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Abstract

In the first part of the thesis, we study quantum groups associated to a semisimple
Lie algebra g. The classical Chevalley theorem states that for h a Cartan subalgebra
and W the Weyl group of g, the restriction of g-invariant polynomials on g to § is an
isomorphism onto the W-invariant polynomials on §, Res: C[g]® — C[h]". A recent
generalization of [36] to the case when the target space C of the polynomial maps is
replaced by a finite-dimensional representation V' of g shows that the restriction map
Res: (C[g] ® V)¢ — C[h] ® V is injective, and that the image can be described by
three simple conditions. We further generalize this to the case when a semisimple Lie
algebra g is replaced by a quantum group. We provide the setting for the generaliza-
tion, prove that the restriction map Res: (0,(G) ® V)V«®@ — O(H) ® V is injective
and describe the image.

In the second part we study rational Cherednik algebras H; .(W, b) over the field
of complex numbers, associated to a finite reflection group W and its reflection repre-
sentation f. We calculate the characters of all irreducible representations in category
O of the rational Cherednik algebra for W the exceptional Coxeter group Hz and
for W the complex reflection group Gis. In particular, we determine which of the
irreducible representations are finite-dimensional, and compute their characters.

In the third part, we study rational Cherednik algebras H;.(W,H) over the field
of finite characteristic p. We first prove several general results about category O, and
then focus on rational Cherednik algebras associated to the general and special linear
group over a finite field of the same characteristic as the underlying algebraically
closed field. We calculate the characters of irreducible representations with trivial
lowest weight of the rational Cherednik algebra associated to GL,(F,r) and SLy(Fpr),
and characters of all irreducible representations of the rational Cherednik algebra
associated to GLo(F,).
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Chapter 1

Introduction

1.1 Chevalley restriction theorem for quantum groups

The first part (Chapter 2) of this thesis generalizes the classical Chevalley restriction
theorem about restrictions of invariant polynomial maps on Lie algebras to the case
when the polynomial maps are vector-valued, with values in a representation V', and
the Lie algebra is replaced by a quantum group.

Let g be a finite-dimensional semisimple Lie algebra over C, § its Cartan subalge-
bra, W its Weyl group, G the connected simply connected algebraic group associated
to g, and H the maximal torus of G corresponding to .

We can consider the space C[g]® of polynomial functions from g to C, invariant with
respect to the coadjoint action of g. Such functions can be restricted to polynomial
functions on h. The classical Chevalley restriction theorem (the graded version of
the Harish-Chandra isomorphism) states that the restriction map Res: C[g]® — C[§]
is injective, and that the image is C[h]", the space of polynomial functions h — C
invariant under the action of W.

There is also a version of this isomorphism for quantum groups, see [46].

Recently Khoroshkin, Nazarov and Vinberg [36] generalized this result to the case
when the target space of polynomial maps is V, a finite-dimensional representation
of g. Let E; be the Chevalley generators of g associated to positive simple roots «;.

Use X.v to denote the action of X € g on v € V, and similarly X.f(y) to denote the
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action of X € g on the value f(y) of a function f: h — V (so, if we think of f as an
element of C[h] ® V, then E;.f = (1 ® E;)f). [36] showed:

Theorem 2.1.1. The map Res: (Clg] ® V)¢ — C[h] ® V is injective. Its image
consists of those functions f € C[h] ® V' that satisfy:

1. f e C[h ® V]0];
2. [ is W-equivariant;

3. for every simple root o; € I1 and every n € N, the polynomial E.f is divisible
by a.

We want to generalize this theorem to quantum groups. This is more convenient
to do in the setting of algebraic groups, to which [36] theorem generalizes naturally
and with an almost identical proof.

Consider the Hopf algebra O(G) of polynomial functions on the group G. It comes
with a natural restriction map to O(H), which can be extended to the case when the
target space is V, giving O(G) @ V — O(H) ® V. We are interested in what this
restriction map does to equivariant functions (O(G) ® V)¢, namely the ones that
satisfy f(gzg™') = g.f(z) for all z,g9 € G. The result of [36] modified to the setting

of algebraic groups is:

Theorem 2.1.5. The map Res: (O(G) ® V)¢ — O(H) ® V is injective. Its image
consists of those functions f € O(H) ® V that satisfy:

1. fe O(H)®V[0];
2. f is W-equivariant,;

3. for every simple root a; and every n € N, the polynomial E".f is divisible by
(1 —e™)™.

This setting is more convenient for generalization to quantum groups for the fol-
lowing reason. By the Peter-Weyl theorem, O(G) = €, L*® L, where the direct sum

is taken over isomorphism classes of finite-dimensional irreducible representations of
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G (equivalently: over dominant integral weights A - in that case L = L,), and L*
denotes the dual representation. In this setting O(H) = ©,C}, ® C,, where for any
integral weight x, C, is the one dimensional representation on which H acts by the
character e*. With these isomorphisms, the restriction map Res: O(G) — O(H) is
easy to describe and corresponds to decomposing the irreducible representation L
into its weight spaces (see discussion after theorem 2.1.5 for details).

By analogy with the classical case, in the quantum case we define O4(G) =
@, *L® L, with *L being the left dual of L (see Section 7.3.3), and the sum again be-
ing over all dominant integral weights A, with L = L, the irreducible representation of
U,(g) with highest weight A. As all such representations have integral weights, there
is again a natural restriction map to O(H). For V a finite-dimensional representation

of U,(g), we then consider the restriction map
(0,(G)®V)V® . O(H)® V.
Let E; denote the standard generator of U,(g) associated to a;, and let g; = g% =

g<®»®>/2_ The main result of this part of the thesis is:

Theorem 2.2.4. The map Res: (0,(G)®V)V«@ — O(H)®V is injective. Its image
consists of those functions f € O(H) ® V' that satisfy:

1. f € O(H) ® V|[0];

2. f is invariant under the (unshifted) action of the dynamical Weyl group (see
Section 2.8)

3. for every simple root a; and every n € N, the polynomial E?.f is divisible by
(1= g2em)(1 — gle™) .. (1 — gness).

Obviously, this statement is a direct generalization of the one for ¢ = 1 case.
Checking that restrictions to O(H) ® V satisfy properties (1) and (3) is a direct

computation; checking (2) requires more tools. The most involved part of the proof
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is checking that every function in O(H) ® V that satisfies (1) — (3) is a restriction
of an element of (O,(G) ® V)V4(®. The proof of the analogous statement in [36]
uses some basic geometric observations which are not available in the quantum case
(these observations follow from O(G) being an algebra of polynomial functions on the
algebraic variety G). This is the reason their proof cannot be directly generalized.

Instead, the space of invariants can be rewritten in another way, namely as
(04(G)®@ V)@ = P(*L ® L ® V)" = (P Homy, (g (L, L ® V).
L L

This natural isomorphism composed with the restriction map above reformulates the
problem in terms of traces of intertwining operators L — L ® V, as it turns out that
® € Homy,(g)(L, L ® V) maps to the function on H given by z Tr| L(®oz). Such
functions have been extensively studied in recent years, among others by Etingof and
Varchenko in [27], [26], and satisfy a number of remarkable symmetry properties and
difference equations. Reframing the problem in terms of trace functions enables us
to draw from those results to prove Theorem 2.2.4.

This work is available in [2].

1.2 Rational Cherednik algebras and their repre-

sentations

A rational Cherednik algebra H;.(W,b) is a certain associative, noncommutative,
infinite-dimensional algebra over an algebraically closed field k, associated to a finite
reflection group W, its reflection representation f and a collection of parameters ¢
and c. Parameter ¢ is an element of the field k, and c¢ is a collection of elements of k
parametrized by the conjugacy classes of reflections in W. The algebra H; .(W, §) is a
deformation of the semidirect product of the group algebra k[W] and the symmetric
algebra S(b @ b*), and Hoo(W, b) = k[W] x S(h @ §*).

In case W is a Weyl group, these algebras are rational degenerations of double

affine Hecke algebras, which were defined by Cherednik [14] and used to prove Mac-
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donald conjectures. They can also be thought of in relation to completely integrable
systems as algebras encoding the structure of Dunkl operators (considered by Dunkl
in [18] and Dunkl and Opdam in [20]), and Calogero-Moser systems [21], or as a spe-
cial case of symplectic reflection algebras of Etingof and Ginzburg [23]. Such algebras
and their representation theory have been intensively studied in the last fifteen years.
A natural class of representations to consider is the category O (sometimes called
Ot or Oy (W,h)). One can define standard or Verma modules M;.(7), which are
certain lowest weight modules parametrized by the set of irreducible representations
T or the group W. The algebra H, (W, ) and the modules M; .(7) are graded. There
exists a contravariant form B on Verma modules, such that its kernel on M;.(7) is
the maximal proper graded submodule of M, (7). The quotient of M;.(7) by this
kernel is irreducible, and we call it L; (7). Category O is defined in such a way that
all irreducible objects in it (up to, possibly, grading shifts) are of the form L .(7).
An open question in representation theory of rational Cherednik algebras is to
describe the modules L;.(7) (for example, by calculating their characters, finding
the dimensions of finite-dimensional ones, finding the composition series of Verma
modules in terms of irreducible modules, or even describing the values of ¢, ¢ and sets

of 7 for which such representations are finite-dimensional).

1.3 Rational Cherednik algebras over C

There is a difference in the behavior of the irreducible quotients L;.(7) and conse-
quently in the definition of category O between cases when the ground field k has
characteristic 0 and characteristic p > 0. The case that has been studied the most
is when k = C. In that case, the category O is semisimple for generic values of
parameters ¢ and c, and as a consequence M; .(7) are irreducible and equal to L (1)
for all 7.

More precisely, parameter t can be rescaled to allow us to assume t =0 or t = 1.
For t = 0, the algebra H; (W, §) has a large center, so M; .(7) has a large submodule

and the category O is never semisimple. For ¢t = 1, there exists a KZ functor (defined
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by Ginzburg, Guay, Opdam and Rouquier in [30]) from category O to the category
of representations of the Hecke algebra H,(W), with the parameter ¢ depending on
c. If c is a constant, then ¢ = e?". Using this functor one can prove that the
C-algebra H,(W) is semisimple if and only if O, is semisimple. This, along with
the information about semisimplicity conditions for Hecke algebras from [13], [15],
[29] and [38], resolves the questions about L, .(7) for generic values of parameter
¢ (namely, L;.(7) = My.(7) for generic ¢, and the KZ functor enables us to find
conditions on ¢ for which this is true). However, it gives no information about what
happens at t = 1 and special values of ¢. The structure of category O can be quite
complicated there, and no general description of the irreducible modules, or even
information about which ones are finite-dimensional, is known.

Partial information known includes: for (W,§) of type A, Berest, Etingof and
Ginzburg [8] calculate the character formulas for all the finite-dimensional L, (7).
Also for type A, Rouquier [41] calculates all the characters for ¢ not a half integer,
and conjectures that the analogous formulas hold for ¢ a half integer. For dihedral
groups, Chmutova [16] computes the characters of irreducible modules in category O.
Varagnolo and Vasserot [47] answer the question of when is the representation L ()
finite-dimensional for W a Weyl group, ¢ a constant, and 7 a trivial representation of
W. A generalization of this is a recent result by Etingof [22], which gives an answer

for any finite Coxeter group W, trivial 7, and any value of the parameter c.

All these results are standard, and described in Chapter 3.

1.4 Rational Cherednik algebras associated to re-

flection groups H; and Gis

We tackle the problem of describing the modules L, .(7) for all values of ¢ and 7 for
k = C, and for W the exceptional Coxeter group Hz (Chapter 4) and the complex
reflection group G2 in the Shephard-Todd notation (Chapter 5). Both these groups

have only one conjugacy class of reflections, so ¢ is a single complex parameter.
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The strategy is similar for both W = H; and W = G;,. We first use KZ, functor
to determine the set of parameters c for which category O; . is not semisimple. This
gives a description of Ly .(7) (namely, L, .(7) = M (7)) for all but countably many
rational values of c. For W = Hj, these are rational numbers of the form ¢ = m/d,
whose denominator d divides a degree of a basic invariant of Hj, so d € {2,3,5,6,10}.
For W = G2, we use the CHEVIE package of the computer algebra software GAP
[38] to find the semisimplicity conditions on the Hecke algebra, and translating them
to the rational Cherednik algebra using the KZ functor, we get that O, . is semisimple
unless c=m/12, me€ Z, m =1,3,4,5,6,7,8,9,11(mod 12).

Next, we use a series of equivalences of categories to reduce the set of pairs (¢, 7) for
which we need to calculate the characters to a small finite set. There are equivalences
between O, . and O, . for any character f of the group, coming from the isomorphism
between H, (W, b) and Hys.(W, ). By defining f to be a signum character (taking
value —1 on all simple reflections), we can assume ¢ > 0. Next, there are equivalences
of categories between category Oy/4(W,b) and category O,/4(W,b), in the case d # 2
(defined by Rouquier in [40]), and finally between category O.(W, ) and category
Oc+1(W, b) for ¢ >> 0 (defined by Berest, Etingof and Ginzburg in [8]). It is known
how these functors act on the standard and irreducible modules, and consequently

how the characters transform under them.

All this allows us to reduce the possible values of ¢ that we need to consider for
each group to a very small set; ¢ € {1/10,1/6,1/5,1/3,1/2,3/2} for W = H; and
c € {1/12,1/4,1/3,1/2} for G1». For those values, we use a variety of algebraic,
combinatorial and computational methods, including representation theory of finite
groups, induction and restriction functors for rational Cherednik algebras, and explicit
calculation of the contravariant form B. This form can be calculated inductively on
the graded pieces on M .(7), and in cases where we cannot resolve the structure of
L, .(7) in any other way, we use MAGMA algebra software [11] to calculate this form

and its kernel explicitly.

The work about representations of H; .(Hjs,h) is joint with Arjun Puranik and

available in [6], and the work about representations of H;.(Giz,b) is joint with
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Christopher Policastro and available in [5]. The main results of this part are Theorems

4.2.1 and 5.2.1.

1.5 Rational Cherednik algebras in positive char-

acteristic

When k is an algebraically closed field of positive characteristic p, the rational Chered-
nik algebra H;.(W, ) has a large center. Consequently, the modules M, .(T) always
have a large submodule, and we can define baby Verma modules N; .(7) as quotients of
Verma modules by this submodule. These modules are graded, the form B descends
to them, and irreducible modules can be alternatively realized as quotients of baby
Verma modules by the kernel of the induced form B, which is the maximal proper

submodule. The baby Verma modules are always finite-dimensional.

In finite characteristic, we define category O to be the category of finite-dimensional
graded modules. It contains irreducible modules and baby Verma modules, but not
Verma modules. All the irreducible objects in it, up to grading shifts, are of the form
- L; (7). The kernel of B on M, () is the maximal proper graded submodule, and

the kernel of B on N;.(7) is the maximal proper submodule.

Every graded piece of the graded module M, (7) and all its submodules and quo-
tients is a representation of W. We define characters which reflect this information.
We then prove that for ¢ = 1 and generic c characters are of specific form, depending
on the structure of a certain reduced module. We also give an upper bound for the

dimension of irreducible modules for ¢t = 1.

These definitions and general observations about category O for rational Chered-

nik algebras in finite characteristic are new, and given in Chapter 6.
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1.6 Rational Cherednik algebras associated to gen-
eral and special linear group over a finite field

Chapter 7 calculates the character formulas for the irreducible representations L; .(7)
for all values of (t,c), for 7 = triv the trivial representation of W, and for W =
GLn(F,) and W = SL,(F,) for all n > 2, ¢ = p", and F, the finite field of charac-
teristic p with ¢ = p” elements. The main theorems are 7.2.1, 7.2.8, 7.3.6 and 7.3.11.
The descriptions of these characters is somewhat surprising: for fixed ¢ and for n
and p large enough, the characters don’t depend on the value of ¢, and the form B
diagonalizes in the appropriate basis. These phenomena never occur in characteristic
ZCro.

Chapter 8 calculates the characters of representations L .(7) for generic ¢ and all
T for the case when W is the group GL2(F,). The main result is 8.2.1.

The methods of chapters 7 and 8 are direct combinatorial, group theoretic and
representation theoretic computations. We used MAGMA in the initial stages of the
project, to calculate low rank examples and form conjectures, but we don’t reference
those computations in proofs. The hope is that these detailed computations of the
structure of category O for specific classes of groups, alongside with those from Chap-
ters 4 and 5, can serve as steps in the direction of fuller understanding of rational
Cherednik algebras associated to any group W.

The work about rational Cherednik algebras in positive characteristic is joint with

Harrison Chen and available in [4], [3].
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Chapter 2

Chevalley Restriction Theorem for
Vector-valued Functions on

Quantum Groups

2.1 The generalized Chevalley restriction theorem

in the classical case

Through this chapter, let C = (a;;) be a Cartan matrix of finite type of size r, and
(b, b*,I1, I1Y) its realization. This means that b is an r-dimensional vector space over
C with a basis IIV = {hy, ...k, }, b* its dual space with a basis of simple positive roots
I = {o,...a,}, and a;(h;) = aji. The matrix C is symmetrizable, so we let d; be
the minimal positive integers that satisfy d;a;; = d;ja;;. Define a symmetric bilinear
form on b* by (a;, @;) = d;a;; and on h by (h;, h;) = d;'aj;. Both of these forms
induce the same isomorphism § = h* by a; < d;h;. Let H be a complex torus of rank
7, so that the Lie algebra of H is ), and let exp: h — H be the exponential map, such
that its kernel is Z-spanned by 2mih; (in other words, exp realizes H as a quotient of
b by the lattice Z2m3iIIV). We will write elements of H by = = exp(h) = e® h € b, and
characters on the group accordingly, meaning e®: H — C is a character corresponding

to a € h*, such that e*(e") = e*. Let W be the Weyl group associated to this data.
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Let P be the weight lattice (set of all A € h* such that A(h;) € Z Vi), and Py the set
of dominant integral weights (A € P such that A(h;) € Ny V7).

Let g be a semisimple finite-dimensional Lie algebra over C with a Cartan matrix C'
and Cartan subalgebra fj. Let G be the connected simply connected complex algebraic
group with Lie algebra g, maximal torus H, and exp: g — G the exponential map
that restricts to exp: h — H. For each root a let g, be the appropriate root space,
and for every simple root a; let E; € gq,, F; € g_qo, denote the Chevalley generators
of g; these satisfy [E;, Fj] = d;;h; and for every ¢ determine a copy of sl in g.

For every A € P let M) be the Verma module with highest weight )\, generated
by a distinguished highest weight vector m,. For every dominant integral A € Py,
the module M) has an irreducible finite-dimensional quotient that we call Ly. Call
the image of m, in it /. For any finite-dimensional g-module V' and any v € P, set
Vv] = {v € V|h.v = v(h)v Vh € b}, the weight space of V of weight v.

Because G is simply connected, finite-dimensional representation theory of G and
g is the same. In particular, for any finite-dimensional V' with an action of G and
action of g derived from it, the set of invariants is the same: {v € V|g.v = v Vg €
G} =VC¢=V9={ve V|X.w=0VX € g}. Because of this, in this section we will
be passing from G representations to g representations and back without comments.

Consider the set C[g] of all polynomial functions on g. The group G acts on it by
the coadjoint action: for f € C[g], X € g,9 € G, (9f)(X) = f(Ad(g™)X). Let V be
any finite-dimensional G and g representation; we will write both actions with a dot:
g-v and X.v. Consider the space C[g] ® V of polynomial functions on g with values in
V. Let G act on this space diagonally on both tensor factors. This means that g € G
maps f € C[g] ® V to a polynomial function on g given by X — g.f(Ad(g™)X).
Call the set of invariants with respect to this diagonal action (C[g] ® V)¢; these are
functions f that satisfy g.f(X) = f(Ad(g9)X) forall g € G, X € g.

There is an obvious restriction map Res: C[g] ® V — C[h] ® V, and Res: (C[g] ®
V)¢ — C[h]® V. The graded version of the main result of [36] (Theorem 2) describes
this latter map.

Theorem 2.1.1. The map Res: (Clg] ® V)¢ — C[h] ® V is injective. Its image

24



consists of those functions f € C[b] ® V' that satisfy:
1. feCh V(0]
2. f is W-equivariant;

3. for every simple root o; € Il and every n € N, the polynomial EP.f is divisible
by of .

We recall the proof of [36]. We first need a technical lemma about algebraic

geometry.

Lemma 2.1.2. Let X be a smooth connected complex algebraic variety, f a rational
function on X, and Z a divisor in X such that f is regular on X \ Z. Assume that
for a generic point z of Z there exists a regular map c,: D — X from a formal disk D
to X, such that c,(0) = z, c, does not factor through Z (so the limit lim;_q f(c,(t))
is well-defined), and this limit is finite (equivalently, f(c.(t)) € C|[[t]]). Then f is

reqular at a generic point of Z, and hence it is a reqular function on X.

Proof. The singular set of the rational function f is a finite union of irreducible
divisors, and it is by assumption contained in the divisor Z. So, it is enough to show
that f is regular at a generic point of Z to see that f is regular on X.

This is a local problem. By localizing to an open subset of X, we may assume
without loss of generality that X is affine and Z is irreducible. One may also assume
that Z is given by a polynomial equation {@ = 0}, for some regular function Q on X
such that d@ # 0 for a generic point of Z.

Since f is a rational function, there exists the smallest integer m > 0 such that
the function P = fQ™ is regular at a generic point of Z.

For a generic point 2z € Z, using that lim;_,o f(c,(t)) is finite, we get
P(z) = lim P(e.(t)) = lim £(c.(t)) - Q" (cu(®)) =

= lim f(c.()) - lim Q™ (c.(#)) = lim f(c.(2)) - 0™.
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If m > 0, then this implies that P(z) = 0 for a generic point z, so P/Q is regular
on Z and we can replace P by P/@Q and m by m — 1 > 0, contrary to our choice of
m as minimal. So, m =0 and f = P is regular at a generic point of Z.

O

Remark 2.1.3. Note that the ezistence of c, for only one specific point z does not
guarantee that f is reqular at it. To prove that f is reqular at one point z, one would
need to show that the limit is finite when approaching z from any direction, not just
along c,. However, the assumption of the lemma is that a function c, ezists for many
points of Z at once. In that case, as we showed, f is regular at all points of Z,
and hence the limit of f is indeed finite when approaching any point of Z from any

direction.

Remark 2.1.4. We will first apply this lemma in the proof of theorem 2.1.1 for
X =g, where c,(t) can be chosen to be linear functions, and then in the proof of 2.1.5
for X = G an algebraic group, where c,(t) can be chosen to be multiplication by an

appropriate element of G.
We now recall the proof of Theorem 2.1.1.

Proof. Let us first show that the conditions 1)-3) are necessary. Let f € (C[g]® V)€,
and let us abusc notation and write f for Resf.

1) is necessary: For any x € H, h € b, we have

z.f(h) = f(Ad(2)h) = f(h).

From this is follows that f(h) € V[0].

2) is necessary: For Ng(H) the normalizer of H in G and Zg(H) the centralizer
of H in G, Zg(H) = H, we have W = Ng(H)/Zg(H) = Ng(H)/H. The space
V0] is the €® = 1-eigenspace of H, so Ng(H) preserves it and H fixes it pointwise;
therefore W acts on it. Because Ng(H) C G, the functions we get are W- equivariant,
meaning:

f(wh) = w.f(h).
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3) is necessary: For f a polynomial function on g and X,Y € g, let

af

d
X Y)= 5f(y +tX)lt=0

be the directional derivative. We have the usual Taylor series expansion for the
function of one complex variable ¢t — f(Y + tX) given by

1m0y

fY +1X) = Zn! a5em (¥ )-

n>0

Let us write down the invariance condition of f with respect to exp(tE;) € G. For

h € b, and t € C, we have:
exp(tE;).f(h) = F(Ad(exp(tE:)h)

Expand both sides into a power series in ¢ to get

SO HER(h) = flexp(ad(tE))h)

n>0

= f(h—toi(h)Ey)
= 3 S ey oL (h)

n>0

Looking at the corresponding terms in the power series, we get

B7f(h) = (<1 as(h)" 2oL 1),

0

which is divisible by of.

The map Res is injective: The set of elements in g that are Ad(G)-conjugate to
an element of b is dense in g. So, if two G-equivariant polynomial functions on g
match on b, they match on its dense G-orbit, so they are the same.

1)-3) are sufficient: So far we have seen that the image of Res is contained in

the set of all functions satisfying 1) — 3). To see that all functions satisfying 1)-3)
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are restrictions of equivariant functions on g, let f be a polynomial function on b
satisfying 1)-3) and let us try extending it to g.

Call elements of h that are not fixed by any nontrivial element of the Weyl group
reqular, and call the set of all such elements b,y. It is a complement of finitely many
hyperplanes of the form Kera in b, for « a root. Call elements of g that are Ad(G)-
conjugate to an element of b, reqular sémz’simple, and the set of all such elements
grs- This is an algebraic variety, open and dense in g. More precisely, there exists a
polynomial in C|g]?, called the discriminant, such that the set g, is the complement

of its zero set. The restriction of this polynomial to § is the product of all roots of g.

We can extend the function f to elements of g,, by defining f(Ad(g)h) = g.f(h).

More precisely, consider the diagram

G x breg ‘L’

o

Ors —1_’ g

Here, a(g, h) = Ad(g)h, and 7 is the inclusion. The map a is surjective and g, is dense
in g, so i o a is dominant. It is compatible with the map f(g,h) = g.f(h). Indeed,
if i(a(g1, h1)) = i(a(ga, h2)), then hy = Ad(gi'g2)he, S0 g7 g2 is in the normalizer of
b in G, and therefore a representative of an element of W. Using that f: h — V' is

W-invariant, we get

F(91,h1) = g1-f(h1) = 91-F(Ad(g7 g2)h2) = 9197 " 92-f (h2) = f(g2, ha).

Therefore, there is a well-defined rational function g — V that makes the above
diagram commute. We claim this is the required extension of f: h — V to a G-
invariant function on g.

The restriction of this function to § is f, so we abuse notation and call this rational
function on g by the same name f. By construction, it is G-invariant on g,s which is
dense in g, so it is G-invariant on the maximal domain in g where it is regular. To

prove this is the required function in (C[g] ® V)€, we just need to show that it is a
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regular function on g.

As it is regular on g,5, we need to show it is regular on the divisor D = g\ g, and
for that we will use lemma 2.1.2. The assumptions of this lemma refer to a generic
point of the divisor D. The set of elements whose semisimple part is conjugate to an
element of h which is contained in only one hyperplane of the form Kera is Zariski

dense in D. More precisely, the irreducible components of D are
D, = {elements of g whose semisimple part is conjugate to an element of Kera},

for a a representative of a W-conjugacy class of roots. Therefore we choose all

representatives a to be simple roots. Then the set D, is equal to
D,, = {elements whose semisimple part is conjugate to an element of Kera;},
and contains a Zariski dense subset

D,,. = Ad(G){h + E;i|h € Kera;, h ¢ Ker8 V root 8 # +a;}.

We will check the assumptions of Lemma 2.1.2 on any element z = Ad(g)(h + E;)
the set D, for any a;, ¢ € G,h € Kero;. We construct a function c,, such that
limg_,o f(c,(t)) is finite. Pick y € § such that a;(y) = 1 and define c.(t) = Ad(g)(h +
ty + E;). Clearly c,(0) = z. The element h + ty + E; is conjugate, via exp(t™1E;), to

Ad(exp(t7'Ey)) (h + ty + E;) = h + ty,

which is in breq for small ¢ # 0, so f is well-defined there and ¢, doesn’t factor through
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the divisor D. Now calculate the limit, using that f is G—invariant:

lim f(c,(t)) = lim f(Ad(g)(h+ty + Ei))
= P_r)%g.f(h +ty + E;)
= limg.f(Ad(exp(~t7Ey))(h + ty))
= 113% g-exp(—t 7 E;).f(h + ty)

. 1, .
= g.lim >(ﬁ(—t) E}.f(h+ty).

This sum is finite because f takes values in V, a finite-dimensional representation on
which E; is nilpotent. h + ty is in §, and by 3) every term E?.f(h + ty) is divisible
by a;(h+ ty)™ = t"™. So we can exchange limit and sum, and all of the summands are
finite when we let ¢ — 0.

Using lemma 2.1.2, we conclude that f is regular on b, as required.

a

This theorem can be restated terms of polynomial functions on the group G, with
an almost identical proof. Let O(G) be the algebra of polynomial functions on the
algebraic group G, and O(H) the algebra of polynomial functions on the subgroup
H. There is again the obvious restriction map (quotient of algebras) that we will
call Res: O(G) — O(H). Let Res also denote the tensor product of this map with
the identity map on a representation, Res: O(G) ® V — O(H) ® V. There is also a
natural G-action on this tensor product, by acting on the first tensor factor by dual of
conjugation in the group, and on the second by a given action on V. The invariants

are then functions that satisfy:

9-f(z) = fgz9™") V9,2 € G,
and the analogous theorem is:

Theorem 2.1.5. The map Res: (O(G) @ V)¢ — O(H) ® V is injective. Its image
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consists of those functéons f€O(H)®V that satisfy:
1. fe O(H)®V[0];
2. f is W-equivariant;
3. for every simple root a; and every n € N, the polynomial E.f is divisible by
(1—e*)".

Proof. Essentially, this proof is the same as proof of Theorem 2.1.1. Necessity of
conditions 1) and 2) follows directly. To check condition 3), calculate for h € h,t € C:

exp(—h) exp(tE;) exp(h) = exp(Ad(exp(—h)}tE;)
= exp(exp(ad(—h))tE;)

= exp(e *MtE))
It follows that
exp(tE;) exp(h) exp(—tE;) = exp(h) exp((e™*® — 1)tE;).
Now

z .T%t"Ei".f(exp h) = exp(tE;).f(exp(h))

- = f(exp(tEi) eXp(h) eXp(_tEi))
= f(exp(h) exp((e™® — 1)tE;))
= 30 (e 1) R, f(exp(h)

n>0

_ Z ;]‘?e—'nai(h)(l - ea‘(h))"t"RE'.f(eXP(h))

n>0
Here Rpg, f denotes the derivative of f with respect to left invariant vector field E;.
It is a polynomial function on G. It follows that
Er.f(exph) = e (1 — e"“(h))"R"‘,f(exp(h)),
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and it is divisible by (1 — e*(®),

If the function f € O(H)®V that satisfies 1)-3) can be extended to a G-equivariant
function on G, this can be done in a unique way, because the set of elements conjugate

to an element of H is dense in G.

To see it always extends, just as in Theorem 2.1.1, we first extend it to the set of

regular semisimple elements of G, and then use lemma 2.1.2.

Every element of g € G has a decomposition g = g;9,, Where g, is semisimple,
g. is unipotent and g;g, = gugs- Every semisimple element is contained in some
maximal torus. All maximal tori are conjugate. A semisimple element of G is called
regular if there is only one such torus containing g,, equal to the identity component

of the centralizer Z¢(gs). The set of regular elements G,s of G is open dense in G.

(See [10]).

We can extend f: H — V to a G-invariant polynomial function on the set of all
regular semisimple elements of G, by using that such an element is conjugate to an
element of the fixed torus H, and that two elements of H are G-conjugate if and only
if they are W-conjugate. Because the set of regular semisimple elements is open dense
in G, we can consider f to be a rational function G — V, regular except maybe on

the set G\ G,s. We will use lemma 2.1.2 to show that it is in fact regular everywhere.

We have G \ Grs = UagmDqm, where a is an arbitrary root and m an arbitrary

integer, and
D, . = {elements whose semisimple part is conjugate to

someexp(h) € H,h € b, such that a(h) = 2mim}.

Some of these sets coincide (for example, if they are labeled by W- conjugate roots
and appropriately chosen integers). For the purposes of applying lemma 2.1.2, we

will use the following dense subset of Dq, 1:

D, m = {G — conjugates of exp(h) exp(E;) € H,
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h € b such that o;(h) = 2mim, and ™ # 1V root 8 # +o;}.

Let z = g- exp(h) exp(E;) - 7" be an arbitrary element of D, ... Pick y € b with
a;(y) = 1. Then
[y, E1] = Ei [h, E,] = 2’1:7TmE.,;,

soforte C
exp(ty)E; = e'E;exp(ty) exp(h)E; = E;exp(h).

From this it follows

- 1
exp( = E;) exp(h + ty) exp(E;) exp(e_t —E;) = exp(h + ty),

in other words exp(h + ty) exp(E;) is conjugate to a regular element of H. We define
c:(t) = g - exp(h + ty) exp(E;) - g~*

and calculate, as before:

lim f(c.(t)) = lim f(g-exp(h + ty) exp(E;) - g™)

= 1151—1»% g.f(exp(h + ty) exp(E;))

-1
= limg.f(exp(_m—7 Ei) exp(h + ty) exp(—— Ei))
= limg.exp(—p— ). f(exp(h + 1))

= g.lim Z 1, (e_tl Ty EF-F(exp(h + ).

t—0

This sum is finite, and every E7.f(exp(h + ty)) is by assumption 3) divisible by

(1 _ eag)n(exp(h + ty)) — (1 _ ea.'(h+ty))n — (1 _ 62i1rm+t)n — (1 _ et)n'

Since lim,_o(X5 1) = lim;e™ = 1, we see that the limit of every summand is

finite. So, lim;_,g f(c,(¢)) is finite, and by lemma 2.1.2, f is regular at the generic
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point of G \ G,s, and hence it is regular everywhere. O

The main reason for reformulating Theorem 2.1.1 in terms of Theorem 2.1.5 is
that the latter allows generalization to quantum groups. Namely, use the Peter-Weyl

theorem to write
o) =2=@PL oL
LeG

Here the sum is over G , the set of irreducible finite-dimensional representations L of
G; equivalently, it is over all dominant integral weights p € Py, with L = L,. The
module L* is the dual space of L, with the natural G action gp = @ o g~!. The
isomorphism A: @,;.5L* ® L — O(G) is determined by sending p ®l € L* ® L
to a function on G given by z — A(p ® I)(z) = ¢(zl). It is a matrix coeflicient
of L, and therefore a polynomial function on G. If we put the natural action of G
on every tensor product L* ® L, meaning letting ¢ € G act by ¢ ® g, then A is
an isomorphism of G representations: (Ag(y ® 1))(z) = (A(p o g7!) ® (g0))(z) =
p(g ' zgl) = Alp @ 1)(9zg™").

The action we had on O(G) ® V' was the natural action on the tensor product, so
A®idy: @l ®L®V — O(G) ® V is also an isomorphism of representations.
There is also a natural isomorphism B: L* ® L® V — Hom¢(L,L ® V), by B(p ®
l®v)(l") = (')l ® v,I'! € L. The map B is a G-isomorphism with respect to
the following G-action on Hom¢(L,L ® V): for ® € Home(L,L® V),l € L, g €
G, (9®)(1) = (g ®9).(®(g711)). Notice that the invariants with respect to this action
are exactly the G-intertwining operators L — L ® V. It is also interesting to note
that the composite map (A ® id) o B™': Hom¢(L,L ® V) — O(G) ® V is the trace
map; more precisely, for a basis l; of L, dual basis ¢; of L*, and ® € Hom¢ (L, LQV),
its image (A ® id)(B(®)) is a polynomial on G given by

z - Tr| (Poz) = Z(% ® id)®(zl;) € V.

1
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To summarize, we have the following diagram:

0G)®V “EL @,p, Li®L,®V —2— @,cp, Home(L,, L, ® V)

[= | J-

OH)®V £ @ ,C:oC, oV —Z» @, pHomc(C,,C, ®V)

where C, denotes a one dimensional representation of H on which H acts by a charac-
ter v. The isomorphisms A and B for H are completely analogous to those for G. All
Res maps are naturally defined. Res: O(G) — O(H) is restricting a polynomial map
to a subvariety. Res: @ wepy L ® Ly — @,cp C; ® C, corresponds to decomposing
representations L, and Lj, into their H-isotypic components L, , and Lj, ,, then an-
nihilating all parts that are not diagonal, i.e. parts of the form Ly ,®Lyyv#n,and
finally taking a trace L}, ,® L,, — C; ® C,. In other words, for ¢, ® v, € C; ® C,
a fixed basis with ¢,(v,) =1, and for p € L}, ,, v € L, ,,, V' € L,,,» with v/ # v, the
map is p @ v — ¢(v)p, ® v, and ¢ v’ > 0.

This Res is defined to make the left square in the diagram commute. Analo-
gously, the rightmost Res corresponds to viewing the homomorphisms as maps of
H-representations, decomposing and forgetting the nondiagonal parts. The right
square in the diagram also commutes.

Theorem 2.1.5 can now be restated as follows:

Corollary 2.1.6. For every u € Py, let (D, ;); be a basis of the space of intertwining
operators Homg(L,, L, ® V). For every such operator ®, ; define its trace function
to be ¥, ; € O(H)®V, given by ¥, ;(x) = Tr|y, (P, o x). Then the set of all U, ;
is a basis of the space of functions in O(H) ® V' that satisfy 1)-3) from the statement
of Theorem 2.1.5.

This is the form of the theorem that we will prove in the quantum case. Now
let us illustrate this form of the theorem with a simple example where we can write

everything explicitly.

Example 2.1.7. Let g = sly, G = SLy. The rank of g is 1, so identify h* with C

by z — 25 for a the positive root. Then the dominant weights are identified with

35



nonnegative integers. Let V = Ly be the three dimensional irreducible representation
with highest weight 2. Pick a basis v_g, Vo, V2 of weight vectors for it, so that v; € V[i],
and F vy = vy, F2.v3 = v_y. Pick an analogous basis for any L, by Fi.l“,i =0,...4,

and a dual basis to it p;, pi(FI.1,) = &;;.

Let y € Ny be arbitrary. Let us first describe all intertwining operators
®e HomSLz(L,,, L,‘ ® V) = Homsb (L“, L“ ® V)

The map ® is determined by ®(l,), which needs to be a singular vector in L, ® V of

total weight p. So,
®(1,) = col, ® vo + 1 F.l, @ va.

The condition that this needs to be a singular vector in L, ® V gives a recursion on
the coefficients c;. In general (for any g and any V), if co = 0 then ® = 0 (see [27],

or Lemma 2.8.1 below). Scaling so that cy = 1 in this example we get
2
@(l“) = l” ® Vg — ﬁFlu ® Vg.

The dimension of the space of g-intertwiners L, — L, ® V is 1, except when p =0,
when it is 0. This also illustrates the general case, when for generic u the spaces
Homgy(L,, L, ® V) and V[0] are isomorphic. The isomorphism sends v € V(0] to the
g-intertwining operator ® determined by ®(l,) = 1, ® v+ terms with first factor of
lower weight (again, see [27] or Lemma 2.3.1 below).

Set h = hy. Any element of §y is of the form zh,z € C, and a(h) = 2. The trace
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function ¥ on H = expl is then, for z € C

U(e™) = Trp,(Po e = i(%‘ ® id)(®(e*(F'.1,))

=0
’ . ) 2
= > el @M (o, @ id) (F*. (1, ® vo — ;F.l,, ® v2))
=0
N
oD s (B
=0 H
— . .
= z s z(ez~(u—21) — e-z'(#—%))vo
u—2i>0 K

In this notation, O(H) = Cle?,e~*] = span{e*® — e"*,n € Z}. As we vary p € N
and allow linear combinations of such trace functions, we can obviously get all the
functions in O(H)®V of the form f(e*"*) = 3", ane™ v, that satisfy a, = —a_,Vn €
No. On the other hand, a function f(e**) = > nini€™v; in O(H) ®V that satisfies
1)-8) must have:

1. an; =0 unlessi =0, so f(e**) =3, ane™vy;

2. the Weyl group invariance: the Weyl group of sly is Zo, and the nontrivial
element acts on the 0 weight subspace of Loy, by (—1)™; so in our case f(e™*h) =

—f(e®), which means a, = —a_y;

3. E.f(e*h) =3, ane™E.vg = ), o an(€™ — e ™) - 2uy; every term €™ — e ™
is divisible by (1 — e*)(e**) = 1 — €2* in the ring O(H) (and this condition is

trivial in this case; see remark 2.4.10).

Here we can directly see these are the same spaces of functions, as claimed by the

theorem.
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2.2 The generalized Chevalley isomorphism in the

quantum case

We keep the notation from Section 2.1: C' = (a;;) is a Cartan matrix of finite type,
(6,511 = {o1,...0,.},I1IV = {hy,...h,}) is its realization, d; the symmetrizing
integers, (-,-) the form identifying  and h*, H the complex torus with the map
exp: h — H whose kernel is 2i7 times the dual weight lattice, W the Weyl group, P

the weight lattice and P, the set of dominant integral weights.

Let ¢ € C* not a root of unity. Pick t € C such that ¢! = ¢q. For z € C, define
¢© = et*. For h € b, define ¢" = e* € H, and for A € h* use the identification h* = §
to define ¢* = e** € H. For a function e¥ € O(H),v € P, we now have

eu(qh) — eu(eth) — etv(h) — qu(h)’
eu(qA) — eu(etA) — et(u,A) — q(u,)\).

To this data one may associate a quantum group U,(g), and its representations.

First define quantum integers as [m], = 1}55:7':, quantum factorials as [m],! = [m], -
[m=1]g-...[lg and ¢ = g% = g{®)/2. As an associative algebra, U,(g) is given
by generators Es,...E,, Fy,...F,, and ¢",h € b (here, ¢" is a formal symbol for a

generator, meant to suggest how this element will act on weight spaces), with relations

’ ’ qh’ - q-_.hi
a4 — g;

¢"Eq" = ¢=WE;, " Fq"=q*PE,

with g% = ¢%", and Serre relations

1—aq;

(=1)* 1-ai;—k 1 ok
E‘i * EE," = O
o0 [klg.1[1 — ai; — Klg,! !
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1-a;j

(_l)k l—a;;—k k _
Z k.!l—a,-kiFi FiE =0.
k=0 qi J qi

U,(g) is a Hopf algebra, with the coproduct A, counit €, and the antipode S given

on the generators by

A)=¢"®¢ AE)=EQq“+10E AF)=F®1l+¢"eF
g(qh) =1 €(Ei) =0 E(E) =0
5@ =a" S(E:) = —Eq;™ S(F) = —q"F,

Representations of U,(g) that we are going to consider are going to be in category
O and of type I. This means that a representation is a vector space V with an algebra
homomorphism Uy(g) — End(V), such that the weight spaces V[v] = {v € V|q*.v =
¢’™v Vh € h},v € P, are all finite-dimensional, V = @, V[v], and all weights
appearing with nonzero weight space will be contained in a union of finitely many
cones of the form {v — ). n;04, n; € No} in P. Moreover, we will only be interested

in finite-dimensional representations and Verma modules, defined below.

As U,(g) is a Hopf algebra, its representations form tensor category, as an el-
ement X € U,(g) acts on a tensor product of representations by A(X). We can
also define duals of representations. For a finite-dimensional U,(g) module V, de-
fine its left dual *V to be the space of functionals on V' together with the U,(g)
action (X¢)(v) = ¢(S~}(X)v). Left dual space *V comes with natural isomorphisms
*V ® U 2 Home(1,*V ® U) = Homc(V, U) for every module U. In the classical case
of U(g), we have S = S7!, as S(X) = —X for X € g, so left dual modules for quan-
tum groups are one of two possible generalizations of the notion of dual module for

enveloping algebras. The other one is the right dual module, defined using S instead

of 1.

For any p € P, let M, denote the Verma module with highest weight p. It is
a module generated over Uy(g) by a distinguished singular vector m,, with relations
Em, =0, ¢"m, = q“(h)m“. If p € P, then M, has a finite-dimensional irreducible

quotient; call it L,, and call the image of m, in it [,. As in the classical case,
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the finite-dimensional irreducible representations we are interested in are labeled by
integral dominant weights. We will mainly be interested in them, and occasionally

use an auxiliary Verma module.

Remark 2.2.1. Note that the symbol " denotes both the element exp(th) of the group
H and the generator of Uy(g). This makes sense because on any representation V in
category O, these elements diagonalize with the same weight spaces, and act on such
a weight space V[v] with the same eigenvalues: ¢" € U,(g) acts by ¢*™, eth € H acts
by €M) and g*®) = () — gr(th)

In other words, there exists a group homomorphism from the multiplicative group
of all elements of the form q" € U,(g) to H given by q" — exp(th). It is surjective, its
kernel is the set of all ¢" € U,(g),h € 2miZI1V /t, and any representation in category
O factors through this homomorphism.

Remark 2.2.2. Another way to define the setup we need is to avoid defining the
quantum group U,(g) altogether, and to instead just define its category O of repre-
sentations. Namely, we define objects in the category to be P-graded vector spaces V

with graded pieces V[v],v € P, together with operators E;, F;, such that:

e all V[v] are finite-dimensional:

the set of all v with V[v] # 0 is contained in a union of finitely many cones of

the form {\ — Y, niaq|n; € No};

o E;: V] = Vlv+ay, Fi: V[y] = Vv — o],

E;, F; satisfy Serre relations;

v(hi) _ —v(hg)
[Ei,Fj”V[u] = 5i'g'——g‘-r—‘1d|V[u]-

9i—q;

Morphisms in the category are morphisms of graded vector spaces that commute with
the operators E;, F;. Tensor structure of the category can be defined by similar for-
mulas.

It is obvious that these two definitions of category O are equivalent. The first one is

the usual definition of an algebra and its category of representations. The advantages
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of the second one are that it avoids the ambiguity of defining U,(g), allows for a
very clear restriction functor from this category to the category of representations
of H, avoids the representations of U,(g) which are not of type I, and is a more
direct generalization of the the category of representations of U(g) that we considered,
because just replacing q by 1 and [m], by m in all formulas gives exactly the category

of representations of U(g) we considered.

A practical consequence of the last remark is that there is a functor from the
category of U,(g) representations considered above to the category of representations
of the torus H, given by letting ¢ € H act on the space V[u] by e*(z)idyy,. In
light of Remark 2.2.1, it corresponds to restricting the representation of U,(g) to the
subalgebra generated by all the ¢".

Inspired by the classical case, define functions on a quantum group to be

0y(G) = P "L, ® L.

HEPy
This is a U,(g) module with the usual action of Uy(g) on *L, ® L,,.

Remark 2.2.3. See [37] for a discussion on various equivalent definitions of quan-
tized algebras of functions on a Lie group. In particular, in Chapter 8, Proposition
2.1.2 1t is shown that one can define Oy(G) as @, L, ® Ly, This definition is equiv-
alent to ours, as there is an isomorphism Lj, — L, whose dual is an isomorphism
L, — *L,.. Here p* is a dual weight to p, and can be calculated as p* = —wop for wy
the longest element of W. The map p — p* is an involution on the set of dominant

integral weights.

This will be the setting for the rest of the chapter. Also, let V will be a finite-
dimensional representation of type I in category O, that is a direct sum of finitely
many L,. As we are interested in describing restrictions of functions with values
in V, which corresponds to taking tensor products with V, all the statements and
conditions will behave nicely with respect to decomposing V into direct sums. This

means that the restriction theorems will hold for V if and only if they will hold for
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every direct summand of V. As a consequence, we can at any point assume V is
irreducible, and all the conclusions we make will hold for any V' that is a direct sum
of (possibly infinitely many) irreducible finite-dimensional modules.

As in the classical case, we have the following diagram:

Oq(G) ® V = @pep.{.. *LI" ® Ll" ® V = ®M€P+ HomC(L“’ L“ ® V)

[

OH)®V =P, pC,0C, 8V =P, pHomc(C,,C, @ V)

Here we are using that on H, S = S~ so *C, = C}. Let us list all the maps and
all the actions of Uy(g) on these spaces; checking that all maps are isomorphisms of

U,(g) modules is then a direct computation.

e The map Res, as in the classical case, corresponds to decomposing the repre-
sentation L = L, into weight spaces, making an H-representation out of each
weight space by defining x|.p) = e”(z)idr,, annihilating the nondiagonal part
and taking the trace. As in Remark 2.2.2; this corresponds to understanding
a representation L of a quantum algebra U,(g) as an H-representation given
by weight decomposition together with the operators E;: L[v] — L[v + ¢;] and
F;: Llv] — Llv — o4]. Alternatively, it corresponds to understanding H as a

multiplicative subgroup of U,(g) like in Remark 2.2.1.

e Themaps*L,®L,®V — Homc¢(L,,L,®V) and C;®C,®V — Hom¢(C,,C,®

V') are natural, as they were in the classical case:
pRlev— (I' > o)l ®v)

for,l' e L,,pe*Ly,,veV,orfor,I'eC,,peC,veV.

¢ Themap C;:®C, ®V — O(H) ® V is, as in the classical case, given by
PpRL®v+— (z— p(zl)v)

for peC;,leCveV,z € H.
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e U,(g) action on *L, ® L, ® V is the usual one on a triple tensor product, with
X € U,(g) acting by A*(X) = (A®id)o A(X) = X(1)® X(2)® X(3) in Sweedler’s
notation.

e The U,(g)-action on Homg(L,, L, ® V) is as follows: for X € U,(g), [ € L,
® € Home(L,, L, ® V),

(X@)(I) = A(X(2)-2(S~H X)) = (X(2) ® X(5))-2(SHXw)D).

We are interested in the Uy(g) invariants in O,(G) ® V and their restrictions to
O(H) ® V. The above action of Uy(g) on Home(L,, L, ® V) is the usual one, so the

space of invariants is exactly
Home(Ly, L, ® V)Y = Homy, (g (L, L, ® V).

We can again write explicitly the composite map Home¢(L,,L, ® V) — O(H) @ V;
it is the trace map. It maps ® € Homc¢(L,, L, ® V) to the polynomial function
¥: H— V given by:

V(z) =Tr|L,(Pox) e V.

By further abuse of notation, we will call this map Res, as well as its restriction to
the space of invariants.

We can now state the main theorem, analogous to Theorem 2.1.5.

Theorem 2.2.4. The map Res: (0y(G)®V)V1® — O(H)®V is injective. Its image
consists of those functions f € O(H) ® V' that satisfy:

1. fe OH)®V[0];

2. f is invariant under the (unshifted) action of the dynamical Weyl group (see
Section 2.3)

3. for every simple root a; and every n € N, the polynomial EP.f is divisible by

(1—g2e™)(1 — gle™)...(1 — g®e™).
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The proof of the theorem will be given in Section 2.4. We will review the definition

and some properties of the dynamical Weyl group in Section 2.3.

2.3 Intertwining operators, dynamical Weyl group

and trace functions

Let us first fix some conventions for the rank one case Uy(slz). In that situation, the
Cartan matrix is C = [2] and b is one dimensional. As r = 1, we will use the notation
h = h; and @ = oq; we have a(h) = 2. Then we can identify h* with C by n < n3.
Integral weights P are thus identified with integers Z and dominant integral ones P,

with nonnegative integers N.

Next, let us describe the notion of expectation value for general C and U,(g).
Let V be a finite-dimensional representation and v a weight of V. Any operator
® € Homy,(g(Mx, Ms_, ® V) is of the form &(m,) = my_, ® v + l.o.t., where lLo.t.
denotes the lower order terms, meaning terms with first coordinate in a lower weight
space. Obviously, v € V[v]. Define the expectation value of ® to be (®) = v. That
means that if ¢,_, denotes an element of the (algebraic) dual of M,_, that is 1 on
ma_, and 0 on all other weight spaces of My_,,, then (®) = (pr—, ®id)(®(m,)) € V[v].
An analogous map exists for the situation when Verma modules are replaced by
irreducible modules, and we will also write it as (- ) : Homy,(g)(Lx, Lra-, ®V) = V[v].

A morphism of U,(g) modules M — M,QV or Ly — L,®V is clearly determined
by the image of the highest weight vector, but for generic A even more is true: it is
determined by the first term of it, more precisely by the expectation value. The

precise statement is in the following lemma:

Lemma 2.3.1. 1. For generic A and for ) integral dominant with sufficiently large

coordinates A(h;), the ezpectation value maps (-) define isomorphisms

Homy, @) (M), Mr_, @ V) 2 V[y] = Homy,(g)(Lx, Lx—, @ V).
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2. For v =0 and XA dominant integral, the tmage of the injective map
Hoqu(g)(L,\, Ly® V) — V[O]

18

{ve V]| E}M* Yy =0, i=1,...r}.

3. For Uy(sly), V = Lapm, v = 0 and A dominant integral, the expectation value
map

Hoqu(g)(L,\, Ly,® V) — V[O]

is an isomorphism if and only if A ¢ {0,1,...m —1}. If A € {0,1,...m — 1},
then HOIan(g)(L)‘, Ly® V) = 0.

Proof. 1. For A generic or integral dominant with sufficiently large coordinates we

have the following diagram:

Homy, () (Mx, Mr~, ® V) — Homy, (g) (M, wq@(% Ly, ®V)

The map Homy, (g (M, Mr-, ® V) — Homy, (g (M, Lr—, ® V) is the composi-
tion with the projection map My, ® V — Ly_, ® V, and it is defined for any

A. In general, it is not injective.

The map Homy,(g) (M, Lx—, ® V) — Homy, (L, Lr—, ® V) is defined when
all homomorphisms My — Lx_, ® V factor through L,. In particular, this
happens if X is generic (in which case M) = L) and the map is the identity), or
when A — v is dominant integral (in which case Ly_, ® V is finite-dimensional,
so every map My — Ly_, ® V factors through the finite-dimensional L,). In

both of these cases, the map is an isomorphism.
Both maps to V[v] are the expectation value maps.

Let us show that Homy,g)(Lx, Lr—, ® V) — V[v] is injective. Pick a basis
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v; of weight vectors for V. Let ® # 0 € Homy,(g(Lx, Lr—» ® V). Consider
®(ly) = >, li ® v; for some l; € Ly_,. Because ®(ly) and all v; are weight
vectors and v; are a basis, all the I; are weight vectors as well. Pick ;; # 0
with a highest weight among all nonzero ;. Because ®(l,) is singular and ;;
has highest weight, l;, is a singular vector in Ly_,. Thus, l;; = ¢- I _, for some

c#0 € C, and (®) = ¢ vy, # 0, so the expectation value map is injective.

Lemma 1 in [27] states that for \ generic, and in particular integral dominant

with sufficiently large coordinates, the expectation value map
HOqu(g) (M)‘,M)\—u ® V) — V[V]

is an isomorphism. The proof is straightforward, by noticing that the conditions
on this map being an isomorphism are that a certain set of linear equations has
a unique solution. It is a general argument of the type we used in Example

2.1.7 for sly.

As the diagram from the beginning of the proof commutes, whenever the map
Hoqu(g) (M,\, M)\_y ® V) — V[I/]

is an isomorphism, the map Homgy, g (L, Lr-, ® V) — V[v] is surjective and

therefore also an isomorphism.

. The map is injective due to proof of part (1). This proof also shows that with

the assumptions of (2), namely » = 0 and A dominant integral,
HQIIqu(g) (L)‘, Ly® V) = Hoqu(g)(M)‘, Ly® V)

The Verma module M, is induced to U,(g) from the subalgebra Uy(b;), gen-

erated by all ¢* and E;; the U,(b,) module we are inducing from is the one

Ah)

dimensional module Cy, with ¢* acting on it by ¢*®id and E; acting on it by
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0. So,
Homy, (g (My, Ly ® V) =

> Hoqu((,+)(C)\, Ly®V)= Hoqu(b+)(C,\ ® L3, V).

L3 is a lowest weight module with the lowest weight —\. We can define the
lowest weight analogue of Verma module M”,, which is induced from the module
C_ over the subalgebra generated by all ¢ to the algebra U, (b, ); so as a vector
space it is isomorphic to the subalgebra U,(ny) generated by all the E;. Call
its lowest weight vector ¢_,. The module L} is then known to be the quotient
of M~, by relations E’;\ (hi)+1¢_ A =0.

Because of that, any U,(b+) map C) ® L} — V is determined by the image of
the lowest weight vector 1 ® ¢_, in V. This must be a vector v € V of weight

A — A =0, such that E,’\ R+ = 0. It is clear that any such vector will define

a U,(b4) intertwining operator C, ® L} — V.

The only thing left to notice is that under the isomorphism
Hoqu(b+)((C,\ ® L, V)= Hoqu(g)(L,\, Ly®YV),

the vector v from above corresponds to the expectation value of an intertwining

operator Ly = L, ® V.

. This follows directly from 2). V[0] is one dimensional, so either the injective
map

Hoqu(g)(L)‘, L)\ 2] V) i V[O]

is an isomorphism or the space Homy,g)(La, Lx ® V) is zero. As d = 1, and
after the identification §* = C we have (\, a) = )\ﬁa—f—z = ), part 2) of the lemma
tells us that the image of the expectation value map is the set of v € V[0] such
that E*'.y = 0. The maps E: V[2i] — V[2i + 2] are injective for i # m,
and EM1.v € V[2) + 2], we conclude that the image of the map is zero unless

A+1>m, thatisif 0 < A <m—1. If A\ > m, the set of such v that E**1.0 =0
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is the entire V[0], so the injective map is an isomorphism.

This ends the proof, but it is interesting to note that the last case of A €
{0,...m — 1} is exactly when the commutative diagram from the beginning of
this proof fails to be a commutative diagram of isomorphisms: Homy,(g)(Lx, Lx®
V) = 0 = Homy, (g (M, Ly ® V); the spaces V[0] and Homy,g) (M, MA® V) =
Homy,(g)(Mx, M_5_2 ® V) are one dimensional, but the map between them is
0.

O

Remark 2.3.2. Another way to prove (3) is to calculate ezplicitly the conditions on
a vector in Ly®V to be a singular vector of weight \, and get a set of linear equations
that have a solution if and only if \ is in the above set. This is done in the first part

of Theorem 7.1. in [26].

Following the notation in [27], for those A for which the expectation value map
(-) : Homy,(g(Mx, M, @ V) = V[V]

is an isomorphism, let v — ®% be the inverse map; i.e. ®3 is an intertwining operator
such that (®%) = v. For the same situation, let ®, be the intertwiner Ly — Ly_, ® V'
with <3§> =.

The Weyl group W is generated by simple reflections s; associated to simple roots
a;. Let p € P C b* be a weight such that p(h;) = 1Vi. Let the dot w-A = w(A+p)—p
denote the shifted action of the Weyl group on §*. The dynamical Weyl group of V
is a collection of operator valued functions A, y(A) labeled by w € W, rational in
g\ € b, with A, v (A): V[v] = V]w-v]. To define these operators, we first need a bit
more notation and results from [26]. Let w = s;, ...s; be a reduced decomposition
of we W. Let A € Py, and let o = o, of = (sy...8;,,)o;, 7 =1,...1 -1
Let n; = 2(A+p,a’) /(a?,af). These are positive integers. Let d’ = d;; be the

symmetrizing numbers defined before. The following is Lemma 2 from [27]:

Lemma 2.3.3. For A € P,, the set of pairs (n1,d'),...(n,d") and the product
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Fi' .. F7 don’t depend on the reduced decomposition of w € W. Hence, the vec-

tor

ni my
}F'il Tt "F;:z

A =
[Pa)ger - - - [a] ga

LLZPSY

my € M,

1s well-defined. It is a singular vector of weight w - A.

We will use Proposition 15 and Corollary 16 from [27] to define the dynamical
Weyl group action.

Definition 2.3.4. Let v € V[v], w € W, X\ € P, with large enough coordinates

compared with v. We have
®3(my) =ma, ® v+ Lo.t..
Define Ay, v(ANv € V{w-v] by
sml) = mi:,._(l,'\_,,) ® Awyv(A)v + Lo.t.

(The proof that this is well-defined, i.e. that the vector ®Y(m ,) is of that form, is
in [27]).

The operators A, v(A), defined for X\ dominant integral with large enough coor-
dinates, depend rationally on g¢* (in the sense that their coefficients in any basis are

rational functions of ), so they can be uniquely extended to rational functions of

g, for X € h*.

The operators A, v(A) do not, in general, define a representation of the Weyl
group. However, we have a weaker result below (Lemma 17 and Corollary 29 from
[27]). Let I be the length function on the Weyl group W, defined to be the length of

the shortest reduced expression.
Proposition 2.3.5. 1. If w),ws € W such that l(wrwa) = l(wy) + l(ws), then

Awywpv(A) = Ay, v (wg - A A, v (A).
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2. Restrictions of operators A, v (M) to V[0] satisfy

Awrwz,V()‘) = Awl,V(w2 : /\)sz,V()‘)
without any requirements on the length of w; € W.

For U,(sly) and V a simple finite-dimensional module, V[0] is either 0 (if V =
Lymy1) or one dimensional (if V = Loy,). In the latter case, the operators Ay())
restricted to V[0] are just rational functions of ¢* times the identity operator on V[0].

We can calculate them explicitly:
Lemma 2.3.6. For U,(sly), V = Lop, and s the nontrivial element of the Weyl group

W=Z2;

Asv(N) = (- 1'”H[iii+]{ g idvi-

Proof. Follows directly from Corollary 8 (iii) and Proposition 12 in [27]. O

One can now define two actions of the dynamical Weyl group on rational functions

of ¢* with values in V[0):

Definition 2.3.7. 1. The shifted action is given by
(wo f)(N) = Apy(@™ - N f(w™ - X).

2. Define Ay v(X) = Apy (=X —p).

3. The unshifted action is given by
(w* FYA) = Auy (W N f(™N).
Corollary 2.3.8. Restricted to V[0], the operators A, v (X): V[0] — V[0] satisfy

Ay, v (A) = Auy v (W2A) Auy,v (3).
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Remark 2.3.9. In general, the shifted and the unshifted action are defined for rational
functions with values in V. Because of Proposition 2.3.5, in that case they don’t define
a representation of the Weyl group W, but define an action of a braid group of W.
However, we will need them only for functions with values in V'[0], where both actions

define a representation of W (again due to Proposition 2.3.5).

The statement of the main theorem, 2.2.4, refers to the unshifted dynamical action
from this definition. Here one must remember that we can use the form (,-) to
identify b = b*, so this definition of functions on h* can be applied to functions on
h. With that identification, the part of the theorem “f € O(H) ® V invariant under

the unshifted action of dynamical Weyl group” means that for every w € W, X € b*,
(@) = Awy (N F(@).

To prove the dynamical Weyl group invariance, we need to invoke several more

definitions and results form [27] and [26].

Remember that for p large dominant and v € V[0] we defined
@), € Homy,(g)(M,, M, ® V)

such that (&%) = v, and analogously ®, € Homy,(g)(L,, L, ® V) such that (®,)=v.
We also defined their trace functions. To introduce notation of [27], for A € b*, define

(X, p) = Tr|pg, (®047) € V[0].
The functions we are interested in are
() = Trl., (@,4%) € V[0].

The paper [27] also uses generating functions for these trace functions. Pick a basis

v; of V[0] and let v} € V*[0] be the dual basis. Then define the generating functions
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Ty(A, ) = 300, 1) ® v} € V(0] @ V(0] 2 Home(V[0], V[0])

)

Th(A) =D TN} € V(0] @ V(0]

We are interested in functions of the type f(¢?) = U7 (). More results are
available about functions W¥(\, u). Fortunately, there is a theorem allowing us to
translate results of one type to another, analogous to Weyl character formula and

proved as Proposition 42 in [27]:
Proposition 2.3.10. ¥3(\) = >0 cw (=D ¥\, w - p)Au,v(p)-
Let d,(\) be the Weyl denominator d(X) = 3=, (—1)¥g**P. Tt satisfies
Lemma 2.3.11. §,(wA) = (—1)¥64(A).
Proof. 1t follows directly from the W-invariance of the form (-, ). O

For finite-dimensional U,(g) modules U, V, define the fusion matrix Jyyv(A): U ®
V — U ®YV as follows. For generic A and v € V[y],u € U[v], it is an operator such
that
(3%, ®1) 0 = (Diuv(z\)(u@l)'

It is a rational function of ¢*, and an invertible operator (see [27], Section 2.6).
I Juswv(A) = 3,6 ®d, with ¢; € End(U),¢; € End(*U), define Qu()) =
() e € End(U) (see [26]). Use these to define the renormalized trace functions

Fy(\ 1) = 85,(N Ty (A, —p — p)Qy' (1 — p)-

These satisfy (see Proposition 45 in [27]):
Proposition 2.3.12. Fy(\, p) = (Awy(w ™) @ Auv-(w™p)) Fy (w™ A, w™lp).

These operators appear in many formulas because they transform the action of
operators A,,v(A) on the space V and its duals. One of these, a special case of

Proposition 20 in [27], is the following proposition:
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Proposition 2.3.13. When restricted to V0],

Ay (N = Quv(N) Auy (V) Qy (w - A,

2.4 Proof of Theorem 2.2.4

As we identified (O,(G) ® V)Va(d) = ®D,.cp, Homy,(g)(Ly, L, ® V) and are thus in-
terested in the map Res: Hoqu(g)(L”, L,®V)—> O(H)Q®V, all the clain}s can be
stated and proved in this language of traces of intertwining operators. The main

Theorem 2.2.4 can be restated in this language as the following theorem, analogous

to Corollary 2.1.6.

Theorem 2.4.1. For any intertwining operator ® € Homy,(g)(Ly, L, ® V) define its
weighted trace as a function ¥ € O(H) ® V' given by ¥(z) = Trp, (P o ). Then the

map

Res: @ Homy,(g(Ly, L, ® V) - O(H)QV

HEPY
giwven by Res® = VU s injective, and its image consists of all the functions f €

O(H) ® V that satisfy
1. f € O(H) ® V[0);

2. f is invariant under the (unshifted) action of the dynamical Weyl group, mean-

ing that for allw € W, X € b,
F@) = Auy(N f(@®);
3. for every a; € Il and every n € N, the polynomial E?.f is divisible by
(1—gie™)(1—gie™)... (1~ ge™).

Lemma 2.4.2. Trace functions ¥ = Res® satisfy 1), i.e. ¥ € O(H) ® V[0].
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Proof. Let ® € Homy,(g)(Ly, L, ® V). We can assume we are calculating the trace
of ® using a basis of weight vectors in L. The image of every weight vector [ in L,
under ® is going to be a weight vector of the same weight, so when we write it as a
sum of elementary tensors and pick the elementary tensor whose first component is

l, the second component is going to have weight 0. O

Lemma 2.4.3. Trace functions ¥ = Res® satisfy 2), i.e. for every w € W, X € h*,

T(g™) = Ay (W) T(g™).

Proof. Using the definition of renormalized trace functions from section 2.3, Propo-
sition 2.3.12, definition of shifted and unshifted action of dynamical Weyl group,
Proposition 2.3.13, defintion of renormalized trace functions again, and finally Lemma

2.3.11, we get

Ty (A, p) =

8Ny (N, —p — p)Qv (1)

83(A) T Awy (W N Fy (w™ A, w ™ (—p = ) Ay (W™ (=1 = )" Qv (k)
8g(N) M Ay (—w A = p) Fy (w™ A w ™ (—p = ) Auwy=(w™ - 1) Qv (1)
(
(

il

Sg(N) T Ay (A = p)Fy (w™A, —w H (n+ p)Qu(w™ - p)Auy (W™t )™
8(AN) 1 (W N Auy (—w A = p) Ty (w TN wTH (4 p) — p) -
Quvw™ (p+p) —p) ' Qu(w™ - p) Ay (w™t - p)7

= (—l)wAw,V(—w_l)\ - p)\IIV(w_l/\,w_l . u)Aw,V(w_1 cu)7h

As we are interested in traces of intertwining operators on irreducible modules

and not on Verma modules, we use Poposition 2.3.10 to translate the above identity
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to those functions:

TN = D> (=1)"Ty(\w- p)Auy(p)
weWw

= > DD Auy (v A= p) Ty (A w - (- ) -

weW
Awy (™ (w - p) Ay ()

= Y Auy(—wA = p)Ty(w A, p)

weWw

= Z wav(w'lx\)\llv(w'l)\,u).

weWw

Finally, we use this and Corollary 2.3.8 to conclude that for any w’ € W,

Aw vy = > Awy (V) Auy (@ Ny (w™), p)

weW

= 3 Avuy )Ty (w7 p)

weW

= > Auy(w W\ Ty (WA p)
weW
= ¥ (w')

as required. This proves the lemma with the above convention
U(q™) = Tr[r, (P 0 ¢**) = T (V).

Notice that we used the fact that @, span the space P, Homy, (g (L, L, ® V), so it

is enough to prove the invariance for 7. O

Lemma 2.4.4. Trace functions ¥ satisfy 3), i.e. for everyi = 1,...7 and every
n € N, the polynomial E?.U is divisible by (1 — g?e*)(1 — gie®) ... (1 — g?"e™).

Proof. If ® € Homy,(g)(Ly, L, ® V), we can define its trace function not only as a
function on H, but on the entire Uy(g), by f(X) = Tr|,,(® o X). The restriction of
f to the subalgebra generated by all the ¢" is the trace function ¥ as in the claim of

the lemma.
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This defines a map from Homc(L,L ® V) 2 *L ® L ® V to linear functions from
U,(g) to V. We can make Uy(g) act on the algebraic dual of Uy(g) tensored with V' in
a way to make the above defined trace map a morphism of U,(g) modules. The easiest
way to do that is to remember that the compatible definition of action of Y € U,(g)
on*L® LQ®V was by Y1) ® Y{2) ® Y(3), and to notice that the map from *LR LRV
to the linear functions f: Uy(g) — V corresponding to the one we just defined above
is p®I®v+— (X — ¢(X)v). From this it is clear that the action of Y € Uy(g) on
the space of linear functions f: U,(g) — V is

(Y FUX) = Y(5).f(S7H(Y0)) X Y(2)-

If the function f: Uy(g) — V was defined as a trace f(X) = Tr(® o X) of an
intertwining operator ®, then it is invariant with respect to the above action, and

hence satisfies

e(Y)f(X) = Y3)-F (S (Y0)) X Y2))-

Specializing this identity to Y = ¢", for which (¢*) = 1, S71(¢") = ¢, and A%¢" =
¢" ® ¢" ® ¢, we get that f satisfies

¢".f(X) = f(¢"Xq™).
Specializing it to Y = F; instead, for which (E;) = 0, S~Y(E;) = —¢; ™ E; and
AE,=EQ¢d" Q¢ +10E¢"+101R® E,
we get that f also satisfies
0 =g f(—gT ™ E:Xql") + ¢*.f(XE:) + Ei. f(X)

SO

Ei.f(X) = f(E:X) — f(a* X Eig™).

7
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Using this formula, we will now prove by induction on n that
E7.f(g") = (1 - ¢ag™®)- (1 — glq™®) ... (1 - ¢Z"g™W) f(Erq").
For n = 0 the claim is trivial. Assume that it is true for n — 1 and calculate

Erf(¢") =

= (1-gq®®) ... (1 - " Vg E,. F(Er1q")

= (1 - @2¢™®) ... (1 — @O g=®) (F(Er") — F(g B~ q" Eugr™)
= (1—g2q™®™) .. (1 - " V@) (F(EPg™) — @2ng™® f(Erg™)

= (1-¢iq*®)...(1 — g"g* ™) f(ErgM).
This ends the induction and proves the lemma. (|

Remark 2.4.5. [37], Chapter 3, Definition 1.2.1, defines Oy(G) as the Hopf subalge-
bra of the space of linear functionals on U,(g) generated by the matriz elements of the
finite-dimensional representations of type I. The map from the beginning of the above
proof, associating to p ® 1 € *Ly ® Ly the functional on Uy(g) given by X — o(X1),
15 ezactly the isomorphism from @\*Ly @ Ly to this subalgebra of linear functionals,

establishing the equivalence of these two definitions.
Lemma 2.4.6. The restriction map (Oy(G) ® V)V4(®) — O(H) ® V is injective.

Proof. We will prove that the map

P Homy,g(L,, L, ® V) = O(H) @ V

HEP,

associating to the intertwining operator & its weighted trace ¥(z) = Tr|,,(® o z) is
injective.
Let

o= o
N
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be an element of @, p, Homy,(g)(Ly, L, ® V) whose weighted trace is zero. Notice

that
TH(®% 0z) = Y u,,e”(z)

for some u,, € V[0], with u,, = 0 unless v is a weight of L,, and with u,, = v,..

The fact that ® maps to zero can be written as
Z Z Uype” = 0.
uoov

Assume ® # 0. Then one can pick p = po so that ®,* is nonzero and yo is a
highest weight with that property. Using the fact that e” are linearly independent,

the coefficient with e#° in the above equation is
0= Upouo = Vpo-

But then 0 = \IJZ’{,", contrary to the choice of yp. So, ® = 0 and the map is injective.

O

Lemma 2.4.7. Theorem 2.4.1 holds for Uy(sls).

<3

5 Let us use

Proof. As stated before, we are using identifications C = §*, z — 2z
a slightly different convention for h: it is also one dimensional, so we can write any
element of it as zh, for h = h, the standard generator of h and z € C. The space
V[0] is one dimensional, so pick any vy # 0 € V(0] and identify V'[0] = C by it. The
polynomial functions in O(H) ® V'[0] we talk about are, with all these identifications,
Clg?, ¢7%], spanned by functions e"*/?(¢**) = g"*, n € Z. With all these conventions,
zh < zo = 22%, so and the above definitions of trace functions give U(g™) = Uy(2%).

This is a good convention because za/2 < 2. The dynamical Weyl group invariance,

with all these identifications, has the form
Aoy (2)¥(¢) = ¥(g™).

We are proving that two subspaces of polynomial functions O(H) ® V' are equal:
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the space of traces of intertwining operators and the space of functions satisfying
1)-3) from the statement of Theorem 2.4.1. Lemmas 2.4.2, 2.4.3 and 2.4.4 show that
the space of traces of intertwining operators is contained in the space of functions
satisfying 1)-3). We will now prove this lemma by proving that these two spaces of
functions are of the same size (more accurately, as they are infinite-dimensional, that
there is a filtration on O(H) such that dimensions match on every filterered piece;

the filtration we use will be the obvious filtration by degree of a polynomial).

As stated in Lemma 2.3.1, the space of intertwining operators L, — L, ® V for
V = Lap is zero if p = 0,1,...m — 1, and is one dimensional if 4 € N, u > m. The
trace of such an operator is a Laurent polynomial ¥(z) = Tr|,,(®oz) =, a.e(x),
with all the v that appear being weights of L,. So, it is a Laurent polynomial of
maximal (positive and negative) degree u. Using Lemma 2.4.6 that allows us to
calculate the dimension of the space of trace functions by calculating the dimension
of the appropriate space of intertwining operators, we can conclude that for any large
enough positive integer IV, the space of trace functions of maximal (positive) degrees

less or equal to N has dimension N — m + 1.

Now, let us calculate the dimension of the space of functions that satisfy 1)-3)
and have degree < N. It is enough to show that it has dimension less or equal to
N — m + 1; from this it will follow that it has exactly this dimension and that the

two spaces are equal.

Let f be such a function. Condition 1) of Imf € V[0] means we can regard f
as an element of C[g?, ¢™*| after taking into account V[0] = C. So, f is of the form

f(z) = 3, ane™/?(z), with only finitely many n € Z, |n| < N appearing.

Condition 3) is about E™.f being divisible by a certain function. We are in a
Uy(sl2) module V', which has 1 dimensional weight spaces V[0],V[2],...V[2m], with
E: V[2i] — V[2i + 2] being injective for ¢ = 0,...m — 1, and being zero for i = m.
The functions E™.f are of the form rational function times a basis vector for V[2n].
For n > m this is zero, so it is divisible by anything. For n = 1,...m, the rational

function in E™.f is, up to a multiplicative constant, equal to f. Condition 3) in this
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case says that f is divisible in the ring Cle?, e~*] by
(1 _ q2+2z)(1 _ q4+2z) . (1 _ q2m+2z) —
— ( l)m . m(m+1)/2 | _mz (qz+1 _ q—z—l)(qz+2 _ q—z—2) L (qz+m _ q—z—-m)'
This is equivalent to saying it is divisible by

(@ =g N e =) (@ =TT,

Condition 2) says that f is invariant under the unshifted action of the dynamical
Weyl group. As the Weyl group in this case has only one nontrivial element, call it
s, this really means f is invariant under the action of the operator A,y , which was

explicitly calculated in 2.3.6. We know s acts on h by —1, so this means

@) = Ayv(Af(F)
= As,v(-z—l)f(qz)

,=1[ z— J]
T gt
— @
et —q

Thus, the function

flg*)
9(g*) = (¢ — D) (¢ — g-2) .. (¢*t™ — ¢—=™)

is W-equivariant, in the sense g(¢*) = g(¢™?). The function g is also a Laurent poly-
nomial, because by condition 3) above, f is divisible in C[¢?, ¢~*] by the denominator
of g. If f was of degree < N, then g is of degree < N — m. Invariance under W and
limitations on the maximal degree mean that g is of the form

N—m

g(qz) — E bn(qzn +q—zn).

n=0
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The space of all such functions has dimension N —m + 1; so, the space of all possible
f that satisfy 1)-3) and have degree less or equal to N also has dimension less or
equal to N —m + 1.

This proves the lemma. O

To finish the proof of Theorem 2.4.1 we need to show that any function f €
O(H) ® V satisfying 1)-3) from the statement can be written as a linear combination

of trace functions. For this, write f as a sum of characters of H,

f@) = 3 ve(@),

ueP

with v, € V[0].

For any fixed i = 1,...r one can decompose f as follows:

f= > f&  fo=) vt

BEPy [Lo; uep

Lemma 2.4.8. Every fz is a sum of trace functions for the subalgebra U, (slz) of
U,(g) generated by E;, F;,¢*™,z € C.

Proof. Due to Lemma 2.4.7, it is enough to prove they satisfy 1)-3) for U,,(slz).
Condition 1) is clear.
Condition 2) is about dynamical Weyl group invariance. The operators A4,, v (u): V[v] —
Vsiv] for Uy(g) and A, v (u(hs)): V[v] — Vs for U, (slz) coincide. Using this, the
fact that A, v(A) = As, v(—A — p), and the condition that f is invariant under the

action of s;, meaning
D F5(q™) = Ay (D) Y fala™),
B B

we get
D@ =D As (=47 (s, ) + D) fa(g™).
B B
Now decompose both of these functions into their 8 parts as we did with f. Call
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the left hand side function ! and the right hand side r. Using (u,s;\) = (sip, A)
and the fact that p € § implies s;u € B, we get I3(¢*) = fa(¢***). On the right
hand side, we know that A,, v (—d;*({e,A) + 1)) maps V[v] to V(s;v], so rg(g*) =
A, v(=d;7 ({as, A) + 1)) f5(¢**). Thus we have

fﬁ(q23i>‘) = Asi,V(_di_l(<ai7 )‘> + 1))fﬂ(q2)\)'

Remembering the identification § = h* and restricting this to 2A = zd; ';, which

corresponds to zh; we get

Fa(a™) = Ag v (@7 (=2 — 1)) fa(e™™).

This is exactly the dynamical Weyl group invariance for U,(sl;), as the function f is
defined in terms of powers of g, and the operator A, v, which was defined for Uy, (sly),
in terms of ¢; = q%. Replacing q with ¢; we get the required dynamical Weyl group
invariance for Uy, (slz).

Condition 3): we know that EP.f is divisible by (1 — g?e™)... (1 — g?"e™), call
the quotient g € O(H) and write

S T

Decompose both sides into their 3 parts to get

Ef.fo=(1~gle®)...(1 - gi"e™)gp.

Replacing q by ¢; in all the functions we get the required statement for Uy, (slz).
a

For f as above, f =3° ,pvuet, let D(f) = {u € Plu, # 0}, and let C(f) be the
convex hull of D(f) in the Euclidean space bi. Then define the weight diagram of f
to be the set WD(f) = C(f) N P. We will prove the theorem by induction on the

size of the set WD(f).
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Lemma 2.4.9. If f satisfies 1)-3), then D(f), and consequently WD(f), is W-

invariant.

Proof. First note that it follows directly from the proof of Lemma 2.4.7 that this is

true for Uy(sls), as

f(qzh) — g(qzh) . (qz+1 _ q—z—l) L (qz+m _ q—z—m)

with g being W-equivariant, so the set of powers of ¢° that appear in f is symmetric
around 0. This means D(f), and therefore also C(f) and WD(f), is W-invariant.

Next, write f = ), f3 as before, for 3 € P, /Za;. The simple reflection s; preserves
the equivalence classes 3. So, s;D(f) = D(f) if and only if s;D(fs) = D(f5).

From the previous lemma, f3 is the sum of trace functions, so from the comment
at the beginning of this proof, D(f3) is invariant under the action of the Weyl group
of Uy (slz). The nontrivial element of this Weyl group is the reflection with respect
to the only simple root for Uy, (sl), which is a;. So, every D(fz) C P is preserved
under s;, hence s;D(f) = D(f) and s;WD(f) = WD(f).

Geometrically in the lattice P, the argument in the last paragraph corresponds to
decomposing D(f) into sets D(fg), so that every D(f3) consists of points of D(f) that
lie on one of the parallel lines in §*, passing through 3, in the direction of ;. Then we
note that s; preserves each of these lines, and that every such line is symmetric with
respect to the hyperplane through O orthogonal to «;. This is exactly the reflection
hyperplane of s;, so D(f) is symmetric with respect to this hyperplane and preserved
by s;. |

Of course, once we proved D(f) and WD(f) are preserved by all the simple
reflections s;, we immediately conclude that they are preserved by the entire group
W generated by all the s;.

O

Proof of Theorem 2.4.1. Let us prove Theorem 2.4.1 by induction on the size of the
finite set WD(f).
If the set WD(f) is empty, f = 0 and there is nothing to prove.
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Otherwise, assume we have proved the theorem for all functions whose weight
diagram has fewer elements than WD(f).

Pick p € WD(f) an extremal point, meaning a point p such that it is not in the
convex hull of WD(f)\{u}. Such a point exists, as WD(f) is a finite set. Moreover,
such a point p is in D(f). To see that, notice that u € C(f) means that either
p € D(f), or p =3 t;p; for some t; > 0,5 .t; = 1 and some p; € D(f), ; # p- In
the latter case u; € D(f)\{p} C WD(f)\{1}, so p =, t;p; is in the convex hull of
WD(f)\{x}, contrary to the choice of p.

As D(f) and WD(f) are W-invariant, we can assume without loss of generality
that p is a dominant weight. Finally, for any 7 = 1,...r, the weight p + o; is not
in WD(f). To see that, consider two cases: either (u,a;) # 0 or (u,a;) = 0. If
(p,0;) # 0, then s;p = p — 2%%%&,- € WD()\{u}, 1 + a; € WD(f)\{n} implies
that p is in the convex hull of WD(f)\{x}, contrary to the choice of . If (i, ;) =0,
then the same can be concluded from g + a; € WD(f)\{u},si(p+ i) = p—a; €
WD (f)\{u}-

Let us now restrict f to Uy(slz) and decompose into fz as before. Then Lemma

2.4.8 tells us that all fg, and in particular the fg such that u € 3, are traces of

1
M0 +1
( l) 1

intertwining operators for Up,(slz). Lemma 2.3.1, 2) then implies that Ef 3
0.

Since this statement is valid for every i = 1...r, the same Lemma 2.3.1, 2) implies
that there is an intertwining operator ®* : L, — L, ® V. Its trace function ¥*
has WD(¥}*) equal to the convex hull of the set of weights of L, i.e. equal to the
convex hull of the W orbit of x. This is contained in the set WD(f). So, the function
f—U¥ satisfies 1)-3), has WD(f —¥}*) contained in WD(f), and has the coefficient
of e# equal to v, — v, = 0. This means D(f — ¥;*) is a subset of WD(f) which does
not contain , so it’s convex hull doesn’t contain p, and so WD(f — ¥}*) is a proper
subset of WD(f).

By induction assumption we can now express f — ¥, as a linear combination of

trace functions. So, we can express f as a linear combination of trace functions. This

proves the theorem.
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Remark 2.4.10. It is ezplained in [36] how theorem 2.1.1 reduces when V is small
enough in the appropriate sense. First, if V is a trivial representation of g, then
conditions (1) and (3) of theorem 2.1.1 are automatically satisfied, so the statement
becomes the Chevalley isomorphism theorem Clg]®>C[h]™. The second special case
is when V is small in the sense of [12], meaning that for every root a, 2a is not a
weight of V. In that case, any function f € C[h] @ V' that satisfies conditions (1)
and (2) automatically satisfies (3) as well. To see that, first note that E*.f =0 for
all n > 2. Nexzt, for any vector v € V|0], either E;.v = 0, or E;.v # 0,E2.v = 0
and v generates an (sly); representation isomorphic to either the three dimensional
wrreducible representation Lo, or the direct sum of the trivial representation Lo with
Ly. Then condition (1) means that f is a sum of functions of the form fiv, and
functions of the form fyvs, for some f12 € C[h], some v; which generate a trivial
(sl2); representation and some vy in the zero weight space of some three dimensional
(sl2); representation. Condition (2) implies that f; is an even function and f; an
odd one with respect to the action of the element s; € W corresponding to (slp);, so
E;.f(h) = fa(h)E;.ve is divisible by o;. This reduces the theorem 2.1.1 to theorem 1
in [12].

In the context of quantum groups, the same analysis applies to theorem 2.2.4. If
V is trivial, then conditions (1) and (3) are satisfied, and condition (2) reduces to
f(@) = f(q*) because Ay, v(\) = id (by lemma 2.3.6). If V is small in the sense
of [12], then for any copy of Uy(slz);, the only representations of it that contain a
nonzero vector in V0] are direct sums of trivial and three dimensional irreducible
representations. We again conclude that any function f € O(H) ® V which satisfies
(1) and (2) must be a sum of functions of the form fiv, and fove, with vy in some
copy of Ly and v, in some copy of Ly. If f also satisfies (2), then by the proof of
lemma 2.4.7, fa is of the form fa(q*) = g(¢7) - (¢*t! — ¢7*71), so E;.f, is divisible by
(1 — g2e™). All the other parts of condition (3) are satisfied trivially, as E;.v; = 0
and E2.v = 0. So, in the case V is small, condition (3) is unnecessary, and theorem

2.2.4 reduces to a quantum version of theorem 1 from [12].
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Chapter 3

Rational Cherednik Algebras

3.1 Definitions and basic properties

3.1.1 Reflection groups

For the remainder of the thesis we study rational Cherednik algebras over an al-
gebraically closed field k. We first present definitions and properties which do not
depend on characteristic of k, then focus on k = C for the rest of this chapter and
for Chapters 4 and 5, and then let k have finite characteristic in Chapters 6,7 and 8.

The definitions and statements in this chapter are standard and can, unless oth-
erwise stated, be found in [21] or [24].

Let W be a finite group, and b its n-dimensional faithful representation over k.
We say that an element s € W is a reflection if rank(1l — s)|y = 1. We say that W
is a reflection group if it is generated by the set S of reflections in W. We call b its
reflection representation.

Let b* be the dual space of b, and (-,-): h*xh — k, (-,-): h xh* — k the canonical
pairings. The group W acts naturally on h* by the dual representation, and that an

element s € W is a reflection on § if and only if it is a reflection on §*.

Lemma 3.1.1. For any reflection s € S, let o) € b and a; € h* be such that s acts
on all z € h* by

5.z =z — (a),T)as.
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Then the action of s ony € b is

(y, ) v

sy=y+—=2-"2__qaV.
y=9y 1-(as,a)) °

The element o, is a basis of Im(1 — s)|y+, and &) is a basis of Im(1 — s)|y. Let
ds = 1 —(as5,¢)). If As # 1, then the reflection s is diagonalizable on b* with
eigenvalues Xs,1...1 and on b with eigenvalues A\J',1...1. If \; =1, then s is not
diagonalizable, has a generalized eignevalue 1 and n—1 eigenvalues 1. Such reflections
of finite order are unipotent and only exist in finite characteristic.

The reflection s is uniquely determined by a; ® ) € h* @ h. The vectors as and

a) are determined by s up to mutual rescaling.

Proof. The rank of 1 — s on h* is 1, so there exist @} and «;, unique up to mutual

rescaling, such that (1 —s)|p = (@Y, -)as. The formula for the action of s on b follows

from this and the definition of dual representation, which is

(s.y,s.2) = (y,x).

It is clear from these formulas that @ and «; are basis vectors for the image of 1 — s
on b and bh*, and that they are (generalized) eigenvectors for s on h and h* with
(generalized) eigenvalue A\;! and ;. All vectors in b which are in the kernel of (as, -)
are eigenvectors of s with eigenvalue 1, and all vectors in h* which are in the kernel

of (a),-) are eigenvectors of s with eigenvalue 1. If A = 1, then for any = € b*,

"z =z —n(a),x)as.

From this it follows that (1 — s)2 =0, so 1 — s is nilpotent and s is unipotent. If the
order of s s finite (and we consider only finite reflection groups), then some power of
s is the identity, and it follows that n(a},z)as for some n and all v, so k has finite

characteristic. O

Occasionally, in literature where only semisimple reflections are considered, a dif-
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ferent normalization of as and o is chosen, such that (as, aY) = 2. This brings about

an additional factor of i%r in some formulas.
'8

Remark 3.1.2. A large class of reflection groups is formed by Weyl groups, and more
generally Cozeter groups. These have the property that all reflections s have non-unit
eigenvalue A\ equal to —1, and that they preserve an inner product on h. Using this
inner product, fj and h* can be identified. Sometimes in literature only s satisfying this
extra property are called reflections, and only the groups generated by them, and thus
subgroups of the orthogonal group of b, are called reflection groups. In that notation,
the names for the more general elements and groups we defined are complex refections

(or unitary reflections, or pseudoreflections) and complex reflection groups.

3.1.2 Definition of rational Cherednik Algebras

Let t € k, and let ¢: S — k be a conjugation invariant function on the set of
reflections. Denoting it s — c;, ti satisfies ¢, = cys9-1 for all s € S, g € W. For
any vector space V, let SV and TV denote the symmetric and tensor algebra on V,

and S*V and T*V the i-th homogeneous part of it.

Definition 3.1.3. The rational Cherednik algebra H,.(W,Y) is the quotient of the
semidirect product k[W] x T'(h @ §*) by the ideal generated by relations

[z,2]=0, [1,¥] =0, K,2] = (¥, &)t — > _ ca((1 = 5).z,p)s,
sES

for all z,x’' € b*,y,y/ €.

Note that for ¢ € W and y € h, we use notation gy for multiplication in the
algebra, and g.y for the action from the representation; because of the semidirect
product they are related by gyg~! = g.y.

Parameters ¢ and ¢ can be simultaneously rescaled, in the sense that Hy (W, ) =
Hyt oc(W, b) for any a € k* (the isomorphism sends generators z € §* to tz and fixes
h and G). This implies that it is enough to study two cases with respect to ¢, t =0

and t = 1. We are mostly interested in the £ = 1 case.
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An analogue of the PBW theorem holds for H; (W, }). Let {z1,...,z.} be any
basis of h* and {yi,...,Yn} any basis of . The proof of the following theorem, not

depending on the characteristic, can be found in [33].

Theorem 3.1.4. Let (z1,...,Z,) be a basis of b* and (y1,...,Yn) @ basis of h. The
elements of the form

Qn

oyt
for g € W, a;,b; € Zxo, form a basis of H;.(W,b).
From now on, let {y1,...,ys} and {z1,...,z,} be fixed dual bases of j and h*.

Lemma 3.1.5. Let f: W — k be a group character. Thenc- f: S — k is conjugation
invariant, and the algebras Hy .(W,Y) and H;.;(W,b) are isomorphic.

Proof. The isomorphism is defined to be the identity on the generators from b and

bh*, and to send g € W to f(g) - g. -

3.1.3 Verma modules and Dunkl operators

A natural class of representations of rational Cherednik algebra H; (W, ) are stan-
dard or Verma modules. Let 7 be an irreducible representation of W. Define a
k[W] x Sy C H,.(W,h) action on 7 by requiring that b acts on it by zero. The
standard or Verma module M (1) (sometimes denoted M, .(W,h, 7)) is the induced
module

M, o(r) = Il T = Hy o(W, ) @uqwinesy T-

As induced modules, Verma modules satisfy the following universal mapping prop-

erty:

Lemma 3.1.6. Let M be an Hy.(W,h)-module. Let 7 C M be a W-submodule on
which h C H, (G, b) acts as zero. Then there is a unique homomorphism ¢: My (1) —
M of Hy.(W,b)-modules such that ¢|, is the identity.

By the PBW theorem,
Mt,c(T) = Sb* QT
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as k-vector spaces. Through this identification, the action of the generators of
H;.(G,b) can be explicitly written as follows. Let f® v € Sh* ® 7 = M, (1),
zeh*,yehand g€ W. Then

z.(f®v) = (zf) ®v,

9-(f®v) =g.f ®gw

vfen=w,Nov-Y a0 g resm

seS Qs
The operators

Y, s
Dy=t6y®1—ch(—a—l(1—s)®s

s€S s

are called Dunkl operators.

Remark 3.1.7. This differs from the more usual definition of the Dunkl operator by
a factor of 125 in the coefficient of s € S. The reason for the different convention is

ezxplained in the comment after Lemma 3.1.1.

Define a grading on H; (W, h) by letting = € h* have degree 1, y € h have degree
-1, and g € G have degree 0. We will denote by a subscript + the positive degree
elements of a graded module.

We can define a grading on M, (1) & Sh* ® 7 by letting the i-th graded piece be
Sh* @ 7. It is clear from the above formulas that this grading is compatible with
the grading on the algebra H; (W,}), and so are any shifts of it (gradings on M, .(7)
defined by M; (7)irn = Sh* ® 7 for any grading shift ).

We say a homogeneous element v € M, (7) is singular if Dyv = 0 for all y € .
They are interesting because singular vectors of positive degree generate a proper
H, (W, b) submodule. If v is singular and generates an irreducible W representation,
then this Hy (W, h) submodule is isomorphic to a quotient of M;.(Gv).

We will often use the following simple observation:

Lemma 3.1.8. If M = @, M; is a graded H, (W, h)-module isomorphic to a Verma

module or any of its submodules or quotients, then for every i the map Y M;,; — M;
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defined as
y ® m — Dy(m)

is @ homomorphism of group representations.

Even thought this claim is very simple, it is useful in finding singular vectors, as
the subspace o of M, consists of singular vectors if and only if h ® o maps to zero

under the above map. This enables us to make use Schur’s lemma in this situation.

3.1.4 Contravariant form and modules L; ()

There is an analogue of Shapovalov form on Verma modules. First, for any graded
H; (W, h)-module M = @, M; with finite-dimensional graded pieces M;, define its
restricted dual M1 to be the @, M;. It is a left module for the opposite algebra
H; (W, h)" of H,.(G,H). Let ¢: S — k be the function &(s) = c(s™!). There is a
natural isomorphism H; (W, §)%? — H,z(W,b*) which is the identity on § and b*,

and sends g — ¢! for g € W, making M' into an H, (W, h*)-module.

Definition 3.1.9. Let 7 be an an irreducible finite-dimensional representation of W,
M, (W, b,7) the Verma module for H, (W, §) with lowest weight T, and M, :(W, b*,*)
the Verma module for Hyz(W,4*) with lowest weight 7. By Lemma 3.1.6, there is
a unique homomorphism ¢: My (W, h,T) — My (W, b*,7*) which is the identity in
the lowest graded piece T. By adjointness, it is equivalent to the contravariant form
pairing

B: Mt,c(uly ba T) X Mt,é(vvy b*77-*) — k.

Proposition 3.1.10. The contravariant form B satisfies the following properties.
a) It is W-invariant: forg € W, f € My .(7), h € Mys(7*), B(g.f,9.h) = B(f,h).
b) Forx € b*, f € My (1), and h € Myz(7*), B(zf,h) = B(f, Dy(h)).

C) For y € b’ f € Mt,C(T): and h € Mt,é(T*)? B(f7 yh) = B(Dy(f)7 h)

d) The form is zero on elements in different degrees: if f € M;.(7); and h €
M;z(7*);, © # J, then B(f,h) = 0.
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e) The form is the canonical pairing of T and T in the zeroth degree: forv € T =

Mt,c(T)07 f € T = Mt,E(T*)Or B(’U, f) = (’U, f)

As B respects the grading of M, .(7) and M, s(7*), we can think of it as a collection
of bilinear forms on finite-dimensional graded pieces. Let B; be the restriction of B
to the My c(7); ® Myz(7*);. By definition, KerB = Ker¢, which it is a submodule of
M, (G,b, 7). Singular vectors of positive degree in M;.(7) are in KerB, and so are

the submodules generated by them.

Definition 3.1.11. For 7 an irreducible G-representation, define the Hy.(G,b) rep-
resentation Ly .(T7) = L (G, b,7T) as the quotient M, (G,¥,7)/Ker(B).

Ly (7) are graded modules. We are going to show that they are irreducible, and
define category O in such a way that they will be the only irreducible modules in it (up
to grading shifts). The proof will be different in characteristic zero and characteristic
D, as is the behavior of these modules. In characteristic zero and for generic ¢ and c,
the module M, (7) is irreducible and hence equal to L; (7). In characteristic p, or
in characteristic zero and for t = 0, this never happens. On the contrary, all L; .(7)
are finite-dimensional, and M, (7) always have a large submodule. Because of that,
definitions of category O differ, and in characteristic p we sometimes prefer using baby

Verma modules defined in Chapter 6 instead of Verma modules.

3.1.5 Grading

For any graded vector space M, we use the notation M; for the i-th graded piece, and
M{j] for the same vector space with the grading shifted by j, meaning M[j]; = M;,;.
It is explained above that every Verma module M, .(7) is a graded module with
M, o(7); = S'h* ® 7. Then for any j, M, .(7)[j] is also a graded module. However,
some gradings shifts are more natural then others.

If characteristic of k is different then 2, consider the following element of H; (W, b):



For any conjugacy class C of reflections in W, the element > .- s is central in the
group algebra k[W]. From this it follows that h acts by constant on every irreducible
representation of W. It is also easy to see that h does not depend on the choice of

the dual bases (z;); and (y;);, and that it satisfies:

forx e h*,yeh,gec W
Let h.(7) € k be the constant by which h acts on 7. Then its action on the
i-th graded pieces of Verma module M, .(7) is by a constant h.(7) + ti. From this it

follows:

e If t = 0, then h acts on My (7) and all its submodules and quotients by the

constant h.(7).

e In particular, if there is a subspace of singular vectors isomorphic to a W-
representation ¢ in My .(7);, then the action of h on it is by h.(7) (as it is
a subrepresentation of My (7)) and by h.(o) (as it is a quotient of My .(0));
hence,

he(7) = he(o).

e If t = 1 and chark = 0, then h diagonalizes on M; .(7) with eigenvalues of
the form h.(7) + Z>o. These eigenvalues define a natural Z-grading on M; o(7),
which is compatible with the grading on the algebra Hy (W, h), and differs from
the grading defined in the previous section by a h.(7)-shift.

e In particular, for ¢ = 1 and chark = 0, if there is a subspace of singular vectors
isomorphic to a W-representation o in M .(7);, then

he(T) + i = he(0).

e If t = 1 and chark = p, then h diagonalizes on M, .(7), and its eigenvalues

define a natural Z/pZ-grading.
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e In particular, for ¢ = 1 and chark = p, if there is a subspace of singular vectors

isomorphic to a W-representation ¢ in M; .(7);, then

he(t) +i = h.(o) (mod p).

If chark = 2, wecanuse h’ = ), z;y,— > ¢ ¢ss instead, and analogous statements
hold. The reason for the convention to use the di—g‘ll constant shift in the definition of

h is the following special case.

Assume that k = C and that h has an inner product which W respects, so that
W C O(h). As h does not depend on the basis, let (y;); be an orthonormal basis of
b and (z;); the dual basis of h*. The following elements of H; .(W, )

E=%va?, F=—%Zy?
i %

then satisfy
[h,E] =2E, [h,F]=-2F, [E,F]=h,

so they form a copy of sl2(C) in H; (W, h). This is useful for finding finite-dimensional
representations of H; (W, b): if L is a finite-dimensional representation, graded by the
eigenvalues of h, then it is in particular a finite-dimensional representation of sly(C).
So, h.(7) is a lowest sl(C) weight and thus a negative integer, and dimensions of
graded pieces of L are palindromic: dim L; = dim L_;. Integrating this representa-
tion to a representation of the group SLy(C) and using that slp(C) commutes with
W, we get that the graded pieces of L satisfy L; & L_; as W-representations. All
this information provides constriants to values of ¢ for which finite-dimensional rep-

resentations can exist.

75



3.2 Representations of H; . (W,h) over k=C

3.2.1 Category O

As explained above, the definitions of category O are different for characteristic 0 and

characteristic p. For the rest of this chapter, we let k =C and ¢t = 1.

Definition 3.2.1. Category O (also called O1.(W,h) or O1) is a category whose
objects are Hy (W, Y)-modules which are finitely generated over Sb* and locally nilpo-
tent over Sh. It is a full subcategory of Hy (W, h)-Mod, closed under subgquotients

and extensions.

It is clear that Verma modules M; .(7) and their quotients L, .(7) are in O. The
element h acts locally finitely on O, and diagonalizes on M, (7) with eigenvalues
he(T) + Z>o. We will always consider objects from category @ with this natural
grading.

3.2.2 Irreducible representations in category O
As announced before, we can describe all irreducible objects in O.

Proposition 3.2.2. All L, (1) are irreducible Hy (W, b)-modules. All irreducible

objects in O are of the form L, .(7) for some irreducible W -representaton 7.
For completeness, we sketch the proof.

Proof. The grading element h diagonalizes on all proper submodules of M; .(7), and
has eigenvalues which are all > h.(7). As a consequence, the sum J; .(7) of all proper
submodules does not contain 7 = M (7)o, and so it is a proper submodule. The
quotient K.(7) = Mj ¢(7)/J1,¢(7) is irreducible.

The proof that J; .(7) is the kernel of the contravariant form B and that con-
sequently K (1) = L1 .(T) is completely analogous to the proof of the similar claim
about Shapovalov form in Lie theory. Namely, the contravariant form was defined by
the map

¢: Mo(W,b,7) = Meo(W, 57, 7)1,
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which factors trough

KE(T*)Jr — Mt,e(m b, T*)t-

As K,(7) is irreducible, there exists an isomorphism K (1) — Kz(7*)', which maps
the lowest graded piece 7 of K,(7) to the lowest graded piece 7 of K;(7*) by the
identity map. The uniqueness of the map ¢ implies that, up to a constant, it is equal

to the composition
Myo(r) > Ko(1)SKe(T)' = Myo(W, b*, 7).

As a consequence,

KerB = Ker¢ = J1 .(7),

and

K (1) = Ly (1)
is irreducible.

Now let L be any irreducible H; .(W, h)-module. It has a lowest h-eigenspace, and
let 7 be an irreducible W-subrepresentation of it. Then there is a map M (1) — L
which is the identity on 7. Its image has to be L, as it is irreducible. So, L =

Lt,c(T) . O

3.2.3 Characters

We define characters so that they contain all the information about graded pieces of

a module, seen as a representation of W.

Let N be an object of O. It decomposes as N = @®,N,, for N, a generalized
eigenspace of h with eigenvalue a. Let K(W) be the Grothendieck group of finite-
dimensional W representations. We define two versions of character. For a formal

variable z and [IN,] a representative of N, in the Grothendieck group K(W), x is a
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K (W)-valued formal power series
xn(z) = Z[Na]z"‘.
We also define ch as a function of g € W and z,
h(z,9) = 3 Trl. (9)2".

Over k = C, these two characters are equivalent, and we mostly work with ch.

It is easy to see that

2" Tr|,(g)

h T 9 = TI‘ 3 % hc(‘l’)+’l = 5 /1 -
charo()(2:9) = Y Trlsirer(9)2 det |y (1 — 29)

iEZZO

3.2.4 Grothendieck Group

Let K(O) be the Grothendieck group of the category O = O, (W, §). All modules in
O have finite length (this follows from them being finitely generated over Sh*, and h
acting on them locally finitely). All irreducible modules in O are of the form L, .(7),

so the set [Ly c(7)], for all irreducible representations 7 of W, is a Z-basis of K(O).

In particular, there exist ni., € Z>o such that
[Mye(T)] =D foroLne(0)]-
o

The grading on all modules is given by the action of h, so these integers satisfy:

~

® Nrr = 1;
o if 7 # 0, and 7., # 0, then hc(o) — he(7) € Zsp.

As a consequence, in the appropriate ordering on the equivalence classes of ir-

reducible representations of W, the matrix [#.,] is upper triangular with 1 on the
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diagonal, and hence invertible. So, there exist n,, € Z such that
[L1,e(T)] = Z Nro [ Mi,c(0)]-

If the integers n., are known, then one can easily compute the characters of

Ll,c(T), as

XLLC(T)(Z) = Zn.r,o.leyc(a.)(z) = En‘r,a Z[S’zb* ® O_]zhc(a)+i
4 o

120

and
2" Tx|,(g)

chr, .(n(2,9) = ; Mo, ()2, 9) = Ea: "7 det g+ (1 — 2g)

The numbers 7., are easy to compute from n,,, so this gives the composition

factors of every M () as well.

Chapters 4 and 5 are dedicated to calculating n,, for all 7,0, for all H, .(W, ),
and for W of the type H3 and Gs5s.

3.2.5 A useful lemma

We will use the following lemma several times.

Lemma 3.2.3. Let 0 C h* ® 7 C M, (1) be an irreducible subrepresentation of W.

The elements of b act on o by zero if and only if he(o) — h.(7) = 1.

Proof. This lemma can be found in [25] as Lemma 3.5. The proof uses the observation
from Lemma 3.1.8, which in this case states that applying the Dunkl operator to
elements in the graded piece S'h* ® 7 of My (), y® v — D,(v), is a homomorphism

b ® h* ® T — 7. By adjointness, this can be thought of as an endomorphism

"®7—-h"®7,
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which is then explicitly calculated to be

id——ch(l—s)@)s.
seS
This operator acts on ¢ C h* ® 7 by a constant 1 + h.(7) — h.(c), proving the

lemma. O

3.2.6 Support of a module

We will use the main result from [22].

Just for this subsection, let W be a finite Coxeter group, and assume s +— ¢, is a
constant function on the set of reflections, and 7 = triv the trivial representation of

W. We are interested in the growth of L; .(triv).

The paper [19] (as well as the discussion in 3.2.8) shows that the set of ¢ € C for
which Ly (triv) # M c(triv) is equal to

UUUtm+ 2.

m>0i=1 j=1

Here d; = d;(W) are degrees of basic invariants of W, defined (see Chevalley-Shephard-
Todd theorem) to be integers such that the ring of invariants C[h]" is a polynomial

ring generated by homogeneous elements of degrees dj,...d,.

The module L; (triv) is a module over the commutative algebra C[h] = Sh* C
H, (W, ). Its support is defined to be the set of all a € h = SpecC[h] such that the
localization of L, .(triv) at the maximal ideal a is nonzero, and is equal to the set of
common zeroes of the C[h] ideal J; .(triv).

When c is not of the form m + 71%-’ then Ly o(triv) = M (triv), which is identified
with C[b] as a C[h}-module, Jy (triv) = 0, and the support is the whole b.

When c is of of the form m + ;}i, the support is calculated in [22]. Let w — l(w)
denote the length function on the Coxeter group W, Py the Poincaré polynomial of
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W, defined as
1—g*

Pw(g)=)_ d“=]]~ _qq :

weW i

and W, = Stabwa the stabilizer of @ € § in the group W (which is also known to be
a Coxeter group). Theorem 3.1. in [22] states:

Theorem 3.2.4. A point a € b belongs to the support of L, .(triv) if and only if
Py 2mic
P () 0,
in other words, if and only if
#{i|d divides d;(W)} = #{i|d divides d;(W,)}.

As the support of Ly (triv) is the subvariety of h determined by the ideal J; (triv),
its dimension is equal to the degree of the pole at ¢ = 1 of the Hilbert series of L, .(triv)
with respect to the usual grading on Sh*. This grading and the grading by h action
differ by a constant h.(triv), so Hilbert series defined using these two gradings differ
by factor of zP<(*¥) and have the same order of pole at t = 1.

On the other hand, this Hilbert series is equal to the character chLl’c(mv)(z,g)
evaluated at g =1 € W. This will help us determine the coefficients in the character
formulas for L (triv).

In particular, L o(triv) is finite-dimensional if and only if there is no pole, meaning

if the support is zero dimensional and equal to {0}.

3.2.7 Parabolic induction and restriction functors

A subgroup W’ of a reflection group W is called parabolic if it is of the form Stabya
for some a € h. In that case, W’ is a reflection group, with reflection representation
b = b/b"’, where h"’ is the subspace of W’-invariant elements.

Let ¢’ be the restriction of ¢ to the reflections in W’. Induction and restric-

tion functors, introduced in [9], give a way of relating modules for Hy (W, §) and of
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Hy (W', 5/8%"). We omit the details of their construction and give only the proper-

ties we will use.

Proposition 3.2.5. There exist induction and restriction functors
Resa: OI,C(VV’ b) - Ol,c’ (Wl, b')

Inda : 01,01 (W,, h,) - OI,C(W) b)

associated to a € b such that W’ = Stabya. These functors are exact. The following

formulas hold for generic c, and on the level of Grothendieck group for every c:

Resa(Mi(W,5,7) = (D  dim(Hom(o, 7|w)) M1 (W', Y, 0),

o€lred(W')

Ind,(M1o(W',l,0)) = €D dimHom(o,|w)) M (W, b, 7).
r€lrred(W)

3.2.8 Iwahori-Hecke algebras, KZ functor and semisimplicity

Category Oy (W, b) is semisimple for generic values of parameter c. We are interested
in describing the irreducible objects L; .(7) in cases when it is not semisimple. The
first step is to determine for which values of ¢ this happens.

For this section, assume ¢ € C is a constant.

Proposition 3.2.6. If W is a Cozeter group and c a constant, then O1.(W,bh) is

semisimple unless c € Q, and writing c = 7 as a reduced fraction, d divides a degree

of a basic invariant of W.

This statement can be found in [9], and is a combination of results from [30] and
[19].

For a reflection group W, let H; = Ker(1 — s)|, be the reflection plane associated
to the reflection s, and let b,., be the complement of all the reflection planes in
h. The braid group BW is then defined as the fundamental group of the quotient
space 71 (hreg/W). It is generated by elements Ty for all reflection hyperplanes H,
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where Ty is defined as a small circle around the image of H = H, in the quotient
space. It is known that the group W is the quotient of BW by relations of the type
Ty* = 1, where myg € Z, is the (maximal) order of the reflection s in W defining
the hyperplane H = H,. For a constant ¢ € C, define the Iwahori-Hecke algebra
H,(W) as the quotient of C[BW] by the relations

mp—1

Ty -1) H (Ty — e¥ilmug),
j=1
(A version of H,(W) with g a collection of conjugation invariant parameters is avail-
able, but we will not use it). Clearly, if ¢ = 1, the H,(W) = CW.

We also define the generic Hecke algebra as an algebra with the same generators
and relations as above, but over Z[g,q7!] for ¢ an indeterminate. For the rest of
this section, we assume that W is such that the generic Hecke algebra is a free
Z[q,q ']-module of rank |W|. This is known for cases when W is a Coxeter group
or a simple complex reflection group different than Gis,. 19, Ga4,... 27, G29 and G3;_34,
and conjectured in other cases. All the results quoted in this section depend on
this assumption. We will apply the results of these section in Chapter 5 to the case

W = (342, for which the assumption is known to be satisfied.

Example 3.2.7. The Coxeter group W = Hj has a presentation by generators and

relations

<31, S2, 83|3f = Sg = Sg =1, 5183 = 8351, 515251 = 525152, 5283528352 = 3382838283> .
Its braid group BW is
(T, T3, 3Tz = T3, T TTh = TN T, LLTT, = TsTT5T0Ts)

The Hecke algebra Hy (W) is a C-algebra with generators Ty, T», T5 and relations

T1T3 = T3T17 T1T2T1 = T2T1T2; T2T3T2T3T2 = T3T2T3T2T3
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(- 1)(Ti+¢) =0 i=1,23.

Example 3.2.8. The complez reflection group W = G2 has a presentation by gen-

erators and relations
(e, 51, 84|82 = s? = 53 = 1,(8¢578g)" = (848¢55)" = (85545¢)*),
its braid group BW is
(Te, Ty, Ty | (TLTT,)* = (T,T.Ty)* = (T4 T,T.)*)

and its Hecke algebra H (W) is the quotient of the group algebra of the braid group
of W by the extra relations

(Te —1)(Te+q) =0, (T -1)(T5+q) =0, (T, —1)(Ty+4q)=0.

For M a module in O, let M., be its localization at b,e. Let O be the

subcategory of O consisting of those modules for which the localization M,.y, = 0.
Theorem 3.2.9. There exists a functor

KZ: O1.(W,4) = He(W) — mod

associating to every module in category O for Hy.(W,h) a module for the Hecke
algebra H (W), where q is a constant depending on c. If the order of the generating
reflections of W is 2, then q = e™¢,

The functor KZ induces an equivalence of categories
KZ: O1./Of% — Hy(W)-Mod.

The definition of KZ and the proof of this theorem first appeared in [30]. It is

useful to us due to the following corollary:
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Corollary 3.2.10. The C algebra H (W) is semisimple if and only if O, is semisim-
ple.

Proof. H,(W) is semisimple if and only if the number of irreducible representations is
equal to the number IWI of irreducible representations of W. The number of simple
objects in O is always equal to |W| Thus, if either O or H (W) is semisimple, then
O} = 0, KZ is an equivalence KZ: O, — H,(W)-Mod, and both O and H,(W)

are semisimple. O
The following result is a combination of [13], [15] and [29].

Proposition 3.2.11. The Hecke algebra H,(W) for ¢ = v? is semisimple if and only
if there exists a symmetrizing form on it, which is if and only is all Schur elements

Sr, for T € W, satisfy
sr(v) #0.
Schur elements are a family of polynomials, labeled by w. They have been cal-
culated, and can be accessed for various groups W via the CHEVIE package of the

algebra software GAP, see [38].

We will use the combination of these results:

Corollary 3.2.12. For constant ¢ > 0, category O, (W, b) is semisimple if and only
if for all T € W, for v = e™®,

sr(v) # 0.

3.2.9 Scaling functors

For the set of constant ¢ such that O; . is not semisimple, there are some equivalences
of categories that enable us to consider a subset of all such ¢. The following are results

from [41] (see Theorem 5.5.) and [32] (sections 2.6. and 2.16).
Theorem 3.2.13. Assume that g is an element of the Galois group Gal(C/Q), and

c€C,c¢%+Z,r€]R>0 such that

g( 621ric) — e27rirc.
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Then there ezists an equivalence of categories
®re: O1c — Orpe
and a permutation @, of W such that
‘Dc,rc(Ml,c(T)) = Ml,rc(%,rc(T))

q)c,rc (Ll,c(T)) = Ll,rc((Pc,rc(T))~

We use this to transfer information about characters of irreducible representations
in 04,174 to O1,44, for r € Zg relatively prime to d.
An effective way of calculating the permutation ¢, is given in [32] by formula

(11). Let ¢ =1/d, d,r € Z>o, and let g € Gal(Q(e*"/?) /Q) such that

g(e?m‘/d) — e21rir/d.

Let
n= 6—27ri1'/2d . g(GZﬂ"i/Zd) eC.

Then the irreducible characters x’ of the Hecke algebra H,(W) are related by

Xy sa.rar) (W)(@) = (93 (w))(nq).

After evaluating at ¢ = 1 to get irreducible characters of W, this becomes:

e If n=1, then X:Pl/d,r/d("') = gXr, SO ¥1/4,/d is a permutation given by the action

of g on the characters of W.

e If n = —1, then the character formula becomes X:PI/d,r/d(T) (w)(1) = gx’(w)(—1).
The left hand side can be interpreted as a group character, while the right
hand side needs to be transformed. The permutation ¢, /4,4 is the composition
of the permutation given by the action of g on the characters of W and the

permutation resulting from the transformation, which can be read off from [39].
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While there might be several choices for g, the permutation ¢ doesn’t depend on

them.

3.2.10 Shift functors

Scaling functors described above are known to be equivalences of categories for d #
2 and conjectured to be equivalences for d = 2. In absence of a proof, we use
shift functors for equivalences between various parameters of the form ¢ = r/2. For
references on shift functors, see [8].

Let W be a reflection group generated by reflections of order two. We call ¢ € C
spherical if every module in Oy, seen as a W-representation, has a nontrivial W-
invariant. Let OF, be the subcategory of modules in O . that contain no notrivial in-
variants (W-subrepresentations isomorphic to the trivial representation), and O; the
subcategory of modules in O, . that contain no anti-invariants (W-subrepresentations

isomorphic to the signum representation).

Theorem 3.2.14. For c =r1/2, r € Z>y, there exists an equivalence of categories
(I)c,c+1 : Ol,c/oi*:c - 01,c+1/01_,c+1'

If c is spherical, then ®. .1 an equivalence of categories between Oy, and Oy cq1. In

that case c + 1 is spherical as well, and
Pect1(M1,e(7)) = Mic4a1(Peera(T))

D cr1 (Ll,c(T)) = Ll,c+1(‘Pc,c+1(7))-

As a consequence, if ¢ = r/2 is positive and spherical, then category O, is
equivalent to all Oy 4,72 for m € Zyo, and it is possible to calculate character

formulas in O ;,4r/2 using the permutation ¢, .41 and character formulas in Oy /2.
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Chapter 4

Representations of Rational
Cherednik Algebras Associated to
the Coxeter Group Hj

4.1 The group H;

We will study the rational Cherednik algebra associated to W = Hj, the exceptional
Coxeter group with the Coxeter graph

Its presentation with generators and relations is
2 _ 2 _ .2 __ 1 _ _ —
<81, S2, 83|81 = 89 = 83 = 1,8153 = 5351, S18281 = 8281852, 8283528352 = 3382838283> .

It is the group of symmetries of the regular icosahedron, with Coxeter generators
S1, 82, 53 corresponding to the reflections along the planes with respective angles of
/2, w/3 and /5 with each other. The space b is the complexification of the 3
dimensional real space Which realizes H3 as such symmetry group. Hjs preserves the
standard inner product product, so H3 C O(h), and this inner product induces an

isomorphism b = h*.
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The group Hs has 120 elements and is isomorphic to Z, x As. Here Z, is a cyclic
group of order 2 containing the identity and the central symmetry of the icosahedron,
and As is a group of even permutations of the set of 5 elements, in this case the 5
tetrahedra that are formed by centers of the faces of the icosahedron. We will write
elements of H3 as elements of Z, x As, using notation =+ for elements of Z, and cyclic

notation for elements of A5 C Ss. One instance of an isomorphism Hz — Zs X As is
s1 —(12)(34), sz~ —(15)(34), s3> —(13)(24).

Let us write down the character table of H3 in this realization. The group Z, has
two one-dimensional irreducible representations, the trivial one and the signum one.
The group As has five irreducible representations: the trivial one, that we will call 1; a
three dimensional one called 3, that realizes it as rotations of an icosahedron; another
three dimensional one, called 3, obtained from 3 by twisting by conjugation with the
element (12) € S5 (S5 is the symmetric group, and conjugating by (12) in Ss preserves
As C Ss); a four dimensional representation 4 (the permutation representation of As
obtained from it acting on the 5 tetrahedra is reducible; it has a 1 dimensional trivial
subrepresentation and 4 as irreducible components); and a 5 dimensional 5, that is
an irreducible subrepresentation of a 6 dimensional representation arising from the

fact that As permutes the 6 great diagonals of the icosahedron.

Every irreducible representation of Hs = Zy X As is a tensor product of an irre-
ducible representation of Zs and an irreducible representation of As. Let us denote
the tensor product of a representation triv of Z, and a representation 7 of A5 bt 7y,
and the tensor product of the signum representation of Zs and a representation 7 of

Ajs bt 7_. In this notation, h = h* = 3_.

The character table of Hsz, is Table 4.1. For references about H3 and its represen-

tations see [34], [28].

There is one conjugacy class of reflections in Hs, with a representative —(12)(34)
and 15 reflections in it. The conjugation invariant function ¢: § — C is a complex

constant.
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Id [ -1d [[ (123) [-(123) [ (12)(34) [ -(12)(34) [ (12345) [ -(12345) [ (13245) | -(13245)
# 1] 1 20 | 20 15 15 12 12 12 12
1, 11 [ 1 1 1 1 1 1 1 1
1 1[1] 1 -1 1 -1 1 -1 1 1
3.(13[3] 0 0 -1 -1 s | s | 145 [ 15
3_03[-3] 0 0 -1 1 A A
3, 3[3] o 0 -1 -1 v [ 1=v6 Lys | L5
3_|3[-3] o0 0 -1 1 e HEEEEE
4, 4[4 1 1 0 0 -1 -1 -1 -1
4_ 4[4 1 -1 0 0 -1 1 -1 1
5,155 | 1 | -1 1 1 0 0 0 0
5. 5|5 1 1 1 1 0 0 0 0

Table 4.1: The character table for Hz &= Zy X As

We can also easily calculate the action of the central element } .o s on any

representation. For example, in 5_, it is a constant on a 5 dimensional space, whose

trace is tr = » _ctrs = —15, so it is —15/5 = 3. Doing this calculation for every

irreducible representation 7, we get Table 4.2.

1,

1_

34

3-

3+

3_

4, [4_

5. 5_

15

-15

-5

5

-5

5

0|0

3 | -3

Table 4.2: The action of the central element ) o5 € Hz on all 7

Table 4.2 now enables us to calculate the action of h on any lowest weight 7, as

he(r) =2 —cX,cq 8l

4.2 Main theorem

Theorem 4.2.1. For the Cozxeter group Hs, its reflection representation b, ¢ any

complex number, and T an irreducible representation of Hs, the expression in the

Grothendieck group K(O1.) for the irreducible module Ly (1) in terms of standard

modules My ((T) is as below. Any module Ly (T) for which we do not explicitly write

its dimension is infinite-dimensional. We leave out the index (1,¢) in Ly (1) and

M, (T) whenever it is clear from the context, and write L(7) instead of [L1 (7).

Herer € N,d € {2,3,5,6,10}, and all fractions r/d are reduced.
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e If ¢ is not of the form c=r/d or c = —r/d, then for all T,

L]yc('T) = Ml,c(’l’).

e If c = —r/d, then the formulas for L,.(7) in terms of My.(o) follow from
formulas for Ly _.(1_- ® 7) in terms of My .(1_ ® o), which are given below.

More precisely, if

L1rsa()] =D nro[Mira(0)]

then
[Ll,_,/d(l_ ®T)| = Z nm[Ml,_T/d(l_ ® o).

Consequently, L, (1) is finite-dimensional if and only if L1 _.(1- ® T) is.
e c=r/10,r # 3,7 (mod 10)

L(1y) = M(14)—-M(3-)+M(34)— M(1.)
L(3y) = M(34)-M(1-)
L(3)) = M(3_)— M(3,)+ M(1.)

Every L1 ,/10(14) is finite-dimensional, with dim Ly ,/10(14) = r3 and

dety(1 — 27g)

ChLl,r/10(1+)(’z1g) = det;,»(l — zg) -

e c=r/10,r = 3,7 (mod 10)

L(1y) = M(14)-M(3-)+M(3;) - M(1.)
L(3y) = M(34)-M(1.)

L(3.) M(3_) - M(3,)+M(1.)

i

Every Ly ,/10(14) is finite-dimensional, with dim Ly ;/10(14) = 7.

92



ec=r/6

L(1y) = MQ14)—MG5y)+M(5-) - M(1.)
L(5+) = M(54)— M(5-)+ M(1.)

L(5.) = M(5.)—M(1.)

Every Ly,/6(14)is finite-dimensional, with dim Ly ,/6(14) = 5r° and

dety (1 —27g)

dety- (1 — zg) (Tr1, (9)2™" + Trs_(g) + Tra, (9)2")-

ChLl,r/6(1+)(z’ 9)=

e c=r/5,r =1,9(mod 10)

L(1y) = M(1y) - M(4.)+ M(3,)
L(3.) = M(3_)— M(4,)+ M(1.)
L(4y) = M(4:) - M(1)
L(4) = M(4.)— M(3y)

e c=r/5r=2,8(mod10)

L(ly) = M(14) - M(44) +M(34)
L(3.) = M(3.)—M(4_)+ M(1.)
L(4)) = M(4.)-M(@1.)
L(4.) = M(41) - M(34)
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e c=r/5,r=3,7(mod10)

L(1,)
L(3.)
L(4+)
L(4.)

e c=r/5r=4,6(mod10)

e c=r/3,r odd

e c=r1/3,r even

L(14)
L(3.)
L(4_)

L(4+)

L(14)
L(44)
L(5.)

L(54)

L(14)
L(4.)
L(5.)

L(54)

M(14) — M(4-)+ M(34)
M(3) — M(44) + M(1_)
M(44) - M)
M(4-) — M(34)

M(1y) - M(4,) + M(3,)

(
M@B.) - M(4_) + M(1_)
M(4-) - M(1.)

(

M(4,) — M(34)

M(1y) — M(54) + M(4-)
M(4) — M(5_) + M(1_)
M(_) - M(1.)
M(54) — M(4-)

M(14) — M(55) + M(44)
M) - M(5)+ M(1.)
M(5.) — M(1.)
M(54) — M(44)
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ec=r/2

L(1y) = M(1y)-M(3.)—M@B)+M(5,) - M(5.)+
+M(3.)+ M(3,) — M(1.)

L(34) = M(3;)-M(1)

L(3-) = M(3-)-M(54)+ M(5-) — M(34)

L3y) = M(3,)-M(1.)

L) = M(3.)-M(5,)+M(5_) — M(3,)

L(5y) = M(54)—2-M(5.)+ M(3,)+ M(3,) — M(1.).

L(5.) = M(5.)-M(3,)—M(3,)+M(1.)

For everyr, three of these modules are finite-dimensional, with dim Ly ,/2(14) =

11573, dim Ly,/2(3-) = 10r%, and dim L, ,/5(3_) = 107, and

detg (1 — 27g)

det;,. (1 - Zg) ) (’1‘1.3._ (g)z—r+Tr1+ (g) +’I‘I'3+ (g)+Tr3_ (g)zr)’

ChLl,,/2(3—) (27 g) =

dety(1 — 27g)

detye (1 — zg) (Trz_(g)z™" + Tra, (9) + Trs_(g)2").

ChLl’r/g(g_)(z7 g) =

Proof. By Proposition 3.2.6, the only values of ¢ for which O, . is not semisimple are
of the form ¢ = +r/d, with r,d € Z, and d dividing the order of a basic invariant
of H3. Basic invariants of H3 have degrees 2,6, 10, so d € {2, 3,5, 6,10}.

By Lemma 3.1.5 applied to the group character f = 1_ which sends all simple
reflections to —1, the algebras H; (H3,4) and Hy _.(Hs, ) are isomorphic. Twisting
by this isomorphism makes an irreducible representation Ly _.(7) into an irreducible
representation of Hj .(Hj,bh) with the lowest weight 1_ ® 7, and similarly for Verma
modules. Using this, it is enough to calculate Grothendieck group expressions for
¢ > 0 and they can be transformed into those for ¢ < 0 as is described in the
statement of the theorem.

We calculate the Grothendieck group expressions for ¢ = 1/d,d € {10, 6, 5,3} and
for ¢ = 1/2,3/2 directly in Theorems 4.4.1, 4.5.1, 4.6.1, 4.7.1, 4.8.1 and 4.9.1. The
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Grothendieck group expressions for all other ¢ = r/d > 0 follow from equivalences
of categories 01174 — O1,a described in section 3.2.9 and O1,c = 0141 described
in section 3.2.10. To use the latter one, we check in Lemma 4.9.2 that ¢ = 3/2 is
indeed aspherical for H3. To use both, we explicitly calculate the permutation ¢~

described in section 3.2.9 in Lemma 4.3.1. O

As the characters of Verma modules M .(o) are known (see section 6.2), the char-
acters of all irreducible modules M; .(7) can be calculated from the above theorem.
For completeness, we also calculate the Grothendieck group expressions of M (7) in
terms of Lj ¢(7) in the next corollary; in other words, calculate the composition series

of standard modules.

Corollary 4.2.2. For the Cozxeter group Hs, its reflection representation by, c any
compler number, and T an irreducible representation of Hs, the expression in the
Grothendieck group K(Oy.) for the standard module My (7) in terms of irreducible
modules L o(7) is as below. We leave out the indez c in Ly (T) and My (7) whenever
it is clear from the context. Here r € N,d € {2,3,5,6,10}, and all fractions r/d are

reduced.

e If c is not of the form c =r/d or ¢ = —r/d, then for all T,

MI,C(T) = Ll’c('r).

e If c = —r/d, then the formulas for M, (7) in terms of Li.(o) follow from
formulas for My _(1- ® T) in terms of L1—.(1- @ o), which are given below.

More precisely, if
Ml,r/d(T) - Zﬁr,aLl,r/d(a)

then
My _i(1-®7) = Z TiroLl1,—r/a(1- ® 0).
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e c=r/10,r # 3,7 (mod 10)

M(1,) = L(14+)+L(3-)
M(34) = L(34+)+L(1-)
M@3.) = L(3.)+L(34)

e c =r/10,r = 3,7 (mod 10)

M@1y) = L(1y)+L(3-)
M@3,) = L(3;)+L(1-)
M@3.) = L(B.)+L(3;)

ec=r/6

M(1,) = L(14)+ L(54)
M(4) = L(54+)+L(5-)
MG.) = L(5.)+L(1.)

e c=r/5,r=1,9(mod10)

(1y) = L(1y)+L(4)
G) = LE.)+L4y)
M4) = L(44)+L(1-)
(40) = L(4)+L@E)



e c=r1/5r =2,8(mod 10)

M(14)
M(3_)
M(4.)
M(4,)

e c=r/5,r =3,7(mod 10)

M(14)
M(3.)
M(44)
M(4)

e c=r/5,r=4,6(mod10)

e c=r/3,r odd

M(14)
M(@3.)
M)
M(4;)

M(1,)
M(44)
M(5.)
M(5.)

L(14) + L(44)
L(3_) + L(4.)
L(4_)+ L(1.)
L(4+) + L(34)

L(14) + L(4.)
L(3_) + L(44)
L(44)+ L(1-)
L(4_) + L(34)

L(1y) + L(44)
L(3_)+ L(4.)
L(4_)+L(1.)

L(44) + L(3,)

L(14) + L(54)
L(4;) + L(5-)
L(5_) + L(1.)
L(54) + L(4_)



e c=r/3,r even

(1+) = L(14)+L(54)
M@.) = L(4.)+ L(5.)
(
(

M(5_) = L(5.)+L(1.)
M(5+) = L(54+)+L(44)
e c=r/2
M(1y) = L) +L3B)+LB_)+L(54)+L(5_)+ L)
M@3y) = L3y)+L(1o)
M(

(
(34
3_) = L(3_)+L(54)+ L(5-) + L(34) + L(1.)
M(@3,) = L(3,;)+L(1.)

(

M(3.) = LB.)+L(54)+L(5_)+ L(3,) + L(1)
M(5,) = L(5;)+2-L(5_)+ L(34) + L(3,) + L(1_).
M(5.) = L(5_)+L(3,)+ L(3,) + L(1.)

4.3 Two auxiliary lemmas

Lemma 4.3.1. The permutation ¢ = ¢y/4,/4, for d = 2,3,5,6,10 and r € Zg

relatively prime to d, is given by:
e d=2,r=1,3 (mod4), p=id
e d=3,r=1,5 (mod 6), p =id
e d=3,7=2,4 (mod 6), p = (44,4_)
e d=5,r=1,9 (mod 10), p = id
e d=51r=28 (mod 10), o = (3_,3_)(3+,3,)(44,4.)
e d=5,7=3,7 (mod 10), p = (3_,3_)(3,,3,)
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d=5,1=4,6 (mod 12), p = (44,4_)

e d=6,r=1,11 (mod 12), p =id

d=6,r=5,7 (mod 12), p = (4,,4_)

d=10, r=1,9 (mod 20), ¢ =id

d=10,r=3,7 (mOd 20)) = (3—75—)(3+y§+)(4+’4—)

d =10, r = 11,19 (mod 20), ¢ = (44,4-)
e d=10, r = 13,17 (mod 20), v = (3_,3-)(34,3,)

Proof. Proof is a direct computation, following the algorithm explained in section
4.3.1. The algorithm consisted of setting ¢ = e™/¢, and finding an element g €
Gal(Q(€)/Q) such that g(£?) = &% The permutation ¢i/4,/a Was then the com-
position of the permutation realizing the action of g on characters of irreducible
representations, and of an additional permutation in case n = g(£)/£" is equal to —1.
In case W = Hj, [39] calculates that this additional permutation is the transposition
(44,4-).

From this it is clear that the permutations associated to r and to r + 2d are the
same. When calculating the permutation associated to r + d, we can use the same
Galois element g as for r, and 7 will differ by a factor of —1. So, the permutation for
T +d is a composition of the permutation for 7 and the transposition (44,4_).

Let us list g and n for d = 2,3,5,6,10 and 1 < r < d relatively prime to d.

e Ifr=1theng=1,n7=1and p =id.

d = 3,r =2, g = complex conjugation, n = —1, ¢ = (44,4_)
e d=6,r =5, g = complex conjugation, n = —1, p = (4,,4_)

d=5%r=2 g(f) = 671 g(\/g) = _'\/ga n=-1,¢p= (3—7§—)(3+)§+)(4+74—)

d= 5,7‘ = 37 g(f) = §3y g(\/g) = —\/5, n= 1) Y= (3—’§—)(3+7§+)
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d=5,r =4, g({) = 597 g(\/g) = \/5, n=-1¢= (4+74—)

d=10,r =3, g(é) = 513, g(\/g) = _\/5’ n=-1L¢= (3—75-)(3+7§+)(4+’4—)

d= 1077' = 71 g(é.) = 6177 g(\/5_) = _\/57 n= _17 $= (3—75—)(3+7§+)(4+74—)

g d=107T:g7g(§)=£9’g(‘/g)=\/g)77:11 (P=ld
O

The following lemma is a slightly stronger version of the discussion from section

3.2.4, applied to W = Hj.

Lemma 4.3.2. The integers fi,, and n., encoding the changes of Z-bases of K(O)
between M, (1) and Ly (o) satisfy: if firy #0 or n., # 0, then

o he(o) —h(r)=1€ Zs

o if —Id € H; acts of both T and o by the same constant (either 1 or —1), then i

is even; otherwise i is odd.

Proof. If ft;, # 0, then Ly (o) is a composition factor of M .(7), and o is a W-
subrepresentation of some degree graded piece S*h* ® 7 C M, (7). The action of the

grading element h on this o is thus
he(o) = he(T) + 1.

The action of the central element —Id on every irreducible representation is by 1 or
—1 (the notation for representations of Hj is chosen so that this is signaled by the
subscript of the representation name). The action on h* = 3_ is by —1, so the action
on S*h* ® 7 differs from the one on 7 by a factor of (—1)°.

The inverse n., of the block-diagonal, upper-triangular matrix 7, , has the same
properties.

O
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4.4 Calculations for ¢ =1/10

This section contains the explicit calculations in O;31/10. We omit the subscript

¢ = 1/10 in in L, .(7) this section, as it is clear from the context, and write L(7)

instead of [L1 (7)] € K(O) for better readability.

Theorem 4.4.1. Irreducible representations in category Oy10(Hs, b) have the follow-

ing descriptions in the Grothendieck group:

L(14)
L(1.)
L(34)
L(3.)
L(3,)
L(3_)
L(44)
L(4.)
L(54)
L(5.)

M(1y)— M(3-)+ M(34) — M(1-)
M)

M(34) — M(1-)

M(3) — M(34) + M(1)

M(34)

M(@3.)

M(44)

M(4)

M(54)

M)

Among these representations only L(1,) is finite-dimensional, with chp1,)(z,9) = 1.

The rest of this chapter is the proof of this theorem. Let us first calculate the

constants hy/10(7) = 3 — 35 > cg 8l (see Table 4.3).

1, | 1_

3+

3_[3,[3_[4,[4_ 5, [5-

0|3

2

T2 1 [3/72[326/5|95

Table 4.3: hy10(7)
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Using lemma 4.3.2 we immediately conclude:

L(44) = M(44)

L(4_) = M(4_)
L(54) = M(5;)
L(5_) = M(5_)

Mark the lowest weights of other modules on the real line as

1
3 8
3. 3,

This picture represents Lemma 4.3.2 graphically, meaning that n,, can be nonzero
only if both 7 and o are represented on the line, with o to the right of 7. From this

we can also immediately conclude that
L(1_) =M(1.).

To calculate character formulas for L(3,) and L(3,), we will use Lemma 3.2.3.
First calculate the decomposition into irreducible Hj representations of h* ® 3, and
b* ® 3,. A computation with characters of finite group Hs (see [28] and Table 4.1)
gives

h*®3, =303, X1_o5_93_

and

*®3,=3_93, 24_®5_.

Lemma 3.2.3 now implies that the subrepresentation ¢ = 1_ C h* ® 3, consists
of singular vectors, and hence that M (1_) is a subrepresentation of M(3,). It is the

maximal proper subrepresentation, and it follows that L(3,) = M(3,)/M(1_), so in
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the Grothendieck group
L(34)=M(34) - M(1).

On the other hand, decomposition of §* ®§+ does not have 1_ as a subrepresen-

tation, so

L(3y) = M(3,).

Next, using the decomposition S2h* = 1, @ 5., let us decompose two more Hj

representations:

h*®3_24,®5,
%' ®3_ (1, 05,.)®3_223_03_04_H5_.

Because neither 3, nor §+ appear as subrepresentations of h* ® §_, nor does 1_

appear in the decomposition of S2§* ® 3_, the module M (5_) must be simple:
L(3.)=M(@3.).
Corresponding decompositions for 3_ are
h"®3_-=1,03,®5,

S?h*®3_.22-3_03_94_D5_.

From the first of these formulas and using lemma 3.2.3 we can now conclude that
3, C S?h* ® 3_ C M(3_) consists of singular vectors, so it generates a H; .(Hsh)
subrepresentation. 1_ does not appear in the decomposition of S2h* ® 3_, so the
subrepresentation generated by 3, is the whole J(3_). Looking at the computations
for L(3,) we see that the only lowest weight representations with lowest weight 3,
are M(34) and L(3;) = M(34) — M(1.). Thus in Grothendieck group, L(3_) =
M(@3_)— M(3.)+ns_1_M(_), for ng_y_ =0or ng_;_ = 1. To see which one of
these it is, notice that 1_ does not appear as an Hz subrepresentation in S2h*®3_ C

M(3_), but it does in S'h* ® 3, C M(3;). That means that M(3,) cannot be a
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submodule of M(3_); so J(3_) = L(34), and the expression in Grothendieck group

we wanted is

L(3_) = M(3_) — M(3,) + M(1_).

None of the modules considered so far in this chapter is finite-dimensional. An
easy way to see that is to consider them as sl; representations. The lowest occuring
weights are then given by Table 4.3. Every finite-dimensional sl, representation will
have integral weights, with the lowest one being less or equal then 0. As none of
the lowest weights of these modules is a nonpositive integer, they are not finite-

dimensional.

This reasoning does not apply to the one module left to describe, L(1,.). Its lowest
h weight is 0, so it could be finite-dimensional in case it was a trivial one dimensional
module. That is exactly what happens: it is easy to see by direct calculation that
setting x = 0,y = 0,w = 1,z € h*,y € h,w € H; defines an action of Hy .(Hs, H) on
C. So, there is a trivial module at ¢ = 1/10, whose lowest weight is 1, and it has to

be L(14). This computation appears in [7], Prop 2.1.

The character of L(1..) is naturally 1; to express it in terms of characters of M (o),
we count the dimensions of h weight spaces. Clearly the copy of 3_ C h*®1,M(1,)
consists of singular vectors, spanning either M (3_) or L(3.). To see which one it is,
look at the next h weight space, where dim S?§*®3_) = 9 > 6 = dim S?h* ® 1... So,
the submodule with the lowest weight in h weight space 1 is L(3-). The dimensions
of all higher h weight spaces of M(1;)/L(3_) are 0, so J(1;) = L(3_) and

L(14) =M(Q14) - L(3-) = M(14) — M(3-) + M(3,) — M(1.).
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4.5 Calculations for ¢ =1/6

Theorem 4.5.1. Irreducible representations in category Oy/6(Hs, b) have the follow-

ing descriptions in the Grothendieck group:

L(14)
L(1)
L(34)
L(3)
L(34)
L(3.)
L(44)
L(4.)
L(54)
L(5.)

Only L(1,) among these representations is finite-dimensional, with character

M(14) — M(5,) +M(5-) - M(1-)

M(1.)

M(5,) — M(5_) + M(1_)

M(5_) — M(1_)

chr(1,)(2,9) = Tr1, (9)27" + Trs_(g) + Tr1, (9)z

Let us again first calculate the constants hy6(7) = 3 — 1 3 g S| (see Table 4.4).

1, |1

34

3_

34

3_

4,

-1 4

773

273

7/3

273

3/2

3/2

]

We immediately conclude that M (3,.), M (3_), M(3,), M(3_), M(4,) and M(4_)

are simple.

Table 4.4: hy/6(7)
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The remaining modules have lowest weights represented in the following picture:

-1 0 2 3 4
. . ® S °

1
1, 5, 5_ 1_

So, M(1.) is also simple.
Calculate

S’ ®5_.~21_03_03_02-4_®3-5_

From this we can conclude that L(5_) = M (5_)—ns_1_-M(1.), withns_,_ € {0,1}.
It is possible to deduce ns_;_ from the rank of the contravariant form B restricted
to S*h* ® 5_ C M(5_), but we will use a less direct argument here.

Let us focus on 5, for a while. We notice that
*®5,=3_03_04_05_,

so by Lemma 3.2.3, the Hj subrepresentation 5_ consists of lowest weight vectors.
We know from the previous paragraph that if ns_;_ = 0, then there is just one
representation with lowest weight 5_, that is M (5_), and if n5_;_ = 1 there are two,
namely the standard one M(5_) and the irreducible one M(5_)—M(1_). The module
M (5.) can also have a b-dimensional space of singular vectors in $*h*®5, C M(5,),

b € Ny. So, the expression for L(5,) is either
L(54) = M(5,) — M(5-) —bM(1-),

or

L(5+) = M(5,) = M(5-) + (ns_1_ — )M(1_).

Now use the decompositions
S°h* ®5,23-3_93-3_93-4-D4-5_

S ®5.21_03.03_.02-4_03-5_
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to deduce that the graded piece of L(54) with h weight 4 has, in the Grothendieck

group of Hj representations, one of the following two decompositions:

L(By)e = M(54)s— M(5-)s—b-M(1_),
= S5, -S%*®5_—b-1_
= 3.3_+3-3_4+3-4_+4-5_-1_-3_-3_-2-4_-3-5_—b-1_

= (-1-b)-1_+2-3_+2-3_+4_+5_,

or

L(5:)a = M(54)a— M(5-)s+ (a—b) - M(1-)q

= (ns_1 —1-b)-1_+2-3_+2-3_+4_+5_.

These are decompositions of an actual representation of H3, so all the coefficients
need to be nonnegative integers. —1 — b can never be more than —1, so the correct
decomposition is the second one, n5_3_ = 1,b = 0, and the correct formulas for both
irreducible modules are

L(5.) = M(5_) — M(1_)

L(5.) = M(5,) — M(5_) + M(1_).

To describe the module L(1,) we use Theorem 3.2.4. It says that its support,
when viewed as a C[h] module, is the set of a € b such that #{i|6 divides d;(W)} =
#{1|6 divides d;(W,)}. Degrees of Hj are 2,6, 10, so the size of that set is 1. Maximal
parabolic subgroups W, of Hs are Coxeter groups obtained by deleting a node from
the Coxeter graph of Hs, so they are A; x A;, I>(5) and As. The degrees of their basic
invariants are: dy(A;) = 2,d1(12(5)) = 2,d2(L2(5)) = 5,d1(Az2) = 2,d2(A2) = 3. Since
6 does not divide any of them, theorem implies that support of L(1,) is just 0 € b.

Thus, its Hilbert-Poincaré series does not have a pole at t=1, so it is a polynomial,
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and L(1,) is finite-dimensional.

We know that the expression L(1,) in the Grothendieck group is of the form
L(1+) = M(1+) + n1+’5+M(5+) + n1+,5_M(5_) -+ n1+,1_M(1_).
The characters of these representations relate in the same way. Substituting the

known expression for character of M; .(7) and evaluating at g = 1, we get that

z-1 5z 522 22

chra,y(d, 2) = A=z +na,s, =2 tn5 T=2p R =2y

must be regular at z =1, i.e. that
-1 2 4
27 +ny, 5, 52+n1, 5 52" +ny,1_ -2

must vanish to order 3 at z = 1. Solving this system we get that the only case
when this happens is n;, 5, = n1,1_ = —1,n1, 5_ = 1, so the Grothendieck group

expression is, as claimed,
L(14) = M(1,) — M(54) + M(5-) — M(1_).

It is now an easy computation of Hj characters in S2h* ® 1, to see that the character
is equal to

Ty, (g)z_l + Trs_(g) + Try, (9)z.

Looking at lowest h weights again, we see that no module other then L(1,) can

be finite-dimensional, which completes the proof.
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4.6 Calculations for ¢=1/5

Theorem 4.6.1. Irreducible representations in category Oy/5(Hs, h) have the follow-

ing descriptions in the Grothendieck group:

L(14)
L)
L(34)
L(3.)
L(3,)
L(3.)
L(44)
L(4.)
L(54)
L(5.)

M(14) - M(4-) + M(3,)
M(1.)
M(34)
M(3.)
M(3,)
M(3_)— M(4,) + M(1)

M(44) - M(1)
M) - M3y)
M(54)
M(5.)

None of these representations is finite-dimensional.

In this case, hy/s(T) = 3 — 1 3 .5 5|+ are as follows (see Table 4.5):

1,

1_

34

3_

3, [3_[4, [4_] 5, | 5

3/2

9/2

5/2

172

5/2 [1/2 | 3/2 | 3/2 | 9/10 | 21/10

Table 4.5: hy5(7)

An observation we can immediately make by restricting the representations to the

sl, subalgebra is that there are no finite-dimensional modules at ¢ = 1/5, because

those would have integral weights. We can also immediately say that M(5,) and

M(5_) are simple.

Taking into consideration Lemma 4.3.2, draw the remaining 8 representations

schematically as
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-3/2  -1/2 1/2 3/2 5/2 7/2 9/2

1, 4_ 3.
3

[ L 2 & . 4 @
3 4, 1_
3.

This picture means that n,, can only be nonzero if 7 and ¢ are on the same line,
and o is to the right of 7. The fact that there are now two lines takes into account
the second part of Lemma 4.3.2, meaning the action of a central element —Id € Hs.

From this we conclude that modules M(3,), M(3,) and M(1_) are also simple.

To describe L(4_), it is enough to calculate
h*®4-23,04,05,,
and use Lemma 3.2.3 to conclude
L(4_) = M(4_) — M(3,).

To describe L(1,), use Theorem 3.2.4 again. The denominator of 1/5 divides just
one of the degrees of basic invariants of H3, namely 10. Thus, the support of this
module is the set of all a € b whose stabilizer contains I5(5), which is a 1-dimensional

set (union of lines). That means that the character of L(1,), which is of the form
chpy) = chmay) +naa- - chpaly +n1, 3, - chrsyy +ny, 3, ~chpgy,
has a pole of order 1 at z =1, i.e. that the function
2732 4 4n1+,4_t3/2 + 3n1+,3+z5/2 + 3n1+’§+25/2

vanishes at z =1 to order 2. This translates into: ny, 4 = —1, ny 3+ TNy 5, = 1.
This means that there is a 4 dimensional set of singular vectors in M (1, )s/2; using

the fact that h* ® 4_ = 3, @ 4, ® 5,, we conclude they span a copy of L(4_), so
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Ny, 3, =1,n,3 =0, and the Grothendieck group expression is:

L(1y) = M(14) - M(4.) + M(3).

To calculate the characters of L(4,), L(3_) and L(3_), let us do more computa-
tions of characters of H;. Namely, we use their characters to see that the multiplicity
of 1_ in S3h* ® 4, is 1, the multiplicity of 1_ in both S*§* ® 3_ and S*%* ® 3_ is 0,
and that 4, appears with multiplicity 1 the decomposition of h* ® 3_ and not at all

in the decomposition of h* ® 3_. From this we can conclude:
L(3_)=M(3-)

L(44) = M(4+) — M(1-)

L(3_) = M(3_) - M(4,) + M(1_).

4.7 Calculations for c=1/3

Theorem 4.7.1. Irreducible representations in category Oy/3(Hs, h) have the follow-

ing descriptions in the Grothendieck group:

L(ly) = M(14)— M(54)+M(4-)

) —
L(1.) = M(1-)
L(34) = M(34)
L(3-) = M(3-)
L(3y) = M(3y)
L) = M(3.)
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M

i

L(4.) 4.)

L)) = M

(

L(4y) = M(4;) - M(5-)+M(1.)
(6-) —M(1.)
(

L(54) = M(54)—M(4-)

None of these representations is finite-dimensional.

The constants hy3(7) = 3 — 23 s 5| are as follows (see Table 4.6):

1, | 1_ [ 3, [ 3 [3, [ 3 [4, 4 5,5
~7/2 [ 1372 19/6 | -1/6 | 19/6 | -1/6 | 3/2 | 3/2 | 1/2 | 5/2

Table 4.6: h1/3(7')

Thus, M(3,), M(3_), M(3,) and M(3_) are simple. The other standard modules

fall apart into two families:

~7/2 -5/2 -=3/2 -1/2 1/2 3/2 5/2 T7/2 9/2 11/2 13/2

r———— L L 4 . 4 @ . 4

1, 5, 4_

[ L 2 L 2 L 2 L 4 @ . 2 & @ @ g
4, 5 1_

So M(4-) and M(1_) are simple too. To describe L(5,), calculate
ho5,~3_03_04_05_,
and conclude using Lemma 3.2.3
L(54) = M(5,) — M(4-).

Next, let us describe L(1). Again, the number of degrees of basic invariants that
3 divides is 1 (namely, d; = 6). The support is the set of all a € § that have stabilizer

containing A,, which is a union of lines. So, the character of L(1,) evaluated at
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g = Id has a pole of order 1 and the function
2_7/2 + 1,5, ° 521/2 + Ni, 4. 423/2

has a zero of order 2 at z = 1. Writing out this condition gives ni, 5, = -1,

n1, 4. = 1, so the expression for L(1) is:

L(14) = M(14) - M(54) + M(4-).

Next, we want to describe the structure of L(5_). As explained before, all the
standard modules M; .(7) have a contravariant bilinear form B on them, whose kernel
is J1,.(7). The form respects the grading of M, .(7), in the sense that graded pieces of
M, (1) are orthogonal to each other. Let the restriction of the form B to S*h*® 7 be

called By. It is easy to compute By recursively on k using MAGMA algebra software.
If
L(5-) = M(5-) —a-M(1.),

then the rank of the form By on M(5_) is
dim L(5_)13/2 = dim M(5_)13/2 —a-dim M(l_)13/2 =75 —a.

Calculating the rank of the same By in MAGMA, we get that it is 74; hence, a = 1
and

L(5_) = M(5_) — M(1_).

To do L(4,), notice that the multiplicity of 5_ in S'h* ® 4 is 1, that the multi-
plicity of 1_ in S®h* ® 4, is 1, and that the multiplicity of 1_ in S*h* ® 5_ is 2. So,
writing out the condition that the multiplicity of 1_ in L(4,) must be nonnegative,

we get that the expression for it is

L(4,) = M(4,) — M(5_) + M(1_).
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4.8 Calculations for ¢=1/2

Theorem 4.8.1. Irreducible representations in category Oy 2(Hs, h) have the follow-

ing descriptions in the Grothendieck group:

L(1y) = M(14) - M(3-) - M@B_)+M(5,) — M(5-) + M(3,) + M(3,) — M(1.)
L)) = M(1.)

L(3,) = M(3,)— M(1)

L(3-) = M(3.)—M(5:)+M(5-) — M(3,)

LBy) = M(3,)-M(1)

L3B.) = M(3.)-M(5,)+M(5_)— M(3,)

L(4y) = M(4y)

L(4.) = M(4.)

L(54) = M(5,)—2-M(5-)+ M(3,) + M(3;) - M(1.).

L(5_) = M(5.)—M(3,)— M(3,)+M(1.)

The following of these representations are finite-dimensional: L(1;) (dim = 115),
L(3-) (with ch(s_y(2,9) = Trs_(9)z~" + Tr1,(g) + Trs, (9) + Tra_(9)z) and L(3-)
(with chy5_y(9)z = Trz_(g)z~" + Tra,(9) + Trz_(9)2).

In this case, hy(t) = 3 — 13 ¢ 5|, are (see Table 4.7):

1, [1_[3,.[3_[3.]3_[4; [4_ |5, |5_
6 1|4 [-1(3/2|3/2] 013

=]
>

Table 4.7: hy5(T)

So, M(4_) and M(4,) are simple.

Graphic representation of Lemma 4.3.2 is now
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-6 -1 0 3 4 9

1, 3_ 5, 5. 3, 1_
3_ 3,

Again, M(1_) is simple.
Let us first analyze L(3_) and L(3_). In both cases

dim Hom(5,,5* ® 3_) = dimHom(5,,5* ®3_) = 1,

so by Lemma 3.2.3 there is a 5-dimensional set of lowest weight vectors at h weight

0. The dimension of both of these modules at h weight 2 is

1)+ (1)

This means both these modules are finite-dimensional, and we can immediately de-
termine their characters by decomposing weight spaces at h weights 0 and 1 into Hj

irreducible representations. They are:
chys_)(2,9) = Trs_(g)z " + Tr1, (9) + Trs, (9) + Trs_(g)z

chy )(9,2) = Trz_(9)2™" + Tra, (9) + Trz_(9)=-
To express them in terms of characters of standard modules, write them in the
Grothendieck group as

L(3-) = M(3.)~M(5.4)+ns_s_M(5_)4ns_s, M(3,)+ns_5, MB_)+ns 1 M(1)

L(B_) = M(B_)—M(54)+n5_s_M(5_)+n5_5, M(3,)+n5_5, M(B_)+nz_, M(1.).

Then write the condition that dimensions of all h weight spaces above 2 must be 0 (it is
enough to write the equations for weights 3, 4 and 9). This produces linear equations
in n,, with solutions: njz_s_ = ng_ 5 = 1, na_3, + Ny 3, =Nz 3 +N5 3, =

—1,n3_1_ = ng_,_= 0. Finally, writing the H3 character of M(3_)q — M(54)s +
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M (5_), we conclude it is isomorphic to 3., whereas M(3_); — M(5,)s + M(5_), =
§+, so the required expressions are:

L(3-)=M(3_) - M(5+) + M(5_) — M(3,)

L(3-) = M(3-) — M(54) + M(5-) — M(3,)

Remark 4.8.2. Values of ¢ for which modules with zero set of W invariants ezist are
called aspherical. The module Ly/(3_) we just described has no Hj invariants and
so shows that ¢ = 1/2 is an aspherical value for (Hs,b). In particular, ®1/23/2 from

section 3.2.10 is not an equivalence of categories.

We use MAGMA to calculate the rank of the form Bs on M(3,) and on M (3,)
and in both cases get 62. This means there is a 3 - (;) — 62 = 1 dimensional kernel,
and that

L(34) = M(34) — M(1-),

To analyze L(1,), note that the number of degrees of basic invariants of Hs, that
2 divides is 3 (all the degrees 2, 6 and 10 are even). This is bigger then the number
of even basic invariants of any parabolic subgroup of H; except Hj itself, so the
support of L(1;) is the set of elements of § fixed by the entire Hs, i.e. just a zero
dimensional set consisting only of the origin. That means that the module L(1,) is

finite-dimensional.

Remark 4.8.3. Notice that the previous argument depended only on the denominator

of ¢ = 1/2; it actually proves that L, ;/2(1) is finite-dimensional for all odd r > 0.

Now we use MAGMA [11] to calculate the rank of the form B restricted to
M(1,)_; = S°* ® 1. This is 21 dimensional space, and the rank of the form
is 15. Since both 3_ and 3_ appear in the decomposition of S®h* into Hs subrep-
resentations, and each of them with multiplicity 2, we need some more calculations

to see how this 6 dimensional space of singular vectors looks. To do that, again use
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MAGMA to compute the H; character on the 6 dimensional kernel of B on M(1)_;.

This computation shows that the kernel is 3_ & 3_,s0m +3-=ny. 3 =1

Because L(1.) is finite-dimensional and has an sl representation structure, we
know that dim L(1,); = dim L(1,)_; for every integer j. This gives us a system of
linear equations whose only solution yields the following expression for the irreducible
module:

L(1y) = M(1) — M(3_) - M(3_) + M(5,) — M(5_)+
+n1, 8, M(34) + 1y, 5, M(34) — M(1.)

with n1,,3; + n1+7§+ =2.

To calculate ny, 3,,n,, 3, We make the following observation. As the copy of sl in
H, .(Hs,b) commutes with Hs, for any Hy(Hs,b) module M and any irreducible rep-
resentation 7 of H3 we can put the sl; module structure on Hompg, (7, M) by letting sl;
act on the value. If M = L(1,), then this module is finite-dimensional, so dimensions
of weight spaces are symmetric around 0. In other words, dim Homp, (7, L(14)—;) =
dim Homp, (7, L(14);). Doing this computation for 7 = 3, and j = 4 gives us that
this dimension is dim Hompg, (3, S?h*) =0.

Representations of As and Hs are defined over the field Q[v/5], which is a field
extension of Q of degree 2. The Galois action of Z, corresponding to this extension
is v/5 — —/5. It acts on all characters, and it is clear from the character table 4.1
that the action of the Galois group on the character of a representation V' of Hj is

trivial if and only if
dim Hompg,(3_, V) + dim Hompg, (34, V) = dim Hompy,(3_, V) + dim Homy, (34, V),

in other words, if, seen as a representation of As and decomposed into irreducible

subrepresentations, V' has the same multiplicity of 3 and 3.

Calculation of the Hs characters for L(1,)_4 and L(14)s = SY%* ® 1, — S°h* ®
(3,03,)+S%*®5, —S'H*®5_+n1, 3,3+ + n1+,§+§+ (an elementary computation

of Hs characters, though a tedious one) show the character of L(1,)_4 is invariant
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under the above Galois action, and that the character of L(1,)s (which is the same) is
invariant if and only if n; 3, = n, R So, they both have to be 1, and the character

is, as claimed in the theorem,

L(14) = M(14) — M(3-) = M(3_) + M(5,) — M(5_) + M(3,) + M(3,) — M(1.).

4.8.1 Cherednik algebra Hy/y(Zy x Zs,') and calculation of
L(5-)

We will calculate L(5_) using the induction functor from section 3.2.7. To do that,
let us first describe the algebra we will be inducing from.

A way to get a maximal parabolic subgroups of Coxeter groups is to remove one
vertex from the Coxeter graph, which corresponds to removing one generator. In this
case, let us remove the middle vertex of the H; graph, and thus get a disconnected

graph

of Zy X Zy. In the isomorphism Hs = Z; x As, we can take the Coxeter generators
of Hs to be s = —(12)(34), s = —(15)(34), s3 = —(13)(24). Then the generators of
W' = Zy X Z, are s1,s3. Let us write the character table of Zy x Z,, with the main

purpose of introducing notation and names of representations: see Table 4.8.

Id [ —(12)(34) | —(13)(24) | (14)(23)
1. | 1 1 1 1
1, | 1 1 1 1
1.1 1 1 1
1__| 1 1 1 1

Table 4.8: Character table for Zs x Z,

Working out the irreducible modules L;/(7), 7 € W' is really easy in this case.

They have the lowest weights given in table 4.9. So using only Lemma 3.2.3 and the
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0 1 1 2

Table 4.9: hq/9(7), T irreducible representation of Zs X Zs

fact h 2 1_, ® 1, _, we get that the module

Lijp(Liy) = Myjp(Lyq) — Myjo(142) = Myjp(1oy) + Myjp(1-2)

is a one dimensional representation of Hy/2(Zy X Zs, by').
Let b be any point whose stabilizer is this copy of Zy x Z,. We are going to apply
the induction functor Ind, to the one dimensional module L;/3(14,). Before we do

that, let us decompose all the representations of H3 into representations of Zy X Z,:

d [ —(12)(34) | —(13)(24) | (14)(23) =
1, | 1 1 1 1 1.+
1|1 1 1 1 1__
3.3 1 1 -1 1 .01, ol__
3_| 3 1 1 1 1. 01,0l
3_| 3 -1 -1 -1 1 .01, _®l__
3_|1 1 1 -1 1.0l _®l,,
4. | 4 0 0 0 1_ ol ,ol,_®l.,
4|4 0 0 0 1_ol . 0l, ol
5, 5 1 1 1 1 6l ,01,_®2 1.,
5_| 5 1 1 1 |21 _@l . @l @l

Table 4.10: Decomposition of irreducible representations of Hj as representations of
Z2 X Zz

So, using Proposition 3.2.5, the expression in the Grothendieck group of Oy /2(Hs, )
for the induced module Ind,(L1/2(144)) is

Indy(Lyj2(144)) =

= Indb(M1/2(1++)) - Indb(M1/2(1_+)) _— Indb(M1/2(1+_)) + Indb(Ll/z(l__))
=M(1y)— M(3.) — M(3,) + M(5_) + M(5,) — M(3_) — M(3_) + M(1-).
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This means there is a module in O /2(Hs, §) with this expression in the Grothendieck
group. Its composition series must contain an irreducible module containing M (1,)
in its Grothendieck group expression, and there is only one such. Subtracting the
known Grothendieck group expression of L(1,) from the one for Indy(L1/2(1++)), we

get that there must exist a module with Grothendieck group expression

2(M(5-) — M(3;) — M(3,) + M(1.)).

Now, Lemma 3.2.3 and the decomposition of h* ® 5_ into irreducible subrepre-

sentations imply that the irreducible module L(5_) is of the form
L(5-) = M(5-) — M(34) - M(3;) +a- M(1.),
with a € Z. There are 3 copies of 1_ in M(5_)o, 2 copies of 1_ in M(3,)y and 2

copies of 1_ in M(§+)9, s03—-2-2+a>0anda>1.

Subtracting two times this expression from the above expression for the module
we concluded must exist, we get that there also must be a module with Grothendieck
group expression

2(1 — a)M(1.),

i.e. that @ <1, so a = 1. This proves that the expression for the irreducible module
we wanted is

L(5_) = M(5_) — M(3,) — M(3,) + M(1_).

4.8.2 Cherednik algebra H;/,(S3,5’) and calculation of L(5.)

We start by doing the MAGMA computation of rank of B in degrees 3 and 4 we get
that it is 40 and 51, so the Grothendieck group expression is of the form

L(5+) = M(5+) — 2 . M(5_) + n5_,3+M(3+) -+ n5~’§+M(§+) + n5_,1_M(1_),
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with ng_3 +mns_a, = 2. Looking at the dimension of L(5, ), which is a quadratic
polynomial in k with leading term 1(1+ n5_1_)k?, and writing the condition that it
is > 0 for large k, we conclude ns_;_ > —1.

To finish the analysis, we need to look at another Cherednik algebra associated to
a parabolic subgroup of Hj, like in the last section. This time, remove the rightmost
vertex in the Coxeter graph, to get a group W’ = S; generated by s; = —(12)(34),
83 = —(15)(34). Its character table is very well known:

Td [ s, | (125)
#1113 2
1, 1]1] 1
1|1 ]-1] 1
2 [2]0] 1

Table 4.11: Character table for S3

Working out the irreducible modules Ly/5(7), T € W' is again really easy. The

lowest weights are

1, | 1_
172572 |1

Table 4.12: hq/(7), 7 irreducible representation of Ss

The denominator of 1/2 is a degree of a basic invariant of S3, so the category
01/2(S3,4’) is not semisimple. So, My/5(14) is not simple (as the other two are).
Looking at the possible options and decomposing S?§’ ® 1, = S22 = 2@ 1_, we
conclude Ly/5(14) = Myjo(14) — Myj(1-).

Now let b be any point with a stabilizer W’ and apply Ind, to Ly/2(14). In the
same way as before (using decompositions of Hj representations into S3 irreducible
components, and applying Lemma 3.2.5), we get that there is a module in O, .(Hj3, b))
with the Grothendieck group description

M) +MB)+MB)+M((By) - M(B_) - M(3,) — M(3,) — M(1.).
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Subtracting L(14), which has to be in its composition series, from it, and doing the

same thing for L(3_) and L(3_), we see that there is a module in O .(Hz,h) with
the Grothendieck group description

AM(5,) — M(5.)).

L(5.) must appear as a factor in the composition series of this module 4 times.

So, subtract 4 - L(5,) from it to get that there exists a module with expression
4-M(5_)—4-ns_3,M(3;) —4-ng_35 M(34)—4-ns_y_ M(1.).

Subtracting the known expression for 4 - L(5_), we get that there must be a module

with expression:
4-(1—ns_3,)M(34)+4-(1—ny_5 )M(3B5) —4-(1+ns_1_ )M(1).

This implies 1 —ns_3, > 0 and 1 — ns_3, > 0, which together with ns_3, +

ns_3, = 2means n5_g, =ng_3, = 1. The last module then becomes
—4-(14+mns_1_)M(1),
so 14+ ns_1_ <0, which means ns_;_ = —1. Therefore, we have
L(5:)=M(54) —2-M(5_) + M(3,) + M(3,) — M(1_).

Remark 4.8.4. As explained before, for c=r/d, d > 3, we will use scaling functors
®1/dr/d : Or,17a = O1,7a from section 3.2.9 to get the descriptions of all modules
L1 ,/4(T). Scaling functors are only conjectured to be equivalences of categories for
half integers, so instead of them for c = r/2 we use shift functors ®..,1 from section
3.2.9 to show equivalence O (r_g)/2 — O1,/2- The functor O, .1 is an equivalence of
categories if ¢ is aspherical. For Hs, ¢ = 1/2 is not aspherical, as the module L, /2(5_)

contains no Hj invariants. So, we do the analogous calculation for c = 3/2 and then
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check if 3/2 is aspherical.

4.9 Calculations for ¢ =3/2

Theorem 4.9.1. Irreducible representations in category Oss2(Hs,b) have the follow-

ing descriptions in the Grothendieck group:

= M(14)— M(3_) — M(3_) + M(5,) — M(5_) + M(3;) + M(3;) — M(1.)
- ML)

)
)
L(3+) = M(34)—M(1.)
) = M(3-)—M(54)+M(5-) — M(34)
) = Mip(34) — Mip(1-)
) = M@B_)—M(5,)+M(5.) — M(3,)
L(4:) = M(4)
L(4-) = M(4.)
L(5;) = M(5,)—2-M(5.)+M(3;) + M(3,) — M(1-)

L(5-) = M(5-)—M(3+) - M(3,) +M(1.)

Three of these representations are finite-dimensional: L(14), L(3_) and L(3_).

In this case, hy/o(T) = 3 — 1 3 5 5| are (see Table 4.7):

1, |1_ |3, [3_[3,.[3_]4,[4 [5,]5_
2124 9| 6|9 |-6]|3/2[32[3]6

Table 4.13: hg/2(7)

Graphic representation of Lemma 4.3.2 is:

124



21 -6 -3 6 9 24
[ L L 2 L 2 & o
1, 3. 5 5. 3, 1_

3 3,

The functor ®;/23/2 is an equivalence of Oy/2/ Oi"/z and O3/2/03,, we can con-
clude that the modules L(t) = Ly/(r) for 7 € {44,4_,5,,5_,34,3,,1_} have the
Grothendieck group expressions analogous to those in ¢ = 1/2 case.

The argument from the previous chapter shows that L(1,) is finite-dimensional.
Calculating the rank of the form B;5 and the character on the kernel lets us con-
clude that J(1,)_s = 3_ @ 3_. Solving the system of equations dim L1 =
dim L(14)[—k] in ny, , (it is enough to do so for k = 3,6,9,24) gives all the coef-
ficients of the Grothendieck group, except n1, 3, and LR for which we can only
conclude that their sum is 2. Then we look at the Hj characters on spaces L(1, )¢ and
L(14)—-o; the condition that they must be invariant under the Galois group action
V5 = —+/5 implies that n;, 3 + =7y, 35, This gives us the desired formula for L(1,)
in terms of M(o).

To describe L(3_) and L(3,), we first use MAGMA to compute the rank of the
form B on the h weight space —3. In both cases we get that there is a 5 dimensional
kernel. Writing out the dimensions of graded pieces we can again conclude that these

modules are finite-dimensional, with the Grothendieck group expressions
L(8-) = M(3_) = M(55) + M(5_) +ns_a, M(3+) +ny_5, M(3:)

L(3-) = M(3-) — M(5:) + M(5_) +nz_g, M(3,) +n5_5, M(3,),

with ng_s, +n3_3, = n3_3, +nz 3, = —1. Finally, looking at the trace of an

34

element (12345) on L(3_) and L(3_), which of course needs to be 0, we can conclude
that all n,, are as in the statement of the theorem.

By inspection, all modules in O, 3/, contain an Hs-invariant. We conclude:

Lemma 4.9.2. Functors ®ccy1: O1. — Oc41 are equivalences of categories for ¢ =

r/2, r odd, r > 3.
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This lemma allows us to derive formulas for Grothendieck group expressions of
Ly () in terms of M;.(7) for all ¢ =r/2,7 > 3. It is used in the proof of Theorem
4.2.1.
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Chapter 5

Representations of Rational
Cherednik Algebras Associated to

the Complex Reflection Group Gi9

5.1 The Group Gy

In this chapter, we focus on rational Cherednik algebras associated to the complex
reflection group G2 in the Shephard-Todd classification [42]. It is a group of order

48, given by generators and relations (see [13]) as

Gi={(e,f,g]1€ = =g"=1,(efg)* = (fge)* = (gef)*).

Alternatively, it can be realized as GLy(F3) or as a nonsplit central extension of .S,

by Z,. More precisely, there is a short exact sequence of groups
1—)Z2—)G12—>S4'—)1

with the map Zy; — Gj» given by —1 — (efg)* and the map G2 — Sy given by

e (12), f — (34),g — (23). Its reflection representation b is two dimensional. For
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(=emlt = —‘é—i +1i @, the reflection action is given by

1 ¢-¢ —¢+¢ L G-¢ ¢-¢ g [0
2\ —3+¢ —C+¢ 2\3-¢ —¢+¢ ¢ oo

The representatives of conjugacy classes in G2 are {id, (efg)*, e, eg, ef, fg,efg,egf}.
It contains 12 reflections, all in the same conjugacy class with a representative e. The

character table of G2 is given in table 5.1.

1 (efg)* e eg ef fg efg  egf
size 1 1 12 8 6 8 6 6
order | 1 2 2 3 4 6 8
1, 1 1 1 1 1 1 1 1
1_ 1 1 -1 1 1 1 -1 -1
2 2 2 o -1 2 -1 0 0
2, |2 2 0 -1 0 1 V=2 -—-/=2
2_ 2 -2 0 -1 0 1 —V/=2 =2
3, |3 3 1 0 -1 0 -1 -1
3. 3 3 -1 0 -1 0 1 1
4 4 -4 0 1 0 -1 0 0

Table 5.1: Character table of G12

As stated in the character table, G15 has two one-dimensional representations: the
trivial one we call 1, and the signum one we call 1_. The reflection representation is
written as h = 2, and its dual is h* = 2_. Projection to S, gives, in addition to both
one dimensional representations, another three representations 2, 3, and 3_. Finally,
there is a four dimensional representation that can be realized as 4 = 2®2, = 2Q2_.
It should be noted that the names of the representations are chosen to encode the
dimension and the result of tensoring with the signum representation; for example,

2. ®1_=2,and2®1_=2.

5.2 Main theorem

In this section we list the main results, which describe the structure of category

O, for an arbitrary complex parameter c. We will write all fractions r/d reduced,
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and assume r,d > 0. Whenever c and the fact we are working in the Grothendieck
group are clear from context, we write L(7), M (7) instead of [Ly.(7)], [M1,(7)] for

readability.

Theorem 5.2.1. 1. If ¢ is not of the form
c=m/12, meZ,m=1,34,5,6,7,8,9,11(mod 12),
then Oy,.(Gi2,b) is semisimple and My (7) = Ly1.(7) for all T.

2. If
[L1r/a(T)] = Z Nro|Mirsa(o)],

then
[L1-ra(1- @ T)] = D o[ My _rpa(1- ® 0)].

In particular, dim(Ly,/4(7)) < oo #ff dim(Ly,—r/4(1- ® 7)) < o0, and the char-

acter formulas for ¢ = —r/d are easily derived from those for ¢ = r/d.

3. The expressions for [Ly,/4(7)] for v > 0 and d € {2,3,4,12} are given below.
We include characters for those Ly ,/4(T) that are finite-dimensional. For all

pairs (c,7) that don’t appear on the list, My o(7) = L1,.(7).

e d=12r=1,11,17,19(mod 24)

L(1y) = M(14)—M(2-)+ M(1-)
L(2)) = M(2.)—M(1.)

L./12(14) has dimension 2, and character

detg«(1 — 27g)
dety (1 — 2g)

T

ChLl,r/12(1+)(z7 g) = * X1y (g) ST
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e d=12,r=5,7,13,23(mod 24)

L(1y) = M(Le) - M(2:)+M(1)
L(2y) = M(2y) - M(1)

L./12(14) has dimension 12, and character

detb(l - zrg) r

ChLl,r/12(1+)(z7 9) = m s X1y (9) - 277

ed=4r=1,3(mod8)

L(1y) = M(14)— M(34) + M(24)

L(24) = M(24)—-M(3-)+M(1.)

L(34) = M(34)— M(2,) - M(4)+ M(3.)
L) = M(3.)—M1.)

L) = M(a)— M(3.)

L1,/4(14+) has dimension 3r?, and character

dety-(1 — 279)

. . 137 Lo 1-2r
doty (1= zg) " t+(9) 27 +xa-(g) - 277)

ChLl,r/4(1+) (27 g) =

L1,/4(24) has dimension 3r2, and character

detgs (1 — 27g)

1+1~) .
dety« (1 — 29)

ChLl,,./4(2+)(z7 g) = : (X2+ (g) "z + X1yp (g) T2

L1,/4(34) has dimension 3r%, and character

dety+(1 — 27g)
dety (1 — 29)

r

Cth,r/4(3+)(za g9) = ~x3,(9) - 27"
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e d =4,r =5,7(mod 8)

L(ly) = M(14) - M(34) + M(2-)

L(2.) = M(2-) - M(3.)+M(1.)

L(3y) = M(34)— M(2-) — M(4) + M(3-)
L(3.) = M(3.) - M(1.)

L(d) = M(4) - M(3_)

Ly,/4(14) has dimension 3r®, and character

det(,(l — ng)
dety (1 — 29)

1-3r 1-21') .

chr, ,an(2,9) = “(x1,(9) - 27+ x2,.(9) - 2

L1,/4(2-) has dimension 3r%, and character

dety(1 — 2"g)

dety-(1 — 2zg) “(x2_(9) - 2+ x1,.(9) - z1+r) .

ChLl,r/4(2—) (Z, g) =

L1,/4(8+) has dimension 3r?, and character

dety(1 — 2"g)
dety- (1 — zg)

r

ChLl,r/4(3+)(z7 9)= - X34(9) - 217

e d=3,r=1,2(mod3)

L(1y) = M(1,)-M(2)+M(1)
L(2) = M(2)- M(1.)

L1,/3(14) has dimension 1672, and character

dety (1 — 27g)

. il .13 L,A-2r
dety(1 — zg) (x1:(9)-2 " +x2_(9)z " +xs,.(9)-2 "+

ChLl,r/3(1+)(z’ g) =

+x4 (9) - 2"+ x3,.(9) 2 + X2, (9) - 2T+ xa,.(9) - )
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e d=2r=1(mod2)

L(1y) = M(1y)—M(34)+ M(2) '
L) = M(2)- M(3.)+ M(1.)
L(34+) = M(34)—M(2) - M(1-)
L(3.) = M(3.)— M(1L)

L1,/2(1) has dimension 12r%, and character

detg«(1 — 27g)

. . 5, 1=67 . 157
doty (1= zg)  1+(9) 27" +x2-(g)- 27+

ChLl,r/2(1+) (z7 g) =

+x3,(9) 27 +xa (9) - 2+ x2(9) - 27T
Ll,,/2(2 ) has dimension 12r%, and character

detg- (1 — 27g)

Tty (1= zg) 2 (0) 24 xa ()27

chL1,r/2(2 )(z’ g) =

1-2r 1—4r) .

X3, (9) - 27+ x2,(9) - 2 + x1,.(9) - 2
Proof. The proof of the first statement, about the values of ¢ for which O; (G2, b)
is not semisimple, is obtained using Corollary 3.2.12 and inspecting the table A.3 of
Schur polynomials, which was calculated using the CHEVIE packet of the algebra
software GAP [38].

The statement (2), about translating character formulas from ¢ < 0 to ¢ >
0, comes from twisting the representations using the isomorphism H;.(Gi2,5) =
H; _(Gi2,b) from Lemma 3.1.5.

We calculate the characters of L; () for ¢ = 1/12,1/4,1/3,1/2 explicitly in
sections 5.4, 5.5, 5.6 and 5.7. The characters for ¢ = r/2,7/3,r/4,r/12 for r > 1 then
follow from these results using the scaling and shift functors ®,4,/4 from sections

3.2.9 and 3.2.10. We calculate the permutation ¢;/4,/4 in Lemma 5.3.1.
O
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Using this result, the expressions in the Grothendieck group for [Mj,/qa(7)] in

terms of [Ly,/4(c)] are immediate, and we include them for the sake of thoroughness.

Corollary 5.2.2. If
[Ml,r/d(T)] = Z ﬁ‘r,a[LI,r/d(U)],

then
[Ml,.—r/d(]-— ® T)] = Z ﬁT,a[le_r/d(l_ ® 0)] *

The Grothendieck group expressions for standard modules in terms of irreducible mod-
ules are given below for all c = r/d > 0. For pairs (c, ) that don’t appear on the list,

M o(7) = Ly (7).

ed=12,r=1,11,17,19(mod 24)

M(1:) = L(14)+ L(2-)
M@2.) = L(2_)+L(1)

e d=12,r =5,7,13,23(mod 24)

M(1y) = L(1:)+ L(24)
M(24) = L(24)+L(1-)

ed=4,r=1,3(mod8)

M(1y) = L(14) +L(34) + L(4)

M(2y) = L(20)+L(3)

M(3;) = L(34)+L(24) +L(4) + L(3_)
M(3.) = L(3_)+L(1.)

M@4) = L(4)+L(3_)+ L(1_)
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e d=4,r =5,7(mod8)

M(1y) = L(14+)+ L(34) + L(4)

M(2.) = L(2_)+L(3.)

M(3,) = L(34)+L(2_)+L(4) + M(3.)
M(3.) = L(3.)+L(1.)

M(4) = L(4)+L(3_)+L(1.)

e d=3,r=1,2(mod3)

M(1,) = L(14)+L(2)

M@) = L(2)+L(1.)

e d=2r=1(mod2)

M(1;) = L(14)+L(34) +L(1-)

M@2) = L(2)+L(3)
M(3y) = L(3:)+L(2)+ L(3_) + L(1.)
M(3.) = L(3.)+L(1)

It is a direct calculation to derive the set of aspherical values for G12 from this data.
As the description of such values for any complex reflection group is an interesting

open question, we include the list here.

Corollary 5.2.3. The set of aspherical values of for G2 is
1-1-1-2-1-3-5-1-5-7-11
%(Gi, b) = {_, _________ }

Proof. 1t follows from Theorem 5.2.1. It is obviously enough to inspect the irreducible
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modules and check for which ¢ there exist L;(7) with no nontrivial Gjs-invariants.

According to Theorem 4.1 in [9], a module in O; (W, h) which has no nontrivial W-
invariants is either finite-dimensional or induced from a module in O .(W’, '), where
W’ is a parabolic subgroup of W, and c is aspherical for W’. It is easy to see that the
only nontrivial parabolic subgroups of G2 are isomorphic to Z,, and that the only as-
pherical value for Z, is ¢ = —1/2. Indeed, the modules L_;/5(1_), L_1/2(2), L-1/2(3-)
have no W-invariants, and —1/2 is aspherical for Gi.

We are left with the task of examining the finite-dimensional modules for invari-
ants. First assume ¢ > 0. It can be read off from the character formulas for the
finite-dimensional modules from 5.2.1 that all the L, /d(T), for 0 < r/d < 1, contain
an invariant, except L,/4(34). Checking values r/4 one by one we see that c =1/4 is
indeed aspherical (with L;/4(3,) containing no invariant), ¢ = 3/4 and ¢ = 5/4 are
spherical (L3/4(34) and L3;4(34) contain 1, C S?h* ® 3.). Finally, from the prop-
erties of shift functors at the end of section 3.2.10 it follows that if ¢ is aspherical,
then every module in O.; contains both a W-invariant and a W-antiinvariant, so in
particular ¢ + 1 is spherical too, and conclude that the only positive aspherical value
for G12 is 1/4.

Next, it is clear from the equivalence O; . — O _. which is realized by twisting
by the isomorphism H; (W, ) — H; (W, b) that for ¢ < 0 the module L; .(7) has
no W-invariants if and only if the corresponding module L_.(1_ ® 7) has no W-
antiinvariants. A similar computation as above, case by case, finishes the proof of the

corollary. O

Finally, this data shows that, as expected, Theorem 3.2.4 (cited from [22]) about
supports of representations L;.(triv) can not be trivially extended from Coxeter
groups to complex reflection groups. A corollary (3.3 in [22]) of Theorem 3.2.4 is
that for W a Coxeter group, ¢ = n/m € Q — Z, W C W a parabolic subgroup, and
di(W) degrees of a reflection group, the module dim L, .(triv) is finite-dimensional if
and only if

B{i:m|d(W)} > #{i:m | d(W)}
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The degrees of G2 are dy(G12) = 6 and d3(G12) = 8 (see [13]). Moreover, G2 has
a maximal parabolic subgroup isomorphic to Z,, with the only degree being 2. By
Theorem 5.2.1, Ly 1/12(triv) is finite-dimensional. However, 1216, 1218, and 12t 2,
so this does not hold for Gis.

5.3 Preliminary calculations

5.3.1 The permutation ¢

Proposition 5.3.1. For d € {2,3,4,12} and r € Zso relatively prime to d, the

permutation ¢ = py/4,/q4 Tealizing the equivalence of categories ®1/4,/4 s as follows:

e Ifd=2, then p =id;

If d=3,r=1,2(mod6), then p =id;

o Ifd=3,r=4,5(mod6), then p = (2,2_);

Ifd=4,r=1,3(mod8) then ¢ = id;

Ifd=4, r =5,7(mod8) then ¢ = (2,2_);

If d=12, r =1,11,17,19(mod 24) then ¢ = id;
e Ifd=12,r=5,7,13,23(mod 24) then ¢ = (2,2_);

Proof. The calculation is explained in section 3.2.9, and analogous to the one in
Lemma 4.3.1. As there, it is enough to calculate ¢y/4,/4 for d = 2,3,4,12 and
1 < r < 2d. The permutation for r differs from the one for r + d by a transposition
(242-), so it is enough to calculate them for 1 <r < d. For r = 1, ¢ = id. We list

the values of the Galois group element g and 7 for all the remaining cases.
e d=2 p=id;
e d =3, r =2, g = complex conjugation, n = —1, ¢ = id,;
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e d =4, r = 3, g = complex conjugation, n = —1, ¢ = id;

d=12,7 =5 =e"2 g(6) =€, n=—1, p = (242_);

[ )
ed=12,r="7,{=€e"2g() =€, n=1, p=(242.);
e d=12,r=11,{=€e"2 g(¢) =€, n=—1, p=id.

a

We use this permutation to get formulas for transforming characters of irreducible

modules: if

[L13/a(m)] =D 1o [Mi,17a(0)],

then
[L1,r/a(P1/d,7a(T))] = Z Nro[Mir1a(01/d,r/a(0))]-
Using this and the formula for the character of M; (1), we get:
Corollary 5.3.2. Let vy/4,/4 € Gal(Q(v/—2)/Q) be the identity or complex conjuga-

tion, depending on whether 14,4 is identity or transposition (2,,2_). Then

et‘/’l/d,r/d(b*)(l —2"g)
dety(1 — zg)

d
chz,, u(n(2,9) = 2" Yiydp7a(chr, (9, 27))-

In particular, Ly,,4(T) is finite-dimensional iff Ly ,/a(1/4,/4(T)) is, with
dim(L1 r/a(1/dr74(7))) = r2. dim(Ly,1/a(7)).

5.3.2 Lowest h-weights

The constants h.(7) by which the grading element
dim b
h= Wi+ — =
Z T;y; + 2 c ; s

acts on lowest weights of modules in O, . is easy to calculate directly, and given in

Table 5.2.

137



T 1+ 1. 2 2+ 2_ 3+ 3_ 4

>sSlk-] 12 12 0 0 0 4 -4 0
he(T) 1-12¢ 1+12¢ 1 1 1 1-4c 1+4c 1

Table 5.2: Lowest h-weights for G2

5.3.3 A-matrix

The following lemma appears in [45], and provides a simple yet computationally very
effective necessary condition on the structure constants n,, for the module L; .(7) to
be finite-dimensional.

Fix 7 and ¢, and suppose the representation L; .(7) is finite-dimensional. Write
[L1,c(T)] = X, Nro[Mic(0)). For g € W, consider dety (1 — gz) as a polynomial (or
a polynomial times a fixed fractional power of z) in z, and let 2,1, 2,2 be its roots.
Clearly, g — {241, 2,2} is constant on conjugacy classes.

Define a matrix A, with columns indexed by W and rows indexed by the ordered
pairs (g, 1), for g a conjugacy class in W and ¢ = 1,2, by setting the element in the

row labeled by (g,¢) and column labeled by o to be equal to z:;(“)'l’r,(g).

Lemma 5.3.3. If L, (1) is finite-dimensional, then the column vector [n;q] . is a

nullvector of A.

Proof. Since L, () is finite-dimensional, it follows that its character is a finite sum

of powers of z. On the other hand, it can be written as

Ea’ Nro - rI‘rO'(g) - 2he(0)
dety (1 — zg) )

chy, (2, 9) =

For every z,;, the denominator vanishes; since the character doesn’t have a pole, the

numerator must vanish as well. This gives the desired claim. O

The matrix A is easy to compute and gives a strong condition on n,,. We compute
it using MAGMA, for variable ¢. The matrix and basis vectors for its null-spaces at

c=1/12,1/4,1/3,1/2 are given in tables A.1 and A.2 of the Appendix.
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5.4 Calculations for ¢ = 1/12

Evaluating the expressions in table 5.2 at ¢ = 1/12, we get the lowest h-weights in

table 5.3.

T I 1+ 1. 2 2+ 2_ 3+ 3_ 4 |

Table 5.3: Lowest h-weights for ¢ = 1/12

We use comments from section 3.2.4, saying that the necessary condition for n,,
to be nonzero is that hy/12(0) — h1/12(7) is a positive integer. From this immediately

follows that
Miaj2(12) = Lygjia(12),

M1,1/12(3+) = L1,1/12(3+),
Miy112(3-) = Ly1/12(3-).

By the same condition, the only M ;/12(0) that can appear in the Grothendieck
group expressions for Ly,12(7) for 7 = 22,,2_,4is 0 = 1_. In those cases the
difference h.(o) — h.(7) is 1, so the question is equivalent to checking whether there
exists a subspace isomorphic to ¢ in h* ® 7 which consists of singular vectors. We use
Lemma 3.2.3 which states that when h.(o) — h.(7) = 1, any such subrepresentation
o will consist of singular vectors. Decomposing these group representations into

irreducible subrepresentations, we get
S'hre2 24 S 2,21, ®3_

S'hre2-21_¢3, SHhreo4=203,03_.

From this it follows

-’\/-’1,1/12(2 ) = L1,1/12(2 ),

M1,1/12 (2+) = L1,1/12(2+)7
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Mi1/12(4) = L13/12(4),
[L11/12(2-)] = [M11/12(2-)] = [M1,1/12(1-)] -

Similarly, we calculate the decomposition of S§*®14 My 1/12(14); it is S'H*@1, =
2_. By lemma 3.2.3, the entire graded piece S'h* ® 1, = My 1/12(14)1 consists of
singular vectors, and L 1/12(14) is the trivial one dimensional representation. To
express it in terms of Verma modules in the Grothendieck group, we use that 2_ C
S'p* ® 1, generates a Cherednik algebra subrepresentation of Mi1512(14). This
subrepresentation is isomorphic to a quotient of M 1/12(2-), which we saw was either
M, 1/12(2-) or Ly1/12(2-). Comparing dimensions of Mi1/12(14) and M 1/12(2-)
in the h-eigenspace 2, we see that dim(M1/12(2-)2) = dim(h* ® 2_) = 4, while
dim(Mj,1/12(14)2) = dim(S?h* @ 1) = 3, so My1/12(2_) cannot be a submodule of
M, 1/12(14). Dimensions of Ly 1/12(2-) and M 1/12(14) match in all higher degrees,

so we conclude Ji 1/12(14) = Ly,1/12(2-) and

[L11/12(14)] = [M1,112(14)] = [L1,1/12(2-)] = [Mr,1/12(L4)] = [M1,012(2-)]+[Ma,1/22(1-)]-

This module is one dimensional, and is the only finite-dimensional irreducible
module at ¢ = 1/12. Its character corresponds to vector ej12 in the table A.2 in the

appendix.

5.5 Calculations for c=1/4

Using table 5.2, we get lowest weights for ¢ = 1/4 in table 5.4.

T 1, 1. 2 2, 2_ 3, 3_ 4|
h1/12(7') -2 4 1 1 1 0 2 1 |

Table 5.4: Lowest h-weights for ¢ = 1/4

It immediately follows that

My174(1-) = Ly14(12).
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We will need the following decompositions:

S ®3,=1,02 ®3,03_, Sh"®3,=1,0202-3,®2-3_

Shre2 =4, $h'QR2=2,02_¢4

S 2, =1,03_, $*h"®2,=203,63_

S'h*e2_.=1_03,, S°*2_.=203,03_

Slb*®3+=2+®4

Sh*R4 =203,03_, S3hR4=1,01_0292-3,02-3_
So
Mi1/4(2) = L1,3/4(2)
M1/4(2-) = Ly1/4(22)

are simple, because 3_ and 1, don’t appear in the right weight space.

We will use the expression for Lq1/4(24) to study Lj1/4(3-). First of all, lemma
3.2.3 implies that M ;/4(2,) contains a quotient of M;1/4(3_). Comparing dimen-

sions in h-weight space 4, we see that this module cannot be M; ;/4(3-). So,

[L1,1/4(83-)] = [M1,1/4(3-)] — [M1,1/4(1-)]

[L1,1/4(24)] = [M1,174(24)] = [M1,1/a(32)] + [M1,1/a(12)].
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The latter is finite-dimensional.

To analyze M, 1/4(4 ), first use lemma 3.2.3 to conclude its Grothendieck group

expression is
[L1,174(4)] = [M1,1/4(4 )] = [M1,1/4(3-)] + na1_[M1,174(1-)].

To find n4 ;1_, we calculate the rank of the form B in h-weight space 4 in MAGMA. We
find it is 7. Since dimg(M1/4(4)) = 16, and dimy(M174(3-)) = 9, there exist two
possibilities. Either M ;/4(1_) appears as a submodule of M) ;/4(4 ) and My 1,4(3_),
or as a submodule of neither. While our methods cannot distinguish the two cases,

in both we can conclude

[L1,1/4(4)] = [M1,3/4(4)] — [M1,1/4(3-)] -

By lemma 3.2.3, we know that
[L1,1/4(3+)] = [M1,1/4(3+)]—[L1,1/4(2+)]—[L1,1/4(4;)]:l:modules with lowest weight > 1.

Looking at dimensions in h-weight space 1, we see that L 1/4(3..) is finite-dimensional.
Writing down the condition that its character must be a polynomial, which we do by

saying that it needs to be a linear combination of vectors in table A.2) we get

[L1,1/4(3+)] = [M1,1/4(8+)] — [M1,1/4(24)] — [M11/4(4)] + [M13/4(3-)],

which corresponds to —e} ,.

Using MAGMA, we find that the form B restricted to M /4(14)o is zero. Therefore
M 1/4(14) is finite-dimensional. Referring to table A.2 again, it is easily seen that

the only possible linear combination is e, + €3 ,, giving

[L1,1/a(14)] = [M1374(14)] = [M1,274(34)] + [Ma1/a(24)] -
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5.6 Calculations for c=1/3

First we calculate the lowest weights h.(7), see table 5.5.

| T | 1+ 1~ 2 2+ 2_

3, 3. 4

[Pys()[-3 5 1 1 1

173 7/3 1

Table 5.5: Lowest h-weights for ¢ = 1/3

Since hq/3(1-) > hys(7) for all 7 # 1_, it follows that

SImilarly, hy/3(3+) — h1/3(7) € Z for all 7 # 34, so

My 13(1-) = Lyay3(1-).

My 1/3(3+) = L1,1/3(34)

My 13(3-) = Ly,1/3(3-).

If My1/3(1-) is contained in M, ;/3(7) as a submodule for 7 = 2,2,,2_,4, then

1_ C M;,1/5(7)s = S*h* ® 7. Decomposing 5*h* ® 7 in all of these cases, we get:

|7

2 | 2,

2. | 4 |

| 84’)* QT

1,01 _0203,63_ |2 ©2-4

2,®2-4 [2-2,02-2_.92-4 ]

Hence

M1,1/3(2+) = L1,1/3(2+)

Ml,1/3(2—) = L1,1/3(2—)

Mi1/3(4) = Ly1/3(4)

We see that S*h* ® 2 contains a copy of 1_. Let us first analyze L;;/3(1+) and

return to the description of L;1/3(2) after that.

S%h* Q@14 = 2 @ 34, so it follows that M;q/3(14) can contain a quotient of

My 1/3(2). Using MAGMA, we compute the rank of the contravariant form B on
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Mii13(14)1 = S%* ® 1. It is 3 while the dimension of this graded piece is 5, so
M, ,1/3(14) does contain a quotient of My 1/3(2 ). Calculating dim(My,1/3(2 )s) = 10,
while dim(Mj,1/3(1+)s) = 9. So we conclude that the module Mj1/3(2) cannot be

simple. Combining this with the above analysis we conclude
[L1,1/3(2)] = [M1,1/3(2)] — [M1,1/5(1-))]
[L1,1/3(14)] = [M1,1/3(14)] = [M1,/3(2 )] + [M1,1/3(1-)]-

5.7 Calculations for ¢ =1/2

Using the expressions in Table 5.2, we find the following lowest weights for ¢ = 1/2.

|7' |1+ 1_ 2 2+ 2_ 3+ 3_ 4’
(@] 5 7 T 1 1 -1 3 1|

Table 5.6: Lowest h-weights for ¢ = 1/2

It immediately follows that

My p2(12) = Ly12(12).
We will need the following decompositions:

S ®3,=1,9292-3,®2-3_, S ®3,=1,01_02-2 4-3,03-3_

T 2 2, 2_ 3, 4
S?h* QT | 3. D 3_ 2_04 2,04 1,02 @ | 2,02_9024
3,83
S T | 2,02:3,0 | 22,02_0 [2,022_@ 2:2,022_0
2-3_ 2.4 2-4 5.4
So

M1,1/2(2+) = L1,1/2(2+)
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Myj2(22) = L1y2(22)
Myy/2(4) = L11/2(4)

are simple because 3_ and 1_ do not appear in the appropriate graded pieces.

Completely analogous to previous cases, we calculate the rank of B on the 6 di-
mensional space Mj1/2(2 )3 and get that it is 3. Comparing dimensions of My 1/2(2 )7

and Mi1/2(3-)7 (they are 14 and 15), we get
[L1,1/2(2)] = [M1,1/2(2)] = [M1,1/2(3-)] + [M1,1/2(1-)]

[L1,1/2(3-)] = [M1,1/2(8-)] — [My,1/2(1-)] -

Before considering Ly 1/2(3+), let us determine L;1/9(14). Using MAGMA, we
find that the rank of B on My;4(14)_1 is 2, while the space is 5 dimensional. So
M 1/2(14) contains a quotient of My 1/2(3) starting at the h-space —1, and is hence
finite-dimensional. Since dim(M,1/2(14)1) = 7, and dim(M;1/2(34)1) = 9, it follows
that M 1/2(34+) is not simple, but contains a set of singular vectors isomorphic to 2
in h-space 1. Using decompositions S?)*®3, =1, 92 ®3, ®3_ and S%h*®1, =
1, ® 3, ® 3_ and table A.2, we obtain

[L11/2(14)] = [M1,1/2(14)] — [M1,1/2(84)] 4 [My,1/2(2))]

corresponding to ej .

We know that
[L1,1/2(3+)] = [M1,1/2(3+)] — [L1/2(2)] & modules with lowest weights > 1.
Using MAGMA, we find that B on M, 1/2(34)s has rank 9 and conclude

[L1,1/2(3+)] = [M1,1/2(8+)] — [M1,1/2(2)] + X - [M11/2(1-))]

for some integer X.
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We will determine X using induction functors. Consider a point a # 0 on a
reflection hyperplane. We know that the isotropy group of a is isomorphic to Z,.
Let ey ,e_ € Z; be the trivial and sign representations. It is easily seen that the

irreducible representations of Hy/2(Z/27Z,¢_) have Grothendieck group expressions

[L1,1/2 (e2)] = [Ml,l/z(f—)]

[L1,1/2(e4)] = [M1,1/2(e4)] — [M1,1/2(e-)]-

We now use proposition 3.2.5 to deduce

[Inda(L,1/2(e+))] = [M1a/2(14)] = [Mry2(1-)] + [Ma,1/2(34)] — [M1,/2(3-)] -

Using the expressions already determined, this can be rewritten as
[Inda(L1,1/2(e-))] = [Laa/2(14)]+ [L1,1/2(2)] 42+ [La,1/2(34)] = (2X +2) - [L1/2(1-)] -

Therefore —(2X +2) >0 and X < —1.
Looking at the multiplicity of 1_ in $%h* ® 3, (it is 1), in S%h* ® 2 (it is 0), it
follows that 1_ appears 1 —0+X > 0 times in L, 3/2(3+)7. This implies X = —1. So

[L1,1/2(3+)] = [M1,3/2(3+)] = [M1,1/2(2 )] — [M1,1/2(1-)]-

Finally, we check that all modules L;/;(7) have a nontrivial Gqo-invariant. This
means 1/2 is spherical for Gi2 and that shift functors ®;/53/2, ®3/2,5/2, etc. are all
equivalences. So, the description of O;,1/2 can be used to describe O, , for all positive

T.
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Chapter 6

Rational Cherednik Algebras over

Fields of Finite Characteristic

For the remaining three chapters, let k be an algebraically closed field of positive
characteristic p. As before, W is a reflection group with a reflection representation
h over k, and h* the dual representation. We continue the study of the rational

Cherednik algebra H; (W, b) over k from Chapter 3.

6.1 Baby Verma modules N (7) and irreducible
modules L; .(7)

As explained in Chapter 3, the main difference to characteristic zero is that H; (W, b)
has a large center, and all Verma modules M, .(7) have large submodules. We adept

the definition of category O to this situation.

6.1.1 Baby Verma modules

Let (SH*)" be the subspace of W-invariants in Sh*, and ((Sh*)"), the subspace
of W-invariants in Sh* of positive degree. At t = 1, the subspace ((Sh*)")% of p-
th powers of elements from ((Sh*)"),, is central in Hy.(W,h). As a consequence,

((SE]*)W)’J;MLC(T) is a proper submodule of M; (7).
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Definition 6.1.1. The baby Verma module for the algebra Hy (W, b) is the quotient
N1o(1) = N1o(W, 0, 7) = My o(7)/((SH")7 )5 My (7).

Since (Sh*)¥ is graded, N, o(7) is a graded module. The subspace ((Sh*)" )i M, .(7)
is contained in KerB. To see this, let Z € ((Sh*)")% be an arbitrary homogeneous
element of positive degree m, v € 7 and y € b arbitrary. Then D, (Z @ v) = (yZ).v =
(Zy).w = Z.(y.v) =0, so Z ® v is singular and therefore in KerB.

Because of this, the form B descends to the Ny (), and L, .(7) can be alterna-
tively realized as the quotient of N; .(7) by the kernel of the induced form.

To define baby Verma modules at t = 0, we use that ((Sh*)"), is central in

Ho (W, 1), so ((Sh*)¥).. Mo .(7) is a proper submodule of My (7).

Definition 6.1.2. The baby Verma module for the algebra Hy (W, Y) is the quotient
Noo(1) = Noo(W,,7) = Moo(1)/((S5")" )+ Mo (7).

By the same arguments as above, it is graded, the form B descends to it, and
Ly () can be alternatively realized as a quotient of Lo .(7) by the kernel of B.
Next, we turn to basic properties of modules L; (7) and Ny (7). We will need the

following lemma, which is a consequence of the Hilbert-Noether Theorem and can be

found in [43] as Corollary 2.3.2.

Lemma 6.1.3. For any finite group W, field F, and a finite-dimensional F[W]-
module b, the algebra of invariants (Sh)V is finitely generated over F, and Sh is a

finite integral extension of (Sh)V.
The following proposition is unique to fields of positive characteristic.
Proposition 6.1.4. All N;.(7), and thus L. (1), are finite-dimensional.

Proof. The Hilbert series of a baby Verma module is defined as

Hilby, .(n(2) = z dim Ny o(1);z', Hilby, (n(2) = Z dim Ny o(7):2".
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The series at t = 0 and ¢ = 1 are related by

) 1-27\" . P
Hilby, .(r)(2) = - Hilby, .(r)(27).

Because of this formula, and because L;.(7) is a quotient of Ng.(7), it is enough
to prove the proposition for Np (7).

Representation 7 is finite-dimensional, so My .(7) = Sh* ® 7 is a finite module
over Sh*. By Lemma 6.1.3, Sh* is a finite module over (Sh*)".

For any commutative ring R, maximal ideal m, and finite R-module M, M /mM
is a finite-dimensional vector space over R/m. Applying this to m = ((Sh*)V),,
R = ((Sh*)W), and M = My(7), it follows that Np.(7) is finite-dimensional over
k. |

6.1.2 Modules L;.(7)

As in characteristic zero, L;.(7) is irreducible. When proving this in characteristic
zero, we used the fact that there is a natural grading on Verma modules given by
the action of h, so all submodules are graded, and as none of them contains anything
from the lowest graded part 7, their sum does not contain anything in 7 either and
it is a proper submodule. In characteristic p this fails, as h only induces a natural

Z/pZ-grading. There exist submodules of M, .(7) which are not Z-graded.

Example 6.1.5. For any f € (S§*)V, the subspace Sh*(1 + fP) ® T is a proper
submodule. The sum of all submodules of M, () of this form equals M, .(T), so the
sum of all proper submodules of M, () is the whole My (7).

However, the situation is better if we consider only graded submodules, or if we
let baby Verma modules take over the role of Verma modules. This is explained more
precisely by the following results.

To show irreducibility of L; (), we will need the following form of Nakayama’s
lemma. Recall that the Jacobson radical of a commutative ring R, denoted rad(R), is

the maximal ideal that annihilates all simple modules, or equivalently, the intersection
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of all maximal ideals. Also recall that k[[z1,...,z,]] is local, so rad(k[[z1, ..., Z.]]) =

(xl, s ’-'L'n)‘

Lemma 6.1.6 (Nakayama). Let R be a commutative ring, I C rad(R) an ideal, and
M a finitely generated R-module. Let my,...,m, € M be such that their projections
generate M/IM over R/I. Then, ms,...,m, generate M over R.

Lemma 6.1.7. Let L; (7)+ be the positively graded part of Ly o(7). If v1,...,0m €
L (1) are such that their projections Uy, ...,0m € L o(T)/Ltc(T)+ = T span T over

k, then vy,...,vn generate L;(7) as an Sh* module.

Proof. This is a direct application of Nakayama’s lemma, with R = k[[z1, ..., z,]],
M = Li(7), and I = (z1,...,2,) = rad(R). By Lemma 6.1.6, v, ..., v, generate
L .(7) asak{[z1, ..., zn]]-module. Since L;.(7) is finite-dimensional, an infinite power

series really acts on M as a finite polynomial. O
Proposition 6.1.8. L; (1) is irreducible for every ¢ and 7.

Proof. Let f be any nonzero element of L; (7). We claim that it generates the entire
L () as an H; (W, h) module.

If the projection f of f to L; (7)o = 7 is nonzero, then the set of W-translates of f
spans the irreducible representation 7, so by Lemma 6.1.7 the set of W-translates of f
generates L; (7) as an Sh* module, and f generates L;.(7) as an H; (W, h)-module.

If the projection of f to Lic(T)o = T is zero, write f = fi + --- + fg, with
fi € Ly(7); . The form B is nondegenerate on L;.(7), so f ¢ KerB; it respects the
grading so there is some r > 0 such that f. & Ker(B). The form is bilinear, so there
exists a monomial y7* ---y%* € S"h and v € 7* such that B(f,,y7* - --y%=v) # 0. By
contravariance of B, and writing D; for D,,, this is equal to 0 # B(D{* - - - D& f,.,v) =
B(D3}--- D&~ f v). So, Di* --- D¢ f is a nonzero element of L;.(7), with a nonzero
projection to Ly (7)o = 7. By the previous reasoning, D' - - - D% f generates Ly .(T)

as an H;.(W,h)-module, and thus f generates L;.(7) as an H; (W, §)-module. 0O

Corollary 6.1.9. The Verma module M, (1) has a unique mazimal graded submod-

ule.
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Proof. Consider the sum of all graded submodules. None of these submodules have
elements in L, .(7)p = 7, since such elements generate the entire module, so their sum

is a proper submodule. O
Corollary 6.1.10. The baby Verma module has a unigue mazimal submodule.

Proof. Let N be any proper submodule, and f € N arbitrary nonzero element. Write
f = fo+---+ fs, with f; in the i-th graded piece. Baby Verma modules are finite-
dimensional, N is a proper submodule, so a similar argument as in Proposition 6.1.8
implies that fo = 0. Thus, any proper submodule has zero projection to the zeroth

graded piece, and so the sum of all proper submodules is still proper. O

The unique maximal graded submodule of M, .(7) descends to the unique maximal
submodule of N; (7). We will denote this unique (graded) maximal submodule by

Ji (). The following corollary follows by irreducibility of M;.(7)/Ker(B).
Corollary 6.1.11. The kernel of B is J; (7).

Thus,

Lio(T) = My o(7) ) J1(T) = My o(T) /Ker(B) = N, o(1)/Ker(B) = Ny o(7)/ J1.o(T)-

6.1.3 Category O

We now define category O of H;.(W, ) modules. The definition, which is somewhat
different than in characteristic zero, is justified by Example 6.1.5 and Proposition

6.1.13.

Definition 6.1.12. The category O, (W, H) is the category of Z-graded Hy.(W,h)-

modules which are finite-dimensional over k.

We usually write O, or O instead of O:.(W, ), when it is clear what the argu-
ments are.
The grading element h (or h’) does not induce the natural Z grading on objects

in category O as it does in characteristic zero. We allow all Z grading shifts.
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Proposition 6.1.13. For every irreducible L € O,.(W,b), there is a unique irre-
ducible W -representation T and i € Z such that L = L, (W, b, 7)[i].

Proof. Let L € O, be any irreducible module in category O. It is graded and finite-
dimensional, so there must be a lowest graded piece L;. Without loss of generality,
we can shift indices so that the lowest graded piece is in degree zero. Further, if
the degree zero part Ly, which is a W-representation, is reducible, then the proper
W-subrepresentation of Ly generates a proper H; (W, h)-subrepresentation of L. So,
Lo = 71 for some irreducible W-representation 7. By Proposition 3.1.6, there ex-
ists a nonzero graded homomorphism ¢: M;.(7) — L. Since L is irreducible, this
homomorphism is surjective, and L is isomorphic to M;.(7)/Ker(¢). Since J;.(7)
is the unique maximal graded submodule, Ker(¢) = J;.(7) and the result follows.

Uniqueness follows from the fact that L; (7)o = 7. O

6.2 Characters

6.2.1 Definition and basic properties

The two definitions of characters are the same as in characteristic zero, in section 6.2.

In the following sections, we mostly use x instead of ch.

Definition 6.2.1. Let K (W) be the Grothendieck group of the category of finite-
dimensional representations of W over k. For M = @&;M; any graded H;.(W,b)
module with finite-dimensional graded pieces, define its character to be the power

series in formal variables z, 21 with coefficients in K(W)
XM(z) = E[Mi]zi7
or the following function of g € W

chy(z) = ZTrlMi (9)7,
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and define its Hilbert series as

Hilby(2) = > dim(M;)2'.

If M is in category O, it is finite-dimensional and its character is in K(W)[z, 271].

The character of M;.(7) is

XMoo (2) = Y _IS'0" ® 7],

>0

and its Hilbert series is
dim(7)

HﬂbM:,c(‘r)(z) = (1 — z)" .

The character of N;.(7) depends on whether ¢t = 0 or ¢ # 0; they are related by

» 1—2P\"
XNe)(2) = Xhootr) (2F) -\ T— ) -

If W is a reflection group for which the algebra of invariants (Sh*)" is a polynomial
algebra with homogeneous generators of degrees ds, . . . d,,, then the characters of baby

Verma modules are:
XNoo(r)(2) = Xtoe(r) (2)(1 — 28)(1 — 2%) ... (1 — 2*),

XNy o) (2) = Xy oy (2)(1 = 2P2) (1 = 27%2) .. (1 = 2°%).

The main focus of the next chapters is describing these modules for particular
series of groups W, in terms of their characters, or through describing the generators
for the maximal proper submodules J;.(7), or through describing the composition

series of baby Verma modules and Verma modules.
It is clear from the definition that
Hilbg, .(ry(2) = Zrank(B,—)zi.
=0
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The matrices B; and their ranks can be calculated in many examples using algebra
software. We used MAGMA [11], and did these calculations for small examples in

order to form conjectures which became chapters 7 and 8.

6.2.2 Characters of L;.(7) at generic value of parameter c

By definition, the i-th graded piece of L;.(7) is, as a representation of W, equal to
the quotient of S*h* ® 7 by the kernel of B;. Let us fix ¢t and consider ¢ = (c,)s
as variables; B; depends on them polynomially. Let ki be the space of functions
from the finite set of conjugacy classes in W to k, and think of it as the space of all
possible parameters c.

Let d be the dimension of S*h* ® 7 and let r be the rank of B;, seen as an oper-
ator over k[c|. For ¢ outside of finitely many hypersurfaces in kl®™!  the rank of B;
evaluated at c is equal to r, and the kernel of B; is some (d — r)-dimensional repre-
sentation of W, depending on c¢. All these representations have the same composition
series. (To see that, let V'(c) be a flat family of W-representations, for example KerB;
for generic c. Let for o; be all irreducible W-representations and 7; their projective
covers. Then the number [V(c) : ;] of times o; appears as a composition factor in
V(c) is equal to the dimension of Hom(m;, V(c)). So, for generic c it is the same, and
for special ¢ it might be bigger. But > [V (c) : 0;] dim(o;) = dim V(c) is constant,
so [V(c) : ;] does not depend on ¢, and all V(c) have the same composition series.
They might however not be isomorphic, because they might be different extensions
of their irreducible composition factors.)

The map ¢ — Ker(B;) = J; .(7);, defined on the open complement of hypersurfaces
in kil can be thought of as a rational function from k/®**! to the Grassmanian of
(d — r)-dimensional subspaces of S*§* @ 7.

For c in some finite family of hypersurfaces in the parameter space k'°*!, the
rank of B; evaluated at c is smaller than r, and the dimension of the kernel J; .(7);
is larger then d — r. We want to use the above rational function to define a subspace
Jio(7); C Jio(7); at ¢ = 0, which has similar properties to those J;(7); would have

if ¢ = 0 was a generic point.
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If ¢ = 0 is generic and rank of B; at ¢ = 0 is d, let J;o(7); = Jio(7);. Otherwise,
pick a line in the parameter space k'®! which does not completely lie in one of the
hypersurfaces, and which passes through 0. The composition of the inclusion of this
line to k'®"Jl and the rational map from k!l to the Grassmanian is then a rational
map from the punctured line to a projective space, and such a map can always be
extended to a regular map on the whole line. This associates to ¢ = 0 a vector space
Jio(7);. It generally depends on the choice of a line in the parameter space, and it

always has the following properties:
e dim(J;o(7)); =r —d;
o Jio(1); C KerB; = J; o(T)s;
o J;o(7); is W-invariant;
e J;o(7); has the same composition series as J;.(7); for generic c.

By making consistent choices for all ¢ (for example, by choosing the same line in the

parameter space for all ), one can ensure an extra property:
o Jio(T) = ®iJeo(T); is a Hyo(W, b) subrepresentation of M; (7).

So, this produces a subrepresentation J;o(7) at ¢ = 0 such that the quotient
M, o(7)/Jeo(T) behaves like L, () at generic c, even when ¢ = 0 is not generic. In

particular, M;o(7)/Jio(7) and L;.(7) at generic ¢ have the same character.

Example 6.2.2. For W = GLy(F;), 7 = triv, the form B restricted to M ((triv), =

S%h* has a matriz, written here in the ordered basis (z3, 3zo, 2322, 123, 23):

[(@e+1) Ee+1) Ee+1) Ee+1) 0 )

Ac+1) cle+1) 0 0 (c+1)
By=] c*c+1) 0 0 0 A(c+1)
Ac+1) 0 0 clc+1) A(c+1)

\ 0 Gle+]) Se+l) Ee+1) He+1)
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When ¢ # 0,1, this matriz has rank 4, and a one-dimensional kernel Jy o(triv)y
spanned by =} + z222 + x3. For ¢ = 0, the matriz is zero and Jyo(triv)s is the whole

S%h*. The above procedure defines Jy o(triv)} to be k(zi + z2x2 + z3).

We will now draw conclusions about the character of L;.(7) for generic c using

information about M;o(7)/J;o(7)-

Lemma 6.2.3. Let M be a free finitely-generated graded Sh*-module with free gen-
erators by,...,by, and N a graded submodule of M. For f € Sh*, y € b, define
Oy fbi = (0yf)bi. If N is stable under 0, for ally € b, then it is generated by elements
of the form Y ffb; for some f; € Sh*.

Proof. First, assume there is only one generator, so M = Sh* as left Sh* modules.
Let N'={f?| f € Sh*} N N. We claim that Sh*N’' = N.

Clearly, S* N’ € N. To show that N C Sh*N’, we need to show that any f € N
can be written as a sum of elements of the form h(zy,...,z,)f'(zf,...,22), for some
h € Sh* and f'(zf,...,2P) € N.

As N is graded, assume f is homogeneous of degree d. Write it as

r—1
f=2 aifiah oo n).
=0
The space N is stable under all partial derivatives, so for each 5 =0,...,p — 1,
. . p_l
golf =Y i(i—1)...(i —j + V)aifi(eh, 22, .., 2n)
i=1
is in N. The coefficient i(¢ —1) ... (¢ — 7 +1) is zero for ¢ < j and is nonzero for ¢ = j,

so the matrix [i(i — 1) ... (i — j + 1)]; ; is invertible, implying that % f;(z%, o, . . ., z5)
is in N for all 4, and therefore (after applying 8¢), also f;(z%,%2,...,2,) € N.

Applying the same argument on each f; for xo, . . ., Z,, it follows that f is of desired
form.
The claim for M = @Sh*b; follows directly from the one for Sh*. a

Let S®)h* be the quotient of Sh* by the ideal generated by z?, ... z?

n*
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Proposition 6.2.4. The character of L1 (), for generic value of c, is of the form

XLro(r)(2) = Xswy (2) H(2P)

for H € Ky[z] character of some graded W -representation. In particular, the Hilbert

series of Ly (7) is of the form

. 1—2P\" »
HllbLl,c(T)(z) = 1— 2 : h(z )’

for h a polynomial with nonnegative integer coefficients.

Proof. As commented above, the character of L1 (1) = My(7)/J1(T) is the same
for all ¢ outside of finitely many hypersurfaces, and it is equal to the character of
My o(1)/J10(T)". At these values of parameter, ¢ = 1 and ¢ = 0, Dunkl operators
are particularly simple, and equal to partial derivatives: D, = 0,. By the previous
lemma, J10(7)’ is generated by p-th powers. Let fi(zf,...22) ® v;, for some f; € Sh*,
v; € T, be these generators.

Define J* to be the (Sh*)P-module generated by fi(z%, ... 2P) ® v;. Let the reduced
module R, (7) be the k[W] x Sh*-module defined as the quotient of Sh* ® T by the
ideal generated by fi(z1,...z,) ® v;. Call its character (in the sense of Definition
6.2.1) the reduced character of L, (), and let H(2) € K(W)[z] denote it.

Consider the multiplication map
p: SPh*® (SK*)PR71)/J — Sh* ® T/ J10(T)".

It is an isomorphism of graded W-representations, so it preserves characters. From

this it follows that for generic c,

XLyc(7) (z) = XMl,o(T)/h,o(T)'(z) = Xs®p* (z)H(zp).

O
By inspecting the proof and using that c is nongeneric on a union of finitely many
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hypersurfaces, one can strengthen the claim of the proposition as follows: for any
hyperplane P passing through the origin in the space of functions from the conjugacy
classes of W to k, there exists a function Hp(z) € K(W)[z] such that, for ¢ generic
in P, the character of Ly .(7) is of the form xgwy. (2) Hp(2P).

Corollary 6.2.5. Let t # 0 and c be generic. The module J,.(T) is generated under
Sh* by homogeneous elements in degrees divisible by p. The images of such elements

of degree mp in the quotient

(J1,e(T) /6" Tt.e(T))mp = J1.e(T)mp/Y* Jt,e(T)mp-1 C S™PH* ® T/b* I o(T)mp—1

form a subrepresentation of S™H* @ T/b*J; (T)mp—1 whose composition factors are a
submultiset of composition factors of (S™h*)? ® T/(b*J; o(T)mp—1 N (S™H*)P ® 7).
Any such generator in degree mp s a singular vector in the quotient of My .(7) by

the Sh*-submodule generated by all such generators from smaller degrees.

Proof. For representations o and ¢’ of G, let us write 0 < o’ if the multiset of
composition factors of ¢ is a subset of the multiset of composition factors of ¢’. If o
and o’ are graded G representations, we write 0 < 0’ if 0; < o} for all i. If 0 < &’
and ¢’ < o, then [0] = [0’] in the Grothendieck group.

Let us first prove:
T e(T) /0" Je,e(T) < T o(T)/9" T2 o(T) < (SH™)P @ 7/(B7J;o(7) N (SH*)* ® 7).

As J; .(7) is a deformation of J; o(7)’, for any degree i > 0 we have, in the Grothendieck

group:
[Jeo(7)i] = [Jee(7)i]
[Te0(T)iea] = [Jre(7)iza]
b*Jto(7)icr S 9" ee(T)ica
s0

Jee(T)/Y"Jee(T) < Joo(7)/0" T (T)-
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The statement J{o(7)/h*Jio(T) < (SH*)P ® 7/(h*J{o(T) N (Sh*)? ® 7) follows from
Jio(7) being generated under Sh* by p-th powers (see Lemma 6.2.3).

The module J;.(7) is generated under Sh* by elements which have nonzero pro-
jection to Ji.(7)/b*Jic(T). Because of the above sequence of <, such elements only
exist in degrees divisible by p, and their images in J; o(7)/0*Je.c(7) C Sh*®@7/h*J; o(T)
form a group representation which is < (Sh*)P ® 7/(b*J{ (1) N (SH*)? ® 7).

For every v € Jico(T)mp and every y € b, Dy(v) € J;c(T)mp-1- So, if v is not
in h*J;c(7)mp—1, then its projection is a nonzero vector in Jy.(7)/b*J;.(7) with a

property that D, (v) is zero in Jy¢(7)/h*Jo(7), in other words a singular vector. O

6.2.3 A dimension estimate for L, .(7)

Lemma 6.2.6. Any irreducible Hy, (W, b)-representation has dimension less than or

equal to p"|W|.

Proof. We begin with a definition, which will only be used in this proof. Let A
be an algebra. A polynomial identity is a nonzero, noncommutative polynomial
f(z1,...,z,) such that f(ai,...,a,) = 0 for all ay,...,a, € A. Given an alge-
braically closed field k, a polynomial identity algebra, or PI algebra is a k-algebra A
that satisfies a polynomial identity. We say a PI algebra has degree r if it satisfies
the polynomial identity sor = > g, sgn(o) Iz, To(i)-

Our first claim is that H; .(W,b) is a PI algebra. By Proposition V.5.4 in [1],
A is a PI algebra if and only if every localization of A is also a PI algebra. By the
localization lemma (Proposition 3.12. in [24]), H\%(W,b) = HY5(W,b). Thus, it
suffices to show that Hyo(W, ) is a PI algebra.

Let Z be the center of Hyo(W, ). It is easy to see that Z = ((Sh)?)¥ @ ((Sh*)?)V.
Z is commutative, so we can consider A’ = Frac(Z) ®z H o(W, b), which is an algebra
over the field Frac(Z). By Theorem V.8.1 in [1], this is a central simple algebra,
i.e. an algebra that is finite-dimensional, simple, and whose center is exactly its
field of coefficients. By the Artin-Wedderburn theorem, a central simple algebra is

isomorphic to the matrix algebra over a division ring. Thus, A’ is isomorphic to a
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matrix algebra over some division ring. We would like to determine that dimension of
A'. We will write k([z}, ...,y?] as shorthand for k[z%,...,2z2,4%,...,y5] and likewise
for k[z1, ..., yn]. It is clear that

dimpra(z) A’ = diMpyaouies, .. yz1v) Frac(klel, . .., 42]"Y) @y, 2w Hio(W,h) =

= diMpac@es,..s2w) Frack(z}, . .., 81" ) ®upe, . w
®k[x€,...,ﬁ]wu§[$‘;7 .- 7y1,1] ®k[:t'1’,...,yﬂ] (W X ]k[xh RN y‘n])‘

We claim that if W acts faithfully on a vector space V, then,
dimp\ru(k[xll’r“,yﬁ]W) Frac(]k[V]W) Rx[vw ]k[V] = |W]|.

Choose some f € k[V] such that the W.f are distinct. It is clear that 1, f,..., fWI-?
is a basis. Thus, the left tensor product has dimension |W| over Frac(Z). The right
tensor product has dimension p?*|W|. Thus, dimpac(z)(4’) = (J]W|p™)%. By Corollary
V.8.4 in [1], an r X r matrix algebra satisfies so,, so A’ is a PI algebra of degree p™|W|.
Since A’ is a localization of H; o(W, h), H19(W, b) is a PI algebra of degree p™|W|, as
desired.

Thus, Hy.(W,b) is a PI algebra of degree p"|W|. By Proposition V.6.1(ii) in [1],
an irreducible representation of a PI algebra of degree d must have dimension less

than or equal to d, and the result follows. O

Corollary 6.2.7. Let h be the reduced Hilbert series of Ly () for generic c. Then
L, (1) has dimension h(1)p", and 1 < h(1) < |W|.

6.2.4 Some observations, questions and remarks

Remark 6.2.8. In many examples we considered, in particular whenever W =
GL,(F,) or W = SL,(F;) and 7 = triv, h(1) is equal to 1 or to |W|. In many
other cases, it divides |W|. However, this is not always true. For W = GLy(F,),
T = SP~2p, the order of the group is (p*> —1)(p? — p), and the reduced Hilbert series is
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p+ (p— 1)z +pz2. So, h(1) = 3p — 2, which does not always divide (p? — 1)(p? — p)
(for example, when p = 3).

Question 6.2.9. For hi(z) the reduced Hilbert series of Ly (1) and ho(z2) the Hilbert

series of Ly(7), does the inequality

hold coefficient by coefficient?

There is computational data supporting the positive answer. In many examples,
particularly for W = GL,(F,) and SL,(F,), the equality hg = h; holds. An example
when strict inequality is achieved is W = SLy(F3), 7 = triv: the reduced Hilbert
series is hy(2) = (1 + 2+ 22+ 23)(1 + 2 + 22 + 23 + 2% + 2°), and the Hilbert series of
Lo (7) is ho(z) = 1.

Recall that a finite-dimensional Z, graded algebra A = @;A; is Frobenius if the top
degree Ay is one dimensional, and multiplication A; ® A4—_; — Ay is a nondegenerate
pairing. As a consequence, the Hilbert series of A is a palindromic polynomial.

The irreducible module L; .(triv) is a quotient of M, .(triv) = Sh* by an H; (W, b)
submodule J; (triv), which is in particular an Sh* submodule. So, we can consider
it as a quotient of the algebra Sh* by the left ideal J;(triv), and therefore as a

finite-dimensional graded commutative algebra.

Proposition 6.2.10. Assume thatt,c, 7T are such that the top graded piece of Ly .(triv)

is one dimensional. Then L (triv) is Frobenius.

Proof. Let us first prove: a finite-dimensional graded commutative algebra A =
@2 ,A; is Frobenius if and only if the kernel on A of multiplication by A, = @;>4;
is one dimensional. One implication is clear: if A is Frobenius, the kernel is the one
dimensional space A4. For the other, assume the kernel on A of multiplication by A,
is one dimensional. The top nontrivial graded piece A4 is always contained in it, so
A, is one dimensional and equal to the kernel. Now assume there exists a nonzero

element a, € A, such that multiplication by a,, seen as a map A,;_, — Agq, is zero,
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and let 0 < n < d be the maximal index for which such an a,, exists. As a,, isn’t in the
kernel of the multiplication by A, there exists some b € A, such that a,b # 0. We
can assume without loss of generality that b is homogeneous, b € A,,, 0 < m < d —n.
Then a,b € Ayyim, With n < n+m < d, is a nonzero element such that multiplication
by it, seen as a map Ag_n—m — Ag, is zero, contrary to the choice of n as the largest
such index.

Now assume that A = L, .(triv) has one dimensional top degree. Let 0 # f be in
the kernel of multiplication by A,. As the kernel is graded, assume without loss of
generality that f is homogeneous. Then zf = 0 € L;(triv) for all z € h*, so z is a
highest weight vector. Under the action of H; (W, ), f generates a subrepresentation
of L;.(triv) for which the highest graded piece consists of W-translates of z. As
L; .(triv) is irreducible, this subrepresentation has to be the entire L;(triv), and f

is in the top degree, which is by assumption one dimensional. O

Remark 6.2.11. In many instances we observed, the algebra L (triv) is Frobenius
for generic ¢ and has palindromic Hilbert series. However, this is not true in general:
let k = F3, W = S5 the symmetric group on five letters, b the four dimensional
reflection representation {(21, ... z5) € k®|z1+.. .+ 25 = 0} with the action s.z; = z),

and T = triv. Then the Hilbert series of Lo .(triv) is
1+ 2) 1+ 2+ 221 + 22+ 322 + 42°).

We thank Sheela Devadas and Steven Sam for pointing out this counterexample to us.

6.3 A lemma about finite fields

We finish this section with a lemma which we frequently use in computations in the

next chapters.

Lemma 6.3.1. Let ¢ = p" be a prime power. Let f € K[z1,Z2, ..., Z,] be a polynomial
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in n variables, for which there exists a variable x; such that
Then

Z f(z1,...2,) =0.

1,...2n€EFg

Proof. 1t is enough to prove the claim for all monomials f for which deg, (f) < ¢—1.

First, if n = 1, then f = z7* for some m < ¢ — 1. Let S, := Ziqu i™. For every

j € Fy, j™Sm = Eiewq(ij)m = S,,, which is equivalent to (1 — j™)S,, = 0 for all

j # 0. As m < g — 1, there exists some j such that 1 — ;™ # 0, and so S,, = 0 and

the claim is true for polynomials in one variable.

Ifn>1and f=f -z with f a polynomial in z,,...z,_; and m < g—1, then

o Sz = Y. f(onza)- Y al =

1,...cn€F, T1,..,.on-1€Fg zn€F,

= Z f’(.’l,’l, . mn—l) . Sm =0.

(31 y---,zn—l)eMn—l

O

Remark 6.3.2. In particular, the assumptions of the lemma are satisfied by all f

such that deg(f) < n(q—1).
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Chapter 7

Representations of Rational
Cherednik Algebras Associated to
Groups GLyp(Fyr) and SLy(IFyr)

Let ¢ = p" be a power of characteristic p of the ground field k, and let F, C k be a
finite field with ¢ elements. In this chapter we study the case when W = GL,(F,)
or W = GL,(F,), and h = k™ is the tautological representation. Let hr = F be the

F,-form of it.

7.1 GL,(F,) and SL,(F,) as reflection groups

7.1.1 Reflections in GL,(F,)

Let us start by fixing some more notation and discussing conjugacy classes in GLy(F,).
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For A € F,, A # 0, let dy be the following elements of GL,(F,):

(A1 00 --- 0 (110 --- 0
0 10 ---0 010 ---0
forA#1l,dy=| 0 01 0, dai=]001 0
0 00 1 000 1

GL,(F,) can be though of as a subset of GL,(k) = GL(b). The representation b
is tautological, (y:)1<i<n is a tautological basis of h = k", and (z;)1<i<n is the dual
basis of h*. This means that the matrix of g € GL,(F,) action on § in basis (y;); is g,
and the matrix ofits action on h* in basis (z;); is (¢g7!)*. All d are reflections, with
eigenvalues A\™! on b and A on h*. |

An element s € W is called a semisimple reflection if it is semisimple as an element
of GL(h) and it is a reflection; such elements are conjugate in GL(h) to some d with
A # 1. An element of s € W is called a unipotent reflection if it is unipotent as an
element of GL(h) and it is a reflection; such an element is conjugate in GL(h) to
dy, and has the property that sP = 1. Note that in characteristic zero, a unipotent
reflection generates an infinite subgroup, so considering unipotent reflections is unique

to working in positive characteristic.

Lemma 7.1.1. Reflections in GL,(F,) are elements that are conjugate in GL(Fy)
to one of the dy, X\ € FY. The group GL,(F,) is generated by reflections. There
are ¢ — 1 conjugacy classes of reflections in GL,(F,), with representatives dx. Each
semisimple conjugacy class consists of LL;I_)fL_I reflections. The unipotent conjugacy

class (elements conjugate to dy) consists of gﬂ‘l(—zg%—l;l) reflections.

Proof. The semisimple conjugacy class associated to an eigenvalue A # 1 consists of
conjugates of dy. Its centralizer is GL;(Fy) X GL,_1(Fq) C GL,(F,), so the number
of reflections in this conjugacy class is |G Ln(Fq)|/|GL1(Fq) X GL,_1(Fy)| = @=De"7"

q—1

The unipotent conjugacy class is the orbit of d;, which is centralized by any
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element of the form:

a b c

0 a --- 0

A
| 0 f = * |

Here, a # 0, the rest of the variables are arbitrary, and the bottom right (n—1) x (n—2)
submatrix is invertible. The order of the centralizer is ¢**~3(q — 1)|GL,_2(F,)|, and

the order of the conjugacy class is KL‘%E:_.)_I.:Q_ -

Let C), be the conjugacy class of reflections containing d,. Let ¢, denote the value

of the function ¢ on elements of C).

The following lemma is a strengthening of Lemma 3.1.1 for the case W = GL,(F,).

Lemma 7.1.2. There ezxists a bijection between the set of reflections in GL,(F,) and

the set of all vectors a ® a¥ # 0 in by @ by such that (a,aV) # 1. The reflection s

corresponding to a ® " acts:

onh* by s.x=z—(a",7)c

(y,2) oV

by s.y= — .
onh by s.y y+1—(a,a")

Such a reflection s is semisimple with nonunit eigenvalue A = 1 — (a¥,a) on bh* if

(a,av) # 0, and unipotent if (a,a") = 0.

Example 7.1.3. If n = 2, the parametrization of C\ by a ® o¥ € b ® by described

in Lemma 7.1.2 is as follows:

1 1—-A—-bd 0 a
A#1: Cre | ® |b,d e F,} U { ® la € Fq}
b d 1 1-A

A

I
—

bd 0 a
Ci1 e { b ® 4 |b,d € Fg,d # 0}U{ . ® . la € Fy,a # 0}.
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7.1.2 Invariants and characters of baby Verma modules for

W = GL,(F,) and W = SL,(F,)

Recall that the baby Verma module N (7) is a quotient of M, (1) = Sh* ® 7 by
Sy @ 7 if t = 0 and by ((SH*)")E, @ 7 if t # 0. For all groups for which
we know the Hilbert series of the space of invariants (Sh*)"V, we can calculate the
character of baby Verma modules easily. An especially nice case is when (Sh*)W is a
polynomial algebra generated by algebraically independent elements of homogeneous
degrees d, ...d,. In that case, such elements are called fundamental invariants, and

d; are called degrees of W.

In [17], Dickson shows that GL,(IF,) is such a group; the result for SL,(F,) follows
easily and is explained in [35]. Let us recall the construction of invariants and the

calculation of their degrees before calculating the characters of baby Verma modules.

As before, let z1, ..., 2, be the tautological basis for hi. For an ordered n-tuple
of nonnegative integers ey, ...,e,, let [e1,...,e,] € Sh* be the determinant of the
matrix whose entry in the i-th row and j — th column is :c;’-ei. The action of W on
bh* is dual to the tautological action, so the matrix of g € GL,(F,) in the basis (z;);
is (g71)!. Taking determinants is a multiplicative map, so a direct calculation gives

that for g € GL,(F,),
g-ler, ..., ex] = (det(g))er, ..., en].
Define
L,=n-1,n-2,...,1,0],
Qi=[nn—1,...,5+1,i-1...,1,0]/L, i=1,...n—1,

and
Qo=L&.
The paper [17] shows that [n,n —1,...,4+ 1,4 —1,...,1,0] is divisible by L,,

and so @; are indeed in Sh*. From the observation that all [ey,...,e,] transform as
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(det g)~! under the action of g € GL,(F,), it follows that Q;,¢ = 0,...,n — 1 are

invariants in Sh*. The main theorem in [17] states a stronger claim:

Theorem 7.1.4. Polynomials Q;, © = 0,...,n — 1, form a fundamental system of
invariants for GL,(F,) in Sh*, i.e. they are algebraically independent and generate

the subalgebra of invariants.
A comment in Section 3 of [35] gives us the following corollary.

Corollary 7.1.5. Polynomials L,, and Q; fori =1,...,n — 1 form a fundamental

system of invariants for SL,(F,).

The degrees of these invariants are:
degL,=1+q+...4+q"}

degQo=(¢—1)degLn=(¢— (1 +g+...+¢" ) =¢"~1
degQi=(1+q+...+¢"~¢)—(1+g+...+¢" ) =¢"-¢"
From this, we can calculate the characters of baby Verma modules for these groups.

Corollary 7.1.6. For W = GL,(F,), the characters of baby Verma modules are

n—1
Xvoo(1) () = Xadoo(r)(2) [J (1 = 2779),
n=0
n—1 '
XNt o(r)(2) = XM, o(r)(2) H(1 — pPld"—q ), t#£0.
n=0

For W = SL,(F,), the characters of baby Verma modules are

n—1
Xor(2) = Xat ()1 — 44774 T = 27,
n=1
n—1
n—1 n i
XNso(r)(2) = Xt o) (2) (1 = P S ) H(1 e D )
n=1
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7.2 Description of L;(triv) for GL,(Fyr)
7.2.1 Irreducible modules with trivial lowest weight for GL,(F,)
at t=0

Theorem 7.2.1. The characters of the irreducible modules Lg .(triv) for the rational

Cherednik algebra Hy (GL,(F,),b) are:

(g,n) c XLotriv) (2) Hilbp,, (iriv) ()
(g,n) #(2,2) | any [triv] 1
(2,2) 0 [triv] 1
(2,2) c# 0 | [triv] + [p*]z + ([S%h*] — [triv])22+ | 1 + 22 + 222 + 23
+(15%0*] — [9*] — [triv])2®

Proof. We claim that when (n,q) # (2,2), all the vectors z € h* ® triv = My ((triv);

are singular. To see that, remember that the Dunkl operator associated to y € b is
_ (y, as)
D,=t0,®1— ch-————(l —35)®s,
sSES %s
which for ¢t = 0 and 7 = triv becomes
D, = - Z CSM(I —s).
s€S Qs

To see that Dy(z) = 0 for all z € b*,y € b for all values of parameter c, let us
calculate the coefficient of ¢y in Dy(x). Using parametrization of conjugacy classes

from Proposition 7.1.2, this coefficient is equal to

seC)y a®aV#0 o (a,aV)=1~A
(e, @V)=1—-X

-3 ———(y’a(f)(l —s)z== >  (ga),z)==> () |z, >, av) ‘

We claim that for fixed o € §*, the sum Z(a,a\/)=1—,\ aV is zero. Fix a and let us

change the coordinates so that « is the first element of some new ordered basis.
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Write the sum -, ,v)—;_,@" in the dual of this basis. The set of all nonzero o
such that (a,a") =1 — X written in these new coordinates then consists of all a¥ =
(1—=Xaz,...,a,) #0, for a; € F,. If A # 1, the sum of all such oV is the sum over
al ag,...,a, € Fy, so the sum is zero. If A = 1, the first coordinate is always zero,
so the sum is over all a; € F, which are not all simultaneously 0. However, adding

(0,...,0) doesn’t change the sum, which is then equal to

>, (0,03,...00) =(0,¢"2> a,...,¢" %) a).

az,...,an€Fq ack, acFq

This is equal to 0, as claimed, unless n = 2 and q = 2.

In case (n,q) = (2,2), direct computation of matrices of the bilincar form B imply
the claim. More precisely, if ¢ = 0 then all D, = 0, the form B is zero in degree one,
and the module Ly o(triv) is one dimensional. If ¢ # 0, then the only vectors in the
kernels of matrices B; are the invariants in degrees 2 and 3 and all their S§* multiples.
This implies that Lg(triv) = Np(triv), and gives the character formula from the

statement of the theorem.

7.2.2 Irreducible modules with trivial lowest weight for GL,(F,)
at t#0

For the rest of this section we assume t = 1. As ¢ and ¢ can be simultaneously

rescaled, the results we obtain for ¢ =1 hold (after rescaling ¢ by 1/t) for all £ # 0.

Proposition 7.2.2. Suppose (g,n) # (2,2). For any x € b*, the vector xP is singular
in My (triv).

Proof. Method of proof is an explicit calculation analogous to the proof of Theorem
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7.2.1. By definition,

Dya") = 8,(a) = - o) (1 - 5)a”

s€S

= 0= Y alear)o (- 5)ap

s€S

We will show that for every conjugacy class C) of reflections, the sum

3 (@) ((1 - 5).2?

s€C s

vanishes. By Proposition 7.1.2, this is equal to

1 _
> (wysl@ney =3 (e 3 (a%ay
a®aV#£0 a#0 aV#0
(a,a¥)=1-X (e,@V)=1-X
It is enough to fix @ and show that the inner sum over a" is zero. After fixing a,
let us change the basis so that « is the first element of the new ordered basis. The

set of all ¥ # 0 such that (a,a¥) = 1 — A, written in the dual of this new basis, is

A:={((1-X),az,...,a,) #0] az,...,a, € F;}. For a fixed z, the expression

> @)y

aveA

is a sum over all possible values of n— 1 variables as, . . ., a, of a polynomial of degree
p. By Lemma 6.3.1, this is zero if p < (n — 1)(¢ — 1). This is only violated when
n =2, p=q. In that case (o), z)? = (o, z) for all € b, so the expression is equal
to the sum over all possible values of one variable a5 of a polynomial of degree 1; this
sum is again by Lemma 6.3.1 equal to zero whenever 1 < p — 1. So, the expression is

equal to zero, as desired, whenever (n,q) # (2,2). d

When (n,q) = (2,2), the claim of the lemma is not true, and the irreducible

module with trivial lowest weight is bigger. We will settle the case (n,q) = (2,2)
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separately by explicit calculations.

As explained before, studying L, .(triv) is the same as studying the contravariant
form B on M, .(triv). The following proposition tells us that the set of singular vectors
from the previous proposition is large, in the sense that the quotient of M, .(triv) by

the submodule generated by them is already finite-dimensional.

Corollary 7.2.3. Suppose (q,n) # (2,2). Then, the form By = 0 and L .(triv)y = 0
forallk >np—n+1.

Proof. Any degree n(p—1)+1 monomial must have one of the n basis elements, say z;,
raised to at least the p-th power by the pigeonhole principle. Then, B(z{! ...z% y) =
B(z?,y’) = 0, where y’ is the result of the Dunkl operator being applied to y succes-
sively. O

We write matrices of the form By, in the monomial basis in z; for Sh* and y; for Sh,
both in lexicographical order. In the case of GL,(F,) these matrices are surprisingly

simple.

Proposition 7.2.4. Suppose (q,n) # (2,2). Then the matrices of By are diagonal
for all k.

Proof. We will use invariance of B with respect to W to show that for (ay,...,a,),
(b1, ...,bs) € Z%, such that > a; = > b; = k, if B(z{' ...z, 33" ...y*) # 0 then
(a1, .--,an) = (b1,...,b,). This means the matrices By, written in monomial basis in
lexicographical order, are diagonal.

Let g € W be a diagonal matrix with entries Ay, ..., A\, € Fy, so that g.y; = \y;
and g.z; = A7 'z;. Then for any (as,...,as), (by,...,bn) € ZZ, such that 3 a; =
> b; = k, we have

B(a$t ...zt ... yl) = Blg.(z3* ... 2%), 9.y ... yt))
= B((A\Tlz)® ... (A )0, (Alyl)bl ... (/\nyn)b")

— \h—a bn—a a an , b1 b
= AT NPT B2t zir Yty
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So, whenever B(z% ... zo o ... yb») # 0, it follows that X572 .. Abn—an =1 for all
AL .-+, An € FY. Fix 4. Set all \; where j # i to be equal to 1, and set A; to be a
multiplicative generator of F. Then, necessarily, b; —a; =0 (mod ¢ —1).

If ¢ > pand b;—a; =0 (mod g—1), then either a; = b; for all 7, or there exists an
index ¢ for which b; — a; =0 (mod g — 1), a; # b;. In the second case, either a; or b;
is greater or equal to p, so by the previous proposition, B(z{! ... z%", yi’l gty =0.
This finishes the proof if ¢ > p.

Now assume ¢ = p, and B(z§'...z%, 4" ... y¥) # 0, s0 a; = b; (mod p — 1) for
all i, and a;,b; < p for all &. Then either all a; = b; as claimed, or, there exists an
index ¢ such that {a;,b;} = {0,p — 1}. Assume without loss of generality that i = 1,
a; =0, by = p— 1. Using that )" a; = > b; = k, there exists another index, which
we can assume without loss of generality to be 2, such that a; =p— 1, b = 0. Now

we are claiming that for any f monomial in z3,...,Z,, any f' monomial in ys, ..., y,,
B« f,i0 f) =0.

We will be working only with indices 1 and 2 and choosing ¢ € W which fixes all
others, so assume without loss of generality that n = 2, f = f' = 1. We use the

invariance of B with respect to d; € W:

B(#y Y8 Y) = B(d1-(z7 1), di.(F 1) =B((z1 — z2)" L, 45 )
=B((zy ' +...+ 25,0
=By, i) + 0+ B(z5 1, y)

where the terms in the middle are all zero, as their exponents do not differ by a

multiple of p — 1. Thus, B(z5™!,42™") = 0 as desired. a

Elements of W C H, .(W, ) have degree 0 and preserve the graded pieces. So, ev-
ery graded piece is a finite-dimensional representation of W. This makes the following

lemma useful.
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Lemma 7.2.5. Suppose (g,n) # (2,2). Then, for every i, S*h*/({},...,z2) N Sth*)

is either zero or an irreducible W -representation.

Proof. Suppose i is such that Sh*/((z},...,2%) N S*h*) is nonzero, and let V # 0
be a submodule of it. Let M be the set of all n-tuples of integers (m, ..., m,) such
that 0 < m; < pand ) ._, m, =14 For m € M, we will denote z7" - - -z by z™;
these monomials are a basis of Sh*/({(z},...,z8) N S'h*). We say that m,m’ € M
re congruent modulo ¢ — 1, and write m = m’ (mod g — 1), if for every i the integers

m; and m/ are congruent modulo g — 1.

Claim 1 Ifv =Y, amz™ € V, and m is such that a,, # 0, then

Z ™ e V.

m=m(® (mod g—1)

To prove this, let g&i) € GL,(F,) be the diagonal matrix which has A~ on the
J-th place and 1 everywhere else on the diagonal. It acts on h* by z; — Az;, 21— x;
for j # I, and on Sh* by 2™ — X™z™. Fix j, and let A € F,. This can be
thought of as a linear system of equations whose matrix is the Vandermonde matrix
[NV rerx 0<j<q—2- It is invertible, which allows us to express 3_,,— (mod g—1) AmT™ 88

a linear combination of ggj ).v. This proves it is in V.

Claim 2 V contains some monomial ™.

If ¢ > p, then the nonzero element of V' from Claim 1, 3 _ (mod g—1) @mZ™", 18
a monomial because of the m; < p condition.
For the rest of the proof of Claim 2, assume ¢ =p. Let > _ (mod p—1) AmT™" €

V. If it has only one term, then it is a multiple of a monomial and we are done.
If it has at least two terms, with multi-indices m(® and m®, then m® = m© and
> m;o) =2 m§-l) = ¢ mean there exist two indices, for which we assume without loss
of generality to be 1 and 2, such that m§°) =p—1, mgo) =0, mgl) =0, mgl) =p—1

The vector v can then be written as

v = xﬁ’_lfl(a:g,, .o .'En) + $g~1f2($3, .. .'L‘n)
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for some polynomials fi, fo not depending on z,,z,. The group element d; fixes

T, ...T, and maps x; — T — T3, SO
div= (5 + 20 % .+ fulzs, ... x) F 25 fa(Ts, .. Tn) € V.
Applying Claim 1 on this element, we get that
(@ + 25 ) fuls, . z0) + 25 fol@s, . 2a) €V,
and subtracting v from this element we get
5 fi(zs, .. . xn) € V.

Thus, starting from v, we produced an element of V' which is a linear combination
of monomials ™ whose exponents m = (my, mg,...m,) all have the same (my, m2).
Repeating this, we get a monomial in V.

Claim 3 V = S5*/({«5, ..., zR) N S'h*).

By using group elements which permute the variables, and Claim 2, it is enough to
see that if m € M withm; > 0 and 2™ € V, then for m’ = (m;—1, ma+1,m3,...my,),
z™ €V as well. This is seen by applying d; to ™ and using Claim 1.

d

Proposition 7.2.6. Suppose (g,n) # (2,2). Then, in each degree i, the diagonal

elements of the matriz of B; are constant multiples of the same polynomial in cs.

Proof. By previous lemmas, every B; is a diagonal matrix, with diagonal entries
polynomials f,, in ¢ parametrized by n-tuples of integers m = (m, ..., m,) such that
>-m; = i. The kernel of B at specific ¢ is spanned by all monomials ™ for which
fm(c) = 0. As the kernel is a submodule of S*h* containing < z%,...,z2 > NS'h*,
by the previous lemma it can either be < z§,... 2% > NS'h* or the whole S*h*. In
other words, all polynomials f,, where one of m; is > p are identically zero, and all
others have the same roots, so they are constant multiples of the same polynomial in

Cs- |
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Next, we will find these polynomials f,, in each degree and calculate their zeroes.
Proposition 7.2.7. Suppose (g,n) # (2,2). Then,

a) If n = 2 and g = p, then B; depends on the ¢cs forp—1<1i < 2p—1. The
diagonal entries of B; are k-multiples of ¢; + ... +cp—1 —1 fori > p—1 and
k-multiples of (c;+ ...+ g1 —1)(c1+2c2+ ...+ (p— 1)cp-1+ 1) fori > p.

b) If n = 3 and q = 2, then B; depends on the ¢, for i = 2,3, and the diagonal

entries are k-multiples of c; + 1.
c¢) Otherwise, the form B doesn’t depend on c.

Proof. The matrices B; are diagonal, with all diagonal entries being constant multiples
of the same polynomial. Our strategy is to compute one nonzero diagonal entry.
First, we will show claim c¢). It is sufficient to show that the Dunkl operators on
the quotient M, .(7)/KerB are independent of c. As in the proof of Proposition 7.2.2,
we compute the part of the Dunkl operator associated to the conjugacy class C) with
eigenvalue A, and claim that for any monomial f € S*h*, the part of D,(f) which is

the coefficient of c,,

- @, as)ais(l —).f,

s€C)y
is in Ker(B).
Using Proposition 7.1.2, we can write this sum over nonzero a € h* and aV € b,
such that (a,a¥) = 1—\. Writing it as consecutive sums over a and then over oV, it is

enough to show that the inner sum, over all a" such that (o, a¥) = 1— ), is contained

in (z¥,...,zP). As in the previous calculations, we fix o, and change basis of h* to
z},...,x, so that i = o. Let the dual basis of § be y},...,7,. The inner sum,
with vectors written in the basis ¥, is then over @V € Ay := {((1 = A\),a2,...,a,) #

0| az,...,an € F,}. By Proposition 7.1.2, the reflection s corresponding to a ® oV,

a=(1,0,...,0),a¥ =((1 = A),ay,.--,a,), acts on h* as

r__ ’
8.27 = A1,
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U 4 / -
8.T; =T; — a;Ty, t>1

In addition to fixing a, let us also factor the constant —(y, @) out. The inner sum
for fixed  is then 3- vc 4, 2(1 —5).f. The set Ay is parametrized by (ag,...,an) €
Fp~'if A'# 1, and by (ag,...,an) # 0 € F;~' if X\ = 1. However, if A = 1, the
summand corresponding to (as,...,a,) = 0 is 0, so we can assume the sum is over

all (az,...,a,) € Fp~! in both cases.

The inner sum we are calculating is equal to

1
S o (fae @) - 00k ah — g —aas)). ()

- 1
(a2,-.nan)€Fg 1

It is enough to calculate it for f of the form f = ...z b < p. For such f,
1 n

-1
W= Y (e -am). . (@) - auh) a2l =

(a2yeran)€FR!

b b . ) o ) i
n

(62y-0r8r ) EFR L E2500in
the last sum being over all 0 < i; < b; such that not all ¢; are 0 at the same time. The
coefficient of each monomial in z; can be seen as a monomial of degree iy + ...1%, in
variables a;, so when we sum it over all (az,...a,) € F7~! to get the sum (x), we can
use Lemma 6.3.1 to conclude (%) is 0 whenever the degree of all polynomials appearing
is small enough, more precisely, whenever there exists an index j such that i; < g—1.
As i; < bj < p for all j, this only fails whenp=qand by =b3=...=b, =p—1. In

other words, this proves c¢) whenever g # p.

Now assume q = p. By the above argument, the only monomials f for which (%)
is not yet known to be zero are the ones of the form f = z®z?~" ... z/»~1. For such

f, the sum (x) is by the above argument equal to

(_1)(P—1)(n—1)+1 E /\b(az)p-l o (an)p—1xllb+(p—1)(n—l)—1

(az,...,an)eng"l
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While this is not 0, the monomial :z'lH(p ~Dn=D) 4 by Lemma 7.2.2 in KerB when-

ever it has degree at least p, meaning whenever

b+(p—1)(n—-1)—1>p.

If n = 2, this condition is b > 2, which is not satisfied only when b = 0,1. Thus,
for n = 2, ¢ = p, the diagonal matrices B; don’t depend on c¢ in degrees ¢ < p — 1,
their entries are multiples of some polynomial in ¢ in degree p — 1, and some other
polynomial (divisible by the first one) in degrees p and higher. Finally, by corollary

7.2.3, all matrices B; become zero at degrees 2p — 1 and higher.

For n = 3, this condition is b+ 2(p — 1) — 1 > p, which is equivalent to p + b > 3.
This will not be satisfied only if p = 2 and b = 0. So, for n = 3, p = 2, the matrices
By and B; don'’t depend on ¢, the diagonal entries of B; are multiples of the same
polynomial in ¢ for ¢ = 2,3, and B, = 0. For n = 3 and all other p, the matrices B;

don’t depend on c.

For n > 3, the inequality b+ (p— 1)(n — 1) — 1 > p is always satisfied, so there is

never a dependence of matrices B; on the parameters c.

This finishes the proof of (c) and describes the cases in a) and b) for which there
might be dependence on parameters c¢. To finish the proof, it remains to find specific
polynomials in cases: (a) n = 2,q = p, degrees p — 1 and p and; (b)n = 3,9 = 2,
degrees 2 and 3.

Next, we prove (a). Let n = 2 and g = p. We need to compute one nonzero entry

of the matrix B,_; and one nonzero entry of B,,.

To compute the polynomial in degree p—1, by Proposition 7.2.6, it suffices to com-
pute B(z2™,47™") = B(D,, (z571),477%). For that, by Proposition 7.2.4, it suffices to
show that the coefficient of 252 in D,, (z5™") is a constant multiple of ¢;+. . .+c,_1 —1.

Compute

Dyl (xl_l) = ayl (lez—l) - Z Cs Z(asy yl)ai(a"zlj*l - (s'ml)p_l)'
C s

seC
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The coefficient of 222 in 8, (z?™!) = (p —1)a® % is p— 1 = —1, so it suffices to show

that for each conjugacy class C' the coefficient of xﬁ"z in

(o ) (5.7 = 27

seC $

is 1. Using (*;%) = (—1)", we can write this as

S, yl)ais«wl — (@ a¥)a)Pt — 22 =

seC

p—1

= (aay) > _(af,z1)'al st

seC =1

The bases z; and y; are dual, so as = (as,y1)z1 + (s, Y2)Z2, and the coefficient of
L |

2tV in of 1 is (@, ¥1)""L. Thus, the coefficient of 282 in the above sum is

3 a0 Y (@m0

seC

which can be written as

> (@, z)(@sy) — 17 = 1)

seC
Each term ((Y, z1)(as,y1) — 1)P~! — 1 is nonzero if and only if (Y, z1)(as, 1) = 1,
in which case it is —1. There are p — 1 choices of the first coordinates of a;, @) that
make their product 1. The product of the second coordinate must now be (o, a¥) —1.
This is nonzero, so there are p — 1 choices for the second coordinates. Hence, the sum
is (p — 1)?(—=1) = —1, as desired. Note that this term will appear as a multiplicative
factor in higher degrees, since the matrices of B are defined inductively. This proves

the claim for degree p — 1.

Now let us consider degree p, with n = 2 and g = p. We calculate

B(a] a2, 47 ) = B(Dy (2] " 22), 187,
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which is equal to the product of the coefficient of 2§ " in D,, (22" z5) and B(zf ™, 8 71).
We proved that B(z2™,3%™") is a constant multiple of ¢; + ... 4 c,_; — 1, so we are

now calculating the coefficient of z2~" in

Dy, (27~ 'z) = yz(xp_ T2) — ZC)‘ Z(am?b) (1 —5). (xp— 2)

sGC/\

=gt Zcxz(as,yﬂ (m” Ty — (5.21)P 7 (s.22)).

s€C),

We now use parametrization of conjugacy classes Cy by a® &V from Lemma 7.1.2

and Example 7.1.3:

A#£1: CAH{P]@[FA—M |b,d€Fp}U{[0]®[ ¢ }[ae]Fp}
b d 1 1- A

1 bd 0 a
A=1: C o f ® b,d € F,,d # 0}U{ ® la € F,,a # 0}.
b d 1 0

We are calculating the coefficient of 25~ in

-1 Z Ca Z (a, yz)% (25722 — (21— (a¥, 1)) (22 — (@Y, 22)a)) =
X

a®aV —Cy

=z Zc,\ Z (e, yz) (27 39 — (21 — (0¥, 1) )P z3) —

a®aV —Cy
1
- ZC,\ Z (@, 92) a ($1 - (av,xl)a)p_l(avyxz)a) .
a®a¥ —~C),
The term 22" — (z; — (@, z1)a)?! is divisible by a, so

(@2 (o1~ (@, 20l (@2~ (@, 22)00)

written in a monomial basis in z; and z, is divisible by x5. These terms can be

disregarded when calculating the coefficient of 22~ in the above sum.
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Let o = x1 + bzy. We are calculating the coefficient of z’l’“l in

Z1 - Y (@w (@ - @ mer e ma) -

a®aV —Cy

=271 c,\(z b‘i‘; (1 —(1=X- bd)ab)”'ldab)+inz ((z1 = az2)P71(1 = N)z) )

A bd

p—1
1Y cA(Z bd > (1 — A - bd)'et ™ (o + bo) + (1 - N) Y (a1 — aa:z)”"l)
A b,d =0 a

Here, the sum over is over all b,d € F, and over all a € F, if A # 1, and over

a,b,d € F,, d,a # 0 if A = 1. The coeflicient of 227! is:

l—zc,\(Zbdpi(l—)\—bd)"—t-(l—/\)Zl) =
bd

A =0 a

1-3 c,\( Z(bd)”‘l(—A)) —a ( Z(bd)”‘l) =1+ e
b,d A

A#1 bd
This ends the proof of (a).

To prove (b), n =3, ¢ = 2, we computed the matrices B; explicitly. O

The combination of these results and the explicit computations in case (n,q) =

(2,2) gives us the main theorem of this section:

Theorem 7.2.8. Let k be an algebraically closed field of characteristic p. Let W =
GL,(F,) for g =p" and n > 2. The following is a complete classification of charac-

ters of Ly c(triv) for all values of c:
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(g,n) c XLa,o(triv) (2) Hilby, . iv)(2)
(2,n) #(2,2) generic Yixo([°0*/ (2}, ..., 28) N §ih7))2f (1112‘:)
@2 generic (Cesls#) =20 -0 | EZZ225)
(2,3) c=1 [triv] + [6%] 2 1+3z
p—1 2 ' . p—2 ]
(»,2),p#2 da=1 S [s' # 3 i+ 1)7
p—1 =1 p—1 ;;:2 ;i({
®2,p#2 | D> a#1,Y ic=-1 PELNES > G +1)7
i=1 i=1 i=0 i=0
(2,2) c=1 [triv] 1
(2,2) c=0 [triv] + [§*] z + [triv] 22 1+2z+ 22

Proof. For (n,q) = (2,2), the matrices B; of the form B can be computed explicitly,
and one can see that they are 0 starting in degree 1 when ¢ = 1 and starting in degree
3 when ¢ = 0. For all other c, they are full rank on Ny ¢(triv), so Ly (triv) = Ny (triv)
is the quotient of the Verma module by squares of the invariants, which are in degrees
4 and 6.

For (g,n) # (2,2) and generic ¢, we saw in Proposition 7.2.2 that J{(triv) contains
(z§,...,2zP), so by Proposition 6.2.4 the reduced module R; .(triv) is a quotient of
the trivial module. From this it follows that for generic ¢, J(triv) = (¥, ..., )
and that the character of L, .(triv) for generic ¢ and (g, n) # (2, 2) is as stated above.

Characters for special ¢ are computed by looking at roots of polynomials on the

diagonal in B;, and are computed directly from Proposition 7.2.7. O

Remark 7.2.9. Notice that for n,p,r large enough, the character doesn’t depend on

¢ at all. This never happens in characteristic zero.

Remark 7.2.10. Notice that the claims from Remarks 6.2.8 and 6.2.11 and Question
6.2.9 hold in case of W = GL,(F;). Namely, by observing the characters one can
see that all Ly (triv) for generic ¢ have one dimensional top degree and are thus
Frobenius; that for hy the reduced Hilbert series of L, .(triv) at generic ¢, hy(1) is
either |W| (in case of (g,n) = (2,2), when they are both 6) or h1(1) =1 (in all other
cases), and that for hy the Hilbert series of Lo .(triv) at generic c, the equality ho = hy
always holds.
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7.3 Description of L, (triv) for SL,(Fy)

In this section we explore category O for the rational Cherednik algebra associated
to the special linear group over a finite field. We start with some preliminary facts
about relations between rational Cherednik algebras associated to some group and to

its normal subgroup, and by looking more carefully into conjugacy classes of reflections

in SLn (Fpr) .

7.3.1 Normal subgroups of reflection groups

Let W C GL(h) be any reflection group, and assume N C W is a normal subgroup
with a property that two reflections in NV are conjugate in N if and only if they are
conjugate in W. Let ¢ be a k-valued conjugation invariant function on reflections of
N, and extend c to all reflections in W by defining it to be zero on reflections which
are not in N. Then one can consider the rational Cherednik algebra H,.(N,b) as a
subalgebra of H; (W, h); it has fewer generators and the same relations.

Let 7 be an irreducible representation of W, and assume it is irreducible as a
representation 7|y of N. Consider two representations of H; (NN, h): the irreducible
representation L .(7|n) = Lt (N, b, 7|n), and the irreducible representation Ly o(7) =

L, (W, h,7) of Heo(W,b) restricted to Hy(N,b).
Lemma 7.3.1. As representations of Hyo(N,b), L1,c(T|n) = L1,c(7)|a, . (v,p)-

Proof. The reflections in IV are a subset of reflections in W. Because N is normal in
W, every conjugacy class in W is either contained in N or doesn’t intersect it. By
the assumption, two reflections in N which are conjugate in W are also conjugate in
N, so conjugacy classes in N are a subset of conjugacy classes in W.

The Verma modules M;.(W,h,7) and M;.(N,b,7|n) don’t invoke the group in
their definition, and are naturally isomorphic as H; (N, ) representations. The mod-
ules L (1) and L;(7|y) are their quotients by the kernel of the contravariant form,
which is controlled by Dunkl operators. Because of the discussion of conjugacy classes
in N and W and because of the definition of ¢, the Dunkl operators are the same for

Hyo(N, ) and Hy.o(W,b). O
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One could define Verma modules, baby Verma modules and their quotients by
the kernel of the contravariant form (chosen so that it is nondegenerate on lowest
weights) even in cases when the lowest weight is not irreducible as a representation of
the reflection group. In that case, a lemma analogous to the above one would be that
the composition series of 7 as a representation of N is the same as the composition

series of L;.(7) as a representation of H;.(N,§). We will not need this here.

7.3.2 Conjugacy classes of reflections in SL,(F,)

In this section we will study W = SL,(F,) for ¢ = p" is a prime power and n > 1.
As before, let h = k", k = F,, and 7 be the trivial representation. Further, let Q be
the set of nonzero squares in F; and R be the set of non-squares.

All reflections in SL,(F,) are unipotent, conjugate in GL,(F,) to d;. It is easy
to see that SL,(Fy) is generated by them. SL,(F,) is a normal subgroup of GL,(F,)
and it contains all the reflections from the unipotent conjugacy class in GL,(F,).
However, the second condition from the above discussion, that two reflections are
conjugate in GL,(FF,) if and only if they are conjugate in SL,(F,), is not satisfied for
all n,q. For example, in SL,(F3),

1 -1 -1 0 11 -1 0 1

= is not conjugate to
0 1 0 1 01 0 1 : 01

Proposition 7.3.2. Let ¢ = p" be a prime power. If n > 3, or p = 2, then two
reflections are conjugate in SL,(F,) if and only if they are conjugate in GL,(F,),
and there is one conjugacy class of reflections in SL,(F,). Otherwise, there are two

conjugacy classes of unipotent reflections in SL,(F,).

Proof. Every reflection s € SL,(F,) is a unipotent reflection in GL,(F,), so there
exists g € GL,(F,) so that s = gd;g~!. To conclude that s and d; are conjugate
in SL,(F,), it is enough to find some h in the centralizer Z(d;) of d; such that
gh € SL,(F,). For that, it is enough to find an element of Z(d;) of arbitrary nonzero

determinant.
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The general form of an element of Z(d;) is

ain aiz2 G13 -+ Qi
0 al 0 s 0
h=1 0 as as - asm
O Qp2 Qpz - - Qnn
Its determinant is
Gazz ... Q3n
Ap3 ... Qun

If n > 3, determinant of the (n—2) X (n—2) matrix in the bottom right corner can
be any nonzero element of F, (as this matrix is a arbitrary element of GL,_»(F,)),

so there exists h € Z(d;) of an arbitrary determinant and the claim is proved.

If n = 2, the centralizer of d; in GL2(F,) consists of matrices of the form

whose determinants are of the form a?,a € F,.

If p = 2, then any nonzero element of F,- has a square root (as the map a — a? is
injective and hence surjective on IF;‘), and there exist elements in Z(d;) of arbitrary

determinant. So, for SLy(F2-) contains only one conjugacy class of reflections.

Finally, assume n = 2, p # 2 and let us show there are two conjugacy classes of

reflections in SLy(F,), namely
Co = {9d197 |g € GL,(F,),det(g) is a square}

and

Cr = {9d197"|g € GLa(F,),det(g) is not a square}
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Two reflections are conjugate in SLy(F,) if and only if they are conjugate in
GL;(F,) by some element whose determinant is in Q. From this it is clear that any
two elements in Cg are conjugate in SLy(F,).

Next, sets @ and R both have (¢ — 1)/2 elements, and satisfy R- R = Q and
R~! = R. From this it follows that any two elements of Cr are conjugate in SLy(F,):
for g1d1g7* and g,dyg;* both in Cg, we can write g1d197" = (9195 ")(92d195 1) (9195 1)~
to see that they are indeed conjugate via an element g,g;' whose determinant is a
square.

Finally, assuming that some element gd1g~! € Cp is conjugate in SL, (F,) to some
element of Cq means it is equal to g’dig"~ with ¢’ € SLy(F,), so an gg'~* € Z(d,),
and has the determinant equal to det g. But detg is by assumption not a square,
whereas every element of Z(d;) has determinant of the form a?. So, Cg and Cg are

really separate conjugacy classes in SLy(F,). O

Let us continue using the same notation for conjugacy classes of reflections in
GLn(F,),Cx, A=1,...,q—1. Ifn > 3 or p = 2, then SL,(F,) has only one conjugacy
class, equal to C;. Let us call it C, and the constant associated to it by c. If n = 2
and p # 2, there are two conjugacy classes Cr and Cg, with associated parameters
cr and cq, and they satisfy Cr U Cqg = C;. In the situation of only one conjugacy
class we will use Lemma 7.3.1 to transfer character formulas for rational Cherednik
algebras associated to GL,(F,) to character formulas for rational Cherednik algebras
associated to SL,(F,). In the situation of two conjugacy classes, we will have to do
more computations to get character formulas. Let us first look more closely into the

situation of two conjugacy classes.

Lemma 7.3.3. Letn =2, q=7p", and p # 2. Let v € R be an arbitrary non-square
in Fy. Let s be a reflection in SLy(F,). Then, s and vs — (y — 1) are in different

conjugacy classes.

Proof. The proof follows from Proposition 7.3.2. The map F, : s — vs — (y — 1)
maps reflections to reflections, and its inverse is F,-1. So, it is enough to show it

maps s € Cg to an element of Ch.
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Let d, as before denote the diagonal matrix with diagonal entries v 1,1,1,...,1.
For s = dy, we have F,(d;) = d;'d1d, € Cr. If 5 is a conjugate in SLa(F,) to dy, say
s = hd h7!, then F,(s) = hd;'d1d,h~' = (hd'h~ Ys(hd;*h~ H-1 g Cp. O

The following lemma is useful in computations, and is a stronger version of Lemma

6.3.1.

Lemma 7.3.4. Ifd = 0 (mod ¢ — 1), then 3 ;o1 = Y,epi? = 435 Ifd = 4=

(mod g — 1), then Y ,.n% = — Yicri? =5, Otherwise, Y01 = =Y cri*=0.

Proof. For this proof, let Sg = ;o i and Sgp =) ;g 1. Suppose d =0 (mod ¢ —
1). Then, i¢ = 1 for all nonzero i € F,, and Sz = Sq = |Q| = |R| = 43*. Suppose
d= 9—;—1 (mod g — 1). In that case, if s € @, i = 1, and if ¢ € R, then i = —1.
Thus, Sg = —Sgr = 9;—1 Suppose neither holds. For any a € @ it is easy to see that
aR = R and aQ = @, so Sg = a?Sg and Sg = a%Sg. If a is a multiplicative generator
of the cyclic multiplicative group Fy, then 1 and a® are different elements of @, so

(1—=a%Sg = (1 — a®)Sg = 0 implies that S = Sg = 0. O

Next, we parametrize reflections in each conjugacy class. Remember the notation
from Proposition 7.1.2: unipotent reflections are identified with all a ® ¥ € h*® b
such that (a@,a") = 0, in such a way that the action of a reflection s on z € h* and
yE€bhis

sz=z—-(a',2)a

sy=y+(a,y)a’

Lemma 7.3.5. Conjugacy classes Cg and Cr of reflections in SLa(Fyr), p > 2, are

parametrized through o ® o as

1 a 0 1

Co=1417 ® laeF, veQ | JS ® lveQy,
a -1 1 0
1 a 0 1

Cr=<"% ® laeF,veR U ~y ® |vy€eR
a -1 1 0
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0
Proof. The proof is straightforward. The reflection d; is identified with [ ] ®
1

1 a b
Conjugating it by g = € GL,(F,) gives us a reflection gd,g~!
c d
identified with
1 —C ® a
detg [ , c
As g can always be scaled by an element of the centralizer of d; so that either ¢ = —1

or ¢ =0 and a = 1, and that gd1¢g7* is in Cg or Cgr depending whether det g is in Q
or R, the description follows. O

7.3.3 Description of Lo (triv) for SL,(F,-)

Theorem 7.3.6. Characters of the irreducible modules Lg.(triv) for the rational

Cherednik algebra Ho(SL,(Fq, b)) are:

(g,n) c XLo,e(triv) (2) Hilbz, _(triv) (2)
(g,n) #(2,2) | any [triv] 1
(2,2) 0 [triv] 1
(2,2) c# 0| [triv] + [5*]z + ([S?h*] — [triv]) 22+ | 1 + 22 + 222 + 28
+([S°*] = [b*] — [triv])2®

Proof. SLy(F,) is a normal subgroup of GL,(F,), and for n > 3 or p = 2, by Proposi-
tion 7.3.2 it satisfies the conditions of Lemma 7.3.1. Thus, in those cases, irreducible
representations of Hy (SL,(F,),%) have the same characters as irreducible represen-
tations of Hy.(GL(F,),H), where c is extended to conjugacy classes of reflections in
GL,(F,) — SL,(F,) by zero. So, in those cases we can deduce character formulas for
Ly .(triv) from Theorem 7.2.1.

The remaining case is SLy(F,), p # 2, for which we claim that D,(z) = 0 for all

z and y, and so the character is trivial. We have

Dyz)=—-cx Y, Wa)(za')—cg . (a)(z,a"),

a®aVeCr a®aVeCy
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so it is enough to show that for T = Q or T = R,

Z a®a’

a®aVeCr

is zero.
We know from the proof of Theorem 7.2.1 that 3 o vecn,s @ ® @' = 0, so it
is enough to prove that the sum over Cg is zero. For this, let us calculate, using

parametrization from Lemma 7.3.5:

Z a®a’ = ZZ’Y(SCl'Faxz)@(ayl—y2)+2’7x2®y1

a®aVeCq YEQ acF, ¥€Q

By Lemma 7.3.4, if ¢ # 3, then E'yeQ v = 0 and the whole sum is zero, as claimed.
For ¢ = 3, @ = {1}, so the sum is equal to

Z (—w1®yz—axz®y2+awl®y1+a2wz®y1) +22Q0% =
a€F3

—Z2 Q@Y1+ T2 @y1 =0.

7.3.4 Description of L .(triv) for SL,(Fy) if n >3 or p =2

As explained above and demonstrated in case of ¢ = 0, we can get character formulas
for Hy ((SL.(F,),b) directly from the ones for Hy o(GLn(F,),h) whenn > 3 or p = 2.
The following is a corollary of Lemma 7.3.1, Proposition 7.3.2 and results from Section

7.2, most notably 7.2.8.

Corollary 7.3.7. Let n > 3 or p = 2. Consider the rational Cherednik alge-
bra Hy.(SL,(F,),h), its representations M, (triv), the contravariant form B on it,
and the irreducible quotient L, o(triv). Then all the results we proved for the group

GL,(F,) hold also for SL.(IF,). Specifically,
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a) Dy(zP) =0 in My (triv).
b) The form B on M (triv) is zero in degrees np — n+ 1 and higher.

¢) The matrices of the form B on M, ((triv) in lezicographically ordered monomial

bases are diagonal in all degrees.

d) All diagonal elements of the matriz of the form B; on any graded piece M, .(triv);

are k-multiples of the same polynomial in c.

e) If (g,n) # (2,3), (¢,n) # (2,2) the matrices B; of the form on M .(triv); don’t

depend on c.

f) If (g,n) = (2,3), only the matrices By and Bs depend on c. Their nonzero

diagonal coefficients are constant multiples of ¢+ 1.

g) If (g,n) = (2,2), then GL,(F,) = SL,(F,) so the character formulas are the

same.

h) The character formulas for representation L .(triv) of the rational Cherednik
algebra Hy(SLn(Fy),b) are the same as for the rational Cherednik algebra
H, (GLn(F,),b), with c extended to all classes of reflections in GL,(F,) which
are not in SL,(F,) by zero.

7.3.5 Description of L, (triv) for SL,(F,-) if n =2 and p > 2

As in the case of ¢ = 0, we need to study the case n = 2 and p > 2, when there

are two conjugacy classes of reflections in SL,(F,), separately. The case ¢ = 3 is the

most complicated and we solve it by calculating the matrices of the form B explicitly.

The following results address the remaining cases.

Proposition 7.3.8. Let n =2, ¢ = p" for p an odd prime, and q # 3. In the Verma

module M, (triv) for Hy (SL2(F,)), all the vectors zP,x € h*, are singular.
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Proof. We need to show that for every conjugacy class Cr, for T = Ror T = @, and

any z,y, the coefficient in D, (z?) of cr is zero. This coefficient is equal to

Z (y, a)(z, a" )PPt
a®aVeCr
Again, as CrU Cg = C; is a conjugacy class of reflections in GL3(FF,), and the result
holds there, it is enough to show this for Cp.
As in the proof of Proposition 7.2.2, we claim that after writing it as a double
sum, with the outer sum being over a and the inner over @, the inner sum is already
zero for any a. Fix o and change coordinates, so that we assume without loss of

generality that @ = z;. Then the inner sum is

Y (@) = (g,2) ) 7P

a¥=yyz 7€Q
v€EQ

Using Lemma 7.3.4, this is zero unless p = 0, 9;—1 (mod g—1). However, this only

happens in cases we excluded: ¢ = 2 and ¢ = 3. O

Next, we prove that acting by Dunkl operator produces elements of M .(triv) of

a specific form.

Lemma 7.3.9. Let n = 2, g = p" for p an odd prime, and q # 3, and consider the
Verma module M, .(triv) for H o(SL,(Fy)). For any f € My (triv)/ (2}) = Sb*/ (aF)
and any y € b, there exists h € Sh* such that, as elements of M .(triv)/ (zF),

Dy(f)=0yf+cg-h+cr-h
Proof. The Dunkl operator action in case of SLy(IF,) is

D=0 3 ey by

Te{Q,R} seCr

The strategy is to compute the sum > (e28) (1 _ 5).(f) parallel for T = Q, R,

Qs
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disregarding all terms that don’t depend on the choice of T' (these contribute equally

to the coefficient of cg and cg), and any elements of the ideal (z}). We will use:

Z a™=0 unless m=0 (modg—1),m#0 (7.3.1)
a€l,
27"‘ = z'y"‘ unless m = a1 (mod g —1) (7.3.2)
2
7€Q Y€R
=0 in M (triv)/ (zF) (7.3.3)

and the parametrization of conjugacy classes from 7.3.5:

a 0 1
Cr=1<7 ® laeF,veT U ¥ ® |veT
1 1 0
(7.3.4)
The rest of the proof is this computation.

We will do it for Dy(f) for y = 3, and f = z%z%. The general statement follows

from this case by symmetry and linearity. We can assume u,v < p — 1.

We claim that the sum

Qs, Y
> Lot s (5.2 (s2) )
seCr s
doesn’t depend on 7.
Reflections s corresponding to elements of the form -~ ® satisfy
1 0
(as,y1) = (yx2, 1) = 0, so they don’t contribute to the sum.
a . - .
For s of the form « ® . , let us write the action on z; € h* explicitly,
a J—

using notation o), = z; + az,. The explicit action is

/

.21 = T —ayg,

/
$.T2 = g+ ya,.
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Substituting this into (x) we get

@ = 350 0% (o (o) — aral) (e +70))) =

~€T a€Fq

D3 i 0 (1) (0)arvtaaey el -

YET a€Fq i=0 =0

(i,j)aé(o 0)
- 2EY T (9)(8) vt + amy - -
YET a€Fq i=0 3=0
(1,1)76(0 0)
v +j—-1 u 'L+] ) .
- 23y 2 3 () () (T e
~ET a€Fq i=0 7=0 =0
(%])#(Oyo)

Let us evaluate the sum - .y a***. By (7.3.1), this is only nonzero if ¢ + k is

divisible by ¢ — 1. We know that
i+k<2+j-1<2u+v-1<3(p—-1)-1<3(p—-1)<3(g—1),
so let us consider three different cases: i +k=0,i+k=g—1and i+ k=2(g—1).
CASE 1: i+k = 0. In that case, Zae]Fq a® = 0, so this doesn’t contribute either.

CASE 2: i+ k = q— 1. After substituting Eaqu a?!'=-1,k=q—1-—1,and

after that m = i + j, we get that part of (x) corresponding to this case equals

ZZ Z ( )( )(;tjl_ )(—1)i’7i+ja:'1‘+"+i‘qx‘2’-j+q—1—i _

YeT i=0 =0
(m)#(O 0)

-2 “ZH i (m J) ( ) (q - 71n—— 771 + j) (=) e

~y€T m=1 j=0

Now we use (7.3.2) to describe >_ 7™ and disregard all terms except m = -‘1—5—1

(mod g — 1) (these terms we disregarded contribute to the coefficient k). There are
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again few cases, as

5 -1
m§u+vS2(p—1)<§(p—1)§iq—2—),
3(q—1

so we consider separately m = 9—;—1 and m = =%

CASE 2.1: m = -‘1;—1 One of the binomial coefficients in the expression is

( m—1

g—lom +j), and we claim it is always zero for this choice of m. This is because

~1 g¢-1 -
+2quT>qT—1=m-1.

g—1-m+j=

[NVRES]
DO -

In other words, case 2.1. never actually appears in the sum.

CASE 2.2: m = %’2_—1). We will show that this part of the sum is zero. First,

3¢—1) _

5 m<u+v<2p-1)

implies that this can only happen when p = ¢. Next, because we z§ = 0 in the
quotient, the only terms that can be nonzero are the ones with the power of z; less
than p, so

u+m-—qg<p-—1

which means

1
uSp—1+q—m=p—;——.

Next, the term (m"_j) is zero unless

jZm—u23(p2—1)—-p—;1=

p—2.
Since
jS’USP“l,

it follows that j € {p—2,p—1}. In both those cases, the binomial coefficient (q_;"__nll + j)

is 0, as the numerator has a factor p and the denominator doesn’t.
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CASE 3: i+k =2(qg—1). The part of the sum (x) corresponding to this case is

ZZ Z ( )( )(27:(1-}- .72 1>( 1)1’71+un+] -1~ 2q+2+1x12)—]+2q—2 i

€T i=0
(w)#(O 0)

utv v
m—1 .
__1\ym—jm utm—1-2¢+2 v—m+2q-2
ZZZ(m ])( )(2q 2- m+y)( VTR 2

~¥€T m=1 j=0

The powers of z, in this sum and the original power of z; are both <p—1, so
p—1>v—m+2(g-1)

p—1>u>m-v>24g-1)—-(p-1)2p-1

From the last stfing of inequalities, u = p— 1, m = u+ v and p = ¢q. The above sum

v p+v—'2 —14+v—7j_ p—1 = —1
—1)? +v—j . p—14v v lxp
<p—1+v— )(j)(p—l—v+j)( e

As 7 < v, the first binomial coefficient in this sum is zero unless j = v, producing

-2
> (e

YT

then becomes

'yGT J—O

The sum } .7 AP = > ver?’ only depends on T if v = % (mod p — 1), which
only happens if v = P—;—l In that case, (": f;z) = (”“;f;z) = 0, as the numerator is
divisible by p. 0O

We can use the previous proposition to transfer the results we had about GL2(F,)
to SLy(F,), as in the previous chapter. Namely, the structure of irreducible modules
for Hy (SLa(F,),bh), where c takes value cg on Cg and cp on Cp, is determined by

Dunkl operators. By the previous proposition,

Z (asyy) (1 z (a57 y) (1 _ S)

(87
SGCQ s€Cr s
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so the Dunkl operator is equal to

D, = 8- Y cg@B_g)— 3 ety

SGCQ s seCpr s

_ ay—-CR+CQ Z (asay)(l_s)

2 SGCRUCQ s

In GLy(F,), the union Cp U Cr is one conjugacy class C; (unipotent reflections).
Define the function c on all reflections in GLy(FF,) by letting it be ¢; = % on
all unipotent reflections, and ¢, = 0 on all semisimple reflections. Then the Dunkl

operators controlling the structure of L; ((triv) for Hy (GL2(F,),b) are

D, = 5-3 Y el _y

A=1 seCy

= §y— Z clmcsx—;y)(l —s),

seCy

which is exactly the same as the Dunkl operator for H; ,(SL2(F,),b). From this we
get:

Corollary 7.3.10. Letn =2, ¢ =p" for p an odd prime, and q # 3, and consider the
Verma module L, ((triv) for Hyo(SL,(F,)). All the results we proved for the rational
Cherednik algebra associated to GL,(Fq) hold for SL,(F,). Namely,

a) Dy(zP) =0 in M (triv).
b) The form B on M (triv) is zero in degrees 2p — 1 and higher.
c) The form B on M, (triv) is diagonal in all degrees.

d) All diagonal elements of the matriz of the form B; on any graded piece M, .(triv);

are k-multiples if a single polynomial in c.

e) If q=p" withr > 1, then B doesn’t depend on c.
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f) If ¢ = p, the matrices of B; on M (triv); are constant fori = 0,...,p — 2,
constant multiples of co + cr — 2 for i = p — 1, and constant multiples of

(cg+cr—2)(cg+cr+2) fori=p,...,2p—2.

Putting together the previous Corollary, Corollary 7.3.7, explicit computations for
the rational Cherednik algebra associated to SLy(F3), and noticing that SLy(F;) =

GLy(F;), we get the main theorem of this section.

Theorem 7.3.11. Let p be a prime, ¢ = p" and n > 2. The characters of Ly .(triv)
for the rational Cherednik algebra Hy (SL,(F,),h) over an algebraically closed field

of characteristic p are as follows:

(g,n) c XLy o(triv) (2) Hilbg, (riv)(2)
@m)# (22,32 | generic | TigIS*/ (@, 50D | (T
5.2) generic | (S5 ) (1 21— 229 | L2222
.2 generic | (Soglsil#) (-2 -9 | EEELZE)
(2,2) c=1 [triv] 1
(2,2) c=0 [triv] + [h*] 2 + [triv] 2* 1+22+ 22
(2,3) c=1 [triv] + [h*] 2 1+ 32
2 p—2
2),p#23 | coq+cr=2 PN ES > G+1)7
i=0 i=0
p—1 -1
(pv 2),17 7é 273 cQ +cp= -2 Z [Szh*] Zi E(’l + l)Zi
=0 1=0

We omit the characters for (q,n) = (3,2) and special ¢ as there are too many

cases to concisely list.

Remark 7.3.12. All L, (triv) for generic ¢ have one dimensional top degree and
are Frobenius. For hy the reduced Hilbert series of L1 .(triv) at generic ¢, hi(1) is
either |W| or 1. For hgy the Hilbert series of Lo (triv) at generic c, the inequality
ho < hy term by term always holds, but not the equality: for SLy(F3), ho(z) =1, and

—24)(1—25
hi(z) = Q—(l—_le)z—l
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Chapter 8

Representations of Rational
Cherednik Algebras Associated to
the Group GLy(F))

8.1 The group GLy(F,)

8.1.1 Reflections in GLy(F,)

In this chapter we will be considering the rational Cherednik algebra associated to
the group W = GLy(F,), for F, C k the finite field of p elements, and p an odd
prime. This group has (p? — 1)(p? — p) elements, and so p divides the order of the
group and its category of representations is not semisimple. Let by = F2, h = k?, b*,
bg, 1,2, Y1,Y2, Ch, €, dy be as in the previous chapter. Let us repeat the result of
Lemma 7.1.2 and Example 7.1.3 in this case, which state that the conjugacy classes

in GLy(F,) are Cy, A € F, and are parametrized by a ® a” € by ® by as

® |b,d e Fp,} U{ ® la € Fp}
b d 1 1-A
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1 —bd 0 a
Ci1 < { ; ® J |b,d € Fp,d # 0} U { . ® 0 la € Fp,a # 0}.

In this parametrization, the reflection s corresponding to o ® aV acts:

on h*by sx=z—(a",1)

(y,@) oV
1—(a,av)

onfhby sy=y+
8.1.2 Invariants and reduced characters

Specializing the results of section 8.1.2 to W = GL(IF,), we see that the space of

invariants (Sh*)" is a polynomial algebra generated by

p—1
e L S
=0

2
Q - [27 0] — [270] —_ ‘TIIJ T2 — l'lfgz — ix(p—l)(p—i)x(p—l)i
! L [1,0] le’xg e 1‘11‘]2) g ! 2 ’

with degrees deg(Q;) = p? — p'. Alternatively, the L can be described as a product
of all the linear polynomials of the form z; + azs and x5, Qo as the product of all
the nonzero linear polynomials azx; + bz, and @, as the product of all the irreducible

monic quadratic polynomials x? + az,z2 + bz3.

The characters and Hilbert series of baby Verma modules are

Xoo(r) (2) = Xato o) (2)(1 = 2Z D) (1 = 277,
(1- 2P*-D)(1 — 2#*-P))
(1-2)? :

XNy o(7)(2) = XMeo(r) (2)(1 = zP(P2"1))(1 - zP(P2—p))’
1 — z?*-1)(1 — zP®*~P))
(1 - 2)? :

Hilby, .(r)(2) = dim(7)

Hilby, .(r)(2) = dim(r)(

Let us recall from Proposition 6.2.4 that for ¢ # 0 and generic ¢, the character of
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L, (7) is of the form

XLoo(r)(2) = Xswe (2) H(2P),

1— 2P\
HilbL,,c(T)(z)=< z)  h(zP).

1-2
In case of GLy(F,), the character of S®Pp* is

Xs@yr(2) = Xsy-(2) — 2590 (2) 2P + x 58 (2) 2P

with the Hilbert series

. 1—2r\?
Hllbs(p)bt(z) = ( 1 _ ) .

z
8.1.3 Representations of GLy(F,)
Most of the results from this section can be found in [31], or proved directly.

Proposition 8.1.1. All irreducible representations of GLy(F,) over k are of the form
S'h ® (det)?,

fori=0,1,...p—-1,5=0,...p—2.

Proof. From the paper of Steinberg [44] it follows that all the irreducible representa-
tions of SLy(IF,) are of the form S*h. Any irreducible representation of G Ly(F,) stays
irreducible when restricted to SLy(Fp). The group GLo(F,) is generated by SLo(F,)

1
and the subgroup of elements of the form , which act by a character, say
0 A
10 . . . : . .
— A on the one-dimensional subrepresentation yi. So, any irreducible
0 A
representation of GLy(F,) is of the form S'h ® (det)’. O

Lemma 8.1.2. As representations of GLo(F,),

b* = b ® (det)™,
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and the isomorphism is 1 — —Y2, T2 — 1.
. a b » . - .
Proof. The matrix g = € GLy(F,) acts on b, in basis y1, ¥2, in a tautological
d

b
way as . It acts on b*, in a basis x,, x5, as

110 -=11]ab 0 1
a det | 1 ¢ c d -1 0

Next, we will need to know how the higher symmetric powers and tensor products

of such representations decompose into irreducible components.

Proposition 8.1.3. For any i,j > 0, there is a short ezact sequence of GLo(Fp)-

representations
0— S ® S h®det — S'h® S — §Hh — 0.
The first map is f®g+— (11 Qy2—Y2®@y1)- f®g, and the second map is fQ®g — f-g.

Proof. One can see directly that both maps are indeed G Ly (I, )-representation maps
and that they compose to 0. Multiplication of factors Sh ® S7h — S*h — 0 is
surjective, multiplication by (y1 ® y2 — y2 ® y1) is injective, and the dimensions agree:
i-j+(@E+j+1)=(+1)(j+1), so this is really a short exact sequence of group

representations. O

Proposition 8.1.4. Let 0 < j < p, and n > 0. There is a short ezact sequence of

G Ly(F,)-representations:

0— S7h® S™h — ST+ — P2 @ S™'h @ det’t! — 0.
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Here we use the convention S'h =0 if i < 0. The first map is

a a b+-d;
a(yiys ® yiys) = yi TPyt

and the second, for 0 < a,b < p, is

a—Jlel

e e

Yy, a+b=p+j

0, otherwise

Proof. Both o and 8 send monomials to monomials. Every monomial in S7*P*f can

be written as y{TPy5T* with 0 < a,b < p. Then either a + b = j and the monomial

is in the image of o and the kernel of 3, or a + b = j + p, so ¢ Py is not in the
image of o and B(y{T®yst¥) # 0. It is clear that « is injective and 3 surjective, so

the sequence is really a short exact sequence of vector spaces.

It remains to see that both maps commute with GL,(F,)-action. The map « can
be written as a composition of raising all monomials in the second tensor factor to the
p-th power and multiplication of tensor factors, both of which are GL,(F,)-maps. To
see that 3 is a GLy(Fp)-map, let yit Pyt ¢ §itenp with 0 < a,b < n, and assume
first that a + b = j,c +d = n. Then B(y¢TPy5t%) = 0, and for any g € GLy(F,),

Blg-(y3tPys ™)) = 0.

Next, consider y2+tPyot% ¢ §itrry with0 < a,b<n,a+b=p+j,c+d=n—1,

and let us show that applying 3 to this element commutes with the group action. For

01 e 0
this it is enough to see that # commutes with A = ,B = ,C =

10 01

,€ € Fp, which generate GLy(F,).

203



Using det A = —1, we get

BAW Py ) = By )

b b—j a
= (j+1)y1 ” 13/2 - 1®y?y§

a a a—. C
A(Byr Pty = A-((j +1>y1 Ty @ yiyd)

] a o] a—
N (_l)m(jﬂ)yb Ty @ yius.

However, these are the same because

S (jil> = 6 :;) - (jil)

so BA = AB.

Next, using det B = e, we get

a a atc, a—, - a
B(B.(yFTPystP)) = ( )e teya=ilyb=i71 @ yeyd = B.(B(yTT Py )).

j+1

Finally,

b d
BC.(y "7y, "™)) = B(ZZ (f)( ) T e )

=0
b—

-1

a—jlb]l

C~(ﬁ(y;+cpyg+dp)) = C( h ®y1y2)

a
j+1
b—j—1

So, the claim that 3C = Cf is equivalent to showing that

(C)-CI00)
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Using a +b=p+ j and (‘f) = (—1)"(_‘4?—1), this is equivalent to

(—1)"(“”_,-j_l) (;:1) =(“1)i(aji)(j3-1)’

which is true because both left and right hand side are equal to

(@+i)a+i—1)...(a—j)
(G + 1)1 '

(-1)f

8.2 Category O for the rational Cherednik algebra

Hy o(GLy(Fp), h)

The main theorem of this chapter is:

Theorem 8.2.1. Up to a grading shift, any irreducible representations in category O
for the rational Cherednik algebra Hy (G Ly(F,),b) is isomorphic to L; .(S*h ® (det))
for some 0 <i<p—1and0<j<p—2. The characters and Hilbert series of these

representations are as follows.

Fort=0:

e If0<i<p-—3,
X Loo(Siho(det)i) (2) = [S*h ® (det)],

Hilbz, .(sipe(detys)(2) =i + L.

o Ifi=p—2

XLo,o(S*h@(det)?) (2) = [S”'2b®(det)j]+[S”_1f)®(det)j"1]z+ [SP2h ® (det)? )22,

Hilby, _(se-2p0(et)i)(2) = (p — 1) + pz + (p — 1)22.
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o Ifi=p—1

XLQYC(SP—1b®(det)J‘)(Z) = XMo,c(S”—lb®(det)j)(z)(1 —_ Zp—l)(l _ zP2—1),

(1-2H(1 - 2F"1)

Hilbz, ,(sp-1po(det)i)(2) = P =2y
Fort=1,
XLy,e(T) (Z) = HLl,c(T) (ZP)XS(P)};' (Z),
. 1-—2P\?
Hilbs,0(2) = b @) (T )
-z
where

Xswi(2) = Xs9+(2) — 2Xs8(2)2° + X359+ (2)27F
and the reduced character and Hilbert series is:

o fO<i<p-3,
Hy, (sthe(ery)(2) = [S'h ® (det)’],

hi, (sipe(aety)(2) =i+ 1.
Hi, (sr-2pe(dety)(2) = [SP72h®(det)’]+([SPh®(det)’ )2+ [SP2h@(det) ]2,

hiy (sr-2pe(dery)(2) = (P — 1) + pz + (p — 1)2°.

o Ifi=p-—1

Hi, (s7-1pe(dety)(2) = Xboo(s7-1poaety) (2)(1 — 2P71) (1 — ),

1= 2P 1) (1 = 2P
hiy (s7-1be(dety) (2) = P ( ¢l )_( 2)? )

Proof. Lemma 8.2.7 shows that all the formulas for the characters of L; .(S*h®(det)?)

follow from the ones for j = 0. Those are proved for 0 < 7 < p — 2 in Propositions
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8.3.1 (for t = 0) and 8.3.2 (for t = 1); for i = p — 2 in Propositions 8.4.1 (for t = 0)
and 8.4.5 (for ¢t = 1), and for i = p — 1 in Propositions 8.5.5 and 8.5.6 (for ¢ = 0)
Propositions 8.5.8 and 8.5.9 (for t = 1). O

Remark 8.2.2. For G = GLy(F,), one can notice from the previous theorem that
the reduced character for Ly .(T) is equal to the character of Lo (T) for all . So, the

answer to question 6.2.9 is affirmative in this case.

8.2.1 Blocks

We are going to use the grading element of H;(GL2(F,), bh):

h= iny,-+1—chs.

i=1,2 sES

Lemma 8.2.3. Fort =0, the element h is central and acts by a constant

he(T)he(T) =1 — ZCSSIT
seS
on Moc(7). Fort =1, h acts by h.(T) on My (7)o and by he(1) +i € k on M; (7);.

It gives a Z,-grading on representations. A consequence of this is:

Lemma 8.2.4. Fort = 0,1, if Ly .(c)[m] is a composition factor of My (1) or N; (1),
then
he(o) — he(T) =t -m € Z,,.

In particular, this happens if M is any quotient of My (1), and o C M., is a GLo(F,)

subrepresentation consisting of singular vectors.

For ¢ =1 and generic c, the Hilbert series is of the form (1222)2h(2?), so the only

composition factor in My (1) and Ny () are of the form L, .(o)[mp|. Hence, for

t =0 or for t =1 and generic ¢, the above condition reduces to

he(o) = he(T),
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and separates representations into blocks.

The constants h.(7) are easy to calculate directly.

Lemma 8.2.5. For GLy(F,) and conjugacy class C of reflections in it, the action

of central elements s on symmetric powers of the reflection representation is:
SECH p

0,2<p—1

For A # 1, Zs|sq,= P
SGC)‘ 1,Z=p‘—1
-1,i<p-1

For A =1, ZSIsib= P
seCy 0’2=p_1

So, for T = S ® det’, the action of h on the lowest weight T C M, (1) is by the
constant
a,i1<p-—1
he(r) =1+ ot er
~ S Ner, i=p—1

Proof. We use the parametrization of conjugacy classes from Lemma 7.1.2 and Ex-

ample 7.1.3 .

As ZsGC,\ s is central in the group algebra and acts on S°h as a constant, it is
enough to compute Zsec,\ s.y%. As we are computing it, we may disregard all terms
of the type yi_" yé for 7 > 0, as we know these sum up to zero. We use Lemma 6.3.1

several times.
For A\ # 1, the action of ZSGC)‘ s on yi is by a constant:

2:(1+§.14L—A—Moi+§:(1+§40i=

b,deF, acFp

‘ =% S (1_bd)i=%zmi=—2mi= 0. i<p—1

bdeF, meF, meF, l,i=p-1
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For A\ = 1, a similar computation yields:

> -t + = Fomir] =y TP

b,deF, a€F, meF, 0,i=p—1.
d#0 a#0

The formulas for the action of h on irreducible representations S*h ® det? is now

computed from this directly. O

Corollary 8.2.6. For generic c, the representations of the form L;.(SP~'h ® det?)
form blocks of size one, meaning that the only irreducible representations that appear
as composition factors in any representation with lowest weight SP~1§ ® det’ are

isomorphic, up to grading shifts, to Ly .(SP~'h ® det?).

8.2.2 Dependence of the character of L;.(S'h ® (det)’) on j

Lemma 8.2.7. The algebras H, (G, ) and Hycq4e:(G,B) are isomorphic. Therefore,
for generic c and any irreducible representation T of G, the Hilbert series of Ly (T ®

(det)?) doesn’t depend on j, and their characters are related by

XLt,c(t@det) = XLy,c(r) * [det].

Proof. The existence of the isomorphism follows directly from Lemma 3.1.5, for the
group character f = det. Twisting by this isomorphism makes a representation
Lt caet(T) of Hyc.qe(G, b) into a representation L¢ (7 ® det) of H; (G, b). So, picking
c is such that both c and c - det are generic parameters, the Hilbert series of L ()

and L, (7 ® det) are the same, and that their characters satisfy

XLt o(r@det) = XLy c.ae(r) * [d€t] = X1, () - [det]

(here, multiplication is in the Grothendieck ring and corresponds to taking tensor

products of representations). O

Note this is false for special values of parameter c; more specifically, it shows that
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c is special for 7 ® det if and only if c - det is special for 7.

Because of this lemma, for G = GL,(F,) it is enough to calculate the characters

of L;.(S*h) for generic c.

8.3 Characters of L;.(S)) for i =0...p—3

8.3.1 Characters of L;(S%)) for i=0...p—3 and t =0

Proposition 8.3.1. Fori=0,...p—3,t=0 and all c, the space My .(S*h)1 consists

of singular vectors. So, the character of Lo .(S*h) is
XLo,o(sit)(2) = [S'Y], Hilby (sipy(2) =i +1.

Proof. The space My (Sh); is isomorphic to h* ® S*h as a GLy(F,)- representation.
To show that it consists of singular vectors, we will show that for any z € b*, any

y € h, and any f € S'b,
(1-3s)z
Dy(m ® f) = t(y: z) - ch(y) QS)—O(— ® S'f
seS s

is zero. As t = 0 and we are claiming this holds for all ¢, it is equivalent to showing

that, for any conjugacy class C) of reflections,

>, o)=L g s f

(07
s€eCly s

is zero.

Using Lemma 7.1.2, this sum is equal to

Z (y, 0)(z,a") ® s.f.

a®aV#0
(2,aV)=1-2

We now use Example 7.1.3, which parametrizes all a®a" such that (a,a") =1—\ as
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1 1-A—-bd 0 a
nonzero vectors in { ® |b,d € F,}U{ ® la € Fp}.
b d 1 1—-A

We write the above sum as a sum over a, b,d € F, which produce nonzero elements of
this set. First note that if & or a" are zero, they don’t contribute to the sum, so we
can sum over all a,b,d € F,. Next, note that s.f is a polynomial of degree ¢ in a and
in d, so the summand (y, a)(z,a")®s. f is a polynomial in degree 14+i < p—2 < p—1

in d and in a. By Lemma 6.3.1, this means the sum is zero, as claimed. O

8.3.2 Characters of L;.(S'h) for i=0...p—3and t=1

A very similar computation gives the analogous answer in case t = 1.

Proposition 8.3.2. Fori=0,...p—3,t =1 and all ¢, all the vectors of the form
2P ® v € SPh* ® S*h are singular. For generic c these vectors generate Ji .(S'h), and

the character of the irreducible module L, .(S%h) is

XL ,o(5%5)(2) = Xsope(2) - [S'H],

its Hilbert series is

. . 1—27\’
HllbLlyc(sib)(z) = (l + 1) ( 1—2 ) y

and its reduced character and Hilbert series are
H(z)=[Sh], h(z)=i+1.

Proof. The proof is very similar to the proof of the previous proposition. To show
that all vectors of the form 2P ® v € SPh* ® S*h = M; (S°h), are singular, we need
to show that the

V\p,P
DY@ ® f) = 0,2 — 3" ca(y, @) B2

seS

=— Z e Z(y, a)af™! Z(w, ' @ (s.f)
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is zero. Again use Lemma 7.1.2 and Example 7.1.3 to write this as a sum over all
a,b,d € F, parametrizing a ® a". For z € b} C b*, (z,a") is in F, C k, and
(z,a")? = (z,a"). Using this, the inner sum over a" again becomes a sum over all
d € F, or over all a € F,, of a polynomial (z,a") ® (s.f) of degree 1 +¢ <p—1in d
or a, so the sum is zero by Lemma 6.3.1.

To see these vectors generate Ji.(S'h) at generic ¢, we use Proposition 6.2.4, by

which the character of Ll,c(S"l‘)) is of the form

XL: o(r)(2) = Xsoy (2)H (27).

The character of the quotient of M; .(S%h) by the singular vectors found in this lemma
is
XLeo(r)(2) = Xy (2)[S°B],

and so the graded GLy(F,) representation with the character H(z) is a quotient of
the irreducible representation concentrated in one degree [S'h). As it is nonzero, there
is no other choice then H(z) = [S*h], so the character of L .(S*h) is as claimed, and
the maximal graded submodule J; .(S*h) is generated by singular vectors of the form

?Q f. O

Note this proposition says nothing about the character af special values of c;
we can only conclude that for some special values of ¢, the modules L .(S*h) are
smaller then the above described modules for generic ¢. The vectors zP ® f are still
singular, but for particular values of ¢ the character does not have to be of the form
Xswy»(2)H (27), so there could be other singular vectors in degrees 1,2,...p — 1.

In the appropriately chosen Grothendieck ring, for d; = p? — p, d2 = p* — 1, and
using

XNy o(r) = Xty o(r)(1 — 2P8) (1 — 2P%),

we have

L1.(5'9) = My.(S'h) — M1.(h* ® S*h)[p] + M (det ©5°h)[2p]
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and

 XNe(s70)(2) — XNae(rr@570) (2)2P + Xy o(det @575) (2) 2
XL1,.(Sih) = (1 - zpd1)(1 — zpdz) :

8.4 Characters of L;(S'h) for i = p — 2

8.4.1 Characters of L;.(S'h) for i=p—2 and t =0

Proposition 8.4.1. The character of Lo .(SP~2h) is
[SP=2p] + [SP~'h ® (det) ]z + [SP2h ® (det)7Y]22,

and its Hilbert series is

(p—1)+pz+(p—1)2>%

Proof. We will prove this in a series of lemmas. Let us outline the proof here, and

define several auxiliary modules, used only in this subsection.

The character of the Verma module My (SP~2h) is

Xntoo(sr-25)(2) = Y_[S7h" ® §772p] .

i20

Lemma 8.4.2 shows that the space of singular vectors in My .(SP~2h); is isomorphic to
SP~3h, and consequently that Jo(SP~2h); = SP=3h. We define M to be the quotient
of the Verma module M .(SP~2h) by the submodule generated by these vectors.

The character of M?! begins as
X (2) = [SP72] + (5™ ® SP~%h] — [SP~%h])z + ([S°* ® SP~2h] — [h” ® SP~%h]) 2%+

+([S°h* ® SP2p] — [S%h* ® SP3p)2B +. . .,

which is, using Lemmas 8.1.3 and 8.1.4, equal to

xu1(z) = [SP72h] +[SP1h ® (det) !z + [SPH ® (det) 72|22 + [SPHH @ (det) 3] 2° +. ...
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The module M? has the property that its zero-th and first graded piece are equal to

those of the irreducible module Lg (7).

However, M! is not irreducible. Lemma 8.4.3 shows that the space of singular
vectors in Mj = SPh ® (det)~2 is isomorphic to h ® (det)™2. This subspace is thus
also in Jy.(SP~2h). Define M? as the quotient of M* by the submodule generated by
these vectors. M? is equal to Lo .(SP~2h) in graded pieces 0, 1 and 2, and its character

begins as
Xm2(2) = [SP72H] + [P @ (det) ™z + ([SPh @ (det) *] — [h ® (det) ~*])2"+

+([SPh @ (det) ] — [h* @ h® (det) )2 +... =

= [SP7%h] + [S"'h ® (det) ']z + [$7%h ® (det) ]2® + ([SP°h ® (det)']2% + ...

Finally, Lemma 8.4.4 shows that M2 = SP=3h®(det) ! is entirely made of singular
vectors. From this it follows that the quotient of M? by this subspace, which is an

Hy .(GLy(Fp), h)-module with character
[SP~2h] + [SP~1h ® (det) ]z + [SP~2h(det) 1|2,

is irreducible and equal to Lg .(SP~2h).

This proves the proposition, modulo Lemmas 8.4.2, 8.4.3 and 8.4.4.

Lemma 8.4.2. The space of singular vectors in My (SP~2h); = h* ® SP~2h is iso-

morphic to SP73h and consists of all vectors of the form

T @ f +z2Qyf, f€STH.

Proof. As a GL(F,)-representation, the first graded piece of the Verma module,
My (SP~%h), is isomorphic to h* ® SP~2h. By Lemma 8.1.2, this is isomorphic to
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h ® SP~2h ® (det) !, and by Lemma 8.1.3, it fits into a short exact sequence
0— 5773 — b ® S7%h ® (det) ™ — P~ ® (det) 2 — 0.
The irreducible subrepresentation isomorphic to SP~3h includes into h* ® SP=2 by

[ 210y f+22Qy2f. Both this subrepresentation and the quotient are irreducible.

If a vector v € My .(SP2h); is contained in the kernel of B, which is the maximal
proper graded submodule Jy .(SP~2h), then action on it by y € b produces an element
of Jo..(S772h)o. However, the form is nondegenerate in degree 0, and Lo (SP~2h), =

M, (5P72h)o, so y.v = 0. In other words, such a vector is singular.

To show that Jy .(SP~2h); = SP~3h, we are going to show that:

1. At least one nonzero vector from SP~3f is singular;

2. Not all vectors in My (SP~2h), are singular.

The space of singular vectors is invariant under the group action, and both SP~3h and

the quotient are irreducible, so this proves the claim.

First, let us show that the space SP~3h consist of singular vectors. The set of
vectors 1 @ Y1 f + T2 @ y2f is symmetric with respect to changing indices 1 and 2, so

it is enough to show that

Dy, (1 @ y1f + 22 @ y2f)

is zero. We use parametrization of conjugacy classes from Lemma 7.1.2 and Example

7.1.3 and the definition of Dunkl operator D,,, and denote o, = 1 + bz, and see
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that the coefficient of —cy in Dy, (21 @ y1f + 22 ® y=f) is

> (yl,a)zlt' (@1 = 5.21) ® (s:31)(s-f) + (22 — 5.72) ® (5:92)(5.f))

a®aVeCy
- Y1 alb (1= A = bd)ay ® (5.91)(s.f) + des ® (5.32)(s.f))
bd
= 1® Z ((1 = A—bd)s.y1 +ds.ys) s.f
b,d

1
= 1®ZX((1 — A = bd)ys + dys) s.f.
b,d

The sum is over all b,d € F, if A # 1, and over all b,d € F, with d #0 € Fp if A = 1.
However, if A\ = 1, then the d = 0 term does not contribute to the sum, so let us
consider the sum to be over all b,d € F, in both cases. The term s.f is a vector in
SP=3h with coefficients polynomials in b, d whose degree in b and in d is less or equal
to p — 3. The overall expression is a sum over all b,d € F, of polynomials whose
degree in each variable is < p — 2, and it is thus zero by Lemma 6.3.1.

So, the subspace isomorphic to SP~3h indeed consists of singular vectors.

To see that the space of singular vectors in My .(SP~2h); is not the whole space, it is
enough to find one vector which is not singular. For example, the above computation

shows that Dy, (z1 ® (y1)*~2) has a coefficient of —c1y?2 equal to
p—2 p—2
-2 _ - E(pyk+l -1 _
— " bd(1 - bd) _—ZZ( L )(—1) (bd)** = D (APt =140,
b,deF, b,deF, k=0 b,deF,

so z; ® (y1)P2 is not singular. O

In the proof of Proposition 8.4.1 we defined M* as the quotient of My .(SP~2h) by
the submodule generated by singular vectors z1 ® y1f + T2 ® yof, f € SP~3h from
the previous lemma. It is explained in this proof that M* agrees with Lo .(SP~2f) in

graded pieces 0 and 1, and that its character is

xa(2) = [SP72h] + [SP~1h ® (det) H)z + [SPh ® (det) 7222 + [SPHH @ (det) ™3)23 +. ...
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Next, we find the subspace of M) which is in KerB, and which is by the same
argumentation as in the proof of Lemma 8.4.2 equal to the space of singular vectors

o Al
in M.

Lemma 8.4.3. The space of singular vectors in M} is isomorphic to h® (det) 2. The
representatives of these vectors in the Verma module My .(SP~2h) are linear combi-

nations of 2 ® y7° and 23 ® 5 °.

Proof. The space M} = SPh®(det)~2 fits, by Lemma 8.1.4, into a short exact sequence
of GL,(F,) representations

0 — bh® (det)™? — SPh ® (det)™2 — SP72h @ det — 0.

We are claiming that the irreducible subrepresentation consists of singular vectors,
but that the quotient is not in the kernel of B. Tracking through all the inclusions,
quotient maps and isomorphisms in the previous lemma shows that z2 ® y{’_2 and
22 ® Y82 € My (SP~2h), really map to the basis of h ® (det)™2 under the quotient
map Mo, (SP2h) — M.

We use the following observation. For any rational Cherednik algebra module N,
and any y € h, n € N, g € G, the relations of the rational Cherednik algebra imply
that g.(y.n) = (g.y).(g.n), so the map h ® N; — N;_, given by y ® n — y.n is a map
of GL,(IF,)-representations. So, if N is a quotient of the Verma module and D,, the
induced Dunkl operator on the submodule, then the map y ® n — Dy(n) is a map of
group representations.

In particular, applying the Dunkl operator is a homomorphism
h® M; — M.

Showing that b ® (det)~2 C M} consists of singular vectors is equivalent to showing

that the restriction of the above map to this space, which is

h®bhQ (det)™? — Mj,
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is zero. To do this, notice that the short exact sequence calculating the composition

series of h ® h ® (det)~2 is
0— (det)™ - h®bh® (det) ™2 — S%h ® (det) > — 0,

while the target space of the homomorphism is the irreducible M{ = SP~'H @ (det) ™.
By Schur’s leﬁlma, this homomorphism has to be zero, and thus § ® (det)~2 consists
of singular vectors.

To see these are all singular vectors in M3, it is enough to find one nonsingular
vector, because the quotient of M7 by h® (det)~2 is irreducible representation. Direct
computation shows that Dy, z172 ® y’l’"2 has ¢, coefficient equal to T2 ® ¥ "2, which

is nonzero in M. O

The next module to consider is M?, defined as the quotient of M* by the singular
vectors from the previous lemma. The irreducible module Ly (SP~2h) is a quotient
of M?, and they agree in degrees 0,1,2. We proceed looking for singular vectors in

M2, which turn out to be all of it.
Lemma 8.4.4. All vectors in M2 = SP=3h ® (det)™! are singular.

Proof. We are going to prove the lemma in two steps: first, we show that the claim
follows from showing that the image of Dy, (z3zrs ® y?7%) in M2 is zero, and then
showing this is true.

First, M} is the quotient of My (SP~2h)3 = S3h* ® SP~2h by the image of singular
vectors from Lemma 8.4.4, isomorphic to S%2h* ® SP~3h. The short exact sequence
describing this inclusion is the one from Lemma 8.1.3 combined with Lemma 8.1.2,
giving

0 — S%* ® SP73h — S3h* ® SP7%h — SPTh @ (det) ™3 — 0.
Under these morphisms, the image of 22z, ® ¥*~> € $3h* ® SP~2h in SP*1h ® (det)?
is y? 2.
Second, M2 is the quotient of M3 = SP*'h ® (det)™® by the image of singular

vectors from Lemma 8.4.3, which is the space isomorphic to h* ® h ® (det)™2. The
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short exact sequence realizing this inclusion and quotient is the one from Lemma

8.1.4, giving
0— h®h® (det)™ — 51 ® (det) > — 5P7°h ® (det) ™ — 0.

The image of y?~'y2 € SP*'h ® (det)~® under this quotient morphism is —y# > €
SP3h ® (det)™?, which is a nonzero element of it.

Hence, the image of z2z; ® y{’_z in M? is the nonzero vector in an irreducible
representation. Hence, if we show this vector is singular, it will follow that the entire
space M2 consists of singular vectors.

Third, applying Dunkl operators is a map h ® MZ — M2, so let us decompose
h® M? = bh® SP3h ® (det) ™. The short exact sequence doing this is the one from
Lemma 8.1.3,

0— 571 - h®SPh® (det) ™! — SP72h ® (det) ™ — 0.

As applying Dunkl operator maps this to MZ = $P~2h ® (det)™?, by Schur’s lemma
the submodule SP~*h maps to zero, and the map is zero on h ® SP73h ® (det) ! if
and only if it is zero on the quotient SP~2h ® (det)™!. Under this quotient map, the
vector y; ® (—y??) maps to —y?~2, which is a nonzero element of the irreducible
representation SP72h ® (det)~!. Showing that the entire h ® MZ maps to zero is
equivalent to showing that this vector maps to zero,which is equivalent to showing
that the image of Dy, (31, ® ¥¥~2) in M2 is zero.

Finally, we prove D,, (z3z, ® 377) is zero in M2 by an explicit calculation using
the parametrization of conjugacy classes from Lemma 7.1.2 and Example 7.1.3. The

factor of —cy in Dy, (z2z, @ ¥¥72) is

> (23d(A + bd)? + z172(1 — A — bd)(1 + A — bd + 2bd(1 — X — bd))+
b,d

1 22 /p-2 o i pei
-l-:r;z,(l—/\—bd)zb(bd—l))@XEZ(pi )(l—bd)’d” 2oty iyp=2

=0
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The sum is over b,d € F, if A # 1 and over b € F,,d € Fy if A = 1. After
quotienting out by vectors from the previous two lemmas, whose images in degree 2

are z;(z1 ® Y1 + T2 @ ¥a2) f, f € SP73h, and 23 ® vo%, 22 ® P2, we can write this as

p—2

1 p—2 i p—2—i i, p—2—i
Zx1xzw®(—d()\+bd)22( ; )(l—bd)dp 2 yiyh 2-i
b,d i=1
22 p—2 .
+(1=A—=bd)(14+ X —bd + 2bd(1 — X — bd)) z (p i )(1  bd)i iy
1=0

—(1— X —bd)?b(bd — 1) pf (” . 2) 1- bd)"dp-z-iy;’yg—2-i)

i=0
Reading off the coefficients of z1z2 ® yiyﬁ'Z_i for all 0 <7 < p — 2 and using lemma

6.3.1 multiple times, we see this is indeed 0. O

This completes the proof of Proposition 8.4.1.

8.4.2 Characters of L;.(S'h) fori=p—2and t =1

Proposition 8.4.5. The reduced character of Ly .(SP~2h) for generic value of c is
H(z) = [SP725] + [SP~!h ® (det) Y]z + [SP%h ® (det) 71|22,
so its character is
XLyo(sr-2)(2) = ([SP7?0] + [SP7'h ® (det) T]2” + [S”7*h(det) 7]2™) - Xgwye (2),

and its Hilbert series is

(1—z°)?

(p—1)+pz+ (p—1)27) - 1-22

Proof. 1t is explained in Proposition 6.2.4, Corollary 6.2.5 and comments between
them that the generators of the module J;.(7) for generic ¢ and nonzero t are in

degrees divisible by p, and their composition factors are a subset of the composition
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factors of (Sh*)?®7. In Lemmas 8.4.6, 8.4.8, and 8.4.10 below we explicitly find these
generators for 7 = SP72h, and in Lemmas 8.4.7 and 8.4.9 we prove they are the only
ones in degrees p, 2p and 3p. The quotient of the Verma module M; (SP~2h) by the
submodule generated by these elements is finite-dimensional, and zero in degree 4p,
from which we conclude that they generate the whole J; .(SP~2h) for generic c, and
that this quotient is irreducible.

The reduced character is calculated in the way explained after Proposition 6.2.4:
as we know the generators of J; .(S?~2h) explicitly, we evaluate them at ¢ = 0 (in
fact, they don’t depend on c). They are of the form f;(z%,25) ® v;. The reduced
module is then defined to be Sh*®S5P~2h/ (fi(z1, z2) ® v;). In our case, the generators
fi(z, 25) ® v; form subrepresentations of type SP~3h in degree p, h ® (det)~2 in degree
2p, and 5773h®(det) ! in degree 3p. The quotient of Sh*®SP~2h by (f;(x1,z2) ® v;) is
thus equal to the quotient by subrepresentations of type SP~3h in degree 1, h® (det) 2

in degree 2, and SP3h® (det)~! in degree 3, which is easily seen to have the character

H(z) = [S"7%] + [S”'h ® (det) ")z + [SP~2h(det) "] 2%

Lemma 8.4.6. The vectors
By f+25Quf

in SPh* @ SP~2h = M, (SP~2h), are singular in M, .(SP~2) for all f € SP~3Y. They
form a GLy(F,) subrepresentation of My (SP~2h), isomorphic to SP3H.

Proof. The space of these vectors are symmetric with respect to switching indices 1
and 2, so it is enough to prove D, acts on it by zero. A computation very similar to

the one in Lemma 8.4.2 gives that the coefficient of —c, in Dy, (2} ® y1 f + zby2f) is

(@ + bz~ ® (1~ A — by + ) (s.f).
b,d
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The sum is over all b,d € F,, if A # 1 and over all b € F,,,d € F; if A = 1. However, if
A = 1, then every summand is divisible by d so the term with d = 0 doesn’t contribute
and we can consider it as a sum over all d € F,. The degree in d of every term of this
polynomial is less or equal to 1 +deg f =p—2 < p— 1, so by Lemma 6.3.1, the sum

1S zero. O

Lemma 8.4.7. For generic c, the vectors from Lemma 8.4.6 are the only singular

vectors in M (SP~2h),.

Proof. We will use Corollary 6.2.5, which in our case states that the space of singular
vectors in M .(SP~2h), has the same composition series as some subspace of (§*)? ®
SP=2p. This space is isomorphic to h* ® SP~2h and fits into a short exact sequence

from Lemma 8.1.3
0— SP3h - h* ® 5772 — SPh ® (det)™! — 0,

so the space of singular vectors in degree p can either be isomorphic to SP=3h or to
its extension by SP~1h ® (det) ™ .

We are going to show that the quotient of (§*)? ® SP=2h by SP~3h isomorphic
to SP~'h ® (det)~! does not consist of singular vectors, and that there is no other
composition factor of SPh* ® SP~2h isomorphic to SP~1h ® (det)~1. This will prove
the claim.

First, we claim that there is a vector in (§*)? ® SP~2h which is not singular.
Namely, we claim that D,, (2} ® y77?) is not zero. From the calculation in the proof

of Lemma 8.4.6 we can read off that the coefficient of ¢; in it is equal to

> bd(z +bz2)P 7t © (1 — bd)ys + dy2)?,
beF,,deF

which in turn has a coefficient of 25! ® y’l’_2 equal to

> bd(1-bdy 2 =1#0.

bEprdGF;
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Second, we claim that SPh* ® SP~2h has only one composition factor of type
SP~1h @ (det)~*. The quotient of SPh* ® SP~2h by the space (§*)? ® SP~2h which we
already considered is isomorphic to S?~2h ® SP~2h, which by repeated use of Lemma
8.1.3 has subquotients of the form S?~4-2/ ® (det)’. More precisely, the expression
in the Grothendieck group of GLy(F,) representations for [SP~2h ® SP~2p] is

[S%7%0] + [S%~°h ® (det)] + ...+ [SP™* ¥ @ (det)’] + ... + [S°h ® (det)”?].

Some of these are irreducible (the ones with 2p—4—2j5 < p), and the others decompose

further using Lemma 8.1.4 and 8.1.3
[$?P747%7h @ (det)’] = [S*™* ¥ ® b ® (det)’] + [S¥%h ® (det) 1 HP~4=%] =

=[PV @ h @ (det)’ ] + [SP>¥h @ h @ (det)] + [SFH2h @ (det) P42,

These are all the composition factors, and none of them is equal to SP~1h ® (det) ..

O

Next, we consider the auxiliary module M?, defined as the quotient of the Verma
module M, .(SP~2h) by the submodule generated by singular vectors (z®y; +z5Qy2) f
from Lemma 8.4.6. This module M' matches L, .(SP~2h) in degrees 0,1,...2p — 1,

and we search for singular vectors in M.
Lemma 8.4.8. The images of the vectors
PO, o @y
in M? are singular, and span a subrepresentation isomorphic to b ® (det)™2.

Proof. The claim that they span a subrepresentation isomorphic to h ® (det)~2 is easy
to check. As this representation is irreducible, it is enough to show that one of them

is singular, for example z2? ® y5~%. Calculating, as before, the coefficient of —cy in
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D,, (2% ® y27?), and denoting oy, = z; + bzs, we get it is equal to:

> = @~ (o~ (1= A - bd)ar)?) © (b1 = A — bd)ys + (A + b))

p—2
bd Y

=3 "(1 = A= bd) (1 + A +bd)z} — b(1 - A — bd)z} (Z( 1)ibigs1~ )

b,d =0

AP—Z Z (p j 2)b7(1 —A- bd)J(A + bd)p—2—3y]yp_2_]

j=0

Summing over all d and using lemma 6.3.1, this is equal to

Z (2Xbaf — 26%(1 — N)z5) (2_:( 1)ipit ') )\pl_z i: (p ; 2)( 1) pitP=2ydy =23

b =0 j=

+ ) (8°2f + b’a}) (i( —1)pif )@ Apl 2( ONP~3yB2 —2(1— \)b#PSyp 24

b =0

Summing over b € F,, using lemma 6.3.1 and reorganizing the terms, we get
= (2(1 ) (2P %2, — 25 '2}) @ i P + 2A (12 — b ) ® b+

+202P 22, @) P+ 2272l T @R 2+ 2(1- N T ah @ P+ 2(1 - Nmzy T ®uE T+

-3

+Z (p 2) (2+’L)£L‘ZP 2—3 1+1 2‘,L_p— —txp-i-z) ®yp—2—z z).

This is nonzero in M; .(SP~2h), and the vectors from lemma are not singular there.
However, in the quotient M, this expression is zero. This can be shown by replacing,
in the above long expression, anything of the form a - 25 - y - f (meaning any term
whose degree of z, is at least p and whose degree of y, is at least 1) by the equivalent
expression —a - 2} - y1 - f. The expression then simplifies to 0, showing that in the

quotient M!, D, (z7? ® y57%) = 0.
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Similarly, the coefficient in Dy, (z3” ® y2~%) of —c, is equal to

(5(1 = A = bd)y1 + (A + bd)y,)P 2
o2 +

> (&~ (o1 = (1= A= b)) ®

bd

1 ay1 + y2)P 2
+Z ;; (xf” - (ar;l - azz)zp) X (IT;)—

The proof that the first part of the sum is 0 in M! is very similar to the previous
computation, as it differs from the expression calculated there just by one power of
b. The second part is equal to

-1

ooz (22ieh T @ Ul + 20 @ )

which is also zero in M. O

Lemma 8.4.9. For generic c, the vectors from Lemma 8.4.8 are the only singular

vectors in My,

Proof. The space of p-th powers in M (SP~2h),, is isomorphic to S2h* ® SP~2h C
S?%h* ® SP~?h. Using Lemma 8.1.3, its image in the quotient M3, is isomorphic to
the quotient of S%h ® SP~2h ® (det)~2 by h ® SP~3h ® (det) ™, which is SPh ® (det) 2.
So this is the maximal possible space of singular vectors in Mép, and the space of
singular vectors in Mép is its subspace.

This space decomposes by Lemma 8.1.4 as
0 — b ® (det)™® — SPh ® (det) ™2 — SP2h ® (det)™! — 0.

We already showed in that the subspace h ® (det)~2 consists of singular vectors; to
prove that not the entire SPh ® (det)=2 does, it is enough to find one nonsingular
vector. By another explicit computation, one can show that z%2% ® 3! is a p-th
power that is not annihilated by D,,.

Finally, we need to show that there is no other composition factor of M3, made of

singular vectors. If such a composition factor existed, it would have to be isomorphic
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to SP~2h @ (det) !, and show up as a submodule of the quotient of M3, by the space
of p-th powers which we already considered.

Using Lemmas 8.1.3 and 8.1.4, this space is isomorphic to
SP2h ® SP7'h ® (det) .
Using [31], Theorem (5.3), this is isomorphic to
SPP=D-1h @ (det) ™.

The only possible space of singular vectors would be isomorphic to SP~2 ® (det)™?
and contained in the socle (maximal semisimple submodule) of SP®~1~1h ® (det)1.
However, Theorem (5.9) in [31] show that this socle is in fact
(p—3)/2

@ S2m+1b ® (det)p—3—m.

m=0
As these are all irreducible modules and none of them is isomorphic to SP~2h®(det)~?,
we conclude there are no other singular vectors in M3,

]

The second auxiliary module M? to consider is the quotient of M? by the rational
Cherednik algebra submodule generated by the two dimensional space of singular
vectors from the previous lemma. Because of Corollary 6.2.5 and the previous lemmas
in this section (Lemma 8.4.7 and 8.4.9), M? is equal to L, .(SP~2h) in degrees up to
3p — 1. In degree 3p, M? contains some new singular vectors, given in the following

lemma.

Lemma 8.4.10. All the vectors of the form (S*h*)P ® SP=2) C M (SP~2h)s, are in
KerB.

Proof. The space of p-th powers in M; .(SP~2h)s, is (S3h*)P ® SP~2h. The quotient of
this space by the subspace (S2h*)? ® SP~3} generated by singular vectors from Lemma
8.4.6 is by Lemma 8.1.3 isomorphic to SP*'h ® (det) 3. The quotient of this space by
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the subspace (h*)? ® h ® (det)~2 generated by singular vectors from Lemma 8.4.8 is
by Lemma 8.1.4 isomorphic to SP~3h ® (det)™!, and this is the space of p-th powers
in the M3,

We are going to show that this space is made of singular vectors by showing that

the restriction to h ® SP~3h ® (det)™! of the map
b ® Mgp - Mgp—l

given by y ® m +— D,(m), which is a homomorphism of group representations, has to

be zero.

The source space of this map is h ® SP~3h ® (det) ™!, which fits into the short exact

sequence
0— 5P - h® SP3h ® (det) ™ — SP72h @ (det) ™ — 0.

The image of the map is a subrepresentation of the target space Mgp_l, so if we show
that the socle of M3, ; doesn’t have SP~*h nor SP~2h ® (det)~! as direct summands,
it will follow that the map is zero.

By applying Lemma 8.1.4 twice and Lemma 8.1.3 once, we see that the quotient
of M3, ; by the image S*~'h* ® SP~3h of singular vectors from Lemma 8.4.6 is
isomorphic to SP7'h ® SPh ® (det)~2. The quotient of that by the image SP~1h* @
b ® (det)~? is by Lemma 8.1.4 isomorphic to SP~1h ® SP~2h ® (det)~!. Using [31],
Theorem (5.3) again, this is isomorphic to SPP~)-1h ® (det)~?, whose socle is by
Theorem (5.9) in [31] again equal to

(p—3)/2
@ S‘Zm+lb ® (det)p—S—m.
m=0
None of these summands is of the type SP~*h nor SP~2h ® (det)™?, so the required

map is zero. This proves the lemma.
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8.5 Characters of L;(S'h) for i=p—1

8.5.1 Characters of L;.(S'h) for i=p—1and t =0

In this section we will calculate the character of Lg .(SP~'h) for generic c. We first find
a certain space spang{vo, ..., Vp—1} of singular vectors in Mo (SP~'h),—1. We define
an auxiliary module M as a quotient of M .(SP~1h) by the Ho (G Lo, h)-submodule
generated by these singular vectors and by the action of the algebra of invariants
(SH)§ = k[Qo, @:]+ (for definitions of Qo and Q, see section 8.1.2). We calculate
the character of M, and finally we show that M is irreducible and isomorphic to
Lo,c(S*~'h).

We will extensively use Corollary 8.2.6, which states that all the composition
factors of M;(SP~1h) are of the form L. (SP~'h). Because of that, all the singular
vectors in M, (SP~'h) form subrepresentations with composition factors isomorphic
to SP~1h.

First, we find singular vectors in degree p — 1.

Lemma 8.5.1. The vector
Y - @y
in SP~1h* @ SP1h = My (SPh),p-1 is singular.

Proof. The proof is pure computation, using the parametrization of conjugacy classes
from Lemma 7.1.2 and Example 7.1.3 and Lemma 6.3.1 extensively.
First, this vector is antisymmetric with respect to indices 1,2, so it is enough to
show that D,, acts on it by 0. For any X the coefficient of —cy in Dy, (z5 ' ® y5~* —
oy ) is

—1 —1 —1 —1

Z(yl,ao( i ®<s.y2>P~1—f'5"T”3—®<s.ym-1). )
SECH s

Let us rewrite this using the parametrization of C) from Lemma 7.1.2 and Example
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1
7.1.3. We use notation ap = € b*. The sum is over all b,d € F, if A # 1 and
b

over all b,d € Fp,, d #0, if A = 1. The above expression is equal to:

= > alb (B = (m1— (1 -A—bd))" ) ® W (b1 = A — bd)ys + (A + bd)y2)" " +
bd
+ai,, (72 = )™ = 257) ® o5 (1 — by + )" =

= )‘p_l > Z ( )( 128171 — XA = bd)af ™ @ (b(1 — A — bd)ys + (A + bd)ys)P " +

bd i=1
-1 C p—l—i n i _
+(pi ) e 8 (1= bl + ) =

- w55 () )(”};1)°

bd i=1 j=0 k=0
: ((_1)w+l(1 — A= bd) Va2 @ P R(1 — A — bd)PTI R (N + bd) B Rk
D' e T e (1 - bd)”‘l"“d"y‘f““"y§) =

1 S8 -1 i—2_j 1-k
- A,,_lzz( o) e
k=0 j=

p—1

Z Z 1) (p )( 1)1+1(1 )\_bd)P—l—k+i(A+bd)kbp—l—k+j +
i=j+1 J
p—1 p—
Ve itk pit1+i-p(1 _ py\p—1—k
+z;] )(0 . J)( 1)id+*p (1—bd )

Reading off the coefficient of 257>z} ®y* ¥ and using that Lt =" ;1) is never

zero, the claim that (x) = 0 is equivalent to showing that for every 0 < k < p — 1,
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0 < j < p— 2, the expression (xx) is zero, where (*x) is

> ( pi (Z ; 1) (p ; 1) (=1)"*1(1 = A — bd)P~17H+ (A + bd)FbP—1—R+ 4

bd \i=j+1
-1
i1 1\t pitkpitldi-pr1 p—1—k
+ Z ( )(p_2_j)( 1)'d*+*b (1 - bd)
t=p—1-~j
P fi-1\ (p-1
- Z (Z ( : )(p . )(—l)i“(l—)\—bd)P-l—k+i()\+bd)kbp—1—k+j +
bd \imjt1 ~ 7 t
] .
P P—=2=10\ i ltk—ipi—i(q _ pg\p-1-F
+; -1_,)(0_2_1.)( 1) a1 — bd)

Il

z(”i“z’”‘z< ) e

b,d i=j+1 m=0 n=0
(1 = MPri-ktimmykonpmindp—l-kijgmin

o 1—k .
J P p— 2—1 p— 1-k% (_1)i+lbj—i+ldp—l+k—’i+l
—o z—o - 1 —t —2-7 :

Now we will use Lemma 6.3.1, which states that 3, 6" = 0 and 3-,cp, b =0,
unless N =0 (mod p —1).

2

First assume A\ # 1. The first part of the sum includes Y, b™+"+P~1=F+i and

Y4 d™t", so it is zero unless
m+n=0 (modp-1)

m+n+p—1—k+j=0 (modp-—1),

which implies

j=k (modp-1).

The second part of the sum includes Y, ;6 ~*HdP~ 1%~ 50 it is zero unless
j—i+1=0 (modp-1)

p—1+k—i+1=0 (modp-1),
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which again implies

j=k (modp-1).
As 0 <k <p-1,0<j < p—2, the possibilities for j = k (mod p — 1) are
j=0,k=p—1orj=k. Let us calculate (xx) in those two cases separately.

Ifj=0,k=p—1, then

) = > :‘—: Z pi ( ) ( ) (p N 1) (1)L = Ay AR npmEngmn

bd i=1 m=0n=0

+ Z 2D —
- > pZ—? >»5 (7)) (0 ) o - ymmpmiommengrin -

bd i=1 m=0n=0

= ) (A-bd)*TV - (A-bdpP =0

If 7 = k, then, using that a? = a,

() > ( pi ( ) ( 1)( Y1 = X — bd) P\ + bd)T +

bd \i=j+1

+i(p )(ﬁ 2_) D O bd)p-l-f)
)0

e I

bd i=0 I=0

Again using that ZbeF,, bY =0 unless N =0 (mod p — 1), N # 0, this is equal to:

(o) = g (p ; 2) (=1 1pP P Dgpt 4 % (p ; 2) (1) 12D
= 0.
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Let us now do a very similar computation for A = 1. Now ), ; is over b,d € Ty,

d#0.

COREDY ( § zk: (z - 1) (p; 1) (k) (—1)PkpRo-1=R ibnt qp-1—kiitn

bd \imjt1n=0 \ J n
j p-1-k .
p—1 p—2-i\(p—1-k it it gp—1+k—i+l
322 (L) () (T e
=0 =0
Again, this is zero unless j =k (mod p—1). If j =0,k =p — 1, it is equal to

plrd p—1\(p-1

k) = “ - —1)p+rditr 4 pOg2P-1)

e = Tan ()0 ey

p—1
— _2 : (2 : (p h 1) (pp -1 )bp-—ldp—l + b2(p—1)d2(p—1))
] —1-3
b,d i

=1

p—1 _1 2
- _ (pi ) S i
= bd

=0

p—1 2
-1
= — <p R ) = 0'
=0 ¢

) = 3 < % EJ: (z - 1) (p; 1) (3) (—1)P-3gep=D=ditngp=1=j+itn

bd \imj+1n=0 \ J n
j p-1-j . .
p—1 p—2-i\(p—1-7 il j—itl gp—14j—itl
323 (L) (e (T
_ Z (p - 2) (—1)P-ip3e-Dg2e-1) 4
ba \ 7

p—2 A—jrp1 2(p—
+Z (p-2_j)(_1)p 1-jpp—142(-1) —
bd

= () (I e
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So, (%x) = 0 and the vector x’l’_l ® yp_l —25'® i is singular.
) 2 2 1
a

Lemma 8.5.2. There are no singular vectors in My (SP~'h); for i < p—1, and
the space of singular vectors in Mo (SP~1h),—1 is isomorphic to SP~1h as a G La(F,)-

representation.

Proof. From the previous lemma it follows that the space of singular vectors in
M, (SP71h)p—1 is nonzero, and from Lemma 8.2.6 that all the composition fac-
tors of it are isomorphic to SP~'§. We will now show that for 0 < i < p — 1,
M, (SP71h); = S'h* ® SP~1h has no composition factors isomorphic to SP~!h unless
t=0or = p—1, in which case it has one. The claim follows from this.

Using Proposition 8.1.3 about the tensor products of symmetric powers, and calcu-
lating in the Grothendieck group of the category of finite-dimensional representations
of the group GLy(F,) (so, disregarding the question whether the short exact sequence

is split or not), we get:

[S'h* @ SP7'h] = [S°h ® SPT'h ® (det) ]
= [SP*1h @ (det) ™" + [SPH3h ® (det) Y 4 ... + [SPTI).

The representation SP~'h only appears on this list of representations SP+*~1-% ®
(det)™**7 for 0 < j < 4, when ¢ = 0, which is the trivial case. However, some of
the representations on the list are reducible, namely the ones with i — 1 — 25 > 0.

Decomposing them by Proposition 8.1.4,
[Sp—!—i—l—?jb ® (det)~i+j] —

= [S"1"¥h ® h ® (det) ] + [SPT1 ¥ @ (det) ]
= [S727%h @ (det) " + [ST¥h ® (det) "] + [SPTITHh © (det) ]

Here, we follow the convention that S*§ = 0 if &k < 0. In this decomposition all

representations are irreducible. Using that ¢t —1—-27 > 0, p—1 > ¢ > 0 and
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i > j > 0, we see that SP~'h appears on this list only once, namely when j = 0,
i=p—1. O
This space is generated by the singular vector from Lemma 8.5.1. Its explicit basis,

which we will need in computations below, is given by vy, ..., v,-1 € SP71h* @ SP~1p,

where

-1
v = zk:(_l)ixllc—ixg—l—kﬁ ® PN 1 pZ(_l)ileJ—l+k_i$§—k ® yP iy,
i=0 i=k

Recall that the algebra of invariants (Sh*)¢2(Fr) is a polynomial algebra generated
by polynomials Qp and Q; of degrees p> — p and p? — 1. Also recall that at t = 0, the
space (Sb*)fhmp) ® 7 C Mo(7) is always a subspace of Jo(7), and that the spaces
Q1 ® 7 and Qp ® 7 consist of singular vectors.

Let us consider three spaces of singular vectors in My (57~'h), all isomorphic to
SP=1h: span{vp, . .. vp-1} in degree p—1, Q1®S7~h in degree p> —p, and Qo®SPh in
degree p?>—1. We want to study the Hp (G Lo, h)-submodule of My (S?~'h) generated
by these vectors, and calculate the character of the quotient M of My (SP~1h) by this

submodule.

Proposition 8.5.3. Let V be the Hy (G L2(F,)) submodule of My (SP~1h) generated

by singualr vectors vy, ...vp—1. Then
Q:®S5 'y CvV,
while the intersection of the submodule generated by Qo ® SP~'h and V is generated

by Qovo, - - - Qovp—1 in degree (p*> — 1)(p —1).

Proof. Let | = 0 or 1, and let us study the intersection of the submodule generated
by Q; ® SP~'h and V. This is a graded submodule of My .(5P~1h), with elements of
the form

hove + hivi + . .. hp1vp1 = Qi f,

where h;(xl, T3) € S™h* for some n > 0, and f € S™HP-1-dee(@)p* @ Gr-1p.
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This is a linear equation in Sh*® SP~'h with unknowns h; and f. Reading off the
coefficients with 5" "*y% € SP~1h in this equation, we can think of it as a system of
p linear equations in Sh, with unknowns h; and f; € Sb*, f =3, fi ® ¥ ' yi. The
left hand side can then be written as

:L‘i)_l “+ 112)—1 xlxg_z ... x’fxg—l'k - l'g_l h()
—:Z,‘zl’_2.’1,'2 —(-'17’1’_1 + 1127—1) ces —x’f'lzg_k “en -(1,‘11’_21'2 hl
2222 a2, .. ah2gpkH 2232 ha
e S A T S RIRY
e N . S - c e P

The i-th row represents the coefficient of 32"y, and the k-th column corresponds

to vg. Call the matrix of this system A, denote the vector with entries h; by 7; and
Ja—

the vector with entries f; by f. The system of equations in matrix form can then be

written as

— —
Ah=Qif.
Next, we need a lemma.

Lemma 8.5.4. det A = (—1)P"1/2Q,.

Proof. Factoring out the coefficient —1 from all even rows accounts for the sign
(=1)%=1/2 The remaining matrix A’ has 2" + 25" on the main diagonal, ;25>
above the main diagonal, a:%x’z’“S above that etc, and xﬁ”2x2 below the main diagonal,
22222 below that, etc.

To show det A’ is invariant under GLo(F,) action, let us show it is preserved by

the generators of GLy(F,), for example transformations
Az > 29,%0 — 1,

B: zy— ax1,T2 — 9,0 € Ty,
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C: 1z T + Ta, T2 — To.

This proof is direct. The action of A corresponds to transposing A’, which preserves
the determinant. The action of B can be calculated as multiplying the entry of A’ in
the (i + 1)-th row and (k+ 1)-st column (the ones corresponding to the coefficient of
y?~ 1"yt in vg) by @*~*. Factoring out @' from i + 1-th row and a™* from the k + 1-st
column, for all rows and columns, we get the determinant we started from multiplied
by a©@+1+-p=1)=(0+1+.p-1) — 1 The action of C' produces a new matrix, which can
be reduced to A’ by a series of row and column operations which don’t change the
determinant. More precisely, it is possible to use row operations, adding to each row
a linear combination of the rows below it, and achieve that the first column is that
of the original matrix, and to follow that by a series of column operations, adding to
each column a linear combination of the ones before it, and get the matrix we started
from.

We concluded that the determinant of A’ is a polynomial in z;,x2 of degree
p(p — 1), invariant under the GL,(F,) action. Hence, it is a multiple of @;. The
coefficient of z"l’(p ~1 in both the determinant and Q1 is equal to 1, and this finishes

the proof of lemma. O

We return to the proof of the proposition and to the system of linear equations
— —
Ah =Qif.

The inverse of A is deﬁz&, for A the adjugate matrix to A. For fixed 7, the

—_
unique rational solution A is given by

7= —ka7
T
This solution will be polynomial if and only if every entry of the vector Ql7 is
divisible (in Sh*) by Q.
If [ = 1, this becomes

— - —

h=Af,
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so a polynomial solution exists for every f € Sh* ® SP~h. In particular, we can pick

f € S%* ® SP~h, and it follows that ) ® SP~1} is contained in V.

If I = 0, then using that @ and @, are algebraically independent, it follows that
the polynomial solution T will exist if and only if every entry of 7) is divisible by

Q1. Solet F =Q,f i

1- So let f = @, f’, and notice that
- A
h =QoAf

means that every entry of Z) is divisible by Q. From this it follows that the intersec-
tion of the submodule generated by Qo®S5?~'h and V is generated by Qovy, - . . Qovp-1,
which are in degree (p? — 1)(p — 1).

O

As explained above, the purpose of proving the previous proposition was to con-

clude:

Corollary 8.5.5. Let M be the quotient of Mo (S*h) by the Ho o(GLx(Fy), h)-submodule
generated by singular vectors vy, ...vp_1 in degree p— 1, Q1 ® S'h in degree p* — p

and Qo ® S*h in degree p? — 1. Then its character is

Xm(2) = Xt o(sv-10)(2) (1 — 2771 (1 = 27°7Y)

and its Hilbert series is a polynomial

(1—2"1)(1 — 27"71)
(1-2)?

Hilbp(2) = p

Proposition 8.5.6. Ly (SP~1h) = M.

Proof. By Lemma 8.2.6, the irreducible representation Lo .(SP~'h) forms a block of
size one. That means that all the irreducible composition factors that appear in the

decomposition of My .(SP~'h) and of M, are isomorphic to Lo.(SP~1h)[m)].
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As a consequence, the character of Lo (SP~1h) divides the character of M;

XLoo(s7-10)(2)F (2) = xm(2),

for some polynomial F(z) with positive integer coefficients. The character of Lo .(SP~h)

is of the form
XLo,c(SP—lb)(Z) = XMy,.(SP—18) (z)ﬁ(z)
for some polynomial » with integer coefficients (h is divisible by (1—2)2, as Lo (S?P™?)

is finite-dimensional and M (57~!) has quadratic growth). Substituting this and the

character formula for M in the above equation, we get that

R(2)F(z) = (1 — 2P"1)(1 = 27" 7Y).

Let us use the other version of the character which will enable us to compute A.
Recall that for V =}, Vi a graded Cherednik algebra module, we defined chy to be

a function of a formal variable z and of a group element g, defined as
chy(z,9) = ) Ztrly, (9)-
k

It is then easy to see that

1
ChMoyc(Sp—lb)(z, g) = trlsp—ll)(g) ) det;,*(l — zg) )

) ,
(1 -2 1)(1 -2 1)
detps (1 — 2g)

cha(z, g) = trige-15(g) -

h(2)

ch, . (sp-19)(2, 9) = trlse-15(9) - dety- (1 — 29)”

Let g € GLy(F,). It can be put to Jordan form over a quadratic extension F, of
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Fp, and assume it is diagonalizable with different eigenvalues, of the form

A0
0 p

with XA # p € Fy. Then
tr|so-1p(g) = N L+ W2y 4 Pt =

and chz, (sr-1p)(2, g) is a polynomial in z, so

hz) h(z)
dety(1 —29) (1 —2A"1)(1—2zp™Y)

must be a polynomial in z as well. By choosing all possible A and p in F, C I, this
implies that h(z) is divisible by all linear polynomials of the form 1 —zA~?, and hence
by their product 1 — 2P~1. If X and p are in the extension F, and not in F,, then the
product (1 —2A71)(1 — zu™?) is an irreducible quadratic polynomial with coefficients
in IF, with a constant term 1. All such polynomials can be obtained in this way, and
h(z) is divisible by their product (1 — z?"~1)/(1 — 2*~1). From this we conclude that
h(z) is divisible by 1 — 27" 1.

Let us write

R(z) = (1 — 27" 1)g(2)

for some polynomial ¢. Then
#(z)F(z) =1— P71

However, it follows from Lemma 8.5.2 that  is of the form 1 — 2?1 +.. ., so #(z) is of

that form as well, and it follows that ¢(z) = 1— 2771, F(2) = 1 and Lo (SP~1h) = M.
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8.5.2 Characters of L;(S‘h) fori=p—1and t =1

Computing the character of L; ((SP~'h) is very similar to computing the character of

LO,C(S”“IIJ) in the previous section. We define a set of vectors analogous to v;:

k o1
v = z(—l)“'x’l’(’“"‘)x’z’(?‘l"“’”) ® yzli—l—zy; + Z(_l)izzli(p—lﬂc—z) xg(z—k) ® %—1—% .

=0 i=k

Lemma 8.5.7. The space spanx{vp, - --,V,_1} C Sple-Dp*@Sr-1p = M1,c(SP71h)p(p-1)
consists of singular vectors, and isomorphic to SP~'f) as a GLy(F,) representation.

This is the only space of singular vectors in My o(SP~1h),; fori=1,...p—1.

Proof. The proof that they are singular is an explicit computation analogous to the
one in the proof of Lemma 8.5.1, showing that one vector from this irreducible rep-
resentation of GLy(IF,) is singular. The space spanned by them is only space of p-th
powers in degrees p, 2p, . .., (p — 1)p which is isomorphic to SP~'h as a GLy(F,) rep-
resentation; this follows directly from Lemma 8.5.2 and implies that this is the only
space of singular vectors for generic ¢ in degrees up to p(p — 1).

a

Proposition 8.5.8. Let M’ be the quotient of M (S'h) by the Hy . (GL2(F},),h)-
submodule generated by singular vectors vy, . . .'v;,_l in degree p(p — 1), Q) ® S’ in

degree p(p* — p) and Q) ® S'h in degree p(p* — 1). Its character is
0

_ _ 1-—2r\?
X (2) = Xoay o(so-15)(ZP) (1 — FED)(1 — P ) < — )

and the Hilbert series

(1 — z2PP=D)(1 — 2#(*-D)

Hllef(Z) =p (1 — 2)2

Proof. The claim is equivalent to the reduced character being equal to

Xty o(so-15)(2) (1 — 2P (1 = 277,
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By definition of M’ and the reduced character, it is equal to the character of the
Sh*-module defined as the quotient of Sh* ® SP~1h by vy, .. .Up—1 from the previous
section, Qp ® S*h and Q; ® S*h. Corollary 8.5.5 in the previous section shows that
the character of this module is as claimed in the proposition.

O

Finally, we have
Proposition 8.5.9. For generic ¢, L, .(SP~1h) = M'.

Proof. The character of L, .(SP~1§) for generic c is of the form

1—2P\%2_
XL1,(57-16)(2) = Xy o(57-15) (2°) (Tz) ()

for some polynomial #’. It divides the character of M, so F’(z) divides (1 —2zP~1)(1 —
z”z"l). Using the same version of the character as in the proof of Proposition 8.5.6,

we see that ﬁ'(zp)
chy, .(sp-15)(2,9) = tr[se-15(g) - ety (1= 2g)’

and we see that h(z?) is divisible by (1 — 2#°~!). From this it follows that h(z?)
is divisible by (1 — 2#®~1). Finally, it follows from the previous proposition that
K (z) is of the form 1 — 2P~! 4 ..., and from this, its divisibility by (1 — 2#°~1) and
the fact it divides (1 — 2?"~1)(1 — 2771) it follows F/(2) = (1 — 27" ~1)(1 — z°~1) and
Ly (SP71h) = M.

O
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Appendix A

Computational data

( 1 1 2 2 2 3 3 4

1 1 2 2 2 3 3 4

—y~ 144 _yl44 -9 2 2 _ 3y—48 — 3y48 4

_y— 144 _y144 -9 2 2 _3y—48 _3y48 4

_,y—144 y144 0 0 0 _y—48 y48 0

1 -1 0 0 0 1 -1 0
-1y (e -1y® - +1 e+l g1 0 0 -1
_ 54 y—192 _ €4y192 {4 54 54 0 0 _ 54

—§6y‘216 _€6y216 _256 0 0 §6y—72 §6y72 0

gsy—n §6y72 2 56 0 0 _ §6y—24 _ €6y24 0
§4y—48 €4y48 _ 64 64 64 0 0 _ 54
(€ + 1)y 20 (- +1y™0 -1 g4+l €41 0 0 -1

(-€+Oy™ (E-y™™ 0 —€-1 €41 (E-Oy™ (-C+t 0

_§3y~180 §3y180 0 {6 -1 _66 +1 §3y—60 __§3y60 0

-y (-€+Hy™ 0 -1 £41 (L (E—&y® 0

K £3,-36 £33 0 -1 —g541 g3y 12 £3y12 0

Table A.1: A-matrix for parameter ¢ where £ = ¢?™/24 and y = £°. The columns are
labeled by W, in the order 1,,1_,2,2,,2_,3,,3_,4.

c= 1/12 61/12= (1,1,0,0,"‘1,0,0,0)

c= 1/4 ei/4 = (1701 070707 0) la _1)> e%/4 = (07 1707 0) 0’ 17 07 _1)7 6?/4 = (07 07 07 17 0, _11 _17 1)
c=1/3 | eys=(1,1,-1,0,0,0,0,0)

c= 1/2 6%/2 = (110’ 1307 0) _1,070)) e%/2 = (0) 1, 1,0, 07 0) —1, 0)

Table A.2: Nullspace bases for A-matrix at ¢ =1/12,1/4,1/3,1/2
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S1,

S1

S2
S2
S2_
83
S3_

S4

v A=)+ -+ - v+ (v - L) v+ &) (v —E) v+
€ (v = €N (v + €N - &) v+ &) (v =) (v + ) (v — &) (v + €M)

(v = v +&E)(v = )2(v +€)*(v — €Y (v + &) (v = £) (v + &) (v — £)*(v +
) (v — €N +ENw - )+ ) (v =€) (v +£)*(v - ) +£M)

2074w — € (v +€)(v = £°)P(v +€°)*(v — %) (v +€°)
—1207*(v = &)(v + ) (v + ) (v + £ (v + £°)*(v — €M)
—12074 (v + &)(v — &) (v — ) (v — ) (v - €)*(v + €M)
vT0v — €32 (v + €)% (v — £9)2(v + €°)% (v — €°)?(v + €°)°
v (v~ €)% (v + %)% (v — £°)* (v + £°)*(v — €)% (v + €°)?
3v™ (v — €)% (v + €)% (v — )’ (v + £°)?

Table A.3: Schur Elements for H,(Gi2), ¢ = v?, £ = 2™/
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