MIT
Libraries | D>pace@MIT

MIT Open Access Articles

Orthogonal Matching Pursuit for Sparse Signal Recovery With Noise

The MIT Faculty has made this article openly available. Please share
how this access benefits you. Your story matters.

Citation: Cai, T. Tony, and Lie Wang. “Orthogonal Matching Pursuit for Sparse Signal Recovery
With Noise.” IEEE Transactions on Information Theory 57.7 (2011): 4680-4688.

As Published: http://dx.doi.org/10.1109/tit.2011.2146090
Publisher: Institute of Electrical and Electronics Engineers
Persistent URL: http://hdl.handle.net/1721.1/72024

Version: Author’s final manuscript: final author’'s manuscript post peer review, without
publisher’s formatting or copy editing

Terms of use: Creative Commons Attribution-Noncommercial-Share Alike 3.0

I I I .
I I Massachusetts Institute of Technology


https://libraries.mit.edu/forms/dspace-oa-articles.html
http://hdl.handle.net/1721.1/72024
http://creativecommons.org/licenses/by-nc-sa/3.0/

Orthogonal Matching Pursuit for Sparse Signal Recovery

T. Tony Cai’ and Lie Wang?

University of Pennsylvania and Massachusetts Institute of Technology

Abstract

We consider the orthogonal matching pursuit (OMP) algorithm for the recovery of a
high-dimensional sparse signal based on a small number of noisy linear measurements.
OMP is an iterative greedy algorithm that selects at each step the column which is
most correlated with the current residuals. In this paper, we present a fully data driven
OMP algorithm with explicit stopping rules. It is shown that under conditions on the
mutual incoherence and the minimum magnitude of the nonzero components of the
signal, the support of the signal can be recovered exactly by the OMP algorithm with
high probability. In addition, we also consider the problem of identifying significant
components in the case where some of the nonzero components are possibly small. It is
shown that in this case the OMP algorithm will still select all the significant components
before possibly selecting incorrect ones. Moreover, with modified stopping rules, the

OMP algorithm can ensure that no zero components are selected.
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1 Introduction

Recovery of a high-dimensional sparse signal based on a small number of linear measure-
ments, possibly corrupted by noise, is a fundamental problem in signal processing. Specif-

ically one considers the following model:
y=Xp0+e, (1)

where the observation y € IR", the matrix X € IR"*P, and the measurement errors € €
IR". Suppose X = (X1, Xy, --,X,) where X; denotes the ith column of X. Throughout
the paper we shall assume that the columns of X are normalized, i.e. [ X;|2 = 1 for
i =1,2,--- ,p. The goal is to reconstruct the unknown vector 3 € IRP based on y and
X. A setting that is of significant interest and challenge is when the dimension p of the
signal is much larger than the number of measurements n. This and other related problems
have received much recent attention in a number of fields including applied mathematics,
electrical engineering, and statistics.

For a vector 8 = (B1,- -, Bp) € IRP, the support of 3 is defined to be the set supp(5) =
{i : B; # 0} and (3 is said to be k-sparse if [supp(F)| < k. A widely used framework for
sparse signal recovery is the Mutual Incoherence Property (MIP) introduced in Donoho and

Huo (2001). The mutual incoherence is defined by
p = max [(X;, Xj)|. (2)
i#]

The MIP requires the mutual incoherence p to be small. Other conditions used in the
compressed sensing literature include the Restricted Isometry Property (RIP) and Exact
Recovery Condition (ERC). See, for example, Candes and Tao (2005) and Tropp (2004). In
contrast to the MIP, these conditions are not computationally feasible to verify for a given

matrix X.



In the present paper we consider the orthogonal matching pursuit (OMP) algorithm
for the recovery of the support of the k-sparse signal § under the model (1). OMP is
an iterative greedy algorithm that selects at each step the column of X which is most
correlated with the current residuals. This column is then added into the set of selected
columns. The algorithm updates the residuals by projecting the observation y onto the
linear subspace spanned by the columns that have already been selected, and the algorithm
then iterates. Compared with other alternative methods, a major advantage of the OMP
is its simplicity and fast implementation. This method has been used for signal recovery
and approximation, for example, in Davis, Mallat, and Avellaneda (1997), Tropp (2004,
2006), and Barron et al. (2008). In particular, support recovery has been considered in the
noiseless case by Tropp (2004), where it was shown that p < Tl—l is a sufficient condition
for recovering a k-sparse 3 exactly in the noiseless case. Results in Cai, Wang and Xu
(2010a) imply that this condition is in fact sharp.

In this paper we consider the OMP algorithm in the general setting where noise is
present. Note that the residuals after each step in the OMP algorithm are orthogonal to all
the selected columns of X, so no column is selected twice and the set of selected columns
grows at each step. One of the key components of an iterative procedure like OMP is the
stopping rule. Specific stopping rules are given for the OMP algorithm in both bounded
noise and Gaussian noise cases. The algorithm is then fully data-driven. Our results show
that under the MIP condition p < ﬁ and a condition on the minimum magnitude of the
nonzero coordinates of 3, the support of 5 can be recovered exactly by the OMP algorithm
in the bounded noise cases and with high probability in the Gaussian case. In fact, it can
be seen from our discussion in Section 3 that a more general condition than p < Tlfl can
guarantee the recovery of the support with high probability. In particular, all the main

results hold under the Exact Recovery Condition (ERC).



In many applications, the focus is often on identifying significant components, i.e.,
coordinates of 8 with large magnitude, instead of the often too ambitious goal of recovering
the whole support of 3 exactly. In this paper, we also consider the problem of identifying
large coordinates of 3 in the case where some of the nonzero coordinates are possibly small.
It is shown that in this case the OMP algorithm will still select all the most important
components before possibly selecting incorrect ones. In addition, with modified stopping
rules, the OMP algorithm can ensure that no zero components are selected.

Besides OMP, several other methods for sparse signal recovery have been proposed and
extensively studied in the literature. In particular, it is now well understood that ¢; mini-
mization methods provide effective ways for reconstructing a sparse signal. For example, the
/1 penalized least squares (Lasso) estimator has been studied in Tibshirani (1996), Chen,
Donoho and Saunders (1998), and Efron et al. (2004). Zhao and Yu (2006) considered
support recovery using the Lasso. In addition, two specific constrained ¢; minimization
methods have been well studied. Donoho, Elad, and Temlyakov (2006) considered con-
strained ¢; minimization under an ¢ constraint. Candes and Tao (2007) introduced the
Dantzig Selector, which is a constrained ¢; minimization method under an /., constraint.
A particularly simple and elementary analysis of constrained ¢; minimization methods is
given in Cai, Wang, and Xu (2010b). Bickel, Ritov and Tsybakov (2009) gives a unified
treatment of the Lasso and Dantzig Selector.

Compare with the known results on the model selection consistency of the Lasso in the
Gausian noise case given in Zhao and Yu (2006), the condition on the minimum magnitude
of the nonzero coordinates of 8 is much weaker for OMP than for the Lasso. More detailed
discussion can be found in Section 3. This together with the computational simplicity make
OMP a very appealing method for support recovery.

The rest of the paper is organized as follows. We will begin in Section 2 with a detailed



description of the OMP algorithm. The stopping rules and the properties of the algorithm
are considered in Section 3 for both bounded noise cases and Gaussian noise case. The
theoretical results are first formulated under the MIP. Section 4 discusses the corresponding
results under the ERC and compares our results with some of existing ones in the literature.
Section 5 provides some technical analysis of the OMP algorithm which sheds light on how
and when the OMP algorithm works properly. The proofs of the main results are contained

in Section 6.

2 The OMP Algorithm

In this section we give a detailed description of the orthogonal matching pursuit (OMP)
algorithm. We assume that the columns of X are normalized so that || X;||2 = 1 for i =
1,2,---,p. For any subset S C {1,2,...,p}, denote by X(S) a submatrix of X consisting
of the columns X; with ¢ € S. In this paper we shall also call columns of X wvariables by
following the convention in statistics. Thus we use X; to denote the both ith column of
X and the ith variable of the model. Following the same convention, we shall call X; a
correct variable if the corresponding §; # 0 and call X; an incorrect variable otherwise.
With slight abuse of notation, we shall use X (S) to denote both the subset of columns of
X with indices in S and the corresponding submatrix of X.

The OMP algorithm can be stated as follows.

e Step 1: Initialize the residual ry = y and initialize the set of selected variable X (c¢o) =

(). Let iteration counter 7 = 1.
e Step 2: Find the variable X;, that solves the maximization problem
max | X7 1]

and add the variable X;, to the set of selected variables. Update ¢; = ¢;—1 U {t;}.



e Step 3: Let P = X(¢;)(X(c;)'X(¢;)) ' X (¢;) denote the projection onto the linear

space spanned by the elements of X (¢;). Update r; = (I — P))y.

e Step 4: If the stopping condition is achieved, stop the algorithm. Otherwise, set

1 =1+ 1 and return to Step 2.

The OMP is a stepwise forward selection algorithm and is easy to implement. A key
component of OMP is the stopping rule which depends on the noise structure. In the
noiseless case the natural stopping rule is r; = 0. That is, the algorithm stops whenever
r; = 0 is achieved. In this paper, we shall consider several different noise structures. To
be more specific, two types of bounded noise are considered. One is {5 bounded noise, i.e.,
llell2 < by for some constant by > 0. Another is ¢o, bounded noise where || X’€||oc < bso for
some constant by, > 0. In addition, we shall also consider the important case of Gaussian
noise where ¢; YN (0,02). The stopping rule for each case and the properties of the

resulting procedure will be discussed in Section 3.

3 The OMP Algorithm: Stopping Rules and Properties

In this section we discuss the stopping rules and investigate the properties of the OMP
algorithm for the bounded noise cases as well as the Gaussian noise case. Results for the
noiseless case can be found in Tropp (2004).

We begin with the basic notation and definitions. The mutual incoherence of X, defined
in (2), is the maximum magnitude of the pairwise correlation between the columns of X.
Let T = {i : B; # 0} be the support of 5 and let X (7') be the set of columns of X

corresponding to the support T'. Define

M= xe?\%?m{”(X(T),X(T))_IX(T)/W} (3)

The condition



(ERC) M<1

is called the Exact Recovery Condition (ERC) in Tropp (2004). It was shown in Tropp
(2004) that the ERC is a sufficient condition for the exact recovery of the support of the
signal 3 in the noiseless case. It is easy to see that the value of M is not computable as
it depends on the unknown support 1. However, it can be easily bounded in terms of the

mutual incoherence p.

Lemma 1 If u < 5, the”MSkuﬁiﬁnu<1'

This lemma is a special case of Theorem 3.5 in Tropp (2004). The extreme eigenvalues of
X (T)' X (T) are also useful. Denote the minimum and maximum eigenvalues of X (T")' X (T')
by Amin and Apqe respectively. The minimum eigenvalue \,,;, is a key quantity to the
sparse signal recovery problem. It has been used in, for example, Zhao and Yu (2006) and
Cai, Wang and Xu (2010b). Note that Ay, is usually assumed to be bounded away from
zero. In particular, the ERC M < 1 requires Ain > 0. The following lemma shows that
Amin and Apqz can also be bounded in terms of . A similar, but slightly weaker result was

given in Needell and Tropp (2008).

Lemma 2 Suppose p < ﬁ, then 1 — (k — Dp < Anin < Apaz < 1+ (K — 1)p, where k

denotes the cardinality of T .

It is easy to see that, in order for any variable selection procedure to work properly, both
the degree of collinearity among the columns of X and the signal-to-noise ratio need to be
properly controlled. Generally speaking, to recover accurately the support of the unknown
signal, the degree of linear dependency among the X;’s needs to be small, otherwise the
effects of the variables cannot be well separated. On the other hand, the signal-to-noise
ratio needs to be sufficiently high in order for the significant variables to be selected. In

the case of OMP, the performance of the algorithm depends on the probability of selecting



a correct variable at each step. This probability is affected by the degree of collinearity
among the variables and the noise structure.

We shall begin with the bounded noise cases and then consider the Gaussian case. As
mentioned in Section 2, two types of bound noise are considered: ||e]|2 < be and || X'€l|co <
boo- Once the bounded noise cases are understood, the Gaussian case follows easily. In
what follows, our analysis of the OMP algorithm will be carried out in terms of the mutual
incoherence p. However, all the main results also hold under the ERC with essentially the
same proofs. We shall focus on the MIP in the next section and discuss the results under

the ERC M < 1 in Section 4.

3.1 /3 Bounded Noise

We first consider the case where the error vector € is bounded in ¢» norm with |[[e||2 < ba.
In this case we set the stopping rule as ||7;||2 < be. It is intuitively easy to see that this
rule is reasonable because in the special case of 8 = 0 the stopping rule will guarantee that
OMP does not select any incorrect variables. We have the following result for OMP with

this stopping rule.

Theorem 1 Suppose |[e||2 < by and p < ﬁ Then the OMP algorithm with the stopping

rule ||ri]|2 < by Tecovers exactly the true subset of correct variables X (T') if all the nonzero
coefficients [3; satisfy |5;| > %.

Theorem 1 and other main results given in this paper can also be stated under the ERC
M < 1. We formally restate Theorem 1 under the ERC below and only make brief remarks

for the other results later. See Section 4 for more discussions.

Proposition 1 Suppose ||e||2 < be and M < 1. Then the OMP algorithm with the stopping
rule ||ri]|2 < by Tecovers exactly the true subset of correct variables X (T') if all the nonzero

coefficients [3; satisfy |5;| > %.



This follows from essentially the same argument as the proof of Theorem 1 given in
Section 6.

It is worth noting that after the OMP algorithm returns the true subset X (7°), the signal
B can be easily estimated, for example, by using the ordinary least squares regression on
the subset of variables X (7).

Theorem 1 has two conditions, u < ﬁ and |3;| > %, which together ensure the
OMP algorithm to recover exactly the true support of the signal. The condition p < ﬁ
was shown to be sharp in the noisy case in Cai, Wang and Xu (2010a). The other condition
13| > % for all nonzero coefficient (3; is to ensure that all significant variables are
selected.

In many applications, the focus is often on identifying coordinates of 5 with large mag-
nitude or equivalently variables with significant effects, instead of the often too ambitious
goal of recovering the whole support of § exactly. So a practically interesting question is:
Can OMP identify coordinates with large magnitude when some of the nonzero coordinates
B; are small? The following result shows that the OMP algorithm with the same stopping

rule will still select all the most important variables before it possibly also selects incorrect

ones.

Theorem 2 Suppose |||z < by and p < 57— . Let

' 2vkbs
!X, :1<i< Gyl
S {XZ 1 <i<p, |G 1_(2k—1)u}

Then the OMP algorithm with the stopping rule ||r;||2 < ba selects a correct variable at each

step until all the variables in S are selected.

Remark 1 Similar to Theorem 1, Theorem 2 can also be stated under the ERC with the
condition p < ﬁ replaced by M < 1, and the condition on the minimum magnitude of

B; in the set S replaced by |3;] > %. See Section 4 for more discussions.



In many applications, it is often desirable to select a subset of the support of the signal
([ without incorrectly selecting any coordinates outside of the support. The OMP algorithm
with the stopping rule ||r;||2 < b2 does not rule out the possibility of incorrectly selecting
a zero coordinate after all the significant ones are selected. The OMP with a modified
stopping rule can ensure that no zero coordinates are selected. We have the following

result.

Theorem 3 Suppose |[¢||2 < by and pn < 57— . Let

+

B . . . (14 (k- 1Du)2vVk 2
S‘{X”S‘p’ A= o - k- ow) 1—<k—1>u>”2}'

Then OMP with the stopping rule ||ril]l2 < (14 %)bg selects a subset T' such that

ScTcT.

Hence, all the significant variables in S are selected by the algorithm and all the selected

coordinates are in the support of 3.

3.2 /., Bounded Noise

We now turn to the case where the noise € is assumed to satisfying || X'€[|oc < boo. The
stopping rule in this case is || X'7i||co < boo. Similar to the previous case this is a natural
stopping rule which ensures that no incorrect variables are selected in the special case of

B = 0. We have the following result for OMP with this stopping rule.

Theorem 4 Suppose || X'elloo < boo and p < 5. Moreover, assume all the nonzero

coefficients B; satisfy

%, Vb
e i e

| Bi

Then OMP with the stopping rule || X'ril|co < boo will return the true subset X (T').

10



Remark 2 Note that p < ﬁ implies (k — 1)u < % So a special case of the previous
theorem is that when
2(1 4+ V2k)bs

|6z‘ > m,

the OMP algorithm selects the true subset of significant variables X (7).
As in the £ bounded noise case, when some of the nonzero coordinates are small, OMP
can also identify all the large components in this case. To be more precise, we have the

following result.

Theorem 5 Suppose || X'e||oc < b and pu < 5. Let

2V kboo Vk
et 1—<k—1>u)}'

SZ{Xz‘ilﬁiSp, |Bi

Then the OMP algorithm selects a correct variable at each step until all the variables in S

are selected.

In addition, with a modified stopping rule, OMP can also ensure that no incorrect

variables are selected in this case.
Theorem 6 Suppose | X'e||oc < b and p < 5. Let

S:{Xizlgz‘ﬂ?, |83 2(%+4\/E)(1+\/ﬁ)bm}.

Then OMP with the stopping rule

2Vk(1+ (k — 1)p)
1—(2k—1)p

X rilloo < (1+ )Chso,

selects a subset T such that S C T C T, where the constant C is given by C = 1+ vk

Vi1-(k—1)p”
Remark 3 It will be shown that in fact a stronger result holds. Theorem 6 is true with

the set S enlarged to

2k(1 + (k — D)p) Wk
A (k- D - 2k—Dp) 1 (k- 1)M)Cboo} :

S:{Xi31§i§p7 18i] > (

_ VE
where C' =1+ W

11



3.3 Gaussian Noise

The Gaussian noise case is of particular interest in statistics. The results on the bounded
noise cases given earlier are directly applicable to the case where noise is Gaussian. This is
due to the fact that Gaussian noise is “essentially bounded”.

Suppose now the noise vector e follows Gaussian distribution, € ~ N(0,021I,). Define

two bounded sets

By = {e lelle < oy/n+ 2\/nlogn} and By (n) = {e X T elloo < ov/2(1 4 1) logp}

where n > 0. The following result, which follows from standard probability calculations,
shows that the Gaussian noise z is essentially bounded. The readers are referred to Cai,

Xu and Zhang (2009) for a proof.
Lemma 3 The Gaussian error ¢ ~ N(0,02%I,) satisfies

1 1
P(eeBy)>1—— and P(e€ Bx(n)>1—
n

_— 4
- 2p\/mlogp )

The following result is a direct consequence of the results for £o bounded noise case.

Theorem 7 Suppose € ~ N(0,0%1,), u < Tl—l and all the nonzero coefficients 3; satisfy

204/n + 24/nlogn

1—2k—Dp (5)

1Bi| >

Then OMP with the stopping rule ||rill2 < ov/n+ 2y/nlogn selects the true subset X (T)

with probability at least 1 —1/n.

One can also directly apply the results for £, bounded noise case to the Gaussian case. In

fact, a stronger result holds.

Theorem 8 Suppose € ~ N(0,0%1,), u < Tl—l and all the nonzero coefficients 3; satisfy

6] > 204/2(1+n)logp

1—(2k—1)u (6)

12



for some n > 0. Then OMP with the stopping rule || X'ri|lcc < o4/2(1 4 n)logp selects

exactly the correct subset X (T') with probability at least 1 — k/p"\/21ogp.

Remark 4 The conditions in the previous Theorem can also be reformulated in terms of
M and Apin. Suppose M < 1 and Apin > 0, then the OMP algorithm can recovery the

true support of 8 with high probability when each nonzero coeflicient 3; satisfies

20\/2(1+77))10gp. 7)

(1 = M)\pin

18| >

Remark 5 After the OMP algorithm returns the estimated subset, one can use the ordi-
nary least squares to further estimate the values of the nonzero coordinates of 3. Then
with high probability, mean squared error of the resulting estimator will be the same as the

case when the true support of 3 were known.

It is interesting to compare the results given above with some of the known results in
the literature based on other methods. As mentioned in the introduction, #; minimization
methods are widely used for reconstructing a sparse signal as well as for support recov-
ery. In particular, Zhao and Yu (2006) considered the model selection consistency of the
Lasso and introduced the Irrepresentable Condition. First, it is worth noting that if the
Irrepresentable Condition holds for every k-sparse signal G € IRP, then it is equivalent
to the ERC. This can be explained as follows. The Irrepresentable Condition requires
| X (U)X (T)(X(T)YX(T)) tsign(B(T))|lo <1, where U = {i : 3; = 0} and (T denotes
the k£ dimensional subvector that only keeps the nonzero coordinates of (3. If the Irrep-
resentable Condition holds for every 3(T) € IR¥, then the sum of absolute value of each
column of the matrix (X (T)' X (7))~ X (T)' X (U) must be less than 1, which is equivalent to
the ERC. Also, for the Lasso estimator to be sign consistent, the minimum eigenvalue A,
must be positive as we remarked earlier. In Zhao and Yu (2006), the order of magnitude

of all the nonzero coefficients 3; are required to be at least n119/2 for some ¢ > 0. This

13



condition is much stronger than Condition (6) that is required in Theorem 8 or Condition

(7) under the ERC. It is also stronger than Condition (5) used in Theorem 7.

If not all nonzero coordinates of § are large, then the OMP algorithm can still select
all the significant coordinates of § with high probability. More specifically, we have the

following result.

Theorem 9 Suppose € ~ N(0,0%1,), pn < Tl—l and let

2Vko/2(1 + 1) logp} '

1—(2k—1)u

Then the OMP algorithm selects a correct variable at each step with probability at least

1—1/p"/2logp until all the variables in S are selected.

As mentioned earlier, it is sometimes desirable to select a subset of the significant variables
without selecting any incorrect variables. By modifying the stopping rule in the Gaussian
noise case, it is possible to ensure that with high probability OMP only selects the significant
variables and does not select incorrect variables. More specifically, we have the following

theorem.

Theorem 10 Suppose € ~ N(0,021,), u < ﬁ and let

S = {Xi 11<i<p, [Bi] > <1—(26kk—1)/~0 +4VE)(1+ V2k)y 2(1+77)10gp}.

Then the OMP algorithm returns a subset T such that S € T C T with probability at least

1—1/p"/2logp.

4 Discussions

The analysis of the OMP algorithm given in Section 3 is given under the MIP condition

< qu As mentioned earlier, the main results can all be reformulated under the ERC

14



M < 1. The reason we use the MIP condition is that the mutual incoherence u is a
computable quantity, while M is not as it depends on the unknown support 7. A precise
restatement of Theorem 1 under the ERC was given in Proposition 1 and a brief comment
was given for Theorem 2. We now discuss other results under the ERC.

Theorem 3 holds under the ERC and the result can be restated as follows. Suppose

llell2 < b and M < 1. Let

_|_

. 2V kA maz 2
s:{xizlszgp, 8= (G e * % _>b2}.

Then the OMP algorithm with the stopping rule ||r;||2 < (14 m%)bg selects a subset

T such that S ¢ 7' C T. Similar to Theorem 1, Theorem 4 is also true if the MIP condition

n < %1—_1 is replaced by M < 1 and the lower bound on the magnitude of the nonzero G; is

2(14+v2k)boo

=M s Other main results can also be restated in terms of the ERC

changed to |3;| >
in a similar way.
It is useful to compare our results with some of the known results in the literature.

Donoho, Elad and Temlyakov (2006) considered the OMP algorithm for the noiseless and

£5 bounded noise cases. It was shown that OMP can recover the support of the signal when

min

n< (1 62b2 ), where Bmin = ming{|8;] : B; # 0}, whereas only 1 < 52— is required in
all of our results. As shown in Cai, Wang and Xu (2010a) the condition u < Tlfl is sharp
in the sense that there exists a design matrix X with the mutual incoherence pu = Tl—l such
that certain k-sparse signals are not identifiable based on y and X in the noiseless case.
Moreover, we also considered the case where no lower bound is assumed on the magnitude
of the nonzero coordinates of 3. It is shown in this setting that OMP is still able to identify
the significant components before possibly selecting the incorrect ones.

Zhang (2009) considered model selection consistency of the OMP algorithm and showed
that under suitable stopping conditions, OMP will return a subset of the true support and

the number of unselected nonzero components can be bounded. In the present paper

15



we show that under a different stopping rule, OMP not only returns a subset of the true
support, but also guarantees that all the significant components are selected. The advantage
is that with our stopping rule, the algorithm will not ignore any components with large
values. This is an important property for many applications. Moreover, with the same
probability of identifying the true support, the lower bound on the magnitude of the nonzero
coordinates for our method is smaller than what is required in Zhang (2009). For example,
when the probability of identifying the true support is set to be 1 — k/p”v/21log p, then the

lower bound of nonzero |3;] is 20y 2L4n) logp (see Theorem 8), while the lower bound given

(1—=M)Amin
in Zhang (2009) is SUVQ((1+”)2113§§)+;1514V 2logp/k)).

Finally, we note that Lounici (2008) considered the properties of the LASSO and Dantzig
selector under the MIP conditions. It was showed that when the mutual incoherence is
sufficiently small both the LASSO and Dantzig selector have desirable variable selection
properties. The MIP condition used in Lounici (2008) is pu < ﬁ for the Dantzig selector
and p < 5ik for the LASSO. In comparison, our condition, yu < Tl—lv is clearly weaker than
both of them and as we mentioned earlier this condition is sharp. In addition, the analysis

given in the present paper on variable selection is much more detailed.

5 Understanding the OMP Algorithm

We shall prove all the main results in Section 6. To gain insight on the OMP algorithm and
to illustrate the main ideas behind the proofs, it is instructive to provide some technical
analysis of the algorithm. The analysis sheds light on how and when the OMP algorithm
works properly.

Note that the support T' = {i : §; # 0} and the set of significant or “correct” variables is
X(T)={X;:ieT}. At each step of the OMP algorithm, the residual vector is projected

onto the space spanned by the selected variables (columns of X). Suppose the algorithm

16



selects the correct variables at the first ¢ steps and the set of all selected variables at the
current step is X(¢;). Then X(¢;) contains ¢ variables and X (¢;) C X(T'). Recall that
Py = X(c)(X () X(c)) ' X (ct) is the projection operator onto the linear space spanned

by the elements of X (c¢;). Then the residual after ¢ steps can be written as
rn={I—-P)y=UI—-P)XB+ (I —P)e=s+ny

where s, = (I — P,) X 3 is the signal part of the residual and n; = (I — P,)e is the noise part

of the residual. Let

My = xglﬂ?;){\wlsﬂ}a Mo = we)l?\%?m{’x'sﬂ} (8)

and

N, = ! .
! I&é}%ﬂﬂf nel}

It is clear that in order for OMP to select a correct variable at this step, it is necessary to
have max, ¢ x () {|2're|} > max, e x\ x(r){|z'r¢|}. A sufficient condition is My — M2 > 2N

This is because M1 — M;2 > 2N; implies

max {’x’?“t|} > Mt’1 — N > Mt,2 + Ny > max {|x/74t‘}‘
zeX(T) zeX\X(T)

We first focus on the value of M;; — M; . The following result is due to Tropp (2004).

Lemma 4 Let M be defined as in (3) and let My and Mo be defined as in (8). Then

MM > Mo for all t.

Note that M < 1 is the Exact Recovery Condition. From this lemma, we know that
M1 — Mo > (1 — M)M; ;. The previous discussion shows that M;; > ﬁNt is a
sufficient condition under which OMP will make a correct decision. Then from Lemma 1

that the condition

1—(k—1)p

My >2——— 8%
BT T k=D

9)
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guarantees that the OMP algorithm selects a correct variable at the current step. Let
X(ut) = X(T)\ X (ct) denote the set of significant variables that are yet to be selected and

let B(u¢) denote the corresponding linear coefficients, then M; 1 = || X (ut)’s¢||oo. Note that
Miy = [|X (ur)'stlloo = [1X (ue) (I = P)XBlloc = [1X (ue) (I — Po) X (ur) B(ur) -
The following lemma, which is proved in Section 6, can be used to further bound M, ;.

Lemma 5 The minimum eigenvalue of X(T)' X (T) is less than or equal to the minimum
eigenvalue of X (u)'(I — P) X (ug). The mazimum eigenvalue of X (T)' X (T) is greater than

or equal to the mazimum eigenvalue of X (u) (I — Pp) X (ug).

It then follows immediately that || X (us)' (I — Pp) X (ue)B(ut)|l2 > Aminl|B(ut)]|2. Lemma 2

now yields
My > (k=) 21X (w) sellz = (k=) X | B(ue) 2 = (k=) 72 (1= (k=1)) | B(u) -

This and equation (9) show that a sufficient condition for selecting a correct variable at the

current step is

2Vk — tN,

I8l > =Gy (10)
Or mode generally,
2V k — tIN
18(ue)ll2 > m (11)

This means that if any of remaining coefficients is large enough, then OMP will select
a correct variable at this step. For example, if there exists an unselected variable §; with
|Bi] > %, then a correct variable would be selected. Also, if all the remaining
coefficients are relatively large, i.e. |5;] > % for all ¢ € T', then (10) is satisfied

and OMP will select a correct variable at this step. The value of Ny depends on the noise

structure and different bounds will be used for different cases in Section 6.
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6 Proofs

In this section we shall prove the main results in the order of Theorems 1, 3, 4, 6, and 8.
The proofs of the other theorems are similar and are thus omitted. Some of the technical

lemmas are proved at the end.

6.1 Proof of Theorem 1

It follows from the assumption ||e|l2 < by that
Inellz = I(1 = P)ella < [lefl2 < ba.
Let X; be any column of X. Then
| Xin| < [ Xill2lnell2 < by

This means Ny < bp. It follows from (10) that for any ¢ < k, [|5(u)||2 > % implies
that a correct variable will be selected at this step. So |G| > % for all nonzero
coefficients 3; ensures that all the k correct variables will be selected in the first k steps.

Let us now turn to the stopping rule. Let P, denote the projection onto the linear space
spanned by X (7). Then ||(I — Px)ell2 < ||€|l2 < b2. So when all the k correct variables are
selected, the o norm of the residual will be less than by, and hence the algorithm stops. It
remains to be shown that the OMP algorithm does not stop early.

Suppose the algorithm has run ¢ steps for some ¢ < k. We will verify that ||r¢||2 > b2 and

so OMP does not stop at the current step. Again, let X (u;) denote the set of unselected

but correct variable and 3(u;) be the corresponding coefficients. Note that

[[7el2 (I = P)XB+ (I — Prell2

v

12 = POXBlls — (I = Pella > (T = PYX (u)Blu) 2 — b
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It follows from Lemma 5 that

10 = PX (ur)Bun)l2 = A8 2 > (1 — (k — 1)u)1_(22£2_1)u > %b,.

So

Irellz = (T = F) X (ue) B(uz) |2 — bz > by

and the theorem is proved. 1

6.2 Proof of Theorem 3
From the proof of Theorem 1, we know that

[7ell2 = AminlB(ui)ll2 = b2 = (1 = (K = 1)w)[|B(ur) |2 — b
On the other hand,

Irella = [I(1 = P)X 53 + (I = Poella < [[(1 = Fr) X (ur) B(us)||2 + b2

N

< Amaz[|8(ut)ll2 + b2 < (14 (& = D)5 (us)ll2 + be.

So

[7¢]]2 — bo [[7¢]]2 + b2
_NTell2 = %2 < N2 T2

(I (k—Dp)2vE

Since the stopping rule is to check whether |r;]l2 < (1 + —@h-T)1

)bz, we know that
when the stopping rule is not satisfied

2Vkb
1B(u)ll2 > m

From the previous discussion, this means OMP will select a correct variable at this step.

When the stopping rule is satisfied,

(1+ (k= Dp)2vk N 2
A= (k= V(- k- D) 1- (b= D

(1+(k—1)pu)2vVE
k—1)p)(1—(2k—1)u)

18(u)l2 < ( )b2,

_'_

and so all the variables in the set S = {X; : 1 < i < p, |5] > ((1_(

%)52} have been selected. 1
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6.3 Proof of Theorem 4

Since || X'€|loo < boo and i, > 1 — (k — 1)p, for any t < k

1 tb?
P 2 _ /X X /X 71X / < X / 2 < o0 .
[ Prellz = € X (c) (X (er) X(er)) ™ X(er)'e < )\mmll (co)elz = T— 1y, =
Let X; be any column of X. Then
tb
Xla] = |XUT ~ P)el < |Xel + |X{Pre] < oo + 022
1—(k—1)p

which implies

Vit
Nt§(1+ 1_(k_1)u)oo
Now since
2boo vk
e S AR syt

we have ||B(u)]l2 > 12_7 m, which ensures that OMP selects a correct variable at this
step.
We now turn to the stopping rule. It suffices to prove that for any ¢ < k, || X'r¢||occ > boo

and so the algorithm does not stop early. It can be seen that

Xl = X1 = POXS 4+ X/(T ~ Bl
> X ) (T = PYX ()3l — X () (I — el
> (1~ R)XCu) )l — 1+ =i
> Sl = 1+~
> (1+ 1_£_W)boo > boo

and the theorem then follows. 1
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6.4 Proof of Theorem 6

The proof of this theorem is similar to that of Theorem 3. Note that

| X r¢t|loc — Cb

X7l + Ot e
k,
1+ (k—1)p

= < [1Bus)llz < “5— (k—1)u

where C =1+ % This ensures that if the stopping rule is not satisfied, i.e.
—(k—1)p

2Vk(1 + (k — 1)p)
1—(2k—1)p

1 X rillo0 > (1 + )Cboo,

then ||B(ut)|l2 > %bo@ and so OMP will select a correct variable at this step. On

the other hand, when the stopping rule is satisfied, all the variables in

2k(1 4 (k — 1)) N 2Vk \Choc)
)

5:{X11§2Sp7 ’61‘Z((l_(k;—l),u)(l_(Qk_l)M) 1_(k_1)

are selected. 1

6.5 Proof of Theorem 8

Firstly, we will prove that with high probability (1 — M)M; > 2N, at any step ¢t < k. It

can be seen that
My > (k=) 21X () silla > (k = )" Ain | Bus) [12-
Since for any t < k, N; = X'(I — P,)e, it follows that

1
P(N; < ov/2(1+n)logp) > 1 — ———.
(Ni < o201 +m)logp) 2 1 = 2

This means if

2vVk —to\/2(1+n)logp
(1 — M)Amin ’

18(ud)ll2 =

with probability at least 1 — 1 — M)M,;; > 2N; and hence a correct variable is

1
py/2logp’ (
selected at the current step. This is true when

6] > 204/2(1+n)logp

(1 — M) Amin
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for some ¢ € T. Therefore under the conditions of the theorem, we can select all the k

correct variables at the first k steps with probability at least 1 — m.

We now consider the stopping rule. Suppose N; < a\/m fort=1,2,---,k,
which means the algorithm makes correct decisions at the first k steps. Now using the
same argument as in the proof of Theorem 4, it can be shown that for any ¢ < &k,
when N; < a\/m , the algorithm will not stop early. And when ¢t = k since
N < am and all the correct variables have been selected, the stopping rule is
satisfied and hence the algorithm stops. So the probability of selecting exactly the correct
subset is at least

P(N; <ov2(1+n)logp for t =1,2,--- | k)

k

k
> 1= P(N; > 0/2(1+7)logp) > 1 — ———x.
> ; (Ne > 0/20 + m)logp) 21 = s

6.6 Proofs of the Technical Lemmas

Proof of Lemma 2: To prove the lower bound on A, it suffices to show that when
pu < 1/(k —1), the matrix X(T)'X(T) — AI is nonsingular for any A < 1 — (k — 1)p. This
is equivalent to show that for any nonzero vector ¢ = (cy,co,- -+ , ;) € RF, (X(T) X (T) —
M)c # 0. Without loss of generality, suppose |c1| > |ca| > -+ > |cg| and X(T) =

(X711, X712, , X7%). Then the first coordinate of the vector (X (T')' X (T) — A\)c satisfies

{(X(T)YX(T) = M)ch| = [Q—New+ X Xpoco + - + Xy Xypey|
> (1= Nlex| = p(lea| + -+ [ex])

> (k= Dpler| = pllez] + -+ [ex]) = 0.

This means (X (T)' X (T) — Al )c # 0, and hence A\, > 1— (k—1)p is proved. By the same

argument, it can be shown that A\pee <14+ (K— Dp. &
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Proof of Lemma 5: From the standard result on the inverse of a block matrix, we

know that (X (u¢) (I — P;)X (uy))™! is a main submatrix of (X(T)X(T))~!. Therefore the

maximum eigenvalue of (X (u¢)'(I — P;)X (u¢))~! is less than or equal to the maximum

eigenvalue of (X (T)'X(T))~!. Also the minimum eigenvalue of (X (uz)' (I — P;)X (uz))™*

is greater than or equal to the minimum eigenvalue of (X(T)X(T))~!. The lemma then

follows. &
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