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Concepts (Review)

A population is a collection of all units of interest.
A sample is a subset of a population that is actually observed.

A measurable property or attribute associated with each unit of a population
Is called a variable.

A parameter is a numerical characteristic of a population.
A statistic is a numerical characteristic of a sample.
Statistics are used to infer the values of parameters.

A random sample gives a non-zero chance to every unit of the population to
enter the sample.

In probability, we assume that the population and its parameters are known
and compute the probability of drawing a particular sample.

In statistics, we assume that the population and its parameters are unknown
and the sample is used to infer the values of the parameters.

Different samples give different estimates of population parameters (called
sampling variability).

Sampling variability leads to “sampling error”.
Probability is deductive (general -> particular)
Statistics is inductive (particular -> general)




Difference between Statistics and Probability

Statistics: Given the information
in your hand, what is in the box?

Probability: Given the information
in the box, what is in your hand?

Based on: Statistics, Norma Gilbert, W.B. Saunders Co., 1976.



Probability Concepts

Random experiment — procedure whose outcome cannot be
predicted in advance. E.g. toss a coin twice

Sample Space (S) — The finest grain, mutually exclusive,
collectively exhaustive listing of all possible outcomes
(Drake, Fundamentals of Applied Probability Theory)
S={H,H},{H,T},{T,H}{T,T}

Event (A) a set of outcomes (subset of S). E.g. No heads
A={T,T}

Union (or) E.g. A=heads on first, B=heads on second
A U B= {H,T},{H,H},{T,H}

Intersection (and): E.g. A= heads on first, B=heads on second
A(1B = {H,H}

Complement of Event A — set of all outcomes not in A. E.g.
A={T, T}, A°={H,H},{H,T},{T,H}



Venn Diagram




Axioms of Probability

Associated with each event A in S is the probability of A, P(A)
Axioms:

1.P(A) >0

2. P(S) =1 where S is the sample space

3. P(A UB)=P(A) + P(B) if A and B are mutually exclusive

E.g. P(ace or king) = P(ace)+P(king)=1/13+1/13=2/13.

Theorems about probability can be proved using these axioms
and these theorems can be used in probability calculations.

P(A) =1 -P(A°) (see “birthday problem” on p. 13)

P(A UB)=P(A) + P(B) - P(ANB)

E.g. P(ace or black) = P(ace) + P(black) — P(ace and black)
= 4/52 + 26/52 — 2/52 = 28/52 = 7/13



Conditional Probabiity:
P(A|B) = P(ANB)/P(B)
P(ANB) = P(A|B)P(B)

E.g. Drawing a card from a deck of 52 cards,
P(Heart)=1/4.

However, if it is known that the card is red,
P(Heart | Red) = 5.

Sample space has been reduced to the 26 red cards.

(See page 16)



Independence
P(A|B)=P(A)

There are situations in which knowing that event B occurred gives
no information about event A, E.g. knowing that a card is black
gives no information about whether it is an ace.

P(ace | black) = 2/26 = 4/52 = P(ace).

If two events are independent then P(ANB)=P(A)P(B)
P(ANB)=P(A|B)P(B)=P(A)P(B)
E.g. P(ace of hearts) = P(ace) * P(hearts) = 4/52 * 13/52 = 1/52

Independent events are not the same as disjoint events.
Strong dependence between disjoint events.
E.g. card is red means can’t be black. P(A|B)=0.



Summary

If A and B are disjoint:
P(AUB)=P(A) + P(B)
P (ANB)=0

If A and B are independent:
P(ANB)=P(A)* P(B)
P(AUB)=P(A)+ P(B)-P(ANB)



Bayes Theorem

- P(ANB) = P(A|B) P(B) = P(B|A) P(A)
» P(BJA) = P(A|B) P(B) / P(A)

* P(B) = prior probability

« P(B|A) = posterior probability

» E.g. P(heart | red)=P(red | heart) * P(heart) / P(red) =

* Monte Hall problem (page 20)

1*0.25/0.5=0.5
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Sensor Problem

Assume that there are two chemical hazard sensors: A and B.

Let P(A falsely detecting a hazardous chemical)=0.05 and the
same for B.

What is the probability of both sensors falsely detecting a
hazardous chemical?

P (AN B)=P(AB)xP(B) =P(A) x P(B) =0.05 x 0.05 =0.0025
— only if A and B are independent (use different detection methods).

If A and B are both “fooled” by the same chemical substance,
thenP(AnB)=PA|B)xP(B)=1x0.05=0.05

— which is 20 times the rate of false alarms (same type of sensor)

DON'T assume independence without good reason!
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HIV Testing Example

Made-up data

HIV + HIV -
Test positive (+) 95 495 590
Test negative (-) 5 9405 9410
100 9900 10000
P(HIV +) = 100/10000 = .01 (prevalence)
P(Test + | HIV +) = 95/100 = 0.95 (sensitivity) } want these
P(Test - | HIV -) = 9405/9900 = .95 (specificity) to be high

P(Test - | HIV +) = 5/100 = .05 (false negatives)
P(Test + | HIV -) = 495/9900 = .05 (false positives)

P(HIV + | Test +) =
95/590 = 0.16

This is one reason why we don’t have mass HIV screening



Suggestions for Solving Probability Problems

Draw a picture
— Venn diagram

— Tree or event diagram (Probabilistic Risk Assessment)
— Sketch

Write out all possible combinations if feasible

Do a smaller scale problem first
— Figure out the algorithm for the solution

— Increment the size of the problem by one and check
algorithm for correctness

— Generalize algorithm (mathematical induction)
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Number of Possible Arrangements of Size r from n Objects:

Counting rules

Without With Replacement
Replacement
Ordered:
n! ,
(n—r)! n
Unordered: n n+r—1
r r

Source: Casella, George, and Roger L. Berger. Statistical Inference. Belmont, CA: Duxbury Press, 1990, page 16.
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Counting rules (from Casella & Berger)

For these examples, see pages 15-16 of: Casella, George, and Roger L.
Berger. Statistical Inference. Belmont, CA: Duxbury Press, 1990.
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Birthday Problem

At a gathering of s randomly chosen students what is the probability
that at least 2 will have the same birthday?

P(at least 2 have same birthday)=
1-P(all s students have different birthdays).

Assume 365 days in a year. Think of students’ birthdays as a sample
of these 365 days.

The total number of possible outcomes is:
N=365° (ordered, with replacement)

The number of ways that s students can have different birthdays is
M=364!/(365-s)! (ordered, without replacement)

P(all s students have different birthdays) is M/ N.
16
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This graph was created using S-PLUS(R) Software. S-PLUS(R) is a registered trademark of Insightful Corporation.




See “Harry Potter and the
Sorcerer’'s Stone” by J.K.
Rowling.
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Another Counting Rule

The number of ways of classifying n items into k
groups with r; in group i, ry+ry*...+r.=n, is:

n!/(r!r,!rsl..r!)

For example: How many ways are there to assign
100 incoming students to the 4 houses at
Hogwarts?

(1.6 * 10757)
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Random Variables

A random variable (r.v.) associates a unique numerical value with
each outcome in the sample space

Example:

X ={ 1 if coin toss results in a head
O if coin toss results in a tail

Discrete random variables: number of possible values is finite
or countably infinite: X, X,, X3, X4, Xz, Xg, ..

Probability mass function (p.m.f.)
f(x) = P(X =x) (Sum over all possible values =1 always)

Cumulative distribution function (c.d.f)
F(x) =P (X <x) =2 f(k)

k<x

« See Table 2.1 on p. 21 (p.m.f. and c.d.f. for sum of two dice)
« See Figure 2.5 on p. 22 (p.m.f. and c.d.f. graphs for two dice)
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Continuous Random Variables

An r.v. is continuous if it can assume any value from
one or more intervals of real numbers

Probability density function (p.d.f.) f(x)
f(x) >0

jf(x)dx =1 (Areaunder the curve = 1 always)

b
P(a<X <b)=| f(x)ds foranya<bh
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P(0<X<1) for standard normal= area
under curve between 0 and 1
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Cumulative Distribution Function

The cumulative distribution function (c.d.f.), denoted
F(x), for a continuous random variable is given by:

F(x)=P(X <x)= [ f(y)dy

dF (x)
dx

J(x)=

23
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This graph was created using S-PLUS(R) Software. S-PLUS(R) is a registered trademark of Insightful Corporation.
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Expected Value

The expected value or mean of a discrete r.v. X,denoted
by E(X), W, or simply L, is defined as:

E(X)::u:fo(x):xlf(x1)+x2f(x2)+---

This is essentially a weighted average of the possible
values the r.v. can assume, weights=f(x)

The expected value of a continuous r.v. X is defined as:

E(X):yzjxf(x)dx
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Variance and Standard Deviation

The variance of an r.v. X, denoted by Var(X), 6,2, or
simply &2, is defined as:

Var(X) = 62 = E[(X - p)?]

Var(X) = E[(X - p)?]= E(X% - 2uX + p?)
= E(X?) - 2uE(X) + E(n?)
= E(X?) - 2pp + p?
= E(X?) - p2= E(X?) - [E(X)2

The standard deviation (SD) is the square root of the
variance. Note that the variance is in the square of
the original units, while the SD is in the original units.

* See Example 2.17 on p. 26 (mean and variance of
two dice)
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Quantiles and Percentiles

For 0 < p <1 the pth quantile (or the 100pth percentile),
denoted by Oy, of a continuous r.v. X is defined by the
following equation:

P(X<0)=F(@,)=p

O 5 is called the median

« See Example 2.20 on p. 30 (exponential distribution)

Jointly distributed random variables and independent
random variables

See pp. 30-33

27



Joint Distributions

For a discrete distribution:
f(x,y) = P(X=x,Y=y)

f(x,y) >Oforallxandy
2x 2y HXY)=1
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Marginal Distributions

P(X=x) =2, f(x,y)
h(y) P(Y=y) =3, f(x,y)

Independent if joint distribution factors
into product of marginal distributions

f(x,y) = g(x) h(y)
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Conditional Distributions

f(ylx) = f(x,y) / g(x)
If Xand Y are independent:

f(ylx) = g(x) h(y) / g(x) = h(y)

Conditional distribution is just a probability
distribution defined on a reduced
sample space.

For every x, >, f(y|x) =1
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Covariance and Correlation
Cov(X,Y) = Oyy = E[(X - iy )(Y - py)] = E(XY) - E(X)E(Y)
= E(XY) - py Py

If Xand Y are independent, then E(XY) = E(X)E(Y) so the
covariance is zero. The other direction is not true.

Note that: E(XY)= jjxyf(x,y) dx dy

Cov(X,Y) Oy
\/ Var(X)Var(Y) o.0,

Oy =corr(X,Y) =

« See Examples 2.26 and 2.27 on pp. 37-38 (prob vs.
stat grades)
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40

20

Example 2.25 in text
y=x with probability 0.5 and y= -x with probability 0.5
y is not independent of x, yet covariance is zero

This graph was created using S-PLUS(R) Software. S-PLUS(R) is a registered trademark of Insightful Corporation.




Two Famous Theorems

Chebyshev’s Inequality: Let ¢ > 0 be a constant. Then,

irrespective of the distribution of X,
2

P(‘X—,u‘ZC)S%

« See Example 2.29 on p. 41 (exact vs. Cheb. for two dice)

Weak Law of Large Numbers: Let X be the sample mean

of n i.i.d. observations from a population with finite mean L
and variance 2. Then, for any fixed ¢ > 0,

P(‘)?—,u‘ZC)—)O as n —» o
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Selected Discrete Distributions

Bernoulli trials: (single coin flip)

(p  if x =1(success)

JOO=PX =021, _ i x 0 (faiture)

E(X)=p and Var(X) = p(71-p)

Binomial distribution: (multiple coin flips)

X successes out of n trials

f(x)=P(X =x)= [n]px(l—p)’” forx=0,1,....n
X

E(X) =np and Var(X) = np(1-p) ‘ ‘ ‘
|

« See Example 2.30 on p. 43 (teeth)

O1 . . n
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Selected Discrete Distributions (cont)

Hypergeometric: drawing balls from the box without
replacing the balls (as in the hand with the question
mark)

Poisson: number of occurrences of a rare event

Geometric: number of failures before the first success

Multinomial: more than two outcomes

Negative Binomial: number of trials to get r successes

Uniform: N equally likely events L]
123 ... N

« See Table 2.5, p. 59 for properties of these distributions
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Selected Continuous Distributions

Uniform: equally likely over an interval

Exponential: lifetimes of devices with no
wear-out (“memoryless”), interarrival times K'

when the arrivals are at random

Gamma: used to model lifetimes, h

related to many other distributions V\
>

Lognormal: lifetimes (similar shape to
Gamma but with longer tail) )

Beta: not equally likely over an interval M

 See Table 2.5, p. 59 for properties of these distributions
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Normal Distribution

First discovered by de Moivre (1667-1754) In
1733

Rediscovered by Laplace (1749-1827) and
also by

Gauss (1777-1855) in their studies of errors
In astronomical measurements.

Often referred to as the Gaussian
distribution.
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Carl Friedrick Gauss (1777 - 1855)
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Karl Pearson (1857 - 1936)

“Many years ago | called the Laplace-Gauss curve the
NORMAL curve, which name, while it avoids an international
qguestion of priority, has the disadvantage of leading people to
believe that all other distributions of frequency are in one
sense or another ABNORMAL.

That belief is, of course, not justifiable.”

Karl Pearson, 1920
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Normal Distribution (“Bell-curve”, Gaussian)

A continuous r.v X has a normal distribution with parameter L and

o2 if its probability density function is given by:
1
J(x) = exp
o271

E(X) =W and Var(X) = G2 (see Figure 2.12, p. 33)

[—(x—,u)2/202] for-oo < x <o

X —
Standard normal distribution: Z = £ N(O,1)
o

« See Table A3onp.673 d(z)=P(ZL<L2z)

P(Xéx)zP(Z: A -p XM zzj:d)(x_’u)
O O O

« See Examples 2.37 and 2.38 on pp. 54-55 (computations)
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Percentiles of the Normal Distribution

Suppose that the scores on a standardized test are normally
distributed with mean 500 and standard deviation of 100. What
is the 75™ percentile score of this test?

P(X <x)=P X—SOOSx—SOO _ & x =500 075
100 100 100

From Table A.3, ®(0.675) = 0.75

x —500

100
Useful Information about the Normal Distribution:
~68% of a normal population is within +1c of u
~95% of a normal population is within  +2c of U

= 0.675= x = 500+ (0.675)(100) = 567.5

~99.7% of a normal population is within +3c of

41



75" percentile for a test with scores which are normally
distributed, mean=500, standard deviation=100
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Linear Combinations of r.v.s

X: ~N(u;, %) fori=1, ..., n and Cov(X, X;) = oj; for i)

Let X =a,X; +a,X, + ... +a,X, where a; are constants.

Then X has a normal distribution with mean and variance:

E(X)=E(a X, +a,X,+..+a X )=au +a, i, +...+a u = Zal.,ul.
Var(X)=Var(a, X, +a,X,+...+a, X )= Z:azo'2 +222a

i=1 j=I
17

X =(Xy+Xo+...+X,)/n ,s0a;=1/n

Therefore, X from n i.i.d. N(u, 62) observations ~ N(i, 64/n),
since the covariances (Gij) are zero (by independence).

43




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


