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On Space–Frequency Correlation of
UWB MIMO Channels

Xuemin Hong, Cheng-Xiang Wang, Senior Member, IEEE, John Thompson, Member, IEEE,
Ben Allen, Senior Member, IEEE, Wasim Q. Malik, Senior Member, IEEE, and Xiaohu Ge, Member, IEEE

Abstract—Conventional multiple-input–multiple-output
(MIMO) channel correlation models focus on describing
the complex amplitude correlation of resolvable multipath
components (MPCs). It has recently been shown that the
time-of-arrival (ToA) correlation of resolvable MPCs, which has
largely been ignored in the literature so far, is important for
characterizing the space–frequency (SF) correlation of MIMO
channels in the ultrawideband (UWB) regime. The proposal
of ToA correlation brings forth the following open questions:
What is the fundamental difference between amplitude and
ToA correlations? Are they mutually replaceable? What impact
do they have on system performance? Is this impact related to
channel bandwidth? This paper systematically answers the above
questions. We demonstrate that, compared with a conventional
model that only considers amplitude correlation, a UWB MIMO
channel model taking into account both amplitude and ToA
correlations leads to different theoretical maximum diversity
order, numerical structure of the SF channel covariance matrix,
spatial correlation function, and diversity performance. We
conclude that ToA correlation is a necessary complement to
amplitude correlation when the channel bandwidth exceeds
500 MHz, i.e., UWB channels. This new insight serves as the
motivation for more realistic modeling of UWB MIMO channels
and the inspiration for designing advanced UWB MIMO systems
to fully exploit the SF channel correlation properties.
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I. INTRODUCTION

MULTIPLE input–multiple output (MIMO) is a promising
wireless transmission technology that deploys multiple

antennas at both ends of a communication link to increase the
data rate or enhance the reliability without using additional
power, bandwidth, or time slots [1]. For simplicity, MIMO
channel models were often implemented by multiple uncor-
related Rayleigh fading processes [2], [3]. Unfortunately, the
performance of MIMO systems is severely degraded by channel
correlation, which is often encountered in practical situations
due to insufficient antenna spacing or sparse scattering [1].
Consequently, an accurate and analytically tractable channel
correlation model is required for the dependable design and
performance analysis of realistic MIMO systems.

Different correlation models are required for narrow-band,
wideband, and ultrawideband (UWB) MIMO channels [4]–[9].
In narrow-band systems, the physical multipath components
(MPCs) are considered irresolvable, and the channel impulse
response (CIR) is given by a complex-valued scalar channel
coefficient, which represents the phase-shifted superposition of
all MPCs. A narrow-band MIMO correlation model describes
the correlation of the channel coefficients of MIMO subchan-
nels. Examples of narrow-band MIMO correlation models in-
clude the Kronecker model [10], [11], joint correlation model
[12], and virtual channel representation model [13]. The core
element of a narrow-band MIMO correlation model is the
spatial correlation function, which calculates the channel cor-
relation coefficient as a function of antenna array parameters
(e.g., antenna spacing, radiation pattern, etc.) and propagation
environment (e.g., angular spread, scatterer distribution, etc.).
A closed-form expression of the spatial correlation function is
important for theoretical studies of MIMO system performance
and has attracted considerable research interest [14]–[19].

Unlike narrow-band systems, wideband systems have finer
delay resolution and a better capability to distinguish between
the times-of-arrival (ToAs) of different MPCs. Therefore, a
tapped-delay-line channel model is commonly used to describe
a wideband CIR, where each tap represents a resolvable MPC
characterized by a ToA and a complex amplitude. The ToA
of a tap reflects a time bin in the delay domain, whereas the
complex amplitude represents the phase-shifted superposition
of multiple irresolvable MPCs in that time bin. Wideband
MIMO correlation models [20], [21] assume that a resolvable
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MPC (i.e., a tap) appears in different MIMO subchannels
with varying (and possibly correlated) complex amplitudes but
identical ToAs. The amplitude correlation of each tap can be
specified using one of the aforementioned narrow-band MIMO
correlation models.

Conventional UWB MIMO correlation models [22]–[25]
adopt the same principle as the wideband MIMO correlation
model and assume that the ToAs of a tap are identical in differ-
ent MIMO subchannels. However, intuitively, this assumption
becomes inappropriate in the UWB regime due to the very high
delay resolution, which results in distinguishable ToA differ-
ence for a tap even between closely spaced antenna elements
[26]. In our previous work [26], we proposed to take into ac-
count the effect of “ToA correlation” for UWB MIMO channel
modeling. Simulation results showed that ToA correlation is
essential in getting a space–frequency (SF) correlation pattern
that better fits the measurements [27]–[30]. The introduction
of ToA correlation into UWB MIMO channel modeling brings
the following open questions: What is the fundamental differ-
ence between ToA correlation and the well-known complex
amplitude correlation? Are they mutually replaceable? What
impact do they have on the system performance? Is this impact
related to the channel bandwidth? In [31], we partly answered
the above questions from a theoretical perspective using a
simplified UWB MIMO channel model, which neglected the ef-
fect of multipath clustering [32]. Multipath clustering refers to
the propagation phenomenon that MPCs arriving from similar
directions and delays are grouped into clusters. This is caused
by the fact that scatterers tend to group together in realistic
environments. In general, systems with larger bandwidths are
expected to have stronger clustering effects due to a better
time resolution [33]. In UWB channels, the clustering effect is
typically quite significant [34]–[36].

Extending our previous work [31], this paper investigates the
SF correlation of UWB MIMO channels using a more realistic
channel model that considers multipath clustering. Moreover,
we systematically discuss the differences and relations of ToA
and amplitude correlations based on physical intuition, theoret-
ical analysis, numerical demonstrations, and simulation results.
The following contributions are made in this paper. First, we
propose a new UWB MIMO correlation model that provides
better accuracy than the model in [31], while maintaining
the analytical tractability. Second, we explain from various
perspectives the difference between ToA correlation and com-
plex amplitude correlation, and clarify their impact on the SF
correlation of UWB MIMO channels. Third, we theoretically
prove that, different from wideband MIMO systems [21] and
previous understandings for UWB MIMO systems [22], the
maximum diversity order of SF coded UWB MIMO systems
over clustered multipath channels is not affected by the degree
of multipath amplitude correlation.

The remainder of this paper is organized as follows. In
Section II, we first provide an intuitive explanation for the
causes of ToA and amplitude correlations in MIMO channels.
Section III introduces the proposed UWB MIMO channel
correlation model. Section IV analyzes the structure of the
resulting SF channel covariance matrix. In Section V, we apply
the proposed correlation model to study the maximum diversity

Fig. 1. Angular parameters in clustered multipath channels and the physical
propagation phenomenon causing the multipath ToA variation/correlation.

order of SF coded UWB MIMO systems. Numerical and sim-
ulation results are provided in Section VI, and conclusions are
drawn in Section VII.

II. TIME OF ARRIVAL CORRELATION AND

AMPLITUDE CORRELATION

Unlike amplitude correlation, ToA correlation is a less-
discussed concept in the literature. Therefore, here, we first
provide an intuitive explanation of ToA correlation and dis-
cuss its relationship with amplitude correlation and system
bandwidth. Fig. 1 illustrates the propagation path of a typical
(single-bounce) physical MPC in a MIMO system. Due to
the differences of the propagation path length, an impinging
MPC may have different ToAs in different MIMO subchannels.
These ToAs are “correlated” in the sense that their mutual
differences are determined by the small propagation delays
across antenna elements. Such propagation delays depend on
the geometries of the transmit/receive antenna arrays, as well as
the directional property of the MPC. A 30-cm antenna spacing,
for example, can cause a maximum propagation delay of 1 ns,
which is larger than the temporal resolution of a UWB system.

In an ideal system with infinite bandwidth, every physical
MPC is resolvable and can be described by a Dirac delta func-
tion with a real-valued amplitude and a ToA. An MPC appears
in different MIMO subchannels with identical amplitudes but
different ToAs. Illustrating four MPCs, Fig. 2 shows an exam-
ple of the ideal CIRs of two correlated MIMO subchannels. The
xth (x = 1, 2, 3, 4) MPC is denoted as δx in the first MIMO
subchannel and as δ̃x in the second MIMO subchannel. A
proper metric to describe the “correlation” of the two CIRs is
their MPC ToA differences.

Now, let us consider a wideband MIMO system whose
CIR is given by a tapped-delay-line structure, where each tap
represents a resolvable MPC that is characterized by a ToA
and a complex-valued amplitude. The ToA of a tap reflects a
time bin in the delay domain, whereas the complex amplitude
of a tap represents the phase-shifted superposition of multiple
irresolvable MPCs in that time bin. The width of the time bin
is inversely proportional to the bandwidth of the system. Fig. 2
illustrates how the ideal CIRs are converted into wideband CIRs
with two taps (i.e., resolvable MPCs). The first tap captures
δ1 and δ2 in the first MIMO subchannel, as well as their
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Fig. 2. ToA correlation and amplitude correlation in two MIMO subchannels
with different system bandwidths.

time-shifted copies δ̃1 and δ̃2 in the second MIMO subchannel.
We can, therefore, consider this tap as having identical ToAs
in the two MIMO subchannels but varying complex amplitudes
caused by the phase changes of superposing irresolvable MPCs.
In a typical wideband system, the width of the time bin is
relatively wide so that most of the multipath ToA differences
are indistinguishable. In this case, the correlation between two
MIMO subchannels can be fully characterized by the complex
amplitude correlation.

When the system bandwidth increases to the UWB regime,
the ToA difference of an MPC may eventually become dis-
tinguishable due to better delay resolution. This is illustrated
in Fig. 2 with a four-tap UWB channel. Unlike the two-tap
wideband channel, δ1 and δ2 and their copies δ̃1 and δ̃2 now
fall into different time bins. This necessitates the introduction
of ToA correlation. Meanwhile, unlike the ideal CIR, a tap
within a UWB channel may still consist of a number of ir-
resolvable MPCs (e.g., δ1 and δ2 in the first tap) so that the
use of complex amplitude correlation is also justified. In fact,
Fig. 2 suggests that the amplitude correlation and the ToA
correlation can play different roles to capture the “irresolvable”
and “resolvable” correlation effects of the underlying MPCs,
respectively. Inspired by this intuition, in what follows, we will
present a generalized correlation model that incorporates both
the multipath amplitude and ToA correlations.

III. GENERALIZED ULTRAWIDEBAND

MULTIPLE-INPUT–MULTIPLE-OUTPUT CHANNEL

CORRELATION MODEL

We consider a clustered Mt × Mr wideband/UWB MIMO
channel with Mt and Mr transmit and receive antenna ele-
ments, respectively. The CIR from the pth (p = 1, 2, . . . ,Mt)
transmit antenna to the qth (q = 1, 2, . . . ,Mr) receive antenna
is given by

hp,q(t) =
L−1∑
l=0

K−1∑
k=0

ap,q
l,k δ(t − τl,k − εp,q

l,k ) (1)

where L is the number of clusters, l (l = 0, 1, 2, . . . , L − 1)
is the cluster index, K is the number of resolvable MPCs (or
“taps”) in a cluster, k (k = 0, 1, 2, . . . ,K − 1) is the MPC
index within a cluster, ap,q

l,k is the amplitude coefficient of the
kth MPC of the lth cluster, τl,k is the reference ToA of the
corresponding MPC (i.e., the ToA with respect to the array

center), and εp,q
l,k is the ToA difference with respect to τl,k. As

discussed in Section II, in conventional tapped-delay-line wide-
band MIMO channel models, ap,q

l,k have varying (possibly corre-
lated) complex values in different MIMO subchannels, whereas
εp,q
l,k = 0. In ideal CIRs for systems with infinite bandwidth,

ap,q
l,k have identical real values in different MIMO subchannels,

whereas εp,q
l,k �= 0. In this paper, we consider a band-limited

MIMO system to give (possibly correlated) complex-valued
ap,q

l,k and nonzero valued εp,q
l,k . Our formulation is more general

and can be applied to wideband as well as UWB channels.
The amplitude correlation of the kth MPC of the lth cluster

is characterized by an MtMr × MtMr covariance matrix RA
l,k

given by

RA
l,k = E

{
al,ka

†
l,k

}
(2)

where E{·} denotes expectation, and [·]† stands for the Her-
mitian transpose of a matrix/vector. In (2), al,k is an MtMr × 1
vector that is formatted as

al,k =
[
a1,1

l,k , . . . , a1,Mr

l,k , a2,1
l,k , . . . , aMt,1

l,k , . . . , aMt,Mr

l,k

]T

(3)

where [·]T stands for the matrix transpose. An entry of RA
l,k is

given by [
RA

l,k

]
p1q1,p2q2

=χp1q1,p2q2
l,k

= E

{
ap1,q1

l,k

(
ap2,q2

l,k

)∗}
= ξp1q1,p2q2

l,k σ2
l,k (4)

where p1, p2 = 1, 2, . . . , Mt, q1, q2 = 1, 2, . . . ,Mr, (·)∗ de-
notes the complex conjugate, ξp1q1,p2q2

l,k is the correlation coef-
ficient between random variables ap1,q1

l,k and ap2,q2
l,k , and σ2

l,k =
E{|ap1,q1

l,k |2} = E{|ap2,q2
l,k |2} is the variance/power of the kth

MPC in the lth cluster.
ToA correlation can be introduced by assigning proper values

to the ToA difference εp,q
l,k in (1). As illustrated in Fig. 1, we as-

sume that, for each MPC, its ToA variation in different MIMO
subchannels is only caused by the difference of propagation
delays across the antenna elements at the transmit and receive
arrays. Therefore, given the geometries of transmit/receive
arrays and the multipath angle of arrival (AoA) and angle of
departure (AoD), the corresponding ToA variation can be fully
specified. For simplicity, in this paper, we restrict our discussion
to uniform linear arrays (ULAs), noting that generalizations to
other types of arrays are straightforward. It follows that εp,q

l,k can
be evaluated as [26]

εp,q
l,k = [dp sin(φl,k,AoD) + dq sin(φl,k,AoA)] /c (5)

where c is the speed of light, dp and dq are the transmit
and receive antenna spacings, respectively, and φl,k,AoA and
φl,k,AoD are the AoA and the AoD of the kth MPC of the lth
cluster, respectively. Similar to the hierarchical angular model
that is used in the Third Generation Partnership Project (3GPP)
spatial channel model [37], we have

φk,l,AoA = θl,AoA + ϕk,l,AoA (6)

φk,l,AoD = θl,AoD + ϕk,l,AoD (7)
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where θl,AoA and θl,AoD are the mean AoA and AoD of the
lth cluster, and ϕk,l,AoA and ϕk,l,AoD are the offset angles
for the kth MPC of the lth cluster with respect to θl,AoA and
θl,AoD, respectively. The relationship of these angle parameters
is illustrated in Fig. 1. Due to random antenna orientations and
cluster locations, θl,AoA and θl,AoD typically follow uniform
distributions from 0 to 2π, which is supported by a number of
directional UWB channel measurements [35], [36]. Meanwhile,
various distributions such as uniform, truncated Gaussian, trun-
cated Laplacian, and von-Mises distributions [18], [19] have
been proposed to describe ϕk,l,AoA or ϕk,l,AoD. For example, a
Laplacian distribution with a zero-mean and an angle spread
(AS) of 38◦ is observed in [35] for UWB channels in an
office/laboratory environment.

From (6) and (7), we can see that φk,l,AoD and φk,l,AoA

have two levels of randomness due to their hierarchical com-
position. In some cases, we are interested in a static scenario
where the locations of main clusters are fixed, i.e., θl,AoA

and θl,AoD are treated as deterministic. Therefore, the mean
values of φk,l,AoA and φk,l,AoD are given by θl,AoA and θl,AoD,
whereas the shapes of their probability density function (pdf)
are determined by ϕk,l,AoA and ϕk,l,AoD, respectively. In other
cases, we may be interested in a dynamic scenario with moving
transmitters/receivers or scatters. It is then desirable to treat
θl,AoA and θl,AoD as random variables. When θl,AoA and θl,AoD

are uniformly distributed from 0 to 2π, it follows that φk,l,AoD

and φk,l,AoA also have uniform distributions from 0 to 2π.
In channel modeling, there is a tradeoff on the model accu-

racy and analytical tractability. In this paper, we would like to
have an analytically tractable channel correlation model with
improved accuracy compared with the model in [31]. To this
end, the following assumptions are made.

1) The fading amplitudes of different MPCs are indepen-
dent, i.e., E{ap1,q1

l1,k1
(ap2,q2

l2,k2
)∗} = 0, given that l1 �= l2 or

k1 �= k2. This is a common assumption following the
widely applied uncorrelated scatterer model. Although
the fading of different MPCs is more likely to be corre-
lated when the system bandwidth increases, experiments
[38] did not find significant correlation even in UWB
channels.

2) The fading amplitude, ToA, and angular statistics of an
MPC are mutually independent. This is a widely used
assumption in the literature (e.g., [20]–[22]) to simplify
the channel model.

3) Given the mean AoA/AoD of a cluster, the AoAs/AoDs
of different MPCs within the cluster are independent
and identically distributed. This is a natural conclusion
following the hierarchical angular model described by (6)
and (7).

4) A Kronecker correlation model [10] is used to describe
the complex amplitude correlation of a tap. This can be
justified from two aspects. First, the Kronecker model
assumes that the transmitter and receiver side correla-
tions are independent. Using measured results of the bit-
error-rate (BER) performance, the applicability of the
Kronecker model to UWB channels has been indirectly
verified in [25]. Second, in this paper, the Kronecker

model is used to describe the correlation of a single tap,
which comes from a single cluster with a small AS. In this
case, the Kronecker model can give a good approximation
to the actual channel correlation [40]. We also note that
the Kronecker model can be used to characterize the
correlation of not only Gaussian fading taps but other
fading types as well, such as lognormal and Nakagami
fading.

IV. STRUCTURE OF THE SPACE–FREQUENCY CHANNEL

COVARIANCE MATRIX

Given the CIR in (1), the corresponding channel frequency
response Hp,q(f) can be obtained via the Fourier transform.
Considering UWB MIMO systems that employ orthogonal
frequency-division multiplexing (OFDM) [22], we are inter-
ested in the discretized channel frequency response Hp,q(n)
given by

Hp,q(n) =
L−1∑
l=0

K−1∑
k=0

ap,q
l,k exp

[
−j2πnΔf

(
τl,k + εp,q

l,k

)]
(8)

where Δf denotes the subcarrier frequency spacing, n =
1, 2, . . . , N denotes the subcarrier index, and N denotes the
total number of subcarriers. The channel vector H of size
MtMrN × 1 is given by

H =
[
H1,1, . . . ,H1,Mr , . . . ,Hp,q, . . . ,HMt,Mr

]T
(9)

where Hp,q is an N × 1 vector given by

Hp,q = [Hp,q(1),Hp,q(2), . . . , Hp,q(N)] . (10)

We then have R = E{HH†} as the channel covariance ma-
trix, which is of size MtMrN × MtMrN and is referred to as
the SF channel covariance matrix in this paper.

A. Entries of R

Consider an arbitrary entry of R given by

[R]p1q1n1,p2q2n2 = ρp1q1n1,p2q2n2

= E {Hp1,q1(n1) [Hp2,q2(n2)]
∗} (11)

where n1, n2 = 1, 2, . . . , N . Substituting (8) into (11), it fol-
lows that

ρp1q1n1,p2q2n2 =
L−1∑
l=0

αp1q1n1,p2q2n2
l βp1q1n1,p2q2n2

l (12)

where

αp1q1n1,p2q2n2
l =

K−1∑
k=0

χp1q1,p2q2
l,k exp [−j2πΔf(n1 − n2)τl,k]

(13)
is a coefficient that is related to the amplitude correlation, and

βp1q1n1,p2q2n2
l =E

{
exp

[
−j2πΔf

(
n1ε

p1,q1
l,k − n2ε

p2,q2
l,k

)]}
(14)
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is a coefficient that is related to the ToA correlation. If the ToA
correlation/differences are not taken into account, i.e., εp1,q1

l,k =
εp2,q2
l,k = 0, it follows that βp1q1n1,p2q2n2

l = 1, and (12) is re-

duced to ρp1q1n1,p2q2n2 =
∑L−1

l=0 αp1q1n1,p2q2n2
l , which repre-

sents the case using conventional MIMO correlation models.
Substituting (5) into (14) and using the assumption of

AoA–AoD independence, we get

βp1q1n1,p2q2n2
l = βp1n1,p2n2

l βq1n1,q2n2
l . (15)

In (15), we have

βp1n1,p2n2
l = E {exp [−jxp sin(φl,k,AoD)]} (16)

βq1n1,q2n2
l = E {exp [−jxq sin(φl,k,AoA)]} (17)

where the expectations are taken over φl,k,AoD and φl,k,AoA,
respectively, and

xp = 2πΔf(n1dp1 − n2dp2)/c (18)

xq = 2πΔf(n1dq1 − n2dq2)/c (19)

denote the normalized SF distances at the transmitter and
the receiver, respectively. Corresponding to the two levels of
randomness described by (6) and (7), we will address two cases
of AoA/AoD distributions. The first case is also the simplest
case, where φl,k,AoD and φl,k,AoA are both assumed to have
uniform distributions from 0 to 2π. As previously discussed
in Section II, this may represent a dynamic environment with
isotropic scattering. It follows that

βp1n1,p2n2
l =J0(xp) (20)

βq1n1,q2n2
l =J0(xq) (21)

where J0(·) is the zeroth-order Bessel function of the first
kind. The second case that we considered represents a static
scenario where the mean AoA and AoD of a cluster are fixed,
whereas the AoAs and AoDs within a cluster follow Laplacian
distributions. It follows that the pdf’s of φl,k,AoD and φl,k,AoA

of the lth cluster are given by

P (φl,k,AoA) =
1√

2κl,AoA

× exp

{
−
√

2|φl,k,AoA − θl,k,AoA|
κl,AoA

}
(22)

P (φl,k,AoD) =
1√

2κl,AoD

× exp

{
−
√

2|φl,k,AoD − θl,k,AoD|
κl,AoD

}
(23)

respectively, where | · | denotes the absolute-value operation,
κl,AoA and κl,AoD are the ASs of the lth cluster, respectively,
and θl,k,AoA and θl,k,AoD are the mean AoA and AoD of the
lth cluster, respectively. From (16), (17), (22), and (23) and
following similar steps in [17], we have

βp1n1,p2n2
l = JRe(xp) + iJIm(xp) (24)

βq1n1,q2n2
l = JRe(xq) + iJIm(xq) (25)

Fig. 3. Absolute values of the ToA-related coefficients |βp1n1,p2n2
l

| [given
by (20) and (24)] as functions of the normalized SF distance xp, with different
sets of angular parameters.

where i =
√
−1, and JRe(·) and JIm(·) are functions that are

defined as

JRe(x) =J0(x)+2
∞∑

m=1

J2m(x)
1+2m2κ2

l,AoA

cos(2mθl,AoA) (26)

JIm(x) = 4
∞∑

m=0

J2m+1(x)
2 + (2m + 1)2κ2

l,AoA

sin [(2m + 1)θl,AoA]

(27)

where Jz(·) is the zth-order Bessel function of the first kind.
When computing the infinite summations in (26) and (27), we
can use m = 100 to obtain sufficient accuracy [39]. In Fig. 3,
|βp1n1,p2n2

l | is computed from (20) and (24) as a function of
xp with different sets of angular parameters. It is observed that
with a decreasing AS, |βq1n1,q2n2

l (xp)| tends to have bigger
values and smoother curves.

B. Decomposition of R

Here, we will show that the channel covariance matrix R
can be decomposed into more tractable smaller matrices. This
property gives the proposed channel model the advantage to
facilitate theoretical analysis of UWB MIMO systems. From
(12), we can write

R =
L−1∑
l=0

Rl =
L−1∑
l=0

Al ◦ Bl (28)

where Rl = Al ◦ Bl is the SF covariance matrix with respect
to the lth cluster, ◦ denotes the Hadamard product, Al is
an MtMrN × MtMrN matrix whose entries are given by
αp1q1n1,p2q2n2

l , and Bl is also an MtMrN × MtMrN matrix
whose entries are given by βp1q1n1,p2q2n2

l . From (13), it can be
shown that Al can be written as

Al = (IMtMr
⊗ Wl)Φl

(
IMtMr

⊗ WH
l

)
(29)
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where ⊗ denotes the Kronecker product, and IMtMr
is the

MtMr × MtMr identity matrix. Matrix Wl is an N × K
Fourier matrix, which is defined as

Wl =

⎡
⎢⎢⎣

1 1 · · · 1
wτl,0 wτl,1 · · · wτl,K−1

...
...

. . .
...

w(N−1)τl,0 w(N−1)τl,1 · · · w(N−1)τl,K−1

⎤
⎥⎥⎦
(30)

where w = exp(−j2πΔf). Matrix Φl is an MtMrK ×
MtMrK square matrix, which is defined as

Φl =

⎡
⎢⎢⎢⎣

V1111
l V1112

l · · · V11MtMr

l

V1211
l V1212

l · · · V12MtMr

l
...

... Vp1q1p2q2
l

...
VMtMr11

l VMtMr12
l · · · VMtMrMtMr

l

⎤
⎥⎥⎥⎦

(31)

where Vp1q1p2q2
l is a K × K diagonal matrix, which is

given by

Vp1q1p2q2
l = diag

{
χp1q1,p2q2

l,0 , χp1q1,p2q2
l,1 , . . . , χp1q1,p2q2

l,K−1

}
.

(32)

In (32), χp1q1,p2q2
l,k is the multipath amplitude covariance

coefficient defined in (4).
Now, let us consider the structure of matrix Bl. In the case

that AoAs and AoDs are uniformly distributed from 0 to 2π,
matrix Bl can be written from (20) and (21) as

Bl = J0(Xp) ◦ J0(Xq). (33)

Here, Xp and Xq are MtMrN × MtMrN normalized SF
distance matrices, which are given by

Xp =
2πΔf

c
(P − PT ) (34)

Xq =
2πΔf

c
(Q − QT ) (35)

respectively, where P and Q are both MtMrN × MtMrN
matrices defined as

P =dT ⊗ 1MtMrN×Mr
⊗ dN (36)

Q =1MtMrN×Mr
⊗ dR ⊗ dN (37)

respectively. It is noted that the operator J0(·) in (33)
computes the zeroth-order Bessel function of the first kind
for each element of the input matrix. In (36) and (37),
dN = [1, 2, . . . , N ] is the 1 × N subcarrier index vector,
and 1MtMrN×Mr

is an MtMrN × Mr matrix with unit en-
tries. Vectors dT = dp([0, 1, . . . ,Mt − 1] − (Mt − 1)/2) and
dR = dq([0, 1, . . . ,Mr − 1] − (Mr − 1)/2) denote the 1 ×
Mt transmit antenna spacing vector and 1 × Mr receive an-
tenna spacing vector, respectively, with respect to the array
center. Here, dp and dq denote the spacings between adjacent
antenna elements in the transmit and receive ULAs, respec-

tively. Similarly, in the case of Laplacian-distributed AoAs and
AoDs, from (24) and (25), we have

Bl = [JRe(Xp) + iJIm(Xp)] ◦ [JRe(Xq) + iJIm(Xq)] .
(38)

V. MAXIMUM DIVERSITY ORDER OF ULTRAWIDEBAND

MULTIPLE-INPUT–MULTIPLE-OUTPUT SYSTEMS

Due to the tractable structure of the SF channel covariance
matrix, we are able to investigate the maximum achievable
diversity order in UWB MIMO channels. We consider SF
coding across Mt transmit antennas and N OFDM subcarriers.
Each codeword C is then an N × Mt matrix given by [20]

C =

⎡
⎢⎢⎣

c1(1) c2(1) · · · cMt(1)
c1(2) c2(2) · · · cMt(2)

...
... cp(k)

...
c1(N) c2(N) · · · cMt(N)

⎤
⎥⎥⎦ (39)

where cp(n) represents the symbol that is transmitted over the
nth subcarrier by the pth transmit antenna. At the receiver,
after matched filtering, removing the cyclic prefix, and applying
the discrete Fourier transform, the received signal at the nth
subcarrier and the qth receive antenna is given by

yq(n) =
√

ρ

Mt

Mt∑
p=1

cp(n)Hp,q(n) + zq(n) (40)

where ρ is the average signal-to-noise ratio, and zq(n) denotes
the additive white complex Gaussian noise with zero mean and
unit variance at the nth subcarrier and the qth receive antenna.
We can further write the receive signal as [20]

Y =
√

ρ

Mt
DH + Z (41)

where the received vector Y of size NMr × 1 is given by

Y =
[
y1(0), . . . , y1(N − 1), . . . , yq(k), . . . , yMr (N − 1)

]T
.

(42)

In (41), H is the channel frequency response vector format-
ted in (9), Z is the corresponding noise vector, and D is an
NMr × NMtMr matrix constructed from the SF codeword C
as follows:

D = IMt
⊗ [D1,D2, . . . ,Dq, . . . ,DMr ]. (43)

Here, IMt
is an identity matrix of size Mt × Mt, and Dq =

diag{cq(0), cq(1), . . . , cq(N − 1)} for any q = 1, 2, . . . , Mr.
The maximum achievable diversity or full diversity is de-

fined as the maximum diversity order that can be achieved
by SF codes of size N × Mt. In this paper, we only dis-
cuss the maximum diversity order as an upper bound of the
maximum achievable diversity without discussing whether the
upper bound is achievable. Suppose that D and D̃ are two
matrices that are constructed from two different codewords C
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and C̃, respectively. The maximum diversity order Λ can then
be determined as [20]

Λ = rank
{

(D − D̃)R(D − D̃)†
}

. (44)

According to the rank inequalities on matrix multiplication
[42], we have

Λ ≤ min {MrN, rank(R)} . (45)

From (28) and based on the rank inequalities on matrix
addition and Hadamard product [42], we get

rank(R) ≤
L−1∑
l=0

rank(Rl) ≤
L−1∑
l=0

rank(Al)rank(Bl). (46)

Since Al can be further decomposed as shown in (29),
based on rank inequalities on matrix Kronecker product [42],
it follows that

rank(Al) ≤ min {rank(IMr
⊗ Wl), rank(Φl)}

≤ min {MtMr min{N,K}, rank(Φl)} . (47)

In (47), Φl is the MtMrK × MtMrK matrix given by
(31). Applying matrix permutations to Φl can yield another
matrix, i.e.,

Φ̃l = IK ⊗
[
RA

l,0,R
A
l,1, . . . ,R

A
l,K−1

]
(48)

where RA
l,k defined in (2) is the amplitude covariance matrix of

the kth MPC of the lth cluster. From (48), it follows that

rank(Φl) = rank(Φ̃l) ≤
K−1∑
k=0

rank
(
RA

l,k

)
. (49)

Substituting (46), (47), and (49) into (45), we get

Λ ≤ min

{
MrN,

L−1∑
l=0

rank(Bl)
K−1∑
k=0

rank
(
RA

l,k

)}
. (50)

In the case of conventional wideband MIMO channel models
(no ToA correlation), we have rank(Bl) = 1, and

Λ ≤ min

{
MrN,

L−1∑
l=0

K−1∑
k=0

rank
(
RA

l,k

)}
(51)

which is in agreement with the result in [21]. In (51), MrN
is as a constraint imposed by the system design, whereas∑L−1

l=0

∑K−1
k=0 rank(RA

l,k) is a constraint imposed by the propa-
gation channel. Given a fixed number of antenna elements and
a sufficiently large OFDM size N > MtLK, (51) reveals that
the diversity order of a MIMO system depends on the number
of taps (i.e., LK), as well as the degree of their amplitude
correlation.

To analyze the maximum diversity order of MIMO channels
with ToA correlation, we need to determine the rank of Bl in
(50). Let us consider a simple case with N = 1, bearing in mind
that larger values of N can only increase the rank. In the case of
a uniform AoA/AoD distribution, substituting (36) and (37) into

(33) and taking N = 1, after some mathematical manipulations,
we get

Bl = J0

(
2πdtΔf

c
UMt

)
⊗ J0

(
2πdqΔf

c
UMr

)
(52)

where UMt
and UMr

are circulant matrices that are fully
specified by their first rows given by vectors [0, 1, . . . ,Mt −
1] − (Mt − 1)/2 and [0, 1, . . . ,Mr − 1] − (Mr − 1)/2, re-
spectively. Since a circulant matrix has full rank and the Bessel
operation does not decrease its rank, from (52), we have
rank(Bl) = MtMr for N = 1. It follows that, for all N ≥ 1,
we have rank(Bl) ≥ MtMr. Further considering the fact that∑L−1

l=0

∑K−1
k=0 rank(RA

l,k) > LK, we can rewrite (50) as

Λ ≤ min{MrN,MtMrLK}. (53)

In the case of the Laplacian AoA/AoD distribution, the
matrix Bl has different values for its elements, but its rank
property remains the same. Following a similar procedure, the
same conclusion in (53) can be easily proved for the case of
Laplacian-distributed AoAs/AoDs.

Equation (53) implies that once the ToA correlation is taken
into account, the total degrees of freedom available in a UWB
MIMO channel to be exploited for diversity gain is MtMrLK,
regardless of the multipath amplitude correlation properties.
This theoretical insight confirms our previous intuition in
Section II that ToA correlation is a necessary complement
to, rather than a reformulation of, the complex amplitude
correlation.

It should be noted that the actual diversity gain achievable
in a UWB MIMO channel depends on not only the rank
properties of the multipath matrices but the exact conditions
(particularly the eigenvalues) of these matrices as well. There-
fore, although the degree of amplitude correlation has no im-
pact on the maximum diversity order, it can have significant
influence on the actual achievable diversity gain of the channel.
Some quantitative results on the diversity gains achievable in
realistic UWB MIMO systems will be presented in Section VI.

VI. NUMERICAL AND SIMULATION RESULTS

A. Numerical Results on the SF Covariance Matrix

In Section IV, we have shown that the SF covariance matrix
R is given by the sum of L cluster SF covariance matrices Rl.
Each Rl can be decomposed as the Hadamard product of two
matrices Al and Bl, where Al is characterized by the multipath
amplitude correlation, and Bl is characterized by the multipath
ToA correlation. In what follows, we will show some numerical
results to provide a direct visual understanding of the different
impacts of Al and Bl on Rl.

We consider a scenario where a UWB access point transmits
multimedia content to a digital display using MIMO technolo-
gies. The parameters of the UWB MIMO system are chosen to
be Mt = Mr = 2, dp = 20 cm, dq = 30 cm, and N = 256. The
system bandwidth is set to be NΔf = 3 × 528 MHz according
to the multiband (MB) OFDM UWB standard [22]. Based on
the measured statistics for residential indoor environments [43],
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Fig. 4. Matrix Al related to the multipath amplitude correlation (Mt =
Mr = 2, N = 256, NΔf = 3 × 528 MHz, τmax = 70 ns, L = 69, and
τRMS = 11 ns).

we set the number of MPCs in the UWB channel K = 69, the
delay spread τRMS = 11 ns, and the maximum reference ToA
τmax = 70 ns. To clearly illustrate the numerical results, the
following simplifying assumptions are made.

1) The entire CIR is considered as one single cluster (i.e.,
L = 1), and the multipath ToA τl,k is uniformly distrib-
uted between 0 ns and τmax.

2) An exponential power delay profile is adopted
to calculate the multipath power using σ2

l,k =
exp(−τl,k/τRMS)/τRMS.

3) The AoAs and the AoDs are uniformly distributed from 0
to 2π.

4) The amplitude correlation of each tap is a random number
depending on the number of irresolvable MPCs and their
directional properties. A simple model is used to capture
the essence of this phenomenon. We assume that the am-
plitude correlation coefficients are uniformly distributed
within an interval [αlow, 1], where αlow ≥ 0 is a lower
bound expressed as a cutoff linearly decreasing function
of the antenna spacing x, i.e., αlow = max(0, 1 − x/0.3).
Here, we assume that the lower bound reduces to zero at
a spacing of 30 cm.

From (29) and (33), matrices Al and Bl are computed,
and the absolute values of their entries are shown in Figs. 4
and 5, respectively. The corresponding SF channel covariance
matrix Rl is computed by (28) and shown in Fig. 6. The
4 × 4 distinguishable grids reflect the MtMr × MtMr spatial
structure. For example, denote the two transmit antenna ele-
ments as T1 and T2, respectively, and the two received antenna
elements as R1 and R2, respectively. The grid at the upper-
left corner represents the autocovariance of the vector channel
(consisting of 256 subcarriers) from T1 to R1. Inside each
grid, the covariance values change due to varying subcarrier
frequency spacing. From Figs. 4–6, it is observed that Bl has
an important impact on decorrelating the MIMO channel.

The decorrelating effect of Bl on Rl depends on the system
bandwidth. In Fig. 7, we compute the average absolute values
of the elements in matrices Al, Bl, and Rl, respectively,

Fig. 5. Matrix Bl related to the multipath ToA correlation (Mt = Mr = 2,
N = 256, NΔf = 3 × 528 MHz, dp = 20 cm, dq = 30 cm, and the uniform
AoA/AoD distribution from 0 to 2π).

Fig. 6. SF covariance matrix R = Al ◦ Bl (Mt = Mr = 2, N = 256,
NΔf = 3 × 528 MHz, τmax = 70 ns, L = 69, τRMS = 11 ns, dp =
20 cm, dq = 30 cm, and the uniform AoA/AoD distribution from 0 to 2π).

and show these average values as functions of the system
bandwidth. It is observed that the decorrelating effect of Bl

is significant (< 0.75) only if the system bandwidth exceeds
500 MHz, corresponding to the UWB system definition in the
FCC [4]. Fig. 7 implies that the ToA correlation (i.e., matrix Bl)
can be neglected for conventional wideband MIMO systems
with relatively small bandwidth but must be considered for
UWB MIMO systems.

It is important to note that matrix Bl not only decorrelates
the MIMO channel, but also introduces new “patterns” to the
MIMO SF covariance matrix. Comparing Fig. 4 with Fig. 5, the
different structures of matrices Al and Bl are evident. It implies
that the amplitude correlation and the ToA correlation differ-
ently contribute to the structure of the SF covariance matrix
Rl. Consequently, the decorrelating effect of Bl on Rl cannot
be simply replaced by modifying Al to have a lower degree of
amplitude correlation. In other words, ToA correlation is not
just a mathematical reformulation of the well-known complex
amplitude correlation, but is a necessary complement to the
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Fig. 7. Average absolute value of the SF correlation coefficients in matrices
Al, Bl, and Rl as functions of the system bandwidth (Mt = Mr = 2, N =
256, NΔf = 3 × 528 MHz, τmax = 70 ns, L = 69, τRMS = 11 ns, dp =
20 cm, dq = 30 cm, and the uniform AoA/AoD distribution from 0 to 2π).

amplitude correlation in the UWB regime. This observation
corresponds to our theoretical analysis in Section V.

B. Numerical Results on the Spatial Correlation Function

Here, we aim to partly validate the proposed model by
comparing the simulated channel properties with published
measurement results. To our knowledge, no measurement result
has been reported in the literature regarding the SF channel
covariance matrix of UWB MIMO channels. However, the
spatial correlation function of UWB MIMO channels has been
measured in several campaigns [27]–[30].

The spatial correlation function describes the correlation,
measured at a certain frequency, between two antenna elements
as a function of antenna spacing. It can be easily calculated
as ρp1q1n1,p2q2n2 in (12) by setting n1 = n2 and varying the
antenna spacing values given by dp1 − dp2 or dq1 − dq2 . Figs. 8
and 9 show the spatial correlation functions of the conventional
UWB MIMO channel models and the proposed channel models
at different frequency points, respectively. It is shown that the
proposed model (with ToA correlation) can yield frequency-
dependent spatial correlation, which is an intuitive channel
property observed in several measurements [6], [27]–[30]. In
contrast, conventional models (without ToA correlation) result
in frequency-independent spatial correlation. Figs. 8 and 9
further prove that it is necessary to introduce ToA correlation
into UWB channel modeling to better fit the measurement
results.

C. Simulation Results of Alamouti-Coded MB-OFDM
UWB Systems

Here, we aim to evaluate the impacts of ToA and amplitude
correlations on the diversity performance of multiantenna UWB
systems. Based on the MB-OFDM UWB system specified in
the ECMA-368 standard [44], our simulation model extends
the original single-input–single-output (SISO) system to a
2 × 1 multiple-input–single-output (MISO) system employing

Fig. 8. Absolute value of the spatial correlation ρp1q1n1,p2q2n2 of two
channel transfer functions as functions of the frequency and receive antenna
spacing (without ToA correlation, n1 = n2, NΔf = 3 × 528 MHz, τmax =
70 ns, L = 69, τRMS = 11 ns, and the uniform AoA/AoD distribution from
0 to 2π).

Fig. 9. Absolute value of the spatial correlation ρp1q1n1,p2q2n2 of two
channel transfer functions as functions of the frequency and antenna spacing
(with ToA correlation, n1 = n2, NΔf = 3 × 528 MHz, τmax = 70 ns, L =
69, τRMS = 11 ns, and the uniform AoA/AoD distribution from 0 to 2π).

Alamouti transmit diversity schemes. The physical layer func-
tional blocks of our simulation model are shown in Fig. 10.

In the ECMA-368 standard, the overall 7.5-GHz bandwidth
is divided into 14 subbands, where each subband has a band-
width of 528 MHz. The center frequency of each OFDM
symbol hops among different subbands according to predefined
time–frequency codes (TFCs). In our simulation, we consider
a popular TFC code that transmits OFDM symbols in the first
band group, where the center frequencies of the three subbands
are given by 3.432, 3.960, and 4.488 GHz. The TFC code
that we use is {1, 2, 3, 1, 2, 3}. Correspondingly, the Alamouti
space–time coding is performed over every two conjunctive
OFDM symbols in the same subband.

The data are sent in packets, including the training preamble
and the payload (information data). The time-domain OFDM
signals are up-converted by a mixer to the desired frequency
and pass through the channel by time-domain filtering with the
CIR. The receiver first down-converts the received signals to
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Fig. 10. Physical layer function blocks of an Alamouti-coded 2 × 1 MISO
MB-OFDM UWB system.

the baseband. It then processes the frequency-domain preamble
to estimate the channel, which is used to equalize the payload
symbols. The payload symbols are then decoded and compared
with the transmitted data to calculate the BER. In all simula-
tions, the BER performance is calculated as the averaged BER
of ten random channel realizations.

By applying different modulation, coding, and spreading
techniques, the ECMA system can support eight data rates
ranging from 53.3 to 480 Mb/s. In lower data-rate modes, the
ECMA system spreads symbols over time and frequency to
provide diversity gains in the time and frequency domains. To
focus our results on the benefits of spatial diversity, we config-
ure the system to the highest data-rate mode (i.e., 480 Mb/s),
which uses dual-carrier modulation, a code rate of 3/4, and a
spread factor of 1. In this case, the performance gains achieved
by the 2 × 1 Alamouti system compared with the SISO system
depend mainly on the exploitation of the spatial diversity.

To simulate the performance of the above system in realistic
environments, we first generate UWB SISO CIRs using the
standardized IEEE 802.15.3a UWB channel model [34], which
was parameterized to represent four typical scenarios: CM1 for
line of sight and a transmitter–receiver distance of 0–4 m, CM2
for nonline of sight (NLoS) and a distance of 0–4 m, CM3
for NLoS and a distance of 4–10 m, and CM4 for extreme
NLoS multipath channels. The power of the baseband CIRs
is normalized to 1, i.e., shadowing and path-loss effects are
not considered. This is because we are only interested in the
microdiversity performance determined by small-scale fading.

Based on the correlation model described in Sections III and
IV, the above UWB SISO CIRs are used to generate three
sets of UWB MISO CIRs: 1) MISO CIRs assuming amplitude
correlation only, 2) MISO CIRs assuming ToA correlation
only, and 3) MISO CIRs assuming both amplitude and ToA
correlations. Laplacian distributions are adopted to describe
AoA/AoD distributions in a cluster, and different values of
transmit antenna spacing are used.

Different sets of MISO CIRs are then used to simulate the
BER performance of the same Alamouti-coded MB-OFDM
UWB system. The results of the Alamouti-coded MISO UWB
system as well as the corresponding UWB SISO systems are
shown in Figs. 11 and 12 for CM1 and CM3, respectively.

Fig. 11. BER performance of an Alamouti-coded 2 × 1 MISO MB-OFDM
UWB system with different channel correlation models and different values of
transmit antenna spacing dp (CM1, 480-Mb/s mode).

Fig. 12. BER performance of an Alamouti-coded 2 × 1 MISO MB-OFDM
UWB system with different channel correlation models and different values of
transmit antenna spacing dp (CM3, 480-Mb/s mode).

In both figures, it is observed that when both the ToA and
amplitude correlations are taken into account, the diversity
performance is better than the other two cases where either
ToA or amplitude correlation is considered. This observation
implies that neither the amplitude correlation nor the ToA cor-
relation can solely capture the SF correlation property of UWB
MIMO channels—a conclusion in agreement with the previous
numerical results. Furthermore, ToA correlation appears to
have a bigger impact on the BER performance than amplitude
correlation, particularly when the antenna spacing is wider or
the channel is more dispersive (CM3 represents more dispersive
channels than CM1). These simulation results reinforce our
previous conclusions that, in addition to complex amplitude
correlation, ToA correlation is a necessary effect to consider
in UWB MIMO channel modeling to facilitate accurate and
realistic performance evaluation of UWB MIMO systems.
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VII. CONCLUSION

This paper investigates the different roles of ToA and ampli-
tude correlations in characterizing SF-correlated UWB MIMO
channels. A UWB MIMO correlation model with improved
accuracy has been proposed. Through physical intuition, the-
oretical analysis, numerical examples, and simulation results,
we have concluded that multipath ToA correlation, which has
been largely ignored so far in the literature, is a necessary and
important complement to the well-known multipath amplitude
correlation to fully characterize the SF correlation properties
of UWB MIMO channels. We expect that this new insight
into UWB MIMO channels will inspire further measurement
campaigns and more realistic channel models to facilitate de-
pendable design and performance evaluation of multigigabit
UWB MIMO systems.
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