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Abstract

In this thesis, we survey approximate dynamic programming (ADP) methods and
test the methods with the game of Tetris. We focus on ADP methods where the cost-
to-go function J is approximated with ®r, where ® is some matrix and r is a vector
with relatively low dimension. There are two major categories of methods: projected
equation methods and aggregation methods. In projected equation methods, the
cost-to-go function approximation @r is updated by simulation using one of several
policy-updated algorithms such as LSTD()) [BB96], and LSPE(A) [BI96]. Projected
equation methods generally may not converge. We define a pseudometric of policies
and view the oscillations of policies in Tetris.

Aggregation methods are based on a model approximation approach. The original
problem is reduced to an aggregate problem with significantly fewer states. The
weight vector r is the cost-to-go function of the aggregate problem and @ is the matrix
of aggregation probabilities. In aggregation methods, the vector r converges to the
optimal cost-to-go function of the aggregate problem. In this thesis, we implement
aggregation methods for Tetris, and compare the performance of projected equation
methods and aggregation methods.

Thesis Supervisor: Dimitri P. Bertsekas
Title: Professor of Engineering Lab. for Information and Decision Systems
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Chapter 1

Introduction

Dynamic Programming (DP) is an approach used to solve Markov Decision Pro-
cesses with controls that affect the transition probability distribution to the next
state [Ber05]. The goal is to minimize the expected accumulated cost starting from
a given state. The transition cost g(i,u) is the cost between two consecutive states
¢ and the next state j = f(¢,u) with the control u, where f is the state transition
function. Provided we use the policy 7 after the first step, the best control we can

find for the first step is
u(i) = arg min an ) l9G,w) + J=(3)] 5

where J, is the cost-to-go function for policy . The policy with the controller p
is called one-step lookahead with respect to J;. Theoretically, when the number of
states and the size of U(Z) are finite, we can use policy iteration or value iteration
methods to find the optimal cost-to-go function J*, and hence an optimal policy.
However, when the number of states is prohibitively large, one cannot use the DP
algorithm to find a good controller due to the computational burden. Therefore
Approximate DP algorithms have been developed [BB96], [BI96]. In this thesis,
we survey some methods where the vector representation of the cost-to-go function
J. is approximated by the matrix-vector product Jy = ®ry, where ry is updated

based on approximate policy iteration methods. This approximation approach has
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been widely studied [BT96], [SB98], [Gos03], [Mey07], [CFHMO07], [Pow07], [Bor08],
[Cao09], [BerlOb], [Berl0al, [Berll]. The update of r, is based on one of the two

linear transformations

Tk+1 :Aukrk + bp.ka (11)
Tk+1 :AMTHI -+ bﬂ-k? (12)

where both A, and b,, depend only on the policy suggested by the cost-to-go function

Ji = ®r. The matrix A, is a contraction mapping.

Since A, is a contraction mapping, Eq. 1.2 can be viewed as iterating Eq. 1.1
infinite number of times. These methods involve solving a linear equation and are

called matriz inversion methods.

One major ADP approach involves assigning several relevant feature functions
of the state and approximating the cost-to-go function by a linear combination of
those features. In this case, a row in & represents the corresponding features and r
is the vector of weights of these features. The approximator learns and updates r
through simulation. In this thesis, we discuss the projected equation methods where
a projection is considered when we update the vector r. We consider the LSTD())
and LSPE()) methods in particular. LSTD(])) is a matriz inversion method and
LSPE(]) is an iterative method. These two methods are not guaranteed to converge
because the A,, matrix is not necessarily monotone. As a result, these methods may
not converge to the optimal policy. As shown by Bertsekas, these methods may end

up oscillating with more than one policy [Ber10b].

Another major ADP approach is problem approximation, where the original DP
problem is associated with an aggregate problem with significant fewer states [SJJ94],
[SJJ95], [Gor95], [VRO6], [BerlOb], [BerlOa], [Berll]. The aggregate problem has
significantly fewer number of states so that we can calculate the optimal policy for
the aggregate problem by policy iteration. The vector ry is the cost-to-go function
of each iteration. The update of ry is of the form in Eq. 1.2 with a monotonic A,,.

As a result, {rx} converges to r*, which is the optimal cost-to-go for the aggregate
g ; g ger
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problem. The cost-to-go 7* then specifies a policy p7 with J = &r*, where ® is a
matrix which relates the aggregate problem with the original problem. One of the
big differences between the projected equation methods and the aggregation methods
is convergence. The policies converge in the aggregation methods, and hence the

performance may be more regular.

We will test those methods in Tetris, a video game originally invented by A.
Pajitnov in 1984. It is NP-hard to find the optimal policy even when we know the
sequence of tetrominoes in the beginning of the game [DHLNO3]. On the other hand,
the game terminates with probability 1 [Bur96}, which allows the methodology of
stochastic shortest path DP problems to be used. Because solving Tetris is hard and
can be formulated into a standard stochastic shortest path DP problem, this game
has become a benchmark problem of large scale DP problems. There are several
different versions of Tetris. A study of different variations of Tetris can be found
in [TS09]. Tetris has been well tested with methods where feature functions are
involved. Bertsekas and loffe used a 10 x 20 board and a set of 22 features and
got an average score of 3,183 with the LSPE()) method [BI96]. This score might be
underrated because they considered a slightly different version of Tetris [TS09]. Later
on, Kakade used the same 22 features with a natural policy gradient method and got
an average score around 5,000-6,000 [Kak02]. Farias and Van Roy also used the same
22 features with a relaxed linear program and achieved average score 4,274 [FVRO06].
All the methods above were trying to update the policy by letting it be a better
approximator. Szita and Lorincz used the cross-entropy (CE) method, a random
search methods in the space of weight vectors r with special strategy to update the
distribution function, and got an average score exceeding 800,000 with the same 22
features [SLO6]. It is clear that the performance of the controller depends on the
feature functions. Therefore, research also focused on different feature functions. For
example, Thiery and Scherrer used a set of 8 features with the cross-entropy method
and achieved an average score of 35,000,000 on a simplified version of the game. This
controller won the 2008 Tetris domain Reinforcement Learning Competition [TS09).

However, the 8 features they used are not functions of state, but functions of both
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state and controller. In this thesis, we are interested in formulating Tetris into a DP
problem and testing the behavior of different ADP methods. As a result, we are going
to use the 22 features proposed in [BI96].

This thesis organizes as follows. In Chapter 2, we introduce our notation for the
DP problem we aim to solve. In Chapter 3, we introduce theoretical background for
projected equation methods: LSTD(A) and LSPE()). In Chapter 4, we introduce
theoretical background for the aggregation methods. In Chapter 5, we formulate
Tetris into a DP problem. We then consider Tetris problems with smaller board sizes
so that we can apply exact projected equation and aggregation methods. Finally,
we compare the performance of the aggregation methods and the projected equation

methods.
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Chapter 2

Approximate Dynamic

Programming

2.1 Approximate Dynamic Programming (ADP)

and Linear Architecture

In this thesis, we consider the stochastic shortest problem with a termination state

denoted 0. We use the following transition model:

Tyl — f(xhuka yk)7 (21)

where z; and zjy; are the current and the next state. The control uy is selected
after an uncontrollable random forecast yx. The control ux can be described as ux =
w(zx,yx) € U(zk,yr). Here U(z,yx) denotes the set of admissible controls and
denotes a controller which maps (zx, yx) to ux. The number of possible states of x,
the number of possible values of gk, and the number of elements of U(z,yx) are
finite. In this thesis, we only consider stationary problems and policies, and therefore
we may interchangeably refer to u as either a controller or a policy. We consider the
case where the probability distribution function of yx is stationary. When the state

changes, a transition cost g(zx,ux, ¥x) is accumulated. Bellman’s Equation for this

15



problem is
Zp(y) Jin  l9(@,w,y) + I (f(z,w )], with all z, (2.2)

where the solution J*(z) is the optimal cost-to-go for z. Any optimal policy p*

satisfies

w(z,y) = arg emzr} l9(z, u,y) + J*(f(z,u,9))]. (2.3)

In this thesis, we consider the stochastic shortest problem where the game starts
at a special state zop = 1 and ends at a cost-free state 0. Thus, the process terminates
when the state is at 0 and the cost-to-go for the state 0 is always 0. We use a linear
architecture to calculate the approximate cost-to-go function J; = ®ry!. When the
optimal cost-to-go vector J* in 2.3 is replaced with this approximation, the associated

policy is defined to be

pel@,y) € arg_min [g(,u,9) + Tl (,0,9))]. (2.4)

uwelU(z,y

When the minimum is achieved by more than one control in U (z, y), we choose uy, from
those controls according to some fixed but arbitrary rule. (In our implementations,
we have chosen u; randomly from the set of controls attaining the minimum according
to a uniform distribution.) In order to investigate further, we first introduce some

notation.

2.2 Matrix Representation

We will enumerate all the possible states and assume the number of states is n (not
including the termination state 0). Most matrices or vectors below depend only on

the policy p but not on the vector . When there is no confusion, we do not write u

1The integer k here refers to different iteration of policies, which is different from the k used in
2.1.
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explicitly.

2.2.1 Approximate Cost-to-Go Function

We denote the approximate cost-to-go function Ji = ®ry.

Je(1)

A
= (I)’T'k,

jk(n)

S
I

where ® is some matrix, and the value is calculated only when accessed. The definition

of ® varies in different methods. Because 0 is the cost free state, we define Ji(0) £ 0.

2.2.2 Transition Probabilities
The matrix of transition probabilities for a stationary policy p is defined to be

2, P@pupl,y),y) - 2, PP (n(l,y),y)
P=P,2 ; g :

>y PW)Pa1(p(n,y),y) -+ 22, P(¥)Pan((n, y), y)

where p;;(1(3,y), y) is the transition probability with control u = p(z,y) and forecast
y. We then simplify the notation by using p;;(1) to denote the transition probability
from state i to state j with policy p:

Bis(k) 2D p@)pii (16, 1), )

Notice that the summation of row i, Z;z:l Dij (1), may be less than 1 because there

may be positive probability to terminate at state ¢ under p.
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2.2.3 Expected Transition Cost Function

With the stationary policy p, the expected transition cost from state i to the next
state is ), p(y)g(%, (4, ), ). As a result, we can define the expected transition cost

vector as

9u(1) >, P91, u(1,y),y)

N
9u(n) >y P¥)g(n, p(n,y),y)
2.2.4 Occurrence Probabilities
The occurrence probability in the stochastic shortest problem is similar to the steady
state probability for the infinite-horizon discounted problem. Denote

¢'(,9) = 4.(2,9) & Pu(ze = 3,9 = 9),
for all Z # 0 and let

@D
L S e ek

then ¢(Z,9) is the expected frequency at which the state and forecast pair (z,7)

occurs. Similarly, denote

for all Z # 0 and let
5@
2.2 T(@)

then g(Z) is the frequency at which the state T occurs. We can denote ¢t and q as

q(z

vectors

q(1)

o~
fi>

Q)
L]

q'(n) q(n)

18



Let e; be the vector [1,0,0,---,0,0]. We have ¢ = P'e; and therefore

q= ant :aZP'tel =a(l — P e,
t=0 t=0

where « is chosen to normalize g so that ) . g(¢) = 1. We will denote by = the matrix

that has § as its diagonal,

(1) 0 0
E=Z,&2] 0 . 0
0 0 gu(n)

The matrix =, defines in turn a weighted Euclidean norm by

PAE qu(z) ())* = J'Eul.
2.2.5 T and T®) Mappings

We denote by T}, the one-step look-ahead mapping with the policy p [Ber05]. The
vector T),(J) is the cost-to-go vector where the controller p is applied at the first stage
followed by a policy with cost-to-go vector J.

T,J(z) £ ) p(y) l9(= 12, 9),9) + I(f(z, p(2,y),9)], with all z.

Y

We notice that 3°, p(y)9(z, £(z,¥),y) = gu(z) and 3, p(W)J(f (2, u(z,v), ) = X2, Pis () J(9)-

As a result, the matrix representation of T'(J) satisfies

T,J(1)
T(J)=T.(J) 2 : = g. + P.J.
T,.J(n)

19



With this definition, 7, can be applied to any vector J, not necessarily a valid cost-
to-go vector. We will similarly denote T™ as the infinite-step look-ahead discounted

mapping [Ber11]
TO =TM £ (1- 1)) NTH,
1=1
After some math calculation, we get
TN = g® 4 PN,
where

gV E£Y NPg=(I-2P)y,

=0

P™ &(1 — NI - \P)"'P.

20



Chapter 3

Projected Equation Methods

3.1 Projected Equation-Based Linear Architecture

In projected equation methods such as LSTD and LSPE, the cost-to-go J(z) is ap-
proximated by Ji(x), the inner product of s feature functions ¢*(z), $*(z),- - - ,d™(),

and a vector r:

¢(z) £ [¢'(2),4°(2), -~ , o™ ()],
¢(O) = [ana ot 70]’9
ri = [rk(1), 74(2), - - re(m)],

Ji(z) = ¢/ (z)7x.
The matrix @ is defined to be

51(1) - ™)
#2) - ()

$) e o)

21
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» One DP Iteration

Value iteration: | Policy Improvement

Projection

: _ (I_’Tk-t-.l :HTM(@T;,)

Figure 3-1: This is an illustration of the LSPE(0) method. Each iteration can be
viewed as a value iteration followed by a projection II. The policy py is defined in
Equation 2.4.

so that J = ®r. Because 0 is the cost-free state, we define ¢(0) = 0 so that J;(0) =0

for all k. This definition also simplifies the notation for the simulation-based methods.

3.2 Least-Squares Policy Evaluation A\ Method

In the Least-Squares Policy Evaluation A method (LSPE())), each iteration can be
viewed as a value iteration followed by a projection as shown in Fig. 3-1 when A = 0.
If there were no projection, the method would become the value iteration method
and the generated policies would converge to an optimal policy. However, in order
to represent the next approximation in term of Jiy; = ®ryyq, it is necessary to
project the cost-to-go function onto the subspace spanned by the columns of ®. The
projection IT on @ is the projection with respect to the norm defined by =,,,. The norm
defined by Z,, is critical because we then can update the vector r; by simulation for
the LSPE methods. When the one-step look-ahead mapping T, is replaced by a more
general infinite-step look-ahead discounted mapping T,Ei), it becomes the LSPE(]))
method. In summary, the LSPE()) method updates the vector r by the following

22



equation:

Priyy = OTY (Pry).

We can also get 74,1 from the following equation:

Tep1 = arg min ||®r — g» — PNory||=

= argmin(®r — g® — PA&r)Z(®r — g™ — PN ry).

Taking derivative, 741 is the solution of the following equation in r:

A(®r — g¥ — PX®r,)YE(dr — g — PNdry)

or ’

or equivalently
(®'20)2(0r — g™ — PMNor,) = 0.
Therefore, ri1 satisfies
res1 = 1% — G(CVry — dX), (3.1)
where

c® £9'2(1 — PV)o,
d™ 29'= g(,\),

G2 (@=0)".

Note that LSPE(]) is an iterative method of the form Eq. 1.1 with A4,, = I-GC®
and b,, = Gd™.
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3.3 Least-Squares Temporal Difference A Method

The Least-Squares Temporal Difference A method is a matrix inversion method. Sim-
ilar to LSPE, we can view LSTD as iterating over a combination of value iteration
and a projection as shown in Fig. 3-1 when A = 0. The difference is that in the LSTD
method, 7441 is updated after an infinite number of iterations under the same policy
tx. In practice, we do a matrix inversion calculation to find the fixed point for the
iteration. If there were no projection and A = 0, the method would become the policy
iteration method and the policies will converge to an optimal policy. However, simi-
lar to LSPE, in order to represent the next approximation in term of Jy4q = ®re4q,
it is necessary to project the cost-to-go function onto the subspace spanned by the
columns of @. The projection II is with respect to the norm defined by Z,,. In sum-
mary, the LSTD(A) method updates the vector 74 based on the projected following
equation [Berll]:
Sri = HT,Ei)(‘I)TkH)-

We can fin 7441 by applying Eq. 1.2 with A,, = I — GC™ and b,, = Gd® from
Section 3.2.

T4t = ApThi1 + by, = (I — GC('\)) et + Gd™.

Therefore, the updated vector rx; satisfies
CPrpyy = dV. (3.2)
The vector 7441 can be obtained by the following matrix inversion calculation:
riin = (CV) 7 d®. (3.3)
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1st trajectory

2nd trajectory

lth trajectory

Lth trajectory

Figure 3-2: This is an illustration of simulation trajectories. Each trajectory starts
at state 1: x;9 = 1 for all . At state x;;, forecast y;; happens and control u;; is
applied. Therefore, the next state is ;41 = f(21.4, w3, 1) and the transition cost is
9(z1i, w4, yis)- Trajectory [ first enters the termination state 0 at state a; 5, = 0.

3.4 Simulation-Based Projected Equation Meth-

ods

In general, the number of states is huge and so the calculation for the matrices CV,
G are prohibitive. Fortunately, the definition of those matrices involves the matrix
=, and therefore they can be approximately calculated through simulation. Assume

we simulate the DP problem L times and obtain L trajectories as shown in Fig. 3-2.
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Then, we can do the following calculation with dimension m but not n:

_(/\) A Z)‘l—]¢(xl,]

L N—-

~(\) A ) )
C ST 1(Nl) ; ; zy [d(i) — d(@ri41)]

L N;—-

CZ(A) = Zl 1 ]Vl ZZ l’; g(xluuluylz)

=1 =0

L N- -1
¢ (El L (M) ZZM")M”) |

=1 =0

When L — oo,

C™ — oW,
d® — 4V,
G- G.

Thus, we can calculate 74, approximately with the simulation-based LSPE()\) method

by using
Te+1 = Tk — G(O(A)Tk - J('\)) (34)
Alternatively, we can use the simulation-based LSTD(A) method by solving

CWVrpyy = dW. (3.5)

3.5 LSPE()\ c¢) Method

In this section, we consider an LSPE())-like method for the case where the last feature

¢°(z) is 1 and the termination state 0 is not favorable. We write rx = [F}, cx|’, where

26



7k is an (m — 1) dimension vector and c; is a constant. When the termination state is
not favorable, we can avoid termination by allowing a termination decision only when
necessary. In this case, the policy p; depends on 7 but not on ¢,. We are interested

in the case where ¢, remains a constant ¢ for every vector r,. Denote I, to be the

r
projection to the affine set ¢ & |r € ®™~1 } with a fixed constant ¢ and the norm
c

Z,.- LSPE(), ¢) updates i, with the following equation:

Drip1 = LT (Pr).

Although the policy py does not depend on ¢, the constant ¢ makes a difference
when 7 is updated. Let e be [1,1,--- , 1]’ and the matrix ® be the n x (m — 1) matrix
with the first (m — 1) columns of ®. Then, the projected equation can be calculated

to be

Try1 = arg Tégénn_l |®r + ce — g® — PP (OFy + ce) Iz,

=arg relgjnn_l(@r + ce — g — PO(BFy + ce))'E(Pr + ce — gV — PN (D7 + ce))

Taking derivative, 71 is the solution of the following equation in 7:

B(®r + ce — gV — PN(Dry + ce))'E(Pr + ce — gV — PV (D7 + ce))
or N

0,
or equivalently

'E(®r + ce — g — PO (&7 + ce)) = 0.

Therefore, 741 satisfies
Th41 =Tk — Gc(Cc(,\)fk - dg)‘))’

27



where

LSPE(),c) is an iterative method of form Eq. 1.1 with A4, = I — G.C® and
bu, = G.d. If there are only the first (m — 1) features for the matrices C' and G,
C. and G, happen to be exactly equal to those matrices, respectively. Furthermore,
when ¢ = 0, if there are only the first (m — 1) features for the vector d, d. happens
to be exactly equal to this vector. As a result, the LSPE(], ¢) method is equivalent
to the LSPE(A) methods with only the first (m — 1) features.

3.6 LSTD()\,¢) Method

In this section, we consider an LSTD(A)-like method for the same case discussed in
Section 3.5. The LSTD(A, ¢) method is similar to the LSPE(), ¢) method. However,
LSTD(, ¢) is a matrix-inversion method which finds the fixed point instead of doing
one iteration. The LSTD(A,c¢) method updates ry using Eq. 1.2 with the same
A,, and b, as the LSPE(J, ¢) method. Therefore, rx4; is updated by the following

equation:
g1 = g1 — Ge(COTpy — dV),
where C’,SA), dV , and G, are defined in Section 3.5. Therefore, the vector ri,, satisfies
CPFyy = d. (3.6)

The updated vector 741 can be calculated by matrix inversion.
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3.7 Policy Oscillations

From Eq. 3.2, we know that r;,; depends only on the current policy p. Furthermore,
there is only finitely many policies. As a result, for the exact LSTD(A) method, after
several iterations, we will have p; = p; for some ¢ < 5. When this happens, we will
have r;;; = rj31 and thus p;41 = p;41. By mathematical induction, ry = r;; for all
k > i. As aresult, we will end up oscillating between a subset of policies periodically.
The trajectory of the oscillating policies depends on A and the starting vector 7o
[Ber10b]. On the other hand, from Eq. 3.5, both C™ and d™ are random variable and
the distribution depends on L, the number of simulation trajectories. Therefore, in
the simulation-based methods, 741 is also random and it is not necessarily oscillating
periodically. In Chapter 6, we will discuss policy oscillations for the exact projected

equation methods.
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Chapter 4

Aggregation Methods

In aggregation methods, the original DP problem is approximated by a simpler prob-
lem. The idea is to reduce the original problem to a problem with significantly fewer
states. We call the new problem the aggregate problem, and a state in the new prob-
lem an aggregate state. We use policy iteration methods to find the optimal policy
for the aggregate problem. This optimal policy may suggest a good policy for the
original DP problem.

4.1 Aggregation Methods Transition Probabilities

We associate the original problem with an aggregate problem by aggregation and
disaggregation probabilities. For each pair of aggregate state a and original state
i, we specify the aggregation probability ¢i, and the disaggregation probability dq;.
The aggregation and disaggregation probabilities satisfy equations ), de; = 1 and
>, $ia = 1. These probabilities can be defined arbitrarily as long as the associated
aggregate problem is a stochastic shortest path problem which terminates with prob-
ability 1. When this is not so, the optimal cost-to-go function goes to minus infinity
for some states and policy iteration need not converge. Therefore, in practice, we do
not have to check for this condition before applying policy iteration. When aggre-
gation and disaggregation probabilities are specified, the aggregate problem is then

well-defined, as illustrated in Fig. 4-1. The transition of an aggregate state involves
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Aggregation system: [ a f-----------------

p(tla) = dai p(bl7) = djo

Original system: pij(u,y)

Figure 4-1: Aggregation state transition model. The transition probability from a to b
with control u and forecast Y is Pap(u,y) 2 >0 | das > j=1Pii(4, y)dss. The transition
cost g(aa u, y) 18 24,:1 da‘ig(?': u, :l,’)

the following 3 steps:

1. Start from the aggregate state a, an original state ¢ is generated with probability

p(t|a) = da;.

2. With a control u, state 7 then changes to state j of the original system with
transition probability p;;(u, ). During the transition between state 7 and j, the

transition cost g(%,u,y) is accumulated.

3. Start from the state j, an aggregate state b is generated with aggregation prob-
ability p(b|) = ds.

Based on this model, we then define the aggregate system rigorously with transition

probability p.s(u,y) and transition-cost g(a,u,y) as follows,

Pa(u,y) & de' Zpij(u:y)¢)jb- (4.1)
=1 j=1

9(a,u,9) £ daig(i, u,y). (4.2)
=1
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Then, the associated Bellman’s equation is

™ (a) = Z dm’ Zp(y) min ) lg(za u, y) + Zpij (u> y) Z ¢jbr*(b)j| ) for all a,
i y 7 b

ueU(i,y

(4.3)

where the solution 7*(a) is the optimal cost-to-go for the aggregate state a. Any

optimal policy i* satisfies:

pri,y) = arg min [g('i, w,y)+ Y pi(uy) Y ¢jb7'*(b)] : (4.4)
’ J b
The policy fix specified by the approximated cost-to-go function r is then defined as
follows,
Pr(iyy) = arg mmin [g(i, w,y)+ Y pii(n,y) Y dmm(b)} ~ (4.5)
. j b

For further discussion, we introduce some notation in the next section.

4.2 Matrix Representation

We want to use matrix representation to simplify notation. We will use the same
notation for the original system described in Chapter 2. The number m denotes the
number of aggregate states except for the termination state. Most matrices or vectors
below depend only on the policy g but not the vector r. When there is no confusion,

we do not write g explicitly.
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4.2.1 Aggregation and Disaggregation Probabilities

The matrix of aggregation probabilities is

¢ﬁ1 e (ﬁhn
oA ¢?1 ¢2.m
_¢nl e ¢nm_

The matrix of disaggregation probabilities is

du diz - din

D é . . . .
dml dm2 e dm'n

4.2.2 Approximate Cost-to-Go Function

The vector of the cost-to-go values of the aggregate problem is defined as

Tk(l)

Tk éé

rk(m)

Using the definition of ® and r, and comparing Eq. 2.4 with Eq. 4.5, we see that the
policy ik is exactly the same as pg. We will use the notation p4 in the subsequent

discussion.
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4.2.3 Transition Probabilities

The transition probability from aggregate state a to b with the control u = p(%,y) is

Z o Z > p©)pis(uli ), y)se.

We define the matrix of transition probabilities for the stationary policy p to be

i 3o 2, PP (6, 9), G - 2o dii Doy 20, PP (3, Y), Y) im

P=pB,2 . . .
> 2i Qi Ej Zy PP (0, 9), Y - 3, o Zj Ey PP (1(3,9), Y)Pjm

2P o 300 20, Pi()Pim

Yoidmi 3 Do o D0 dmi D Pis (1) Pim
— DP,®,

where p;;(1) and P, are defined in Section 2.2.2.

4.2.4 Expected Transition Cost Function

With the stationary policy u, the expected transition cost from the aggregation state
a to the next aggregate state is D, dai >, P(¥)9(3, 1(7,9),y). As a result, we can

define the vector of expected transition cost values to be

> dii 3o, P()9(E, (5, 9),9) >, d1igu(d)
.Z]\: ./g\u = = — ng
> dmi 25, ()9 (i, 15, Y), ) 5 dmigu(3)

>

where g, and g,(?) are defined in Section 2.2.3.
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425 T Mapping

Similar to Section 2.2.5, we denote ﬁ, as the one-step look-ahead mapping for the
aggregate problem with policy g [Berll]. The vector ﬁ (r) is the vector of the cost-
to-go values where the controller p is applied at the first stage followed by a policy

with cost-to-go vector 7:

wr(a) £ Zda, Zp(y g(i, p(2,y),y) + Zp,J(u,y Zqﬁ]br , with all a.

We notice that

> dei ) ()90 46 9),9) = (@),

and

Z as ZP(?J) Zpij (v,9) Z djer(b) = ﬁ“r(a).

As a result, the matrix representation of T\(fr) satisfies

A~

T,r(1)
T(r)=Tur)2| i | =8u+PBr=Dg,+DP,or
Tur(m)

With this definition, T\,, can be applied to any vector 7, not necessarily a valid cost-

to-go vector.

4.3 Policy Iteration

Policy iteration is an iterated method which terminates in a finite numbers of iter-
ations with an optimal policy in stochastic shortest problems which terminate with
probability 1. There are two phases in policy iteration: policy improvement and pol-
icy evaluation. We will update r; through policy iteration for the aggregate system.
In the beginning of an iteration, we have an approximate cost-to-go function 7. In

the policy improvement phase, we get the improved policy px from Eq. 4.5.
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In the policy evaluation phase, we update rx4+1 to be the cost-to-go vector of the

policy px. As a result, riy is the fixed point of the mapping ﬁk.
Tkt1 = fukrk+l
With matrix representation, the equation is simplified,
Tk+1 = Dgpy + DPuy, Prey1.

Therefore, the cost-to-go vector 74,1 can be calculated with a matrix inversion (I —
DP®)~1Dg. We can write this inversion in the form of Eq. 1.2 with A, = DP, ®
and b,, = Dg,,. One of the major differences between the aggregation methods
and the projected equation methods is that here the matrix A, is monotone and
hence vectors {r} will converge [BerlOb]. In fact, policy iteration terminates when
Tk41 = Tk, both are the optimal cost-to-go 7* for the aggregation problem, after a
finite number of iterations. This indicates that the aggregation methods provide a

more regular behavior.
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Chapter 5

Experiments with Tetris

5.1 Problem Description

As mentioned in [TS09], there are several variations of Tetris games. In this thesis,
we consider a simplified version of Tetris, used by most researchers, where horizon-
tal transitions and rotations are not allowed once the tetromino starts falling down
[LKS93]. In this section, we formulate this version of Tetris into a DP problem of the
type introduced in Chapter 2.

Tetris is a game where tetrominoes are placed one-by-one into a board with a width
W and a height H. Each cell can be either occupied or empty. The configuration of
the board is the state in the DP problem, denotes z;. At the beginning of a game,
every cell is empty. The empty board is the start state of the stochastic shortest DP
problem and is denoted 1.

In a regular Tetris game, W x H = 10 x 20, and there are 7 different types of
tetrominoes as shown in Fig. 5-1. At the beginning of each stage, a tetromino y is
generated randomly with uniform distribution. The controller then specifies where
to put the tetromino g by a rotational orientation ox and a horizontal position s.
Different tetrominoes have different possible number of orientations. We enumerate
the rotational orientation o. The complete configurations of pairs (y, 0) are shown in
Fig. 5-2. The tetromino y; falls down and stops right before overlapping with any

occupied cell. The position where the tetromino stops is denoted POS(zk, Y«, Ok, Sk)-
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(d) Z shape ' (e) S shape |

Figure 5-1: The tetrominoes

The corresponding cells of this position become occupied. When there is a row with
all W cells occupied, we say the row is full. When a row is full, it is eliminated and
the rows above all drop by 1 row. The top row is then replaced by empty cells. More
than one row can be eliminated when a tetromino is dropped. The number of rows
eliminated is added to the score, which starts at 0 when the game starts. We want
to maximize the score by minimizing the cumulative cost of a game. Therefore, the
cost g(i, POS(i,y,0,s),y) is defined to be (—1) times the number of rows eliminated
when y is put at POS(i,y, s, 0).

It is possible that for some pairs of orientation and position the tetromino does
not fit in the board when dropped. In this case, the game is over. The state where the
game is over is the cost free state of the stochastic shortest DP problem and is denoted
0. The set of admissible controls is the set of possible positions where tetrominoes
can be put. When no choice of POS(z, Yk, 0k, Sk) can avoid the termination of the

game, we define the only admissible control to be an artificial termination decision t.
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(g) (J,2)

(m) (Z,0)

(q !r! ![15 (0,0

(1,0)

Figure 5-2: The configurations for pairs (tetromino, orientation)
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0 , if gameover.
State : z, =

The configuration of board , otherwise.

We denote the configuration of the board as a matrix B = [b;]

1, if the cell at position (4, j) is occupied.
Wlth bij =

0, otherwise.

We know that a Tetris board state contains no full row and no occupied cells are
above an empty row if the state is obtained through playing a game. We refer to

these states good states and other states bad states.!

Forecast: yx ~ {L,J,T, Z, S, 1,0} with uniform distribution.
Admissible

{POS(xk, Yk, Ok, sk) which fits in the board} , if possible.
Controls: U(zk,yx) =

{t} , otherwise.

or = The rotational orientation of .

s = The left-most horizontal position where ¥, is put.

POS = The function mapping (zx, Yk, 0k, Sk) to the occupied cells.
Control: uk = p(zk,yx) € Ur(zk, yi)-

State Transition: zx1 = f(k, Uk, Yk)
(
0 ,if xp, = 0 or ux = t.

= 4 The configuration of

board after putting yx at ux , otherwise.
\

Transition cost: g(z, ur,yx) = (—1) X (Number of rows eliminated instantaneously).

INot every good state can be arrived at through playing a game but every bad state cannot.
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An example is shown in Fig. 5-3. The original state zj is shown in Fig. 5-3(a).
The forecast tetromino is yx = I. All possible locations to put the tetromino y; are
shown as the light green cells in Fig. 5-3(f) to Fig. 5-3(i). As a result, the set of
admissible controls is U(zy, yx) = {u!,u?,u®,u*}. The possible next states zx41 with
different controls are shown in Fig. 5-3(f) to Fig. 5-3(i). In Fig. 5-3(f), the transition
cost g is —2. In all other figures, the transition cost g is 0. Another example is in
Fig. 5-4. When the state zj is as the figure shows and yx = O, there is no location
to place the tetromino. As a result, the only admissible control is the termination

decision t.

5.2 Small Board Version

We will test the behavior of the projected equation methods in Tetris with a small
board where W = 3 and H = 4 in order to apply exact calculation. We will also
test aggregation methods with smaller boards. When we are playing with a smaller
board, the tetrominoes may be relatively too big. As a result, we introduce 3 dif-
ferent types of smaller tetrominoes: {v,i,0}, as illustrated in Fig. 5-5. Similar to
regular tetrominoes, different smaller tetrominoes have different numbers of possible
rotational orientations. A complete list of configurations is shown in Fig. 5-6. The
probabilities of the forecast y is defined to be: with probability p,, yx ~ {v,%,0}
with uniform distribution. With probability (1 — ps), v« ~ {L,J,T, Z, S, 1,0} with

uniform distribution. In summary, the probability distribution for yj is replaced with

{L,J,T,Z,S,1,0} each with probability }—_71’3,
Forecast: yx ~

{v,%,0} each with probability 2.

It can be proved that when p, = 1, the optimal policy does not terminate for a

3 x 4 board.

Theorem 5.2.1. There exists a policy for a 3 x 4 board such that the costs-to-go of
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45678910
e original

‘ | |
123 5678910 ] 123 5678910 3 56782910
f 3 1 b

(b) w = (c) = (d) = (e) u =
POS(zx,I,0,1) POS(zx,1,1,1) POS(zx,1,1,6) POS(zx,1,1,7)

12345678091
u

.'.._..._.1[.._.,_.3... B
58

Figure 5-3: This is an example of Tetris. The original state z; is shown in Figure
5-3(a). The coming tetromino is yx = I. The possible locations to put the tetromino
yr are shown as the light green cells in Figure 5-3(f) to Figure 5-3(i). As a result,
the set of admissible controls is U(z,y:) = {u!,u? u® u*}. The next states with
different controls are shown in Figure 5-3(f) to Figure 5-3(i). In Figure 5-3(f), the
transition cost g is —2. In all other figures, the transition cost g is 0.



N W A Uy
T

Figure 5-4: When y, = O,there is no location to place the tetromino. As a result,
the only admissible control is the termination decision .

(a) v shape

(b) 7 shape (c) [/ shap'e

Figure 5-5: The small tetrominoes

B

@) @,0)

(b) (»,1)

(c) (v,2)

(@ (,0) O G (@ (0,0)

Figure 5-6: The configuration for pairs (tetromino, orientation)
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Figure 5-7: The policy p. The configuration of dark green cells is the state and the
set of light green cells is where the coming tetromino is dropped.
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(a) zo (b) 1 c) To

d) z3 (e) z4 (f) =5

Figure 5-8: Important states for a 3 x 4 board.

an empty board is —oco when ps = 1.

Proof. Let us first introduce states xg, x1, 2, T3, T4, and x5 as shown in Fig. 5-8 and
a symmetric controller x as discribed in Fig. 5-7, where symmetric controller means
the places to put the flipped tetrominoes are horizontal flipped for horizontal flipped
states. We will show that the policy p provides J,(zo) = —oo. We know that the
cost-to-go for horizontal flipped states are the same for a symmetric controller. As

a result, J,(21) = J,(z4), and J,(22) = Ju(25). Therefore, we can get the following
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equations:

(Ju@) + u(2) + (Jule))

Ju(mo) = 3
_ (o)) + (=14 Ju(@2)) + (=1 + Ju(24))
Ju(z1) = 3
_ u(m2)) + (=14 Ju(2)) + (=1 4 Ju(z1))
3 .
_ (Z14 (@) + (=1 + Ju(@4)) + (=1 + Ju(2s))
Tu(e) = :
(L o) + (=1 + o) + (<1 + ()
3 .
_ (=1+ Jp(xl)) + (-1 + Ju(x2)) + (=2 + J#(xo))
JM($3) = 3 .
Solving the linear equations, we get J,(zo) = —oo. O

It follows from the same algorithm, the result holds for any 3 x H board with
H > 2. We can also show the same result holds for any 4 x H board with H > 2.
When p, < 1, there is a nonzero probability for each original tetromino to occur,
so the modified Tetris game still terminates with probability 1. Based on this fact
and this theorem, the optimal cost for the smaller version of Tetris can be as low
as possible when we choose p, arbitrarily close to 1. In our implementation, we set

either p, = 0.8 or p, = 0 depending on the board size.

5.3 Pseudometric of Policies

There are several reasons to define a pseudometric over the space of policies. First
of all, when we define a policy p by an approximated cost-to-go function Ji = ®ry,
there are infinitely many choices of r, but the number of policies is finite. As a
result, there must be cases where different values of r specify the same policy. In this
case, while the norm of the difference between two approximation vectors is not zero,
we should consider other measures of distance where it is zero. Furthermore, we do

not know whether good approximation provides a good policy. Instead of having a
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good approximation in s weighted norm, we might want to consider how often two

controllers are making the same decision.

For the reasons above, we introduce a pseudometric over the space of policies that
could measure how similar two policies are. For a pair of state x # 0 and forecast
y, let S,(x,y) denote the set of possible admissible controls attaining the minimum
in Eq. 2.3, when g is optimal, or in Eq. 2.4, when p is one of the policies suggested
by approximator. We define the distance between pu! and p? for a state and forecast

pair (z,y) to be

18,(2,9) 0 S,a(2,9)|
8,12, 9) US,a(2, )|

d(Su(z,y), S2(z,y)) £1-

It is proved that d is a metric space over the space of sets [BKV96]. We define

D#(:ula:uQ) = Z qu(x> y)d(Sul (CL‘, y)7 sz (.’L‘, y))a

T,y

where ¢,(z,y) is the occurrence probability for the state and forecast pair (z,y).

Then, D, is a pseudometric space on policies, as shown in the following theorem:

Theorem 5.3.1. D, is a pseudometric space on policies.

Proof. We need to verify the following 3 conditions:

1. D,(p*pt)=0:

Dﬂ(lu’luu'l) é un(xay)d(sﬂl(xa y)’S/.tl (:Da y)) = O’

z’y
because d(S,1(z,y), S (z,y)) = 0, for every pair of (z,y).
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2. Symmetry:

(e ;L)——qufvy 1 (7,9), Sz (2, y))
= Z qu(x, y)d(S”Z ({17, y)a SHI (:E, y))

= D, (1, p'), from the symmetry of the metric d.

3. Triangle inequality:

Du(p',p*) + D (u2 #°)
23 " qu(z,9)d(Su(z,y), S,2(x,y)) +un (2,9)d(S,2(x,1), S,(x, )

= Z 9u(2,y) [d(Sa (2, Y), Sz (2, ) + d(S2(x,y), Spa (2, 9))]

>un(fc Y)d(S,(2,9), Sps(2,))

=D,(p', %), from the triangle inequality of the metric d.

a

Furthermore, if D,1(p!, %) = 0, then the two controllers p! and p? are equivalent.
In other words, the two policies always choose the same controls p!(z,y) = p*(z,y)

for every state and forecast pair (z,y) that they may visit.

Theorem 5.3.2. If D1 (u', p2) = 0, then the two controllers p* and p® are equivalent.
Proof. If Da(p*, p*) =0,

unl (2,9)d(S,1 (2, ), Sa(2,9)) £ Dy (', 42) = 0.

Because d(S,1(z,y),S,2(z,y)) is nonnegative, we have d(S,:(z,y), S.2(z,y)) = 0

whenever g,1(z,y) = 0. Since p! and p? always make the same decision for every
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(z,y) that might be visited by controller x!, controller x? cannot visit any pair (z,y)

which is not visited by p!. Therefore, p! and pu? are equivalent. O

If the sets S,1(z,y) and S,2(z, y) all have only one element for any (, %), then this
metric could be interpreted as the probability that 4! and p? make different decisions
following the trajectories under policy p. As a result, D, may be interpreted as the
opposite of the degree of similarity between two policies p! and p?. As we will see in
Chapter 6, the best policies are closer to the optimal policy p* with the pseudometric

space D« in our experimentation.

5.4 Feature Functions for Projected Equation Meth-

ods

We are interested in using a linear architecture based on the followsing m = (2W +-2)

features for the cost-to-go function of the board when zx # 0 [BI96]:

¢'(z+) = the highest occupied cell of the ith column, for i = 1,2,--- ,W

ma.xb,zl,lfb,——-l (b
— {glby =1}, i {6y = 1} # Jfori=1,2,--- ,W.

0, otherwise

¢W+i(xk) = ld)z(xk) — ¢i+1(:1;k)| Jfori=1,2,--- (W =1).
6™ (z1) = max {4 (zx)|i = 1,2,--- ,W}.
$*"W+1(x1) = the number of holes (empty cells with at least one occupied cell above it.)

¢2W+2 (331;) =1.

We note that the last feature function ¢?¥ *2 is constant. As a result, the policy does
not depend on the corresponding weight. However, the existence of this function
provides a different trajectory for the vector 7 when the projected equation methods

are used.
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5.5 Aggregation Methods

We approximate Tetris into two different hard aggregation problems. Hard aggrega-
tion means for fixed ¢, ¢, = 1 for only one aggregate state y = y;, and 0 for all other
aggregation states. We define some features so that original states with the same fea-
tures have the same aggregate state. Here we propose two different ways to formulate
aggregate problems. In the first method, the disaggregation probabilities are uniform
among some subset of original states depending on the aggregate state. We refer to
this method as aggregation method with uniform disaggregation probabilities. In the
second method, for a fixed aggregate state z, the disaggregation probability d; is 1
for a certain original state ¢ = i, and 0 for all other states. We can view the original
state ¢, with d;, = 1 as the representative original state of the aggregate state z,

and we refer to this method as an aggregation method with representative states.

5.5.1 Aggregation Methods with Uniform Disaggregation Prob-
abilities

For a W x H board state , assume the highest occupied cell in the ith column is h;(z),
for ¢ =1,2,--- ,W. The feature h; = 0 if no cell is occupied in the column.? Denote
Pmar = max; h;, the height of the highest column, and Ny, the number of holes in
the board. Let s be any positive integer, we define A} = max (h;, Apar — 3). The ag-
gregate state for  is defined to be (A, k3, - , A, Nhae), that is, ¢,; = 1 is and only
is i = (hi,h3, -+, hiy, Nuole). For an aggregate state y = (hf, A, - , iy, Nate),
we denote S, the set of good states i with aggregation probability ¢;, = 1. Then the
disaggregation probability is defined to be

g ﬁ,foriGSy,
=

0, otherwise.

21t is true that h;(z) = ¢'(z). However, the relation between the matrix ® and ¢' is different in
this section. As a result, we use the notation h; to reduce confusion.
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with  aggregate  state
y=1(4,1,2,1).

(c) Some bad states with aggregate state y |
Figure 5-9: An illustration of aggregation methods with uniform disaggregation prob-

abilities and s = 3. In this case, ¢,; = 1 if and only if i = y. Because |S,| = 5, dy; = 1
for i € Sy and dy; = 0 for i ¢ Sy,
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An illustration is shown in Fig. 5-9 with s = 3. Fig. 5-9(a) is the original state
z. We see that the height for each column are (hy,hy, h3) = (4,0,2). Therefore,
Pmaz = 4 and (AT, hd hd) = (4,1,2). The number of holes is Ny = 1. As a result,
the aggregate state is y = (hf, ki, hT, Npate) = (4,1,2,1). Fig. 5-9(b) shows all
other original good states with the same aggregate state y. Therefore, we know that
|Sy| = 5, so dy; = £ for i € S,. Notice that some original states have aggregate state
y but they are bad states so they are not in S,. Examples of those bad states are

shown in Fig. 5-9(c).

5.5.2 Aggregation Methods with Representative States

+

We use the same notation as in Section 5.5.1. Furthermore, we denote k', £ min; A}

In this method, we do not use the number of holes, but we consider the number of
+

rows which contain holes and are above (but not including) A" . . Denote this number

to be Thoe. The number 74, can be interpreted as the number of rows between the

(P,

™m:

» + Dth and the (k. — 1)th row which contain holes, and therefore,

Thole < (hmaz_l)"'(h;',;,n"‘l)‘*'l <s-—1
Therefore, the possible values of 7. is less then the one of Njoe, so this method
has fewer aggregation states than the method in Section 5.5.1 with same s. We no-
tice that states which are horizontal symmetric to each other should have the same
cost-to-go function. As a result, we will treat them as the same aggregate state. Con-

sider the two base-(H + 1) positional notation numbers, oy = hyhy--- hw (+1), and

02 = hwhw_1- -+ by 1) If 01 > 09, the aggregate state y, = (b, hs, -+ , b, Thate)-
Otherwise, 4, = (A, hfy_1, -+ ,h{,Thae). The disaggregation probabilities are
@zy, = 1 and ¢,y = 0 when y # y,.

Now, assume we have an aggregate state y = (Y1,¥2, "+ , YW, Thole)- We want
to find a representative original state 2. We set the height of the ith column to
be 3. Let Ymer = max;y; and yYmin = min; y;. We know that Ymin # ¥maz unless

Ymin = Ymaz = 0. When Ynin = Ymez = 0, the representative state is an empty

54



]
o
28]
o
»N
o

19 % 19 = 5 = 19

18| | e 18 ' 18

17| 17 7 |

16 16 16| |

15[ 15[ 15 |

14| 14| 14|

13 13 13

12 12 12|
11 1|
10 10

o
HNWRUWUO WO H

H N WAL ®
H NWAMUO OO

; 12345678910 1 ] 6.
he representative state (b) Possible original state  (c) Possible original state

23 456 78 910
(@) T

345678910

Figure 5-10: The representative state and possible some original states for aggregation

state (12,12,12,12,10,13,11,9, 10,9, 2) with s = 4.

board. Now, we consider the case Ymin # Ymaz- Denote Inin = {i|yi = Ymin} and

Imaz = {i|¥i = Ymaz}- We know that I, fmez = 0. We set the board with the

following configuration?,

1 ,i4¢ s
0 ,ifi€ Lyn
J 0 ,ifié Inin
N i =
0 ;if € Liue 800 Yonas = Thole S J € Y

1 , otherwise

lfj < Ymin-

if J = ymin-

if Ymin < J S Yi-

if yi < J.

The number of rows which contain holes above Y., is contributed to the top Thoe

cells below each of the top occupied holes in the representative state. An example

3The representative state does not have to be a good state, but it has to be a good representative

of the cost-to-go function.
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with s = 4 for a 10 x 20 board is shown in Fig. 5-10. Fig. 5-10(a) is the representative
state z, of aggregate state y = (12,12,12,12,10,13,11,9,10,9,2), and hence, d,, = 1
if and only if 2 = z,. The state shown in Fig. 5-10(b) has holes in the 10th and 11th
TOWS SO Thote = 2. The state shown in Fig. 5-10(c) is an example that oo > ;. It has
holes in the 10th and the 12th rows so 744 = 2.

Although aggregation methods with representative states seems to be a looser
approximation model, we may still prefer this method for some reasons. First of all,

in the aggregation methods, we update 7 by following the equation:
re41= (I — DB, ®)"'Dg,,

In general, the computational burden for DP® depends on the dimension of P, so it
depends on the number of original states. Fortunately, for our problem, the matrix
P is sparse, because p;;(11) # 0 only when j is the possible next state for 7. In the
representative states method, because D and ® contain only one nonzero component
at each column and each row respectively, using sparse matrix calculation techniques,
the computational time of the production DP® only depends on the the number of
aggregate states. The matrix inversion is also significantly reduced because of the
sparsity of ] — DP® [DLN*94]. On the other hand, for the uniform disaggregation
probabilities methods, we need to find the size of S, for each aggregate state y, which
is time-consuming and may need to go through every good original states. As a result,
the calculation of the representative states methods might be much lighter than the

one with uniform disaggregation probabilities.
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Chapter 6

Experimental Result and

Conclusion

6.1 Results for Projected Equation Methods

We tested the projected equation methods with a smaller Tetris board (3 x 4) with
ps = 0.8. We denote the optimal cost-to-go J* and the optimal policy p*. We
have obtained J* by using (exact) policy iteration. We chose the starting vector
ro = [1, 0, 0, 0, 0, 0, 3, 0], as suggested in [BI96]. For the fixed-c methods, we
chose ¢ to be 0 and the corresponding term for the projection min, |®r — J*|, denotes
the value ¢, £ —144.643.

We calculate the L, distance Ly(®rg, J*), the Lo, distance Loo(Pri, J*), over the
good states. We also calculate the policy distance D,«(p*, ®r) for the oscillating
policies for each method. The results are shown in Table 6.1.

In our experiments, all projected equation methods with exact calculation end up
oscillating with more than one policy. For the argument in Section 3.7, it is required
that the next vector 741 depends only on p, not rx. However, since computers must
discretize the vector r, the possible choices of r will be finite. As a result, in our
experimental results, vectors r;, end up oscillating among few vectors in 1° and so do
the policies p.

With A = 0 and 0.999, the projected equation methods outperform the methods
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Table 6.1: Results for projected equation methods. The second column indicates the
number of policies involved in the oscillation. The notation ~ means approximately,
and a ~ b means between a and b.

Method Average cost | Leo(Jk, J*) Lo(Jg, J*) D (1%, po)
LSTD(0) 2|~ -70 ~ 52 ~ 810 ~ 0.23
LSPE(0) 5[~ =70 ~ 55 ~ 920 ~ 0.23
LSTD(0, c,) 41~ -T70 ~ 69 ~ 70 ~ 1050 ~ 1060 | ~ 0.23
LSPE(0, ¢,) 4|~ -70 ~ 70 ~ 71 ~ 1070 ~ 0.23
LSTD(0,0) O|l~-1~-9 ~ 99 ~ 1810 ~ 1860 | ~ 0.67 ~ 0.84
LSPE(0,0) 4|l~-9~-10 | ~99 ~ 1800 ~ 0.74 ~ 0.75
LSTD(0.9) 2 | ~ —68 ~ 55 ~ 880 ~ 0.23
LSPE(0.9) 4|~ —68~—69 | ~54~55 ~ 860 ~ 870 ~ 0.23
LSTD(0.9,¢c,) 4|~ -T2~ —87|~51l~63 ~ 840 ~ 1180 |~ 0.19 ~0.31
LSPE(0.9, c,) 4|~ —-73~ -89 | ~54~65 ~ 900 ~ 1080 |~ 0.16 ~0.31
LSTD(0.9,0) 6|~—-4~-10 | =99 ~ 1720 ~ 1830 | = 0.73 ~ 0.77
LSPE(0.9,0) 31|~ —-1~-8 ~ 99 ~ 1780 ~ 1830 | = 0.72 ~ 0.85
LSTD(0.999) 4|~ —-68~ —69 | =55 ~ 870 ~ 880 ~ 0.23
LSPE(0.999) 4|~ —-68~—69 | ~55 ~ 870 ~ 880 ~ 0.23
LSTD(0.999,¢,) | 2| =~ —15~ —16 | =~ 289 ~ 299 | ~ 4060 ~ 4190 [ =~ 0.29 ~ 0.40
LSPE(0.999,¢c,) | 2|~ —15~ —16 [ ~# 290 ~ 299 | =~ 4060 ~ 4190 | ~ 0.29 ~ 0.40
LSTD(0.999, 0) 8|~—-4~-10 | ~99 ~ 1710 ~ 1830 | =~ 0.73 ~ 0.77
LSPE(0.999,0) 2| ~—-4~-10 | ~99 ~ 1720 ~ 1830 | =~ 0.73 ~ 0.77
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Table 6.2: Best 5 average costs by projected equation methods.

Method Average cost | Loo(Jg, J*) | Lo(Jk, J*) | D (1%, piz)
LSPE(0.9,¢,) —88.9909 55.8694 971.636 0.158360
LSTD(0.9, ¢,) —86.9333 51.1765 838.332 0.194934
LSTD(0.9, ¢,) —86.7808 51.8306 845.953 0.195161
LSPE(0.9, c,) —79.0661 53.8910 894.058 0.217701
LSPE(0.9,¢,) —77.3788 55.2582 966.091 0.253505

with a fixed weight for the constant feature. However, when A = 0.9, the methods
with ¢ = ¢, perform the best. With ¢ = 0, the projected equation methods is as if
there are only the other (s—1) features, and 0 is not close to the corresponding weight
for any reasonable projected equation methods, so it does not perform well. With the
projected value ¢ = ¢,, the weight is already where a real projection solution should
be. As a result, the performance might be comparable with the original projected
equation methods. This result also suggests that if we can know a good weight for
the constant term c in advance, we may be able to get a better controller. However,

in practice, the projection is not calculable and hence ¢, is not accessible.

The costs of the best of policies involved in the oscillation for various methods are
shown in Table 6.2. The top 5 policies are all from the projected equation methods
with A = 0.9 and ¢ = ¢,. We may think with ¢ = ¢,, the higher A, the better the
performance is. However, this is not so. When A = 0.999 and ¢ = c,, the average
score is not comparable to good controllers. This may be due to the fact that when
A is close to 1, the projected equation is not stable even without simulation noise but
only truncation error. The best score is —88.9909. The L, and L, distances for these
policies are not the lowest. However, the policy distances D, (u*, ux) are the lowest
for the best 4 policies. This makes sense because the lower the policy distance is, the

higher the probability this policy makes the same decision as the optimal one.

We also want to compare the results of the exact calculation of projected equa-
tion methods and the simulation-based ones. The results of the LSTD(\) methods
are shown in Fig. 6-1. This figure indicates that the larger A is, the higher the noise

is. When )\ = 0.999, the simulation-based result is very different from the exact calcu-
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Figure 6-1: A comparison of noise in the LSTD methods with different A. In the left
column, the costs are calculated exactly and the weight vectors 7y, are updated by the
exact LSTD methods. In the right column, the costs are the average of 100 games
and the weight vectors r; are updated based on a simulation of 100 games.
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lation. Many policies updated through simulation-based LSTD(0.999) have average
costs more than —20. On the other hand, for both the simulation-based LSTD(0)
and LSTD(0.9) methods, most policies have average costs lower than —50. We know
that the average costs are the average of 100 games. As a result, the fluctuation of
costs in the LSTD(0) method might mainly be due to the variance of the cost of one
single game. On the other hand, in the LSTD(0.9) method, two policies have costs
about —10 consecutively. These policies are very likely to be obtained because of the
simulation error in C, d, and G. From this Figure, we cannot see the policy oscilla-
tions for the LSTD(0) and LSTD(0.9) methods, and we can only see the policies are
oscillating between two policies for the LSTD(0.999) methods. However, when we
look more closely into the vectors i, we see that the policies are oscillating between
2, 2, and 4 policies respectively. Therefore, the average cost is not a very good way

to discern different policies.

6.2 Results for Aggregation Methods

Some results are shown in Table 6.3. The table shows that the number of aggregate
states is much lower than that of the original states in all the cases. The table
indicates that the two different types of aggregation state methods perform as well
as each other when s = H. When s < H, the uniform disaggregation probabilities
method outperforms the representative states method. A possible reason is that
the first method encodes the actual number of holes while the second method only
considers the holes of the top few rows. However, when s is greater than or equals 3,
both aggregation methods may outperform the prbjected equation methods.

We also tried to apply the representative states methods to a larger board with
original tetrominoes. A comparison between the result for s = 4 on a 7 x 20 board is
shown in Table 6.4. The representative states method achieves the average cost about
—228. Although not as good as the projected equation methods, it is a promising
method. Chances are that when s is getting bigger, the representative states methods

may outperform the projected equation methods.
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Table 6.3: A comparison between different methods for smaller versions of Tetris
games with p, = 0.8. The costs are the average of 100 games. The costs for projected
equations are the best from LSPE and LSTD methods with A = 0 and 0.9.

Board size (W x H) 3x8 3x 10 4 %6

Nutber of good states 2015539 72559411 8108731
> ia(2” —2)
Projected equations costs ~ —5000 ~ —25000 ~ —4000
CE-based random search costs ~ —5700 ~ —31000 ~ —9291
Uniform disaggregation N o~
probabilities costs (s = H) ~ —9079 ~ —84537
Number of aggregate states 3409 7621
Uniform disaggregation ~ —8765 ~ —80218 ~ —25684
probabilities costs (s=14) (s=4) (s=3)
Number of aggregate states 1897 3193 5269
Representative states costs (s = H) ~ —9011 ~ —87339 ~ —30010
Number of aggregate states 1741 3851 4985

. A~ —T7456 ~ —56052 ~ —216274
Representative states costs (s = 4) (s = 4) (s = 3)
Number of aggregate states 571 771 981

Table 6.4: A comparison between different methods for Tetris with original tetromi-

noes only on a 7 x 20 board. The costs are the average of 100 games.

Board size (W x H) 7 x 20
Number of good states 3. ,(2% —2)" | ~ 1.03 x 10*?
LSTD(0) costs A —T782
CE-based random search costs ~ —1000
Representative states costs (s = 4) ~ —228
Number of aggregate states 1992847
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6.3 Comparisons and Conclusions

In this section we summarize our computational experimentation on Tetris with pro-
jected equation and aggregation methods. As expected, the results verify that in the
projected equation methods, the policies end up oscillating between a few different
policies rather than converging to a single policy, even without simulation error. Con-
sistent with the experiments of [TS09], we may obtain a much better policy by using

a random search method such as the CE method.

The experimental results show that different choices of A provide different results,
even without simulation error, consistent with the theory of these methods. However,
there are currently no criteria to choose the best A before running the projected
equation methods. As a result, it requires more investigation to find a way to choose
A wisely.

In the aggregation methods, the dimension of r is significantly lower than that of
original cost-to-go vectors but larger than that in the projected equation methods.
We experimented with two different hard aggregation methods: one is with uniform
disaggregation probabilities, and the other is with representative states. The results
suggest that the first approach provides slightly better policies. However, this ap-
proach requires computational time that depends on the number of original states in
order to calculate the disaggregation probabilities. As a result, only the representative
states approach can be used for a bigger board. The results show that the perfor-
mance of aggregation methods is better when s (the number of top rows considered)
is bigger.

When the board is small, the aggregation methods provide better policies than
the projected equation methods do. However, when the board is big, the number of
aggregate states can be very large. As a result, the aggregation methods as imple-
mented in this thesis are not practical for board sizes beyond some threshold. In this
case, projected equation methods may be used, but their effectiveness is questionable

in view of the much superior results obtained with the CE methods.

In this thesis, we do not aim to build a champion controllers for Tetris. However,
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our results indicate that the aggregation methods are applicable for smaller versions
of Tetris games. Moreover, we have obtained good results with a number of aggregate
states that is much smaller than the number of original system states. With better
aggregation and disaggregation probabilities, or with simulation-based calculations
which allow more aggregate states, it may be possible to find better aggregation-
based controllers for Tetris.

One major issue for ADP algorithms is that, when we replace the optimal cost-to-
go vector J* in Bellman’s Equation with another vector to find a policy, the vectors
J and J + ce yield the same policy for any constant ¢, where e = [1,1,--- ,1]". This
fact is reflected in the projected equation methods, where the best policy is obtained
with a fixed weight for the constant feature. This suggests that with projection
onto an affine space determined by a heuristically chosen value of ¢, the projected
equation methods may provide better policies. For example, we may choose the affine
space based on the knowledge of previous controllers. However, no theory has been
developed for choosing this affine space. This may be an interesting topic for future
investigation.

The projection II in the projected equation methods is used to find a good ap-
proximation to the policy. We have shown that the pseudometric D, may provide
a good evaluation of the opposite of the similarity between two policies. The value
D, (p*, p?) can also be calculated approximately through a simulation with policy .
This may help us to understand the policy oscillations for large scale DP problems
with the simulation-based projected equation methods. If we have found two policies
p' and p® with the approximate distance D (u',u?) close to 0 with the projected
equation methods. We may infer that the policies roughly start randomly oscillat-
ing in some sense. However, more analysis and development of theory are needed to

understand the policy oscillation of the projected equation methods.
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