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A GENERALIZATION OF STEINBERG’S CROSS SECTION

XUHUA HE AND GEORGE LUSZTIG

INTRODUCTION

0.1. Let G be a connected semisimple algebraic group over an algebraically closed
field. Let B, B~ be two opposed Borel subgroups of G with unipotent radicals
U, U™ and let T = BN B~, a maximal torus of G. Let NT be the normalizer of
T in G and let W = NT/T be the Weyl group of T, a finite Coxeter group with
length function [. For w € W let w be a representative of w in NT. The following
result is due to Steinberg [Stl 8.9] (but the proof in loc.cit. is omitted): if w is a
Coxeter element of minimal length in W, then (i) the conjugation action of U on
UwU has trivial isotropy groups and (ii) the subset (U NwU ™ w~!)i meets any
U-orbit on UwU in exactly one point; in particular, (iii) the set of U-orbits on
UwU is naturally an affine space of dimension [(w).

More generally, assuming that w is any elliptic element of W of minimal length
in its conjugacy class, it is shown in [L3] that (i) holds and, assuming in addition
that G is of classical type, it is shown in [L5] that (iii) holds. In this paper we
show for any w as above and any G that (i) (and hence (iii)) hold; see 3.6(ii)
(actually we take w of a special form but then the result holds in general since
any representative of w in NT is of the form twt~! for some t € T). We also
prove analogous statements in some twisted cases, involving an automorphism of
the root system or a Frobenius map (see Theorem 3.6) and a version over Z of these
statements using the results in [L2] on groups over Z. Note that the proof of (ii)
given in this paper uses (as does the proof of (i) in [L3]) a result in [GP) 3.2.7] and
a weak form of the existence of “good elements” [GM] in an elliptic conjugacy class
in W.

0.2. Let w be an elliptic element of W which has minimal length in its conjugacy
class C and let v be the unipotent class of G attached to C in [L3]. Recall that v has
codimension /(w) in G. As an application of our results we construct (see 4.2(a)) a
closed subvariety ¥ of G isomorphic to an affine space of dimension /(w) such that
3 N~ is a finite set with a transitive action of a certain finite group whose order is
divisible only by the bad primes of G. In the case where C is the Coxeter class, 3
reduces to Steinberg’s cross section [St] which intersects the regular unipotent class
in G in exactly one element.
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740 XUHUA HE AND GEORGE LUSZTIG

0.3. Recently, A. Sevostyanov [Se] proved statements similar to (i),(ii),(iii) in §0.1
for a certain type of Weyl group elements assuming that the ground field is C. It
is not clear to us what is the relation of the Weyl group elements considered in [Se]
with those considered in this paper.

0.4. The following (unpublished) example of N. Spaltenstein, dating from the late
1970s, shows that the statement (i) (for Coxeter elements) in §0.1 can be false if
the assumption of minimal length is dropped: the elements

001000 10000 0
000010 010z 0 z
b |0 10000 L0010
“looooo0 1> “™=fooo 10 0l
0007100 0000 T10
10000 0 00000 1
10 -1 00 0
01 1 00 0
oo 1 00 o0
Y“loo o 11 -1
00 0 01 0
00 0 00 1

of GLg(C) (with z € C) satisfy u,yuwu, ' = yw; hence if U is the group of upper
triangular matrices in GLg(C), then in the conjugation action of U on UwU, the
isotropy group of yu contains the one-parameter group {u,;z € C}.

[Note added 10.4.2011. We thank Ulrich Goertz for pointing out that under the
assumption of our Proposition 1.2, fz is an isomorphism of schemes (this strength-
ening of Proposition 1.2 will not be used here).]

1. POLYNOMIAL MAPS OF AN AFFINE SPACE TO ITSELF

1.1. Let C be the class of commutative rings with 1. Let N be an integer > 1.
A family (fa)aec of maps fa : AY — AY is said to be polynomial if there exist
(necessarily unique) polynomials with integer coefficients

fl(X1>"‘7XN)7"'>fN(X17"'7XN)
in the indeterminates X1, ..., Xy such that for any A € C, f4 is the map

(a1,...,an)— (fi(a1,...,an), ..., fn(a1,...,an)).

For such a family we define for any A € C an A-algebra homomorphism f} :
A[Xl,...,XN] — A[Xl,...,XN] by f;;(Xz) = fi(Xl,...,XN) for all 7 € [1,N]
(here we view f; as an element of A[X7, ..., Xy]| using the obvious ring homomor-
phism Z — A). We have the following result.

Proposition 1.2. Assume that fa : AN — AN (A € C) is a polynomial family
such that fa is injective for any A € C. Then:

(1) fa is bijective in the following cases: (a) A is finite; (b) A =1Z,, the ring of
p-adic integers (p is a prime number); (c) A is a perfect field; (d) A is the ring of
rational numbers which have no p in the denominator (p is a prime number); (e)
A=17.

(i) If A is an algebraically closed field, then fa is an isomorphism of algebraic
varieties.

Licensed to Massachusetts Institute of Technology. Prepared on Tue Apr 24 14:35:13 EDT 2012 for download from IP 18.51.4.89.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



A GENERALIZATION OF STEINBERG’S CROSS SECTION 741

We prove (i). In case (a), AV is a finite set and the result follows.

Assume that A is as in (b). For any s > 1 let A, = Z/p°Z (a finite ring) and
let I, : A — A, be the obvious homomorphism. Let £ € AN. Let & =1V (¢) € AN.
Using (a) for As we set &, = f;sl (&) € AN, Let ¢’ € AN be the unique element
such that for any s > 1, the image of ¢’ under (¥ : AN — AN is equal to ¢.. Let
€ = fa(&). Then for any s > 1, £, have the same image under [V : AN — AN,
Hence 5: &. Thus f4 is surjective, as desired.

Assume that A is as in (c). Let A’ be an algebraic closure of A. By [BR] (see also
[Ax], [G1) 10.4.11]), far is bijective. Let £ € AN. Since AN C A’N| we can view ¢
as an element of A’V so that &' = f,}(¢) € A’V is defined. For any v € Gal(A’/A)
we have

far(v(€)) =v(far(€)) = () = €= far (&)
(The obvious action of v on A’V is denoted again by v.) Using the injectivity of
far we deduce that (&) = ¢’. Since this holds for any v and A is perfect, it follows
that ¢’ € AN. We have fa(¢') = £. Thus f4 is surjective, as desired.

Assume that A is as in (d). Let Ag = Q,, the field of p-adic numbers. We can
view A as the intersection of two subrings of Ay, namely A; = Q and Ay = Z,,.
Now fa, is bijective for i = 0,1,2 by (b),(c). Let £ € AN. For i = 0,1,2 we set
&= fgil(f) € AN. Clearly, & = &) = &; hence &) € AN and fa(€)) = &. Thus fa
is surjective, as desired.

Assume that A = Z. We can view A as (1), Ay, where p runs over the set of
prime numbers and A, is the ring denoted by A in (d); the intersection is taken in
the field Q. Now f,, is bijective for any p (see (d)) and fq is bijective by (c). Let
¢ e AN, We set &), = f;j(g) € Al and &' = f5'(€) € Q. Clearly, &, = ¢’ for all
p. Hence ¢ € AN and fa(¢') = & Thus f4 is surjective, as desired. This proves
(i).

Now assume that A is as in (ii). Since fa, : AY — AV is bijective for any
algebraically closed field A; (see (i)), it is enough to show that the morphism
fa is étale (see [G2, 17.9.1]). Let A’ = A @ A, regarded as an A-algebra with
multiplication (a, b)(a’,b) = (ab,ab’ + a’b). The unit element is 1 = (1,0). We set

= (0,1). Then (a,b) = a + bT and T? = 0. Then fa: is defined. There exist
polynomials fy(X1,...,Xn) (k € [1, N]) with coefficients in Z such that

fA/(al +b,T,...,an +bNT)
= (fl(a1—|—b1T aN—l-bNT),...,fN(al—l-T aN+TbN))

0 0
f1 a* —I—Z fl a* ka ..,fN a* +Z fN a* ka

for any a. = (ay,...,an) € AN, b, = (b1,...,by) € AN. Since far is injective, we
see that for any a, € A", the (linear) map AN — A" given by
N
b, — ( o~ 1 =L (a)bg, ..., Ofn (a,)by)

6X 00Xy,
k=1

is injective. It follows that for any a, € AN, the N x N matrix with (4, k)-entries
g )J; (a4) is nonsingular. This shows that f4 is étale. This proves (ii). The propo-

sition is proved.
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742 XUHUA HE AND GEORGE LUSZTIG

Proposition 1.3. Assume that fa : AN — AN (A € C) and f) : AN — AN
(A € C) are two polynomial families such that f)yfa =1 for all A € C. Then for
any A € C, f4 is an A-algebra isomorphism and fa : AN — AN is bijective.

Since fiyfa = 1 we have fif4* = 1 and fa is injective for any A. Using
Proposition 1.2 we see that fz is bijective; hence fzf, = 1. Let {4 = fafly.
Then (£4)4ec is a polynomial family and £z = 1. Thus &;(X;) = X; for any
i (there is at most one element of Z[Xq,..., Xy] with prescribed values at any
(r1,...,2n5) € ZV). We see that the polynomials with integer coefficients which
define € are X1,..., Xy. It follows that £4 = 1 for any A € C; hence faf) =1 and
fa is a bijection. Also, since &% =1 we have f*f4 =1 for any A; hence f} is an
isomorphism. The proposition is proved.

2. REDUCTIVE GROUPS OVER A RING

2.1. We fix a root datum R as in [L1} 2.2]. This consists of two free abelian groups
of finite type Y, X with a given perfect pairing (,) : Y x X — Z and a finite set I
with given imbeddings I - Y (i~ i) and I — X (i — ¢') such that (i,') = 2
foralli € I and (i,5') € —N for all i # j in [; in addition, we are given a symmetric
bilinear form Z[I] X Z[I] — Z, v,v' — v - ' such that i - i € 2Zq for all 4 € I and
(t,j') =2i-j/i-iforall i # jin I. We assume that the matrix M = (i - j); jer is
positive definite.

Let W be the (finite) subgroup of Aut(X) generated by the involutions s; :
x — (i,x)i’ (i €1I). Fori#jin I, let n;; = n,;,; be the order of s;s; in W. Note
that W is a (finite) Coxeter group with generators S := {s;;i € I'}; let I : W — N
be the standard length function. Let w; be the unique element of maximal length
of W. For J C I let W; be the subgroup of W generated by {s;;i € J}. Let X be
the set of all sequences iy, 42, ..., 4, in I such that s;,s;, ...s;, = wyr and I(wr) = n.

2.2. Now (until the end of §2.10) we fix A € C. Let U, be the A-algebra attached
to R and to A (with v = 1) in [, 31.1.1], where it is denoted by 4U. As in loc.cit.
we denote the canonical basis of the A-module Uy by B. For a,b,c € B we define
mg ., € A, m&? € A as in [L2, 1.5]; in particular, we have ab =Y 5 myg pc. Let

U4 be the A-module consisting of all formal linear combinations nea with

acB
ng € A. There is a well-defined A-algebra structure on U 4 such that

(3 naa)(S fwh) = 3 ree,

a€B beB ceB
where 7. = 3, penxn Mapaly.  (See [L2) 1.11.].) It has unit element 1 =
> cex L¢, where for any ¢ € X the element 1c € B is defined as in [LI, 31.1.1].

Let € : Uy — A be the algebra homomorphism given by > Nga — ni,. We

acB
identify U4 with the subalgebra of U4 consisting of finite A-linear combinations
of elements in B.

Let f4 be the A-algebra with 1 associated to M and A (with v = 1) in [LI]
31.1.1], where it is denoted by 4f. Let B be the canonical basis of the A-module f,4
(see [L1l 31.1.1]). For i € I,c € N, the element QEC) (see [L1l 1.4.1, 31.1.1]) of f4 is
contained in B. Let (z ® 2’) : u — z~ua’" be the f4 ®4 £3"’-module structure on
U4 considered in [L1], 31.1.2]; we write uz’t instead of 1”uz’t and z~u instead of
xult.
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A GENERALIZATION OF STEINBERG’S CROSS SECTION 743

The elements {1cb7;b € B,¢ € X} (resp. {b"1¢;b € B,¢ € X}) of Uy are
distinct and form a subset of B. Let U+ (resp. UA) be the A-submodule of U,
consisting of elements

> m(1eht) (resp. > m(b 1))

bEB,CEX bEB,CEX

with n, € A.

2.3. Asin [L2, 4.1], let G4 be the set of all ) pnga € U4 such that ny, =1
and ) o5 mg 1. = ngny for all a,b € B (the last sum is finite by [L2} 1. 16]) Note
that G 4 is a subgroup of the group of invertible elements of the algebra Uya. Asin
[L2] 4. 2] we set Uy = G4 N UA, U, =Ga OUA (in loc.cit. Ua,U, are denoted
by G G<O) Let T'a be the set of elements of G4 of the form } )y nx1x with
ny € A. As shown in loc.cit., Us,U, , T4 are subgroups of G 4. We note that

(a) multiplication in G 4 defines an injective map U, X Tx x Ua — G 4.
This statement appears in [L2], 4.2(a)] but the line

“U,NUZ° = {1}. Thus, &&;1 = 1 so that & = &.” in the proof in loc. cit.
should be replaced by:

“IAJXOIAJ>0 = {al;a € A}. Thus, &4¢; " = al for some a € A. Since e(€4¢51) = 1,
we have a = 1 so that & = &3.7

From (a) we deduce that
(b) UanU, = {1}.

2.4. For any i € I, h € A we set

zi(hy= > KT € U,
ceN, \eX

)= S h0O 1, e U
ceN ) \eX

By [L2| 1.18(a)] we have z;(h) € Ua,y;(h) € U, . For any i € I we set

3, = 3 (—1)26 71,6 € U 4.
a€N,bEN, X ;(i,A\)=a+b

(Note that Hl(a)_lkﬁl(byr € B whenever a +b = (i,\).) By [L2 2.2(e)] we have
$; € Ga. (In loc.cit., 3; is denoted by s7,.) From [L2, 2.4] we see that if 4,5 € I,
1 # j, then

(a) $;8;8;...=5;%;8;...1in G4 (both products have n; ; factors).
For ¢ € I we have

(b) $2 = t;(—1), where t;(—1) = 3, (=1){*M1\ € T4 normalizes Ua,Uj.
(See [L2, 2.3(b), 4.4(a), 4.3(a)].)

For i € I,h € A we have

(©) 5 'i(h)3: = yi(—h).
This follows from the definitions using [L2l 2.3(c)].

For any w € W we set w = $;,8;, ...8i, € Ga, where i1,...,i, in I are such
that s, 8, ... 8, = w, k =1(w). This is well defined, by (a).

k
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744 XUHUA HE AND GEORGE LUSZTIG

2.5. We have the following result (see [L2| 4.7(a)]):

(a) Let w € W and let i € I be such that l(ws;) = l(w)+ 1. Let h € A. We have
Wz (h)yit € Ug.
The proof of the following result is similar to that of (a):

(b) Let z € W and let i € I be such that I(s;z) =1(z) + 1. Let h € A. Then we
have 2 ty;(h): € U .

2.6. Let (i1,...,i,) € X. For any (hy, he,...,h,) € A™ we have
{Eil (h1)§i1$i2 (hg)éi2 e :L‘in (hn)éinu');l
= 24, (h1) (85, iy (h2)$7") o (80,84 - S0y i, (hn)$7 5 o281 87 1) € Ua.

Tn—1 12 11
(We use 2.5(a).) From [L2) 4.8(a)] we see that
(a) the map A" — UA, (hl, hg, ceey hn) = T, (hl)‘éilxig (hQ)SZQ . (Elﬂ(hn)&‘nw;l
is a bijection.

2.7. Let w e W. Let
UY =UaNwlUqgi™ ", “Up=UsNUp™

these are subgroups of Uy. We can find (i1, ...,4,) € X such that s;, 8;, ... s;, = w,
where k = l(w). Let (hy,ha,...,hy) € A™ and let u € Uy be its image under the
map 2.6(a). We have u = v'u”, where v’ =riro...1, v/ = 7117542 .. .7, and

.. . 1 —1.—1
Tm = $iy 84y - - - Sip,_1Ti,, (hm)simi1 8,8, €Ua
for m € [1,n]. If m € [1, k] we have
.1 R [ —1, . . .
W =8 78 8w, (R)Si, - Si Sy
T e | 1 YRS . . _
=8 8, . imﬂylm( h)3i, 1 -85, €Uy
(we have used 2.4(c), 2.5(b)). Hence w~'uw € U, and v/ € UY. If m € [k + 1,n]
we have
.1 .. . . 1 U |
W T W = 84y Sigy - - ~5im7133im(hm)5im,1 e SiiaSien, € Uay

(we have used 2.5(a)). Hence w™'u"w € Uy and u” € “U,. If we assume that

we UY, thenu” = u'~'u € UY; hence ™ u"w € U, . We also have v~ u"w € Ua.
Since Ua N U, = {1} (by 2.3(b)) we have v v = 1 and v’ = 1, u = v’
Conversely, if u = v/, then, as we have seen, we have u € UY.

If we assume that u € YUy, then v = uu”’~1 € “Uy; hence wtuw/w € Uy. We
also have w~lu/w € U, . Since Uy N U, = {1} (by 2.3(b)) we have v~ tutp = 1
and v’ = 1, u = v”. Conversely, if u = u”, then, as we have seen, we have u € “U4.
Thus we have the following results:

(a) the restriction of the map 2.6(a) to A (identified with

{(hl,hg,...,hn) EAn;hk+1:hk+2:"':hn:0}

in the obvious way) defines a bijection A¥ = UY;
(b) the restriction of the map 2.6(a) to A"~* (identified with
{(hl,hg,...,hn) GAn;hl :hg =.-.. :hk :0}
in the obvious way) defines a bijection A"~F =5 “Uj,.
Using (a),(b) and §2.6 we see also that
(c) multiplication defines a bijection UY x Uy S Ua.
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A GENERALIZATION OF STEINBERG’S CROSS SECTION 745

We show:

(d) multiplication in G 4 defines a bijection (UYw) x Ua S UawlUy.
Using (c) we see that UxwlUs = UY (PUn)ioUa = Ul (i~ Upio)Us C Uil s
Thus the map in (d) is surjective. Assume now that uy,us € UY and uj,u)y € Ug
satisfy ujin = ugtbuh. Then W~ luy 'ujw = uhu)i ™! is both in U, and in Ug;
hence by 2.3(b) it is 1. Thus u; = wus and uj = u). Thus the map in (d) is
injective. This proves (d).

Combining (d) with (a) and 2.6(a), we obtain a bijection

(e) Ak x A™ l) UAQI}UA,

((hy- - he), (B, B0 = (2, (ha)$6, 20y (R2) iy - 4, (B )84, 00~ )b

We can reformulate (a) as follows.
() If j1, 72, - -, gk 15 a sequence in I such that w = s;, ...s;j,, l(w) =k, then the
map A* — Ujw,

(h17 h27 ey hk) = T, (hl)Sh T, (hg)SZz B (hk)szk

is a bijection.
For any sequence w, = (wy,ws,...,w,) in W we set

Uw,) = (U iy) x (U%24i) x -+ x (U% i),

U(w,) = (UainUa) X (UgtbaUn) X -+ x (UgtiyUs).

We have an obvious inclusion U(w,) C U(w,). Let U(w,) be the set of orbits of
the U’ '-action

(ulu Uy 7u7‘71) . (917927 e 797‘) = (glu;17u192u;17 cee 7u'rflgr)

on U(w,). Let ky, : U(w,) — U(w,) be the obvious surjective map; for
(g15---59r) € U(wy) we set [g1,-- -, 9r] = K, (15, Gr)-

The following result is an immediate consequence of (f).

(g) Let w € W and let w, = (wy,ws,...,w,.) be a sequence in W such that
w = wiws ... w., l(w) = l(wy) + H(wz) + -+ + (w,). Then multiplication in G4
defines a bijection ¢, : U(w,) — UY.
We show:

(h) Let xz,y € W be such that l(zy) = l(z) + l(y). Let z. = (z,y). Then
multiplication in G 4 defines a bijection U( «) — UaigUa.
This follows from (d) and (g) since

U(xy) = (Uid) x (UagUa) = (Uzd) x (UzgU) = Ux"&gUa.

Using (h) repeatedly we obtain:

(i) In the setup of (g), multiplication in G A defines a bijection v, : U(w,) =
UawUy. This bijection is compatible with the Uy ><~UA actions

(u,u’) : [g1, 92, - -, gr) = [Ug1, g2s - - -, grt’ =] on U(wy) and (u,u’) : g — ugu
on UAiUA.

/—1
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746 XUHUA HE AND GEORGE LUSZTIG

2.8. Let y» = (y1,¥2,-..,4:) (t > 2) be a sequence in W. Let & € U(y,). We show:
(a) for any s € [1,t — 1] there exists a representative of & in

(UL 42) % - (UL Gacr) x (Uagela) % -+ x (UageUs).
We argue by induction on s. Let (¢1,92,...,9:) € U(y*) be a representative of £. We
have g1 = ugru/, where u € UY',w’ € Ua (see 2.7(d)). Then (ugr,uw g2, 93, .-, 9t)
represents ¢ and is as in (a) with s = 1. Now assume that s > 2 and that
(91,92, --,9¢) is a representative of ¢ as in (a) with s replaced by s — 1. We
have gs_1 = ujs—1v with u € Uy ™", v’ € Uy (see 2.7(d)). Then
(917927 e 79572>uy.571>ulgsags+17 cee >gt)

is a representative of € as in (a). This completes the inductive proof of (a).

We show:

(b) there exist unique elements uy € UY',...,uy € UY and u € Ua such that
§= [, U 1Ps—1, UYeu).
The existence of these elements folows from (a) with s = ¢t—1 and 2.7(d). We prove
uniqueness. Assume that ui,u) € UY, ..., u,uj € UY and u,u’ € Ux are such
that

[W11s - U1 G 1, Ueeu] = [W 1, - uy_q Gt wpgeu'] = €.
Then there exist vq,vs,...,v;_1 in U4 such that
uh i = urivr, uhlla = vy Mualeva, Uy Yeo1 = Uy pUs 1Y 101,

upgeu’ = v uggu.
The first of these equations implies (using 2.7(d)) that vy = 1 and «} = u;. Then
the second equation becomes u5ye = uaf2v2; using again 2.7(d), we deduce that
ve = 1 and u) = us. Continuing in this way we get v; = -+ = v;_1 = 1 and u; = uj
for i € [1,t — 1]. We then have ujg,v’ = wgpu. Using 2.7(d) we deduce uj = uy,
u’ = u. This proves (b).
We now define ¢ : U(y,) — Ua by ¢(€) = u, where u is as in (b).

2.9. Let W be the braid monoid attached to W and let w — @ be the canonical
map W — W. Let o, = (x1,...,Zs), Y« = (Y1,-..,y:) be two sequences in W such
that &1 ...45 = §1... 4 in W. We show:

(a) there exist bijections H : Ulx,) = U(ys), 0 : Uzy) = U(y,) such that
Ky, H = 0k, and such that 0 is compatible with the Ua x U s-actions (as in 2.7(1)).
Applying 2.7(g) and 2.7(i) with w replaced by x, (resp. ) and wy,wa,...,w,
replaced by a sequence of simple reflections whose product is a reduced expression
of x, (resp. yp) we see that the general case is reduced to the case where (1) =

<o = l(xg) = Uy1) = -+ = l(y:) = 1; in this case we must have s = ¢. Since
#1...25 =11 ...9s we can find a sequence s%,s2, ..., s™, where each s! is a sequence

in S, sl =ux,, s =y, and for any r € [I,m — 1], sT ™! is related to s as follows:

*

(b) for some i # j in I and some e such that [e +1,e +u] C [1, 5] (n;; = u) we

have
st =sitlifce[l,s] —[e+1,e+ ul,
(ST41:Shqor---sSbiy) = Sx = (84,55, 8i,...),
(SZE,SQE, .. ,SZI}L) =5, = (8,8i,85,...).

Note that each pair s”,s’ ™! satisfies the same assumptions as the pair z,,y,. If
(a) can be proved for each s”,s" "1, then (a) would follow also for z.,y. (by taking
appropriate compositions of maps such as H or maps such as ). It is then enough
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to prove (a) assuming that x, = s”, y, = s77! are as in (b). Let w = s;5;8;... =

5j8;S; ... (u factors). Let
xik = (xh s 71:6) = (yla sy ye)a J);/ = (xe-l-u-&-la s 7335) = (xe-l-u-&-la s 7xs)~
Then

Ulx.) = Ul2,) x U(se) x U(zl),  Ulys) =U(al) x U(s,) x U(xL).

Now Ulz,) (resp. U(y*)) is the set of orbits for the action of a subgroup of Ua x Ua
on U(zl) x U(sy) x U(l) (resp. U(zl,) x U(s,) x U(z))) given by

(u>u/) : (§>§Iu§”) = ((Lu)fv (u, u/)§/7 (ulu 1)5//)

L, @’ are nonempty, is {1} x Uy if z/, is empty and

x! is nonempty, is Ug x {1} if 2/, is nonempty and 2/ is empty, is {1} x {1} if z/,
and z// are empty). Let T be the set of orbits of the same subgroup of Us x Ug
on U(z.) x (UawlUp,) x U(z”) for the action given by the same formulas as above.
We have a diagram

(the subgroup is Us x Uy if o), x

U(x,) & U) x (Ugd) x U) & U(y,),

where

h(faglvgu) = (§7¢s* (El)vgu)v h/(gvgafﬂ) = (Eagbs’* (gl)afu)

(with ¢,,, ¢s as in 2.7(g). Note that h, k' are bijections. We set H = h'~*h. We
have a diagram

where
hEE,E") = (6,45, (€),6"), N(EE,€") = (s (£).€")

(with 1, ¥ as in 2.7(i)). Note that h, k' are bijections (they are well defined by

2.7(i)). We set @ = (h/)~'h. It is clear that H,# satisfy the requirements of (a).
This proves (a).

2.10. Let § be an automorphism of R, that is, a triple consisting of automorphisms
0:Y =Y, §: X — X and a bijection § : I — I such that (§(y),d(z)) = (y,z)
for y € Y,z € X, ¢ is compatible with the imbeddings I — Y, I — X and
0(i)-6(j) = i-j for 4,5 € I. There is a unique group automorphism of W, w — §(w)
such that 0(s;) = s;5;) for all i € I. There is a unique algebra automorphism
(preserving 1) of fa4, © — d(x), such that 5(91@) = 6‘((;2) for all i € I,c € N.
We have §(B) = B. There is a unique algebra automorphism of Uy, u — d(u),
such that §(b~1:0'") = 6(b) " Ls)d(b')™ for all b € B,V € B,¢ € X. We have
§(B) = B. There is a unique algebra automorphism (preserving 1) of U, u — d(u)
such that 0(D,c5naa) = > ,ci3 Mad(a) for all functions B — A, a — n,. This
automorphism restricts to a group automorphism G4 — G4 denoted again by ¢
and to an automorphism of Ua. For any i € I,h € H we have 6(z;(h)) = 25;)(h),
6(8i) = 350
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748 XUHUA HE AND GEORGE LUSZTIG

2.11. Let A€ C,A’ € C and let x : A — A’ be a homomorphism of rings preserving
1. There is a unique ring homomorphism (preserving 1) Uas — U/, u — x(u)
such that x(3_,cgMa@) = > ,cp X(na)a for all functions B — A, a — n,. This
restricts to a group homomorphism G4 — G 4 denoted again by x and to a group
homomorphism Us — Uas. For any i € I,h € A we have x(z;(h)) = x;(x(h)),
x(8i) = 4.

3. THE MAIN RESULTS

3.1. In this section A € C is fixed unless otherwise specified. We also fix an
automorphism ¢ of R as in §2.10 and a ring automorphism y of A preserving 1.
There are induced group automorphisms of G4 denoted again by 6, x (see §2.10,
§2.11). These automorphisms commute; we set 7 = dx = x0 : Ga — G 4; note that
m maps Uy onto itself.

Two elements w,w’ of W are said to be é-conjugate if w’ = y~*wd(y) for some
y € W. The relation of §-conjugacy is an equivalence relation on W; the equivalence
classes are said to be d-conjugacy classes. A J-conjugacy class C in W (or an element
of it) is said to be d-elliptic if C N W; = () for any J G I,0(J) = J. Let C be a
é-elliptic d-conjugacy class in W. Let C,,;, be the set of elements of minimal length
of C.

For any w € W we define a map

E% :Uas x (UYw) = UgwUy
by (u, z) = uzm(u)~t.

3.2. In this subsection we assume that z,y € W are such that I(zd(y)) = l(z) +

I(y) = l(yz). We show:
() =5

(y, ).
In the following proof we write U, U®, UY, U%®) instead of Uy, Uz, Uy, Uj(y). Now
Eig(y) can be identified with

U x (U%%) x (USW8(5)) - D), (w2,7') o fuz, () ]
and %" can be identified with

U x (UY)) x (U*%) = U(xL), (u,7,2)— [uz', zr(u) Y.

is injective if and only if EY is injective. Let z, = (z,0(y)),x), =

(We use 2.7(g), 2.7(1).) The condition that E?(y) is injective can be stated as
follows:

(2) if u € U, 21,20 € Uik, 23,24 € USW§(y) satisfy uziv™ = z9,vz3m(u) ™ = 24
for some v € U, then u = 1.
The condition that 2% is injective can be stated as follows:

(b) if u' € U, 24,25 € U3, 24, 24 € UYy satisfy u' 250"~ = 24,02 n(u/) "1 = 2}
for some v' € U, then v’ = 1.
Assume that (a) holds and that the hypothesis of (b) holds. We have v'2{7(u/)~! =
2y, () m() ()t = w(2) and w(2%),7(24) € USW§(y). Applying (a) with
v =m(u'), u =" we obtain v = 1. Then 7(v') = 25712} € 7'U%: C U~. But
UNU~ = {1} (see 2.3(b)); hence v’ = 1. Thus the conclusion of (b) holds.

Next we assume that (b) holds and that the hypothesis of (a) holds. We have
7 w)r H(z3)u™t = 771 (24) and 7 1(23), 7 (24) € UYy. Applying (b) with
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v = u, v = 7~ (v) we obtain v = 1. Then 7(u) = z; 23 € y~'U%) Cc U~. But
UNU~- = {1}; hence u = 1. Thus the conclusion of (a) holds. We see that (a)
holds if and only if (b) holds. This proves ().

3.3. In this subsection we assume that =,y € W are such that I(yx) = I(z) + I(y)
and we write U, U*,UY,UY" instead of Ua,U%,UY,UY4". We have a commutative

diagram
U xUx (UYy) x (U*%) ELZIN (UyU) x (UzU)
gy
U x (U¥*yz) — UyzU,
where

0a(u,v’,g,9") = (uge' " u'g'm(w)™"), mu,v,g,9) = (u,99"), m'(g,9) = g9

We show:
(a) the sets

S = {2 Ujall — U x (UYja); 5°E = 1},
S" ={Z:(UyU) x (UiU) - U x U x (UYy) x (U*%);04Z = 1}
are in natural bijection.
Let =/ € S’. We define Z as follows. Let (z,2") € (UyU) x (UzU). We have
='(z7') = (u,g9’), where u € U, g € Uy, ¢’ € U®% are uniquely defined. Since

ug € UyU we can write uniquely ug = zou', where zg € UYy, v’ € U (see 2.7(d)).
We set Z(z,2') = (u,u', g,g"). This defines the map Z. We have
22 =2 (2 (22))) = ugg'm(u) "
The equality 22" = (ug)(¢’m(u)~!) and 2.7(h) imply that ugv=! = 2z, vg'm(u)~! = 2/
for a well-defined v € U. We have ug = zv = zou/. From zv = zpu' and 2.7(d) we
see that u' = v. Thus ugu'~' = z,u'g'7w(u)~! = 2’. Hence
04(Z(2,2)) = 0a(u, v, g,9') = (ugu’ ', W'g'm(u) ") = (2,2).

Thus 047 =1 and Z € S".

Conversely, let Z € S”. We define Z’ as follows. Let h € UyzU. Using 2.7(h)
and 2.7(d) we can write uniquely h = 2z’ where z € UYy, 2’ € UzU. We set
='(h) = m(Z(z,2")). We have

EY(E'(h) =25 (m(Z(2,2") =m/(04(Z(z,2")) =m/(2,2') = 22" = h.

Thus 2%'E' =1 and =2/ € 5.
It is easy to check that the maps S” — S, S” — S’ defined above are inverse to
each other. This proves (a).

3.4. In this subsection we assume that z,y € W are such that
W(zd(y)) = Uz) +U(y) = l(yx)
and we write U, U®, UY, US®) v U9W) instead of Ua, UL, UY, USY, UY, U2 W),
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750 XUHUA HE AND GEORGE LUSZTIG
We show:
(a) the sets
Sy = {2, : Uid(y)U — U x (U y>z5( ));:ff::g =1}

are in natural bijection.
Define

0:U x U x (UYy) x (U%) — (UyU) x (UzU)
and
0 U x U x (U%i) x (UWs(y)) = (UzU) x (Us(5)U)

by (u,u,g,9") — (ugu' =, u'g'w(u)~1). In view of §3.3 applied to =,y and also to
0(y), x we see that to prove (a), it is enough to show:
(b) the sets

={Z:(UyU) x (UzU) - U x U x (UYy) x (U*%);0Z =1},
Sy ={Z": (UiU) x (Us(§)U) — U x U x (U%) x (U°W§(y));0'Z" = 1}

are in natural bijection.
Now (b) follows from the commutative diagram

UxUx (U¥) x (U*s) —2— (UyU) x (UU)
U x U x (U%) x (U“v 5(1)) —L s (UiU) x (UsH)U),

where t(u, v, g,9") = (v, w(u),g’,m(g)) and /(g, g') = (¢’, 7(g)) are bijections. This

proves (a).
3.5. We show:

(a) if Y is injective for some w € Chnip, then =Y is injective for any w € Cpir,.
For any w,w’ in C,,;, there exists a sequence w = wy,wa,...,w, = w’ in Cpip

such that for any h € [1,r — 1] we have either w;, = xd(y), wp+1 = yx for some z,y
as in §3.2 or wpy1 = 2d(y), wp, = yx for some z,y as in §3.2. (See [GP], [GKPI,
[He].) Now (a) follows by applying 3.2(x) several times.

Now assume that for some w’' € Chun, we are given =/ : Upw'Uy — Uy X
( }f/u'/) such that :”"A”/:’ = 1. Let w € Cpin. We show how to construct a
map Z7 : UqwUy — UA x (UYw) such that Z4Y=" = 1. We choose a sequence
w = wl, wa, ..., w, = w in Cpy, as in the proof of (a). We define a sequence of
maps =, : Upgw;Uyg — UA X (UA w;) (i€ [l,r]) such that =%{'Z! = 1 by induction
on i as follows We set =) = E'. Assuming that =} is deﬁned for some i € [1,7 —1]
we define Zj,; so that E;,E;H correspond to each other under a bijection as in
§3.4. Then the map =" := =/ satisfies our requirement. In particular, we see that:

(b) if EY is surjective for some w € Cpn, then EY is surjective for any w €

Cm'm .

Theorem 3.6. Recall that A € C. Let C be a d-elliptic §-conjugacy class in W
and let w € Cyin. Then:

(1) 2Y is injective;

(ii) zfx =1, then ZY is bijective;
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(iti) if A is a field, x has finite order m and the fixed point field AX is perfect,
then EY is bijective;

(v) if A is an algebraic closure of a finite field Fy and x(z) = x9 for all x € A,
then Y is bijective;

(v) if A is finite and x is arbitrary, then Z% is bijective.

The proof will occupy §83.7-3.10. If W = {1} the result is trivial. Hence we can
assume that W #£ {1}. We set N = [(w) + l(w;y) for some/any w € C.

3.7. Let e be the smallest integer > 1 such that 6¢ =1 on W and wé(w)é?(w). ..
d¢~1(w) = 1 for some (or equivalently any) w € C. According to [GM], [GKP],
[Hel], we can find an element w’ € Clyp such that d/(iu?’) . 66_/1(\11)’) = ... U
(in the braid monoid W), where y. = (y1,¥2,...,¥y:) is a sequence in W such that
y1 = wy. [Note added 10.4.2011. A proof of the existence of w’ which does not rely
on computer calculations has meanwhile been given in X. He and S. Nie, Minimal
length elements of finite Coxeter groups, arxiv:1108.0282.]

Since W # {1} we have ¢t > 2. From now until the end of §3.9 we assume that
w=w'. Let z, = (w,5(w),..., 6 Y (w)) and let H : U(z,) = U(ys), 0 : U(zs) =
U(y«) be as in 2.9(a). Let z € UpwUy. Then [z,7(2),..., 771 (2)] € U(x.); hence
[z, 7(2),..., 7 (2)] € U(y.). We set u = ((0]z,7(2),...,71(2)]) € Ua, where
¢ :U(y.) — U is as in §2.8. We can write uniquely 7 ¢(u)zr =1 (u)~! = 2'u/,
where 2/ € UYw, v € Ua (see 2.7(d)). We set Z,(z) = (77 ¢(u)™1,2") € Ua x
(U¥w). Thus we have a map

EfA U AwUq — Uy x (U}J{w)

We show:

(a) E4EY is the identity map of Ua x (UYw) into itself.
Let (u1,21) € Ua x (UY¥w). Let 2 = ugzym(ug) ™. We must show that =, (z) =
(u1,21). Let &€ = 0[z,7(2),...,7 Y2)] € U(y.). By 2.8(b) we have £ =
(L,u=Y)[h,..., h] with (hy,...,h) € U(ys), u € Ua uniquely determined; more-
over from the definitions we have u = {(£). We have

[2,m(2), ., w7 (2)]
= [urzim(u) T (un)m(2n)m® (un) 7w ()7 ()T () T
= [ulzl,w(zl), .. .,7T€_2(21),7T€_1(21)7T€ ul)_l]

= (u1, 7 (u1))[z1, 7(21), - . . 77re_2(zl),7re_1(zl)] € Ul(xy);

hence
€= 0((ur, m*(wr))[z1,m(21), ., 772 (20), 77 (21)])
= (1, 7 (u1))0([21, (1), ~-~,7Te*2(21)7ﬂe*1(21)])
= (uy, 7 (wr))lay, .. ., ai,
where (a1, ...,a;) = H(z1,m(21),..., 7 2(21), 7 (21)) € U(y.). Thus we have
(Lu Y [he, .. b = (ur, 7(w))[a, .. ., ai] € U(ys)
and

[hi,... ke = [uray, ag, ... a1, a7 (uy) " u™t] € U(ys).
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Note that h; € Uy, for i € [1,t], a; € UY'y,; for i € [2,¢] and wia; € UY' 91 (we
use that y1 = wy, Uy’ = Uy). Using the uniqueness part of 2.8(b) we deduce that

7¢(u1) " 'u~"' = 1; hence 7 ¢(u) = u; *. Then we have

7 (w)zm T (u) T = uytem(u) = 21 € Ui

Using the definition we have Z/4(2) = (7~ ¢(u) ™!, 21) = (u1, 21). This proves (a).

3.8. If w is as in §3.7, then from 3.7(a) we see that =Y is injective. This proves
3.6(i) for this w.

3.9. Let w be as in §3.7. Let N be as in §3.6. We identify AN = U x (UY) as
in 2.6(a), 2.7(e) and AN = UswUy as in 2.7(f). Then =% and =/, become maps
fa: AN — AN f0 0 AN — AN such that f fa = 1. Assuming that x = 1 and &
is fixed, we see from the definitions that (fa)aec, (f%4)aec are polynomial families;
see §1.1. (Note that the definition of f/ involves the isomorphisms H, H in 2.8(a).
By the proof of 2.8(a) these isomorphisms can be regarded as polynomial families
when A varies.) We can now apply Proposition 1.3 and we see that f4 is bijective
for any A. This proves 3.6(ii) for our w.

Now assume that A, x, m, AX are as in 3.6(iii). Let Ay be an algebraic closure of
Ay = AX. Let Ay = A®4, Ag € C. Now fa : AN — AN is not given by polynomials
with coefficients in A; however, A is an A;-vector space of dimension m and fa
can be viewed as a map AY™ — AN™ given by polynomials with coefficients in
Aj. The same polynomials describe the map fa, : AY — ALY viewed as a map
AY™ — AN™. This last map is injective by §3.8 (applied to Az) and then it is
automatically bijective by [BR] (see also [Ax], [GI) 10.4.11]) applied to the affine
space AY™ over Ag. Thus fa, is bijective. Let ¢ € AN. Then ¢ := fg;(ﬁ) e AY
is well defined. The Galois group of Ay over A; acts on A, (via the action on the
second factor) hence on A%. This action is compatible with fa, and it fixes &;
hence it fixes ¢’. Since A; is perfect it follows that ¢’ € (A®a, A1)Y = AN. We
have f4(§') = &. Thus fa is surjective, hence bijective. This proves 3.6(iii) for our
w.

Now assume that A,y are as in 3.6(iv). In this case f4 can be viewed as a map
AN — AN given by polynomials with coefficients in A. This map is injective by
§3.8 and then it is automatically bijective by [BR] (see also [Ax], [GI} 10.4.11])
applied to the affine space AY. Thus f4 is bijective. This proves 3.6(iv) for our w.

Finally assume that A is finite. Then AY is finite. Since f4 is injective, it is
automatically bijective. This proves 3.6(v) for our w.

3.10. Now let w be any element of C,;,.

Since E%' is injective for w’ as in §3.7 (see §3.8) we see using 3.5(a) that Y is
injective. This proves 3.6(i) for our w.

Now assume that we are in the setup of 3.6(ii), (iii), (iv) or (v). Since Z% is
bijective for w’ as in §3.7 (see §3.9) we see using 3.5(a),(b) that EY is bijective.
This completes the proof of Theorem 3.6.

3.11. Recall that A € C. In this subsection we assume that y = 1. Let w € Cpin
(C as in 3.6). We identify AN = Uy x (U¥w) (with N as in 3.6) as in 2.6(a),
2.7(e) and AN = UwUy as in 2.7(f). Then =% becomes a map AY — AN. From
the definitions we see that (2%,)aec is a polynomial family. (Here ¢ is fixed and
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x = 1 for any A’.) Hence (E%)* : A[Xq1,...,Xn] = A[Xq,..., Xn] is defined for
any A € C. We have the following result.

Theorem 3.12. In the setup of §3.11, (E%)* is an isomorphism. In particular,
=w

if A is an algebraically closed field, then Z% : AN — AN is an isomorphism of
algebraic varieties.

Let w’' € Chuin be as in §3.7. As we have seen in §3.9, there exists a polynomial
family =/, : AN — AN (A € C) such that,_A_A = 1 for any A. Since Y
is bijective by 3.6(il) we must also have Z% =/, = 1. Now the method in the
paragraph preceding 3.5(b) yields for any A an explicit map =/ : ANV — AN such
that 242} = 1. Moreover from the definitions we see that (= A) Aec 1s a polynomial
family. It follows that (2})* is defined and (E'})*(E%)* = 1. Since ZY is a bijection
(see 3.6(ii)), we see that Z4=4 = 1 implies Z4=% = 1; hence (E%)*(E})* = L
This, together with (2})*(E%)* = 1, shows that (E%)* is an isomorphism. This
completes the proof of the theorem. Note that the second assertion of the theorem
can alternatively be proved using 1.2(ii) and the fact that ZY is injective (see 3.6(1)).

3.13. In this subsection we assume that A,y are as in 3.6(iv). Let w € Cppn (C
as in 3.6). We identify AN = Uy x (U%1) (with N as in 3.6) as in 2.6(a), 2.7(e)
and AN = UswUy as in 2.7(f). Then Z% becomes a map AN — AN, It is in fact a
morphism of algebraic varieties. Exactly as in 3.12 we define a map =4 : AN — AN
such that E4Z} = 1. But this time =’} is not a morphism of algebraic varieties
but only a quasi-morphism (see [L5 2.1]). (This is because the definition of =}
involves y~! : A — A, which is a quasi-morphism but not a morphism.) Since =Y
is a bijection (see 3.6(iv)) we deduce that we also have Z{=% = 1. Thus we have
the following result:

(a) E% : AN — AN s a bijective morphism whose inverse is a quasi-morphism.

3.14. Let C be as in 3.6 and let w € C),;,. Let A € C and let §, x, 7 be as in §2.1.

We define

(a) ¥ : "N (w) " U4 x UY — Ua by (v, u") = v'u"im (u') "Lt
We show:

(b) Y is injective.
Assume that

(', u") e M), x Uy, (uy,uy) € O Uy
and
u/u”u'm'(u')fllbfl = u’lu'llu'}ﬂ'(ull)flu‘)*l.

Then EZ(U’,U”U'}) = =Y (v}, ufw). Using 3.6(i) we deduce (v, v"w) = (uf, ufw);
hence v = u}, v’ = uf and (a) follows.

We show:

(¢) If x, A are as in 3.6(ii), (i), (iv) or (v), then oY is bijective.
Let u € Uy. By Theorem 3.6, we have uw = u’u”wﬂ(u')_l for some v’ € Ug,u”" €

UY. By 2.7(c) we can write v'~'u = ujus, where uy € UY,uy € “Us. Then
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urb (1 ugw) = u"wm(uw')"t. Using 2.7(d) we deduce that 7(u’)™ = v lugw €
w U, Thus o/ € 5 7Ty so that oY is surjective. Together with (b) this
implies that o is bijective.

We note:

(d) If x =1 and A is an algebraically closed field, then o is an isomorphism of
algebraic varieties.
We note that (o,)aec can be viewed as a polynomial family of injective maps
A" — A (A" € C, n as in §2.1). Hence the result follows from 1.2(ii).

4. APPLICATIONS

4.1. In this section we assume that A is an algebraically closed field. We write
G, U, U, U",T instead of Ga,Ua,"Ua,UY,Ts. By [L2, 4.11], G is naturally a
connected reductive algebraic group over A with root datum R and U is the unipo-
tent radical of a Borel subgroup B* of G with maximal torus T normalized by each
$;. We assume that G is semisimple or equivalenty that {i’;4 € I'} span a subgroup
of finite index in X. Let § be an automorphism of R (necessarily of finite order, say
¢). The corresponding group automorphism § : G — G (see §2.10) preserves the
algebraic group structure and has finite order c¢. Let G be the semidirect product
of G with the cyclic group of order ¢ with generator d such that dzd=' = 6(z)
for all z € G. Then G is an algebraic group with identity component G. Let B
be the variety of Borel subgroups of G. For each w € W let O, be the set of all
(B,B') € B x B such that B = 2B*z~!, B’ = zB*w tx~! for some z € G. We
have B x B =| |, ey Ow. As in [L3], 0.1, 0.2], for any w € W let

B, =1{(9,B) € Gd x B: (B,gBg™ ') € O,},

B, ={(9,9"U) € Gd x G/*U : ¢ 1g¢' € wlUd}.

Define my, : By — By by (9,9 U) — (g,9'B*g' ).

In the remainder of this section we assume that C'is a é-elliptic J-conjugacy class
in W and that w € Cy4,. Then 7, is a principal bundle with group T, = {t; € T :
W~ = dtd~1}, a finite abelian group (see loc.cit.); the group T, acts on B, by
t:(g,9"U) — (g,9't 1*U). Now G acts on B,, by z : (g, B) — (zgz~t,zBx~!)
and on B, by z : (g,9""U) — (zgz~", zg'*U). We show:

(a) Let O be a G-orbit in B,,. There is a unique v € U™ such that

(wvd,™U) € O.
Clearly O contains an element of the form (wud,”U), where u € U. We first
show the existence of v. It is enough to show that for some z € “U,v € U*®)
we have ziudz~' = iwvd, that is, v = w2z~ iwd(z). Setting 2/ = w1z "1,
w’ = §(w) we see that it is enough to show that u = 2'vi’d(z") 1w’ ~1 for some
2 e @)y v e U, But this follows from 3.14(c) with ¥ = 1 and w replaced
by w'.

Now assume that (wvd,“U) € O, (in'd,”U) € O, where v,v' € U™, We
have wv'd = wivdu™"! for some u € “U. Setting v/ = wlu € ¥ U we have
v'di) = wvdibu' 1, that is, v/ = w/v(w)d (v ~1)(w) . Using 3.14(b) (appplied to
0(w) instead of w) we see that v/ =1 and v = ¢v/. This completes the proof of (a).

We can reformulate (a) as follows.

(b) The closed subvariety {(wvd,U) : v € U™} of B, meets each G-orbit in
B, in ezactly one point. Hence the space of G-orbits in By, can be identified with
the affine space U°™),
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We show:

(¢) The closed subvariety {(wvd, B*) : v € U™} of B, is isomorphic to U(™);
its intersection with any G-orbit in B, is a single T,-orbit (for the restriction of
the G-action), hence is a finite nonempty set.

The first assertion of (c) is obvious. Now let O be a G-orbit in B,,. Let

Z = {(vvd, B*);v € U™} N O.

There exists a G-orbit O in B, such that m,(0) = O. By (b) we can find v €
U%®) such that (wvd,“U) € O. Then (wvd, B*) = m,(ivd,“U) € O so that
Z # 0. If (wvd, B*) € Z and t € T,,, then (tiwvdt—t, B*) € O and (twvdt~!, B*) =
(wv"d,“U), where

v =T ' dt T T = (dtd ' (dt ) € UL

Thus (tivdt~t, B*) € Z so that T,, acts on Z.
Assume now that v,v’ € U*™®) are such that (wvd, B*) € O, (iwv'd, B*) € O.
Then for some = € G we have

T (ztbvde ™, 2VU) = Ty (uv'd, U).
Since m,, is a principal fibration with group T, it follows that
(zivde ™, 2"U) = (u'd, t1U)

for some ¢ € T,,. Thus (wvd,“U), (tiv'dt~",“U) are in the same G-orbit on B,,.
Note that (twv'dt =1, *U) = (wv"d,“U), where

v =T v’ dt T T = (dtd ! (dt ) € UL
Using (b) we deduce that v = v”. Thus
(wv'd, B*) = (w(w ™t Yb)v(dtd ')d, B*) = (t " wwdt, B*) =t~ (wvd, B¥)
so that (wv'd, B*), (wvd, B*) are in the same T,,-orbit. This completes the proof

of (¢).

We can reformulate (c) as follows.

(d) The closed subvariety {(wvd, B*) : v € U™} of B, meets each G-orbit in
B, in exactly one Ty,-orbit. Hence the space of G-orbits in B,, can be identified
with the orbit space of the affine space U*™) under an action of the finite group
Ty.

Statements like the last sentence in (b) and (d) were proved in [L5] 0.4(a)] assuming
that G is almost simple of type A, B,C or D. The extension to exceptional types
is new.

4.2. In this subsection we assume that § = 1 so that d = 1. Let v be the unipotent
class of G attached to C in [L3]. Recall from loc.cit. that v has codimension I(w)
in G. The following result exhibits a closed subvariety of G isomorphic to the affine
space A'®) which intersects v in a finite set.

(a) The closed subvariety 3 := wU" of G is isomorphic to UY and X N~ is a
single T,-orbit (for the conjugation action), hence is a finite nonempty set.
According to |L4], the subset BY, = {(9,B) € By : g € 7} is a single G-orbit
on By,. Let Z = {(wv,B*) : v e U¥}NBY, Z' = {wv :v € U’} N~. The
first projection defines a surjective map Z — Z’. Since Z is a single T,,-orbit (see
3.1(c)), it follows that Z’ is a single Ty,-orbit. This proves (a).
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[Note added 10.4.2011. Tt is likely that the intersection ¥ N+ in (a) is not
transversal in bad characteristic.]

4.3. In this subsection we assume that A, F, x are as in 3.6(iv). Then m = dx :
G — G is the Frobenius map for an Fj-rational structure on G. As in [DL], we set

X, ={g"U € G/U : ¢ 'n(¢) € wU}.

Now the finite group G™ := {g € G : 7(9) = g} acts on X, by = : ¢°U
xg'*U. Let U\\U be the set of orbits of the “U-action on U given by uq

u — w upur(uy) . According to [DIJ, 1.12], we have a bijection G™\X,, —»
YU\\U, ¢"*U  w~tg'"I7(g") with inverse induced by u — ¢’*U, where ¢’ € G,

g ~'7(g") = wu. Under the substitution w~tujw = u’, the “U-action above on U
1

becomes the * U-action on U given by uy : u — w/ud(i)p(u')~26(w)~!. Using
3.14(c) for é6(w) instead of w we see that the space of orbits of this action can be
identified with U%™). Thus we have the following result.

(a) The space of orbits of G™ on X, is quasi-isomorphic to the affine space
Usw),

A statement such as (a) was proved in [L5] assuming that G is almost simple of
type A, B,C or D and 6 = 1. The extension to general G is new.
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