(1)
P{lltr|lr > kn(1 —a—vy) — 26, + 6} + 0(1)
(

<

< P{t5llr > kn(1 — o — 20,) — 3ep + 00} + 0(1)
< P{Ithllr > kn(1 — o —21y)} + o(1)

= Ep[P{|t;|lr > kn(1 —a —214,)|Dp}] + 0(1)

< Epla+2v,] +0(1) = a+o(1).

Claim (2) follows from the equivalence of the event {0(u,w) € [i(u,w),i(u,w)], for all
(u,w) € I} and the event {||t,||1 < cn(l —a)}.

To prove Claim (3) note that o, (u,w) = (1 + op(1))o,(u, w) uniformly in (u,w) € I
under the conditions of Theorems [2 and [l Moreover, ¢, (1 — a) = k,(1 — a)(1 + op(1))
because 1/k,(1 —a) <p 1 and d, — 0. Combining these relations the result follows.

Claim (4) follows from Claim (1) and from the following lower bound.

By Lemma [l we get that for some v, \, 0

Plin(p + vn) +en = kn(p) and ky,(p + vn) + en > kn(p)) =1 — o(1).
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Then
Plltnllr = kn(L —a) +6n} = P{lltallr = n(l — a+vn) +en +n} —o(1)
> P{llthllr = k(1 —a+1y) + 26, + 05} — o(1)
> P{lltyllr = kn(1 — a+2v,) + 3ep + 0n} —o(1)
= Pltallr = k(1 — a4 2vn) + 26, } — o(1)
> E[P{|lty|l1 > kn(1 — a+2vy) + 26,|Dp}] — o(1)

= a—2v,—o(l) =a—o(1),

where we used the anti-concentration property in the last step.

We use this lemma in the proof of Theorem

Lemma 7 (Closeness in Probability Implies Closeness of Conditional Quantiles). Let X,
and Yy, be random wvariables and D,, be a random vector. Let Fx,(x|Dy) and Fy,(z|D,,)
denote the conditional distribution functions, and F)zi(pﬂ)n) and anl(pﬂ)n) denote the
corresponding conditional quantile functions. If | X, — Y,| = op(e), then for some v, N\, 0

with probability converging to one
F)Zi(pu)n) < anl(p + vn|Dy) + € and F)le(pan) < F);i(p + Vn|Dn) +€,Yp € (Vn, 1 — ).

Proof. We have that for some v, N\, 0, P{|X,, — Y,| > ¢} = o(r,). This implies that
PIP{|X,, — Y,| > ¢|Dn} < vp,] — 1, ie. there is a set €, such that P(Q,) — 1 and
P{|X,, — Y,| > ¢|D,} < v, for all D, € Q,. So, for all D,, € Q,

Fx, (z|Dy,) > Fy,+e(z|Dy) — vy, and Fy, (2|Dy,) > Fx, +c(¢|Dy) — vp, Va € R,
which implies the inequality stated in the lemma, by definition of the conditional quantile

function and equivariance of quantiles to location shifts. O

APPENDIX F. A LEMMA ON STRONG APPROXIMATION OF AN EMPIRICAL PROCESS OF
AN INCREASING DIMENSION BY A GAUSSIAN PROCESS

Lemma 8. (Approzimation of a Sequence of Empirical Processes of Increasing Dimension
by a Sequence of Gaussian Processes) Consider the empirical process U, in [(>°(U)|™, U C
(0,1), conditional on Z; € R™, i =1,...,n, defined by

Up(u) = Gy, (viZihi(w)), ¥i(u) =u— H{U; <u},



where U;,i = 1,...,n, is an i.i.d. sequence of standard uniform random variables, v;,i =
1,...,n, is an i.i.d. sequence of real valued random variables such that E[v?] = 1, E[|v;|?] <
1, and maxi<i<y |v;| Splogn. Suppose that Z;,i =1,...,n, are such that

s B [(0/207] 1. s 111 Go and Gl log™ = o)

There exists a sequence of zero-mean Gaussian processes G, with a.s. continuous paths,

that has the same covariance functions as Uy, conditional on Z1, ..., Z,, namely,
E[Gn(u)G,(v)] = E[U,(w)U, (v")] = Eu[Z: Z]](u A/ — udd), for all u and v’ € U,

and that approrimates the empirical process U, namely,

sup U (u) ~ Go(u)] S ( ! ) |

ue log n

Proof. The proof is based on the use of maximal inequalities and Yurinskii’s coupling.
Throughout the proof all the probability statements are conditional on Z1,..., Z,.

We define the sequence of projections m; : U — U, j = 0,1,2,...,00 by m;(u) = 2~~1/2J
if ue ((28—2)/27,2%/27)k =1,...,j, and mj(u) = u if u = 0 or 1. In what follows, given
a process G in [(*°(U)]™ and its projection G o mj, whose paths are step functions with
27 steps, we shall identify the process G o mj with a random vector G o 7; in Rij, when
convenient. Analogously, given a random vector W in RY™ we identify it with a process

W in [£>°(U)]™, whose paths are step functions with 27 steps.

The following relations proven below:

(1) (Finite-Dimensional Approximation)

1
= U,(u) — U, om; < ;
1= 5p Do) = Un o mitul S o <1ogn>

(2) (Coupling with a Normal Vector) there exists NM,; =4 N(0, var[U,, o 7;]) such that,

1
ry = |[Npj — Upomjlla Spo <10gn> ;

(3) (Embedding a Normal Vector into a Gaussian Process) there exists a Gaussian
process Gy, with properties stated in the lemma such that N, ; = Gy o 7; a.s.;

(4) (Infinite-Dimensional Approximation)

1
Py = SUp | Gu(u) — G 0 5 (u) | S ( ) .

ueld logn
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The result then follows from the triangle inequality

sup [|[Up(u) — Gr(u)|| <71 +19 + 73,
ueU

Relation (1) follows from

r1=sup [Un(u) —Upomj(u)] < sup  ||Un(u) — Un(a)]

uel lu—u!|<277

: I m2¢2, log*
<p V2 Imlogn + M log 1 <p o(1/logn),
n

where the last inequality holds by Lemma [9, and the final rate follows by choosing here

29 = (mlog®n)¢, for some ¢,, — oo slowly enough.

Relation (2) follows from the use of Yurinskii’s coupling (Pollard [31], Chapter 10, The-
orem 10): Let &i,...,&, be independent p-vectors with E[¢;] = 0 for each i, and with
k=Y, E[||&]®] finite. Let S =& +---+&,. For each § > 0 there exists a random vector
T with a N(0,var(S)) distribution such that

P{||S —T| > 36} < CyB <1 + W’?ﬁﬂ) where B := rkpd 3,
for some universal constant Cj.
In order to apply the coupling, we collapse v; Z;1; o w; to a p-vector, and let
Ci=viZipom; ERP, p=2Im
so that Uy om; = > | &/+/n. Then

2
m 3/

27
E E&IF] = EoB || DD tilu) v} 23, < 29 E(|uiPEa[|| Zi)°) S 2977¢3,
k=1 w=1

Therefore, by Yurinskii’s coupling, since logn < 2/m, by the choice 2/ = mlog®n,

= — 0

DLISiE ) < n2GYm  29mc
Vi M| RS Ty T e

2ImcS,
n

1/6
by setting § = < log n> . This verifies relation (2) with

provided j is chosen as above.
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Relation (3) follows from the a.s. embedding of a finite-dimensional random normal
vector into a path of a continuous Gaussian process, which is possible by Lemma [Tl

Relation (4) follows from

r3 =sup [Gn(u) — Gromj(u)] < sup  [|Gn(u) — Gn(d)]

ueU lu—u'|<277
Sp V27 mlogn Spo(1/logn),

where the last inequality holds by Lemma [I0] since by assumption of this lemma,

sup EFE, [U?(O/Zi)z] = sup E, [(Q/Zi)2] Sl
llal|<1 llafl<1

and the rate follows from setting j as above.

Note that putting bounds together we also get an explicit bound on the approximation

. 202 1 4 957 2 61 1/6
sup [ Un (u) = Gu(w)l| Sp V2T mlogn + |/ ™ C””nog - +< - im Ogn) :
ueU

Next we establish the auxiliary relations (1) and (4) appearing in the preceding proof.

error:

O

Lemma 9 (Finite-Dimensional Approximation). Let Z1, ..., Z, € R™ be such that max;<y, || Z;|| <
Cm, and ¢ = sup|q<1 E,[(/ Z;)?], let v; be i.i.d. random variables such that Ev?] =1 and
maxi<i<n |vi| Splogn, and let ;(u) = u — {U; <u}, i =1,...,n, where Uy,...,U, are

i.i.d. Uniform(0,1) random variables. Then, for v > 0, and U, (u) = Gy, (v; Z;j1h;(u)),

202 4
oub &’ (Un(u) — Up(u))| Sp /yemlogn + w.
lloll <1, [u—u/|<~y n

. . L m2C2 10g4n . . .
Proof. For notational convenience let A, := y/——==>—. Using the second maximal in-
equality of Lemma [I6 with M (m,n) = (,, logn
mny) = s o (Un(w) — Un(u)]
lall<1,ju—u[<y

<p y/mlogn sup \/EEn[UZZ(a/Zi)2(¢i(U) — ¥i(w))?] + Ap.

lall <1, Ju—u'[<y

By the independence between Z;, v; and U;, and E[v?] = 1,

e(m,n,7) Sp Vemlogn sup  /E[(ti(u) — $i())?] + Ay

lu—u/|<vy
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Since U; ~ Uniform(0, 1) we have (¢;(u) — ¢;(u'))? =4 (|u — /| — 1{U; < |u —'|})%. Thus,

since |u — /| <~

e(m,n,v) <p \/cpmlogn\/’y(l—’y)—FAn.
O

Lemma 10 (Infinite-Dimensional Approximation). Let G, : U — R™ be a zero-mean

Gaussian process whose covariance structure conditional on Z1, ..., Zy, is given by
E[Gn(u)Gr(v)] = Ep|Z; Zj)(u V' — uu)
for any u,u’ € U C (0,1), where Z; € R™, i =1,...,n. Then, for any v > 0 we have

sup |G (u) — Gn(u)|| Sp v/ pymlogm

|lu—u'|<~v

where ¢ = Sup||<1 E.[(o/ Z;)?.

Proof. We will use the following maximal inequality for Gaussian processes (Proposition
A.2.7 [37]) Let X be a separable zero-mean Gaussian process indexed by a set T'. Suppose
that for some K > 0(X) = sup;cr 0(X¢), 0 < ¢g < 0(X), we have

K V
N(e,T,p) < <€> , for 0 < e < e,

where N (e, T, p) is the covering number of 7' by e-balls with respect to the standard devi-
ation metric p(t,t') = o(X; — Xy). Then there exists a universal constant D such that for
every A > o2(X)(1 4+ VV)/e

V —
m) P(A/o(X)),

where ® = 1 — ®, and ® is the cumulative distribution function of a standard Gaussian

P (SupXt > )\> <

< DKM
teT

random variable.

We apply this result to the zero-mean Gaussian process X,, : S™ 1 x U x U — R defined
as
Xt = (Gplu) — Gu(u))), t=(a,u,u), a€S™ |ju—u|<n.
It follows that sup,eqp Xnt = SUPj,_|<y [[Gn(u) — Gu(u)].

For the process X,, we have:

o(Xy) < \/'y S Enl(e’Zi)?], K 3 \/HSWEIETL[(G’&)ZL and V' < m.

Therefore the result follows by setting A ~ \/7m log m supjq)<1 En[(e/ Zi)?]. O
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In what follows, as before, given a process G in [(*°(U/)]"™ and its projection Gor;, whose
paths are step functions with 27 steps, we shall identify the process G o m; with a random
vector G o; in Rij, when convenient. Analogously, given a random vector W in R¥™ we

identify it with a process W in [(°°(U)]™, whose paths are step functions with 27 steps.

Lemma 11. (Construction of a Gaussian Process with a Pre-scribed Projection) Let N be

a given random vector such that

_/\/"j :déoﬂ'j =: N(O,EJ),

m

where ¥j := Var[N;] and G is a zero-mean Gaussian process in [(*°(U)]™ whose paths are

a.s. uniformly continuous with respect to the Fuclidian metric | -| on U. There exists a
zero-mean Gaussian process in [(*°(U)|™, whose paths are a.s. uniformly continuous with

respect to the Euclidian metric | -| on U, such that
N; =Gomj and G =4 G in [(>°U)]™.

Proof. Consider a vector G omy for £ > J. Then ./\7] =Go m; is a subvector of Gom =N,
Thus, denote the remaining components of N as /\N/g\j. We can construct an identically
distributed copy Ay of N such that Nj is a subvector of Ay. Indeed, we set Ny as a vector

with components
Nj and Ny ;,
arranged in appropriate order, namely that Ny o m; = N, where
-1
Noy = 2025 N5 +nj,

where 7; LN and n; =4 N (0, Yo — Eg\j,jZ;;Zj7g\j), where

< ¥ii B >::var< {Vj >
L0 B0 N

We then identify the vector Ny with a process Ny in £°°(U), and define the pointwise

limit G of this process as
G(u) :== Zlim Ni(u) for each u € Uy,
—00

where Uy = Us2, Uijzl uy; is a countable dense subset of /. The pointwise limit exists, since
by construction of {m;} and Uy, for each u € Uy, we have that my(u) = u for all £ > £(u),

where ¢(u) is a sufficiently large constant.
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By construction Gy = Gy o 7wy =¢4 Gomy. Therefore, for each € > 0, there exists n(e) > 0

small enough such that

P ( sup IG(u) — G()|| = 6) <P ( sup  sup |G o mp(u) — G om(u)| = 6)

w,u’ EUp:|lu—u’|<n(e€) [u—u|<n(e) k

<P ( sup  sup Héo e (u) — Go 7 (u)]| > 6)
lu—u|<n(e) k

<P ( sup  [|G(u) = G(u)]| > 6) <€
lu—u|<n(e)
where the last display is true because supy,_,|<, |G (u)—G(u)|| = 0 as n — 0 almost surely
and thus also in probability, by a.s. continuity of sample paths of GG. Setting ¢ = 2™ for
each m € N in the above display, and summing the resulting inequalities over m, we get
a finite number on the right side. Conclude that by the Borel-Cantelli lemma, for almost
all w € Q, |G(u) — G(u')| < 27™ for all |u — u/| < n(27™) for all sufficiently large m. This
implies that almost all sample paths are uniformly continuous on Uy, and we can extend the
process by continuity to a process {G(u),u € U} with almost all paths that are uniformly

continuous.

In order to show that the law of G is equal to the law of G in £>°(U), it suffices to

demonstrate that
Elg(G)] = Elg(G)] for all g : [(*@U)]™ = R : |g(z) — g(2)| < sup [2(u) = Z(u)|| A 1.
We have that
|E[9(@)] — Elg(@)]] < |E[g(G o m)] — Elg(G o m)]|+

+FE [Sup |G o me(u) — G(u)|| A 1} +
uel

+FE [sup |G o me(u) — G(u)| A 1}
ueU
—0as { — oo.

The first term converges to zero by construction, and the second and third terms converge

to zero by the dominated convergence theorem and by
Gomy— G and Gomy— G in [(®U)]™ as £ — oo ass.,

holding due to a.s. uniform continuity of sample paths of G and G. g
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APPENDIX G. TECHNICAL LEMMAS ON BOUNDING EMPIRICAL ERRORS

In Appendix we establish technical results needed for our main results - uniform
rates of convergence, uniform linear approximations, and uniform central limit theorem -
under high-level conditions. In Appendix [G.3] we verify that these conditions are implied
by the primitive Condition S stated in Section [21

G.1. Some Preliminary Lemmas.
Lemma 12. Under the conditions S.2 and S.5, for any v € U and o € S™1

|0/ (T (w) = Jm(u))a| S m™" = o(1),

where Jo,(u) = E|fy|x(Z'B(u)|X)Z2Z').

Proof of Lemma[I2. For any o € S™!

o/ (T () = Tm(w))al = E[| fyx(Z'B(u) + R(X,u)|X) = fy)x(Z'Bu)|X)|(Z'a)?]
< a'Ypa- f'mTE.

The result follows since X, has bounded eigenvalues, £ > 0 and m — oo as n — oo. O

Lemma 13 (Auxiliary Matrix). Under conditions S.1-S.5, for v',u € U we have that

uniformly over z € Z

L () = T DU | o JmToan,
\/ u(l = W) T () S it (w) 2]

Proof. Recall that Jy,(u) = E [ fy|x(Qy|x(u|X)|X)ZZ'] for any u € U. Moreover, under
S.1-S.5, we have ||J.}(v)U,(u)|| <p v/mlogn uniformly in ' € U by Lemma 23] and
Corollary 2] of Appendix

Using the matrix identity A=! — B~ = B~}(B — A)A~!

Moreover, since | fy|x (Qy|x (ulz)|z) — fyx (Qyx (W|2)|)| < (f/f)lu — /| by Lemma T4}

T () = T (u) < (') Dl = u'[Sm, and o (u') = T (u) < (F/lu — 'S
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where the inequalities are in the semi-definite positive sense. Using these relations and the

definition of s, (u,z) we obtain
Y (' (W) = T () Un (u) | # R w)

(L =) T () S i ()2 5 (1)
<p  (f'/f)lu— /|maxeig(E,,)/mlog n.

The result follows since f’ is bounded above, f is bounded from below, and the eigenvalues

of ¥, are bounded above and below by constants uniformly in n by S.2 and S.3. g

Lemma 14 (Primitive Condition S.2). Under the condition S.2, there are positive constants
¢, C,C1,Ch, C" such that the conditional quantile functions satisfy the following properties

uniformly over u,u' €U, v € X,

(1) ¢ Ju— | < [Qyix(ulz) — Qyix(u[2)] < Clu—u;
(i) [Fyx(Qyx (o)) — fyx @y (W 2)])| < Chlu— o]
(i) fyix(vle) < 1/ and |y (ulo)] < C3;

)

(iV dd—szy‘X(u]a;) < C//.

Proof. Under S.2, fy|x(-[z) is a differentiable function so that Qy|x(-|z) is twice differen-
tiable.

d _ 1 . .
To show the first statement note that 7 Qy|x (ulr) = @y XD by an application
of the inverse function theorem. Recall that f = infyex uer fy|x(Qy|x (ulz)|z) > 0, and
SUp, e yer fyix (ylr) < f. This proves the first statement for ¢ =1/f and C' =1/f.

To show the second statement let f/ = sup,cy ‘% fy|x(ylz)|, and

Ci = sup %fY\X(QY\X(le)lx)

rzeX , ucl

= sup <

rzeX , uclt

I |

d d
d_ny|X(y|x) |y:QY\X(“|x) %QY\X(UM)
By a Taylor expansion we have

| fyix (Qyx (ulz)|z) — fyix(Qyx (W|2)|z)| < Cflu—u'|.
The second part of the third statement follows with C} = f’. The first statement was
already shown in the proof of part (i).

For the fourth statement, using the implicit function theorem for second order derivatives

N 3 Sy @vix(ule)le)
(e Qv (ulz))” = 77 @y x @)

& @
et
T2 QY\X(UL/E) dy? Y|X(y|x) y=Qy|x (u|X)



57

Thus, the statement holds with C” = f’/f)’.

Under S.2, we can take ¢, C, C1, C, and C” to be fixed positive constants uniformly

over 1. O

G.2. Maximal Inequalities. In this section we derive maximal inequalities that are needed
for verifying the preliminary high-level conditions. These inequalities rely mainly on uni-
form entropy bounds and VC classes of functions. In what follows F denotes a class of
functions whose envelope is F'. Recall that for a probability measure @) with [|F|g, > 0,
N(e||Fllgp,F,Lp(Q)) denotes the covering number under the specified metric (i.e., the
minimum number of L,(Q)-balls of radius €||F'||g , needed to cover F). We refer to Dudley
[17] for the details of the definitions.

Suppose that we have the following upper bound on the Ls(P) covering numbers for F:
N(€||F||p2, F,L2(P)) < n(e, F, P) for each € > 0,

where n(e, F, P) is increasing in 1/¢, and EW — 0as 1/e — oo and is decreasing
in1/e. Let p(F, P) :=supser | fllp2/[|F'||p2. Let us call a threshold function x : R +— R k-
sub-exchangeable if, for any v, w € R™ and any vectors 0, w created by the pairwise exchange
of the components in v with components in w, we have that z(0) V z(w) > [z(v) V z(w)]/k.
Several functions satisfy this property, in particular (v) = ||v|| with k = /2 and constant

functions with k£ = 1.

Lemma 15 (Exponential inequality for separable empirical process). Consider a separable
empirical process G, (f) = n= Y2 " {f(Z:) — E[f(Z:)]} and the empirical measure P, for
21,y Ly, an underlying independent data sequence. Let K > 1 and T € (0,1) be constants,
and e, (F,P,) = en(F, Z1,...,Zy) be a k-sub-exchangeable random variable, such that

p(FPn)/4 T )
1Fllene [ Viogn(e F Bade < e0(F.By) and supvaref < 3 (theKen(F,Py)
0 feFr
for some universal constant ¢ > 1, then

4
P{sup IGn(f)] > 4k‘cKen(]:,IP’n)} < —FEp (
fer T

p(F.Pn)/2
/ e tn(e, F, Pn)_{K2_1}de] A 1) +7.
0

Proof. See [6], Lemma 18 and note that the proof does not use that Z;’s are i.i.d., only

independent which was the requirement of Lemma 17 of [6]. O

The next lemma establishes a new maximal inequality which will be used in the following

sections.
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Lemma 16. Suppose for all large m and all 0 < € < g
n(e, Fm, P) < (u}/&?)‘](m)2 and n(e, F2, P) < (w/E)J(m)z, (G.35)

for some w such that logw < logn, and let Fy, = supser, |f| denote the envelope function

associated with Fy,.

1. (A Mazimal Inequality Based on Entropy and Moments) Then, as n grows we have

1/2

1/2
sup Gy (f)| Sp J(m) (sup E[f*) +n 21 (m)log"* n < sup En[f*] vE[f‘*]) ) log"/? n.
fE€Fm fE€EFm fE€EFm

2. (A Mazimal Inequality Based on Entropy, Moments, and Extremum) Suppose that
F,, < M(m,n) with probability going to 1 as n grows. Then as n grows we have

1/2
sup |G, (f)| <p J(m) < sup E[fz] + n_lJ(m)2M2(m,n) 10gn> logl/2 n.
fe€Fm feFm

Proof. We divide the proof into steps. Step 1 is the main argument, Step 2 is an application

of Lemma [T5], and Step 3 contains some auxiliary calculations.

Step 1. (Main Argument) Proof of Part 1. By Step 2 below, which invokes Lemma [T5]

sup |G, (f)| <p J(m)/logn sup (En[f2]1/2 \/E[f2]1/2). (G.36)
fE€EFm fE€EFm

We can assume that supcz, En [f21/2 > SUpfer,, E[f?]'/? throughout the proof otherwise

we are done with both bounds.

Again by Step 2 and (G.35) applied to F2,, we also have

sup [En [f2] —E[f?]] = 7' swp |Gul(f?)]
Spon Y20 (m)logn sup (Ea[f']V E[f4) .
fe}-'m

Thus we have

1/2

sup E,[f?] Sp sup E [f*] +n72I(m)log'*n sup (E, [f*] v E[f*))

feEFm feFm fEFm
Therefore, inserting the bounds (G.38)) in equation (G.36) yields the result.

(G.38)

Proof of Part 2. One more time we can assume that supscr,, E,[f?] > SUp e, E[f?]
otherwise we are done. By (G.37)) we have

E, [f2] - E[f?]] Sp n Y20(m)log" nsupsez,, (En [£1] v E[F))
<p n Y2J(m) log!/? nM(m,n)supser,, En [f2] i

1/2

SuprF’UL



59

where we used that f* < f2M?(m,n) with probability going to 1. Since for positive numbers

|1/2

a, ¢, and z, r < a+ c|z implies that z < 4a + 4¢? we conclude

sup E, [f2] <p sup E [f2] +n "t J(m)?M?(m,n) log n.
fEF’UL fe]'—m
Inserting the bound in equation (G.30]) gives the result.
Step 2. (Applying Lemma &) We apply Lemma 5l to F,,, with 7,,, = 1/(4J(m)?[K? —1])

for some large constant K to be set later, and

en(Fm,Pp) = J(m)y/logn ( sup E,[f2"? v E[f2]1/2>

f€Fm

assuming that n is sufficiently large (i.e., n > w). We observe that by (G.35]), the bound
e — n(e, Fn,Py) satisfies the monotonicity hypotheses of Lemma Next note that
en(Fm,P,) is v/2-sub-exchangeable, because supser,, 1 flle, 2 s v/2-sub-exchangeable, and
P(Fm;Pn) :=supser, | flle, 2/ Finllp,,2 > 1//n by Step 3 below. Thus,

P(]'—M7Pn)/4 p(]:mvpn)/‘l
HFmHsz/ log n(€, Fn, P)de < IIFmIIPm/ J(m)/log(w/e)de
0 0
< J(m)log(nVw) sup [/f|p,2/2

f€Fm

< en(Fm, Pn),

which follows by [V +/log(w/e)de < ([ 1de)l/2 (J& log(w/€)de) V2 < py/2log(n Vw), for
1/yn<p<l.

Let K > 1 be sufficiently large (to be set below). Recall that 4v/2c > 4 where ¢ > 1 is
universal. Note that for any f € F,,, by Chebyshev inequality

supser,, I1f 1155 < 1

P(IGu(f)| > 42K en(Fn, Py) ) < (V2K en(FaiPa))? = (Av2eK)2J(m)2logn

< Tm /2.

By Lemma [I5] with our choice of 7,,,, w > 1, and p(Fpp, Pp) < 1

4 1/2
]P’{ sup |G,(f)| > 4\/§cKen(.7-"m,]P’n)} < — (w/e)l_J(m)z[Kz_”de—i-Tm
fE€EFm Tm Jo

4 (1/[2w])” 7 IEE 1
T J(m)P[K2 1]

+ Tm,

which can be made arbitrary small by choosing K sufficiently large (and recalling that
Tm — 0 as K grows).
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Step 3. (Auxiliary calculations.) To establish that supscz || f|lp, 2 is v/2-sub-exchangeable,
define Z and Y by exchanging any components in Z with corresponding components in Y.
Then

\/ésu 2o VoSU o > ( su 2~+su 2 1/2
(390 1, 2V 30 Il 0 2 (500 11, 205+ o0 M1, )
> (sup En[f(Z:)%] + Eaulf(Y)2)Y? = (sup En[f(Z:)?] + Enlf(Y;)?])/?

feEFm feEFm

> (‘sup ”f”I%n(Z)Q V' sup Hf\h%n(y),z)l/zz sup | flle,z)2 vV sup [ flle, )2
FEFm FEFm FEFm FEFm

Next we show that p(Fm,Pn) = supser, [ flle, 2/ Fmllp, .2 > 1/y/n. The latter bound
follows from E, [F7] = Eplsupfer,, [f(Zi)]?] < sup;<, supsez,, |f(Zi)]?, and from the in-
equality sup ez En[|f(Zi)[*] > sup ez, sup<, |f(Zi)]*/n. U

The last technical lemma in this section bounds the uniform entropy for VC classes of

functions (we refer Dudley [17] for formal definitions).

Lemma 17 (Uniform Entropy of VC classes). Suppose F has VC index V, as e > 0 goes
to zero we have for J = O(V)

SgpN(eHFHQ,zvf, Ly(Q)) < (1/e)7
where Q ranges over all discrete probabilities measures.

Proof. Being a VC class of index V', by Theorem 2.6.7 in [37] we have that the bound
supg log N (e[| F||@,2, F, L2(Q)) S V'log(1/e) holds for ¢ sufficiently small (also making the
expression bigger than 1). O

Comment G.1. Although the product of two VC classes of functions may not be a VC
class, if F has VC index V, the square of F is still a VC class whose VC index is at most
2V.

G.3. Bounds on Various Empirical Errors. In this section we provide probabilistic
bounds for the error terms under the primitive Condition S. Our results rely on empirical

processes techniques. In particular, they rely on the maximal inequalities derived in Section
G2

We start with a sequence of technical lemmas which are used in the proofs of the lemmas

that bound the error terms €y — €.
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Lemma 18. Let r = o(1). The class of functions

Finn = {0/ @i(B,u) —vi(B(u),u)) + weld, ol < 1,8 - Bu)|| <7}
has VC index of O(m).

Proof. Consider the classes W := {Zla : @« € R™} and V := {lI{Y; < Z/5} : § € R™}
(for convenience let A; = (Z;,Y;)). Their VC index is bounded by m + 2. Next consider
f € Fin which can be written in the form f(A;) := g(A4;)(1{h(A;) < 0} — 1{p(A;) < 0})
where g € W, 1{h <0} and 1{p < 0} € V.

{(Ait) - f(A) <t} = {(Ai,t) 1 g(Ai
h

(4i)(1{h(Ai) < 0} — 1{p(Ai) < 0}) <t}
(
h(
(
(

i) > 0,p(4;) >0,t > 0}U
;) <0,p(A;) <0,t > 0}U
i) < 0,p(4;) > 0,9(4;) < t}U
i) >0,p(A;) <0,—g(A4;) <t}

(
(
(
(

~_ ~— ~— ~—

Ait) i h

A
A
A
{(A;,t) : h(A

cC C C
~—

Since each one of the sets can be written as three intersections of basic sets, it follows that
Fmn has VC index at most O(m). O

Lemma 19. The class of functions
Honn = {{|Yi = Z{B] < B}’ Z:)*: ||B = B(w)|| <7, he(0,H],a 8™}
has VC index of O(m).

Proof. The proof is similar to that of Lemma [I8] O

Lemma 20. The family of functions Gmn = {a/1;(B(u),u) : u € U,a € S™1} has VC
index of O(m).

Proof. The proof is similar to the proof of Lemma [I8] O

Lemma 21. The family of functions
Apm ={a'Z ({Y < Z'B(u) + R(X,u)} — {Y < Z'B(u)}) : a€S™ ", uel}
has VC index of O(m).
Proof. The key observation is that the function Z’S(u) + R(X, u) is monotone in u so that
{{Y < Z'B(u) + R(X,u)} :u €U}

has VC index of 1 and that {1{Y < Z'S(u)} :u e U} C {1{Y < Z': g € R™}. The proof
then follows similarly to Lemma [I8] O
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Consider the maximum between the maximum eigenvalue associated with the empirical
Gram matrix and the population Gram matrix
bn = max E, [(¢/Z)*] V E [(¢/Z)?] . (G.39)
acsS™—
The factor ¢, will be used to bound the quantities ¢y and €; in the analysis for the rate
of convergence. Next we state a result due to Guédon and Rudelson [18] specialized to our

framework.

Theorem 13 (Guédon and Rudelson [I18]). Let Z; € R™, i = 1,...,n, be random vectors

such that
logn E [maXz‘gn ||ZZ||2]

6= . = <1
n max B[(Za)]
we have
2 2
a?}ﬁ?l nz (Zla) a)]]§25'a£%xlE[(Z£a)].

i=1

Corollary 2. Under Condition S and (2 logn = o(n), for Amee = max,csm—1 E [(Z]a)?],
we have that for n large enough ¢, as defined in (G.39) satisfies

¢2 logn
nAmax ’

¢ logn

Elp,] < [1+2
[¢ ] - * NAmaz

Amaz and P(pp > 2Apmaz) < 2

Proof. Let 6 be defined as in Theorem [I3l Next note that E [maxi:17,,,,n ||ZZ||2] < ¢2, under
S.4, and Az <1 and Apaz > 1 under S.3. Therefore, 62 < (¢2 logn)/n in Theorem
The growth condition (2 logn = o(n) yields § < 1 as n grows.

The first result follows by applying Theorem [[3] and the triangle inequality.
To show the second relation note that the event {¢, > 2A\4.} cannot occur if ¢, =

maXqyegm-1 E[(Z{Oé)2] = Mnaz- Thus

P(¢n > 2Amaz) = P(max,cgm-1Ey [(Z’a)z] > 2\ max)

< P( max | [En[(Zja)'] = B [(Z{a)"]] > Amaa)
< B[ max, [5((Z0)) - 2 [(Z00))|] oo
< 20,
by the triangle inequality, the Markov inequality and Theorem ([l

Next we proceed to bound the various approximation errors terms.
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Lemma 22 (Controlling error €;1). Under conditions S.1-S.4 we have
e(mn) Sp \/mlogn on.
Proof. Consider the class of functions 7, ,, defined in Lemma [I§ so that

er(m,n) = sup |Gn(f)[-

fe}-m,n
From Lemma [I7] we have that J(m) < y/m. By Step 2 of Lemma [I6] see equation (G.36]),
1/2
fsup IGn(f)] <p \/mlognfsup (En[fz] \/E[f2]) / (G.40)
E}—m,n e}—m,n

The score function 1;(-, ) satisfies the following inequality for any o € S™~!

|(©i(B,u) — i (B(u),w) | = o/ Zi| |[1{y; < ZiB} — Hyi < ZiB(u)}| < | Zi).

Therefore

n

1
=D la'zf?

i=1
by definition ((G.39). Combining (G.41]) with (G.40)) we obtain the result. O

E,[f?] <En[|d/Z]*) < ¢ and E[f*]<E < ¢n (G.41)

Lemma 23 (Controlling error ¢y and Pivotal process norm). Under the conditions S.1-S./

eo(m,n) <p +/mlogn ¢, and sugHUn(u)H <p vmlogn ¢p,.
ue

Proof. For €, the proof is similar to the proof of Lemma [22] and relying on Lemma [20] and
noting that for g € Gy, ,

Enlg?] = Enl(a/¢i(B(u), )] = Enl(«' Z:)*(H{y: < ZiB(u)} — u)?’] < En[(a'Zi)?] < .
Similarly, E[¢?] < ép.
The second relation follows similarly. O

Lemma 24 (Bounds on €;(m,n) and ez(m,n)). Under conditions S.1-S.4 we have
mGm

NG

Proof. Part 1 (e1(m,n)) The first bound will follow from the application of the maximal

logn and ey(m,n) Sp vV/nCpmr? + vVnm .

e1(m,n) Sp \/mmrlogn +

inequality derived in Lemma

For any B > 0, define the class of functions F, ,,, as in Lemma [I§ which characterize €;.
By the (second) maximal inequality in Lemma

1/2
e1(m,n) = sup |G.(f)| Sp J(m) < sup E [fz] +n7 T (m)2M?(m,n) logn> 1og1/2 n,
f€EFn,m fEFm
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where J(m) < /m by the VC dimensions of F,,, being of O(m), Lemma [I8 and
M(m,n) = maxi<i<p ||Zi|| < (n. The bound stated in the lemma holds provided we

can show that

sup E [f2] < rlm- (G.42)
f€Fm

The score function 1);(-,-) satisfies the following inequality for any o € S™~!
(i (8,w) — i (B(u),w) o = |Zja| [{Y; < Z]B} - 1{Yi < ZiB(u)}|
< |Zial - H|Y: = ZiB(u)| < 1Z{(B — B(w))l}.
Thus,

E [(@@i(8,0) = (B, )| < E[[1ZaP1]Y = 2'8w)] < 12'(8 = Bw) |} fvi2(|2)dy]

IN

E[(Z'a)? - min(2[|Z' (8 - B(u))],1)]

IN

2f118 = B(u)l| suPaegm-1 Hesm—1 B [|Zial*| Z}7/]
= 2flB = B(u)||supacgm1 E [|Z{al*]

where sup,cgm-1 E[|Z!al3] < ¢n by S.3 and S.4.
Therefore, we have the upper bound (G.42]).
Part 2 (e2(m,n)) To show the bound for €3, note that by Lemma [[2] for any o € S™1

Vila! (Jn () = T (u)(8 = B(w)| < Vim™"r.
For v € ™1 and J,,(u) = Elfy|x(Z'8(u)|X)ZZ'], define

e2(m,n,a) = 'l (B[(Y, Z, B,u)] = B[W(Y, Z, B(u), u)]) — &/ Jp(u) (8 = B(u))].

Thus €3(m, ) S SUPaesm—1 (4 8)cRn.m €2(1T 1, @) + /M "7

Note that since E[a/1);(8(u),u)] = 0, for some S in the line segment between B(u) and
B, Ela¢i(B,u)] = E[fY\){(Zéﬁ\X)(Z{a)Z{](ﬁ — A(u)). Thus, using that |fy|x(Z'5|X) —
frix(Z'B(u)|X)| < f112'(B = B(u)| < f1Z'(B = B(u))|,
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ex(mona) = nl/2 ’E {(a'Z)(fy|X(ZIB|X) _ leX(Z’B(u)|X))ZI} (B - ﬁ(u))’
< 2B (|o'Z] | Z'(8 — B(w))|*F]

<28 = B@)|® sup Efla’Z[],
acSm—1
where sup,cgm-1 E[|Z}al?] < ¢n by S.3 and S.4.

0

Lemma 25 (Bounds on Approximation Error for Uniform Linear Approximation). Under
Condition S,

n

Pui= ;Zium < ZiB(u) + R(X;,u)} = 1{Y; < Zip(w)}), well,
satisfies
Ll o—
sup |/7 (u)| <p min {\/ml—“ logn + CmT:gn’ ngzbnm—“f} .
acSm—1 ucl

Proof. The second bound follows by Cauchy-Schwarz, |R(X;,u)|
conditional probability density function of Y given X.

< m~™", and bounded

~

The proof of the first bound is similar to the bound on ¢; in Lemma[24] it will also follow

from the application of the maximal inequality derived in Lemma

Define the class of functions
Apm ={dZ ({Y < Z'B(u) + R(X,u)} — 1{Y < Z'B(u)}) : a€ S™ !, uel}
By the (second) maximal inequality in Lemma [I6]

sup o' Fp(u)| = sup |Gn(f)]
aESmfl,ueu .fEAn,7n

1/2
<p J(m) ( sup  E [f?] +n~"J(m)>*M?(m,n) logn> log/? n,
fE€ALm

where J(m) < /m by the VC dimensions of A, ,, being of O(m) by Lemma 2] and
M(m,n) =y by S.4. The bound stated in the lemma holds provided we can show that

sup FE [fz] <mTh. (G.43)
fE-An,m



66
For any f € A,m

1f(Yi, Zi, Xo)| = | Zjel [I{Y: < ZiB(u) + R(Xi, u)} — 1{Y; < ZiB(u) }

< |Zjal Y = ZiB(uw)| < [R(X;, u)|}-
Thus, since | fyx (y|X)| < f,

E[f2(Y,Z,X)]

IN

E[[1Z'aPUy - Z'B(u)| < [R(X, )|} fyx (yIX)dy]

IN

E[(Z'a)* min(2fR(X,u),1)]

< 5" supacsmos E [|Zal]
where sup,cgm-1 E[|Z/a|?] < 1 by invoking S.3. Therefore, we have the upper bound (G.43)).
O

Lemma 26 (Bound on e3(m,n)). Let B(u) be a solution to the perturbed QR problem

~

Blu) € arg min Enfpu(Y; - ZiB)] + An(u)'B.

If the data are in general position,

m

es(m,n) = supn'/?||Epn[1i(B(u), u)] + Ap(uw)|| < min { NG

uel

e @W}

holds with probability 1.

Proof. Note that the dual problem associated with the perturbed QR problem is

whax [Yia;] : En[Zia;] ()

Letting a(u) denote the solution for the dual problem above, and letting ai(g (u)) := (u —

o~

1{Y; < Z!3(u)}), by the triangle inequality
esmn) < swp Vi [En [(Zie) (@ (Bw) —@w)] |+
llall<1uet
+supyey Vl[En [Zii(u)] + An(u)]]

By dual feasibility E,, [Z;a;(u)] = —A,(u), and the second term is identically equal to zero.

-~

We note that a;(5(u)) # a;(u) only if the ith point is interpolated. Since the data

are in general position, with probability one the quantile regression interpolates m points

~

(Z!B(u) =Y; for m points for every u € U).
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Therefore, noting that |a;(B(u)) — @;(u)| < 1

mm < sp /B ((Ze?ly B [{asB) - 3:0)7] < 60y

||| <1,ueld

and, with probability 1,

3 m
es(m,n) < - sup  nliy [1 ai(B(u a;(u)} max [/ Z; ] < — max || Z;|.
a(m,n) P, {ai(B(u)) # ai(u)} max || Z]| \/ﬁ@gn” [

Lemma 27 (Bound on e4(m,n)). Under conditions S.1 — S.4, and ¢ logn = o(n),

csfm.m) Sp |/ 218" _ (1)

Proof. The result follows from Theorem [I3] of Guédon and Rudelson [18] under our assump-

tions. O
Lemma 28 (Bounds on e5(m,n) and €5(m,n)). Under S.2, hy, = o(1), and r = o(1),

¢2,mlogn

mc?
+ —"logn and eg(m,n) <m™ "+ 1y + hy.

65(”%”) Sp il h
n n

Proof. To bound €5 first let

Hun = {1{Yi — ZI81 < W}’ Z:Y: |18~ B(w)| <7, he (0,H],a € S™}.

Then, by Lemma

n—1/2
es(m,n) = 5 fesxp 1Gn(f)

1/2
—1/2
<p n J(m) < sup E [fz] +n " I (m)?M?(m,n) log n) log/? n,
fEHm
where J(m) < /m by the VC dimensions of H,, ,, being of O(m) by Lemma [I9] and
M(m,n) = max;<,, Hy, ni, where Hy, i = 1 Z;||?, is the envelope of Hm,pn in the sample of
size n. Therefore the envelope is bounded by maxj<;<y || Zi||?. We also get that
sup E[f?] < sup B [Y|Yi - Z{B| < ha}(/ Zi)"]

feEHm,n BER™ acSm—1

< 2fh, sup E[(Z;)"].

aeSm—1
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By S.2 f is bounded, and by S.4

sup E[f?] <2fGhn sup E[(Z)*] S Chn

fEHm,n

Collecting terms,

—-1/2

acSm—1

1/2
es(m,n) <p n \/_<C hn, —|—(m max ||Z|| /n)logn> log'/? n

n

\/@ 2 mlogn \/m2 maxi<i<n || Zi|* 1
ogn
n

2
nhz

annaxlSiSnH22H2

. logn.

To show the bound on €z note that |f}’,|X(y|x)| < f" by S.2. Therefore

E[{]Y = Z'8| < ha}(a'Z)?]

(o' 2)? L%JﬂXZﬂ+ﬂXM4
B(0'2)2 [" frix(Z'81X) + ty (26 +11X)dy]
2hn E [y x (281 X)(o Z)?] + O(2h2 F'E [(2'0)?))

by the mean-value theorem. Moreover, we have for any (u, 3) € Ry, n

E[fyix(Z'B1X)(«'Z)?] =

E [fyix(Z'B(u)| X)(a'2)%] +

VB [(fyix(Z/81X) — fyx (2/8()| X)) (o 2)?]

B [fyix(Z'8(uw)|X)(«/Z)*] + O(E [f'Z'(8 — B(u)) (e’ Z)?])
o T (W) + O(f'r SUpaegm1 B [|/ Z[%])

o T (u)ae + O(m™") + O(f'r supyegm—1 E [|o/ Z]3])

where the last line follows from Lemma[I3] S.2 and S.5. Since f’ is bounded by assumption
S.2, we obtain €5(m,n) < hy + m ™" 4 rsupyegm-1 E [|o/Z|3]. Finally, conditions S.3 and
S.4 yields sup,egm-1 E [|&/ Z[*] < (psupgesm—1 E [|o/Z)?] S ¢n and the results follows.

O
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