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Abstract
The effective scheduling of fighter aircraft maintenance in the Air Force is crucial to overall
mission accomplishment. An effective maintenance scheduling policy maximizes the use of
maintenance resources and aircraft availability. Currently, maintenance scheduling is a time
consuming process that is carried out by airmen whose sole responsibility is to manually
generate a maintenance schedule that balances maintenance requirements and flying
requirements. In this thesis, we seek to represent the maintenance scheduling process using a
mathematical model that ultimately generates an optimal maintenance schedule.

First, we address the scheduling of phase maintenance, the most significant preventative
maintenance action, for fighter aircraft. We use a mixed integer program (MIP) to model the
phase maintenance scheduling process. The MIP generates a daily maintenance and flying
schedule that ensures that the maintenance workload is evenly distributed across the planning
horizon. We find that the computational performance of the MIP formulation is less than
desirable for large instances of real-world data. Motivated by the need for improved
computational performance, we develop an alternative formulation that disaggregates the
original MIP into two subproblems that are solved sequentially. The two-stage formulation of the
phase maintenance scheduling problem has significantly better computational performance while
generating a feasible daily maintenance and flying schedule.

We then address the maintenance scheduling process that is unique to aircraft with low-
observable (LO) capabilities. The LO capabilities of an aircraft degrade over time according to a
stochastic process and require continuous maintenance attention. We show that the
characteristics of the LO maintenance process allow it to be modeled as a variant of the mulit-
armed bandit (MAB) problem. We then present a variant of the heuristic proposed by Whittle
that has been shown to provide near optimal solutions for MAB problems. Applying Whittle's
heuristic to the LO maintenance scheduling problem, we generate a simple index policy that can
be used to schedule aircraft for LO maintenance. We then compare the index policy to alternate
policies and show by simulation that the index policy leads to relatively better fully mission
capable (FMC) rates, a common measure of overall fleet health.

DISCLAIMER CLAUSE: The views expressed in this article are those of the author and do not
reflect the official policy or position of the United States Air Force, Department of Defense, or
the U.S. Government
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CHAPTER 1

Introduction

The ability of the United States Air Force to effectively maintain its fleet of aircraft is
crucial to mission accomplishment. A key component of maintenance operations is main-
tenance scheduling. Without the proper scheduling of preventative maintenance, the Air
Force cannot support the flying operations necessary to attain and maintain combat readi-
ness. Therefore, it is necessary to have an effective maintenance scheduling process that
maximizes the use of maintenance resources while also ensuring aircraft availability.

The importance of proper maintenance scheduling cannot be overlooked in today's Air
Force. Over the past decade, the Air Force has been reducing its manpower levels to cut
costs and shift funding towards new technologies. In addition, the transition to newer, more
advanced aircraft has led to a reduced fleet size due to the higher unit costs associated
with these aircraft [15]. Yet the reduction in personnel and fleet size have come in the face
of increased military operations throughout the world. Therefore, given the reductions in
manpower and fleet size and increased operations tempo, it has become more important than
ever to maximize the use of available resources, both manpower and aircraft.

Historically, aircraft maintenance has been known to be one of the most demanding ca-
reer fields within the Air Force. This is due to perpetual undermanning in conjunction with
the direct impact that aircraft maintenance has on flying operations. Each fiscal year, the
Air Force determines the manpower levels required to support the forecasted flying opera-
tions for all career fields, including aircraft maintenance. Past studies have shown that the
methodology used to determine manpower levels underestimates the necessary maintenance
manpower[5]. Furthermore, in the majority of cases, the actual number of assigned person-
nel is less than the manpower level that had been determined to be necessary. Improving
the maintenance scheduling process can help sustain a high rate of aircraft availability while
also easing the maintenance workload for maintenance personnel as imuch as possible.

Within the Air Force, maintenance scheduling is done by airmen whose entire careers
are devoted to learning and mastering the art of scheduling. These airmen learn to balance
the demands of preventative maintenance and the need to meet the flying requirements.
Although these airmen have proven to be more than capable, the current maintenance
scheduling process is labor intensive and time consuming. Schedulers manually generate
maintenance schedules that specify which aircraft will fly on a given day and which will
undergo maintenance.
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In this thesis, we seek to represent the maintenance scheduling process using imathe-

matical models. These models are intended for two primary purpose. First, the models

are intended to provide schedulers with a tool to easily generate maintenance schedules in

a non labor-intensive manner. Second, the models are intended to be used as aim analysis

tool for decision makers to measure the tradeoff between various alternatives (i.e., increased

maintenance capacity versus decreased flying operations). Ultimately, we strongly believe

that the use of mathematical imodels in maintenance scheduling can result in significant

improvements in Air Force operations.

The first maintenance scheduling problem we consider is phase maintenance which is

a preventative maintenance check performed on fighter aircraft. Phase maintenance is a

time and labor intensive process that removes an aircraft from the fleet until it is complete.

The interval between successive phase mnaintenmance inspections of the same aircraft is driven

by the number of flight hours accumulated on the aircraft. Accordingly, this model must

consider not only maintenance scheduling but also the assignment of aircraft to sorties.

Computational results show that the model is implementable in practice and can provide

both maintenance schedules and policy makers with valuable insight.

A second maintenance scheduling problem we consider is directly related to new low

observable technologies meant to aid in radar evasion. The low observable properties of ai

aircraft degrade over time. Based on historical data, we model the degradation and main-

tenance process as a stochastic process. Due to maintenance capacity constraints, directly

solving the model is intractable and we propose ain intuitive and easily implemented sched-

uling heuristic. In addition, we provide computational results that show that the heuristic

is close to optimal for a number of scenarios. In addition, we use the stochastic model to

explore different sortie assignment rules and provide recommendations oi how maintenance

schedulers can balance tihe competing demands of maintaining the low observable capability

while also nmeeting flying requirements.

1.1. Literature Review

In this section we begin by providing a brief review of time literature pertaining to Air

Force maintenance policy and procedure. We then review existing models regarding flight

and maintenance scheduling.

The Air Force has several published documents that outline the fundamentals of aircraft

maintenance. Air Force Tactics, Techniques, and Procedures (AFTTP) 3-3 addresses all as-

pects of aircraft maintenance, including flying and maintenance scheduling. This extensive

document develops the a wide range of concepts associated with aircraft maintenance, fromi

maintenance leadership to financial management. Regarding maintenance scheduling in par-

ticular, the document provides detailed explanations of scheduling practices that effectively
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balance preventative maintenance requirements and flying requirements. Furthermore, the
document contains guidance on maintenance scheduling for all aircraft types 181. It is impor-
tant to note, however, that the document does not provide any guidance on low-observable
maintenance.

Another Air Force document that provides extensive information regarding aircraft main-
tenance is Air Force Instruction (AFI) 21-101. AFI 21-101 covers many of the same topics
presented in AFTTP 3-3, but does not provide many details regarding maintenance schiedul-
ing in particular [3]. Therefore, to effectively implement the maintenance concepts presented
in AFI 21-101, Air Combat Command (ACC) Instruction 21-165 has been published. ACC
Instruction 21-165 deals specifically with the scheduling procedure for fighter aircraft in
accordance with the maintenance requirements laid out in AFI 21-101[11.

Lastly, Air Force Materiel Command (AFMC) Instruction 21-165 lays out the planning
cycle for aircraft maintenance scheduling. AFMC Instruction 21-165 provides a timeline for
proper maintenance scheduling and it explains the approval authorities necessary to generate
a final maintenance schedule. In addition, it provides details regarding the measures of
performance that used to gauge the effectiveness of a maintenance schedule[2].

In general, the Air Force documents stress the importance of balancing preventative
maintenance requirements and the flying requirements. A key concept stressed in each
of the documents is the need for long-term planning and foresight. The importance of
proper planning to aircraft availability and effective maintenance operations is highlighted
throughout. Another common theme across all the documents is the need for maintenance
schedulers to maximize aircraft availability by consolidating maintenance actions into a single
downtime as much as possible.

We now shift our attention to the existing research oii flight and maintenance sched-
uling. As expected, much of the existing work pertains to commercial airline scheduling.
However, due to the distinct differences in military and civilian flight operations, especially
maintenance scheduling for fighter operations, much of the existing work is not applicable to
the military flying environment. In particular, the military flying environment deals with a
far different objective than its commercial counterpart. While commercial airlines focus on
profitability and cost savings, military flying operations revolve around combat readiness.
This results in a different set of constraints and incentives. Another major difference is that
commercial scheduling focuses heavily on route selection and assignments. Fighter aircraft
operations are usually fixed at a given location and, therefore, do not involve any decisions
regarding routes. Keeping these differences in mind, we present the existing research on
flight and maintenance scheduling.

There has been extensive research done regarding coummercial airline schedule and route
planning. The literature pertaining to commercial airline scheduling is vast, but we present
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these works to illustrate a few of the areas of research pertaining to commercial airlines Early

on, Levin (1971) formulated the scheduling and fleet routing problem as an integer program.

Since then, work has continued in the area of scheduling and fleet route planning [101. More

recently, Lohatepanont et al. (2004) focused on fleet assignment and schedule planning while

maximizing profitability 1121. Another area of research pertaining to commercial airline

schedule is crew scheduling. Cohn et al. (2003) presented an tractable approach to the crew

scheduling problem that maximizes revenue 14].
Ultimately, much of the work pertaining to the commercial airline industry has little

relevance to fighter aircraft scheduling, however, there is one exception. Siriamn et al. (2003)

specifically address the scheduling of commercial aircraft maintenance. Fighter aircraft have

maintenance requirements that are based on the total flight hours accrued. Similarly, com-

mercial aircraft must be maintained after a certain number of flight hours. Siriari et al.

formulates an IP that models this maintenance requirement, but the IP is found intractable.

Furthermore, the IP does not completely model the flight hours accrued by each aircraft, but

rather, it assumes that a given aircraft will simply require maintenance after every x number

of calendar days. Since the flying operations of commercial aircraft remain relatively con-

stant and the flight hours between consecutive maintenance actions remains constant, they

argue that the maintenance requirements based on flight hours can be accurately estimated

with fixed time intervals. Lastly, Siriami et al. assumes there is no capacity constraint. These

assumptions in the IP formulated by Siriam et al. render the model inapplicable to fighter

aircraft maintenance scheduling problem 1161.

Therefore, the research presented in this thesis regarding phase maintenance for fighter

aircraft is unique and separate from previous work done on commercial airlines.

We once again shift our focus from maintenance scheduling to multi-armed bandit (MAB)

problems. We will give a brief summary of the literature pertaining to the MAB,but a full

treatment of the relevant literature can be found in "The Irrevocable Multi-Armed Bandit

Problem" by Farias et al. (2008).

In a classic MAB problem, there are n projects and the state of each project i = 1, 2, ..., n

is known to be si, s2 , ---, sn. In each time period, a decision must be made to operate one

of the n projects. If project i is operated, then an immediate reward of g(i) is gained.

Furthermore, project i transitions from state si(t) to si(t + 1) according to a Markov rule

that is project and state dependent. The unoperated projects inl a given time period do

not yield a reward and they do not transition. The objective is to maximize the expected

discounted reward over an infinite planning horizon.

For the classic MAB problem, Gittins and Jones developed an index policy that was

shown to be optimal [9]. For a variant of the problem known as the restless MAB, where
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projects transition even when unoperated and multiple projects can be operated sirmulta-
neously, Whittle proposed a simple index policy. Unlike the classic problem, the restless
MAB with a capacity constraint is intractable. To address this issue, Whittle's heuristic is
based on the relaxation of the capacity constraint on the number of projects that can be
operated at once. The heuristic has been shown to give near optimal results in empirical
studies [111. In addition, it is computationally tractable as the resulting dynamic programs
are significantly smaller than the original and can be solved in parallel.

1.2. Organization and Outline

The remainder of the work presented in this thesis is structured as follows:

Chapter 2. This chapter has three primary objectives. The first is to introduce the
Air Force Flying Hours Program and its importance to the mission of the Air Force. The
second is to discuss the process in which the requirements from the Flying Hours Program
are balanced with various maintenance requirements in order to generate a long-term annual
flying plan. Lastly, it presents a detailed description of the current weekly maintenance
scheduling and planning process.

Chapter 3. The purpose of this chapter is to develop a mixed integer program (MIP)
formulation that models the scheduling of phase maintenance for fighter aircraft. First, to
clearly identify the inputs and outputs that are relevant to the subsequent mathematical
formulations, we present a functional analysis of the maintenance scheduling process. Sec-
ond, we develop, discuss, and implement the MIP formulation. The computational results
motivate the need for an alternate formulation with better computational behavior. Lastly,
we present a special case of the MIP formulation in which a simple heuristic can be used to
find the optimal solution under a general set of assumptions.

Chapter 4. In this chapter, we present alternative methods of modeling the phase main-
tenance scheduling process. Motivated by the need for a model with better computational
behavior, we disaggregate the PM-MIP (from Chapter 3) into two interrelated subproblems
that are solved sequentially. We begin by presenting the framework under which we disag-
gregate the PM-MIP. The subproblems are then developed, discussed, and compared to the
PM-MIP. Lastly, we implement the subproblems and compare the solutions with those from
the PM-MIP.

Chapter 5. In this chapter, we shift our focus to maintenance scheduling issues that
are unique to the Air Force's newest generation of low-observable (LO) aircraft. We begin
this chapter by presenting a detailed explanation of the LO maintenance process and the
dynariice associated with it. We then characterize tihe process as a restless MAB problem
and pitfsent a simple index policy that can be used to schedule LO maintenance. Next,
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we develop and discuss the dynamic programming (DP) formulation used to generate the

desired index policy. Lastly, we simulate the index policy under a range of conditions to

quantify the effectiveness of the policy.

Chapter 6. We close by summarizing the work presented in this thesis. In addition,

we present opportunities for future work in areas pertaining to fighter aircraft maintenance

scheduling. We suggest work that builds on the scheduling of preventative maintenance.

In particular, we discuss the potential benefits of expanding the index policy presented in

Chapter 5.



CHAPTER 2

Air Force Fighter Aircraft Maintenance and Scheduling

This chapter has three primary objectives. The first is to introduce the Air Force Flying
Hours Program and its importance to the mission of the Air Force. The second is to discuss
the process in which the requirements from the Flying Hours Program are balanced with
various maintenance requirements in order to generate a long-term annual flying plan. Lastly,
it presents a detailed description of the current weekly maintenance scheduling and planning
process.

2.1. Air Force Flying Hours Program (FHP)

The Air Force Flying Hours Program (FHP) incorporates inputs fromi a wide range of
documents arid guidelines in order to determine the total number of flying hours that must be
flown each year. The FHP ensures that aircrews receive the necessary training and experience
to attain and maintain combat readiness. Therefore, the FHP is central to the Air Force
mission and is the primary factor that drives both flying and maintenance operations [3].

To better understand the FHP and how it is imanaged within the Air Force, it is necessary
to have a basic understanding of the organizational structure of the Air Force. Headquarters
United States Air Force (HQ USAF) provides the senior leadership for the entire Air Force.
HQ USAF consists of the Secretary of the Air Force (SECAF) and the Chief of Staff of the
Air Force (CSAF), and their respective staffs. HQ USAF reports directly to the Secretary of
Defense (SecDef) and frequently interacts with policynakers in the federal government. The
major subdivisions beneath HQ USAF are the major commands (MAJCOMs). MAJCOMs
can be associated either with a specific mission or they can be a geographical MAJCOM.
For example, AF Space Command is responsible for all of the Air Force's operations in
space while USAF Europe (USAFE) MAJCOM is responsible for all Air Force operations in
Europe. Within each MAJCOM, the next major subdivision is the wing. Each wing has a
distinct mission and consists of both operational and support units. Each base within the
Air Force has one wing assigned to it. Therefore, the terms base level and wing level can be
used interchangeably. The organizational structure of the Air Force includes many further
subdivisions and special cases, but for the scope of this paper, we highlight only HQ USAF,
MAJCOMs, and wings.

Each MAJCOM within the Air Force is required to build their own FHP based on its

unique mission, personnel, and resources of the respective MAJCOM. Documents such as the

17
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Joint Mission Essential Task List and Air Force task list outline the roles and responsibilities

of the Air Force that have been determinied to be crucial to the warfighting capability of the

United States. Therefore, each MAJCOM must ensure that their FHP provides their aircrews

with the proper training necessary to meet these required roles and responsibilities. While

each MAJCOM develops their own individual FHP, the collective ability of the MAJCOMs

to successfully execute the FHP deterimines the overall combat readiness of the Air Force

and the United States.

After each MAJCOM has developed their FHP, the flying hours are then distributed

amongst the various wings within it. The FHP requirements are specific to each mission

design series (MDS), or unique aircraft type. Therefore, at the wing level, corrnianders are

responsible for ensuring that their fleet of aircraft collectively meet the flying hours require-

rnents outlined by the MAJCOM. In practice, the flying units within the Air Force strictly

follow the flying hour requirements. If a given wing reaches its flying hours requirement ear-

lier than planned, to avoid overflying the unit will often cease all flying activity. On the other

hand, if a wing is behind schedule and is unlikely to achieve its flying hours requirement,

other wings within the same MAJCOM will be notified and required to fly additional hours

to ensure that the total flying hours for the MAJCOM are in line with the requirements of

the FHP. For example, suppose that wing X is assigned 5,000 flight hours in a fiscal year and

wing Y is assigned 8,000 flight hours. Assume both are part of the salie MAJCOM. With a

few months remaining, wing Y projects that it will fall short of its 8,000 flight hours by 100

hirs and it notifies MAJCOM headquarters. Personnel at MAJCOM headquarters will then

notify wing X to increase its flying operations and conplete 100 additional flight hours.

In summary, the FHP is central to the Air Force's readiness and combat capability. As a

result, the FHP is monitored closely by Air Force leaders as well as legislators in Congress who

provide funding based oin the FHP. Given the centrality of the FHP, flying and mnaintenance

operations within the Air Force nust always revolve around the FHP requirements.

2.2. Operational and Maintenance Requirements

Based oin the FHP for each MAJCOM, each wing within the MAJCOM is given a flying

hours requirement at the start of tine fiscal year. To meet these flying hours requirements at

the wing level, the operations and imaintenaice personnel must interact closely to develop a

long-term annual flying plan. This plan dictates the total number of sorties, or flights, that

will be scheduled in the conming year as well the aircraft configuration requirernents associated

with each sortie. A feasible plan must have enough sorties to mneet flying hours requirements,

but cannot require more sorties than mnaintenance resources can support. Therefore, opera-

tions and mnaintenance schedulers minust interact closely to balance operational requiremnents

and iraintenance capabilities.
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Operations schedulers must account for several key factors when developing the annual
flying plan. First, they must balance the number of sorties with the average sortie duration
(ASD). Although the flying hours program is based on total flying hours and not the number
of sorties, operations schedulers must ensure the there are enough sorties over the course of
the year for all aircrew members to maintain combat readiness as defined by the ready aircrew
program (RAP). Therefore, it is critical to plan for the proper number of sorties. They must
also plan for various sortie types, such as weapons training sorties and night sorties, that
are constrained by aircraft configurations or time of day. Lastly, operations schedulers must
account for historical attrition data when generating annual flying plans. To ensure that the
wing does not fall short of FHP requirements due to random aircraft failures or inclement
weather, every wing schedules additional sorties based on historical attrition rates. By
scheduling additional sorties to compensate for expected attrition, schedulers do not have to
regenerate the flying plan each time ai aircraft breaks or sorties are canceled due to weather.

Maintenance schedulers are responsible for properly allocating limited maintenance re-
sources to ensure all aircraft are maintained for combat readiness. Maintenance schedulers
mnust ensure that preventative maintenance for each aircraft is completed in accordance with
published guidelines for each MDS. Preventative maintenance requirements are specific to
each MDS and specify numerous maintenance actions that must be completed at prescribed
intervals. Maintenance schedulers must consider different types of preventative maintenance
requirements (see Section 2.2.1 for more details). In determining the annual flying plan,
maintenance schedulers must work with the operations schedulers to determine the extent
to which maintenance resources can support sortie requiremients while also completing all
required preventative maintenance.

2.2.1. Preventative Maintenance Requirements. A thorough understanding of pre-
ventative maintenance requiremrlents is essential to the development of a feasible annual fly-
ing plan. Based on the preventative maintenance requirements, maintenance and operations
schedulers must estimate the amount of aircraft downtime needed for maintenance and the
resulting impact on sortie generation. Preventative maintenance requirements are specific to
each MDS and are laid out in a published document referred to as the -6 (dash 6). The -6
lists all required preventative maintenance actions for a given MDS. It updated as needed.
There are two primary categories of preventative maintenance requirements: calendar based
requirements and usage based requirements.

Usage based requirements are maintenance actions that are driven by flying hours. For
each usage based requirement, the -6 dictates the maximum number of flying hours that
can be accrued between consecutive maintenance actions. Of all usage based maintenance
requirements, phase maintenance inspections are the most significant. Phase maintenance,
often simply referred to as phase, is an extensive inspection that requires the aircraft to be
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inactive for a week or longer, depending on the MDS. During this downtime, maintenance

personnel inspect an aircraft in fine detail, inspecting alnost every system and part on the

aircraft. If they discover any discrepancies, the proper action is taken to repair the aircraft.

Phase maintenance is carried out at the base level, meaning that fighter aircraft undergo

phase maintenance at whichever base they are stationed rather than at a centralized location.

In most cases, dedicated docks or hangars that are used solely for phase maintenance. While

there might be other minor usage based maintenance actions, phase maintenance is the

consolidation of the vast majority of usage based maintenance actions.

As an example, the F-16 used to undergo phase maintenance every 300 flying hours

meaning that 300 flying hours was the maximum number of flying hours allowed on an air-

craft between consecutive phase maintenance actions. In 2003, the F-16 phase maintenance

interval was extended to 400 hours. The change in the phase maintenance interval led to an

estimated 20% reduction in F-16 maintenance workload and resulted in annual savings of

millions of dollars. This illustrates the importance of phase maintenance and the impact it

has on maintenance workloads. During a typical seven day phase inspection, maintenance

personnel examine different areas of the aircraft each day following a standard predetermined

inspection schedule. During a typical phase inspection, approximately 200-300 discrepancies

are fixed. Upon completion of the inspection, the F-16 is then restored, reassembled, and

flight tested.

Calendar based maintenance is treated similarly. The -6 for a given MDS specifies the

maximum number of calendar days that are allowed between consecutive calendar based

maintenance actions, independent of the number of flying hours that are accrued by anl

aircraft. Calendar based maintenance requirements can range from intervals of once every

30 days to once every several years. In most cases, calendar based maintenance does not

require the extended aircraft downtime that is needed for phase maintenance. In many

cases, these maintenance requirements can be completed relatively quickly between sorties

and therefore do not require any actual scheduled downtime. An example of a calendar

based maintenance action is an ejection seat inspection that must be completed once every

18 months.

In addition to the two primary categories of preventative maintenance, there are a few

other types of preventative maintenance worth mentioning. Depot level maintenance is a

form of preventative maintenance that occurs every several years and is completed at a single,

centralized location for each MDS. Depot maintenance requires that an aircraft be flown to

an MDS-specific location where highly specialized maintenance personnel conduct a complete

overhaul of the aircraft. They conduct any upgrades that are necessary and can perform

extensive maintenance that is beyond the capabilities of the maintenance personnel at the

base level. Since depot level maintenance is carried out at a single consolidated location
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for a given MDS, operations and maintenance schedulers at the base level have no input as
to when ai aircraft is scheduled for depot maintenance. Instead, base level schedulers are
provided with specific dates on which a given aircraft must be delivered to depot maintenance.
Although depot maintenance can lead to months of downtime for an aircraft, since it is not
scheduled at the base level, it is not something that can be accounted for when determining
a feasible annual flying plan. Another category of preventative maintenance actions is time
compliance technical orders (TCTOs). TCTOs are often one time requirements that have
been deemed necessary for an MDS and they must be completed by a certain date.

In trying to meet the requirements of the FHP, operations and maintenance schedulers
must ensure that the annual flying plan allows for the completion of all necessary preventative
maintenance actions.

2.3. Current Aircraft Maintenance Scheduling Process

To balance the demands of the FHP and preventative maintenance, the Air Force must
carefully schedule aircraft preventative maintenance. This responsibility falls on the shoul-
ders of the operations and maintenance schedulers assigned to each flying squadron. Sep-
arate from aircraft maintenance personnel, the maintenance schedulers' careers within the
Air Force are solely devoted to learning and mastering the aircraft maintenance schedul-
ing process. Currently, aircraft maintenance schedules are generated manually using simple
spreadsheets and rules of thumb. This results in different approaches to maintenance sched-
uling that vary depending on the personality of the schedulers. Hence, the process of aircraft
maintenance scheduling is often referred to as an "art" that requires years of experience to
master. The remainder of this section will provide an in-depth discussion of the current
process by which sortie requirements are generated as well as the subsequent maintenance
scheduling process for fighter aircraft. It is important to note, however, that much of the
aircraft maintenance scheduling process is not standardized across tile Air Force and, in
many cases, fighter squadrons will have differing planning processes. Although details re-
garding the maintenance scheduling process may differ amongst squadrons, this section will
provide the reader with a foundational understanding of the steps involved in generating an
operational aircraft maintenance schedule.

2.3.1. Building Flying Schedules and Sortie Requirements. As explained earlier,
the aircraft maintenance scheduling process for fighter aircraft begins with the Flying Hour
Programi (FHP). Based on the flying hours requirements that are dictated by the FHP for a
given year, each operational flying squadron generates an estimated long-term annual flying
plan. The long-term flying plan uses the FHP and the training requirements for the aircrews
to determine how many sorties of various types need to be flown over the course of the year

to meet the FHP for the upcoming year. When creating this long-term flying plan, factors
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such as weather and attrition are taken into account. This flying plan does not specify daily

sortie requirements, but rather, it is high-level plan used to determine the total number of

sorties that need to be completed in the coming year.

The long-term annual flying plan is used to generate a more detailed flying schedule that

specifies the number of various types of sorties that are to be flown on each calendar day.

Figure 2.3.1 shows a sample monthly schedule from a yearly flying schedule. For each day, the

schedule shows the number of sorties that need to be completed. In this case, the calendar

includes the flying schedule for two squadrons represented by the two rows of numbers in

each day. The morning and afternoon sortie requirements are separated by an "x". The "p"

refers to a pit, which means an aircraft that has just landed is refueled with the engines

running to allow for a quick turnaround time. As anl example, "9p9x8" would represent the

following sequence of events:

(1) Nine aircraft takeoff in the morning.

(2) The nine aircraft land, refuel with engines running, and takeoff again that same

morning.

(3) The nine aircraft land and are shut down.

(4) Eight aircraft take off in the afternoon.

In general, there are several common practices used when it comies to generating detailed

a flying schedule at the group level. As can be seen in the example monthly schedule inl

Figure 2.3.1, flying operations are almost exclusively conducted during weekdays. Only in

rare instances are sorties scheduled for weekends or holidays. Another common practice is

to schedule "pits" only in the morning. Furthermore, pits are used more often earlier in the

week to increase the proportion of sorties that are flown during the first half of the week.

Since aircraft are likely to break during the week, fewer sorties are scheduled for the latter

half of the week to hedge against the possibility of reduced aircraft availability.

Along the same line of reasoning, the number of sorties scheduled in the morning is

always greater than the number of sorties scheduled in the afternoon. There is a significant

amount of preflight work necessary to prepare ani aircraft to fly on a given day. Therefore, to

minimize the total preflight preparation for each day, the same aircraft are used to complete

all morning and afternoon sorties. Given this policy, there is a high likelihood that at least

one aircraft will be unavailable to fly inl the afternoon due to a maintenance issue after the

morning sorties. Hence, the number of afternoon sorties is always less than the number of

morning sorties.

In summary, the FHP leads to a flying plan that specifies the total number of sorties

that need to be flown in a year. Next, the flying plan is used to build a more detailed flying

schedule that specifies the number of sorties to be flown each day. This flying schedule is

generated so that the total number of sorties scheduled over the course of the year mieets
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Squadron XX Monthly Flying
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FIGURE 2.3.1.
year calendar

Samnple monthly flying schedule taken from a long-term fiscal

the FHP requirements taking into account a historical rate of attrition. Furthermore, some
common practices are used to guide the development of the flying schedule. The flying
schedule ultimiately provides what will be referred to as the sortie requirements for a given
fleet of aircraft.

2.3.2. Assigning Aircraft to Sortie Requirements. After the flying schedule has
been generated using the FHP requirements, the next step is to develop a detailed schedule
that assigns specific aircraft to each sortie requirement while also scheduling downtime for
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required preventative maintenance. Maintenance schedulers are solely responsible for decid-

ing which aircraft will be flown each day in support of the sortie requirements and when

each aircraft will undergo preventative maintenance. In making these decisions, the mainte-

nance schedulers must be keenly aware of the state of each aircraft and, in particular, must

understand the distribution of phase hours remaining on each aircraft. The assignments of

aircraft to sortie requirenents and scheduled downtimes for preventative maintenance will

be collectively referred to as the maintenance schedule.

The maintenance schedule is often presented in a format known as the checkerboard.

The checkerboard lists all aircraft in a given unit and specifies what each aircraft will be

assigned to do on every day of the week. In addition, the checkerboard contains information

regarding the phase hours remaining on each aircraft as well the sortie requirements on each

day.

Figure 2.3.2 shows a sample checkerboard for a fighter squadron. This particular checker-

board covers a one week period and 20 aircraft. The first column lists the tail number of

each aircraft in the squadron. The second column shows the phase hours remaining on each

aircraft as well the current configuration of the aircraft. For each day of the week, ani air-

craft is assigned to a certain activity. An "F" mneans that the aircraft is scheduled to fly oni

that day. All other symbols are defined in the legend. The final row, entitled "Daily Turn",

shows the sortie requirements for each day, which come from the flying schedule discussed

in the previous section. Aircraft that are not assigned to fly, could be assigned to numerous

other activities, many of which are preventative maintenance. If ani aircraft is not in need

of preventative maintenance and is niot assigned to fly, it is commonly assigned to USM,

or unscheduled maintenance. Being assigned to USM does riot mneani that an aircraft will

actually be maintained, but it is riot flying and maintenance personnel might work oi the

aircraft if they feel there is a need.

A weekly checkerboard such as the one shown in Figure 2.3.2 is often developed two

weeks beforehand by maintenance schedulers who account for a wide range of factors. To

choose which aircraft that will be assigned to fly on a given day, schedulers must consider tihe

phase hours remaining on each aircraft as well as any upcoming preventative maintenance

requirements.

Schedulers cannot focus on an individual aircraft's hours remaining until phase main-

tenance. Rather, they nmust look at the distribution of phase hours across tine entire fleet

of aircraft, or the phase flow. Managing the phase flow is intended to prevent and avoid

a situation where multiple aircraft come due for phase maintenance nearly simultaneously.

Performing phase maintenance oi multiple aircraft at the same time, either requires main-

tenance personnel to work extra hours or will lead to extended aircraft downtime due to

backlogging. Therefore, to avoid these scenarios, schedulers seek to keep the phase hours
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FIGURE 2.3.2. Sample checkerboard for a one week period

remaining on each aircraft evenly spaced. If schedulers are successful in keeping the aircraft

evenly spaced the resulting phase flow will resemble the an ideal state phase flow illustrated

in Figure 2.3.3 in which all aircraft have well spaced phase hours. When determining which

aircraft will fly on a given day, schedulers must be aware of the phase flow of the fleet of air-

craft and seek to make flying assignments that help achieve or maintain a reasonable phase

flow. Schedulers must carefully manage the utilization rates of each aircraft, especially for

aircraft that are nearing phase maintenance, to ensure that phase maintenance inspections

come due at the proper times.

For calendar based maintenance requirements, the utilization rates are irrelevant since

the rate of flying has no impact on when an aircraft must be maintained. However, schedulers

must determine what days an aircraft can be down for calendar based maintenance and must

ensure that, as a fleet, there are enough aircraft available to meet the sortie requirements.

Due to the vast number of preventative maintenance requirements that exist for a given

MDS, schedulers must always seek opportunities to consolidate maintenance actions into

a single aircraft downtime. In many cases multiple maintenance actions can be completed

simultaneously since they each address separate systems on the aircraft. For example, the

ejection seat can be maintained at the same time as the gun. This allows for consolidation in

the sense that multiple maintenance actions are scheduled for a single downtime. Without

consolidation, it is unlikely that a squadron would ever have enough aircraft to meet the sortie

requirements. Therefore, schedulers must analyze all upcoming maintenance actions and see

if there might be a way to consolidate maintenance actions by doing certain maintenance

actions earlier than required.
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FIGURE 2.3.3. Ideal Phase Flow

After taking into account all these factors, schedulers generate a checkerboard for each

week by weighing the trade offs of possible decisions. For a fleet of 20 aircraft or more,

being able to come up with a feasible checkerboard is a nontrivial task. Furthermore, since

checkerboards are generated on a week by week basis, schedulers cannot fully weigh many
of the long term consequences that might comne about as a result of the decisions made in

the current period. For example, consider a case in which there is a large increase in sortie

requirements in the coming weeks. Schedulers miight not consider this inicrease in developing
the current week's checkerboard and therefore not attempt to complete as much preventative

maintenance as possible in preparation for the coming spike in demand. Hence, in the

coming weeks, miaintenance personnel might be required to work exteinded hours to increase

the number of available aircraft even though it might have beeni possible to commplete the

maintenance in earlier weeks. Ultimately, the Air Force relies on expenieniced schedulers, who
have mastered thne "art" of scheduling over long careens, to generate maitenance schedules

that properly balance FHP requirements and preventative maintenance requirements.

2.4. Summary

The Air Force Flying Hours Program (FHP) is cenitral to the combat readiness of the Air

Force. The FHP determuines the number of total flying hours that are necessary to attain amid

mnainitain a level of comnbat readiness that will allow the Air Force to fulfill its mission. The

FHP is used to determine how many flying hours mmust be flown by each squadron of thne Air
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FIGURE 2.4.1. The steps required to generate a detailed maintenance schedule

Force. Based on the flying hours requirements, operations and maintenance schedulers work
together to develop a flying plan that specifies the total number of sorties of various types
that will be flown. To do this, the operations and maintenance schedulers must balance
the FHP requirements, aircrew training requirements, and limited maintenance resources to
ensure that all flying and maintenance requirements are met. The flying plan then leads to
a flying schedule that specifies the exact number of sorties that are required each day.

- Once the sortie requirements have been outlined in the flying schedule, maintenance
schedulers are solely responsible for assigning aircraft to the sorties while also ensuring that
all preventative maintenance requirements are met. To develop a feasible and sustainable
maintenance schedule, schedulers must consider the phase flow of the fleet and the upcoming
preventative maintenance requirements. They must also seek to consolidate maintenance
actions into a single downtime as much as possible. Using rules of thumb that have been
formed from prior experience, they generate a checkerboard for each week. Figure 2.4.1
summarizes the process through which the maintenance schedule is generated.

Ultimately, the Air Force relies on experienced maintenance schedulers to properly bal-
ance FHP requirerients and preventative maintenance requirements. The remaining chapters
will present various mathematical models aimed at capturing the maintenance scheduling
process and the trade offs that are involved.
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CHAPTER 3

MIP Formulation for Phase Maintenance Scheduling

The purpose of this chapter is to develop a mixed integer program (MIP) formulation
that models the scheduling of phase maintenance for fighter aircraft. As explained in Section
2.2.1, phase maintenance inspections are completed at the base level. They are based on the
cumulative flying hours accrued by an aircraft since its last inspection. Due to the extended
aircraft downtime required to complete phase maintenance, the proper scheduling of phase
maintenance is critical to meeting operational requirements. Currently, phase maintenance
schedules are generated manually, but given a set of operational requirements, a schedule
could be generated by solving a mixed integer program (MIP).

First, to clearly identify the inputs and outputs that are relevant to the subsequent math-
ematical formulations, we present a modeling framework for the maintenance scheduling pro-
cess. Second, we develop, discuss, and implement the MIP formulation. The computational
results motivate the need for an alternate formulation with better computational behavior.
Lastly, we present a special case of the MIP formulation in which a simple heuristic can be
used to find the optimal solution under a general set of assumptions.

3.1. Modeling Framework for the Air Force maintenance scheduling process

The aircraft maintenance scheduling process is highly complex due to a myriad of factors
that must be simultaneously taken into consideration. Ideally, a mathematical model could
be used to represent the entire scheduling process and generate an optimal schedule. How-
ever, such an extensive mathematical model would likely be intractable. Beyond tractability
issues, some of the factors that impact the maintenance scheduling process are subjective
and difficult to represent mathematically. Given these limitations, the scope of our initial
model is limited to phase maintenance scheduling. To model the phase maintenance sched-
uling process, we first present a general modeling framework of the problem that describes
the inputs and outputs of the model.

3.1.1. Inputs to the Phase Maintenance Scheduling Process. To generate a fea-

sible phase maintenance schedule, several key pieces of data must be known, starting with

the sortie requirements over the planning horizon. The sortie requirements come directly
from the flying schedule. They are specified for each time period, with a single time period

equivalent to half a day. If there are multiple sortie types, such as sorties types of differing

29
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durations, the sortie requirements must specify the number of each type of sortie that must

be flown in each time period. Next, the preventative maintenance requirements must be

known. In this chapter, we are concerned with the preventative maintenance requirements

only for phase maintenance. Phase maintenance is based solely on the cumulative flying

hours accrued by each aircraft (unlike many other preventative maintenance actions that

are based calendar days). We must know the maximum flying hours allowed between phase

maintenance actions as well the associated downtime for completing phase maintenance.

Third, in addition to the sortie and maintenance requirements, the number of primary as-

signed azTcraft (PAA) and the initial state of each of these aircraft must be known. Since

we are concerned only with phase maintenance scheduling, the initial state data for each

aircraft only consists of the flying hours remaining until phase maintenance, or phase hours

remaining. The number of PAA determines how many aircraft are available to satisfy the

sortie requirements. These are the primary inputs that factor into the generation of a phase

maintenance schedule.

Given these inputs, we find it appropriate to model the phase maintenance scheduling

process as a deterministic model. As discussed earlier, the flying hours programn (FHP)

requirements are known at the start of each fiscal year and the sortie requirements are built

to satisfy the FHP requirements. Therefore, once the sortie requirements are set, they are

highly unlikely to change. Also recall that the sortie requirements are determined while

taking into account historical attrition rates and random aircraft failures. Therefore, the

stochastic nature of aircraft failures is implicitly captured by the sortie requirements.

3.1.2. Outputs of the Phase Maintenance Scheduling Process. Given this data,

we need to make two primary interrelated sets of decisions: (1) a set of flying decisions that

assign each required sortie to a specific aircraft, and (2) a set of maintenance scheduling

decisions must that schedule each aircraft for maintenance at a specific time. Since the

maintenance scheduling decision for phase maintenance is solely driven by total flying hours,

the two sets of decisions are highly interrelated and must be made simultaneously. The flying

decisions must be made to ensure that all sortie requirements are met. Concurrently, it is

necessary to take into account the effect that the flying decisions have oi phase hours and

maintenance demand. Figure 3.1.1 summarizes the set of inputs and outputs for the phase

maintenance scheduling process.

3.2. MIP Formulation of Aircraft Phase Maintenance Scheduling

In this section we present a formulation of the phase maintenance MIP (PM-MIP). We

explain the characteristics of tine objective function used in tihe PM-MIP and present a simple

use of the LP relaxation to improve the PM-MIP formulation.
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FIGURE 3.1.1. Functional View of the Fighter Aircraft Phase Maintenance
Scheduling Process

3.2.1. Model Ingredients and Formulation. This section introduces the first math-
ematical formulation we use to model the phase maintenance scheduling process. At the
start of the planning horizon, we assume that we know the phase hours remaining on each
aircraft as well as the sortie requirements in each time period. Throughout the planning
horizon, the model keeps track of the phase hours remaining for each aircraft as it decides
which aircraft are assigned to meet the sortie requirements in each period. By keeping track
of the phase hours for each aircraft, the model also decides when to schedule each aircraft for
phase maintenance. The model must enter each aircraft into phase maintenance to ensure
that the flying hours accrued never exceeds the maximum allow between phase maintenance
inspections. In addition, the model cannot enter an aircraft into phase maintenance exces-
sively early since it unnecessarily increases costs. At the end of the horizon, it is crucial that
the phase hours remaining for all aircraft be well spaced. Therefore, we include evenly spaced
end of horizon targets in the model to ensure that the distribution of phase hours at the end
of the planning horizon is close to an ideal state. The model must assign each aircraft to
an end of horizon target which then determines the number of phase hours remaining each
aircraft must have at the end of the planning horizon.

The objective of the model is to minimize the maximum number of planes in maintenance
at any given time during the planning horizon. The mimn-max objective function is motivated
by the desire to minimize the variance in maintenance workload over the planning horizon,
rather than simply minimizing the total maintenance over tihe planning horizon. By using a
min-max function, the model attempts to spreadout the phase maintenance actions as much
as possible. Ultimately, this MIP produces a feasible flying and maintenance schedule that
to balances the variability in maintenance demands and the total number of aircraft in phase
maintenance at any given time.
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PM-MIP Notation. We begin by defining all the relevant sets to the PM-MIP. We let

I denote the set of all aircraft and |II is the total number of aircraft. The set of all aircraft

includes all the aircraft that share the same phase maintenance resources. Many operational

bases have multiple flying squadrons that generate independent maintenance schedules, but

since they share the same phase maintenance resources, they must be considered together in

a phase maintenance scheduling model.

As discussed in Section 3.1.1, the sortie requirements for PM-MIP come from the annual

flying schedule. The sortie requirements specify the number of each type of sortie that must

flown in each time period. To accurately capture the sortie requirements, we must be able

to differentiate between various sortie types. Therefore, we let J denote the set of all sortie

types and |J| is the number of different sortie types. Examples of different sortie types are

night sorties and weapons range sorties.

To ensure that the phase hours remaining on the aircraft at the end of the planning

horizon is well spaced, we assign each aircraft to an end of horizon target. This is crucial if

the model is to be solved in a rolling horizon setting since it forces aircraft to be well spaced

at the end of the planning horizon. The end of horizon targets require that each aircraft

have a certain number of phase hours remaining at the end of the horizon so as to prevent

multiple aircraft from coming due for phase maintenance simultaneously in the future. The

targets are evenly spaced from zero phase hours remaining to the maximum possible phase

hours remaining. We let Q denote the set of all end of horizon targets. In this formulation,

we assume that each aircraft is assigned to a unique end of horizon target so IQ| = III.
However, if IQI < I, multiple aircraft could be assigned to the same end of horizon target.

The sets in the PM-MIP formulation are summarized below.

Sets.

I = set of all aircraft i E I

J = set of all sortie types j E J

Q = set of all end of horizon targets q E Q
IIj = number of aircraft available in the model

| JI number of unique sortie types

IQ= number of end of horizon targets (we assume IQI = III unless otherwise noted)

Next, we present the data associated with the PM-MIP. In the formulation, T is the length of

the planning horizon, with each time period t = 1, 2, ..., T, representing a half a day. While

the formulation could be adapted to allow each period to represent any arbitrary period of

time, we segment the planning horizon into half day periods to accurately represent current

Air Force operations. In general, fighter aircraft are scheduled for sorties in the morning and

afternoon which naturally lends half day periods. In addition, since flying operations and

phase maintenance are generally restricted to weekdays, we assume that weekends are not
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included in the planning horizon. The data could easily be adapted to include weekends,
but at the cost of increasing the size of the model. For the remainder of the chapter, all
instances that are solved assume no activity on weekends.

The parameter h represents the phase inaintenance interval, that is, the maximum flying
hours an aircraft can accrue between phase maintenance actions. This parameter is specific to
the aircraft type or mission design series (MDS) being considered in the model. Likewise, the
parameter k, which defines the length of downtime needed to complete a phase maintenance
action, is also specific to the MDS. In operational settings, to prevent aircraft from entering
phase maintenance excessively early, mainteiance scheduler can only schedule ai aircraft
for phase maintenance if its phase hours remaining is below a certain limit, hmax. This
parameter hmnax represents the maximum number of phase hours aii aircraft can have when
entered into phase maintenance.

The parameters bi and eq describe the states of aircraft at the beginning and end of the
planning horizon. At the start of the planning horizon, each aircraft, i E I, has a given
number of phase hours, bi, remaining. At the end of the planning horizon, it is necessary to
ensure a distribution of phase hours among the aircraft so that a large number of aircraft will
not later come due for phase maintenance at the same time. This is of particular importance
if the model is solved in a rolling horizon setting. The parameters eq are used to define
the end of horizon targets and they are evenly spaced on the interval [0, h]. For each target
q C Q, eq is the target number of remaining flying hours for any plane assigned to that target
at the end of the horizon.

The parameter M is of particular importance due to its relevance for the objective func-
tion and the implications it can have oin the computational behavior of the model. M is a
fixed maintenance capacity that canl be used without cost or penalty. We explain the role of
the parameter M further in Section 3.2.2.

Data.

T length of time horizon, t = 1, 2, . . . , T

li length of sortie type j E J

st minimum number of sorties of type j e J required in period t
h maximum accrued flying hours between phase maintenance inspections
hmax maximumi number of remaining phase hours ain aircraft can have for it to be

entered into maintenance

k time periods required to complete maintenance (aircraft unavailable)
bi flying hours remaining on aircraft i C I at the beginning of the horizon, t = 1,

until it must enter maintenance

eq end of horizon flying hours target for aircraft assigned to target q E Q
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Al maximum number of aircraft that can be in maintenance at any give time without

incurring a "cost" or "penalty"

Next, we present the decisions variables in the formulation. In each time period, several

decisions must be made for each aircraft. At the start of each time period, t = 1, 2, ..., T,

the model must decide whether an aircraft, i E I, is entered into phase maintenance. In

addition, the model must decide whether the aircraft will be assigned to fly a given sortie

type in each time period. These two decisions are represented by the decision variables mt

and xz.. These sets of decisions define the overall flying and maintenance schedule. The

decision variables Viq represent the decision to assign aircraft i E I to end of horizon target

q E Q. Recall that the eq parameters define end of horizon targets. If an aircraft is assigned

to end of horizon target q E Q, then the aircraft must have eq phase hours remaining at

the end of the planning horizon. Lastly, h' represents the remaining phase hours for aircraft

i E I at the start of period t. The variables h' represents the phase hours remaining on each

aircraft in a given time period. While h' is considered a variable, its value is determined by

the decision variables m$ and x'.

Decision Variables.

1, if aircraft i E Iflies sorties type j C Jin period t

0, otherwise{ 1, if aircraft i E Ienters maintenance in period t
0, otherwise

1 I if aircraft i C Iis assigned to end of horizon target eq{ 0, otherwise
ht > 0 phase hours remaining at the start of period t until aircraft i C I must enter

maintenance, "life remaining"

Z objective function value that is being minimiized

Formulation.

(3.2.1) PM-MIP = minimize Z

subject to
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(3.2.2)

(3.2.3)

(3.2.4)

(3.2.5)

(3.2.6)

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)

(3.2.11)

(3.2.12)

(3.2.13)

(3.2.14)

(3.2.15)

(3.2.16)

(3.2.17)

m + <
3

0.9 viqeq < hi,
1.lviqeq + h(1 - viq) > hi,

SViq =1,

Vi= 1,
q

t

i -rt<-Z
2 T~t-k

,Vi E 1,

,Vti E I,

,Vti E I,

h' = bi,

ht+l < ht - X lj + rm,

i i ijht+1 > ht - Xt gl,

htl> hmt,

Z i3 1,

h - ht (T - Th -

j j

,Vt G [1, T - k + 1], y E [0, k - 1], i E I,

,Vt

, Vi

,Vi

,Vq

c [1,T-k],yE

c J,q C Q,
C J,q E Q,

EQ,

,Vi C I,

,Vt c [k + 1, T],

(3.2.18) Z > 0,

(3.2.19) h> > 0, Vi C lt,

(3.2.20) C {0, 1}, ,Vi C J J
i, i I, t,

(3.2.21) mC {0, 1}, ,Vi C J, t,

(3.2.22) Viq C {0, 1}, ,Vi E J,q E Q.

The objective function (3.2.1), in conjunction with constraints (3.2.17) and (3.2.18), mini-

mizes the maximum number of aircraft in maintenance at any given time during the planning

,Vt, i C I,

,Vt, i E I,

,Vt, i E I,

,Vtj E J,

,Vti E I,

,Vodd ti C I,

[1, k], i E I,
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horizon beyond the aiount of available fixed maintenance capacity. By minimizing the max-

imurn, we seek to smooth the variability in maintenance demand over time. The parameter

M in constraint (3.2.17) leads to a piecewise-linear penalty function that imposes zero cost

when Z < M. The characteristics of the objective function are discussed in imuch greater

detail in Section (3.2.2).

The first set of constraints, (3.2.3)-(3.2.6), in the formulation ensure that the phase

hours remaining oi each aircraft are tracked properly depending on whether ain aircraft

flies or enters maintenance. Constraints (3.2.3)-(3.2.3) can be thought of as "bookkeeping"

constraints. If an aircraft enters phase maintenance in period t, constraints (3.2.5) and

(3.2.6) force the phase hours remaining, h'+1, to be set equal to h. In time periods in which

an aircraft does not enter maintenance, constraints 3.2.5 and 3.2.6 become irrelevant and

instead, constraints (3.2.3) and (3.2.4) ensure that the phase hours remaining on an aircraft

in a time period t, is simply the phase hours remaining at the start of period t -1 minus any

flying hours accrued in period t - 1. The h in constraint (3.2.3) functions as a "big-M" since

it ensures that when n' = 1, constraint (3.2.5) restricts h!+ instead of constraint (3.2.3).

Constraint (3.2.8) enforces all of the operational sortie requirements. This constraint

ensures that the flying schedule satisfies the specified sortie requirements. Since the sortie

requirements are determined to satisfy time FHP it is not necessary to impose ain additional

set of constraints to ensure that enough total hours are flown. Therefore, constraint (3.2.8)

represents all time sortie requirements necessary for aircrew training as well for meeting time

FHP.

In practice, maintenance schedulers are not allowed to schedule an aircraft for phase

maintenance until the phase hours remaining oin the aircraft drop below a given threshold.

That is, there is a hinmit on how early aim aircraft can be entered into maintenance. Constraint

(3.2.9) models this condition.

Constraint (3.2.10) enforces ain earlier discussed policy that is common amiong opera-

tional fighter units. Each time period in the model represents a 1/2 day, either morning or

afternoon. In practice, the set of aircraft flown in the afternoon is a subset of time aircraft

that flew in the morning. If ain aircraft is not flown in the morning (ain odd time period),

then it cannot be assigned to fly inl the afternoon. Of course this constraint assumes that

the number of required afternoon sorties is always less than or equal to the number of morn-

ing sorties which is always the case in practice. These constraints mnight or might not be

necessary depending oi the length of time that each period represents.

Constraint (3.2.11) and (3.2.12) enforces tihe downtime necessary to complete a phase

maintenance inspection. Upon entering mainitenance, ain aircraft cannot be assigned to fly

a sortie for k periods, the length of time needed to complete phase maintenance. Similarly,

the aircraft cannot be assigned to enter maintenance for k periods.
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Constraints (3.2.13)-(3.2.16) are end of the horizon constraints that ensure that all air-

craft are relatively evenly spaced in terms of phase hours remaining at the end of the planning

period. Constraints (3.2.15) and (3.2.16) require that each aircraft be assigned to a unique

end of horizon target. Constraints (3.2.13) and (3.2.14) require that each aircraft's phase

hours be within 10% of its assigned target. The targets, eq, are evenly distributed in the

range [0,h]. This group of constraints is crucial since, in reality, there is no true "end of the

horizon". Without these constraints, the solution generated by the model could lead to a

situation where all aircraft have minimal phase hours remaining at the end of the model's

planning period.

3.2.2. Improving the PM-MIP using the LP Relaxation. Recall that M was a

part of the constraints associated with the objective function. The objective function and

the associated constraints were:

Z*= ruin Z

subject to

Zi -M < Z Vt
i T=t-k

Z > 0.

Although M was introduced simply as a representation of the fixed maintenance capacity,
the value of M also has a significant effect on the computational behavior of the formulation.

If we increase M, we relax the formulation because more and more feasible solutions result

in the same objective function value. In the extreme case, if M is set to an arbitrarily large

value, all feasible solutions will be optimal since they will all result in an objective function

value of Z,*r1P = 0. While increasing the value Al leads to faster solution times, it also

degrades the quality of the optimal solutions.

If Z IP = 0 then it means that the fixed maintenance capacity was never exceeded, but it

does not indicate whether the best possible maintenance schedule was generated. As long as

the maximum number of aircraft in maintenance at any given time over the planning horizon

does not exceed M, the resulting objective function value ZirP = 0. Notice that when

Z IP = 0, the maximum number of aircraft that are in maintenance at any given time over

the planning horizon is unknown. An Z IP = 0 means that the fixed maintenance capacity

was never exceeded, but it does not indicate whether the best possible maintenance schedule

was generated. For example, suppose M = 5 and the PM-MIP generates a maintenance

schedule that enters a maximum 4 aircraft into phase maintenance simultaneously. Then

the resulting Z~rP = 0, but it is possible that there exists a feasible solution that would



3.2. MIP FORMULATION OF AIRCRAFT PHASE MAINTENANCE SCHEDULING

require fewer than 4 aircraft to be in maintenance at any given time and would result in the

same Z4P 0.
On the other hand, if we set M = 0, we are guaranteed ai optinal solution that leads

to the best possible maintenance schedule, that is, a feasible schedule that results in the

fewest aircraft that can be in maintenance at any given time. Let Z2ip* represent the

optimal objective function value when M = 0. Then Zmfp* is the maximum number of

planes in phase maintenance at any given time over the planning horizon and we know that

no other feasible maintenance schedule can achieve fewer than Zf7MJpj* planes in maintenance

at any given tine. However, if we always set A = 0 to ensure we achieve the best possible

maintenance schedule, we do not take advantage of the computational benefits of increasing

the value of M. Therefore, we seek to find highest value for M that still guarantees the best

possible maintenance schedule.

Let Zp=0* represent the optimal objective function value for the linear program (LP)

relaxation of the PM-MIP with M = 0. Since we know that the objective function value of

tile PM-MIP must be integer, Z'(0* leads to a simple lower bound oil ZM=p*

[Z M=0] Z M=0
LPT1 - MI

Since Zjp* represents the maximum number of planes in phase maintenance, we know

that at least [Z o0*1 aircraft will be in maintenance simultaneously at some point in the

planning horizon. Then we can set M Z=* 1 and solve the PM-MIP knowing that the

resulting maintenance schedule will be the best possible maintenance schedule. Previously,
we presented an example where if Z]I1 P = 0 for some arbitrary value of M (M = 5), we were

unsure whether or not the resulting maintenance scheduled was the best possible schedule.

However, if we set V = FZU0* 1, we know that

T1=- ZTI=0**
Z I LP + T -ZI=0*

MIP 'JMIP'

where ZMIP is the optimal objective function of the PM-MIP with ZMIP LP
whee=Z [~o *-

Therefore, if ZMIP 0, we precisely know that there is a maximnum of M number of

aircraft in maintenance over the planning horizon.

In summary, by setting the parameter M = ZLI(*] and then solving the PM-MIP, we

take advantage of the computational benefits of increasing the value of M while guaranteeing

that the resulting maintenance schedule is the best possible schedule.

3.2.2.1. Computational Results of setting M = [Z *]. To understand the comuputa-

tional benefits of setting M using the LP relaxation of the PM-MIP formulation, we conpare
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the solve times for multiple small instances of the phase maintenance model in which M = 0

and then M = ZU=O*]. We solve for a planning horizon of approximately six months with

a fleet of ten aircraft. There are two sortie types and each aircraft must undergo phase main-

tenance every 100 hours. The sortie requirements are variable over time but follow a realistic

pattern in that sortie requirements are greater during the beginning of the week compared to

the end of the week. The end of horizon targets are evenly distributed oi the interval [0, 100].

The number of phase hours remaining for each aircraft at the start of the planning horizon is

randomly generated for each run using a discrete uniform distribution from [0, 100]. Holding

all data constant, we solve for the case where M = 0 and M = [Zp0* 1.

The PM-MIP was written in AMPL and solved using CPLEX 11 on a machine with an

Intel Xeon 2.80GHz dual core processor and 8gb of RAM.

In approximately 90% of random instances, the solution time for the formulation in

which M = ZU,0* is lower than the solution time for the formulation in which M = 0

(with the same set of data used inl both cases). Oi average, the solution time for the phase

maintenance MIP formulation is reduced by 60% when setting A = [Z 0* 1. While the

adjustment to the formulation improves computational performance in the vast majority of

instances, there remains cases where setting M = 0 results in a better solution time due to

the branch-and-bound algorithm used by commercial solvers such as CPLEX.

In total, 60 runs' were completed and the solve times are shown in Figure 3.2.1. In 52

of 59 cases, by setting M = Zf=0*1, the solve time for a given instance of the PM-MIP is

reduced. On average, the solve times are reduced by 60%. Although setting M =[Zo0*

leads to reduced solve times in most instances, there are instances when the PM-MIP with

M = 0 actually solves faster. This is due to the branch and bound algorithm used by the

commercial solver CPLEX and how it balances breadth versus depth in implementing the

algorithm. In practice, the PM-MIP formulations with M = 0 and M = [Z 0* 1 could

be solved in parallel and the optimal solution of whichever solves first could be used as the

optimal solutions will be equivalent. Also shown in Figure 3.2.2 is the corresponding value

of ZLo0* for each run. In all runs, Z'p 0 * < 1 and the improved formulation was solved

with M = 1.

Given the computational benefits of setting V = FZt0* , we will assume for here on

out that any instance of the phase maintenance MIP is solved after setting M = [Zp0* ].

'The results of only 59 runs are shown. The solver was constrained to a maximum solve time of 1200 seconds
and therefore any run in which the solve time for both formulations reached 1200 seconds was discarded.
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FIGURE 3.2.1. Comparison of solve times for setting M = 0 and M =

Z 0* 1 , represented by the left and right columns, respectively, for 60 ran-
dorm instances.

3.3. Implementation and Practical Considerations

In this section we implement and present the results on the MIP formulation introduced

in the previous section for a realistic problem instance drawn from a long-termi phase main-

tenance schedule for a single fighter squadron.

The length of the planning horizon is one year, with a single tine period representing

half a day. This results in T = 520 since the model does not include weekends. There are

two unique sortie types, |JI = 2. The first sortie type represents an aircraft flying a single

sortie in a period with an average sortie duration (ASD) of 1.4 hirs. The second sortie type

represents an aircraft flying two sorties in a single period (i.e., two sorties in a nmorning, by

"pitting" in between the two) and has an ASD of 2.4 hirs. We assumie that an aircraft must

undergo a phase naintenance inspection every 300 flight hours and that a phase maintenance

inspection requires two weeks, 20 periods, of aircraft downtime. The phase hours remaining

on each of the aircraft at the beginning of planning horizon are randomly assigned and are

uniformly distributed from 0 to 300. As illustrated in Figure 2.3.3, the end of horizon targets

are evenly spaced from 0 to 300 so as to ensure that phase hours are robustly distributed

amongst all aircraft . The sortie requiremients are input directly froin an operations schedule

that specifies the number of required sorties in each period. The sortie requiremients data
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PROBLEM INSTANCE DATA

Data Description Symbol Value
Length of Planning Period T 520 periods
Number of Aircraft I 15
Nuniber of Sortie Types J 2
Flying Hours between Phase Maintenance Inspections h 300 lirs
Downtime Associated with Phase Maintenance k 20 periods
Length of Specific Sortie Types 11,12 1.4, 2.4 hirs
Phase Hours Remaining on each Aircraft i E I at t = 1 bi U(0,h)
End of Horizon Phase Hours Remaining Target for q E Q eq evenly spaced on [0,h]
Nurmber of Sorties of type j c J required in period t s varies

TABLE 1. Example Instance Data

for this instance also umeet the following scheduling criteria which are standard for miost Air

Force fighter units:

e no sorties are scheduled on weekends,
" sortie types requiring an aircraft to "pit" are scheduled only for mornings, i.e., an 8

pit 8 would not be allowed in the afternoon,
" the nuriber of afternoon sorties is always less than or equal to the number of morning

sorties,

* generally, imore sorties are scheduled earlier in the week as opposed to later in the

week to acconimmodate aircraft failures.

Table 1 summarizes all of the data used for this instance.

Using the data show in Table 1, we first solve the LP relaxation of the PM-MIP to

find Z The LP relaxation solves alnost instantly (0.01 seconds) and Zmp-* = 0.246.

We then set M [z= =O*] = 1 and solve the original PM-MIP. With approximately 30k

variables and 350k constraints, the PM-MIP solves in approximately 3 hours. With M = 1,
the optimal objective function value is Zfl\* = 0, meaning that no miore than one aircraft

is ever in mnaintenance at any given tine.

Figure 3.3.1 illustrates the optimnial solution. Each line in the plot represents an aircraft

and tihe phase hours renaining on that aircraft. When an aircraft undergoes phase mainte-

nance, tile aircraft's phase hours renmaining is set to h = 300 hlrs. Therefore, the vertical lines

in the plot represent aim aircraft entering maintenance and its phase hours being reset to 300

hirs. Recall that the downtine for phase maintenance was 20 periods in this instance. We

see that the optinial solution distributes the phase mnaintenance workload so that aim aircraft

enters phase imaintenance approximriately every 20 periods.

3.3.1. Limitations of the PM-MIP Formulation. The objective function in the

PM-MIP mininizes the maximum number of aircraft in mnaintenance at any given time. From
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FIGURE 3.3.1. Optimal solution shown as a plot where each
an aircraft's phase hours over the planning horizon. The jumps
correspond to an aircraft entering maintenance.

line represents
in phase hours

an operational standpoint, the min-max objective function leads to a flying and maintenance

schedule that attempts to smooth the maintenance workload evenly over the time horizon.

Reducing the variance in the maintenance workload with respect to time is an important

consideration due to the fact that most Air Force maintenance units are undermanned which

make sudden increases in demand extremely difficult to manage. Since sortie requirements for

a fighter unit can change dramatically over a given time horizon due to large-scale exercises

and/or deployments, the utilization rates of aircraft can vary over time. This makes it

difficult to schedule phase maintenance and keep phase hours evenly spaced for a fleet of

aircraft. In order to accommodate these sudden, if brief, increases in sortie requirements,

schedulers must plan well. in advance and in many cases they might be unable to predict the

consequences of flying and maintenance decisions made early in the planning horizon.

While the objective introduced with the PM-MIP formulation has maly benefits, it

does have its weaknesses. Since the objective function is minimizing the maximum number

of aircraft in maintenance at any given time, the model might produce a solution that

enters more aircraft into maintenance than necessary. There is no penalty for entering ai

aircraft into maintenance as long as the maximum number of aircraft in maintenance at

100 200 300
time
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any give time remains unchanged. With this objective function, a schedule in which a single

aircraft enters maintenance over the planning period is equally optimal to a schedule in which

aircraft enter maintenance immediately one after another over the entire planning period.

Alternative objective functions, such as minimizing the total number of maintenance actions

over the planning period, could be imniplemented to avoid this shortcoming. However, given

the important benefits of minimizing the variance in the maintenance workload, the objective

function 3.2.1 was determined to be the most reasonable.

Ii addition to the limitations of the objective function, the PM-MIP has several other

limitations. The sortie requirements constraints,

ZXt >st I lVt,j EJ

allow assigning more aircraft to fly then absolutely necessary. That is, the sortie requirements

are treated as the minimum sorties required and they cani be exceeded by any amount. In

operational settings, this is not allowed. The sortie requirements in the Air Force are carefully

crafted to precisely meet the FHP requirements. By allowing the model to overfly the sortie

requirements, the model has the poteiitial to greatly overfly the FHP which is unacceptable.

However, the nature of the objective function incentives minimal phase maintenance and

therefore the model generally seeks to conserve phase hours. Therefore, although the model

does allow for some overflying, the anmount of overflying is limited by the objective function.

Ii terms of computational behavior, the PM-MIP formulation is not ideal. Although the

instance used in the previous section solved in a reasonable amount of time, 3 hours, more

realistic, detailed data sets result in solution times oii the order of days. In formulations

where there are three or more sortie types and a highly constrained number of aircraft, the

solution times for the PM-MIP increase significantly. Furthermore, other applications of the

PM-MIP formulation outside of specifically fighter aircraft phase maintenance might have

much tighter data sets. When applied to the fighter aircraft phase maintenance scheduling

problem, there is generally a high ratio of active aircraft to aircraft that are in maintenance

which makes the problem easier to solve. Ini other applications, this may not be case.

Therefore, we seek to develop an alternate formulation of the PM-MIP in the following

chapter that can be applied in more constrained settings.

Lastly, the PM-MIP is limited in that it models only phase maintenance. A typical

MDS has tens of preventative maintenance actions that require the plane to be unavailable

for a day or longer. If we also consider the maintenance actions that do not necessarily

require scheduled downtime, each MDS has hundreds of preventative maintenance require-

ments. While phase is the most significant maintenance inspection since it requires extended

downtime, the minor maintenance actions also play a crucial role in aircraft availability and
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sortie generation. Therefore, the MIP solution provides a strong foundation on which to

build a more extensive maintenance schedule even if it is limited in that it cannot produce

a comprehensive maintenance schedule.

3.4. Special Cases

Under a few key assumptions and relaxations, the MIP formulation for phase maintenance

scheduling can be solved optimally using a heuristic and a simple network formulation.

Specifically, we assume a single sortie type and constant sortie requirements, and we relax

the upper bound on the end of horizon target constraint. We first explain the assumptions

and relaxations that allow us to simplify the original MIP formulation. We also discuss

the justifications and limitations of the simplifying assumptions and relaxations. We then

present a heuristic that pernits us to quickly determine the optimal values of the maintenance

scheduling and end of horizon target variables, mt and Viq, respectively, if a feasible solution

exists. We then present a framework under which the phase maintenance scheduling problem

can be reformulated as a network formulation. The structure of the network formulation is

determined using the m' and Viq values from the heuristic. The network formulation will

determine if a feasible set of values for xtj variables exist. By using the heuristic and network

formulation, the optimal solution to the relaxed PM-MIP formulation can be found.

The purpose of the relaxed PM-MIP is very different than that of the original PM-MIP.

Recall that the PM-MIP generated a daily flying and inaintenance schedule. The relaxed

PM-MIP inodels the phase maintenance scheduling problem from a more aggregate level

and it is better used as a strategic planning tool than as a tool for generating a detailed

daily schedule. By making several assumptions and relaxations to the PM-MIP, we lose

the ability to generate a useful daily schedule. However, we can still capture the impact of

major strategic decisions pertaining to items such as personnel, number of aircraft, number

of sorties, and average sortie duration. Since the relaxed PM-MIP can be solved for a long

planning horizon, it can be used to evaluate the long term effects and trade offs of making

various strategic decisions.

3.4.1. Assumptions and Relaxations to the MIP Formulation. The assumptions

are as follows:

(1) there is only a single sortie type, |JI = 1,
(2) sortie requirements are constant in each period t = 1, ..., T, that is, s = st = s =

ST

These assumptions imply a simplified representation of the phase maintenance scheduling

problei. The assumptions are reasonable for gaining basic insights into the general problem.

We assume there exists a single sortie type has a duration that is approximately the

average sortie duration (ASD) of all sortie types.In operational settings, phase maintenance
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for fighter aircraft is required every several hundred flying hours, with the exact requirement

differing for each unique MDS. This equates to long intervals between phase maintenance

actions that are usually more than a year. During that time period, it is reasonable to assume

that each individual fighter aircraft will fly a similar mix of sortie types. There is no reason

to believe that one particular aircraft will fly significantly more sorties of a given type than

another aircraft. Given that all aircraft fly a similar mix of sortie types, the average duration

of all the sorties by each aircraft will be relatively close. Hence, we can make a reasonable

assumption that there is only a single sortie type that has a duration that is approximated

using the average of all sortie types and thereby simplify the PM-MIP.

The assumption that the sortie requirements remain constant across all time periods

is also justified by the relatively infrequent nature of phase maintenance. Fighter aircraft

undergo phase maintenance every several hundred flying hours, during which the importance

of minor fluctuations in sortie requirements across time periods is minimized. Although

sortie requirements might actually vary by time period, we can assune a constant sortie

requirement that is estimated as the average of the actual sortie requirements. By assuming

a constant sortie requirement that is the average of the actual sortie requirements, the

total number of required sorties flown by an aircraft between phase maintenance actions

remains largely unchanged. Therefore, even with the constant sortie assumption, the model

accurately captures the total number of sorties an aircraft will fly between consecutive phase

maintenance inspections. However, the constant sortie assumption does degrade the model

in that the flying decisions made in each time period are no longer particularly useful. The

purpose of having the x variables was to allow the mnodel to assign a specific aircraft to

fulfill each individual sortie requirement. With constant sortie requirements, the optimal set

of flying decisions do not represent an implementable flying schedule as is the case without

the assumption.

Under these two assumptions, the exact flying schedule generated from solving the model

is not particularly important, but the relaxed model is still valuable for evaluating policy

trade offs. Since these assumptions allow for the implementation of an efficient algorithm,
decision makers can quickly evaluate general trade offs using the relaxed model. For example,
the relaxed model can be used to understand the impact of increasing the size of the fleet

of aircraft, changing the phase maintenance interval, or increasing mnaintenance resources.

Although the relaxed model will not lead to a flying schedule that is directly implementable,
it will provide good, general insights regarding phase maintenance scheduling.

In addition to the two assumptions, we slightly relax the constraints associated to the

end of horizon targets. Recall that the MIP formulation assigns an end of the horizon flying

hours target to each aircraft. The formulation then requires the flying hours remaining on
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each aircraft at the end of planning horizon to be within 10% of the assigned target. The

following constraints used to enforce these end of horizon targets:

Viq * 0. 9 eq < h[ Vi, j

Viq * 1.leq + h(1 - viq) > h[ Vi,j.

In these constraints Viq represents the binary decision variable that assigns aircraft i to end of

horizon target q and the variable hT represents the flying hours remaining on aircraft i in the

last time period T. The parameter eq represents the the flying hours target associated with

end of horizon target q and the parameter h represents the maximum flying hours between

phase maintenance.

The purpose of these constraints in the MIP formulation was to ensure that tihe -flying

hours remaining for each aircraft would be well spaced and prevent a scenario in which a

large number of aircraft would simultaneously come due for phase maintenance at some point

beyond the end of the planning horizon. For this special case, we relax the upper limit on the

end of horizon targets and only constrain the flying hours with a lower limit. Each aircraft is

still assigned to an end of horizon target, but rather than being within ±10% of the assigned

target, the flying hours remaining on each aircraft inust simply exceed the assigned target.

The relaxation results in the elimination of the second of tine prior constraints (3.2.20) and

slightly alters the first constraint (3.2.13) to become

viqeq~T Vi, jvig * eq <; hi Vij

The flying hours will no longer be guaranteed to be well spaced at the end of the horizon.

However, since we relax only the upper limit oi the end of horizon targets, the relaxation of

these constraints will, at the extreme, result in a situation in which the flying hours remaining

on each aircraft at the end of the planning horizon far exceeds the assigned target. Since the

purpose of the original constraints in the MIP formulation is to add a measure of robustness

and to reduce the likelihood of a sudden increase in phase maintenance beyond the end of

the planning horizon, the optimal solution with the relaxed constraints will also provide

sufficient flying hours to easily manage future phase maintenance actions.

Lastly, we eliminate tine constraints in tine PM-MIP that require the phase hours remain-

ing on an aircraft to be below a certain threshold before it cani be entered into maintenance.

In operational settings, the constraints

S- hi(- hmax * h)m Vt, i

are enforced to prevent tine aircraft from entering phase maintenance excessively early. In

reality, entering an aircraft into -phase maintenance incurs a cost in terms of manpower,
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parts, possibility of error when disassembling/reassembling the aircraft, etc. But the most

significant cost comes from the downtime of the aircraft. The relaxed formulation of the

PM-MIP still accounts for the cost of downtimne of the aircraft and the need to satisfy all

sortie requirements, but we simplify the PM-MIP by eliminating this set of constraints.

Notice that with the single sortie type assumption, the phase hours remaining on each

aircraft can be used to calculate exactly how many sorties an aircraft can fly before it must

enter phase maintenance. Since there is only a single sortie type, keeping track of phase hours

is equivalent to keeping track of the number of sorties remaining until phase maintenance.

Therefore, each aircraft can be thought of as having a "supply" of sorties in each time period

that is used to satisfy the "demand" generated by the sortie requirements in each time period.

Simnilarly, the end of horizon constraints can be thought of as a demand for sorties in the

final time period. For the remainder of this section, we will describe the state of an aircraft

in termns of sorties remaining rather than phase hours remaining. As a result, the variables

h and paramneters eq will be assumed to be measured in terns of sorties remaining rather

than flying hours while s still denotes the nummber of sorties required in each tine period.

3.4.2. An Optimal Maintenance Scheduling Policy. With tine assunmiptions and

relaxations presented in the previous section, we show that for a fixed objective function

value, Zm1 p, the m' and Viq variables can be optimally determined using a simiple greedy

heuristic leaving only the x' variables to be solved for. In the next section we use the results

of the heuristic values of the m' and Viq variables to generate a network flow formulation

that is then used to solve for a feasible set of x' variables. Since we solve the heuristic and

network fornulation for a fixed value of ZMIP, we then search for the mninimnumn Z 11p that

has a feasible solution.

By entering aircraft into phase mnaintenance imninediately after another aircraft exits phase

maintenance, the total number of phase maintenance actions conipleted over the planning

horizon can be mnaxinized without increasing the maximnum nuimber of aircraft inn mainte-

nance at any given time. In addition, by always entering the aircraft with the fewest sorties

remaining into maintenance, we maxiinize the total supply of sorties available over the plan-

ning horizon. Based on these two principles, for a given Z 0g value, we present a heuristic

that determnines the optimal values of the m' aid Viq variables. If a feasible set of values for

the x' variables does not exist with the heuristic determninied the values of the mi and Viq

variables, then a feasible set of values for the x' variables does not exist for any other values

of the n' and Viq variables.

It is important to note that we choose the value of the objective function, Z"y, a priori

and then look for a feasible solution (hence ZNTj i not Zly*). Although it mnight seemi

unreasonable to search for a feasible solution for a fixed objective function value, notice that

in almnost any realistic instance of tine phase mnaintenance scheduling problem, the objective
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function value will be limited to a small set of possible values. The objective function value,
ZM-p must be integer and non negative. In addition, Z"jp cannot exceed the total number

of aircraft, III. Therefore, if we can efficiently determine whether a feasible solution exists

for a given ZMp, an optimal solution can be found efficiently by beginning with ZM=p = 0"MIP "MIP-
and solving for each increasing value of Zjg. The full implementation of this algorithm is

presented in Section 3.4.4, but we mention it here to motivate the need for a heuristic that

can be used to determine the values of the m' and Viq variables for a fixed Zmgp

Notice that Zmgp is the maximum number of aircraft in imainteniance at any given time

in the planning. If we can optimally solve the PM-MIP where M = 0, instances where

M > 0 are trivial since the optimal solution to the PM-MIP with M = 0 will also be optimal

for any other value of M. To simplify the notation for the remainder of the section, let

u = ZMp.

The heuristic for determining the values of mi and Viq for a given u is as follows:

(1) Index the aircraft so that the lowest indexed aircraft has the fewest sorties remaining

at t = 1 and the highest index aircraft has the most sorties remaining. h' < h' <

(2) Index the end of horizon targets so that the lowest index target is the target requiring

the fewest sorties remaining, ei < e2 < ... < elQi.

(3) If u = 0, set all m' = 0 and assign aircraft to the end of horizon targets so that

Vii = 1,Vi E I. That is, the aircraft with the fewest sorties remaining at tile start
of the horizon is assigned to the lowest end of horizon target, the aircraft with the

second fewest sorties remaining at the start of tile horizon is assigned to the second

lowest end of horizon target, and so on.

(4) If u > 0,
(a) Set m' the variables by beginning at t = 1. Assign the u aircraft with the fewest

sorties remaining at the start of the planning horizon, i = 1, .., u, to enter phase

maintenance so mi, ... , mi = 1. Continue by assigning the next u aircraft with

the fewest sorties remaining, i = u + 1, ..., 2u, to enter phase maintenance in

t = 1 + k. Continue for time periods t = 1 + 2k, 1 + 3k, ..., 1 + [(T - 1)/k] k,
where [(T - 1)/k] + 1 represents the number of consecutive phase maintenance

periods that can be completed within a planning horizon of length T. After all

aircraft, i E I, have been assigned to one phase maintenance period, continue

the assignment process with i = 1. That is, continuously cycle through the

aircraft until each kth time period has u aircraft assigned to enter maintenance.

This ensures that u aircraft always enter maintenance as soon as the previous

u aircraft exit maintenance.



3.4. SPECIAL CASES

(b) Set the Viq variables by beginning with the last aircraft to exit phase mainte-

nance, i {i E I; rn+[(T-I)/kjk = 1}. Assign aircraft i to end of horizon target

eQ by setting viQ = 1. From aircraft i, we cycle through all the aircraft in

reverse order of the indices, i = j, j- 1,..., 1,1 , 1, ... j+1, and assign each

aircraft to the highest unassigned end of horizon target from q = eQ, eQ_1, ..., ei.

By assigning end of horizon targets in this manner, we are treating each end

of horizon target as if it is another maintenance "slot". The maintenance slots

are assigned so as to maximize the total supply of sorties over the planning

horizon, just as is the case setting the n' variables.

Notice that the objective of the heuristic, for a given value of u, is to complete as much phase

maintenance as possible during a fixed planning horizon and thereby maximize the supply

of sorties over the planning horizon. We now give an example of the implementation of the

heuristic in a small instance.

Example 3.4.1:
Assuric we have three aircraft, II = 3, and the sorties remaining on

each aircraft at the beginning of the planning horizon are 5, 10, and 15

sorties..

h' = 5, h' = 10, h' = 15

The downtime associated with a phase maintenance action is 3 time periods

so k = 3. The length of the planning horizon is 6 time periods so T = 6.

There are three end of horizon targets with sorties remaining targets of 10,
20, and 30 sorties.

ei = 10, e2 = 20, e3 = 30

We implement the phase maintenance scheduling heuristic for the case when

u = 1. Therefore, at most one aircraft can be in maintenance at any given

time in the planning horizon.

We begin by assigning the first u aircraft with the fewest sorties remain-

ing at the start of the planning horizon to enter maintenance at t = 1.

mI = 1

We continue to cycle through the all the aircraft in order of their indices

and assign u aircraft to enter maintenance every kth time period until t =

1 + [(T - 1)/k] k = 4.
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m =

After we have assigned u aircraft to enter maintenance in every kth time

period, we assign each aircraft to an end of horizon target. We assign

aircraft to end of horizon targets by cycling through all the aircraft in the

order in which they exit phase maintenance. Aircraft 2 is the last aircraft

to exit phase maintenance in the planning horizon and is therefore assigned

to the end of horizon target requiring the most sorties. Aircraft 1 is the

second to last aircraft to exit maintenance and is assigned to the second

highest end of horizon target. Aircr'aft 3 never' enter's maintenance and is

therefore assigned to the lowest end of horizon target.

V12 = 1, v 23 = 1, v 31 = 1

We set all remaining mi and viq var'iables that have not yet been fixed

equal to zero. This means that the values for all mt and Viq variables have

been determined and only the xt variables remain.

We clair that by using this heuristic to determine the values of the mt and Viq variables, the

feasibility of the problem remains unchanged. That is, for a given objective function value,
a feasible set of values for the x' variables exists if and only if a feasible set of values for

the xt variables exists under the heuristic determined value of the n- and Viq variables. We

prove this by induction.

LEMMA 1. For a fixed objective function value to the PM-MIP, a feasible set of values for

the xt var'iables exists if and only if a feasible set of values for the xt variables exists under

the heuristic determined value of the mi arid viq variables.

PROOF. Case 1: u = 0

When u = 0, all aircraft must reach the end of the planning horizon without ever entering

into maintenance. Hence,

m = >0 Vi, t

The heuristic is also used to assign each aircraft, i E I, to an end of horizon target, q E Q,
by assigning the aircraft with the fewest sorties remaining at the start of the horizon to the

lowest end of horizon target, the aircraft with the second fewest sorties remaining at the

start of the horizon to the second lowest end of horizon target, and so on. It is obvious

that by fixing the values of the Viq variables in this manner, we maximize the total supply

of sorties over the planning horizon.
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In order for there to exist a feasible set of values for x' variables, it must be feasible

to satisfy all sortie requirements, s. All sortie requirements can be satisfied if in each time

period there are

1. at least s aircraft that are not in maintenance and,
2. s aircraft with at least one sortie remaining. In this case u = 0, so there will always

be Il available aircraft in every period.

If Il > s, then condition 1 is met. With regards to condition 2, by assigning the end

of horizon targets using the heuristic, not only do we maximize the total supply of sorties

over the planning horizon, we also maximize the distribution of sorties amongst the fleet of

aircraft. That is, if any aircraft were assigned to a feasible end of horizon target different

than the one prescribed by the heuristic, the total supply of sorties remains unchanged, but

the absolute difference between aircraft's sorties supplies must increase.

Example 3.4.2:

Assume u = 0 and we have two aircraft with starting states hI = 8 and hl = 10. There

are two end of horizon targets e1 = 3 and e2  6. According to the heuristic, vn = 1 and

V22 = 1. Then aircraft 1 has a supply of h - e1 = 5 sorties and aircraft 2 has a supply

of 4 sorties, a difference in supplies of 1 sortie. It is feasible to change the end of horizon

target assignments. Let us now assume we have v12 = 1 and v21 = 1. Then aircraft 1

has 2 sorties available and aircraft 2 has 7 sorties available, a difference in supplies on 5

sorties. Regardless of how the end of horizon targets are assigned, there is a total supply of

9 sorties over the planning horizon. However, the distribution of sorties between the aircraft

is different. Suppose that there are three time periods with a requirement for 2 sorties in

each period, resulting in a total demand of 6 sorties over the planning horizon. These sortie

requirements could be miet if heuristic values of the Viq were used, but not the alternate values

of Viq were used.

Since the heuristic maximizes the distribution of sorties amongst aircraft, any other set

of values of the Viq variables would result ani increased likelihood that condition 2 would not

be met. That is, there will never exist a case where, by setting the viqvariables in a manner

different from the heuristic, feasibility can be gained. Hence, in the case where u = 0, a

feasible set of values for the xz variables exists if and only if a feasible set of values for the

Xz variables exists under the heuristic determined value of the m and viq variables.

Case 2: u =1

Just as in the case when u = 0, we claim when u = 1 a feasible set of values for the
t

Xi variables exists if and only if a feasible set of values for the xz variables exists under the

heuristic determined value of the mt and viq variables. When u = 1, there is at most one

aircraft ini maintenance at any given time in the planning horizon. According to the heuristic,
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one aircraft will always be in maintenance since they are assigned to enter maintenance one

after another.

Unlike the case u = 0 where m = OVi, t, when i = 1 we must consider whether the
heuristic values of m' eliminate any feasible sets of values for x. In other words, if it is

infeasible to meet the sortie requirements under the heuristic values of mt, we iust consider

whether it is possible to meet the sortie requirements under some other values of m'. There

are two possible reasons why the sortie requirements niight not be feasible for given set

of values for the mi and Viq variables. The first possibility is that there are not enough

aircraft that are not in inaintenance in a given time period. Under the heuristic values of

the m' variables, there are always IIl - 1 aircraft that are not in maintenance. If the sortie

requirement, s, is greater than Il - u, the sortie requirenients are obviously infeasible in
every time period. More generally, for any set of n' variables, there will at least be one

point in time in the planning horizon when one aircraft will be inaintenance. Since sortie

requirements are constant, if s > Il - 1, the sortie requirements will be infeasible under any

values of the mt variables.

The second case under which the sortie requirements miay be infeasible in a given timie

period is if there are not s aircraft with a supply of at least one sortie. The heuristic requires

that one aircraft be in naintenance at all times. Each tinie an aircraft is ini maintenance,
the remaining Il - 1 aircraft must be able to meet all the sortie requirements. The total

demand for sorties during those k periods is k * s. However, suppose that the remaining

Il - 1 could not meet the s sortie requirements in each of the k periods during which one

aircraft was down for maintenance. Then by deviating fron the heuristic and not entering

an aircraft into miaintenance as soon as another one exits, there would temiporarily be |Il

aircraft available and an increase in the supply of sorties. In the short term then, it appears

that the heuristic values for the m variables imay not always be optimal. However, even if a

maintenance action is delayed, eventually one aircraft will have to enter maintenance. When

an aircraft enters delayed maintenance, the remaining IIl - 1 aircraft will have to be able

to support the sortie requirenents for k periods. Since sortie requiremients are constant, if

it was previously infeasible to mieet the sortie requirenents with Il - 1 aircraft, it will still

be infeasible after delaying the miaintenance action. Therefore, ultiniately, by altering the

heuristic values of the m variables and delaying rmaintenance actions, feasibility cannot be

gained.

Tihe arguments presented for the cases when u = 0 and u = 1 hold true for all values of

u. 0I

3.4.3. Network Formulation of the Phase Maintenance Scheduling Problem.
Given the assumptions and relaxations outlined in Section 3.4.1, the phase mraintenance

scheduling problem can be modeled for a particular value of i as a network formulation .
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an aircraft's supply of sorties can be used to satisfy a sortie
requirement or can be carried over to the next time period
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sortie requirements in each time period must be satisfied by
available aircraft (demand nodes)

FIGURE 3.4.1. Conceptual framework for network reformulation

Using the heuristic values for the m' and viq variables to define the network structure, we

can solve the network formulation to conduct a feasibility check for the x' variables. The

reformulation of the problem hinges oii the assumption that there is only a single sortie

type. As noted before, under the single sortie type assumption, we only keep track of the

sorties remaining on each aircraft rather than the actual phase hours remaining. The sorties

remaining on each aircraft can then be thought of as a supply of sorties while the sortie

requirements and end of horizon targets are demands for sorties. Figure 3.4.1 illustrates the

general framework for the resulting network reformulation.

We can more concisely define the network structure using the heuristic values of the

mt and Viq variables. We initially build a network in which for every time period, t

1,2, ..., T, the network has a node representing each aircraft and a node representing the

sortie requirements. The values of the mt and Viq variables are then used to define the arcs

within the network and can also be used to determine the supply or demand at each node.

For example, if we know that an aircraft is in maintenance in a given time period, then we

can eliminate the are connecting the aircraft to the sortie requirements in that time period.

Also, if we know when an aircraft is entering maintenance, we know when it will receive

an additional "supply" of sorties. We know precisely the total supply of sorties within the

network since it is simply the sum of the sorties remaining at the start of the horizon and

the sorties gained through maintenance over the planning horizon, or
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total supply of sorties = hi + hu([(T - 1)/kJ + 1),

where ([(T - 1)/k] + 1) -u is the total number of phase maintenance actions that are com-

pleted over the planning horizon. Similarly, we know the sortie demand over the planning

horizon from the sortie requirements and end of horizon targets:

total demand for sorties = sT + 1 eq.
q

Since the total supply of sorties must equal the total demand for sorties within the network,
we use a sink node as an additional node to capture the difference between the supply and

demand of sorties. Recall that in the PM-MIP, aircraft could be entered into phase mnainte-

nance even though it had up to hmnax phase hours remaining on the aircraft. Essentially, the

model was allowed to "throw away" phase hours. The sink node in the network formulation

serves this purpose; it is a way to capture the extra supply of sorties in tine model that are

not used to meet sortie requirements or end of horizon targets.

Based oi these principles, we present the following phase maintenance network formula-

tion, (PM-N):

Sets.

N set of all nodes

I set of all aircraft sortie inventory nodes, i E I

D set of all sortie demand nodes, d c D

A set of all arcs

AID set of all arcs (i, j) with i E I and j E D

AIM set of all arcs that lead out of a node in which an aircraft entered maintenance.

For the network formulation we define two primary sets of nodes. The first set of nodes,
I, represent the supply of sorties remaining oi each aircraft in each time period. We refer

to these nodes as the inventory nodes since they represent the inventory of sorties that are

available to mneet the sortie requirements demands. The second set of nodes D, represent

the sortie demand nodes in each time period.

The arcs within the network are determined using the heuristic values of the m' and Viq

variables. We define two primary sets of arcs. The set AID contains all arcs that originate

at an inventory node i E I and terminate at a sortie demand node d c D. If an aircraft is

in maintenance in a given time period, there will be no arcs from that aircraft's inventory

nodes to the demand nodes in those periods. Otherwise, each aircraft will have an are from

it's inventory node to the demand node in that time period.

Based oi tine heuristic values of the mi variables, we know which nodes in the network

formulation are tine inventory nodes associated with an aircraft entering phase maintenance.
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At these nodes, we know that an aircraft receives a "supply" of h from having undergone

phase maintenance. However, when an aircraft returns to service from phase maintenance,

it will have h sorties remaining regardless of the number of sorties it had remaining when it

entered maintenance. That is, whether ai aircraft entered phase with few or many sorties

remaining, it will return with h sorties remaining. To capture this condition in the network

formiulation, it is necessary to distinguish the set of arcs that originate at the inventory

nodes associated with ai aircraft entering phase maintenance. We let the set AIM contain

all arcs that originate at an inventory node, i E I, that is associated with an aircraft entering

phase maintenance. Note that each of these maintenance inventory nodes will only have one

outgoing arc since ai outgoing are to the demand node is nonexistent. The arcs in the set

AINI have a capacity constraint that requires the flow coming out of the inventory node to

equal h. If the aircraft had any sorties remaining when it entered phase maintenance, they

will flow to the sink node that captures all supplies of sorties that are not used to meet sortie

requirements or end of horizon targets.

Parameters.

bi supply (bi > 0) or demand (bi < 0) at node i E N

The parameter bi defines the supply or demand at every node i E N. At the start of the

planning horizon, each aircraft has an initial supply of sorties remaining. In addition, each

time ai aircraft undergoes maintenance, the it receives an additional supply h sorties. For

the nodes i E D, the demnand is bi = -s. For the end of the horizon target nodes, the

demand is bi = -eq. The demand of the sink node is the difference between the supply and

demand for sorties froim all other nodes, or

bsink = [s * T +( eq] - [E h' + I * (L(T - 1)/k] + 1)* u].
q

Variables.

fij numnber of sorties that flow from node i E N to node j E N

Formulation. ZPM-N = minimiZe 0
subject to:

(3.4.1) bi + S fi= fg Vi E N
(j,i)E A (ij)E A

(3.4.2) fij 1 V(i, j) E AID

(3.4.3) fij h V(i, j) E AIM.

The overall objective of this network formulation is to ascertain if there are feasible values

for the x' variables for a given value of u. Any feasible set of values for the fij variables in



3.4. SPECIAL CASES

the network formulation can easily be translated to equivalent values for the xz variables. If

the network formulation is infeasible, we can conclude that it is infeasible to imeet the sortie

requirements with at most u aircraft in maintenance at any given time.

The first set of constraints, (3.4.1), are basic flow balance constraints. They require that

the flow out of each node is equal to the flow into the node plus any supply or demand that

may exist at that node.

The second set of constraints, (3.4.2), ensure that in each time period, an aircraft can

only fly one sortie. These constraints are consistent with those in the PM-MIP formulation

where each aircraft was only allowed to fly one sortie per time period.

The third set of constraints, (3.4.3), are necessary to set the number of sorties an air-

craft has when coming out of maintenance. If an aircraft enters maintenance with a positive

number of sorties remaining, these sorties do not carryover when the aircraft exits mainte-

nance. Rather, regardless of how many sorties remaining an aircraft had prior to entering

maintenance, the aircraft will have h sorties remaining when it exits maintenance. In order

to enforce this, we require that the flow out of a maintenance node be equal to h while any

additional sorties are forced to flow to the sink node.

Example 3.4.3:

We illustrate the network formulation for the same data used in Example

3.4.2 where u = 1. The data is summarized below

h' = 5, h' = 10, h1 = 15

ei = 10, e2 =20, e3 = 30

mi = 1 m4 = 1

V12 = 1, V23 = 1, Vai1

In addition, let h 30 and s = 1. We can then illustrate the network

formulation as shown in Figure 3.4.2. Aircraft 1 enters maintenance at

t = 1 and so there is no arc from the inventory of aircraft 1 to the demand

at t = 1. The same is true for aircraft 1 at t = 4. In addition, at the

nodes that represent an aircraft entering maintenance, there is a supply of

h sorties. The arcs frOmf the last set of inventory nodes at t = 6 to the end

of horizon targets are defined by that values of the Viq variables.

The supply or demand at each node is shown in the figure. In this case,
we know that total supply of sorties in the network is 90, 30 from the initial

states of the aircraft and an additional 60 from maintenance actions. The

total demand is 66, 6 from the 6 periods of sortie requirements and 60 from
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FIGURE 3.4.2. Example Network Formulation Instance

the end of horizon targets. Therefore, the demand at the sink node must

account for the difference between the supply and demand in the network

and is therefore 66 - 90 = -24.

From a computational perspective, the network formulation performs extremely well.

Even for realistic instances of the problem that have close to 20,000 arcs and 10,000 nodes,
the forimulation solves instantly. This is a significant improvement from the solves times of

the PM-MIP that was oi the order of several hours.

3.4.4. Algorithm for Optimally Solving the Special Case of the Phase Mainte-

nance Scheduling Problem. In Section 3.4.1 we outlined several simplifying assumptions

and relaxations to the original PM-MIP forrmulation. Then in Section 3.4.2, we presented a

heuristic that would lead to the optimal values of the m' and Viq variables for a given value

of u. Then in Section 3.4.3 we presented a network reformulation, PM-N, of the special case

of the PM-MIP that incorporates the heuristic values of the m' and Viq variables and can be

used to efficiently check the feasibility of the special case PM-MIP for a given value of u.

By using the heuristic and network reformulation, we can optimally solve the special case

of the PM-MIP. The algorithm is as follows.

(1) Set u = 0.
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(2) Implement the heuristic to fix the values of the mi and vi variables.

(3) Using the heuristic values of the m' and Viq variables, reformulate the special case

PM-MIP as a PM-N network formulation. Solve the PM-N formulation. If a feasible

solution exists, the optimal objective function for the special case PM-MIP is u

and the optimal solution consists of the nt and Viq variables as determined by the

heuristic and the x' values that correspond to the feasible solution of the network

formulation. If a feasible solution to the network formulation does not exist, proceed

with the algorithmn.

(4) Set u = u+1. If u = III, the problem is infeasible. If u < I|, return to step 2.

Recall that u represents the maximum number of aircraft in maintenance at any given time

in the planning horizon. Therefore, it is lower bounded by zero and upper bounded by tihe

total number of aircraft. By starting the algorithm at u = 0 and increasing in one unit

increments, we check every possible value of the objective function of the special case PM-

MIP. As soon as we find a a for which a feasible solution exists, we know the optimal solution

to the special case of the PM-MIP.

3.5. Summary

In this chapter we presented a mathematical formulation for the scheduling of phase

maintenance. The PM-MIP presented in this chapter uses a mini-nax objective function to

minimize the variance in maintenance demand while also minimizing the overall amount of

phase maintenance. While the formulation does not provide a comprehensive preventative

maintenance schedule since it only considers phase maintenance, it provides a strong founda-

tion on which to build more complex maintenance scheduling models. From a computational

standpoint, PM-MIP is not ideal. In realistic instances that include multiple sortie types

and limited numbers of available aircraft, the solve times can be on the order of a day or

longer. Hence, we seek to develop an alternate formulation of the PM-MIP that lends better

computational behavior and provides aii implementable flying schedule.

In addition to presenting the primary PM-MIP formulation, we presented a special case of

tihe PM-MIP that can be solved optimally using a heuristic and simple network formulation.

Under the primary assumptions that there is only a single sortie type and constant sortie

requirements, we show that a greedy heuristic can optimally determine tine values of the

mi and Viq variables. We then show that for a given objective function value, the heuristic

results can be used to reformulate the PM-MIP as a network formulation, PM-N. The PM-N

formulation efficiently solves for a feasible set of xz variables based on a predetermined set of

maintenance actions and end of horizon target assignments. By enumerating over possible

values of the PM-MIP objective function, we can easily solve the special of the PM-MIP to

optimality.



CHAPTER 4

Two-Stage MIP for Phase Maintenance Scheduling

In this chapter, we present alternative methods of modeling the phase maintenance sched-

uling process. In Chapter 3, we introduced the PM-MIP formulation and discussed the less

than ideal computational behavior of the formulation. Motivated by the need for a model

with better computational behavior, we disaggregate the PM-MIP into two interrelated sub-

problems that are solved sequentially. The disaggregation leads to far better computational

behavior and makes it tractable to solve for expanded data sets that were previously in-

tractable. Although the disaggregation is suboptimal relative to the PM-MIP, it lends a

good solution that justifies the trade off between optimality and tractability.

We begin by presenting the framework under which we disaggregate the PM-MIP. The

subproblemns are then developed, discussed, and compared to the PM-MIP. Lastly, we in-

plemnent the subproblems and compare the solutions with those from the PM-MIP.

4.1. Framework for Disaggregation of Phase Maintenance Scheduling

The overall purpose of the PM-MIP was to optimally balance sortie requirements and

phase maintenance requirements. The PM-MIP formulation made flying and maintenance

decisions for each time period over the entire planning horizon. Therefore, the optimal

solution to the PM-MIP provided a highly detailed schedule that specified precisely when

each aircraft would enter phase maintenance and on what days each aircraft would fly.

However, since the model simultaneously considered every time period over the planning

horizon, the PM-MIP was intractable for expanded data sets.

In order to improve the computational tractability of the phase maintenance scheduling

problem, we seek to disaggregate the problem into subproblems that are more tractable. Re-

call that in the PM-MIP, tihe flying and maintenance decisions were made simultaneously and

were represented by the x' and m', variables, respectively. We now consider the possibility of

making the flying and maintenance decisions sequentially rather than simultaneously. That

is, we first determine the maintenance schedule and then solve for a flying schedule assuming

that the maintenance schedule is fixed, or vice versa. By considering these sets of decisions

separately in sequence, we substantially reduce the number of decision variables that need

to be simultaneously considered and therefore improve the tractability of the formulation.

In the disaggregation of the PM-MIP, we first solve for the maintenance schedule and

then solve for the daily flying schedule. This disaggregation hinges on the granularity of the
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time periods in the planning horizon for each of the two subprobleis. When solving the first

subprobleim for the maintenance schedule, we let each time period represent the duration of

a single phase inaintenance inspection. In practice, maintenance schedulers almost always

enter aircraft into phase maintenance as soon as the previous aircraft exits phase mainte-

nance. This leads to the concept of non overlapping, sequential phase iaintenance tine

slots. By treating each of these slots as a single time period when solving for a maintenance

schedule, each tine an aircraft is assigned to enter maintenance it is has a downtime of one

period. This reduction in the time granularity of the planning horizon results in far fewer

variables and constraints.

After the maintenance schedule has been fixed after solving the first subproblein, the

second subproblein is solved to deternine the daily flying schedule. The second subproblein

has a planning horizon that is the duration of a single phase maintenance inspection and

each a tine period represents a 1/2 day. Therefore, the second subproblem must be solved

for every tine period of the first subproblein. For each instance of the second problemni,
the solution from the first subproblen provides the data regarding the state of each aircraft

which is then used to assign individual aircraft to sortie requirements. Due to the short

planning horizon of the second subproblem, expanded data sets that previously inade the

PM-MIP intractable have marginal impact on the tractability of the iodel.

Ultimately, the disaggregation of PM-MIP uses two subproblenis that have shortened

planning horizons in order to generate a long-term daily flying and naintenance schedule.

In the next section, we present and develop the fornulation for the two subproblemns in detail

and discuss further the interactions between the them.

4.2. Formulations of Subproblems

In this section we present two subproblems, one that generates a naintennance schedule

and one that generates a flying schedule, which we will refer to as the M-Sub and F-Sub. The

M-Sub is solved first. Each time period in the M-Sub represents the downtime associated

with one phase mnaintenance inspection. Therefore, when an aircraft is assigned to phase

maintenance in the M-Sub, it is unavailable to fly for one tine period. Unlike the PM-MIP,
the M-Sub does not assign aircraft to individual sortie requirements. Rather, the M-Sub

decides how many hours each aircraft will be flown in each time period. By assigning flying

hours to aircraft in each tine period rather than assigning individual sorties, the M-Sub cani

still keep track of the phase hours remaining for each aircraft and decide when to enter each

aircraft into phase maintenance. Ultimniately, a solution to the M-Sub provides a miaintenance

schedule and it specifies how many hours each aircraft can fly in each tine period.

After the M-Sub has been solved, the F-Sub is solved for each time period of the M-Sub.

That is, the planning horizon for the F-Sub is equivalent to the duration of the downtimne



4.2. FORMULATIONS OF SUBPROBLEMS

associated with one phase maintenance inspection. Since the maintenance schedule is deter-

mined using the M-Sub, the F-Sub does not consider any decisions pertaining to maintenance

scheduling. Rather, the F-Sub focuses oni assigning individual aircraft to sortie requirements

while ensuring that each aircraft does not fly more hours than was assigned by the M-Sub.

The F-Sub generates a daily flying schedule for each period of the M-Sub. By joining the

optimal solutions of the M-Sub and F-Sub, a long-terim daily schedule, similar to the one

generated by the PM-MIP, can be produced.

4.2.1. M-Sub Ingredients and Formulation. As discussed earlier, maintenance slots

are generally non overlapping in practice. This allows us to segment the planning horizon

into time periods that are each the length of one phase maintenance inspection since we

are primarily concerned with generating a maintenance schedule with the M-Sub. In the

PM-MIP, each time period was 1/2 a day and a phase maintenance inspection required a

downtime of k 1/2 day periods. In the M-Sub, each time period is equivalent to the downtime

associated with one maintenance inspection, or k/2 days. Also, in the PM-MIP, the model

precisely tracked the phase hours remaining for each aircraft since it could assign aircraft to

individual sorties of known duration. In the M-Sub, the model cannot consider daily sortie

requirements so it must consider the sortie requirements over every k/2 days in aggregate.

Using the known daily sortie requirements, we can determine the total number of flying hours

that must be completed over every k/2 days. The M-Sub is then required to assign flying

hours to each aircraft for each time period so that there are enough cumulative assigned

flying hours to meet the aggregate sortie requirements. By assigning flying hours in each

time period, the M-Sub can keep track of the phase hours remaining on each aircraft which

is necessary to generate a maintenance schedule since phase maintenance is solely based on

accrued flying hours. Ultimately, the M-Sub generates a phase maintenance schedule and

flying hours assignments for each time period.

M-Sub Formulation. We begin by defining all the relevant sets to the M-Sub. Just as in

the PM-MIP, we let I denote the set of all aircraft and III is the total number of aircraft.

We let Q denote the set of all end of horizon targets. Also as in the PM-MIP, we assume

that each aircraft is assigned to a unique end of horizon target so IQI = II.
The sets in the M-Sub formulation are summnnarized below.

Sets.

I set of all aircraft i C I
Q set of all end of horizon targets q C Q
Next, we present the data associated with the M-Sub. Much of the data is identical to the

data used in the PM-MIP. In the formulation, T is the length of the planning horizon, with

each time period t = 1, 2, ..., T, representing the length of a phase maintenance inspection.
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Since flying operations and phase maintenance are generally restricted to weekdays, we
assume that weekends are not included in the planning horizon.

The parameter h represents the phase maintenance interval, that is, the maximum flying
hours an aircraft can accrue between phase naintenance actions. In operational settings, to
prevent aircraft fromi entering phase maintenance excessively early, maintenance schedulers
can only schedule an aircraft for phase maintenance if its phase hours remaining is below a
certain limit, hmax. This parameter hmnax represents the maximum number of phase hours
an aircraft can have when entered into phase maintenance.

The parameters bi and eq describe the states of aircraft at the beginning and end of the
planning horizon. At the start of the planning horizon, each aircraft, i E I, has a given

number of phase hours, bi, remaining. At the end of the planning horizon, it is necessary to
ensure a distribution of phase hours among the aircraft so that a large number of aircraft
will not later comie due for phase maintenance at the same time. The parameters eq are used
to define the end of horizon targets. For each target q E Q, eq is the target number of flying
hours for any plane assigned to that target at the end of the horizon.

The parameter M is a fixed maintenance capacity that can be used without cost or
penalty. It has the same properties as the M in the PM-MIP which were discussed in

Section 3.2.2.

The parameter Ft is unique to the M-Sub and was not present in the PM-MIP. F repre-
sents the aggregation of the sortie requirements in period t. Specifically, it is the sum of the

total flying hours necessary to complete all the sortie requirements over a given k/2 days,
where k is the number of 1/2 day periods necessary to complete a single phase maintenance

inspection. Since the daily sortie requirements provide the number of sorties required in each
1/2 period as well as the duration of those sortie, F can easily be calculated.

The parameter ffriax is also unique to the M-Sub and is crucial to the disaggregation of

the PM-MIP. The parameter fminax is the imaximumi number of flying hours each aircraft can

fly in a single period t. In each time period, the M-Sub decides how many flying hours each

aircraft will fly in order to mieet the sortie requirements. However, since the parameter F

only provides information regarding the total flying hours that are required, the M-Sub has

no information regarding how many aircraft are needed on each day. In an extreme case,
the M-Sub could assign a single aircraft to fly all F hours in a time period even though

there must actually be mnultiple aircraft available per day. In order to force the M-Sub to

distribute the F required flying hours amongst multiple aircraft, we use the parameter finax-
We determine the value of finax in the following manner,

mmax - -
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where st is the maximum number of aircraft required in period t of the M-Sub. For example,

suppose each period of the M-Sub is equivalent to 2 weeks. During the first two weeks of

the planning horizon, on one day, 8 sorties are required in the morning and that is the most

sorties required in any 1/2 day of the first two weeks. Then st = 8. By setting ftiax in this

manner, we are guaranteed to have at least st aircraft that are assigned to fly in a given time

period.

It may also be desirable to increase st by multiplying by some factor a > 1 so that the Ft

hours are guaranteed to be distributed across more than st aircraft. This could be used to

add a measure of robustness and protect against the possibility of random aircraft failures.

For the implementation of the M-Sub in this section, we do not use ai a multiplier.

Data.

T length of time horizon where t =1,2, .. . T

h maximum accrued flying hours between phase maintenance inspections

hmnax maximum number of phase hours ai aircraft can have remaining for it to be

entered into maintenance

bi phase hours remaining oi aircraft i E I at the beginning of the horizon, t = 1

eq end of horizon flying hours target for aircraft assigned to target q E Q
M maximum number of aircraft that can be in maintenance at any given time with-

out incurring a "cost" or "penalty"

Ft flying hours required in period t to meet all sortie requirements

fiiax iaximium flying hours that ai aircraft can fly in a single period

The decision variables in the M-Sub are largely the same as those in the PM-MIP. The

variable mt represents the binary decision to enter aircraft i into phase maintenance at time

t. The variable Viq represents the binary decision to assign aircraft i to end of horizon target

q. The variable h' is used to keep track of the phase hours remaining for each aircraft i in

period t.

The only variable that is unique to the M-Sub, is fi. The variable fi represents the

number of flying hours assigned to be flown by aircraft i in period t. Unlike the PM-MIP

formulation that contained a binary variable that represented the decision to fly an aircraft

or not, the M-Sub uses a continuous variable that represents the flying hours assigned to

each aircraft in each period.

Decision Variables.

S1, if aircraft i E Ienters maintenance in period t

0, otherwise



1, if aircraft
Viq o

0, otherwise

4.2. FORMULATIONS OF SUBPROBLEMS

i Iis assigned to end of horizon target eq

h> > 0 phase hours remaining at the start of period t until aircraft i E I must enter

maintenance, "life remaining"

f> > 0 the nuiber of hours flown by aircraft i E I in time period t

Z objective fuiiction value that is being riinimized

Formulation.

M-Sub = minimize Z

s.t.

,Vi E ,

,Vt, i E I,

,Vt,i E I,

htl> hmt,

T - hi > (h - hhmax.)m ,

Zf Ft,

f4 (1 -- mi)fiax

0.9viqeq < hij,

l.lviqeq + h(1 - viq) hT,

Z i = 1,

q

m, -- RI < z,

,Vti E I,

,Vti El ,

,Vt,

,Vti El ,

, Vi E I, q E Q,

,Vi E I,q E Q,

,Vq E Q,

,Vi E I,

SVt,

(4.2.2)

(4.2.3)

(4.2.4)

(4.2.5)

(4.2.6)

(4.2.7)

(4.2.8)

(4.2.9)

(4.2.10)

(4.2.11)

(4.2.12)

(4.2.13)

(4.2.14)

(4.2.15)

(4.2.16)

(4.2.17)

(4.2.18)

(4.2.19)

(4.2.1)

z > 0,

ht > 0 ,Vi E I,t,

f 2 0, , Vi E I, t,

m E {0, 1}, ,Vi E I,t,

Vig E {0, 1},, Vi E I, q E Q.

h' = bi,

h'+1 < T, , Vt, i E 1,
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The forimulation for the M-Sub shares many constraints with the PM-MIP. The con-

straints that are unique to the M-Sub formulation are constraints (4.2.8) and (4.2.9). In the

M-Sub, we replace the sortie requirements constraints from the PM-MIP with constraints

on the flying hours assigned to each aircraft in each time period, represented by fjf.
Constraint (4.2.8) requires that the sun of flying hours assigned to the entire fleet of

aircraft in each period must exceed the total duration of all sorties required over the k/2

days that are aggregated into each period of the M-Sub, which is Ft. Constraint (4.2.9)

ensures that the F required flying hours are allocated anongst mnultiple aircraft. Based oi

the value of finax, the M-Sub is required to assign the required flying hours across some

minimum inumnber of aircraft. This ensures that in the F-Sub, there are enough aircraft

available to meet the daily sortie requirements.

The detailed explanations for the remaining constraints can be found in Section (3.2.1).

4.2.2. F-Sub Ingredients and Formulation. After the M-Sub has been solved, we

then solve the F-Sub. Each instance of the F-Sub considers a planning horizon that is

equivalent to one period in the M-Sub. Recall that each period in the M-Sub was the

duration of a single phase maintenance action or k/2 days, where k is the number of 1/2

days periods required to complete a phase maintenance action. The F-Sub has a planning

horizon of k 1/2 day periods.

Over the planning horizon of k periods, the F-Sub seeks to assign aircraft to daily sortie

requiremnents using the solution from the M-Sub as inputs. From the M-Sub solution, we

know the number of flying hours that have been assigned to each aircraft for the planning

horizon of a single instance of the F-Sub. The goal of the F-Sub is to assign aircraft to

sortie requirements so that the total flying hours flown by each aircraft over the k periods

in the F-Sub closely matches the flying hours assignments that were handed down by the

M-Sub. In other words, the flying hours assigned in the M-Sub are treated as targets in the

F-Sub. The F-Sub ensures that all sortie requiremnents are met while also seeking to meet

tihe flying hours targets assigned from the M-Sub. Ultimately, tihe F-Sub generates a daily

flying schedule for each tine period in the M-Sub.

F-Sub Formulation. We begin with the sets relevant to the F-Sub formnulation. As with

the PM-MIP and M-Sub, we let I represent the set of all aircraft and Ill is the total number

of aircraft. Since the M-Sub determines when each aircraft is assigned to phase mnaintenance,
the set I in tihe F-Sub excludes all aircraft that are assigned to phase maintenance. We let

J denote tihe set of all sortie types, just as in the PM-MIP.

Sets.

I set of all aircraft i E I

J set of all sortie types j C J
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Next we present the data in the F-Sub. The length of the planning horizon is T, where each
period represents a 1/2 day. The parameter fi comes directly from the solution of the M-Sub

and it represents the number of flying hours assigned to aircraft i. Since we are solving the

F-Sub for each time period of the M-Sub, we drop the superscript the, variable fi in the

M-Sub becomes the parameter fi in the F-Sub. The parameter 1j and s' are the same in the

F-Sub as they were in the PM-MIP.

Data.

T length of time horizon where t = 1, 2, . .. , T

fi number of flying hours assigned to aircraft i c I (from the M-Sub solution)

lb length of sortie type j E J
St minimum number of sorties of type j E J required in period t

There are only two decision variables in the F-Sub. The variables xt is the binary decision

to assign aircraft i to sortie type j in period t. It is the same variable that was found in

the PM-MIP formulation. The second variable is zi. It represents the absolute difference

between the flying hours assigned by the M-Sub and the number of flying that were assigned

to aircraft i in the F-Sub. The variable zi is minimized in the objective function of the

F-Sub.

Decision Variables.

t 1, if aircraft i E Ienters maintenance in period t{ 0, otherwise
z difference between the F-Sub assigned flying hours and the M-Sub assigned flying

hours for aircraft i E I

Formulation.

(4.2.20) F-Sub = minimize zi

s.t.

(4.2.21) x >s, , Vt, j C J,

(4.2.23) X > , Vodd t,i E I,

(4.2.24) fi-Z x izi, , Vi,
t i

(4.2.25) zi > 0, ,Vi.
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The objective function 4.2.20, in conjunction with constraints 4.2.24 and 4.2.15, minimizes

the sum of the differences between the number of flying hours assigned to aircraft i in the

F-Sub and the flying hours targets from the M-Sub. In constraint 4.2.24, the parameter

fi represents the flying hours that were assigned to aircraft i from the M-Sub. The F-Sub

seeks to assign aircraft to the sortie requirements so that total flying hours assigned to each

aircraft over the planning horizon is as close as possible to the targets from the M-Sub.

Constraints 4.2.21-4.2.23 were first presented with the PM-MIP and they serve the same

purposes in the F-Sub. Constraint 4.2.21 ensures that the sortie requirements in each time

period are satisfied. Constraint 4.2.22 ensures that each aircraft is only assigned to a single

sortie in each time period. Constraint 4.2.23 requires that sorties in the afternoon (even

numbered time periods) are only flown by aircraft that were also assigned to fly in the

morning (odd number time periods).

Notice that the F-Sub does not track the number of flying hours in each time period and

it does not make any maintenance decisions. The set I already excludes any aircraft that

are assigned to phase maintenance and the maintenance schedule is fully determined by the

M-Sub. This leads to a very simple MIP that needs only to consider one set of decision

variables, the 4 variables.

4.3. Discussion of the Disaggregation Models

We begin by summarizing the basic interaction between the two subproblems. The M-

Sub is solved first and it generates a maintenance schedule and flying hours targets for each

aircraft in each period. As discussed earlier, the M-Sub considers the sortie requirements in

aggregate since each time period of the M-Sub is equivalent multiple periods in the PM-MIP.

The M-Sub then assigns flying hours to aircraft in each period to meet the aggregated sortie

requirements. This allows the M-Sub to keep track of tihe phase hours remaining for all the

aircraft and it uses this information to schedule aircraft for maintenance.

An instance of F-Sub is solved for each period of the M-Sub and it uses the maintenance

schedule and periodic flying hours targets from tihe M-Sub as data. Using the same sortie

requirements that were used in the PM-MIP, the F-Sub assigns aircraft to individual sorties

so that each aircraft's total assigned flying hours matches the flying hours targets from the

M-Sub as closely as possible. Combined with the maintenance schedule generated by the

M-Sub, the F-Sub solution leads to a long-term daily flying and maintenance schedule.

Notice that the maintenance schedule generated by the M-Sub relies on each aircraft

flying the number of hours it was assigned in each period of the M-Sub. However, the F-Sub

is not required to have every aircraft precisely fly the number of hours that were assigned

to it by the M-Sub. Therefore, if the flying schedule fromn the F-Sub results in an aircraft

deviating greatly from the M-Sub target, the entire maintenance schedule from the M-Sub
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could be compromised. For example, suppose the M-Sub assigns an aircraft to fly 30 hours

in a given period. Then an instance of the F-Sub is solved for that same period and the

aircraft is assigned to fly 26 hrs. This could happen in any number of periods of the M-Sub

which would mean the maintenance schedule is entering aircraft into phase maintenance

long before necessary. In the context of the fighter phase maintenance scheduling problem,
however, the relatively long interval between phase mnaintenance inspections (~300 hirs) and

the imuch smaller sortie durations (~1-2 hirs) rakes it unconimmon for the F-Sub assignmients

to deviate much from the M-Sub targets (see Section 5.5 for empirical results). The potential

for deviations in the two subproblemns imay be iore of a concern if the two stage approach

is applied to other problemis.

Another important characteristic of the two stage approach is that the F-Sub will always

generate a feasible flying schedule. Notice that in the F-Sub formulation, there are no

constraints that involve the phase hours remaining for each aircraft. Therefore, an aircraft

that was assigned zero flying hours by the M-Sub can still be assigned to a sortie. While

this gives the model flexibility as it seeks to generate a flying schedule, it also leads to

unnecessarily long solution tinmes. Since any aircraft can be assigned to a sortie regardless of

whether it was assigned flying hours by the M-Sub, the F-Sub must evaluate a large number

of feasible solutions. Although the solution times can be very long, a near optimal solution

is found within seconds as denmonstrated in Section 5.5. The vast majority of the solution

time leads to no change in the objective function value or very little improvemnent.

Just as in the PM-MIP, the two-stage rmodel is still limited in its scope since it only applies

to the scheduling of phase maintenance. However, given that the two stage muodel has far

better computational behavior than the PM-MIP, it is possible to consider expanding the

model to include various usage based preventative miaintenance requirements. Previously, the

PM-MIP was intractable for large data sets and when only considering phase maintenance.

With the two stage approach, we could expand the model to consider mnultiple usage based

preventative naintenance requirements that share maintenance resources.

4.4. Implementation of the Two-Stage Model

In this section we implement the two-stage model for phase maintenance scheduling and

present the results. We use the samie sortie requirements and data that we used in the

implementation of the PM-MIP in Section 3.3. Table 1 summarized the data that was

previously presented in the implemientation of the PM-MIP

To incorporate the same data into the M-Sub and F-Sub formulations, we imust adapt

the data. Table 1 shows the data used for the M-Sub and F-Sub. Notice that the planning

horizons for the M-Sub is only 26 periods where as in the PM-MIP the horizon is 520 periods

since one period of the M-Sub is equivalent to 20 periods in the PM-MIP. In addition, the
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(A) Data for the M-Sub

M-SUB INSTANCE DATA
Data Description Symbol Value

Length of planning horizon T 26 periods
Number of AC I 15

Flying hours required in period t F varies
Max flying hours assignable to each aircraft in period t f Ft/st

Flying hours between Phase MX Inspections h 300 hrs
Max phase hours remaining when AC is entered into MX hmax 60 hrs

Phase hours remaining on each AC i E I at t 1 bi U(O,h)
End of horizon phase hours remaining target for q E Q eq [0,h]

(B) Data for the F-Sub

F-SUB INSTANCE DATA
Data Description Symbol Value

Length of planning horizon T 20 periods
Numiber of aircraft I all not in phase (<; 15)

Flying hours assigned to aircraft i (from M-Sub) fi varies
Length of Specific Sortie Types 11, 12 1.4, 2.4 hrs

Numiber of sorties of type j E J required in period t s varies
Nuimber of sortie types J 2

TABLE 1. Data from PM-MIP implementation adapted for the two subproblemns

F-Sub only considers a planning horizon of 20 1/2 day periods rather than the 530 1/2 day

periods considered in the PM-MIP.

The two subproblems was written in AMPL and solved using CPLEX 11 oi a machine

with an Intel Xeon 2.80GHz dual core processor and 8gb of RAM.

The M-Sub solves instantly (0.01s) and generates a maintenance schedule and flying hours

assignments. Figure 4.4.1 plots the phase hours remaining on each aircraft over the planning

horizon. Compared to the plot generated by the PM-MIP (Figure 3.3.1), the M-Sub solution

has noticeably better spacing between the fleet of aircraft throughout the planning horizon.

This is in large part due to the parameter fax which restricts the rate at which an aircraft

canl be flown and requires multiple aircraft to be flown. In addition, the M-Sub solution

enters fewer aircraft into phase maintenance over the course of the planning horizon. This

suggests that the M-Sub has far fewer issues with overflying the sortie requirements than the

PM-MIP.

After solving the M-Sub, we then solve an instance of the F-Sub for each period in the

M-Sub. For each of the 26 instances of the F-Sub, we use the flying hours assigniments as

input to the M-Sub. In addition, for each instance of the F-Sub we only consider the aircraft
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Phase Hours Remaining over Time from the M-Sub
300-

250 1

2200

150-

0 - -
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FIGURE 4.4. 1. Phase hours plot fromn the optimal solution to the M-Sub

that were not entered into phase maintenance by the M-Sub. The sortie requiremnents that
are used in the F-Sub are the samne as those used in the PM-MIP.

Figure 4.4.2 shows an example of an optimal solution fromn one instance of thle F-Sub. An
'x denotes that an aircraft has been assigned to fly onl a given day. Thle second and third row
show the sortie requirements for the planning horizon. Recall that each period represents a
1/2 day period so the odd numbered periods are mornings and the even numbered periods
are afternoons. There are a total of 132 sorties that are required over the planning horizon.
The F-Sub slightly overflies the sortie requiremnents by assigning aircraft to 149 sorties. In
practice, these additional sorties could without much consequence. The sumn of thle flying
hours assigned to the fleet of aircraft by thle M-Sub was 245.8 hours and the total duration
of sorties assigned by thle F-Sub is only 0.4 hours fromn that target. That is, thle objective
function value for this instance is 0.4 hours. Therefore, if the 17 additional sorties were
ignored, the aircraft would have mnore phase hours remaining at thle end of the 20 periods than
the M-Sub expects, but it would not result in a significant deviation fromn thle maintenance
schedule when considering that thle interval between phase maintenance actions is 300 hrs.

Figure 2 summarizes the results fromn each run of the F-Sub. Thle objective function
represents the difference between the flying hours assigned by thle M-Sub and thle actual
duration of sortie assignments fromn the F-Sub. As shown in the table, the F-Sub does lends
very good solutions that comne close to flying hours targets assigned by thle M-Sub. Given
that thle interval between phase maintenance inspections is 300 hirs and the F-Sub is only
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SORTIE REQUIREMENTS

period 1 2 3 4 5 6 7 8 9 10 11 1213 1415 16 17 18 19 20

sortie type 1 8 6 0 8 0 0 0 0 7 6 8 6 0 8 0 0 0 0 8 6

sortie type 2 0 0 8 0 8 8 6 8 0 0 8 e 8 0 0 0 8 7 0 0
DAILY FLYING SCHEDULE

ACI x x x x x x x x x x x x x x x

AC2 x Ix x x x x x x x x x x x x x x

AC3 x x x x x x x x x x x x x x

AC4 x x x x x x x x

ACS x xXxIX xt x x x xx x x x x x

AC 6 undergoing phase maintenance

AC7 1 1 1 1

AC8 _ x x xx x xx x x I XXX x

AC9
AC1O x x x x x x xIx x xx xx
AC11 x x x x x x x x x x x x x x x x x

AC12
AC13
AC14 x x x x x Xx XXX x x x x x x

ACIS x x x x x x Ix x x x x x x

FIGURE 4.4.2. Optimal flying schedule from one instance of the F-Sub

deviating from the M-Sub targets by a few hours, the

the resulting flying schedule is implenentable.

solutions are highly reasonable and

In terms of computational behavior, each instance of the F-Sub was given a time limit

of 10 seconds to solve. Approximately a 1/3 of the instances solved in less than 10 seconds.

The remaining instances all reached near optimal solutions in seconds and terminated after

10 seconds. In total, the two stage model produced a long-term flying and maintenance

within minutes while the PM-MIP required several hours.

4.5. Summary

In this chapter, we presented a disaggregation of the PM-MIP that leads to two subprob-

lems that are solved sequentially to generate a long-term flying schedule. The disaggregation

results in significant improvements in computational behavior. This allows for solving in-

stances of the phase maintenance scheduling problem with expanded data set that were

previously intractable with the PM-MIP. Although the gains in computational behavior re-

quire a trade off with optimality, the results from the disaggregation of the PM-MIP are still

highly implemnentable. Therefore, it is justifiable to use the two-stage model in generating a

long-term flying schedule.
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Period Obj. Fn. Total Hours % Diff
1/2 days Ej zi Ei fi

1 0.4 245.8 0.16%
2 1.6 265.6 0.60%
3 3.4 58.8 5.78%
4 0 0 0.00%
5 1 75.8 1.32%
6 1.4 165.6 0.85%
7 3 85.4 3.51%
8 1 166.6 0.60%
9 1.2 214.2 0.56%
10 0 207.2 0.00%
11 5.4 252 2.14%
12 1.4 243.6 0.57%
13 1 260.4 0.38%
14 0.4 245.8 0.16%
15 0.6 265.6 0.23%
16 0.6 58.8 1.02%
17 0.8 0 0.00%
18 2.6 75.8 3.43%
19 1.4 165.6 0.85%
20 3 85.4 3.51%
21 2.2 166.6 1.32%
22 1.6 214.2 0.75%
23 0 207.2 0.00%
24 5.4 252 2.14%
25 1.6 243.6 0.66%
26 1.2 260.4 0.46%

TABLE 2. Results for each instance of the F-Sub; one for each period of the M-Sub



CHAPTER 5

Low-Observable Maintenance Scheduling

In this chapter, we shift our focus to maintenance scheduling issues that are unique to
low-observable (LO) aircraft. The Air Force's newest generation of fighter aircraft with
LO capabilities have preventative maintenance requirements that did not exist for previous
generations of fighter aircraft. In particular, an aircraft's LO capabilities degrade randomly
over time which makes it difficult to make maintenance scheduling decisions. We model the
LO maintenance scheduling problem as a variant of the restless multi-armed bandit (MAB)
problem [191 and apply a variant of the heuristic developed by Whittle to generate a simple
index policy [8]. The index policy allows maintenance schedulers to quickly rank a fleet of
aircraft based on the state of each aircraft's LO capability and decide which aircraft to enter
into LO maintenance and for how long [19].

We begin this chapter by presenting a detailed explanation of the LO maintenance pro-
cess and the dynamics associated with it. We then characterize the process as a restless
MAB problem and outline Whittle's algorithm. Next, we develop and discuss the dynamic
programming (DP) formulation used to generate the desired index policy [4]. Lastly, we
simulate the index policy under a range of conditions to quantify the effectiveness of the
policy.

It is important to note, the analysis in this chapter is focused solely on the data and
processes pertaining to a specific Air Force MDS, but the results are relevant to all aircraft
with similar LO capabilities and maintenance requirements.

5.1. Low-Observable Maintenance Process

The newest generation of fighter aircraft in the Air Force, have low-observable technolo-
gies that present unique maintenance issues that did not exist for previous generations of
fighter aircraft. In particular, the outer surfaces of the LO aircraft are coated with a metallic
paint that is designed to miinimize the radar signature of the aircraft. While LO aircraft have
many design features that contribute to the LO capability of the aircraft, such as the shape
and angles of the aircraft, the metallic coating is the primary contributor to the increased
maintenance requirements for LO aircraft. If the coating is damaged in any way, the radar
signature of the aircraft can be affected. Since LO aircraft are not considered to be fully
mission capable (FMC) unless their radar signature is below a certain level, maintenance
personnel must continuously repair the metallic coating on LO aircraft in order to sustain

73
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an acceptable FMC rate for a fleet of aircraft. Due to limited maintenance capacity and

the downtime required to complete LO maintenance, the scheduling of LO maintenance is

crucial to fleet health.

In this section, we begin by discussing how LO damages occur, major operational factors

that influence LO maintenance decisions, and the basic maintenance process for repairing

dariages. We then present and discuss some data pertaining to LO maintenance.

5.1.1. Operational LO Maintenance. There are two primary categories of LO main-

tenance. The first category pertains to the case when an internal component of an aircraft

needs to be maintained and therefore requires that an outer panel be removed to access the

inside of the aircraft. Since the coating on the external surfaces of the aircraft is continuous

and smooth across all panels, LO maintenance personnel must break the metallic coating

around the edge of the panel to remove the panel and then they must restore the coating

when the panel is reinstalled. This action of "breaking tine shell" is often simply referred to

as LO restore.

The second category of LO maintenance deals with damages to the metallic coating due

to regular flying activities. Simple scrapes and dings caii have a significant impact on tihe

overall radar signature of aii aircraft. Therefore, LO maintenance personnel must carefully

track the danage on each aircraft and decide when to repair them. This type of maintenance

is solely aimed at reducing the radar signature of the aircraft and improving its LO capability.

We will refer to these maintenance actions as LO reduction, or LO redux, actions.

In this chapter, we lirnit the scope of our analysis to the scheduling of LO redux mainte-

nance actions. The schedule for LO restore actions is driven by the maintenance requirements

to internal components of tine aircraft and is independent of the state of an aircraft's LO

capability. Therefore, it would require far nore data and knowledge to fully model tihe LO

restore scheduling process. In contrast, LO redux actions are based solely on the state of an

aircraft's radar cross-section and the distribution of damages on an aircraft. Therefore, we

limit ourselves to the scheduling of LO redux actions.

To properly plan LO redux maintenance, maintenance personnel must be able to char-

acterize the state of each aircraft's LO capability. As an aircraft collects minor damages,

the LO capability of the aircraft deteriorates. Depending on the size, location, and shape of

each specific damiage, the overall impact of a single damage can range from being negligible

to causing the aircraft to no longer be FMC. Examples of damages include scratches to

the metallic coating and chipping of the coating. Each time an aircraft flies, maintenance

personnel record all damages in a database that stores the LO damage information for each

aircraft. To estimate the cumulative impact of all the damages and to characterize the state

of a aircraft's LO capability, maintenance personnel use a system called the Signature Assess-

ment System (SAS). Tihe SAS takes into account all the recorded damages in tine database
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and estimates the LO capability of an aircraft with a SAS number. Since SAS number is a

measure of LO capability, we use the terms LO redux and SAS redux interchangeably.

This SAS number is crucial in imaking LO maintenance decisions. In general, a higher

SAS number corresponds to a larger radar signature and a lower SAS number corresponds

to a smaller radar signature. The minimum possible SAS number is 0 which represents

an aircraft with maximum stealth capability. If an aircraft's SAS number exceeds a certain

threshold, then the aircraft is no longer considered to be FMC since its stealth characteristics

have been sufficiently degraded. It is important to note however, that even if an aircraft is

no longer FMC due to its high SAS number, it can still be flown in support of the sortie

requirements. This is due to the fact that the minor damages that lead to increases in the

SAS number do not have a significant impact on the flight characteristics of the aircraft.

The overall state of a fleet of aircraft is often measured in terms of the FMC rate. Although

a high SAS number cani cause an aircraft to no longer be FMC, there are a multitude of

other maintenance issues unrelated to SAS number that can also cause ai aircraft to no

longer be FMC. Still, maintenance schedulers and personnel must carefully monitor the

cumulative damage for each aircraft and try to keep each aircraft's SAS number below the

FMC threshold.

When deciding which aircraft to enter into SAS redux, schedulers must consider not

only the SAS number for each aircraft but also the nature of the damages that contribute

to the SAS number. In particular, two aircraft may have the same SAS number, but the

distribution of damages on each aircraft could be drastically different. One aircraft may

have only a few damages that each cause a significant increase in the SAS number while the

second aircraft may have a large number of damages that each contribute a small amount

to the overall SAS. Individual damages are classified as either a "heavy hitter" (HH) or a

non heavy hitter, where a heavy hitter is a damage that singlelandedly increases the SAS
number of ai aircraft by a significant amount. The number of man hours necessary to

complete a SAS redux action with a desired reduction in SAS number depends largely on

the distribution, both physically and severity, of damages oi a particular aircraft. Therefore,
when scheduling aircraft for SAS redux, schedulers evaluate the total SAS of each aircraft

as well as the distribution of danages.

Based on the distribution of damages on an aircraft, the amount by which the aircraft's

SAS number will decrease after a fixed time in SAS redux maintenance will vary drastically.

The reduction in SAS number due to a SAS redux action is referred to as the "buy back".

Maintenance personnel generally repair damages in order of how much they contribute to the

overall SAS number, repairing the damages that contribute the most to the SAS number first.

Furthermore, most damages take approximately the samne amount of time to repair regardless

of how much they contribute to tihe overall SAS number. Therefore, if ai aircraft has a large
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number of heavy hitters, a single day of SAS redux will result inl a large reduction in the

SAS number. If the same aircraft undergoes SAS redux for multiple days, each subsequent

day will have decreasing marginal returns in terms of total SAS buy back.

It may then seem reasonable to only complete SAS redux on aircraft with heavy hitters

since they offer the most buy back per day of SAS redux. Notice however, that if only

heavy hitters are repaired, the FMC rate of the fleet may increase in the short term, but the

number of smaller damages on each aircraft will slowly increase over time and will push the

SAS number closer to the FMC threshold. All aircraft will then have to undergo extensive

SAS redux in order to repair the smaller damages that had long been ignored. On the

other hand, if schedulers try to maintain every damage as soon as it occurs, the limited

maintenance capacity will be backlogged and the FMC rate will likely suffer in the short

term. Therefore, schedulers must carefully choose when to maintain each aircraft and to

what extent so as to sustain a high FMC rate for the entire fleet. Notice that unlike with

phase maintenance, schedulers must choose not only the aircraft to assign to maintenance

but also how long to leave the aircraft in maintenance. In general, schedulers can assign an

aircraft to undergo a SAS redux action for durations that range from one to five days, or a

complete overhaul which takes weeks.

Finally, another important consideration in scheduling aircraft for LO maintenance is

the maintenance capacity. In practice, there is a fixed capacity for LO maintenance since it

must be completed in a devoted bay that is specially designed for LO maintenance. These

LO maintenance bays are used for both LO restore and redux. Therefore, the feasibility

of assigning an aircraft to SAS redux is obviously dependent oii the available maintenance

bays.

Currently, the decision process regarding SAS redux is largely dependent on the per-

sonalities of each maintenance unit. Since there are no published policies regarding LO

maintenance, each maintenance unit has the flexibility to make LO maintenance decisions

however they see fit. Therefore, the LO maintenance policies used by flying units throughout

the Air Force can vary. In conversations with several experienced maintenance personnel,

the LO maintenance decision process was described as being "somewhat haphazard". The

focus of this chapter is to mathematically model the LO maintenance decision process and

develop a policy that can be easily implemented.

5.1.2. SAS Evolution Data. In this section we present data pertaining to the LO

maintenance process. The data in this section shows the daily SAS increase for each aircraft

that was flown on a given day. That is, for each aircraft that was flown in a given day, the

SAS number was recorded before the first flight of the day and recorded again after the last

flight of the day. The difference between the preflight SAS and post SAS flight is the data we
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SAS Increase Probability Cumulative Prob.
0 0.325724151 0.325724151
1 0.193938231 0.519662383
2 0.107040092 0.626702475
3 0.055821984 0.682524458
4 0.034145406 0.716669864
5 0.038749281 0.755419144
6 0.020909265 0.77632841
7 0.017648187 0.793976597
8 0.012660656 0.806637253
9 0.013044312 0.819681565
10 0.009399578 0.829081143
11 0.009015922 0.838097065
12 0.007864953 0.845962018
13 0.003644734 0.849606752
14 0.00306925 0.852676002
15 0.002110109 0.854786112

TABLE 1. SAS Increase Probabilities

present in this section. The data is from a period of 3.5 years which includes approximately

10,000 flights and 65 aircraft.

We begin by presenting the probability distribution of the SAS increase. Figure (5.1.1)
shows the empirical probability distribution of the daily SAS increases. Notice that the vast

majority of SAS increase are relatively small, 10 or lower. Approximately half the times an
aircraft flies, the SAS increases by less than 1 unit, and approximately 83% of the time the

SAS increase is less than 10 units. Near a SAS increase of 150, the SAS increase CDF has a

slight jump. This jump can be attributed to a specific type of damage, canopy damage, that

immediately increases the aircraft's SAS number by more than 150 units. A canopy damage

is a damage to the metallic coating the covers the glass covering of the aircraft cockpit.

Table 1 shows specific probabilities of SAS increases between 0 and 15 which make up 85%
of increases.

Although the data provides us with a very good understanding of how the total SAS
number for each aircraft evolves over time, the data does not provide any information re-

garding the distribution of damages on each aircraft. For example, the data may show that

an aircraft had a preflight SAS number of 70 and a postflight SAS number of 90. If the

SAS increase was all due to one damage, then we would know that there is a significant

HH, but if the 20 unit increase were due to several damages, then the aircraft may not have

any HH. However, since the data does not specify the number of damages that caused the

SAS increase, we must make assumptions regarding the distribution of damages. We assume

that if an aircraft experiences an increase of 20 units or more from a single day, it has a
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Probability Mass Function for SAS Increases

SAS Increase

(A) PMF of daily SAS increases

Cumulative Probability Distribution for SAS Increases

SAS Increase

(B) CDF of daily SAS increases

FIGURE 5.1.1. Probability distribution of daily SAS increases
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AC Num Flight Start End NAS
Number Flights Hours SAS SAS Increase

SAS Increase -0.071 0.016 0.045 0.102 0.444 1.000

TABLE 2. SAS Increase Correlation Coefficients

heavy hitter. Under that assumption, the probability of a HH on any given day of flying is

approximately 13%.

To fully understand the stochastic nature of the evolution of an aircraft's SAS number,

we examine whether there are significant factors that influence tile SAS increases experienced

by ain aircraft. Tile SAS increase data also included the niumber of flights, total hours flown,

and aircraft tail number associated with each SAS increase. Table 2 shows the correlation

coefficients between the daily SAS increase and a number of different variables. Intuition

would suggest that if ai aircraft accrues more flights and flight hours in a day, the daily SAS

increase would be higher. However, the correlation coefficients for these two variables, 0.016

and 0.045, respectively, are statistically insignificant. The only variable with a significant

correlation coefficient is the postfliglit SAS number. This is to be expected since aircraft

that experience a large SAS increase will immediately have a high postflight SAS number.

Further analysis using regression models similarly showed that factors such as aircraft tail

number, number of flights, total flight hours, days since last redux action, and flights since

last redux action are all insignificant. In addition, we found that the age of the aircraft was

also a statistically insignificant independent variable. Since there are no apparent significant

factors that influence the distribution of SAS increases, for the remainder of the chapter we

assume that SAS increases are random and follow the empirical distribution shown in Figure

5.1.1.

While the upward transitions of tile SAS number are well characterized by the data,
tile downward transitions that result from a SAS redux maintenance action are not as well

defined. It is obvious that if the duration of the SAS redux maintenance action is longer,

the resulting SAS number will be lower. In addition, the distribution of damages on an

aircraft will also greatly affect the resulting SAS number of an aircraft return from SAS

redux maintenance. While both of these factors are associated with the amount by which

an aircraft's SAS number decreases, tile decreases are still stochastic since it is impossible

to precisely forecast tile SAS number of an aircraft coming out of SAS redux. Information

regarding the length of time in maintenance and the distribution of tile damages helps to

predict the resulting SAS number, but it does not provide all the information necessary. To

better quantify the reduction in SAS number that results from a SAS redux action, we used
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the limited historical data available and spoke in-depth with maintenance personnel who

currently work on the flightline.

It is important to note that although the work presented in the remainder of this chapter

is based on the limited SAS redux data that was available, the modeling approach could easily

be extended and improved to incorporate better data. In fact, if more precise data regarding

SAS redux actions were avaiable, the modeling approach would generate a maintenance

policy that would give better operational results.

Ultimately, the manner in which the SAS number of ai aircraft evolves over time is

stochastic. In the case of upward transitions of the SAS number, there are no apparent factors

that influence that nature of the SAS increases. Therefore, a single empirical distribution can

be used to accurately model the stochastic evolution. In the case of downward transitions,
the probability of decreasing the SAS number by a given amount highly depends on the

length of maintenance an aircraft undergoes as well as its distribution of damages, but it is

still a stochastic process.

5.2. Modeling Framework for the LO Scheduling Problem

The LO scheduling problem is a dynamic system in which decisions must be made to

sustain a high FMC rate. In this section we identify and discuss the following three com-

ponents to the dynamic system: 1) the stochastic evolution, 2) the maintenance decisions,
and 3) the cost or objective. Given these components, the LO scheduling problems cani be

modeled as a dynamic program.

5.2.1. Stochastic Evolution of the System. The evolution of the SAS number and

the overall fleet's LO capabilities are characterized by stochastic behavior. When ai aircraft

is not in maintenance, its SAS number will change by a non-negative amount. Although it

is likely that the change in SAS number will be relatively small, there is always a possibility

of sudden, drastic increase in ai aircraft's SAS number. In Section 5.1.2, we found that

the upward transitions in the SAS number were not significantly related to several factors,
including flight hours and number of flights. Therefore, the probability distribution of the

SAS increases remains constant independent of the state of a given aircraft. That is, whether

an aircraft has a SAS number of 20 and no heavy hitters, or a SAS of 150 and multiple heavy

hitters, the probability of the SAS number of either aircraft increasing, assuming that they

both fly on a given day, by some amount x is equal. Figure 5.1.1 shows the entire cumulative

probability distribution of the upward transitions of the SAS number.

The downward transition of the SAS number results from a SAS redux maintenance

action. The reduction in SAS number due to a SAS redux actions depends oi two factors:

the duration of the SAS maintenance and the distribution of damages. In general, when an

aircraft undergoes SAS redux, maintenance personnel will repair the damages that contribute
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the most to the total SAS number of the aircraft first and complete the damages that
contribute the least last. Therefore, the first day of maintenance has a high marginal return
while each subsequent day of maintenance has decreasing marginal returns. However, the
benefit of completing a imulti-day SAS redux action is that there is only a single set up and
tear down. Therefore, entering an aircraft into two one day redux actions, one shortly after
the other and assuming the aircraft did not experience a significant increase in SAS between
the two days, will always be less efficient in terms SAS number reduction than entering an
aircraft into a two day long SAS redux action. In addition to the duration of the maintenance
action, the distribution of damages on ain aircraft will impact the buy back gained from a
SAS redux action. If an aircraft has heavy hitter damages, a single repair will result in a
significant drop in the SAS number. Conversely, if an aircraft only has minor damages that
each contribute a small amount to the aircraft's total SAS number, several repairs will have
to be completed before any significant reduction in SAS number is achieved.

Although information regarding the distribution of damages on an aircraft and the du-
ration of SAS redux maintenance allows us to more accurately predict the outcoming SAS
number, the reduction in SAS number is still randomly distributed across a given range.
This is due to several reasons. First, there are multiple ways of repairing a damage and
depending oi the method that is employed, the amount of SAS reduction can vary. The
different methods trade off effectiveness and speediness. Some methods are quick but do not
completely eliminate the SAS increase caused by a damage while other methods completely
eliminate a damiage but require much more time. In addition to varying methods, another
factor that affects the armount of buy back gained from a SAS redux action is the skill set of
the personnel. Depending on the skill set of the personnel assigned to maintain an aircraft,
the SAS reduction can vary between a given range. Therefore, information regarding the
distribution of damages on an aircraft and the duration of SAS redux maintenance allows us
to narrow the range of possible post redux SAS values, but we can not precisely know the
decrease in SAS that will result.

5.2.2. Decisions. As the SAS numbers of a fleet of aircraft evolve over time, decisions
must be made regarding when to enter each aircraft into SAS redux and for how many
days. In each time period, if there is available maintenance capacity, an aircraft can be
assigned to a SAS redux action of a given duration. There are a limited number of SAS
redux "packages" and each package is a defined by its duration. For example, there can be
SAS redux packages with durations of one, two, three, or four days. In general, if an aircraft
is not already in maintenance, it is feasible to assign the aircraft to any SAS redux package.
That is, the state of ai aircraft does not limit the set of feasible maintenance actions. For
aircraft that are already in maintenance, the only feasible decision in a given time period
is to finish the current maintenance action. We assume that once an aircraft is assigned a
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specific maintenance package, it can not be made available for flight until the maintenance

action is complete.

Another key factor in determining the set of feasible decisions is the maintenance capacity.

If the LO maintenance capacity is full, additional aircraft can iot be entered into maintenance

until another aircraft exits maintenance. Therefore, as long as maintenance capacity is full,
the only feasible decision for all other aircraft is to simply leave them available for flight and

not enter them into maintenance.

In summary, assuming there is capacity available, the set of feasible decisions for any

aircraft that is not in maintenance includes all SAS redux actions and leaving the aircraft

available for flight. The only feasible decision for an aircraft that is already in maintenance

is to complete the current maintenance action. If there is no available maintenance capacity,
then the only feasible decision is to leave the aircraft available for flight.

5.2.3. Cost/Objective of the System. Ultimately, the desire to maintain a high

FMC rate is the central motivator for all LO maintenance scheduling decisions. Over time,
the SAS numbers of aircraft will increase according to the stochastic process described earlier.

Without any SAS redux, the entire fleet of aircraft will eventually become non fully mission

capable (NFMC) as each aircraft's SAS number would exceed the prescribed FMC threshold.

We can quantify the state of the fleet by assigning a cost or reward to each aircraft based on

its SAS number. By assigning a state dependent cost for each aircraft, we can then incentive

decisions that induce a high FMC rate. To sustain a high FMC rate, maintenance scheduling

decisions must be carefully made in each time period of the planning horizon. Without the

proper balance of short term and long term effects, the SAS redux decisions made in any

given period can have a significant impact oi the sustainable FMC rate over the planning

horizon.

5.3. Multi-Armed Bandit Problems

The LO maintenance scheduling problem lends itself to be solved using dyniamic program-

ming (DP). However, due to the maintenance capacity constraint that limits that number of

aircraft that canl be in maintenance, the size of the state space would quickly imake the DP

intractable. In order to capture the maintenance capacity constraint within a DP, the state

of the system at any given time period would have to include information regarding every

aircraft in the fleet. In addition, maintenance actions can last multiple periods which means

the capacity constraint cannot be considered separately in each time period. Given that, in

practice, there canl be approximately 40 aircraft in a fleet of aircraft and SAS numbers can

take on a wide range of values, the size of the state space necessary to capture the capacity

constraint would easily make the DP intractable.
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Due to the intractability of tile solving the capacitated LO maintenance scheduling prob-
lem, we are motivated to find an alternative method for generating LO maintenance schedule.
In this section we present the multi-armed bandit (MAB) problem and classify the LO main-
tenance scheduling problem as such. This leads to a DP that incorporates a relaxation of
the maintenance capacity constraint, thereby making possible to consider each aircraft in-
dependently and greatly reduce the state space[191. We then present Whittle's Index which
has been shown to give near optimal performance in a wide range numerical examples of the
MAB problem [12].

5.3.1. Multi-Armed Bandit Problems. A multi-armed-bandit (MAB) problem deals
with the problem of optimal allocation of resources amongst a number of competing projects.
In general, the MAB problem models the trade off between high short term rewards with the
prospect of better future rewards[8]. In a classic MAB problem, there are n projects and the
state of each project i = 1, 2,..., n is known to be Si, 82, ... , sn. In each time period, a decision
must be made to operate one of the n projects. If project i is operated, then an immediate
reward of g(i) is gained. Furthermore, project i transitions fromi state si(t) to si(t + 1)
according to a Markov rule that is project and state dependent. The unoperated projects in
a given time period do not yield a reward and they do not transition. The objective is to
maximize the expected discounted reward over an infinite planning horizon.

There are many variations of the classic MAB, but we will focus specifically on the restless
MAB. In the classic MAB, the unoperated projects remained static and did not undergo a
state transition. In the restless case, unoperated and operated projects both undergo a state
transition in each time period. In another extension of the classic MAB problem, we no
longer restrict ourselves to operating one project at a time. Rather, we allow up to m of the
n projects to be operated at any given time [19].

For tihe restless MAB, Whittle proposed a heuristic that leads to a simple index policy
which is used to decide what projects to operate at any given time. The heuristic hinges
on relaxing the capacity constraint on the number of projects that can be operated at one
time. Recall that m of n projects could be operated in each period. By requiring that this
constraint be met in expectation rather than in each period and then moving this constraint
to the objective with a suitable Lagrange multiplier, Whittle showed that the Lagrange
multiplier could be used as an index value[19]. By relaxing the capacity constraint, the
problem becomes much easier to solve as each state can be considered independent of the
other states. The Lagrange multiplier serves as a surrogate for the capacity constraint and
indicates the value of using one unit of capacity in a given state.

In general, the heuristic seeks a subsidy As, that makes it equally attractive to operate
or not operate a project i in state xi. This subsidy value can be calculated for every project
since the state of each project is known. The projects are then ranked according to their
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subsidy values. In each period, the n highest ranked projects are operated. Notice that this

leads to a simple index policy that is easily implemented and followed. We will refer to this

index policy as Whittle's index. In practice, Whittle's policy has been shown to be near

optimal in a wide range of cases [12].

5.3.2. LO Maintenance Scheduling as an MAB. The LO maintenance scheduling

problem very closely matches the construct of the restless MAB problem. Each aircraft can

be thought of as a project and deciding to inaintain an aircraft is analogous to operating

a project. For aircraft that are not assigned to maintenance, the state of the aircraft will

transition based oi the known probabilities of upward SAS number transitions. For aircraft

that are maintained, tihe transition probabilities are also known based on the state of the

aircraft. The maintenance capacity constraint is analogous to only being allowed to operate

m out of the n projects in each period. Furthermore, the reward for operating an aircraft is

a function of the aircraft's SAS number and where it is relative to the FMC threshold. By

providing a greater reward to aircraft that are below the FMC threshold and then maximizing

the expected reward over anm infinite horizon, we maximize the sustainable FMC rate for a

fleet of aircraft.

A primary difference between time LO maintenance scheduling problem and the restless

MAB problem described in the previous section lies inl that there are multiple feasible SAS

redux packages. Inl tihe MAB context we must not only decide which projects to operate,
but must also decide how to operate the project. Even with multiple ways to operate a

project, Whittle's index policy can still be implemented. Another difference between the

LO maintenance scheduling problem and the restless MAB problem is that not all aircraft

transition when not in maintenance. Of the aircraft not in maintenance, only a subset may

y on a given day. We assume that the SAS number of aircraft that are not in maintenance

and are not own does not change. We refer to this as the partially restless problem.

5.4. Application of Whittle's Index to the SAS Redux Scheduling Problem

In this section, we apply Whittle's heuristic to time LO maintenance scheduling problem

and produce an index policy that decides when and how long to enter aircraft into SAS

redux. Recall that the heuristic requires the calculation of a subsidy value, A,, that makes

it equally attractive to maintain or not maintain anm aircraft i in state si. These subsidy

values are then the index values associated with being in state si. Based oi the previous

regression analysis, we make the assumption that all aircraft are identical in their dynamics

and thus the index values depend only oin the state and not the aircraft. That is A. =

As As, .... Once the index values have been calculated for all possible states, aircraft are

ranked according to their state dependent index values. Then tihe highest ranking aircraft

are entered into maintenance to fill the available maintenance capacity. However, since there
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are multiple types of maintenance, we must also know what type of maintenance to enter

an aircraft into. The maintenance decision associated with each index value is the decision,
u. = arg maxUEMJ*(s)), where M is the set of all maintenance decisions. Ultimately the

SAS index policy produces ai index value and associate maintenance decision for each state

s E Sf, where Sf is the set of states for aircraft that are not currently in maintenance.

To implement Whittle's heuristic for the LO maintenance scheduling problem we consider

every state s E Sf, calculate the associated the A, and determine the associated decision.

To do this, we use the following algorithm:

(1) Begin with a state s E Sf and a fixed A value.

(2) Solve the infinite horizon DP that models the LO maintenance scheduling problem

using policy iteration

(3) Use bisection search to find the A for which J* MX(s) maxsCMJ*(s) and set

(4) once J=n MX(s) = mmxaxf J*(s)

(5) Set u, = arg maxUeGJ*(s))

(6) Repeat for all states s c Sf

5.4.1. DP Formulation. In this section, we begin by presenting the DP formulation

that is solved for each state s C S and a fixed A.

For a given state s and a fixed A, we solve a discounted infinite horizon DP. First, we will

present the state space used in our implementation of Whittle's heuristic. Next we will define

the decisions and the sets of state dependent feasible decisions. Lastly we will introduce the

transition probabilities that will be used to capture the stochastic nature of the process.

After explaining the formulation we then explain the bisection search used to find the A,

value that results in J*=no MX(s) = maxAl J*(s).
State Space. Our objective is to form a state space that captures every possible state

that ai aircraft could be in over a planning horizon. Recall in Section 5.2.1, we stated that

the upward transitions in the SAS number are captured by the empirical distribution from

the historical data presented in Section 5.1.2 and that correlation and regression analyses

indicate that factors such as number of flights in a day, number of hours own, days since

last redux, flights since last redux, etc. are not significant factors that influence the upward

transition probabilities. For downward transitions in the SAS number due to SAS redux, the

transition probabilities are dependent upon the SAS number of the aircraft when it entered

maintenance as well as the distribution of damages on the aircraft. Therefore, the state

space of the model must include information regarding the SAS number of each aircraft as

well as some information regarding the distribution of damages on each aircraft.

Along with the SAS number and distribution of damages, the state space must capture

the state of an aircraft that is currently in maintenance. Recall that there are multiple
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types of SAS redux actions with different durations. We must be able to distinguish when

an aircraft is in each of the different types of maintenance. In addition, since maintenance

actions last multiple days, the state space must track how many days are remaining in the

maintenance action.

Given these consideration we define state, si, of each aircraft i by four pieces of informa-

tion:

" The current SAS number of the aircraft (0-300) if not in redux or the incoming SAS

number if currently in redux.

" Whether or not the aircraft has a HH (0 or 1).

" What SAS redux action the aircraft is in (0-5).

" The number of days remaining in maintenance (0-11).

Therefore, si is a vector that contains four pieces of information. The first value will be

an integer value on the range [0, 300] and will represent the SAS number of the aircraft.

Although the SAS number can actually take on values greater than 300, we limit it due to

the fact that aircraft with SAS numbers exceeding 300 are rare and are mostly likely a special

case. The second value of the state vector is a binary indicator that represents whether an

aircraft has a heavy hitter or not. Although this is a highly generalized representation of the

distribution of damages on an aircraft, the seemingly simple distinction between an aircraft

with a HH and one without a HH allows us to much more accurately represent the state

transitions without greatly increasing the size of the state space. If historical data were

available regarding the specific distribution of damages on aircraft, the state space could

be expanded further and the LO maintenance scheduling process could be more accurately

modeled.

The third and fourth values of the state vector are used to capture the state of ani

aircraft that is in maintenance. If ai aircraft is not in maintenance, both values will be

0. However, if ai aircraft is in SAS redux maintenance, the third value can take oi one of

several values, each value representing a SAS redux action of a different duration. Based

oii our discussions with maintenance personnel and SAS redux data, we define five possible

types of maintenance:

* 1 day maintenance,

* 2 day maintenance,

* 3 day maintenance,

* 4 day maintenance,

* 11 day maintenance,

If ai aircraft is in maintenance, the first two values in the state vector represents the SAS

state of the aircraft when it entered maintenance. It is necessary to track the incoming

SAS number and heavy hitter status since it obviously influences the feasible range of SAS
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numbers an aircraft can take oii when it exits SAS redux (i.e., an aircraft can not exit
maintenance with a higher SAS number than it entered with). The heavy hitter indicator
is important because short maintenance actions have a larger reduction in the SAS number
when ai aircraft has a heavy hitter than when an aircraft does riot have a heavy hitter. An
11 day maintenance action, however, represents a complete overhaul of the aircraft's external
coating and so the outcomning SAS number will be independent of the incoming SAS number
and heavy hitter status.

Given a state vector with the four aforementioned components, there are 6611 states in
the LO maintenance scheduling DP.

Decisions. For an aircraft that is not in maintenance and is in a given SAS and heavy
hitter state, a decision must be made to either enter the aircraft into maintenance or leave
it available to fly. For aircraft currently in maintenance, the only feasible decision is to
continue maintenance until the action is complete. In total, there are six possible decisions:
one to not enter an aircraft into maintenance and five for each of the five types of SAS redux
maintenance actions. The six possible decisions are as follow:

" Do riot enter into maintenance

" Enter into 1 day maintenance

" Enter into 2 day maintenance

" Enter into 3 day maintenance

" Enter into 4 day maintenance

e Enter into 11 day maintenance

Although there are a total of six possible decisions, the set of feasible decisions depends oni
the state of the aircraft. For an aircraft that is not in maintenance, all decisions are feasible.
For aircraft that are in a maintenance, the only feasible decision is to do nothing. We use
U(s) to denote the feasible set of decisions for given state s.

State Transition Probabilities. The transition probabilities used in the DP algorithm are
state and decision dependent. In Section 5.1.2, we presented the empirical distribution of
SAS increase. The data used to build the empirical distribution was collected from aircraft
that had flown oi a given day. If ani aircraft did not fly oni a given day, then there was no SAS
increase data recorded for the aircraft. This is due to the fact that aircraft that do niot fly
can be assumed to have a SAS increase of zero. In the DP, we do not have any information
regarding which aircraft are flown and which are not. Therefore, we capture the fact that
only a subset of aircraft fly in each period by increasing the probability of a SAS increase
of zero. In practice, approximately 40% of a fleet will fly on a given day. This means that
there is a 60% chance of no SAS increase and a 40% chance that an aircraft will be subject
to the empirical distribution of SAS increase previously mentioned. This is captured in the
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MX Duration

1 2 3 4 11

nonHH 0.1 0.2 0.29 0.37 n/a

HHW SAS <175 0.4 0.47 0.53 0.58 n/a

HH w/SAS >175 0.6 0.65 0.69 0.72 n/a

TABLE 3. SAS redux dowiiward transition percentages

DP by using an augmented version of the empirical distribution in which the probability of

a zero SAS increase is increased appropriately.

For aircraft that undergo SAS redux, the transition probabilities depend on the length

of the SAS redux maintenance, the incoming SAS number of the aircraft and whether it not

it has a HH. We do not have a complete empirical distribution for the downward transition

probabilities due to the large number of possible incoming and outgoing SAS and heavy hitter

states. Accordingly, we assume the expected reduction in SAS number from a maintenance

action is a percentage of the incoming SAS number. Furthermore, we assume the outgoing

SAS number is uniformly distributed around the expected reduction in SAS number. The

expected reduction and uniform distribution were determined by SAS redux data which lists

incoming SAS number, outgoing SAS number, and length of maintenance as well as in depth

discussions with maintenance personnel. Due to the maintenance practice of fixing SAS

damages in decreasing contribution, we imust also ensure that the expected SAS reduction

from a multi-day maintenance action is more than multiple shorter maintenance actions (i.e.,

the SAS reduction from a 2 day maintenance action is more than two back to back 1 day

maintenance actions).
Table 3 shows the percentages used to determine the expected SAS reduction from each

of the five different maintenance durations. Note the increase in SAS reduction percentage

for aircraft with an incoming SAS number greater than 175 which have a heavy hitter. This

is due to the fact that canopy damages lead to an immediate 150 unit increase in the SAS

number are the most common reason for an aircraft to have a SAS number in the high 100s

or 200s. Since the canopy damage can be repaired quickly, the reduction resulting from

a SAS redux maintenance in this region is higher than for aircraft with HHs with lower

SAS numbers or no HHs. After the expected SAS reduction has been determined using the

reduction percentages, the outgoing SAS number is uniformly distributed around ±10% of

the expected SAS reduction. For example, if an aircraft entered a 1 day maintenance action

with HHs and a SAS of 100, the aircraft will return from maintenance with an integral SAS

number in the interval [54,66].
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After the upward and downward transitions in the SAS number, all other transition prob-
abilities represent an aircraft transitioning from a non maintenance state to a maintenance
state or an aircraft moving through a multi day maintenance action. If an aircraft is in a non
maintenance state aid the decision is made to enter the aircraft into maintenance, it will
transition with probability 1 from its current state to the corresponding maintenance state.
Similarly, if an aircraft is already in the middle of a multi day maintenance action, it will
transition with probability 1 to the state that corresponds to the next day of maintenance.

We let p(uk(s)) denote the transition probabilities associated with a state s and the
decision Uk(S), where Uk is the current policy associated with state s.

Reward Function. The overall objective of the LO maintenance scheduling problem is to
enter aircraft into SAS redux so as to maintain a high FMC rate. Therefore, we provide a
positive reward for aircraft that have a SAS number below the FMC threshold. Inl current
practice, the FMC threshold is 100. Any aircraft with a SAS number less than 100 that is
not in maintenance is considered to be FMC, regardless of whether or not is has a heavy
hitter. If ai aircraft has a SAS number greater than 100, its no longer considered FMC, but
it can still be flown to meet the sortie requirements. Therefore, since an aircraft with a SAS
number greater than 100 still provides some benefit, it is also given a positive reward, albeit
a much smaller reward than that given to an FMC aircraft.

Aircraft that are in maintenance are given a reward of A. Recall that Whittle's index
relies oni determining the subsidy value that makes operating a project equally as attractive
as not operating a project. Ii our implementation, maintaining an aircraft is analogous to
operating a project so A is the reward given to an aircraft that is in maintenance. When
A = A, the expected reward for doing nothing in state s is equal to the expected reward for
doing maintenance inl state s. Note that A, may be positive or negative. If A, is negative,
there is a cost associated with maintenance while A, positive implies a subsidy for entering
maintenance.

We let g(s) denote the reward gained from being in state s. We define g(s) as follows:

1 s E set of states with SAS number < 100 and not in maintenance

g(s) 0.2 s E set of states with SAS number > 100 and not in maintenance

A s E set of states that represent being in maintenance

We provide a reward based solely oi the state of the aircraft and not the action chosen.
This is a result of the fact that once ani aircraft is entered into maintenance, it will receive
As for each day it is in maintenance.

Objective Function. The objective function used in the DP seeks to maximize the ex-
pected reward. The expected reward for a given state s is,
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IS'
J*(s) = maxuEU(S) g(s) + a As,(U)J*(S Vs C S.

S /=1

In our DP formulation, we use an a = 0.999. Since sudden increases in SAS number occur

at a relatively low rate, but have a significant impact on the objective function, we use a

high a value to "look" farther into the future.

5.4.2. Bisection Search for A,. As mentioned before, we are looking for a value of

A for each state s such that J ,o MX(s) = maxaUEJ*(s). This value of A will serve as

the index value for state s. Furthermore, the maintenance decision associate with A, is

u. = arg rmaxUMJu*(s) which is the maintenance action we will use if an aircraft is in state

s and we decide to place it into SAS redux.

For a given state s, and the state specific subsidy value A, that results inl J*=no MX S)
maxuEMJu*(s) is found using bisection search. After solving the DP for a given value of A, if

J* MX(s) # maxUMJu*(s) , the value of Ais updated. If J*=no MX(s) < maxuMJ*(s),

it means that the expected reward for deciding to enter an aircraft in state s into maintenance

is higher than the expected reward of not entering the aircraft into maintenance. In this

case, the reward for being in maintenance is too high and A must be decreased. Conversely,

if J M > m*axUsJ (s), the reward for being in maintenance must be decreased.

The initial upper and lower bounds for A,, denoted as A and A respectively, are unknown

a priori. This is due to the fact that the value of A, is a function of the several factors

including the reward function, transition probabilities, and discount factor. However, an

upper bound, A , for A, can easily be found. If the DP is solved using some value of A and

it results in J*= MX(s) > ImaxUEMJu*(s), that is, A is too small. We set A = A and resolve

the DP with a new value of 2A. Continue this process until J*=no MX(s) < maxuEMJ*(s)

at which point a suitable A has been found. A similar process can be used to find a lower

bound for A, if J* MX(s) < mnaxuMJu(s) for the initial value of A.

5.5. Implementation of the DP

The dynamic program described in the previous section was implemented in MATLAB

R2010b. Based on computational experience, we chose policy iteration as our solution

method.

Figure 5.5.1 shows the index values associated with all non maintenance aircraft states.

The two lines differentiate between aircraft with heavy hitter and aircraft without heavy

hitters. As expected, for a given SAS number, ani aircraft with a HH will always be ranked

above an aircraft without a HH. For both HH states and non HH states, the index values

peak right above a SAS number of 100. This is in line with intuition since aircraft that
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FIGURE 5.5.1. Index values associated with each possible SAS state

are slightly above the FMC threshold of 100 are almost guaranteed to become FMC after
undergoing SAS redux. The large drop, and subsequent spike, in index values right before
175 for states with HHs is a result of the SAS redux percentages used to model canopy
damages. Recall that aircraft with a SAS number greater than 175 were considered likely to
have a canopy damage and a redux action was likely to eliminate the 150 unit contribution
from the single damage. Therefore, it is expected that the index values for states with a
SAS >175 to be high than those for states with a SAS< 175.

According to the index values, there are cases when an aircraft with no HHs should be
given maintenance priority over aircraft with HHs. For example, an aircraft with no HHs
and a SAS number of 101 should be entered into maintenance before an aircraft with a HH
and a SAS number of 80. Although this may seem intuitive, historical data from actual
flying units show that, often times, aircraft with HH are given priority regardless of other
factors. The index values make it possible to easily determine when aircraft with HHs should

be given priority and when they should not.

Figure 5.5.2 shows the maintenance decisions, us, associated with each non maintenance
state. The only feasible decision for maintenance states is decision 0, to continue the main-
tenance action until complete, so they are not shown in the figure. For all HH states, the
index policy decision is to enter an aircraft into a one day maintenance action. This is ex-
pected due to the high marginal returns from the first day of SAS redux on an aircraft with
a HH. The index policy decisions for non HH states are far more varied. In general, as the
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SAS number increases the associated maintenance action increases in duration. This follows

intuition since an aircraft with a higher SAS number needs to undergo a longer SAS redux

maintenance action to return to an FMC state.

Although the general trend of longer maintenance actions for higher SAS numbers meets

intuition, the variations in the decisions associated with SAS numbers from 179 to 200 are

not intuitive. Between SAS numbers of 179 and 200, the decision associated with the non

HH states oscillates between a 2, 3, and 4 days maintenance action. Further analysis of the

expected reward values associated with the various feasible decisions for a given state show

that the oscillations are likely due to numerical rounding errors. For example, the state with

a SAS number of 179 had a corresponding maintenance action that enters an aircraft in that

given state into a 2 day maintenance action. However, the difference between the expected

reward of a 2 day maintenance action and a 4 day maintenance action is actually less than

0.01%. Therefore, it is reasonable to ignore the oscillations in the decisions and assume

that the maintenance durations increase as SAS number increases. This is consistent with

intuition.

In summary, the SAS redux index policy assigns ai index value and maintenance decision

to each non maintenance state. Given a fleet of aircraft, each aircraft can be assigned an

index value based on the state of the aircraft. After each aircraft has been assigned an index

value, the fleet is rank ordered from highest to lowest using the index values. The highest

ranking aircraft has the highest priority for maintenance and is entered into SAS redux as

soon as there is open maintenance capacity. When an aircraft is entered into SAS redux,

the duration of the SAS redux action is the maintenance decision that is associated with the

state dependent index value.

5.6. Simulations

In this section, we simulate a long planning horizon and evaluate the effectiveness of the

MAB index policy generated in the previous section. The simulation data is based on data

gathered from ani active Air Force flying unit. Each simulation run has a planning horizon

of 1000 days. On each day 16 aircraft are required to fly, 8 from each of two squadrons. This

represents an aggressive flying schedule since each squadron usually flies fewer than 8 aircraft

per day. Aircraft that fly are subject to SAS increases that follow the empirical distribution

presented in Section 5.1.2. Aircraft that do not fly are assumed to have no change in SAS

number. For each trial, we specify the flying rule used to select what aircraft fly in each

period. The total fleet size is determined by historical data and is approximately 40 aircraft,

although it varies slightly over the course of the planning horizon. Lastly, we assume a LO

maintenance capacity of five aircraft.
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FIGURE 5.5.2. Decisions associated with possible SAS state

In each simulation run, compare maintenance policies that are used to determine which

aircraft to maintain and what type of maintenance to perform. In the first set of trials,

we compare the performance of the SAS index policy and the optimal uncapacitated policy.

The uncapacitated policy is the policy that is generated if the DP presented in Section 5.4.1

is solved using a A = 0. If A = 0, it means there is no maintenance capacity constraint. The

optimal DP solution will find the policy that maximizes the expected reward for each state.

To compare the effectiveness of each of the policies, we will consider their average daily

FMC rate over the planning horizon. The daily FMC rate is equal to the number of aircraft

not in maintenance with a SAS number less than or equal to 100 divided by the total number

of aircraft. Figure 5.6.1 shows the average FMC over the planning horizon for both policies

in five separate trials in which the aircraft to fly are chosen at random among all aircraft not

in maintenance. Also shown, for reference as an upper bound, is the FMC rate of using the

optimal uncapacitated policy in an uncapacitated scenario. Notice that, in the capacitated

scenario, the SAS index policy results in a higher average FMC rate than the uncapacitated

policy in each trial. This is to be expected since the SAS index policy implicitly takes into

account the maintenance capacity constraint while the uncapacitated policy does not. The

SAS index policy results in FMC rates around 60%. Based on the results of the simulation,

we show that the SAS index policy outperforms the uncapacitated policy which is a simpler

alternative to the SAS index policy.
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FIGURE 5.6.1. FMC rates for 5 trials. Each trial had a planning horizon of
1000 periods.

Next, we evaluate the effect of different flying rules while using the SAS index policy.

That is, we simulate different methods of selecting the 16 aircraft that fly in each period and

compare the resulting FMC rates. Specifically, we simulate the following three flying rules:

(1) randomly select 16 aircraft,
(2) always fly the 16 aircraft with the highest SAS numbers,

(3) always fly the 16 aircraft with the lowest SAS number.

It is important to note that we select from the aircraft that are available after maintenance

decisions have already been made. In all trials, we assume a maintenance capacity of five

aircraft. We run five trials for each of the three flying rules again with a planning horizon

of 1000 periods.

Figure 5.6.2 shows the average FMC rates that result from each of the three flying rules.

The FMC rates generated by the random selection rule are the same as the FMC rates

shown in Figure 5.6.1. Interestingly, choosing to always fly the aircraft with the highest SAS

numbers results in a significant jump in FMC rate. The average FMC rate is approximately

73% when employing flying rule 2. This is due to the fact that aircraft with low SAS

numbers are essentially saved for the future. Conversely, flying rule 3 leads to a drastic drop

and ani average FMC rate below 30%. The results suggest that aircraft with the highest SAS

numbers should be assigned to the sortie requirements as much as possible.

Ultimately, the simulations show the effectiveness of the SAS index policy relative to

other policies in realistic scenarios. Inl addition, we find that the flying rule used to select

the aircraft that will fly in each time period cani have a siginificant impact oii the FMC rate.
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FIGURE 5.6.2. FMC rates for three different methods of selecting which air-
craft will fly on a given day.

5.7. Expanding the DP Formulation

The DP formulation presented in Section 5.4.1 has been shown to generate a good SAS
index policy. However, if more detailed data were available, the DP formulation could be
expanded to more accurately model the LO maintenance scheduling problem. In particular,
with more data regarding the distribution of damages, we could expand the state space
to more accurately capture the relationship between the distribution of damages and the
transition probabilities.

In the current DP, the binary indicator for whether or not a HH exists is the only infor-
mation we store regarding the distribution of damages on an aircraft. Since the downward
transition probabilities resulting from a SAS redux action are highly dependent on the dis-
tribution of damages, an expanded state space that captures more information about the
distribution of damages would greatly enhance the resulting SAS index policy.

The expanded state space would require a longer solution time to generate the SAS index
policy, but the SAS index policy is an offline calculation that only needs to be completed
once. The resulting SAS index policy indicating the state dependent index values and cor-
responding maintenance actions can quickly be used to determine the daily maintenance
schedule. Therefore, even if the algorithm above has a solution time of weeks, this would
be acceptable since the resulting SAS index policy does not need to be regenerated for the
foreseeable future. Also of note from a computational perspective is the fact that the al-
gorithm can be implemented in a parallel computing environment. Specifically, the index
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values, and resulting inaintenance actions, for different states are independent and can be

run in parallel. This leads to significant reductions in solution times.

5.8. Summary

In this chapter, we presented the unique maintenance scheduling challenges pertaining

to aircraft with LO capabilities. Over time, the LO capabilities of an aircraft deteriorate

in a stochastic manner. Therefore, maintenance personnel must ensure that the external

coating of each aircraft is periodically repaired so as to sustain a high FMC rate for a fleet

of aircraft. We developed a simple index policy that is generated offline and can be used

to quickly decide what aircraft to maintain and what type of miaintenance to perforim. The

SAS index policy for a realistic set of data is generated using a DP formulation and the

effectiveness of the policy is evaluated using a simulation. We find that the SAS index policy

results in good average FMC rates over a planning horizon when compared to reasonable

alternative policies. Lastly, we propose possible expansions to the DP formiulation that would

miore accurately miodel the LO maintenance scheduling problem.



CHAPTER 6

Conclusion and Recommendations for Future Works

The focus of this research was to model aspects of the maintenance scheduling process for
fighter aircraft using mathematical models. Given that the current maintenance scheduling
process is both time consuming and potentially inefficient, the models have the potential
to significantly improve maintenance operations within the Air Force. We specifically ad-
dressed the scheduling of phase maintenance by modeling the process using a mixed integer
program (MIP). Given the poor computational performance of the MIP, we disaggregate
the formulation into two subproblems that can be solved sequentially. We show that the
disaggregated formulation results in significantly better computational performance while
generating a long-term daily flying and maintenance schedule.

We then shifted our attention to maintenance scheduling issues that are unique to air-
craft with low-observable (LO) capabilities. We show that the characteristics of the LO
maintenance process allow it to be modeled as a variant of the multi-armed bandit (MAB)
problem. We then present a variant of the heuristic proposed by Whittle that has been
shown to provide near optimal solutions for MAB problems. Applying Whittle's heuristic to
the LO maintenance scheduling problem, we generate a simple index policy that can be used
to schedule aircraft for LO maintenance. We then compare the index policy to alternate
policies and show by simulation that the index policy leads to relatively better fully mission
capable (FMC) rates, a common measure of overall fleet health.

6.1. Future Work

There are significant opportunities for future work in fighter aircraft maintenance sched-
uling as well as maintenance scheduling in general. The research presented in this thesis
represents a small portion of the potential research in this area. We begin by presenting
opportunities for future work regarding the scheduling of traditional preventative mainte-
nance actions, such as phase maintenance. Next we present opportunities for future work
specifically related to LO maintenance.

6.1.1. Traditional Preventative Maintenance. In Section 2.2.1, we outlined the

major categories of preventative maintenance. In this thesis, we only addressed the sched-
uling of a single type of maintenance, phase maintenance. Although phase maintenance

is arguably the most significant preventative maintenance action for a fighter aircraft, the
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multitude of other preventative maintenance requirements also require careful planning and

scheduling. Further work should focus on incorporating all other preventative maintenance

requirements in a comprehensive model.

The PM-MIP and the associated disaggregated imodel were specifically for phase main-

tenance scheduling. Although both models could easily be expanded to incorporate other

maintenance requirements that are based on flying hours, they cannot be easily adapted

to account for calendar based maintenance actions. Including calendar based maintenance

actions in a MIP similar to the PM-MIP would likely result in severe issues with tractability.

Therefore, alternative methods of simultaneously modeling calendar and usage based main-

tenance requirements must be developed. One possibility would be to fix the calendar based

maintenance actions using a rounding algorithm similar to the one proposed by Zarybnisky

et al., and then solve for the usage based maintenance requirements [19].

6.1.2. Low-Observable Maintenance. As discussed in Section (5.1.2), the simple

index policy for LO maintenance generated by using Whittle's heuristic could very easily

be improved with the availability of more data. The data used to develop the index policy

in Chapter (5) was highly limited in that we did not have accurate data regarding the

transition probabilities associated with SAS redux actions. Understandably, the detailed

data necessary to accurately project the effectiveness of a SAS redux action has been deemed

classified. Given the strong empirical results from the index policy that was generated using

limited data, we strongly support the application of Whittle's heuristic using the full range

of available data.

In addition to expanding tihe data incorporated into the index policy, another area of

continued work regarding LO maintenance pertains to LO restore. Recall that LO restore and

redux are the two major categories of LO maintenance. While LO redux deals with reducing

aircraft SAS numbers, LO restore is tine process of repairing panels that were removed in

order to access internal components of an aircraft. Since LO redux and restore actions share

maintenance resources, schedulers miust balance the need for both types of maintenance.

The index policy provides a strong policy for determining the maintenance schedule for LO

redux actions, but it does not consider the scheduling of LO restore actions. Future work

should focus on simultaneously considering and scheduling both types of maintenance.

Given that aircraft with LO capabilities are the future of the Air Force's fighter fleet, it

is crucial to establish an effective and consistent maintenance policy. The current process

of haphazard LO maintenance scheduling is likely to lead to further issues with aircraft

availability and combat readiness as more and more aircraft with LO capabilities enter

service. Therefore, we feel that work in the area of LO maintenance is of utinost importance.



Appendix

PM-MIP Formulation

Sets.

I = set of all aircraft i E I

J = set of all sortie types j E J

Q = set of all end of horizon targets q E Q
Il = number of aircraft available in the model

IJji number of unique sortie types

I QI nuiriber of end of horizon targets (we assume |Qj Il unless otherwise noted)

Data.

T length of time horizon, t = 1, 2, . .. ,T

IJ length of sortie type j E J

sjminimum numunber of sorties of type j E J required in period t
h maximum accrued flying hours between phase miaintenance inspections
hmnax maximum niumber of remaining phase hours ani aircraft can have for it to be

entered into maintenance

k time periods required to complete maintenance (aircraft unavailable)
bi flying hours remaining oii aircraft i E I at the beginning of the horizon, t = 1,

until it must enter maintenance

eq end of horizon flying hours target for aircraft assigned to target q C Q
M muaximumi numiber of aircraft that can be in maintenance at any give tine without

incurring a "cost" or "penalty"

Decision Variables.

S1, if aircraft i E Iflies sorties type j E Jin period t

0, otherwise

S1, if aircraft i E Ienters naintenance in period t

0, otherwise

i1, if aircraft i E Iis assigned to end of horizon target eq
Vq 0, otherwise



PM-MIP FORMULATION

h' > 0 phase hours remaining at the start of period t until aircraft i E I must enter

maintenance, "life remaining"

Z objective function value that is being minimized

Formulation.

PM-MIP = minimize Z

subject to

ht+1 < ht - xt 1j + hm,

h~~~~1 hVZ41j,ht+1 > ht - x y,

,Vt, i E I,

,Vt, i E I,

ht+1 < , ,Vt, iZ ,
ht+1 > km , , Vt, iZ ,

x <1, , Vt, iEI,
3

x s, , Vt, j E J,

T - ht (- hmin)m , ,Vt, i E I,

x t> x t+1

m + x +
3

m + m <

0. 9 viqeq K hi

l.lviqeq + JI(1 - viq) > hi,

Vjq 1,

vq 1,
q

t

i r=t-k

z > 0,

,Vodd ti El ,

,Vt E [1,T- k+1],y E [0,k - 1],i E I,

,Vt E [1, T - k], y E [1, ki I,

,Vi C I, q E Q,
,Vi E I, q E Q,

,Vq E Q,

,Vi C I,

,Vt E [k+1, T],

hl = bi, , Vi E I,
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h' > ,Vi E I,t,

x 0 1, ,V EI J, t

m. E {0, i} ,Vi E l, t,

Viq E (0, },,Vi C I,q EQ.



NETWORK FORMULATION FOR SPECIAL CASE PM-MIP

Network Formulation for Special Case PM-MIP

Sets.

N set of all nodes

I set of all aircraft sortie inventory nodes, i E I

D set of all sortie demand nodes, d E D

A set of all arcs

AID set of all arcs (i, j) with i E I and j E D

AIM set of all arcs that lead out of a node in which an aircraft entered maintenance.

Parameters.

bi supply (bi > 0) or demand (bi < 0) at node i E N

Variables.

f, number of sorties that flow from node i E N to node j C N

ForTulation. ZPAI-N = inininize 0

subject to

(j,i)GA

bi + f Sij = E Vi E N
(ij)EA

fig <; 1 V(i, j) E AID

fig V(i, j)c Aru



M-SUB FORMULATION

M-Sub Formulation

Sets.

I set of all aircraft i E I

Q set of all end of horizon targets q E Q

Data.

T length of time horizon where t = 1, 2, ... , T

h maximum accrued flyiiig hours between phase maintenance inspections
hmnax maximum number of phase hours an aircraft can have remaining for it to be

entered into miaintenance
bi phase hours remaining oii aircraft i E I at the beginning of the horizon, t = 1
eq eiid of horizon flying hours target for aircraft assigned to target q C Q
M miaximiumi numiber of aircraft that can be in miaintenaice at aiy given timie with-

out incurring a "cost" or "penalty"
F flying hours required in period t to meet all sortie requirements

fmtnax maximum flying hours that aii aircraft caii fly in a single period

Decision Variables.

S1, if aircraft i E Ieiiters iraintenance in period t
0, otherwise

= 1, if aircraft i E Iis assigned to end of horizon target eq
Vq 0, otherwise

h > 0 phase hours reilaining at the start of period t until aircraft i E I must enter

niaintenance, "life remaining"

fi > 0 the nummber of hours flown by aircraft i E I in time period t
Z objective functioi value that is being minimiized

Fo'rmulation.

(6.1.1) M-Sub = minimiize Z

s.t.



M-SUB FORMULATION

h' = bi,

ht+1 < ht - fit + Tm|,

h!+1 h2hi -+fjh,

ht +1 > -t,

h 1  7Ei,

T - hit > ( - hhimax )m,

Zf>Ft,

f! (1 - m)fitnax

0. 9Viqe q hi

1.lViqeq + h(1 - Viq) > hi ,

Viq =

Vq = 1,

q

mn; - ]a < Z,)

ht > 0,

fi > 0,

mIN E {0, 1},

Viq E {0, 1},

,Vi E I,

,Vt,i E I,

,Vt,i E I,

,Vt,i E I,

,Vt,i E l,

,Vt,i E I,

, Vt,

,Vti E 1,

,Vi E I,q

,Vi E I,q

,Vq E Q,

,Vi E I,

, Vt,

,Vi

,Vi

,Vi

,Vi

E I, t,

E I, t,

E I,t,

E I, q E Q.



F-SUB FORMULATION

F-Sub Formulation

Sets.

I set of all aircraft i E I

J set of all sortie types j C J
Data.

T length of time horizon where t = 1, 2, . .. , T

fi iiuiriber of flying hours assigned to aircraft i C I (from the M-Sub solution)
l leiigtli of sortie type j c J

st minimuim iiuriber of sorties of type j C J required in period t

Decision Variables.{ 1, if aircraft i C Ieiiters maintenance in period t
xj 0, otherwise

zi differeiice betweeii the F-Sub assigned flying hours and the M-Sub assigned flying
hours for aircraft i C I

Formulation.

F-Sub = minimize zi

s.t.

x t s St

<1
ij

xt> x t+
j

t3

zi > 0,

,Vt,j C J,

,Vti C I,

,Vodd t,i c i,

,Vi,

,
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