Recitation 9, March 9, 2006
Second order linear equations
Solution suggestions

1. Show that Z + 42 = 10 has a constant solution.
What is the general real solution?

Ans. We want to find the constant colution z = C. Since = 0, we obtain

4C =10 or C = g The constant solution is z, = g

To find the general solution, we have to find the solutions of & + 4x = 0 first.
Plugging in # = ¢ we obtain the characteristic equation r*> +4 = 0. The
roots are r = +2¢. This means that the solutions are the undamped sin and
consine. Thus, the solution to & + 4z = 0 is ), = ¢; sin(2t) + o cos(2t). Or
we could write it as x, = Acos(2t — ¢). In both case we see that the solution
contains two parameters. Let’s combine the two solutions to z = x, + x,. We
have © = %, + @5, and & = 2, + 2. We obtain

Z4de= (%H?’h) +4($p+xh) = (ip+4xp> + (ih+4xh> =10.
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Thus, the general solution for & + 4x = 10 is

5
z=3 + ¢18in(2t) 4 ¢ cos(2t) .
2. Find A so that Asint is a solution of & + 4x = 3sin(t).
Ans. With x = Asint we have & = Acost and & = —Asint. Thus, we obtain
T+ 4xr = 3A sint .

As the RHS has to be equal to 3sint, we obtain A = 1.
3. What is the general solution of & 4+ 4z = 3sint 4 107

Ans. In problem 2 we found a solution to # + 4x = 3sin(¢) which was z; =
3sint. In problem 1 we found the general solution to & 4+ 4z = 10 which was

5
Za + ¢18in(2t) + ¢ cos(2t) .
Now, let’s form the solution z = z1 + 2. We compute

P Ay = <a’51 +:’t2> +4<331 +x2) - <a’51 +43:1> n (5&2+4x2> — 3sint + 10 .
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Therefore, we have found the general solution

5
T =21+ Ty = 3sint + 3 + ¢18in(2t) + ¢ cos(2t) .



4. What is the solution of & + 2& + 65z = 0 with z(0) = 1 and #(0) = 77

Sketch the graph of this function. Begin by sketching the graph of the expo-
nential factor.

At what times does this function peak? (For this it may be easier to use the
“rectangular” form of the solutions, using a linear combination of cosine and
sine rather than an amplitude and phase shift.)

Ans. Let’s find the general solution to Z + 2% + 65z = 0. Plugging in z = e"
we obtain the characteristic equation 7% + 2r + 65 = 0. By completing the
square we obtain (r+1)?+64 = 0. Thus, the roots are r = —1++/—64 = 2+8;i.
Picking the plus sign we obtain e(~'*%)* which has real part e~ cos(8t) and
imaginary part e *sin(8¢). The general solution is

r=c" <01 cos(8t) + co sin(8t)) :

Now, we want to find the solution that satisfies x(0) = 1 and #(0) = 0. We
find 2(0) = ¢; = 1. We compute

(t) = —x(t) + e_t< — 8¢y sin(8t) + 8co cos(8t)> :

and £(0) = —1+48cy = 7, thus ¢; = 1. The unique solution of & +2i+ 65z =0
with 2(0) =1 and #(0) =7 is

x(t) = e_t(cos(&f) + sin(8t)> = v/2e 7t cos(8t — %) :

Here are the graphs of the function v/2e~* (black) and e~ < cos(8t) + sin(8t)>
(red)
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We see that the zeros of x are at 8t — 7 = £7, j:%”, :I:%r .... For the critical
points we have to find ¢ such that £ = 0. We compute

™

i=—v2e Cos(8t——)—\/§8€’t sin(&f—%) =—V2 6%(005(815_%)"‘8 Sm<8t_z
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We can write the RHS as one consine function with phase, i.e.
. » 7r
t=-v130e cos(8t—z—q§),
with tan ¢ = 8. The RHS is zero and we have a critical point exactly when
Ozcos(8t—%—¢).

The mazima occur exactly when the cosine changes it sign from negative to
positive since there is an overall minus in . Thus, we find for the position of
T 3w Tm

the maxima 8 — 5 —¢ = ..., =7, 5, 5 .... Due to the damping the position

of the maxima is shifted a bit (¢ ~ 0.9%) compared to the position they would

have for a cosine function alone without damping (¢ = 7).

5. For what non-negative values of b does & + bt + 4x = 0 exhibit solutions
which are damped sinusoids?

What is the circular pseudofrequency of these solutions, as a function of the
damping constant b? Sketch the graph of this function. Sketch the the graph
of the pseudoperiod as a function of b. Can you envision the graphs of solutions
of these equations, and how they vary as b varies?

By plugging €™ into # + bi + 4x = 0 we obtain the characteristic equation
r?+br+4 = 0. By completing the square we get (r+2)?+(4— %) = 0. Thus,

the roots are complex if % < 4 or |b] < 4. Then, we obtain r = —gii,/ — %.

Thus, the general solution is

z(t) = st (01 cos(wt) + ¢ sin(wt))

with w = /4 — %. If we plot w as a function of b we obtain
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The general solution can be written as
z(t) = emst cos(wt — @) .

For the following graph, we have picked ¢ = 0. The graph shows the solution
for b =0 (black), b =1 (red), b = 2 (magenta), b = 3 (blue).






