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HECKE ALGEBRAS AND INVOLUTIONS IN WEYL GROUPS

GEORGE LUszTiG AND DAVID A. VOGAN, JR.

INTRODUCTION AND STATEMENT OF RESULTS

0.1. Let W be a Weyl group with standard set of generators S; let < be the Bruhat
order on W. In [KL1],[KL2], certain polynomials Py, = > ;50 Py w:itt’ (Pyw:i €
N, u is an indeterminate) were defined and computed in terms of an algorithm
for any y < w in W. These polynomials are of interest for the representation
theory of complex reductive groups, see [KL1]. Let I = {w € W;w? = 1} be
the set of involutions in W. In this paper we introduce some new polynomials
Pl =2 >0 P7 .iu' (PJ . € Z) for any pair y < w of elements of I. These new
polynomials are of interest in the theory of unitary representations of complex
reductive groups, see [AL[; they are again computable in terms of an algorithm,
see 4.5. For y < w in I and 7 € N there is the following relation between P, .
and P;,w;i: there exist a;,b; € N such that Py ,.; = a; + b;, P;’w;i =a; — b;.

Let A = Z[u,u1] and let § be the free A-module with basis (Ty)wew with
the unique A-algebra structure with unit 77 such that

(i) Tw Ty = Ty if l{ww') = 1(w) + 1(w)
(I : W — N is the standard length function) and (T + 1)(7s — u) = 0 for all
s € S. Let $ be the A-algebra with the same underlying A-module as $ but with
multiplication defined by the rules (i) and

(i) (Ts + 1)(Ts —u?) =0 for all s € S.
In the course of defining the polynomials P, ,, in [KL1] a special role was played
by the triple (H ® HPP.$H,” : H — H) where the middle §) is viewed as a ) ® HPP-
module via left and right multiplication ($°PP is the algebra opposed to $)) and
" : ) — $is a certain ring involution. To define the new polynomials P;’ «» We shall
instead need a triple

(O, M,”: M — M)

where M is the free A-module with basis (@, )wer with a certain $’-module struc-
ture and ~ : M — M is a certain Z-linear involution which are described in the fol-
lowing theorem (here ~: $’ — § is the ring involution such that unTy, =u"T ;_11
for all w € W,n € Z).
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Theorem 0.2. (a) Consider for any s € S the A-linear map Ts : M — M given
by

(i) (Ts + 1)(ay) = (u+ 1)(aw + asw) if w € I, sw = ws > w;

(ii) (Ts 4+ 1)(aw) = (u? — u)(ayw + asw) if w € I, 5w = ws < w;

(153) (Ts + 1)(aw) = Gy + asws if w € I, sw # ws > w;

(iv) (Ts +1)(ay) = u%(ay + asws) if w € 1, sw # ws < w.

(Note that in (iii) we have automatically sw > w and in (iv) we have automatically
sw < w.) The maps Ty (s € S) define an $H'-module structure on M.

(b) There exists a unique Z-linear map ~: M — M such that u™m = u="m for
alme M, n€Z,a; =ay and (Ts + 1)m = u=2(Ts + 1)m for allm € M,s € S.
For any w € I we have Gy, = Zyel7y<w Tywy Where vy € A and 1y = = W),
For any h € $ and m € M we have hm = him. For any m € M we have m = m.

The proof of (a) is given in 1.8. The proof of (b), given in 2.9, is based on
a sheaf theoretic construction of M, some elements of which are inspired by the
geometric construction of the plus part of a universal quantized enveloping algebra
of nonsimplylaced type given in [L2, Ch.12].)

Let A = Z[v,v!] where v is an indeterminate. We view A as a subring of A
by setting u = v2. Let M = A®4 M. We can view M as a A-submodule of
M. We extend ™ : M — M to a Z-linear map ~ : M — M in such a way that
v'm=v "mformeMmnecZ Let H =AR49, H = A4 9. These are
naturally A-algebras containing $), §)’ as A-subalgebras. Note that the $)’-module
structure on M extends by A-linearity to an $’-module structure on M. We have
the following result.

Theorem 0.3. (a) For any w € I there is a unique element

Ay = v HW) Z Pl ,ay € M

yeLy<w

(Py . € Zlu]) such that Ay, = Ay, Pg ,, =1 and for any y € I, y < w, we have

deg P7,, < (l(w) —I(y) —1)/2.
(b) The elements A,, (w € 1) form an A-basis of M.

The proof is given in 3.1, 3.2. In 3.3 we give an interpretation of Py, in terms
of intersection cohomology.

0.4. Forany z € Q — {0} let M, = Q®4 M, 5, = QR4 H where Q is viewed
as an A-algebra under v — z. For w € W we write T, € $)’, instead of 1 ® T;
for w € T we write a,, € M, instead of 1 ® a,,. Note that £} can be identified
with Q[W], the group algebra of W, so that for w € W, T}, becomes w. Now
specializing 0.2(a) with u = 1 we see that M; is a W-module such that

$(ay) = Ay + 205 if w € I sw = ws > w;

S(ay) = —aqy if w € I, sw = ws < w;
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$(ay) = asws if w € I, sw # ws.
In §6 it is shown that the W-module M; is isomorphic to a direct sum of repre-
sentations of W induced from one-dimensional representations of centralizers of
involutions. The last direct sum has been studied in detail by Kottwitz [Ko]; in
6.4 we reformulate Kottwitz’s results in terms of unipotent representations.

0.5. If X isaset and f: X — X is a map we write X/ = {z € X; f(z) = z}. If
X is a finite set we write | X | for the cardinal of X.

CONTENTS

Proof of Theorem 0.2(a).

Proof of Theorem 0.2(b).

Proof of Theorem 0.3.

The action of u~1 (T, + 1) in the basis (A,,).
Relation with two-sided cells.

The W-module M.

Some extensions.

NSOt o

1. PROOF OF THEOREM 0.2(A)

1.1. Let k be an algebraic closure of the field F,, with p elements. (p is a prime
number.) Let G be a connected semisimple simply connected algebraic group
over k. Let B be the variety of Borel subgroups of G. Then G acts on B x B
by simultaneous conjugation and the set of orbits can be viewed naturally as a
Coxeter group (the Weyl group of GG); we shall assume that this Coxeter group
is W of 0.1 with its standard set of generators. For w € W we write O,, for the
corresponding G-orbit in B x B. Let ¢ : G — G be the Frobenius map for a split
F -structure on G.

Let s € Z~q and let ¢ = p*. Then ¢’ := ¢* : G — G is the Frobenius map for
a split F,-structure on G (we denote by F, the subfield of k of cardinal ¢). For
any s € S the A-linear map Ts : M — M defined in 0.2(i)-(iv) induces a Q-linear
map M, — M, denoted again by T; it is given by 0.2(i)-(iv) with u replaced by
q.

Consider the Fj-rational structure on B x B with Frobenius map

F:(B,B') = (¢'(B), ¢'(B)).
We have
(Bx B ={(B,B)eBxB;B=¢(B),B =¢(B)}.
If (B, B') € O, is fixed by F then (¢/(B'), ¢/(B)) € O N Oyy-1 hence w € I. On

the other hand if (B, B’) € O,, w € I then (¢'(B’),¢'(B)) € O, so that O, is
F-stable. We see that (B x B)f' = ,,c1O0f. Now if w € I, then G acts transitively
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on O,, and this action is compatible with the F,-structure on O,, given by F' and
with the F,-structure on G given by ¢’ : G — G. Hence, using Lang’s theorem,
we see that OF # () and that the induced action of G¢" on OF is transitive (here
we use also that the stabilizer in G of a point in O,, is connected). We see that
the G? -orbits in (B x B)F" are exactly the sets OF with w € I. Let F, be the

vector space of functions (B x B)¥ — Q which are constant on the orbits of G
Clearly we can identify M, with F, in such a way that for w € I, a,, becomes the
function which is 1 on OF and is 0 on OF, for v’ € I, w’ # w.

Next we consider the F-rational structure on B x B with Frobenius map
(B, B') — (¢/*(B), ¢'2(B’)) denoted again by ¢'2. We have clearly (B x B)?"~ =
uwewogg'z and this is exactly the decomposition of (B x E)’)‘f’/2 into G -orbits.
Let F, be the vector space of functions (B x B)#"* — Q which are constant on the

orbits of G, We define an (associative) algebra structure on Fo by by b/ = hxh/
where

(h#h')(B1,B2) = > h(By,B)W (B, Ba).
6€B¢/2
Clearly we can identify $; with JF as vector spaces in such a way that for w € W,

T,, becomes the function which is 1 on 01?)/2 and is 0 on Oil,z for w e W — {w}.
By Iwahori [I], this is identification respects the algebra structures on JF, ;.
For h € F;,m € F, we define h xm € F, by

(h*m)(B1,Bs2) = Z h(By, B)m(B,¢'(8)).

,BEB¢/2

(It may look strange that By does not appear in the right hand side; but in fact
it appears through By since By = ¢'(B1).) If h, ' € F;, m € F,; we have

((hxh')«m)(By,By) = Y (hxh)(By,B)m(B,¢'(8))

BeBP'?
= ) WBLB B, BMB, ¢ (B))
B,B'eB*"?
> (BB xm)(B,¢(B) = (hx (b +m))(By, By).
B'eBs’?

Thus (h*h') xm = hx(h'*m) so that h, m +— hxm defines a F;-module structure
on F,. (Note that T} * m = m for m € F,.)

1.2. Let s € S, w e 1. We have T xa,, =) N 1w’ @y, Where

w’€el

Nowur = {8 € B (8,8/(8)) € Ouy, (C, B) € O}
= {(B,8) € OF;(C,B) € 04, (8,C") € O,}]
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for any (C,C") € OF,. To simplify notation we write N,/ instead of Ny 4, . since
s,w are fixed. In 1.3-1.6 we compute the number N, for a fixed (C,C’) € OF,
w' €1

1.3. In this subsection we assume that sw # ws > w. Using [DL, 1.6.4] we see that
[(sws) # l(w) hence [(sws) = l(w) + 2. If Ny # 0 then there exists (8, 8") € O,
such that (C, ) € Oy, (6',C") € Os. Hence w' = sws. Conversely, assume that
w' = sws. There is a unique (3, 3) € O, such that (C,B) € O, (8,C") € Os.
We have (¢'(8),¢'(8)) € Ow, (C,¢'(5')) € O, (¢'(B),C") € Os. (We use that
¢'(C) =", ¢'(C) = C".) By uniqueness we must have ¢'(58) = 5, ¢'(8') = B.
Thus (8, 8') € OF. We see that Ny, = 1 so that T, * @y, = Qgups.

1.4. In this subsection we assume that sw = ws > w. If N # 0 then there exists
(8,8") € Oy such that (C,5) € O, (5,C") € Os. Hence (C, ") € Og, (we use
that I(sw) > l(w)) and (C,C") € O,y UO,, (we use that sws = w); hence v’ = sw
or w' = w.

Assume first that w’ = w. We set

Z ={(8,B') € Ou; (C,B) € O, (8,C") € Os}.

We claim that the first projection Z — Y := {5 € B;(C, ) € O} is an isomor-
phism so that Z is an affine line. Let 8 € Y. It is enough to show that there
is a unique ' € B such that (8,5') € Oy, (8,C") € Os. Since l(ws) > l(w)
it is enough to show that (8,C’) € Oys; but from (8,C) € O, (C,C") € Oy,
I(sw) > l(w) we do indeed deduce that (3,C") € Oy, as desired. This proves our
claim. Now the restriction of F' to Z is an Fj-rational structure on an affine line
hence it has exactly ¢ fixed points. It follows that N,, = q.
Assume next that w’ = sw = sw. We set

Z'=H(B,8") € Ou; (C,B) € O, U0, (B',C") € O; U Oy }.

We claim that the first projection Z' — Y’ := {8 € B;(C,8) € O; UO;} is an
isomorphism so that Z’ is a projective line. It is enough to show that for any
B €Y’ the set

=5 = {8 € B;(8,8) € Ou, (8,C") € O,U 01}

has exactly one element. Let C7 be the unique element of B such that (C,C1) €
Os, (C1,C") € Oy (we use that (C,C") € Oy and l(sw) > l(w)). Note that
Ci €Y. If B =C; then C" € Eg; if 8/ € E, — {C'} then (,C") € O,
(C",Cy) € Oy hence (B',C1) € Oy (since I(sw) > I(w)) contradicting (8, 5) €
Ow. Thus |E¢, | = [{C'}| = 1. Now assume that § € Y/ — {Cy}. From (8 # Ci,
(C,5) € O, U0y, (C,C") € Ogy we deduce that (8,C’) € O,. Hence there
is a unique 3} € B such that (3, 8)) € Ow, (85, C’") € Os. We have ) € Eg.
Conversely, if 8’ € Z3 we have ' # C’ (since (8,C") € Ogy); thus f = 5. We
see that |Z5| = [{by}| = 1. This proves our claim.
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Now the restriction of F' to Z’ is an Fg-rational structure on a projective line
hence it has exactly ¢ + 1 fixed points. If (8, 3') € Z¥ then we have necessarily
C # p and C' # p'. Indeed, if C = B then ¢'(C) = ¢'(5) hence C" = f’
and (8,0") = (C,C") € O, contradicting (8,8') € O,. Similarly, if C' = '
then ¢/'(C') = ¢'(f') hence C =  and (B,8') = (C,C") € O, contradicting
(8,8") € Oy. Thus

g+1=12"F=|{(8,8) € OF; (C,B) € Oy, (8,C") € Os}| = Ny

We see that T * a, = qayw + (¢ + 1)asy-

1.5. In this subsection we assume that sw # ws < w. Using [DL, 1.6.4] we see

that [(sws) # l[(w) hence [(sws) = l(w) — 2. We have s(sws) # (sws)s > sws.

Applying 1.3 to sws instead of w we obtain Ty * agyus = aw. Applying Ty to the

last equality and using the equation T2 = (¢® — 1)Ts + ¢* : Fq — Fy4, we obtain
(q2 - 1)T5 * Qgs T q2a5w5 =1T5 * ay

that is, Ty * @y = (¢® — 1)aw + (?asws-

1.6. In this subsection we assume that sw = ws < w. We have s(sw) = (sw)s >
sw. Applying 1.4 to sw instead of w we obtain Ts*asy = qasw+(q+1)a,. Applying
T to the last equality and using the equation T2 = (¢ — 1)Ts + ¢° : F; — F, we
obtain (¢% — 1)Ty * Gsw + (®asw = qTs * s + (¢ + 1)Ts * a,, that is

(q + 1)Ts * Ay = (q2 —1- Q>TS * Qgyy + qzasw
= (¢* —q—1)qasw + (¢* — ¢ — 1)(g + 1)aw + ¢*as.

Dividing by ¢ + 1 we obtain Ty * a,, = (¢% — ¢ — 1)aw + (¢® — @) tsw.

1.7. From the results in 1.3-1.6 we see that the operators T : M, — M, (s € 5)
given by the formulas 0.2(i)-(iv) with u replaced by ¢ define an $);-module structure
on M,.

1.8. We now prove 0.2(a). We shall use the following obvious fact.

(a) If m € M has zero image in M, for s =1,2,... then m = 0.
Let s,t € S,s # t and let k be the order of st in W. Let m € M. Let m’ =
(T, T, T ...)m — (T, T,T; ... )m € M (both products have k factors). From 1.7 we

see that m' has zero image in M- for s =1,2,...; hence by (a) we have m’ = 0.

Now let s € S and let m € M. Let m’ = T?m — (u® —1)Tym —u?m € M. From
1.7 we see that m’ has zero image in M,: for s = 1,2,...; hence by (a) we have
m' = 0.

We see that 0.2(a) holds.

2. PROOF OF THEOREM 0.2(B)

2.1. We preserve the notation of 1.1. We fix a prime number [ # p. For any
complex £ of constructible Q;-sheaves on an algebraic variety we denote by H'{
the i-th cohomology sheaf of & and by DR the Verdier dual of K.
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Let Cy be the category whose objects are the constructible G-equivariant Q-
sheaves on B x B; the morphisms in Cy are morphisms of G-equivariant Q;-sheaves.
Let Vec be the category of finite-dimensional Q;-vector spaces. If S € Cy and
x € B x B, let §; be the stalk of S at x; for any w € W there is a well defined
object V.5 € Vec which is canonically isomorphic to S, for any x € O,,. Note that
S+ V.5 is a functor Cy — Vec. For w € W let S,, be the object of Cy which is Q;
on O, and is 0 on B x B— O,,. For w € W let S be the intersection cohomology
complex of the closure O, of O, with coefficients in Q; (on Oy ) extended by zero
on Bx B—0,. We have H'St € Cy (i € Z); moreover H'SE is zero for large i and
is zero unless i € 2N, see [KL2, Thm. 4.2]. If S € Cy, then H'DS € Cy (i € Z);
moreover H'DS is zero for all but finitely many .

Let C; be the category whose objects are pairs (S, ¥) where S € Cy and V¥ is an
isomorphism ¢?*S — S in Cy. A morphism between two objects (S, V), (S', ¥)
of C; is a morphism § — &’ in Sy which is compatible with ¥, ¥'. If (S, V) € 4
then for any w € W, ¥ induces a linear isomorphism ¥,, : V.5 — V¥ (Note that
Vu‘fz*s = V.5 since O, is ¢-stable.) If z € Q; and (S, V) € C; then (S,2¥) € C;.
If (S, V) € C; then for any i let ¥ : $>*H*DS = H'DS be the inverse of the
isomorphism H'DS — ¢**H*DS induced by D; thus (H'DS,¥(®) € C;.

For any w € W and any z € Q) we have (S,,t,) € Ci where ¢, : **Sw = Sy
is multiplication by z (we have ¢?*S,, = S,).

Let Cs be the full category of C; whose objects are the pairs (S, ¥) € C; such
that for any w € W all eigenvalues of ¥, : V.5 — V.5 are even powers of p. For
example if w € W,k € Z then (S,,,?,2r) € Ca.

Lemma 2.2. For any (S,V¥) € Cy and any i € Z we have (H'DS, V")) € Cy.

It suffices to show that (’HiDSw,tgi)) € Cy for any w € W,i € Z. We can
assume that w € W is fixed and that the statement in the previous sentence holds
when w is replaced by any w’ € W, w' < w. Let j%* : ¢>*St = S be the
unique isomorphism such that the induced isomorphism VJ,{ °Sh — Vf °sh is the
identity map. By [KL2, Thm. 4.2], j* induces for any h € Z an isomorphism
g ¢ HMSE = HMSE such that

(a) (H"SE,,5%) € Ca.

Let K be the restriction of Sfu to O, — O, extended by 0 on the complement of
Ow — Oy. Now ;¥ induces an isomorphism d : ¢>* K = K. Let d’' : $>** DK =
DK be the inverse of the isomorphism DK — ¢** DK induced by d; this induces
isomorphisms d, : ¢**H"DK = H"DK for h € Z. Since supp(K) C O, — O,
we see using (a) and the induction hypothesis that

(b) (H"DK,d;}) € Cy for h € Z.

Now j* induces an isomorphism DS! — ¢2*DS¥ whose inverse is an isomor-
phism j’ : ¢?*DS! = DS!. This induces for any h € Z an isomorphism
g ¢ HPDSE = HMDSE. We can identify DS¥ = S¥ [2m] for some m € Z in
such a way that j; becomes p2m’ Jivom for some m’ € Z. Using (a) we deduce
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that

(c) (H"DSE , j1) € Co.
Using (c),(b) and the long exact sequence of cohomology sheaves associated to
the exact triangle consisting of DS,,, AS% | DK (which is obtained from the exact
triangle consisting of K, S¥ | S,,) we deduce that (H"DS,,, tgh)) € Cy for any h € Z.
This completes the inductive proof.

2.3. Define o : Bx B — B x Bby (B,B’") — (B,B). Then

o :

oo =0¢p:BxB—>BxB

is the Frobenius map for an F,-rational structure on B x B such that 2 = ¢2.

Let C be the category whose objects are pairs (S, ®) where S € Cy and P is
an isomorphism ¢*S — & in C such that, setting ¥ = ¢*(®)® : $**S — S, we
have (S,¥) € Cy (note that ¢**S = ¢**S). A morphism between two objects
(S,®), (S, ") of C is a morphism & — &’ in Sy which is compatible with @, ®’.
Note that if (S, ®) € C, then (S, —®) € C. For (S,®) € C and w € I, ® induces a
linear isomorphism ®,, : V.5 — V5. (Note that V¢S = V5 since O,, is ¢-stable.)

For any (S,¥) € Cy let @ : ¢0*(S® ¢*S) — S @ ¢*S (that is & : ¢*S & ¢**S —
S EB(%*S) be the isomorphism whose restriction to ¢*S is 01 and whose restriction
to $**S is U @ 0. We set (S, ¥) = (S @ ¢*S, ®). Note that O(S, V) € C.

Let E be the subset of Q; consisting of p™, —p™ (n € Z). For w € I, z € F let
Ty ! é*Sw — S,, be the isomorphism such that ®,, : Vfw — Vfw is multiplication
by z. We have (S, 7,) € C.

Let K(C) be the Grothendieck group of C. We have the following result.

Lemma 2.4. If (S§,®) € C then in K(C), (S,®) is a Z-linear combination of
elements (Sy,7.) (w €1,z € E) and of elements O(S, V) for various (S, V) € C,.

We can assume that the set J := {w € W;S|o, # 0} consists either of (i) a
single element of I or (ii) of two distinct elements w’, w” whose product is 1 and
that for any w € J we have S|o, = Q. In case (i) we have (O, ®) = (S, 72)
where J = {w}, z € E; in case (ii) we have (O, ®) = O(S,,, t,2n) where w € J and
n € Z. The lemma is proved.

2.5. Let K’(C) be the subgroup of K(C) generated by the elements of the form
O(S, V) for various (S, V) € Cy and by the elements of the form (S, ®) + (S, —P)
with (S, ®) € C. Let K(C) = K(C)/K'(C). From 2.4 we see that

(a) the abelian group K (C) is generated by the elements (S, Tpn) (w € In € Z).
We regard K (C) as an A-module where u" (S, ®) = (S, p"®) for n € Z. Then K'(C)

is an A-submodule of K (C) hence K (C) inherits an A-module structure from K (C).
2.6. Let s be an odd integer > 1 and let ¢ = p°. Let

F=¢c=0¢"=¢°:BxB—BxB
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be asin 1.1. For (S, ®) € C we define a function (S, ®) € F, (see 1.1) as follows.
For z € (B x B)Y', xs(S, ®)(z) is the trace of the composition

P [ P [

or equivalently, the trace of ®% : V5 — V¥ where w € I is such that z € O% .
Clearly, (S, ®) — xs(S, ®) defines a group homomorphism x; : K(C) — F, such
that xs(u) = p°xs(§) for all £ € K(C) and such that xs(Sw,71) = ay for all
w e L

If (S,¥) € Cy, the function xs(O(S,®)) : (B x B)f' — Q, is 0 (its value at
x € (BxB)¥ is, from the definitions, the trace of a linear map of the form A® B —
A® B, (a,b) — (T'(b),T'(a)) where T : B — A,T' : A — B are linear maps).
From the definition we see also that if (S, ®) € C then (S, ®) + xs(S,—P) = 0.
Thus, x5 : K(C) — F, maps K'(C) to 0 hence it induces a group homomorphism
K(C) — F, denoted again by xs. It satisfies x;(u€) = p®xs(€) for all £ € K(C).
We show:

(a) if € € K(C) is such that xs(£) = 0 for all odd integers s > 1 then & = 0.
By 2.4 we have & = Zwel,nez Cwn(Sw, Tpn) where ¢, , € Z are zero for all but
finitely many (w,n). Applying xs we obtain 0 = Zwel,nez Cw,nP™*ay. Since the
a,, form a basis of F,s we deduce ZwEI,nGZ cwnp"® = 0 for any w € I. Since this
holds for s =1,3,... we see that ¢, , =0 for any w € I, n € Z, proving (a).

We show:

(b) The elements (Sy,71) (w € 1) form an A-basis of K(C).

The fact that they generate the A-module K (C) follows from 2.4. The fact that
they are linearly independent over A follows from the proof of (a).

2.7. If (S,®) € C then for any i let ) : ¢*H'DS = H'DS be the inverse of

the isomorphism H'DS — ¢*H'DS induced by D. Note that if z € E (see 2.3)

then (20)@ = z=10®_ Moreover, setting ¥ = ¢*(®)® : $**S =+ S, we have that

P* (D) : $2*S — S is equal to ¥ (as in 2.1). Using now 2.2 we see that
(a) (H'DS, %) e C.

Clearly there is a well defined Z-linear map D : K(C) — K(C) such that

D(S,®) =) (-1)'(H'DS, o)
i€Z

for any (S, ®) € C. If (S,¥) € C, and O(S,¥) = (S @ ¢*S, ®) then for any i we
have (H'D(S @ ¢*S), ®") = O(H!DS, ¥() where (H'DS,¥?) € Cy (see 2.2).
Moreover if (S, ®) € C then for any i we have (H'DS, (—®)®) = (H'DS, —d®).
It follows that D carries K’(C) into itself hence it induces a Z-linear map K(C) —
K(C) denoted again by D. Note that D(u"¢) = v "D(&) for any ¢ € K(C) and
any n € Z.

Since Oy is closed, smooth, of pure dimension v := dim B, we have from the
definitions

D(Sl, 7'1) = U_V(Sl, 7'1).
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2.8. Now let t € S. We have O; = O, U O;. Let
Y = {(By, B2, B3, By) € B*; (B1, Ba) € Oy, (B3, By) € O}

Define ¢ : Y — Y by

(B, Ba, Bs, By) = (¢(B4), 9(B3), ¢(B2), ¢(B1)).

This is the Frobenius map for an F,-rational structure on Y. Define 7,7’ : Y —
B x B by

W(B17B27B37B4) = <B27B3)7 7T/(B17B27B37B4) = <B17B4)'

We have ¢ = ¢m,7'¢p = ¢n’. (The ¢ to the left of 7 or 7’ is as in 2.3.) For
SeCandic€ Zlet St = Rim{n*S; note that S¢ € Cy. Let (S, V) € Cy. Fori € Z,
U : $?*S — S induces an isomorphism ¢?*7*S — 7*8S (since m¢? = ¢>m) and this
induces for any i an isomorphism ‘¥ : $?*S* — S° (since 7'¢? = ¢?7’). A standard
argument shows that (S¢,"¥) € Cy. It follows that if (S, ®) € C and i € Z, then
the isomorphism ‘® : ¢*S* — S induced by ® satisfies (S?,®) € C. (Setting ¥ =
P*(B)D : ¢**S = S, we have U = ¢*(1®)("®) : $2*S = S.) Hence there is a well
defined Z-linear map 6; : K(C) — K(C) such that 6;(S,®) = _,(—1)"(S%,'®) for
all (S,®) € C. From the definitions we have 6,(u"§) = u™0,(§) for any £ € K(C),
n € Z. From the known properties of Verdier duality we have that

D(0:(¢)) = u20,(D(¢)) for all £ € K(C).

(We use that 7’ is proper and that 7 is smooth with connected fibres of dimension
2.)

If (S, ) € Cy and O(S, ¥) = (S @ ¢*S, ®) then for any 7 we have

(S ® ¢*S)t,'®) = O(S, ).
Moreover if (S, ®) € C then for any ¢ we have

(81 (~®)) = (5, '), ]
It follows that 6, carries K'(C) into itself hence it induces an A-linear map K (C) —
K(C) denoted again by 6.

Now let s be an odd integer > 1 and let ¢ = p°. We define a linear map
0,5 : Fq — Fq by f+— f' where

f'(B1,By) = > f(B2, Bs)

(B2,B3)€(BxB)%°;(B1,B2)€0;,(Bs,B1)€0,

for any (By, By) € (B x B)?". o
Let (S, ®) € C and define (S*,'®) € C as above. Using Grothendieck’s sheaves-
functions dictionary, we see that

Brs (X (S, ) = 3 (=) xs(Si, '),

7
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It follows that

9t,s(Xs(§>) = Xs(et(§)>
for any ¢ € K(C). From the definition of the H/-module structure on F, in 1.1 we
see that 0; s(m) = (T} + 1)(m) for any m € F,. Thus for any £ € K(C) we have

Xs(0:(8)) = (Ti + 1)(xs(8))-

2.9. Using 2.6(b) we identify M = K(C) as A-modules in such a way that for any
w € I, the element a,, € M becomes the element (S, 7;) of K(C). Then D in 2.7
and 6, in 2.8 become Z-linear maps M — M (denoted again by D, 6;). From 2.8
we see that for any s = 1,3,5,... and any m € M, the image of 6;(m) in Mys is
equal to the image of (T} 4+ 1)m in M. It follows that

Note also that 6; : M — M is A-linear while D(u"m) = v~ "D(m) for all m €
M, n € Z. From 2.8 we see that D(6;(m)) = u=26,(D(m)) for all m € M.
Equivalently we have D((T; +1)(m)) = u=2(T; +1)(D(m)) for all m € M. (Here t
is any element of S.) From 2.7 we have D(a;) = u""a;. We now define ™ : M — M
by m — «”D(m). This has the properties described in the first sentence of 0.2(b).
Thus the existence part of that sentence is established. To prove the uniqueness
part of that sentence it is enough to verify the following statement.

Let f : M — M be a Z-linear map such that f(u™m) = u~"m for allm € M,
ne€Z, fla) =0 and f(Ty+1)m) = u=2(Ty+1)f(m) for allm € M,t € S. Then
f=0.

We must show that f(a,) = 0 for any w € I. We can assume that w # 1 and that
f(aw) =0 for any w’ € I such that w’ < w. We can find ¢ € S such that wt < w.
If tw # wt then applying 0.2(iii) with w, s replaced by twt,t we have

F(WP e + v?ay) = F((T + 1) (apwe) = w (Tt + 1) f (@rwr) = 0

(since twt < w) hence u=2 f(a,) = 0 so that f(a,) = 0. If tw = wt then applying
0.2(i) with w, s replaced by wt,t we have

f((u + 1)(awt + aw)) — f((Tt + 1)(6Lwt)) =0

hence (u=! + 1)f(a,) = 0 so that f(a,) = 0. This completes the proof of the
first sentence in 0.2(b). The second sentence in 0.2(b) follows from the fact that
DS, has support contained in O,, and from the fact that dim(O,,) = I(w) + v.
We prove the third sentence in 0.2(b). Let $j be the set of all h € ' such that
hm = hm for any m € M. Clearly $)) is an A-subalgebra with 1 of $’. By
definition, $)j contains T3 + 1 for any t € S. Since the elements T; + 1 generate )’
as an A-algebra we see that $, = ', as desired. We prove the fourth sentence in
0.2(b). Define f': M — M by f’(m) = m. This is an $’-linear map M — M such
that f’(a1) = a;. We must show that f’ = 1. It is enough to show that f’ =

after the scalars are extended to Z[u,u~?, (u+1)~1]. But this follows the fact that
M (with scalars thus extended) is generated by a1 as an $’-module. (We use the
formulas in 0.2(a).) This completes the proof of 0.2(b) hence that of Theorem 0.2.
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3. PROOF OF THEOREM 0.3

3.1. In thissection we fix w € I. Recall that we have morphisms o, ¢, ¢ = 0 = ¢o
of Bx B into itself, see 2.3. Cleagly there is a unique isomorphism k% : o*S% = St |
(resp. m¥ : ¢*Sf = S v 1 ¢*SE 5 8% ) such that the induced isomorphisms
w HhSE o~ HISE
(k3 )y = Vy _>hV@’/j - - -
w Hhst o~ oHPESE L Hhst o~ HPSE

(resp. (m})y = Vy — Vy (1) Vy — Vy )
defined for any y € I,y < w and h € 2N satisfy (k{')y = 1 (resp. (m§)w = 1,
(16 )w = 1). We have (i), = (k})y(my)y = (my))y(ky)y. By [KL2, Thm. 4.2],
(m}’), is equal to p"/2 times a unipotent transformation. Clearly, (k}Y)y has square
equal to 1. In particular, for any h € 2N, we have

(’H"Sfu,z'“’) cC,

(a) (H"SL, i) = > Plumpu?Sy= Y Pg.S,€K(C)
yeliy<w yeliy<w
where g
Hhst HhsE
wah/Q—tr((kh) VT =V Tr) e Z,

Z wh/Qu 2 e Zu).

he2N
From the definition of S, we have (with notation of 2.7):

SN (-1 (W DHSE,, (i) D) = w7 N (1PSE i) € K(C)

he2N jeZ he2N

that is

D( ) (MM, iy) =u 7 Y (1hSh i) € K(C).

he2N he2N
Hence, setting

Z H'SE i) e K(C)

we have

D(2,) = u'W=vg,

that is
Ay = w0,

where we identify K(C) = M as in 2.9. Under this identification the element

A, € M becomes
> P,a,€M.

yeLy<w
From the definition of Sf we have deg P, < (H(w)—=1(y)—1)/2 (ify e Ly < w)
and Pg , = 1. We see that the existence part of 0.3(a) is verified by the element
Ay =07 MY € M (recall that v? = u).
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3.2. We prove the uniqueness part of 0.3(a). Assume that we have an element
Al =y~ w) > yety<w Py way € M (P, € Z[u]) such that A=A, P, =
1 and for any y € I, y < w, we have deg P’y ,, < (I(w) — I(y) — 1)/2. We must
show that P, ,, = 0 where P, ,, = P’(Z”w - P7, forall z €I,z <w.

We already know that P, ., = 0. We can assume that z < w and that P, ,, =0
for any y € I such that z < y < w. With the notation in 0.2(b) we have

pHw) Z Py .w Z rygyay/:v_l(w) Z Py, wty

yeLy<w y'eLy <y yelLy<w

hence
') Z Pty =v P, .

yeLz<y<w

Using our inductive assumption this becomes

Ul(w)Pz,sz,z - U_l(w)Pz,w-

v—2l(z

Using 7, , = this becomes

Here the right hand side is in v"!Z[v™!] and the left hand side is in vZ[v] (we use
that z < w). Hence both sides are zero. Thus P, ,, = 0. This completes the proof
of 0.3(a). Now 0.3(b) is immediate.

In the course of this proof we have also verified the following result.

Proposition 3.3. For any y € I, y < w, the polynomial P], defined in 0.3
satisfies
o w H"si, H"S],
Pl =Y tr((k)y : Vy" o0 = VT T2 € Zu).
he2N

Note that, by [KL2], the polynomial P, ,, of [KL1] satisfies (for y,w as in the
proposition):
gt
Pyw= Y dim(V" % )"/ € Z[u].
he2N

3.4. Let s € S and let w € I be such that sw < w or equivalently ws < w. Let
y € I be such that y < w. Then we have also sy < w; moreover, if sy # ys we
have sys < w. We show:
(a) If sy = ys then P, = Pg, .
(b) If sy # ys then Py, = Pg . .-
Let P be the variety of parabolic subgroups P of G such that for any Borel
subgroups B, B’ in P we have (B, B’) € O, and for some Borel subgroups B, B’

in P we have (B, B’) € O,. Let p : B — P be the morphism B — P where P € P
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contains B. Let p = pxp: BxB — P xP. This map commutes with the diagonal
actions of G and po = o’p where 0’ : PxP — PxP is (P, P') — (P’, P). We have
Ow = p~1(X) where X = p(O,), a closed subvariety of P x P. Let Xg = 5(O,),
the unique open G-orbit in X. Let K be the intersection cohomology complex of
X with coefficients in Q; (on Xj) extended by 0 on PxP—X. We have St = 5*K.
Let Z = p(O,); we have ¢'(Z) = Z. For any h € 2N there is a canonical vector
space V' with a linear involutive ¢’-action which is canonical isomorphic to the
stalk of H"K at any z € Z. From the definitions we have canonically VthSﬁ =V’
and V;;hsg“ = V"if sy = ys, (resp. V;;ssg“ = V' if sy # ys); moreover under these
identifications the operators (k}’), and (k}’)sy if sy = ys (resp. (k})sys if sy # ys)
correspond to the o’-action on V'. It follows that

(ki) s V?Shy = V) — (o V- V)
— tr((k)sy : Vi S0 — VIESY)

it sy = ys and
(ki) s VIShy = VS — (o Vo V)
() Vol S V2SY)

if sy # ys. This implies (a) in view of 3.3.

4. THE ACTION OF u~}(Ts + 1) IN THE BASIS (A,,)

4.1. Let y,w € I. Weset 6., = 1if y = w, 6y = 0if y # w, 6, , = 1 =y u
When y < w we set 7y, = v_l(w)Jrl(y)P;w so that 7, ., € v Zv™ ! if y < w and
Tw,w = 1; when y £ w we set 7, ,, = 0. In any case we have

(a) Ty,w = Oy + 1/ (y, w)v ™" + 1" (y, w)v™> mod v*Z[v "
where 1/ (y,w) € Z, " (y, w) € Z. Note that

(b) ¢ (y,w) #0 = y <w,l(y) # l(w) mod 2,

(c) W' (y,w) 20 = y <w,l(y) =(w) mod 2.
For w € I we set a, = v W g, so that A, = Zyel Wy,wa;.

4.2. In this section we fix s € S. We set ¢, = v 2(T, + 1) € §’. The formulas in
0.2(a) (with w € I) can be rewritten as follows.

csal, = (v+v Hal, + (1 +v72)d, if sw=ws > w;

csal, = (v—v Hal, + (v* —1)d, if sw=ws < w;
csah, = al,s + U;Qagj if sw # ws > w;

[ | /s
csal, = ak,, . +va, if sw# ws < w.

4.3. For any y,w € I such that sy <y < sw > w we define My , € A by:

S _ 1 § / / / /
My’w o ’Lbyaw B /’Ly,l’/’LI,’LU B 5w,SwSuy75w + ,usy’wésy,ys
rzely<zr<w,sx<z
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if I(y) = l(w) mod 2,
s _ —1
My,w - “;,w(v +v )

if [(w) # l(y) mod 2.

Theorem 4.4. Recall that s € S. Let w € 1.
(a) If sw = ws > w then csAy = (V+ v 1) Agyw + Zzel;sz<z<sw M LA,
(b) If Sw ;é ws > w then CsAw g Asws + ZZGI;SZ<Z<SU) Mi,wAZ'
(c) If ws < w then csAy = (V2 +v72)A,.

/

We prove (c). For z € I,sz < z we set @, = a/, + v~ lal, (if sw = ws) and

a. =a’ +v2d.,_, (if sz # zs). By 3.4 we have

8zs

(d) A, =a, + A-linear combination of elements a, with y € I, sy <y < z.

It follows that the elements A,(z € I, sz < 2) span the same A-submodule M’
of M as the elements a’,(z € I,sz < z). To show (c) it is enough to show that
cs—(v?2+v72) acts as 0 on M'; hence it is enough to show that (cs— (v +v72))a, =
0 for any z € I, sz < z. But this follows from 4.2. This proves (c).

In the rest of the proof we assume that sw > w. Note that

/
cs Ay = E Ty,wCsy,

yeEW;y<w

hence using 4.2, ¢;A,, is an A-linear combination of elements of the form a’, with
sz < z and with z < sw (if sw = ws) or with z < sws (if sw # ws). Using (d)
it follows that ¢yA,, is an A-linear combination of elements of the form A, with
sz < z and with z < sw (if sw = ws) or with z < sws (if sw # ws). For such
z we have either z = sw or z = sws or z < sw. (To see this we can assume that
sw # ws, z < sws. Then we must have z < sw or z < ws; if 2 < ws then taking
inverses we obtain z < sw. Thus z < sw in any case. We cannot have z = sw since
sw # ws. hence z < sw.) We see that c;A,, = Zmel;sm<m mg, A, where m, € A;
moreover we have m, = 0 unless z = sw (if sw = ws), r = sws (if sw # ws) or
x < sw.

Since ¢, A, = c;A,, we have Zmel;sm<m Mg Ay = ZmEI;sm<m my A, hence m, =
m, for all z € I such that sz < x. We have

/ /
cs Ay = E Ty,wCsly + E Ty, wCsy

yElisy=ys>y yelisy=ys<y

/ /
+ E Ty, wCsly + E Ty, wCsy

yELsy#Ays>y yELsy#ys<y
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hence, using 4.2:
csAy = Z Tyw((v+v al, + (1 +v7?)a))

yELsy=ys>y

+ > mw(v—vYal, + (v* = ay)
yelsy=ys<y

/ —2 7 / 2 ./
+ § : ﬂ-y,w(asys +v ay) + E ﬂ-y,w(asys +wv ay)?
yELsy#ys>y yELsyAys<y

csAy = Z Toyw(V + v_l)a;/ + Z Tyw(1 + v_2)a;

yel;sy=ys<y yel;sy=ys>y

+ Z Toyw(v — v )al, + Z Tyw(v? — 1a,

yel;sy=ys>y yel;sy=ys<y

/ -2 7
+ E Wsys,way—f— E Ty,wl ~ 0y

yElsy#ys<y yElsy#ys>y

/ 2 7

+ E Tsys,wly T E Ty, wV” Gy
yELsy#ys>y yElsy#ys<y

Thus,

CsAw = Z (Wsy,w<v + U_l) + ﬂ-y,w(vz - 1))@;

yel;sy=ys<y

+ Y (o) (o —vh)a,

yelsy=ys>y

2\ ./ —2 /
+ E (ﬂ-sys,w + Ty ¥ )ay + E (Wy,wv + ’ﬂ'sy&w)ay.
yElsy#ys<y yELsy#ys>y

We have
Z mmAm:Z Z My Ty 0y

zeljse<z yel zel;jsax<z
It follows that for y € I such that ys < y we have

Z MyTy 2 = 7rsy7w(fU + U_l) + Wy’w(’UQ — 1) if SY = YS;
zeljse<z

2 .
g MyTyx = Tsys,w + Ty V™ if 8y # ys.
zeljse<z

For any f € A we define f+ € Z[v] by f — f+ € v=1Z[v~1]. It follows that

3 (mamya)t = (Tayan(v + 07 )+ (10 (07 = D) if sy = ys < y;
zelsx<x
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Z (Memy o)™ = mhyew + (myv?®) T if sy # ys < y.
zel;jse<z

Using 4.1(a) and that y # w if sy < y we deduce

m; + Z (mxﬂ'yw)—'_ - ,u;y’w + sy, 0wV + /ULZAU + ,u;’wfu if sy =ys < y;
zel;jsr<x,y<z
(e)

m—yi— + Z (mmﬂ-y,m)—i— = 5sys,w + ,U;J/’w + H;w’U if Sy 7& ys < y.
zel;jsr<x,y<z

In particular we have

my + Z (memy )T € Z+ Zv
zel;jse<x,y<z

for any y € I such that sy < y. This shows by descending induction on [(y) that
m?j' € Z + Zv for any y € I such that sy < y. (Indeed, if we know that for x € I
such that sz < z,y < x we have m} € Z + Zv, then (m,m, )T € Z.) Setting
mp = mg + myv (with mg € Z, m;, € Z) for any y € I such that sy < y, we can
rewrite (e) as follows:

0 / /A
My, + My v + E Mgy 2
zeljse<z,y<z

- / / " /
- 63y:ysusy,w + 68%9868%111@ + 5sy,y355?¥8,w + Iuy,w + “y,wv'

In particular,

!’
my - Iuy,w + 68%9363%111

for any y € I such that sy < y. It follows that

0 2 : / /
my + (Mm,w + 551’@555%10)“34,1‘
zel;jse<x,y<z

_ I ! "
- 63y:ysusy,w + 6sy,y868y57w + “y,w‘

Equivalently we have

— / / /
my - § My,m:um,w - 5w,5wsruy,sw
zel;jsr<x,y<z

/ / I
+ 5Sy,ysusy,w + 5sy,y565y5,w + My,w‘

(We have used that Zmel;sm<m,y<m 5596@565%10/;;@ = 5w’5w5u;7sw.) Since Ty, = my,
we must have m, = mg + my, (v + v=1) for y € I,sy < y. For y € I such that
sy < y,l(w) # l(y) mod 2 we deduce using 4.1(c) that

My = (0 +07Y) = M 1

g LY <sw, my=v+uv"
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if y = sw, hence ws = sw. For y € I such that sy < y,l(w) = I(y) mod 2 we
deduce using 4.1(b),(c) that

o / / / / /
My = :uy,w - § /J’y,m:um,w - 5w,5w51uy,sw + 5Sy,y81usy,w + 5sy,y855y5,w'
zel;jsr<x,y<z

If ws # sw and y = sws we deduce that m, =1. If y € I, sy < y,y < sw,l(y) =
[(w) mod 2 then

o / / / / _ s
My = :uy,w - Z :uy,m/%c,w - 5w,5w5/~”y,sw + 5Syay5:usy,w - My,w'
zel;jsr<x,y<z

We see that m, = M, for any y € I such that sy <y < sw. We also see that

Mew = v+ v 1 if sw = ws and mg,s = 1 if sw # ws. This completes the proof of
the theorem.

4.5. We now present an algorithm for compute the polynomials P/, for y <
w in I. It will be convenient to state this in terms of the elements m,, =
v_l(w)“(y)P;w € Z[v™'] (see 4.1). Recall that m, ., is defined to be 0 if y,w €

Ly £ w.
We can restate Theorem 4.4(a),(b) as follows. (Recall that s € S, w € I,
sw > w.)

Y a0+ 07+ (0 — 1))

yELsy=ys<y

+ Z (Try,w(l + v + Tsyw(v — U_l»a;
yElisy=ys>y

2\ ./ —2 /
+ E (ﬂ-sys,w + Ty ¥ )ay + E (Wy,wv + Wsys,w)ay
yElsy#ys<y yELsy#ys>y

—_ S !
= E E MG Ty 2y

yel zel;se<ex<sw

+ Z(v + U_l)ﬂ-y,swésw,wsa; + Z ﬂ-y,sws(l - 55w,w5)a;~

yel y€el
It follows that for any y € I, the expression
(U + U_l)ﬂ-y,swdswvws + Wy,sw35;w7w5

is equal to

- Z M3 Ty + Tsy,w(V + v+ 7Ty,w(v2 —1)if sy =ys <y,
zelsx<r<sw
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— Z M Ty + Ty (1 + v + Tsyw(V — v if sy = ys >y,
rel;jsx<zr<sw

s 2 .
_ E MG Ty + Tsysw + Ty v if sy #ys <y,
zeljsr<r<sw

s —92 .
N Z M Ty a + Ty wt™ " + Tsysw if Sy # ys > y.
zelsx<r<sw

We want show that the formulas above determine uniquely the quantities my
(resp. 7y sws) assuming that y € I and that sw = ws (resp. sw # ws) and
assuming that the quantities m, .+ are known for any w’ € I such that [(w") <
[(ws) (resp. I(w') < l(sws)) and any y" € I. Then the quantities M} , in these
formulas are also known except for a part of them given by 6w, swit 5, Which is
not known. If in the formulas above we replace the terms that are assumed to be

known by a symbol # we obtain

(a) (v+v DTy 0w = Z Ly Ty, + W if ws = sw.
zelsx<zr<sw

Ty sws = W if sw # ws.

We can now assume that sw = ws. In this case we determine the quantities my
by descending induction on [(y). (We can assume that y < sw since my s, = 1 for
y = sw.) Thus we can assume that 7, s, (hence also py ) is known when y is
replaced by x € I such that y < z < sw. Since in the sum over z in (a) we can
restrict to those x such that y < x we see that (a) becomes

—1
(U +v )Wy,sw - #/(y7 SQU) = Z :ugv,swﬂ-y,m + ‘
reljse<rx<sw,y<x

that is
(v+ U_l)"ry,sw — ' (y, sw) = M.

Let us write my s = D, ~1 cn0~ " Where ¢, € Z are zero for all but finitely many

n; note that ¢; = p/(y, sw). (Recall that y < sw.) It follows that

Z oo M4 Z v " o =4

n>1 n>1
sothat co = @, c1+c3 =8, co+ca =B, cs+c5 =M@, ca+cg==®W,.... It
follows that cor, = # for k= 1,2,... and, since cos+1 = 0 for large ¢t we have also

co—1 =@M for k=1,2,.... Thus ¢; = & for i =1,2,... so that m, s, = #.

The procedure above gives an algorithm to compute 7, . for any y, 2z € I such
that y < z. Indeed, if z =1 then y =1 and 7, ., = 1. If 2 # 1 then we can find
s € S such that sz < z. Setting w = zs (if zs = s2) or w = szs (if zs # sz) we
see that m, . is determined by the inductive procedure above.
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5. RELATION WITH TWO-SIDED CELLS

5.1. For any w € W let &, = vH®) D oyeW y<uw P, (v*)T, € $ (compare [KL1]);
similarly let ¢, = u="®) > yewiy<w Pyaw(u?)Ty € §'. The elements ¢, (w € W)
form an A-basis of §); the elements c,,(w € W) form an A-basis of §'. For z,w in
W we write (in the algebra $):

Colwlar = 3 wrery Mt Cur
where h, . € N[v,071]. For 2 € W,w € I we write (using the $’-module
structure on M):

CzAw — Zw’EI fz,w,w’Aw’
where f, . € A are related to h . as follows. For z € W, w,w" € T we write
howw = D oneznV™s foww = D nez b0 where b, € N, b, € Z are zero for
all but finitely many n. One can show that for each n we have b, = b} + b,
b, = b — b, for some b} € N,b, € N. (This is similar to the relation between
Py and PJ,, for y,w € L. It is also analogous to the phenomenon described in
[L4, 16.3(a),(b)].) In particular,

(a) If for some n we have b, = 0, then b, = 0. Hence if f, yw # 0, then
hz,w,w’ 7é 0.

(b) If for some n we have b, = 1, then b, = +1.

5.2. Let ¢ be a two-sided cell of W, see [KL1]. For y,w € W we shall write y < w
instead of y <pr w (<pg is the preorder defined in [KL1]). For y € W we write
y = c instead of: y < w for some w € c¢. For y € W we write y < c instead of:
y=<candy¢ec.

Let $=¢ be the A-submodule of H’ spanned by the elements ¢, where w’ € W
is such that w’ < c. Let $'=¢ be the A-submodule of ' spanned by the elements
¢y where w’ € W is such that w’ < c. Note that £’'=¢, ' =¢ are two-sided ideals of
$'. Hence $/=¢/H’'7¢ is naturally an $'-bimodule, in particular a left $’-module.

Let M=¢ be the A-submodule of M spanned by the elements A, where w’ € I,
w’ < c. Let M™¢ be the A-submodule of M spanned by the elements A, where
w el w <e.

From 5.1(a) we see that for z € W, w € I, the element c, A, is an A-linear
combination of elements A, with w’ € I,w’ < w. In particular, M=¢, M= are
§’'-submodules of uM. Hence M=¢/M = is naturally an $’-module.

Let a € N be the value of the a-function [L4, §13] on ¢. Let n € INc. We
define an §'-linear map 7, : $'=¢ — M= by € s v?*¢A, (we use the $'-module
structure on M). From 5.1(a) we see that if & € $'=¢ then €4, € M~°. Thus
T, Testricts to an $'-linear map $' 3¢ — M ~° hence it induces an $'-linear map
§'3¢/9'<¢ — M=°/M=° denoted again by 7,. Let d be the unique distinguished
involution in the same left cell as n (hence in the same right cell as n). From
the known properties of distinguished involutions (see [L4, §15]) we see that the

following holds in $).

V2%l g = Gy +E+E
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where £ € )
that

reeVE]¢, and € € H7°. Using now the results in 5.1 we deduce

v2%q Ay = Ay +my, +m

where m,, € 3" ___ vZ[v]A, and m’ € M~°. Thus we have

rEee

To(cq) = £A, +m,

where m,, is as above. Now let 7 : @,c.H'=¢/H' ¢ — M=°/M~° be the $’-linear
map whose restriction to the n-summand is 7,,. The image of this map contains the
elements +A4, + m, (n € ¢) which clearly form a basis of Z[[v]] ® 4 (M=/M=°):
the ¢ x ¢ matrix whose 7, /-entry (in Z[v]) is the A, -coordinate of £A, +m,, has
determinant £1 plus an element in vZ[v], hence is invertible in Z[[v]]. Thus after
extension of scalars to Z[v], 7 is surjective. Hence after extension of scalars to the
quotient field of Z[[v]], or to the quotient field Q(v) of A, 7 is surjective. We see
that

(a) the Q(v) @4 ' -module Q(v) ® 4 (M=°/M=) is a direct sum of irreducible
Q(v) ® 4 9 -modules which appear in the Q(v) ® 4 H'-module Q(v) ® 4 (5'=¢/H'7°)
carried by the two-sided cell c.

5.3. In this subsection we assume that W is a Weyl group of type A,_1, n > 2.
In this case for any two sided cell ¢, the Q(v) ® 4 H’-module Q(v) ® 4 (H'=¢/H'=°)
is known to be a direct sum of copies of a single simple module F.. Hence from
5.2(a) we deduce that the Q(v) ®4 $'-module Q(v) ®4 (M=°/M~°) is a direct
sum of say n.. copies of E.. The dimension over Q(v) of this module is the number
of involutions contained in ¢ which is known to be equal to dim E.. It follows that
ne = 1. It follows that the Q(v) ® 4 H’-module Q(v) ® 4 M is isomorphic to . E
that is, is a “model representation” for the algebra Q(v) ®4 . (Each simple
module of the algebra appears exactly once in it.)

6. THE W-MODULE M,

6.1. Let I be the set of conjugacy classes of W contained in I. For any w € I
let A(w) be the dimension of the fixed point set R~" of —w in the reflection
representation R of W (over Q). For any C' € I we set h(C) = h(w) where w is
any element of C. We have the following result.

Lemma 6.2. Let s € S, w €1 be such that sw = ws > w. Then h(sw) > h(w).

From our assumptions it follows that the line R~ is contained in RY, the fixed
point set of w, and R™" is contained in R?®, the fixed point set of s. It follows
that R~% and R~ are contained in R~*" hence R~°*® R~" is contained in R~*".
Thus h(sw) > h(w) 4+ 1. The lemma is proved.

6.3. In the setup of 0.4 for any i € N let MlZZ be the subspace of M; spanned
by {aw;h(w) > i}. From the formulas for the W-action in 0.4 and from 6.2 we
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see that for any i € N, Mlzl is a W-submodule of M;. This induces a W-module
structure on M} := MZ'/MZ'. Let gr(My) = @ien(MZ'/MZY). This is
naturally a W-module. By complete reducibility we have M; = gr(M;) as W-
modules. For any w € I we denote by a, the image of a,, under the projection
Mlzh(w) — Mlzh(w)/Mlzh(w)H. The elements a,,(w € I) form a Q-basis of gr(M;)
in which the W-action is as follows. (Here s € S.)

$(y) = —asws if w € 1 sw =ws < w;

$(@y) = Gsws for all other w € I
It folows that for any x € W,w € I we have x(Gy) = €4,00zws—1 Where €, €
{1, -1} satisfies €,y = €4 yuwy-1€y,0 for all z,y € W,w € 1. In particular, if
x,y are in Z(w), the centralizer of w € I, in W then €,y = €3 w€yw. Thus,
X > €44 1 a homomorphism €, : Z(w) — {1,—1} and it is clear that for any
C € 1, the subspace of gr(M;) spanned by {a,;w € C} is a W-submodule of
gr(Mj) isomorphic to the representation of W induced from the character €, of
Z(w) where w is any element of C'. We see that

(a) My = @wlnd‘g/(w)(ew)
as a W-module; here w runs over a set of representatives for the various C' € 1.
The multiplicities of the various irreducible W-modules in the W-module given by
the right hand side of (a) were first described explicitly in [IRS] for W of type A,,_1
and later by Kottwitz [Ko] for any irreducible W; for example, if W' is irreducible
of classical type then an irreducible representation E of W appears in the right
hand side of (a) if and only if it is special in the sense of [L1, (4.1.4)] and then its
multiplicity is the integer fg in [L1, (4.1.1)] (in type A,_; this follows also from
5.3).

6.4. Kottwitz’s formula for the W-module grM; in the right hand side of 6.3(a)
is in terms of the nonabelian Fourier transform matrix of [L1, 4.14]. We shall
reformulate that formula in terms of unipotent representations, by using [L1, 4.23]
which relates unipotent representations with the nonabelian Fourier transform
matrix. One advantage of this reformulation is that unlike in [Ko] we need not
consider separately the “exceptional” representations of W of type E7, Es. (In the
remainder of this section we assume that G is almost simple and that ¢, ¢’ are
as in 1.1.) Let [ rrG? be a set of representatives for the isomorphism classes of
irreducible representations of G over Q;. For any p € IrrG?’ let e(p) € {0,1, -1}
be the Frobenius-Schur indicator of p; thus e(p) = 1 (resp. €(p) = —1) if p
admits a nondegenerate G¢ -invariant symmetric (resp. antisymmetric) bilinear
form p x p — Q; and €(p) = 0 if p is not isomorphic to its dual representation.
It is known (Frobenius-Schur) that the dimension of the virtual representation
> et €(p)p is equal to the number of g € G?" such that g2 = 1. Let us now
consider the part © = >, €(p)p of the virtual representation above coming

from the set U of unipotent representations of G?'.
Let X be the set of all triples (F,y, r) where F is a family [L1, 4.2] of irreducible
representations of W (with an associated finite group Gr, see [L1, Ch.4]), y is an
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element of Gr defined up to conjugacy and r is an irreducible representation of
the centralizer of y in Gr defined up to isomorphism. In [L1, 4.23], X is put in a
bijection (F,y,r) <> pr.y» withU. If (F,y,r) € X then we have e(pr ) € {0,1};
moreover, €(pr,, ) = 1 in exactly the following cases:

(i) |F| # 2 and y acts on r by the scalar £1;

(ii) |[F| =2 and y = 1.

(This follows from results in [L3, Sec.1] where it is shown that in case (i) pry,r
is actually defined over Q. On the other hand, in case (ii), pr 4, is defined over
Q[/q].) In particular, if W is of classical type, we have €(pr ) = 1 for any
(F,y,r) e X.

For each W-module E we define R = [W|™1 Yy tr(w, E) 3, (=1) Hi( X, Q)
where X, is the variety associated to G, ¢, w in [DL|. We view Rg as an element
of Q[U], the vector space of Q-linear combinations of elements of ¢ with its sym-
metric inner product (, ) in which ¢/ is an orthonormal basis.

Using the above description of €(pr ,,») and [L1, 4.23] we can rewrite Kottwitz’s
formula in the form

(a) ZpEM;e(p):l(p’ Rg) = (Rgrm,, RE) for any irreducible W-module E.

Using the isomorphism M; 2 grM; we can rewrite (a) as follows.

(b) We have © = Ry, +& where § € Q[U] is orthogonal to Ry for any irreducible
W -module E.

Note that if G is of type # Fy, Eg then (£,£) = 0 hence £ = 0; if G is of type Fy
or Fg then (§,¢&) = 1.

6.5. Let ¢ be a two-sided cell of W. Let Mljc be the subspace of M; spanned
by the elements A, where w' € I, w' < c¢. Let M{*° be the subspace of M
spanned by the elements A, where w’ € I, w’ < ¢. Then Mle,MfC are W-
submodules of M; and MT¢/M{¢ is naturally a W-module. From 5.2(a) we see
that this last W-module is a direct sum of irreducible representations E of W
which appear in ¢ (which we write as £ - ¢). Since M; is isomorphic as a W-
module to @CIMFC/ /M7 (¢ runs over the two-sided cells of W) we see that
Mle/MfC o @E;E%E@(E‘Ml) where (FE : M) is the multiplicity of E in the
W-module M;. Note that dim(MZ¢/M¢) = |¢N1|. It follows that
(a) |cﬂ I| = @E;E—ic(E . M1> dlm(E)
This determines explicitly the number |¢ N 1| since the multiplicities (£ : M) =
(E : grM;) are known from [Ko|. In particular, if W is of classical type we have
(b) leNnI| = fgdim(FE)
where FE is the special representation such that £ - ¢ and fg is as in 6.3. We thus
recover a known result from [L1, 12.17]).

7. SOME EXTENSIONS

7.1. In this subsection we assume that W is irreducible and that w — w® is a
nontrivial automorphism of W (as a Coxeter group) such that (w®)® = w for all
we W. Let I, = {w € W;w® = w™} be the set of “o-twisted” involutions of
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W. Let M, be the free A-module with basis (a)wer,. Replacing M by M,, I by
I,, ws, sws by ws®, sws® in Theorem 0.2 we obtain a true statement. The proof
is along the same lines as that in §1,§2: we replace ¢’ in §1 or ¢ in §2 by a not
necessarily split Frobenius map G — G which induces w — w® on W (if G is not
of type Ba,Go or Fy) or by a Chevalley exceptional isogeny, see [C, 21.4, 23.7],
(if G is of type Bo, Gy or Fy and p = 2,3, 2 respectively). Note that in this last
situation, only cases (iii),(iv) appear in 0.2(a). (Indeed, in this situation, for s € S,
s, 8% are not conjugate in W hence sw # ws® for any w € W this guarantees that
the formulas in 0.2(a) specialized with u equal to an odd power of ,/p involve only
integer coefficients.) The statement obtained from Theorem 0.3 by replacing I by
Lo, M by M, = A®4 M, and P; w DY P; > remains true with essentially the same
proof. The description of the W-module M, 1 = Q ® 4 M, (with Q viewed as an
A-algebra under u — 1) given in 0.4 with I replaced by I, and ws, sws replaced
by ws®, sws®) remains valid. The statement of 4.4 remains valid if I is replaced
by I, and ws, sws are replaced by ws®, sws®. (The quantities M3 , are defined
as in 4.3 with the same replacements.) The analogue of 5.2(a) continues to hold.
The analogues of 6.2, 6.3 continue to hold.

7.2. Theorems 0.2 and 0.3 remain valid if W is replaced by an affine Weyl group.
The proofs are essentially the same but use instead of B the affine flag manifold
associated to G(k((€))) (here € is an indeterminate). We note that although D
and multiplication by u” (in 2.9) do not make sense separately, their composition
m +— u’D(m) does. The results in §4 also remain valid. The results in §6 remain
valid as far as gr(Mj) is concerned but one cannot assert that My = gr(Mj). The
generalizations of 0.2,0.3,84 involving w +— w® (as in 7.1) also remain valid if W is
replaced by an affine Weyl group and w +— w® is any automorphism of order < 2
of W (as a Coxeter group).

7.3. Theorem 0.2(a) (and its variant for twisted involutions) remains valid if W is
replaced by any Coxeter group. The main part of the proof involves the case where
W is a dihedral group. It is likely that Theorem 0.2(b) (and then automatically
Theorem 0.3) also extend to the case of Coxeter groups.
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