Explorations of the Practical Issues of Learning Prediction-Control TasksUsing Temporal Difference Learning MethodsCharles L. Isbellsubmitted to theDepartment of Electrical Engineering and Computer Sciencein partial fulfillment of the requirements for the degree ofMaster of Sciencein Computer Scienceat theMassachusetts Institute of TechnologyDecember 1992' Massachusetts Institute of Technologyall rights reservedAuthor

Charles IsbellDepartment of Electrical Engineering and Computer ScienceCertified by

Tomaso Poggio,Thesis SupervisorAccepted by

Campbell L. Searle,Chairman, EECS Committee on Graduate Students

Explorations of the Practical Issues of Learning Prediction-Control TasksUsing Temporal Difference Learning MethodsbyCharles L. IsbellSubmitted to the Department of Electrical Engineering and Computer Sciencein partial fulfillment of the requirements for the degree of Master of Sciencein Computer ScienceAbstractThere has been recent interest in using a class of incremental learning algorithmscalled temporal difference learning methods to attack problems of prediction.These algorithms have been brought to bear on various prediction problems inthe past, but have remained poorly understood. It is the purpose of this thesis tofurther explore this class of algorithms, particularly the TD (l) algorithm. Anumber of practical issues are raised and discussed from a general theoreticalperspective and then explored in the context of several case studies. The thesispresents a framework for viewing these algorithms independent of the particulartask at hand and uses this framework to explore not only tasks of prediction, butalso prediction tasks that require control, whether complete or partial. Thisincludes applying the TD (l) algorithm to two tasks: 1) learning to play tic-tac-toefrom the outcome of self-play and the outcome of play against a perfectly-playingopponent and 2) learning two simple one-dimensional image segmentationtasks.Thesis Supervisor:Professor Tomaso PoggioUncas and Helen Whitaker Professor,Department of Brain and Cognitive Sciences

AcknowledgmentsI would like to thank my advisor, Tomaso Poggio, for his advice and directionwhile I worked on this thesis. His intensity and constructive comments helpedme to move this project forward.I would also like to thank Federico Girosi, Scott Hofmeister, Jim Hutchinson, MikeJones and Paul Viola for their thoughts during the course of this work.Finally, I must thank Charlton J. Coles, Jacqueline D. Isbell and Patience R.Singleton. Their support, while not being of a technical nature, proved to beinvaluable.This report describes research done at the Artificial Intelligence Laboratory of theMassachusetts Institute of Technology. This research is sponsored by a grantfrom the Artificial Intelligence Center of Hughes Aircraft Corporation (LJ90-074)and by Office of Naval Research contract N00014--89--J--3139 under theDARPA Artificial Neural Network Technology Program. Support for the A.I.Laboratory’s artificial intelligence research is provided by the Advanced ResearchProjects Agency of the Department of Defense under Army contract DACA76--85--C--0010, and in part by ONR contract N00014--91--J--4038.This material is based upon work supported under a National ScienceFoundation Graduate Research Fellowship. Any opinions, findings, conclusionsor recommendations expressed in this publication are those of the author(s) anddo not necessarily reflect the views of the National Science Foundation.

1 Learning and Neural Networks....................................................................... 11.1 Why networks at all?........................................................................ 31.2 Radial Basis Function Networks...................................................... 51.3 Supervised versus Unsupervised Learning...................................... 92 Temporal Difference Learning........................................................................ 122.1 Temporal Difference versus Traditional Approaches toPrediction................................................................................................ 132.2 Derivation of the TD (l) learning algorithm....................................... 152.2.1 The General Learning Rule................................................ 162.2.2 The TD (l) learning algorithm............................................. 182.3 Maximum-Likelihood Estimation....................................................... 192.4 Prediction versus Control.................................................................. 202.4.1 Searching through a Graph................................................ 212.4.2 Non-controlling prediction tasks.......................................... 223 Practical Issues in TD (l)............................................................................... 243.1 Algorithmic Considerations............................................................... 253.1.1 Credit Assignment............................................................... 253.1.2 Tweaking a and l............................................................... 273.1.3 Convergence of TD (l)....................................................... 273.1.4 Completion of TD (l)........................................................... 283.1.5 Sequence Length and the Curse of Dimensionality............ 283.2 Task Dependent Considerations...................................................... 283.2.1 Prediction and Partial Control............................................. 293.2.2 Prediction and Control Revisited......................................... 313.2.3 Relative and Absolute Accuracy......................................... 313.2.4 Random Tasks and Noise................................................... 323.2.5 Representation.................................................................... 333.2.6 Lookup Tables.................................................................... 343.2.7 Maximum-Likelihood Estimates and Non-MarkovianTasks........................................................................................... 344 Example: Tic-Tac-Toe................................................................................... 354.1 Tic-tac-toe......................................................................................... 354.2 Practical Issues in Learning Tic-tac-toe............................................ 37

4.3 Experiments with Tic-tac-toe............................................................ 384.4 Tic-tac-toe Results............................................................................ 404.4.1 Self-playing networks.......................................................... 424.4.2 Opponent-playing networks................................................ 455 Example: Recurrent Networks....................................................................... 485.1 Function Iteration.............................................................................. 485.2 Segmentation.................................................................................... 505.3 Practical Issues in Learning Recurrent Segmentation...................... 525.4 Experiments with Simple Recurrent Segmentation.......................... 535.4.1 Black-and-White Segmentation.......................................... 535.4.2 Hurlbert�s Segmentation..................................................... 545.5 Segmentation Results....................................................................... 545.6 Experiments with �Tagged� Recurrent Segmentation....................... 575.6.1 Black-and-White Segmentation.......................................... 575.6.2 Hurlbert�s Segmentation..................................................... 585.7 Segmentation Results....................................................................... 595.7.1 Black-and-White Segmentation Results............................. 595.7.2 Hurlbert�s Segmentation Results........................................ 606 Conclusion...................................................................................................... 65A: TD (l) and GRBF networks........................................................................... 68Bibliography....................................................................................................... 72

1Chapter 11 Learning and Neural NetworksLearning is a question central to the study of Artificial Intelligence. The sub fieldsthat make up AI are varied and sometimes quite divergent in their immediategoals and methods; however, the goal of �learning� in a way that mimics�andhopefully illuminates�the process employed by human beings is an omnipresentone.There has been great interest in the study of neural networks as a method forattacking this problem of learning. This interest has led to the creation of manydifferent structures which have been dubbed �networks.� In this thesis, I will usethe General Radial Basis Function (GRBF) and HyperBF networks (Poggio andGirosi, 1990), to discuss algorithms for training neural networks. In particular, Iwill discuss and propose evaluation criteria for the TD (l) temporal differencelearning algorithm (Sutton, 1988). As a training algorithm it is provably equivalentto the more widely-used supervised learning algorithms; however, questions

2remain about its usefulness and efficiency with more complex real-worldproblems. In this thesis I will identify a number of practical issues that thisalgorithm must address and use several case studies to provide an empiricalcontext to study its strengths and limitations.This thesis is divided into several parts. This first chapter introduces feedforwardnetworks in some detail and broadly defines two main classes of algorithms fortraining them. The second chapter introduces and derives another class oftraining algorithms, the TD (l) algorithms, and distinguishes them from the twoaforementioned classes as a temporal difference learning method. Theoreticalwork is presented, relating TD (l) to currently studied problems and to theprediction paradigm for which the algorithm should be ideal. In addition, thischapter develops a theoretical and algorithmic formalism for studying TD (l),allowing one to encompass not only tasks of simple prediction, but morecomplicated prediction tasks that involve control�whether complete or partial�as well. Chapter three presents related work, describing many of the practicalissues that the TD (l) method raises and attempts to show where this researchrelates to the greater body of work. Chapters four and five describe the casestudies used in this research to evaluate the TD (l) algorithm, relating them tothe practical issues discussed in the previous chapter. In particular, the casestudies explore two problems involving prediction and control: determining anevaluation function for tic-tac-toe positions through both self-play and playagainst a superior opponent and simulating a restricted class of recurrentnetworks to learn to do two kinds of simple segmentation. Results are presentedand discussed. Finally, chapter six concludes with a brief discussion of TD (l)and a review of the thesis.

31.1 Why networks at all?In practice, neural nets are difficult to train and often have trouble performingeven what would seem to be simple tasks. As number-crunching mechanisms,networks are often unable to deal easily with the processing of symbols; areextremely sensitive to the representation used for the data; and oftentimesrequire an inordinate amount of time to train. Still, neural networks do enjoyseveral advantages:1.They can learn to perform tasks for which computational algorithms do notexist or are poorly understood.2.They learn on the fly, adapting their behavior to a changing environment.3.As mathematical abstractions, they are not wedded to any specificalgorithmic engine for training.4.They inherit a wealth of theory and empirical data from approximationtheory, particularly from the fields of regression and statistical inference.In practice, the first property is probably the most important. For many problemsof interest, the level of understanding of the problem is poor. For example, with acomputer vision problem, we might want to perform some sort of objectrecognition but are unable to actually define what we mean by the �object.�Despite this lack of a specification, we can usually describe how a correctalgorithm should perform on particular examples. In this case, we can define

4learning as a process of associating particular inputs to particular outputs, that isas function approximation. This allows our analysis of neural networks to drawupon approximation theory, inheriting information from the statistical andregression communities.If a self-training network is capable of discovering a function that performscorrectly on a set of examples, it might be able to generalize to solve the problemfor inputs that it has yet to see. If the network does well in generalizing theproblem, this is an indication that it has discovered some important underlyingstructure. If this is the case, subsequent analysis of the network�s �answer� mightcontribute to our understanding of the original problem. Unfortunately, thisgeneralization problem is ill-posed: any finite set of examples for a function isconsistent with an infinite number of functions, many of which may have nothingto do with the original problem.The second property of networks�their built-in adaptability�is also important. Ifa neural network�s behavior is learned in the first place, then re-learning basedon some change in the environment should be easy to implement. This is, ofcourse, a property found in all high-level biological organisms and one computerscientists seek to emulate.As mathematical abstractions, neural network structures should be independentof changes in a particular training algorithm. The purpose of a training algorithmis to adjust the parameters of the network to move its outputs closer to thedesired outputs. Of course, some training algorithms perform better than othersand some algorithms might learn more quickly with certain networks than withothers. Still, the choice of a training algorithm should not change the inherent

5Output layerHidden LayersInput Layer{{{~~~~~~~~~~~~~Figure 1.1: A perceptron-like feedforward network. Input values are �clamped� atthe input layer. A unit at a higher level receives a weighted sum of the values of unitsbelow as input. It then passes this input through a function, usually non-linear, toproduce its own value.power of the network itself. This allows researchers to experiment with variousalgorithmic engines without affecting the universality of whatever neural networkthey choose to use for a base.1.2 Radial Basis Function NetworksNeural networks consist of a set of interconnected computational units. Theconnections are directed and usually weighted. For most kinds of networks, it isthese weights that training algorithms adjust.

6One of the most common types of networks is the feedforward network. Afeedforward network is any network that can be divided into distinct layers, suchthat there are no connections from a unit in an upper layer to any unit in a lowerlayer. The lowest layer consists of input units onto which input values areclamped. These values are then passed through a set of weights to produce theinputs to the next layer of so-called �hidden� units. These units take their inputand modify them using some function, passing their values to the next layer.This process is continued, with the output of the network being the outputs of thefinal layer of units. A typical feedforward network is shown in figure 1.1. Forsimplicity, we have assumed that the function at each unit is the same.If

xj

denotes the output of unit

j

and

wij

denotes the weight on the connectionfrom unit

i

to

j

(where

wij

can be zero), we can express the output of unit

j

simply:

xj = f( wij xii∑ )

.(1.1)The functions at each unit do not have to be nonlinear but they usually are. Insigmoidal networks, for example, each unit employs a sigmoidal function, such asthe logistic function (

f(x) = 11+ex

).One particular kind of feedforward network is the radial basis function network(Broomhead and Lowe, 1988; Poggio and Girosi, 1989). This type of networkalways contains three layers: a layer of input units, a hidden layer of radial basisfunction (RBF) units and a layer of output units. Each of the RBF units has avector of parameters,

vti

, called a center and is connected to the output units by a

7OutputsCentersInputs{{GGGGG�{Figure 1.2: An RBF network. All RBF networks have three layers: inputs, centersand outputs.weighted coefficient vector,

vci

. We can express the value of an output unit,

j

,as:

yj = cijG( vx − vti 2 ) i=1n∑

.(1.2)

G()

is a radial basis function, usually a gaussian (

G(x) = e− σ x2

) or multiquadratic(

G(x) = γ2 + x2

), and

vx

represents the

L2

norm.In an RBF network, the number of RBF units is equal to the number of trainingexamples with each center,

vti

, set equal to one of the training examples. Onlythe coefficients,

vci

, must be learned in this case. This reduces the process oflearning to a simple linear problem solvable by matrix inversion (Broomhead andLowe, 1988).

8The RBF network can be generalized by allowing fewer centers than trainingexamples. The centers of this generalized radial basis function network (GRBF)are usually initialized to some subset of the training examples. The centers canthen remain fixed or be allowed to change. In general, if the centers remainfixed, the system of linear equations is over constrained; however, the pseudo-inverse can be used to find a mapping with the smallest possible error on thetraining examples (Poggio and Girosi, 1989).Poggio and Girosi (1990) have proposed a further generalization: weighting theconnections between the input units and the RBF units, effectively replacing the

L2

norm with a weighted norm:

yj = cijG( vx − vti W2 ) i=1n∑

(1.3)where

vx − vti W2 = (vx − vti )T WTW(vx − vti )

.(1.4)If the weighting matrix,

W

, is diagonal (i.e. may only have non-zero values alongits diagonal), then for some simple tasks it is possible to interpret each diagonalcomponent of

W

as indicating the importance or contribution of thecorresponding component of the input vectors. A key component,

xi

, isexaggerated by a large value for

wii

while an unimportant component,

xj

, isminimized by a small

wjj

.This kind of RBF network, referred to as a HyperBF network, is derived fromregularization theory. By imposing smoothness constraints, the ill-posed problemof generalizing a function from input-output example pairs is changed into a well-posed one. Like both the RBF and GRBF networks, the HyperBF network can

9approximate any continuous function arbitrarily well on a compact, finite set(Poggio and Girosi, 1989).For the case studies in this thesis, we have chosen to use a GRBF network usingthe gaussian as the radial basis function:

yj = cije− σ i vx− vti 2 i=1n∑

(1.5)with a distinct, adjustable

σ i

for each adjustable center. Results should not belimited to just this type of network.1.3 Supervised versus Unsupervised LearningWhatever the kind of network used, training algorithms have been traditionallydivided into two major categories: supervised and unsupervised (Hinton, 1987;Lippman, 1987). Generally speaking, a supervised learning algorithm is anyalgorithm that involves a knowledgeable teacher who provides the correct answerfor every input example presented to the network. With an unsupervised learningalgorithm there is no teacher and the network is left to discover some usefulstructure on its own. Of course there is an implicit mapping that the networkmust learn in any unsupervised algorithm and, therefore, an implicit teacher. Infact, it is sometimes possible to simulate one type of algorithm with an algorithmof the other type.As such, it may be most practical to describe the differences between supervisedand unsupervised algorithms as differences in goals, as opposed to technique:

10the object of supervised learning is to approximate a particular input-outputmapping while the object of unsupervised learning is to find a mapping whichpossesses some specific underlying properties that have been deemedimportant. Both methods have their strengths and weaknesses.Supervised learning algorithms have met with considerable success in solvingsome difficult tasks, fairing somewhat better in this regard than unsupervisedlearning algorithms. This makes some sense. While it is not too difficult toimagine that there might exist a (complex) function that maps, say, bit-imagerepresentations of hand-drawn digits to the numbers they represent, it seems abit harder to imagine an important �underlying principle� that would straight-forwardly accomplish the same.On the other hand, supervised learning algorithms have been limited by theirpoor scaling behavior and tend to produce problem-specific representations thatdo not carry over well to new tasks. Unsupervised learning algorithms seem todo better in this regard. Further, they appeal to the goal of emulating the humanlearning process, which at least seems to be unsupervised.Of course, these two categories do not exhaust the possibilities. Clearly there isa continuum of learning types between these two extremes. For example, wecould combine some sort of �underlying principle� that generalizes well to manyproblems with the power of an external teacher. In this way we can guide anetwork to a final solution which not only performs complex tasks, but choosesfunctions that capture important underlying structures.

11One class of algorithms that approaches the problem of learning in a way that isdifferent than both unsupervised and supervised learning algorithms is the classof temporal difference learning methods. Instead of changing networkparameters by means of the difference between predicted and actual outputs,these methods update parameter values by means of the difference betweentemporally successive predictions (Sutton, 1988). Feedback is usually providedby a teacher at the end of a series of predictions. This combines the principle oftemporal (and spatial) coherence�the notion that the environment is stable andsmooth and any function that predicts behavior should reflect that notion�withthe power of an external teacher.In the following chapters, we will explore the TD (l) algorithm, a member of thisclass, evaluating its usefulness with a number of test cases and exploringwhether real-world problems can be better thought of as prediction problems and,perhaps, better attacked by this class of learning algorithms.

12Chapter 22 Temporal Difference LearningIn this chapter we discuss a class of learning algorithms called temporaldifference learning (TD) methods. This is a class of incremental learningprocedures specialized for prediction problems. As noted earlier, more traditionallearning procedures update parameters by means of the error between theneural net�s predicted or proposed output and the actual or desired output. TDlearning methods are driven instead by the error between temporally successivepredictions. In this way learning actually occurs whenever there is a change in aprediction over time.The earliest use of a TD method was Samuel�s (1959) checker-playing program.For each pair of successive game positions, the program would use thedifference between the evaluations of the two positions to modify the earlierposition�s evaluation. Similar methods have been used in Holland�s (1986)bucket brigade, Sutton�s (1984) Adaptive Heuristic Critic and Tesauro�s (1991)

13Backgammon program. Unfortunately, TD algorithms have remained poorlyunderstood. Sutton (1988) has provided a theoretical foundation for their use,proving convergence and optimality for special cases; Dayan (1991) hasextended Sutton�s proofs and Tesauro (1991) has provided an empirical study ofthe superiority of TD algorithms in at least one domain; however, it is still unclearhow well these algorithms can perform in general with complex, real-worlddomains or with structures other than linear and sigmoidal networks. To explorethese issues, we will first discuss in some detail the different approaches used bytemporal difference and more traditional learning methods to solve predictionproblems. Then, we will explore the difference between problems of simpleprediction and problems of both prediction and control, proposing a generalframework for discussing both.2.1 Temporal Difference versus Traditional Approaches to PredictionSuppose that we attempt to predict on each day of the week whether it will rainthe following Monday. A traditional, supervised, approach would compare theprediction of each day to the actual outcome, while a TD approach wouldcompare each day�s prediction to the following day�s prediction. Finally, thenetwork�s last prediction would be compared to the actual outcome. This forcestwo constraints upon the neural net: 1) it must learn a prediction function that isconsistent or smooth from day-to-day and 2) that function must eventually agreewith the actual outcome. The first is accomplished by forcing each prediction tobe similar to the prediction following it, while the second is accomplished byforcing the last prediction to be consistent with the actual outcome. The correctanswer is propagated from the final prediction to the first.

14This approach assumes that the state of the environment is somewhatcontinuous and does not radically change from one point in time to the next. Inother words, the environment is predictable and stable. If we accept thisassumption, the TD approach has three immediate advantages:1.It is incremental and, presumably, easier to compute.2.It is able to make better use of its experience.3.It is closer to the actual learning behavior of humans.The first point is a practical as well as theoretical one. In the weather predictionexample, the TD algorithms can update each day�s prediction on the followingday while traditional algorithms would wait until Monday and make all thechanges at once. These algorithms would have to do more computing at onceand require more storage during the week. This is an important consideration inmore complex and data-intensive tasks.The second and third advantages are related to the notion of single-step versusmulti-step problems. Any prediction problem can be cast into the supervised-learning paradigm by forming input-output pairs made up of the data upon whichthe prediction is to be made and the final outcome. For the weather example, wecould form a pair with the data at each day of the week and the actual outcomeon Monday. This pairwise approach, though widely used, ignores the sequentialnature of the task. It makes the simplifying assumption that its tasks are single-step problems: all information about the correctness of each prediction is

15available all at once. On the other hand, a multi-step problem is one where thecorrectness of a prediction is not available for several steps after the prediction ismade, but partial information about a prediction�s correctness is revealed at eachstep. The weather prediction problem is a multi-step problem; new informationbecomes available on each day that is relevant to the previous prediction. Asupervised-learning approach cannot take advantage of this new information inan incremental way.This is a serious drawback. Not only are many, perhaps most, real-worldproblems actually multi-step problems, but it is clear that humans use a multi-step approach to learn. In the course of moving to grasp an object, for example,humans constantly update their prediction of where their hands will come to rest.Even in simple pattern-recognition tasks, such as speech recognition�atraditional domain of supervised learning methods�humans are not faced withsimple pattern-classification pairs, but a series of patterns that all contribute tothe same classification.2.2 Derivation of the TD (l) learning algorithmIn the following two subsections we derive the TD (l) learning algorithm (Sutton,1988). First we introduce a temporal difference learning procedure that is directlyderived from the classical general delta learning rule and induces the sameweight changes. With this basic learning procedure defined, we expand it toencompass the much larger and more general TD (l) learning algorithm whichproduces weight changes that are different than any supervised-learning

16algorithm. In the next section, we explore exactly what the TD (l) procedurescompute and how this differs from the more traditional approaches.2.2.1 The General Learning RuleWe consider the multi-step prediction problem to consist of a series ofobservation-outcome sequences of the form

vx_1, vx_2,… vx_n,z

. Each

vxt

is a vectorrepresenting an observation at time

t

while

z

is the actual outcome of thesequence. Although

z

is often assumed to be a real-valued scalar,

z

is notprevented from being a vector. For each observation in the sequence,

vxt

, thenetwork produces a corresponding output or prediction,

Pt

. These predictionsare estimates of

z

.As noted in the first chapter, learning algorithms update adjustable parameters ofa network. We will refer to these parameters as the vector

vw

. For eachobservation, a change to the parameters,

Δvwt

, is determined. At the end of eachobservation-outcome sequence,

is changed by the sum of the observationincrements:

vw = vw+ Δvwt t=1n∑

.(2.1)This leaves us with the question of how to determine

Δvwt

. One way to treat theproblem is as a series of observation-outcome pairs,

(vx1,z),(vx2,z)… (vxn,z)

, anduse the backpropagation learning rule:

Δvwt = α (z− Pt )∇ wPt

(2.2)

17where

α

is a positive value affecting the rate of learning;

∇ wPt

is the vector ofpartial derivatives of

Pt

with respect to

vw

; and

(z− Pt )

represents a measure ofthe error or difference between the predicted outcome and the actual outcome.This learning rule is a generalization of the delta or Widrow-Hoff rule (Rumelhartet al, 1986).This is a clear supervised learning algorithm with each

Δvwt

depending directly on

z

. This falls prey to the disadvantages noted earlier. To convert this to atemporal difference algorithm, we must represent the error

(z− Pt )

in a differentway. We can use the �telescoping rule� to note that:

(z− Pt ) ≡ (Pi+1 − Pi ) i=tn∑

(2.3)if

Pn+1 ≡ z

. Using this, we can combine equations (2.1) and (2.2) to produce atemporal difference update rule:

vw = vw+ Δvwt t=1n∑ = vw+ α (z− Pt )∇ wPt t=1n∑ = vw+ αt=1n∑ (Pk+1 − Pk)∇ wPt k=tn∑ = vw+ αk=1n∑ (Pk+1 − Pk)∇ wPt t=1k∑ = vw+ αt=1n∑ (Pt+1 − Pt ) ∇ wPkk=1t∑

.In other words:

Δvwt = α (Pt+1 − Pt ) ∇ wPkk=1t∑

.(2.4)

18Note the incremental nature of this rule: each

Δvwt

depends only on a pair ofsuccessively-determined predictions and the sum of past values of

∇ wPt

, whichcan be accumulated with each observation.2.2.2 The TD (l) learning algorithmWith equation (2.4),

Δvwt

is updated in such a way that any difference between

Pt+1

and

Pt

affects all of the previous predictions,

P1,P2,… , Pt

, to the same extent.For some problems, however, it may be preferable to provide some way toweight the gradients,

∇ wPi

, so that more recent predictions are affected the most.To this end, we will consider an exponential weighting with recency, in which thepredictions of observation vectors occurring

k

steps in the past are weightedaccording to new parameter

λ k

where

0 ≤ λ ≤ 1

:

Δvwt = α (Pt+1 − Pt ) λ t− k∇ wPk k=1t∑

.(2.5)Equations (2.4) and (2.5) are equivalent for

λ =1

. We can therefore refer to (2.4)as a TD (1) algorithm and as a member of the more general TD (l) family ofalgorithms.When

λ <1

, TD (l) produces weight changes that are different than the moretraditional (2.4). This is particularly true with TD (0), when

Δvwt

is determinedsolely by the difference between the two most recent observations:

Δvwt = α (Pt+1 − Pt )∇ wPt

.(2.6)

192.3 Maximum-Likelihood EstimationIt is known that TD (l), for

0 ≤ λ ≤ 1

, converges asymptotically to the idealpredictions�at least for absorbing Markov processes and linearly separabledata�after an infinite amount of experience (Sutton, 1988; Dayan 1991);however, it is instructive to explore exactly what the TD (l) procedures computeafter a finite amount of experience and to contrast this with the more traditionalsupervised learning procedures. Following Sutton (1988), we will concentrate onthe differences between linear TD (1)�the Widrow-Hoff procedure�and linearTD (0) on linearly separable data, since this is where differences are most clear.After a finite number of repeated presentations, it is well-known that TD (1)converges in such a way so as to minimize the root squared error between itspredictions and the actual outcomes in the training set (Widrow and Stearns,1985). But what does TD (0) compute after a finite number of repeatedpresentations? Suppose that one knows that the training data to be used isgenerated by some Markov process. What might be the best predictions on sucha training set?Probability and statistical theory tell us that if the a priori distribution of possibleMarkov processes is known, the optimal predictions on a training set can becalculated through Bayes� rule; however, it is difficult to justify any a prioriassumptions about this distribution. In this case, mathematicians use what isknown as the maximum-likelihood estimate. In general, the maximum-likelihoodestimate of the process that produced a set of data is that process whoseprobability of producing that data is largest. For example, assume we flip a coin50 times and see a head 41 of those times. We can then ask for the best

20estimate of the probability of getting a head on the next coin flip. The real answerdepends, of course, upon the probability of having a fair coin; however, absentthis a priori knowledge, the best answer in a maximum-likelihood estimate senseis simply 82% (or

4150

).In the sort of prediction problems addressed by TD (l), the maximum-likelihoodestimate can be defined simply. If each terminal observation has associated withit an outcome value, then the best prediction for some state

i

, in the maximum-likelihood estimate sense, is the expected value of the outcome assuming thatthe observed fraction of transitions from observation state

i

to each of theterminal observation states is the correct characterization of the underlyingprocess. In other words, if seeing a particular observation state,

i

, always leadsus to a particular termination observation state,

j

, then the best prediction for

i

isthe outcome value associated with

j

. The TD (0) procedure moves toward thismaximum-likelihood estimate with repeated presentations of the training data(Sutton, 1988). For other values of

λ :0 < λ <1

, it is harder to characterize exactlywhat is happening; however, there is some interpolation between the maximum-likelihood estimate and the minimial root squared error calculated by thetraditional supervised learning procedure (Dayan, 1991).2.4 Prediction versus ControlFrom Samuel�s checkers-playing program to Tesauro�s backgammon player,temporal difference learning algorithms have been used with some success inthe domain of games. Learning in this domain, however, is not just a matter ofprediction. If a network is learning to play a multi-step game by predicting the

21�goodness� of a position, a neural net can actually exercise control over the nextposition that it will see when its own output is used to pick the next �good�position. In other words, we use the evaluation function that the network islearning to chose its moves in the game.We will avoid becoming bogged down in the details of any particular task orgame at this point by describing problems of learning to predict and control as theproblem of finding a good heuristic function for searching on a graph. We shallsee that this formalism not only applies to domains such as game playing, butalso to domains that do not at first seem to fit well into this description, such asthe weather prediction problem.2.4.1 Searching through a GraphAny game can be described in the following way: a directed graph made up ofnodes or states,

s1,s2,… sn

, and rules for moving from one state to another (thevertices). Some of the states are initial states and some are terminating states.If we assume that a neural net has no built-in knowledge of the rules and is onlyinterested in learning to predict the �goodness� of a given position, we can usethe following algorithm to teach it:

s

=

sinitialP

= net_prediction(

s

)while

s

is not a final statenext_list = generate_next_states(

s

)

s

= best_state(next_list)determine

∇ P

and accumulate the sum of the gradients.accumulate the difference between the last prediction and theprediction of the new state.

P

= net_prediction(

s

)accumulate the difference between the final prediction and the actualvalue for the final state.

start state

final statesintermediate states

Figure 2.1: Using ordered depth-first search to choose a path in state space.In short, we move from observation to observation, using the neural net�s currentidea of �good� to decide among the next possible observation states. Thefunction generate_next_states() embodies the �rules� of the game while thefunction best_state() simply uses the network�s current prediction function toprovide a value for each possible next state, returning the �best� one (i.e. thestate with the highest or lowest prediction value). This general algorithm hasbeen implemented and used for the purposes of studying the test cases in thisthesis.Recasting prediction and control problems in this manner allows us to view theseproblems as a variation on depth-first search, using a heuristic function to orderthe nodes. The goal of the neural net then is to learn this heuristic function.2.4.2 Non-controlling prediction tasksThis approach is not restricted to prediction-control tasks. Our first example, thedaily prediction of the likelihood of rain sometime in the future, also fits into this

23model. In this case, the generate_next_states() function simply returns theobservation for the next day, making the job of best_state() somewhat easy.Similarly, if we wish for our system to passively observe a game, as opposed toboth observe and control its direction, generate_next_states() can simply returnthe next position. In fact, as we will see later in this thesis, the approach evenworks for restricted cases of recurrent networks where the next observation stateis actually the prediction from the network itself.Although the theoretical underpinning for TD (l) presented by authors such asSutton prove the equivalence of these methods to their supervised-learningcounterparts and provide a strong argument for their superiority in some specificcases, there are several practical issues left unaddressed. In the next chapter,we will use the approach above to identify and explore some of these practicalissues.

24Chapter 33 Practical Issues in TD (l)In this chapter we forego our previously theoretical treatment to concentrate onthe more practical questions that must be addressed in order for temporaldifference procedures to be used effectively. Although some of the issues wediscuss here have been explored in some detail by both Tesauro (1991) andSutton (1984, 1988), they have not been completely addressed. In some cases,their explorations has raised even more questions that have remained largelyunanswered.We categorize these issues into two broad groups: algorithmic and task-dependent. We begin with algorithmic considerations but concentrate mostly onthe task-dependent issues as these issues better define the kinds of problemsthat are likely to be encountered in the real world.

253.1 Algorithmic Considerations3.1.1 Credit AssignmentIn multi-step problems, the sequence of states,

s 1 ,s 2 ,… s n

, are dependent. Thatis, each state,

st

, bears some relationship to the state,

st− 1

, that preceded it. In agame like chess, for example, a particular position constrains the positions thatfollow it. If no pawns are present on the board in some position, for example, nopositions that follow can have pawns present. Because of this interdependence,it may be difficult to determine which states have had the most affect on theoutcome. Nevertheless, after all the states have been seen by a net and anoutcome signal has been presented, the training algorithm must apportion creditto each state, determining in some way which states are most responsible for thefinal outcome. In our chess example, we might want to know which move wasour worst one and actually contributed most to a loss. This is known as thetemporal credit assignment problem.There is a similar structural credit assignment problem. Each weight parameterin

vw

contributes in some way to the network�s prediction and there must be someway to determine which parameters are most responsible for a correct orincorrect prediction. There are various schemes for determining this fairly well,the most commonly used being gradient descent.By contrast, temporal credit is often impossible to determine. TD (l) uses the lparameter in Equation (2.4) to address this directly. As an exponential weightingscheme, it assumes that the later states contribute the most to the final outcomeor, conversely, that the final outcome should affect the prediction function�s viewof the last states the most. The effect on earlier states will �bubble� back after

26continued iterations. In a prediction-control task, this corresponds approximatelyto a depth first search: the values of the states that are furthest from the root arechanged first. In other words, the same path in the search space is followed withonly the last state in the sequence changing. When all the last states have beentried, the next-to-last state is changed and all the paths from that state areexplored. This continues, �bubbling� up the search tree until an optimal path, orheuristic function, is found. Of course, this is only approximate. The states maybe related in arbitrary ways and may seem similar enough to the untrainednetwork that a change to the predicted value of the last state in a sequenceproduces a similar change to the predicted value of one of the earlier states.This analogy is more suited to the searching pattern of the network late in thelearning process.In theory, this depth-first search could be changed to correspond more closely tosome sort of breadth-first search. In this way, states furthest from the final statesare changed first. One possible way to accomplish this is by inverting l inEquation (2.5) and further restricting its range:

Δwt = α (Pt+1 − Pt ) 1λ t− i ∇ wPi i=1t∑

.(3.1)Another possibility would involve reversing the order of the gradients:

Δwt = α (Pt+1 − Pt ) λ t− i∇ wPt− i+1 i=1t∑

.(3.2)It appears that this breadth-first search possibility has not been fully explored.For some non-Markovian problems, including the kinds of recurrent net learning

27tasks presented in chapter five, this kind of search might be more appropriatethan the depth-first approach.3.1.2 Tweaking a and lAs with most training algorithms, TD (l) has a number of its own parameters thatcan be changed from task to task, most notably l and a. In practice, it may bebest that a changes over time. Initially, large values might help bootstrap thenetwork, but as the net approaches a more stable function, this parameter can bereduced to allow the net to fine-tune itself. Intuitively, the research in this areafrom the supervised learning community would seem to apply.On the other hand, it is more difficult to characterize the way in which we shouldchoose l. Watkins (1989) has pointed out that in choosing the value of l, thereis a trade-off between the bias caused by the error in

P

at the current stage oflearning and the variance of the real terminal values,

z

. The higher the value wechoose for l, the more significant are the values of

Pt

for higher values of

t

, andthe more effect the unbiased terminal values will have, leading to higher varianceand lower bias. On the other hand,

for larger

t

will have less significance andthe unbiased terminal values will have less effect if we lower l. This leads tosmaller variance and greater bias.3.1.3 Convergence of TD (l)Sutton (1988) and Dayan (1991) have proved that TD (l) converges in the caseof a linear network trained with linearly independent data sets. Unfortunately,linear networks are of limited use. More practical applications require the use ofnon-linearities. In this case, the TD (l) algorithm may not converge to a locally�let alone globally�optimal solution.

283.1.4 Completion of TD (l)Even in cases where TD (l) will converge, it is unclear how long thisconvergence might take. The state space upon which the algorithm searchesmay be infinite or incredibly large (as is the case with chess). Further, inprediction and control tasks, the paths explored by the algorithm may be circular.For example, when controlling a simulated car, the network may end up at somestate where it has been before within the current sequence of states. Since theprediction function is not updated until an entire sequence is generated andconcluded, this will lead to infinite repetition. In cases where this is possible,some outside agent must be employed to terminate an infinitely repeatingsequence.3.1.5 Sequence Length and the Curse of DimensionalityThe fact that learning time on networks increases exponentially as the dimensionof the input increases is known as the curse of dimensionality. In the case of themulti-step problems that temporal difference algorithms attack, this problem mayextend as well to the length of the observation or state sequences. It is stillunclear exactly how well the TD (l) algorithm scales with the length of statesequences. There is no reason to believe that the algorithm�s performance willnot degrade exponentially.3.2 Task Dependent ConsiderationsMany of the practical issues that we have described above are best understoodin the context of specific kinds of tasks. It is the type of task presented to the

29neural network that drives many of our algorithmic decisions. Good values of land a will differ radically from problem to problem, for example. In order to betterunderstand the algorithmic considerations, we present a few types of tasks anddiscuss their effects upon the particulars of the TD (l) algorithm.3.2.1 Prediction and Partial ControlThroughout this chapter and in chapter two, we noted that many problems ofprediction are actually problems of both prediction and control. It is worth notingthat in some problem domains, such as game theory, we are interested inproblems of prediction and only partial control. In a game like chess for example,a network might learn by playing opponents, some of which are considerablymore skilled, as opposed to just playing itself.In this case, the network has only partial control of its environment. It makes aprediction which is used to choose the next state, but then another agent,perhaps an adversarial one, chooses the state that follows. What should theform of the sequence that it sees be?One possibility is that it should only see the states for which it has predictedvalues. This would not allow it to take advantage of the information of the stateschosen by the other agents. On the other hand, the network might also bepresented these states along with the other agent�s predictions.In the first case, the sequence seen by the network is roughly halved, meaningthat the importance of each state in changing the parameters of the network isroughly squared. How would this affect the learning rate and the ability toconverge? Can this be overcome by simply using a value for l that is the square

30root of the value we would normally use? More importantly, does skipping everyother state affect the validity of the assumption that there is some temporalcontinuity?In the second case, it is unclear how the interaction of these other predictionvalues with the net�s predictions will affect learning. They could simply act as astraight-forward supervised learning signal, as if the network were presented withinput-output pairs, or they might have much more complex effects.In either case, the impact would seem to depend greatly upon both the absoluteaccuracy of the external agent and its accuracy relative to the network�s. In thecase of a game, the relative accuracy takes three forms: a vastly inferioropponent, a vastly superior opponent and an opponent of about the same skill.With a vastly inferior opponent and a constant stream of positive feedback, thenet might find a solution that only learns to win against poor play while with avastly superior opponent and continual negative feedback, the net might simplylearn to lose, predicting all states to be equally bad.Further, a huge disparity in ability could lead to an unstable search. Sincesuccessive states would probably differ widely from one to another, the series ofpredictions would also. This would likely prolong learning and increase thepossibility of poor behavior. With an opponent of about the same skill, it seemsmore likely that the network would slowly improve its performance; however, thisrequires that the opponent�s skill level changes to keep pace with the network�sability. Otherwise, the network would end up in one of the situations describedabove. For the purposes of our examples, this is achieved through self-play.

31With the net playing both sides, the probability of each side remaining at equalskill levels is increased.An interesting question involves the ability of TD (l) to generalize well in a taskinvolving only partial control. For example, if the network only predicts values for,say, odd-numbered states while an adversary predicts values for even-numberedstates, the network may learn a prediction function that only applies to the odd-numbered states to which it as been exposed. It is possible, for instance, that theodd-numbered states have their own substructure and a different functionoptimizes the predictions for the even-numbered states. If the net then �switchessides� with the adversary and attempts to predict even-numbered states, it mayperform poorly.3.2.2 Prediction and Control RevisitedAs touched on above, even the case of complete control by the network isdifferent from the problem of pure prediction. By controlling its own actions, thenet runs the risk of finding a self-consistent but sub-optimal predictor-controller.This problem has not been addressed theoretically and may be beyond thescope of TD (l).3.2.3 Relative and Absolute AccuracyOne potential problem with the TD (l) learning rule is that it is designed to teacha network to accurately predict a final outcome,

z

. Many times in prediction-control problems, however, we are really more interested in the network�s abilityto choose among several alternatives. For this, it does not need to provide anaccurate estimate of the actual �goodness� of a state so much as provide an

Actualvalues

.11.12.12.13.10.101.101.11.11.121.12.12Net 1Net 2Figure 3.1: Network 1 predicts values that are very close to the actual values while network2 has a sum of square error that is more than twelve times as large; however, becausenetwork 2 has done a better job of ordering the states, it choose the best state.estimation that accurately orders each state; however, the method by whichfeedback is provided to the network is not always conducive to this goal. In fact,this method may be counter-productive because small errors in absoluteaccuracy can lead to very large errors in relative accuracy.Similarly, since the error signal is measuring the absolute accuracy of thenetwork�s prediction instead of its relative accuracy, it is difficult to analyze anddetermine how well the algorithm is really doing. For an example of theseproblems, see figure 3.1.3.2.4 Random Tasks and NoiseIt is worth noting that Sutton (1988) and others have performed analysis withnoise-free, deterministic tasks. Although, Tesauro (1991) has explored teachinga net to play backgammon�a game which involves randomness or noise in theform of dice�it is not yet know how the introduction of other kinds of noiseaffects TD (l).

333.2.5 RepresentationAs with all neural network training algorithms, temporal difference procedures aresensitive to the representations chosen for both the data and the output.Representations can be designed so that they explicitly contain a wealth ofrelevant information or can be designed plainly, so that a neural net attempting togeneralize must somehow learn to represent a great deal of some underlyingstructure. Without enough information in the representation it may be extremelydifficult to generalize.A representation issue that is of particular importance to TD (l) is the lineardependence of the observation vectors. Dayan (1991) shows that if theobservation vectors presented to the network are not linearly independent, thenTD (l) for

λ ≠ 1

converges to a solution that is different than the least meanssquares algorithm, at least for linear networks. In this case, using the inaccurateestimates from the next state,

P(vxt+1)

, to provide an error signal for the estimateof the current state,

P(vxt )

, may not be harmless. With linearly dependentobservation vectors, these successive estimates become biased on account ofwhat Dayan has deemed their �shared� representation. The amount of the extrabias between the estimates is related to the amount of their sharing and thefrequency with which the transitions occur from one state to the next. So, whileTD (l) for

λ ≠ 1

will still converge, it will be away from the �best� value to adegree determined by the matrix:

I − 1− λ( )Q I − λ Q [ ]− 1 ( )

,where

Q

is the square matrix of transition probabilities. It remains unclearexactly how this affects the usefulness of TD (l) for typical problems.

343.2.6 Lookup TablesIf there are enough parameters available for a task, a network can act as alookup table by explicitly storing the values of the training data. In the case ofRBF networks, this requires one center or RBF node for every member of thetraining data.Sutton�s proof for convergence relies on a lookup-table approach and thereforerequires that every possible state be visited an infinite number of times. This isimpractical with real world problems.3.2.7 Maximum-Likelihood Estimates and Non-Markovian TasksAs seen in section 2.3, Sutton�s convergence and optimality proofs rely on theassumption that the tasks are absorbing Markov processes. For these kinds ofMarkovian processes, TD (l) computes a maximum-likelihood estimate, arguablya desirable feature. On the other hand, it is unclear how useful these procedurescan be with non-Markovian processes. For example, we may have a task wherethe observation state

c

in the sequence

… , a, c,… ( )

should be viewed differentlythan when the same observation

c

is proceeded by a different state,

… , b, c,… ( )

.If there no straightforward and computationally tractable way of encoding this inthe data or some way for TD (l) to discover it�and the latter is probably not thecase�then TD (l) may produce very inaccurate predictions and have no way ofcorrecting them.

35Chapter 44 Example: Tic-Tac-ToeIn this chapter and the next, we explore several case studies that ground some ofthe issues that have been raised in the previous chapters in particular contexts.Each experiment in this chapter used the approach that was outlined in section2.4.1.4.1 Tic-tac-toeOur first case study involves the game tic-tac-toe. Tic-tac-toe is a two-playergame played on a three-by-three grid. Each player is represented by a token,usually X and O. For our purposes, we will assume that X always goes first.Players take turns placing a token in an empty spot on the grid. A player haswon the game when she has placed three of her tokens in a row, either vertically,horizontally or diagonally. The game is a draw if all nine spots are filled and

36XOOXXaXOOXXb

XOOXXcOXOXFigure 4.1: a) shows a win for X, b) shows a �fork� for X, meaning thatX has two ways to win on the next move and figure c) shows a draw.neither player has placed three of her tokens in a row. Some game positions areshown in figures 4.1 and 4.2.Tic-tac-toe is a completely deterministic game with a finite number of states. Infact, the size of the state space can be reduced to only a few hundred by takingadvantage of the game�s symmetrical nature. Best play by both sides will alwaysresult in a draw. The following simple set of rules describes best play in anyposition:if you can place a token immediately and win, do so.if your opponent can win on her next move, block her.if you can �fork� (i.e. place a token such that you have two ways to win onyour next move), do so.if you can place a token on a square so as to force a block on the nextmove by your opponent and that by making that block, she will not�fork� you, place your token on that square. Prefer corner squaresto non-corner squares.if your opponent can fork, block her.if the center position is free, take it.if a corner is free, take it.if none of the other rules apply, place your token randomly.For each of these rules, it is possible that more than one state will satisfy thecondition. In this case, a player can simply pick one randomly.

37XOOOOFigure 4.2: Each of these positions is equivalent as they can all be rotatedor flipped into the same prototypical positions. The rightmost position, forexample, can be rotated clockwise 90ß and become the leftmost position.4.2 Practical Issues in Learning Tic-tac-toeAs a two-player adversarial game, tic-tac-toe provides an opportunity to exploremany of the issues that have been described in earlier chapters. In particular, itallows us not only to test the ability of TD (l) to solve prediction-control problemsbut to compare its ability to solve prediction tasks that allow complete control withprediction tasks allowing only partial control. To this end, we shall see how well anetwork can learn by self-play as well as by playing against an opponent who, inour experiments, always follows an optimal strategy. We will also explore theability of a these latter nets to generalize, by testing their ability to �switch sides�and provide accurate predictions for states that they have not seen.As a game with a relatively small number of states, the network should be able tovisit almost every state in the course of learning. Further, since this game has arelatively short number of states in any sequence�at most nine with self-playand five against an opponent�we should not have to concern ourselves with thisparticular version of the curse of dimensionality.Although tic-tac-toe is a relatively simple game to learn to play well, there aresome key positions that are very bad. For example, on the first two moves, a

38XOXOXX

OXXO

OXXOXFigure 4.3: If X places her token in the center square on the first move, O cannotplace hers in a non-corner square. X is able to force a �fork� no matter which non-corner square O chooses because of the symmetrical nature of the game.player facing an expert opponent is guaranteed a loss by placing an O in a non-corner square in response to an X being placed in the center square (see figure4.3). Because the �good� and �bad� moves are somewhat clear-cut and alwaysdeterministic, it is easier to determine the quality of the ordering capability of anevaluation function, independent of its absolute �error.�Finally, it is worth noting that tic-tac-toe positions contain a great deal ofstructure. Thousands of positions are collapsible into several hundred bysymmetry alone. A network learning the most compact function for this problemwould find some way to represent this information.4.3 Experiments with Tic-tac-toeFour experiments were conducted. One experiment involved a network learningto play tic-tac-toe through self-play while the other networks learned by playing

39against an opponent employing the strategy described in section 4.1, randomlychoosing among all the available best moves in any given position. Against this�perfect� opponent, one network always played X; another always played O andthe last alternated between X and O.Each experiment used a GRBF network with 200 centers. Each of theexperiments began with the same initial parameter values. The first 425iterations were treated as a bootstrapping phase. In this phase all but one of theinitial board positions had eight of their slots filled. The exception was the blankboard. The next 575 iterations added all the board positions with seven slotsfilled. For the final 1000 iterations, we chose one fifth of all the possible boardconfigurations for starting positions.For all of these experiments, the value of l was set to 0.6. The value of a wasdecreased after each phase, with the assumption that accuracy would suffer forlarge values of a during the last phases of learning. This assumption was verifiedby some initial results.Each board position was represented by a ten-dimensional vector. The first ninecomponents represented the tokens placed in each of the nine squares on thetic-tac-toe board, numbered from left to right and top to bottom while the lastcomponent determined which player�s turn it was to move. X was alwaysrepresented by -1, O by 1 and an empty square by the value 0.The output was a vector in three dimensions, representing the probability of Xwinning, the probability of O winning and the probability of a draw, respectively.

40The best_state() function computed a scalar value from these three probabilitiesto determine the ordering of possible states:

E = Pr(i)− Pr(j)+

Pr(draw)

2

(4.1)where

i

represents the player with the current turn and

j

her opponent. In thecase of a certain win for

i

,

E =1

; when

i

is certain to lose,

E = − 1

; and when adraw is certain,

E = 12

. This tends to make drawing much more like winning thanlosing. In the case of tic-tac-toe, where best play by both sides always leads to adraw, this seems like a desirable trait.4.4 Tic-tac-toe ResultsThere are several general results: the neural network trained through self-playperforms the best against the optimal opponent; each network learned toaccurately predict most drawing positions; all networks perform best whenplaying X; none of the networks learned the underlying symmetrical structure ofthe tic-tac-toe positions; and while the networks may play well against a rationalopponent, an irrational opponent can defeat them.It is not too surprising that the networks learned to play better when playing X.The design of the first bootstrap phase only allowed for one move, and that movewas always by player X. Therefore, there was a great deal of experience�evenfor the network that played O�with the positions for the first player.

41The design of the bootstrap phase also provided early experience for positionsleading to draws since many of those bootstrap positions necessarily lead to adraw. The next phase�which only allowed for a maximum of two moves�oftenforced draws as well. Given this initial bias and the fact that most lines of play intic-tac-toe lead to draws, it is also unsurprising that all the nets learned to predictdraws fairly well.The choice of input representation was a deliberate one, designed to provide theminimum of information. As such it may not be surprising that the networks didnot learn some way to transform the data and recognize symmetries. It ispossible that allowing a network to change its W matrix (thus moving from aGRBF to a HyperBF network) might facilitate this somewhat.Even when a network played well against a good opponent, it would fail against abad opponent. When playing against these TD (l) networks, an opponent hadonly to ignore the network when it had a pending win. Instead of blocking thatwin, an opponent would be better served to set up her own win. In somepositions, the network would rather block her thrust than actually win while inothers it would simply make some other move. One way to explain this is toassert that the networks learned to play defensively, preferring �not losing� to�winning.�It may seem that some of this is due to the form of equation (4.1); however, achoice function that makes the network a more �aggressive� player by placingthe value of drawing exactly between the values for winning and losing:

E = 2Pr(i)− Pr(j)+ Pr(draw)2

(4.2)

42PlayingXPlayingOWeightedAverage

0%10%20%30%40%50%60%70%80%

Self-playing netX-playing netO-playing netAlternating netFigure 4.4: The percentage of times each net drew against the optimal player. Since thenetworks were deterministic there are only a small number of possible games each net canplay against the optimal strategy. For example, the self-playing net as O always respondedto an X in the center of the board by placing an O in the bottom left-hand corner. From here,given the network�s level of play and the strategy used by our optimal player, there were onlythree possible lines of play that could follow.seemed to have no effect on the lines of play chosen by any of the networks, atleast after many training epochs.4.4.1 Self-playing networksAs a matter of strategy, the self-playing network learned to place its token in thecenter position when playing X. The four possible next �best� moves are allsymmetric (see figure 4.2); however, the network only learned to draw againstthree of them. In fact, the network learned non-symmetrical strategies for each ofthe positions it learned to draw against.As O, the network played its token in the bottom left-hand corner, one of the fourbest moves against an X in the center; however, it could only manage to drawone third of the time. It is worth noting that one of the losses is due to its inability

43OXSelf-playing netX-playing netO-playing netAlternating net

Self-playing netdrawOOO

X-playing netdrawdrawdrawdraw

O-playing netdrawdrawdrawdraw

Alternating netdrawdrawdrawdraw

Figure 4.5: Results of each of the networks playing against each other and themselves. Althoughthe self-playing net seems to be the best player against an optimal opponent, it manages to loseagainst the sub-optimal networks.to prevent a fork. It seems that it has not learned to prefer corner squares tonon-corner squares when forcing a block.In short, it appears that the network has learned the importance of the center andthe corner squares fairly well in the most common lines of play, mastering someof the opening. While it seems to have learned much less about middle gamestrategies such as forking, its choices for second moves tend to lead to a seriesof forced moves. When it follows the forced moves, it tends to draw.The network taught by self-play learned to play against the optimal player betterthan any of the other networks. It is possible that the network performs bestbecause it has had the most �stable� opponent and the most stable set of inputs.Each state was similar to the ones surrounding it. On the other hand, thenetworks facing an opponent saw vastly different states from time point to timepoint and almost always had large temporal errors. There is evidence thatsuggests that it is difficult to learn well under these circumstances (Poggio,personal correspondence).

440%10%20%30%40%50%60%70%80%90%100%

0 epochs

424epochs

1000 epochs

1200

1555

2000

Playing X

Playing O

WeightedAverageFigure 4.6: The percentage of times the self-playing network drew against the optimal player as afunction of the number of epochs the network has experienced. Although the percentage of gamesdrawn seemed to level off, the prediction function used by the network continued to evolve.As noted before, these networks often had difficulty playing against an opponentwho was irrational. In fact, even though the self-playing network played bestagainst the optimal opponent (see figure 4.4), it would sometimes lose againstthe networks which played �worse� (see figure 4.5).It is worth noting that the self-playing network seemed to be the only one tochoose moves from among the most positive possibilities instead of from theleast negative possibilities. For example, when choosing among the best firstmove for X, this type of network was the only one whose prediction functiongenerated numbers with positive values for equation (4.1). Each of the othersgenerated only negative values. This is due in part because the self-playingnetwork learned to predict values near zero for the probabilities of either X or Owinning and values nearer to one for the probability of a draw. It is also due tothis network coming closest to representing its output as probabilities. The other

45networks produced outputs with components as high as 2.9 and values forequation (4.1) as low as -3.1.4.4.2 Opponent-playing networksNone of the networks trained against the perfect opponent �learned to lose� in thesense that they never drew or learned a function that drove all states to �bad�values. Analysis suggests that the depth-first analogy fits well in this case. Agame sequence was repeated several times with the last states in the sequencegiven lower and lower scores. Eventually, the last state received a score so lowthat the sequence changed at that point. If none of these changes led to goodplay, the states earlier in the sequence had accumulated enough changes thatthe sequence changed at those points instead. Eventually, the network could nothelp but to stumble upon a good�or rather a non-disastrous�line of play.Even though each of these networks learned different prediction functions, eachnetwork learned to order states in more or less the same way. Thus, each netplayed the same games against each other and the optimal opponent. This issomewhat counter-intuitive since the X-playing network and the O-playingnetwork were exposed to different lines of play.Like the self-playing network, each of these nets learned to play X in the centeras a first move. Their prediction functions and the optimal strategy allowed forsix possible lines of play. The opponent-playing networks could only draw in oneof these lines. Of the five losing lines of play, the networks lost to a fork onlyonce. In general, the networks failed to block immediate wins. This was as truefor the X-playing network as it was for the other networks.

46This same problem surfaced with these networks when they played O. Eventhough the networks played a corner square as a first move against an X in thecenter, they simply never blocked immediate wins. Therefore, each network lostevery game playing O, including the O-playing network.Many of these problems seem to be traceable to a simple phenomenon. Theprobability predictions for the final positions are much more accurate than theearly predictions. It appears that the sequence length of the states for thesenetworks was short enough that the negative feedback for the last states had astrong effect on the middle states. Useful signals about the final states in asequence leading to an evaluation function that would choose appropriate finalmoves was confounded by these signals being associated with middle states toostrongly. Instead of minute changes in the evaluation function and incrementalimprovement, the network experienced large changes and played sometimesvastly different games from training epoch to training epoch. As noted beforelearning is often difficult in these circumstances. This is especially noticeablewith the network that alternated play between X and O. This network saw verydifferent lines of play over a short time and developed correspondingly differentevaluation functions, sometimes oscillating between evaluations.In theory, these opponent-playing networks could eventually play as well as theself-playing network against expert play. The depth-first search nature of thetraining still keeps the network away from learning to lose. Unfortunately, even ifthe networks can improve their play against the optimal opponent, it appears thatthey will take much longer than the self-playing network and follow too manyfruitless paths in the interim.

47For at least the first several series of training phases, self-play seems superior.Training a network by having it play against an optimal or near-optimal opponentmight not be useful until a self-trained net has already learned a fairly goodevaluation function on its own. At this point, with a sufficiently small learning rate,occasional negative feedback might help to jostle it from a self-consistent butsuboptimal evaluation function.

48Chapter 55 Example: Recurrent NetworksIn this chapter, we use the problem of simple segmentation to explore the use ofTD (l) with neural nets that are not structured as feedforward networks�namelya restricted subclass of so-called recurrent networks�in order to learn complexfunctions that can be described as the iteration of simpler functions. Eachexperiment in this chapter uses the approach outlined in section 2.4.1.5.1 Function IterationIt is sometimes possible to describe a complex function as the iteration of asimpler function:

vF(vx) = n→ ∞lim vf n(vx)

.(5.1)

49OutputsCentersInputs{{GGGGG�{

Figure 5.1: A HyperBF network with recurrent connections.Phrased in the language of a neural network, the outputs of the network are fedback into the inputs. Instead of each unit in a network calculating a value once, aunit updates its value each time its input changes. There is a class of networksthat uses this principle called recurrent networks (see figure 5.1).These networks are equivalent to feedforward networks in that they canapproximate any function arbitrarily well. Beyond this, they have been used forvarious tasks, including dimensionality reduction, with some success (Jones,1992).This formulation of a function can be useful for other reasons as well. For someproblems,

vf(vx)

may be an easier function to learn than

vF(vx)

and this ease oflearning is worth the trade-off in computation time. In other words, while

vF(vx)

is

50learnable, it may be extremely difficult for backpropogation or other methods totune the parameters of the network in order to duplicate the function. On theother hand,

vf(vx)

may be a simpler function to emulate.These recurrent networks raise serious questions of their own. For example, it isnot guaranteed that the outputs of a particular recurrent network will becomestable and cease changing. However, these problems are beyond the scope ofthis thesis and so we will only concern ourselves with the case where the outputof the network achieves a fix point.5.2 SegmentationSegmentation is the problem of taking a vector or matrix of values and returninga vector or matrix of equal size that groups similar values. In segmenting animage, for example, an algorithm would take as input a matrix of pixel values andoutput a transformed image where each pixel in an object has the same value. Itis assumed that adjacent objects in the original image are colored differentlyenough that we can distinguish between them. If this is not the case, thealgorithm may blend adjacent objects and produce an output image that lookslike a single large object.In this chapter, we will explore two methods of segmentation. One very simpleapproach is to decide the range of pixels values that are possible and to drive allvalues below some threshold to the minimum value while driving all values abovethat threshold to the maximum value (see figure 5.2). This technique turns a�color� image into a black and white image. Determining the periphery or edges

5100.10.20.30.40.50.60.70.80.9112345678Figure 5.2: Each value below 0.5 along the solid line is driven to zero whileeach value above 0.5 is driven to one, yielding the segmented dashed linewith one-dimensional �objects� between points 1 and 3, points 3 and 7 andpoints 7 and 8.of objects is then rather straightforward: simply find the points where �black�borders �white.�A more complicated approach to this problem is to continually average the valuesof pixels that are spatially close whenever their values are sufficiently �near� oneanother. The averaging continues until it produces no new changes (Hurlbert,1989). The idea is to bring the values of the pixels within each object closertogether while widening the gap between pixel values across objects (see figure5.3).Both of these segmentation algorithms can be formulated as recurrent problems.Hurlbert�s algorithm is perfectly suited to this. In fact, it is described as arecurrent problem. In practice, the network only has to learn to perform anapproximation towards local averaging at each time step. If this approximation ismore or less accurate, the recurrent nature of the network will drive it to thecorrect final answer.

5200.10.20.30.40.50.60.70.80.912345678Figure 5.3: Using Hurlbert�s algorithm, the segmentation of the solid linefrom figure 5.2 yields the same three �objects.� However the pixel valuesfound for each object are different and more representative of the original�image.�Similarly, the black-and-white algorithm can be successfully implemented so longas pixel values less than the threshold always move towards the minimum andpixel values above the threshold always move towards the maximum on eachtime step. Given enough recurrent iterations, the network should arrive at thecorrect answer.5.3 Practical Issues in Learning Recurrent SegmentationThe recurrent network poses an interesting problem of prediction and control.The get_next_states() function simply returns the prediction of the network on thecurrent state. So while in some sense the network is producing a control signal,it is more accurate to say that it is creating its own states as it goes along.Because of this, the state space is infinite. In addition, the sequence of states

53generated by the network can be infinitely long. As we have noted before, bothof these possibilities can present difficulties for the TD (l) algorithm.The iterative approach of recurrent networks, particularly in the case ofsegmentation, would suggest that each successive state should be very similar.This would indicate that a small value for l, perhaps even zero, would be mostappropriate. On the other hand, this assumption may be invalid. The task is notdescribed well by an absorbing Markov process and so may prove difficult forvalues of l close to zero, as seen in section 3.2.7.5.4 Experiments with Simple Recurrent SegmentationThe performance of the TD (l) algorithm was tested with the one-dimensionalversions of both segmentation algorithms. For both problems, experiments wereconducted for values of l beginning with zero and incremented by 0.1 until lreached a value of one.5.4.1 Black-and-White SegmentationThe networks trained on the black-and-white segmentation problem were GRBFnetworks containing sixteen centers. Since the function for learning this taskneed only work on one pixel at a time, the input to this network was simply ascalar. The output was redirected into the network four times. All input valuesranged between zero and one with a threshold value of 0.5. All values less thanthe threshold were associated with zero and all values greater than or equal tothe threshold were associated with one.

545.4.2 Hurlbert�s SegmentationThe networks trained on the Hurlbert segmentation problem were GRBFnetworks containing twenty eight centers. The input to this network was an eight-dimensional vector. The output was redirected into the network eight times.The correct output was determined by repeatedly averaging a pixel with itsneighbor using a simple function:

xi′= x_{i− 1} + x_i + x_{i+1} 3 , xi − xi− 1 ≤ σ and xi − xi+1 ≤ σ xi− 1 + xi2 , xi − xi− 1 ≤ σ and xi − xi+1 > σ xi+1 + xi2 , xi − xi− 1 > σ and xi − xi+1 ≤ σ xi, xi − xi− 1 > σ and xi − xi+1 > σ

.(5.1)with

1≤ i ≤ 8

. For these experiments, s was set to 0.2. Pixel values just off theedges of the input vector

i = 0 and i = 9 ( )

were assumed to be equal to

∞

in orderto deal correctly with the boundary conditions. Equation (5.1) was applied in arecurrent manner eight times, after which most outputs ceased changing in anysignificant way.5.5 Segmentation ResultsGraphs of the root squared error for each experiment can be seen in figure 5.4.For both kinds of problems, the networks with lower values for l exhibited theworst performance. In fact, once l fell below a certain value, the root squarederror remained more or less constant. This is because each of these networkslearned approximately the same function. For all input values, the network

Root squared error for Black-and-White Segmentationl00.10.20.30.40.5

10.750.60.570.550.50.250

Root squared error for HulbertSegmentationl00.10.20.30.40.50.60.7

10.80.60.40.20(a)(b)Figure 5.4: In a) each network was trained on ten values between one and one such that half of thecorrect outputs were equal to zero and the other half equal one. Networks trained with values for l< 0.6 learned a constant function, driving all inputs to the value 0.5. In b) each network trained withvalues for l < 0.9 also learned a constant function, driving all inputs to the same output vector.produced the same constant value at each stage of the iteration. The value ofthis constant depended only on the distribution of outputs in the training set.In the case of the black-and-white segmentation problem, the constant functionlearned by these networks was simply the percentage of times that the value 1.0occurred in the output of the training set (i.e. the average of the outputs). For atraining set with half the outputs equal to zero and the other half equal to one, thefunction learned was:

f(x) = 0.5, 0 ≤ x ≤ 1

; for a training set with zero appearingonly 30% of the time, the function learned was:

f(x) = 0.7, 0 ≤ x ≤ 1

and so on.Similarly, the networks training on the Hurlbert segmentation task learned aconstant function that depended on the distribution of the outputs of the training

56set. In general, the constant function learned was simply the average of theoutputs presented to the network.To understand this result, assume that our training data for the black-and-whitesegmentation problem consists of two values, 0.4 and 0.8. Let us posit these twosequences seen by the network early in the learning procedure:0.4:0.20.50.80.70.90.8:0.30.90.60.40.2Naturally, we want our training values, 0.4 and 0.8 to be associated with zero andone, respectively. Note, however, that 0.8 also appears in the first sequence and0.4 appears in the second. This means that zero will be associated with both 0.4and 0.8. Similarly, one will be associated with 0.4 as well as 0.8.Since the network sees that one and zero are associated with 0.4 and 0.8equally, a maximum-likelihood estimator naturally associates these values withtheir average, 0.5. Similarly, other values in the sequences above will beassociated with 0.5 as well. In other words, for values of l approaching zero, thenetwork does exactly what we would expect it to do. A similar problem occurswith the Hurlbert segmentation algorithm. So the question becomes: how canwe overcome this so that the network will learn the function that we want?The answer lies in the non-Markovian nature of the recurrent task. There is noway to distinguish between the 0.4 in the beginning of the first sequence and the0.4 that occurs in the middle of the second sequence; however, in this task theyare distinctly different entities. The problem is that our �state� information is tooimpoverished.

57This problem occurs even in the weather prediction problem discussed in chaptertwo. There we were using weather data to predict whether it would rain on aparticular Monday. Let us suppose that in one sequence we have a rainy day onthe previous Tuesday and in another sequence we have a rainy day on theprevious Sunday. If the Monday in the first sequence is sunny and the Monday inthe second is rainy, we will associated a 50% probability of sunny Mondays withrainy days. In actuality, a rainy day six days before the day we wish to predictisn�t as useful a predictor as a rainy day one day before the day we wish topredict. Unfortunately, we have not distinguished Tuesdays from Sundays.One way to address this issue is to find some way to �tag� the states so as todistinguish initial values from values that occur later in a sequence. Thispossibility is explored in the next sections.5.6 Experiments with �Tagged� Recurrent SegmentationAs before, the performance of the TD (l) algorithm was tested with the one-dimensional versions of both segmentation algorithms. Again, experiments wereconducted for values of l beginning with zero and incremented by 0.1 until lreached a value of one.5.6.1 Black-and-White SegmentationIn this experiment, the scalar input to the network was supplemented by anadditional component. The two components of the initial vector were both set tothe same scalar value. No matter what the two-dimensional output from the

58l0.000.020.040.060.080.100.120.140.16

10.90.80.70.60.50.40.30.20.10

100 epochs

500 epochs

1000 epochs

2000 epochsFigure 5.5: The root squared error for eleven values of l averaged over several trainingtrails on the black-and-white segmentation task. As training continued, the improvementrate of the supervised network slowed.network on a given input, the second component was always transformed intothe initial scalar value before being redirected into the network as input. In thisway, initial states were distinguished from intermediate states.As before, the output of the network was redirected into the network four times.All component input values ranged between zero and one with a threshold valueof 0.5. For the first component, all values less than the threshold wereassociated eventually with zero and all values greater than or equal to thethreshold were associated with one. The second component of the final outputvector presented to the network was always the initial value given to network.5.6.2 Hurlbert�s SegmentationThe input to this network was doubled from an eight-dimensional vector into asixteen-dimensional vector and the output from the network transformed in a way

59-0.200.20.40.60.811.2Figure 5.6: A typical series of sequences generated by the network. This isfrom one of the networks trained with l=0.2 after 1000 epochs.similar to that done with the black-and-white segmentation problem. As before,the output was redirected into the network eight times.5.7 Segmentation Results5.7.1 Black-and-White Segmentation ResultsGraphs of the root squared error can be seen in figure 5.5. Unlike before, thenetworks with values of l near zero did not learn a constant function. In fact, thenetworks trained with values of

λ ≠ 1

became increasingly better with practice,outperforming the traditional �supervised� learning procedure.Figure 5.6 shows the sequences generated by one of the networks. Typically,values were moved towards the correct final value in fairly uniform increments.Once at the desired value, subsequent outputs remained at or near this value.

600.10.20.30.40.50.6

10.90.80.70.60.50.40.30.20.10

100 epochs

500 epochs

1000 epochsFigure 5.7: The root squared error for eleven values of l averaged over several trainingtrails on the Hurlbert segmentation task. The supervised network performed best initially;however, the other networks improved with repeated practice.Finding a way to �tag� the states seemed to return the necessary Markovian tothe task. At the very least it allowed the network to distinguish between initialstates and intermediate ones. Presumably, other methods of tagging could beused and produce the same effect, at least for these simple sorts of tasks.It is worth noting that the errors discussed in this section only take into accountthe error generated on the one component of interest; however, the networkstended to learn an identity function for the second component and so the errorsincluding this component did not add significantly to the overall error.5.7.2 Hurlbert�s Segmentation ResultsGraphs of the root squared error can be seen in figure 5.7. All of the networksavoided the trap of finding a constant function. As with the black-and-white

6100.10.20.30.40.50.60.70.80.912345678Figure 5.8: The dashed line represents the application of the Hurlbertalgorithm on the solid line.

00.10.20.30.40.50.60.70.80.912345678Figure 5.9: The application of one of the neural networks trained with l=0.5to the same line as in figure 5.8.segmentation task, values were moved towards the correct final value with eachstep.This segmentation task is much more difficult than the previous task. Eventhough the networks performed well on the training data, all of the networksgeneralized poorly and often were unable to discover a useful function whentrained on very large datasets, indicating that perhaps an eight-dimensional

6200.10.20.30.40.50.60.70.80.912345678Figure 5.10 The application of the Hurlbert algorithm on another line.

00.10.20.30.40.50.60.70.80.912345678Figure 5.11: The application of the network from figure 5.9 to the same lineas in figure 5.10. Although the network does not generate the same valuesas the Hurlbert algorithm, it does segment the line into the same two pieces.version of this task is too difficult for a network. A more reasonable version of thetask might use only three dimensions, the actual size of the Hurlbert �window,�and combine copies of the network to perform segmentation on larger images.An approach similar to this has been explored in Jones (1992).Still, despite the problems encountered by the networks with this particular task,the results from this and the simpler black-and-white segmentation problem are

63still useful. At first glance, TD (l) networks would seem ill-equipped to deal withrecurrent problems of the type described in this chapter. After all, there is usuallyno Markovian process underlying these tasks and the �control� signal generatedby the networks is not really constrained to generate states that are meaningful inthe context of the problem. Indeed, these very difficulties arise in the originalformulation of the segmentation problems.However, with an appropriate mechanism for �tagging� the states appropriately,the networks trained with

λ ≠ 1

may not only perform well, but they maysometimes perform better on training sets and generalize better than networkstrained with the traditional supervised learning algorithm. If this is indeed thecase, the increase in accuracy and ability to generalize may well be worth thetrade-off in the increased number of dimensions and the corresponding possibleincrease in learning time (and in this case, there was no large increase inlearning time).In particular, the training time for the tagged black-and-white task did notincrease significantly and the networks trained with

λ ≠ 1

performed better thanthe network trained in a supervised fashion on both the training set and a broadertest set. On the Hurlbert segmentation task, the TD networks took longer toperform as well as the supervised network; however after some time some of theTD networks appeared to be slowly outperforming it. This proves nothing, butdoes provide some hope that these networks can often outperform theirsupervised counterparts.Before leaving this problem, it is worth noting that both of these problems,particularly the black-and-white segmentation task, are defined so as to create

64the most important distinctions between initial and intermediate states. Where anintermediate state appears relative to other intermediate states is not veryimportant. By contrast, in the weather prediction problem, the distance betweena state and the final prediction is much more relevant.For tasks where the first state is most important, it may be useful to attempt someway to change the depth-first nature of the TD (l) procedure into a breadth-firstsearch as described in section 3.1.1. For tasks like the weather predictionproblem, this would not seem as useful.

65Chapter 66 ConclusionThere has been some theoretical study of using temporal difference algorithms toaddress issues of prediction, outlining some distinct advantages of thesemethods over more traditional supervised learning paradigms. Nevertheless,there has been little evidence, either theoretical or empirical, to outline the limitsof these methods in more complex real-world domains using multilayer networks.Even as researchers such as Sutton (1988) have shown that many problems thathave been attacked by traditional supervised learning algorithms are betterunderstood as predictions tasks, we have sought to show that many of theseproblems are even more complicated, involving not only making accuratepredictions about the environment, but also about using those intermediatepredictions to actually control the environment.

66We have attempted to develop a general formalism for looking at these problemsthat is robust enough to describe tasks involving prediction and control�whethercomplete or partial�as well as tasks that require only prediction. We have usedthis formalism with several case studies to explore several practical issues thatarise when using the TD (l) algorithm.In the realm of games, training through self-play seems to be a powerful tool forlearning robust evaluation functions. This tool seems to provide the bestopportunity for a network to develop the skills necessary to play well. Bycontrast, networks that play against opponents are much less reliable and seemunable to move towards a stable evaluation function, either discovering localminima or oscillating between suboptimal solutions.Further, the formalism described in this thesis highlights how well suited thetraining structure of the TD (l) procedure is to these kinds of game-playing tasks.Indeed, one of this procedure�s strengths is the way in which it deals with thesesorts of naturally sequential problems.Beyond this kind of domain, TD (l) algorithms seem capable of dealing withtasks that appear ill-defined in a Markovian sense. Most of the TD networksperformed as well as or better than their supervised counterparts. Furthermore,repeated presentations continue to improve the performance of these networkeven when the increased performance of the supervised networks would slowdown.Although there are still unanswered questions, these results suggest variousways to best take advantage of TD (l) networks on various kinds of tasks. If

67nothing else, these results suggest that TD (l) can be used in complex domainswithout completely obscuring our ability to analyze the algorithm and itslimitations. We propose to use the formalism developed in this paper to continuedeveloping these case studies in order to better understand the practicalquestions that still remain unanswered about the power and usability of TD (l).

68Appendix AA: TD (l) and GRBF networksIn section 2.2, we introduced the temporal difference update rule proposed bySutton (1988):

Δvwt = α (Pt+1 − Pt ) λ t− k∇ wPk k=1 t∑

,(2.5)where

vw

represents a vector of the updatable parameters of the network. Thisupdate rule is generally applicable; however, it uses a notation that is usuallyassociated with perceptron-like feedforward networks (see section 1.1). Withthese kinds of networks, not only is the same function usually associated witheach computational unit, but each component of

vw

serves the same purpose.Each of parameter is used as a transforming agent between two computationalunits or �neurons�, weighting the output of one of these units before passing it tothe other. In particular, if

xj

denotes the output of the

jth

unit of the network and

wij

denotes the weight on the connection from unit

i

to

j

(where

wij

is allowed tobe zero), the output of unit

j

can be expressed as:

xj = f( wij xii∑ )

.(1.1)For the case studies explored in this thesis, however, we use a Guassian GRBFnetwork as described by Poggio and Girosi (1990):

yj = cije− σ i vx− vti 2 i=1n∑

.(1.5)With this kind of network, the purpose of each kind of adjustable parameter isdifferent. It is useful to keep these differences in mind and explore the way inwhich equation (2.5) must be applied to update these parameters. For equation(1.5), we divide the update rule into three rules, where each rule reflects thedetails of each type of parameter: the coefficients,

vc

; the centers,

vt

; and the

vσ

parameters, which are particular to the gaussian radial basis function and definethe extent of each gaussian. Since the important difference between eachupdate rule is the form of its gradient, we will focus on how it changes for eachtype of parameter.For the

ith

coefficient,

vci

, the gradient is:

∇ vci vP = e− σ i vx− vti 2

.(A.1)

70Notice that each coefficient can be a vector, allowing the output of the network tobe a vector of the same dimensions. Since

∇ vci vP

is a scalar, substituting thegradient into equation (2.5) yields a vector of the appropriate size, the dimensionof the output of the network:

Δvcit = α ( vPt+1 − vPt ) λ t− ke− σ i vxk − vti 2 k=1t∑

.(A.2)For the

ith

center,

vti

, the gradient is:

∇ vti vP = 2σ i vcie− σ i vx− vti 2 vx − vti( )

.(A.3)This gradient is a matrix (with rank the dimension of the output of the networkand order the dimension of the input to the network). Substituting in equation(2.5) yields a vector of the appropriate size, the dimension of the input to thenetwork:

Δvtit = α ( vPt+1 − vPt ) 2σ iλ t− kvcie− σ i vxk − vti 2 vx − vti( ) k=1t∑

.(A.4)For the

ith σ i

, the gradient is:

∇ σ i vP = − vcie− σ i vx− vti 2 vx − vti 2

.(A.5)

71This gradient is a vector in the dimension of the output. Substituting in equation(2.5) yields a scalar:

Δσ it = α ( vPt+1 − vPt ) − λ t− kvcie− σ i vx− vti 2 vx − vti 2 k=1t∑

.(A.6)The intuitive discussion in chapter two, and a similar discussion from Sutton(1988) and Dayan (1991), applies for each of these update rules. Formally,these update rules differ from Sutton�s examples in that these networks are non-linear and the proofs that show convergence for TD (l) do not apply directly;however, this is also true of the non-linear multi-layer perceptrons used byTesauro (1992).

72BibliographyD. H. Ackley, G. E. Hinton and T. J. Sejnowski. A Learning Algorithm forBoltzman Machines. Cognitive Systems, (9):147-169, 1985.A. G. Barto. Learning by Statistical Cooperation of Self-Interested Neuron-LikeComputing Elements. Human Neurobiology, (4):229-256, 1985.A. G. Barto, R. S. Sutton, and C. W. Anderson. Neuronlike Elements That CanSolve Difficult Learning Control Problems. IEEE Transactions on Systems, Man,and Cybernetics, (13):834-846, 1983.D. S. Broomhead and David Lowe. Multivariate Functional Interpolation andAdaptive Networks. Complex Systems, (2):321-355, 1988.J. Christensen. Learning Static Evaluation Functions by Linear Regression. In T.M. Mitchell, J. G. Carbonell and R. S. Michalski (Eds.), Machine Learning: AGuide to Current Research, Boston: Kluwer Academic, 1986.J. Christensen and R. E. Korf. A Unified Theory of Heuristic EvaluationFunctions and its Application to Learning. Proceedings of the Fifth NationalConference on Artificial Intelligence, 148-152. Philadelphia: Morgan Kaufmann,1986.P. Dayan. Temporal Differences: TD (l) for General l. Machine Learning, inpress, 1991.E. V. Denardo. Dynamic Programming: Models and Applications. EnglewoodCliffs, NJ: Prentice Hall, 1982.T. G. Dietterich and R. S. Michalski. Learning to Predict Sequences. In R. S.Michalski, J. G. Carbonell and T. M. Mitchell (Eds.), Machine Learning: AnArtificial Intelligence Approach Vol II. Los Altos, CA: Morgan Kaufmann, 1986.

73G. E. Hinton. Connectionist Learning Procedures. Technical Report CS-87-115,CMU, 1987.J. H. Holland. Escaping Brittleness: The Possibilities of General-PurposeLearning Algorithms Applied to Parallel Rule-Based Systems. In R. S. Michalski,J. G. Carbonell and T. M. Mitchell (Eds.), Machine Learning: An ArtificialIntelligence Approach Vol II. Los Altos, CA: Morgan Kaufmann, 1986.Anya C. Hurlbert. The Computation of Color. A. I. Technical report 1154, MIT,1989.M. Jones. Using Recurrent Networks for Dimensionality Reduction. Master�sThesis. Department of Electrical Engineering and Computer Science, MIT, 1992.J. G. Kemeny and J. L. Snell. Finite Markov Chains. New York: Springer-Verlag, 1976.R. P. Lippmann. An Introduction to Computing with Neural Nets. IEEE ASSPMagazine, 4-22, 1987.Tomaso Poggio and Federico Girosi. A Theory of Networks for Approximationand Learning. A. I. Memo 1140, MIT, 1989.Tomaso Poggio and Federico Girosi. Extensions of a Theory of Networks forApproximation and Learning: Dimensionality Reduction and Clustering. A. I.Memo 1167, MIT, 1990.Tomaso Poggio and Federico Girosi. Regularization Algorithms for Learning thatAre Equivalent to Multilayer Networks: Dimensionality Reduction and Clustering.A. I. Memo 1167, MIT, 1990.D. E. Rumelhart, G. E. Hinton and R. J. Williams. Learning InternalRepresentations by Error Propagation. In D. Rumelhart and J. McClelland (Eds.),Parallel Distributed Processing, Vol I. MIT Press, 1986

74A. L. Samuel. Some Studies in Machine Learning Using the Game of Checkers.IBM Journal on research and Development , (3):210-229, 1959. Reprinted in E.A. Feigenbaum and J. Feldman (Eds.), Computers and Thought. New York:McGraw-Hill.R. S. Sutton. Temporal Credit Assignment in Reinforcement Learning. DoctoralDissertation. Department of Computer and Information Science, University ofMassachusetts, Amherst, 1984.R. S. Sutton. Learning to Predict by Methods of Temporal Difference. MachineLearning, (3):9-44, 1988.R. S. Sutton and A. G. Barto. Toward a Modern Theory of Adaptive Networks:Expectation and Prediction. Psychological Review, (88):135-171, 1981(a).R. S. Sutton and A. G. Barto. An Adaptive Network that Constructs and Uses anInternal Model of its Environment. Cognitive and Brain Theory, (4):217-246,1981(b).R. S. Sutton and A. G. Barto. A Temporal Difference Model of ClassicalConditioning. Proceedings of the Ninth Annual Conference of the CognitiveScience Society, 355-378. Seattle, WA: Lawrence Erlbaum, 1987.Gerald Tesauro. Practical Issues in Temporal Difference Learning. To appear inMachine Learning, 1992.C. J. C. H. Watkins. Learning from Delayed Rewards. PhD Thesis. University ofCambridge, England, 1989.B. Widrow and M. E. Hoff. Adaptive Switching Circuits. 1960 WESCONConvention Record, Part IV, 96-104, 1960.B. Widrow and S. D. Stearns. Adaptive Signal Processing. Englewood Cliffs,NJ: Prentice Hall, 1985.

75R. J. Williams. Reinforcement Learning in Connectionist Networks: AMathematical analysis . Technical Report 8605, University of California, SanDiego, Institute for Cognitive Science, 1986.I. H. Witten. An Adaptive Optimal Controller for Discrete-Time MarkovEnvironments. Information ad Control, (34):286-295, 1977.