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Abstract

Boij—Soderberg theory is the study of two cones: the first is the cone of graded Betti tables over a
polynomial ring, and the second is the cone of cohomology tables of coherent sheaves over projective
space. Each cone has a triangulation induced from a certain partial order. Our first result gives
a module-theoretic interpretation of this poset structure. The study of the cone of cohomology
tables over an arbitrary polarized projective variety is closely related to the existence of an Ulrich
sheaf, and our second result shows that such sheaves exist on the class of Schubert degeneracy loci.
Finally, we consider the problem of classifying the possible ranks of Betti numbers for modules over
a regular local ring.
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Chapter 1

Introduction.

This thesis contains results that are related to some recent theorems of Eisenbud and Schreyer. To
state the results, we set some notation. Let K be a field and let A = K[z, ..., z,] be a polynomial
ring with the standard grading. Let M be a finitely generated graded A-module. Then the tor
modules Tor;A(M , K) are naturally graded vector spaces, and we define the graded Betti table

Bij(M) = dim Tor{(M, K);.

This can equivalently be phrased in terms of the number of generators of degree j in the ith term
of a minimal free resolution of M. By the Hilbert syzygy theorem, f; ;(M) = 0 if i > n. A module
is said to have a pure resolution if for all i, we have that 3; j(M) # 0 for at most one value of j.
If this is the case, we set d; to be this value of j and define d(M) = (do,ds,...) to be the degree
sequence of M. Note that dy < dy < ---.

If M is Cohen—Macaulay and has a pure resolution, then the degree sequence determines the
Betti numbers up to simultaneous scalar multiple. In other words, if dy < d; < --- is the degree
sequence, then there exists a rational number ¢ (depending on M) such that
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id; (M) = ”7

B,dz( ) C‘ ‘d—dl‘
j#i Y

(see [HK|, Theorem 1]). Define 5(d) to be the table of numbers obtained by setting ¢ = 1 above.
The first fundamental result about Betti tables is that given any degree sequence dy < d; <
- < d, with r < n, there exists a Cohen—Macaulay module M with pure resolution with the
given degree sequence [EFW] [ES2]. The second fundamental about Betti tables is that the pure
resolutions are the building blocks for all Betti tables. More precisely, given any Cohen—Macaulay
module M, there exist degree sequences d',...,d" and positive rational numbers a1, ...,ay such
that

BM) =a1B(d") + -+ anB(d") (1.0.1)

[ES2, Theorem 0.2]. See [BS2] for the case of arbitrary modules M.

We can phrase this in more geometric terms as follows. First note that 5(M @& N) = (M) +
B(N), so that the set of Betti tables forms a semigroup. Then the result above says that the
extremal rays of the convex cone spanned by these Betti tables are given by the §(d). This convex
cone has a natural triangulation given as follows. First, given two degree sequences d and d’ (of the
same length for simplicity), define a poset structure by setting d < d’ if and only if d; < d} for all



i (for the full definition, see §2.2)). Then the cone of Betti tables is a geometric realization of this
poset, and one can make the expression unique by requiring that d' < d?> < --- < d".

One of the results in Chapter [2| (which represents joint work with Berkesch, Erman, and Kum-
mini [BEKSI]) is to give a module-theoretic interpretation of this poset structure. Namely, given
two degree sequences d and d’, we have that d < d’ if and only if there exist Cohen—Macaulay mod-
ules M and M’ which have pure resolutions of the respective types such that Hom4(M', M)<o # 0.

Given the convex-geometric interpretation above, a natural question becomes: how does one
interpret the linear inequalities that define the cone of Betti tables? The answer to this question
comes from the study of cohomology tables of vector bundles on the projective space P?{l = Proj A.
Given a vector bundle £ on P"~!, we define its cohomology table

Y(&)i; =h'(P"HE® Opn-i(j)).

Eisenbud and Schreyer defined a nonnegative bilinear pairing between Betti tables and cohomology
tables of vector bundles, which we will not repeat here. Hence each vector bundle £ gives a
nonnegative linear functional on the set of all Betti tables. The defining linear equalities are given
by the supernatural vector bundles: a vector bundle £ is supernatural if for all j, there exists at
most one i such that v; ;(€) # 0, and if the Hilbert polynomial of £ has distinct integral roots. In
other words, for all twists £(j), we want that there is at most one nonzero cohomology group, and
that the cohomology of £(j) vanishes completely for exactly n — 1 distinct values of j. In this case,
the increasing sequence of the roots is called the root sequence of £.

There are many analogies between Betti tables and cohomology tables. First, if £ is supernatu-
ral, then the ranks of its cohomology groups are determined, up to simultaneous scalar multiple, by
its root sequence (and all possible root sequences are realizable by vector bundles [ES2, Theorem
0.4]). Second, for an arbitrary cohomology table can be written as a positive rational linear com-
bination of the cohomology tables of supernatural vector bundles [ES2, Theorem 0.5]. This linear
combination can be made unique if we introduce a poset structure on root sequences analogous
to before and require that they form a chain. In a similar way as for modules, Chapter [2] gives a
sheaf-theoretic interpretation of this poset structure. The description of the space of cohomology
tables of all coherent sheaves can also be given in terms of supernatural vector bundles [ES3].

Given an arbitrary projective variety X equipped with a very ample line bundle O(1), it is
natural to ask about the set of cohomology tables of coherent sheaves on X. It can be shown that
the cone coincides with that of P4™X (with the standard very ample line bundle O(1)) if and only
if X has an Ulrich sheaf [ESH, Theorem 4.2]: a coherent sheaf ¢/ is Ulrich if h?(X;2/(5)) = 0 in the
following cases:

1. 7>0and >0

2. —dimX <j< -1

3. j<—dimX and ¢ < dim X.
It is an open question whether or not every embedded projective variety has an Ulrich sheaf. Trans-
lating to the module @ .5 H’(X;U(d)), the Ulrich property is also known as being a maximally
generated Cohen—Macaulay module (MGMCM). It is shown in [BHU, Proposition 1.4] that a
graded module is MGMCM if and only if it has a finite linear free resolution (over the homogeneous
coordinate ring of X).

In Chapter [3| which is based on [Sam], we construct MGMCM on the class of projective Schu-
bert degeneracy loci. These are defined as follows. Let X be a Cohen—Macaulay variety and
choose two vector bundles £ and F of the same rank. Suppose that they possess flags of subbundles
and quotient bundles, respectively. Then given a linear map & — F, we can restrict the map to a
given subbundle of £ and project to a given quotient bundle of F and ask about its rank. Given
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a permutation o, one can produce a rank function, and the corresponding Schubert degeneracy
locus is the locus of points in X where the various ranks fall below the values given by the rank
function. These loci have expected codimensions, and we are able to construct a MGMCM when
this expectation is met. More details are given in Chapter 3] Besides its connection to the theory
of cohomology tables, the MGMCM that we construct are related to a lot of rich combinatorics. In
particular, the linear free resolutions are homological incarnations of double Schubert polynomials.

Finally, in Chapter 4| (which is joint work with Berkesch, Erman, and Kummini [BEKS3]), we
address the question of classifying the possible ranks of minimal free resolutions over local rings
(R,m) (when there is no longer any grading to keep track of). In this case, the Betti table is
replaced by the sequence 3(M); = dim Tor®(M, R/m). We completely answer the question for
regular local rings and show that the obvious inequalities on partial Euler characteristics that need
to hold are the only ones. Furthermore, the convex cone spanned by the Betti sequences fails to
be closed. One main difference between this case and the Eisenbud—Schreyer case is that the result
is valid for regular local rings of mixed characteristic (i.e., do not contain a field). The question
of hypersurface rings is also addressed, but not completely solved, and some conjectures about the
complete picture are given. Beyond hypersurface rings, one probably cannot expect a meaningful
list of all of the necessary inequalities that need to hold.

Each chapter begins with a self-contained introduction which provides a more detailed descrip-
tion about its contents.

11
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Chapter 2

Poset structures in Boij—Soderberg
theory

2.1 Introduction

Boij—Soderberg theory is the study of the cone of Betti diagrams over the standard graded poly-
nomial ring S = K|[z1,...,x,] and — dually — the cone of cohomology tables of coherent sheaves
on PYIL{I, where K is a field. The extremal rays of these cones correspond to special modules
and sheaves: Cohen—Macaulay modules with pure resolutions (Definition and supernatu-
ral sheaves (Definition , respectively. Each set of extremal rays carries a partial order <
(Definitions and that induces a simplicial decomposition of the corresponding cone.

Each partial order < is defined in terms of certain combinatorial data associated to these special
modules and sheaves. For a module with a pure resolution, this data is a degree sequence, and for
a supernatural sheaf, this data is a root sequence. Our main results reinterpret these partial orders
=< in terms of the existence of nonzero homomorphisms between Cohen—Macaulay modules with
pure resolutions and between supernatural sheaves.

Theorem 2.1.1. Let pg and py be extremal rays of the cone of Betti diagrams for S corresponding
to Cohen—Macaulay modules with pure resolutions of types d and d', respectively. Then pg = pa if
and only if there exist Cohen—Macaulay modules M and M’ with pure resolutions of types d and
d’, respectively, with Homg(M', M)<o # 0.

Theorem 2.1.2. Let py and py be extremal rays of the cone of cohomology tables for P! corre-
sponding to supernatural sheaves of types f and f', respectively. Then py < py if and only if there
exist supernatural sheaves € and &' of types f and f', respectively, with Hompn-1(E',E) # 0.

Though the statements of these two theorems are quite parallel, Theorem is far more
subtle than Theorem Theorem follows nearly directly from the Eisenbud-Schreyer
pushforward construction of supernatural sheaves, but without modification, it is not clear how to
compare the modules constructed in [ES2] §5].

We illustrate this via an example. Let n =3, d = (0,2, 3,5), d = (0,3,9,10), and M and M’ be
finite length modules with pure resolutions of types d and d’, as constructed in [ES2] §5]. We know of
no method to produce a nonzero element of Hom(M, M')<g, even in this specific case. The difficulty
here stems from differences in the constructions of M and M’: the module M is constructed by
pushing forward a complex of projective dimension 5 along P? x (P')?2 — P2, whereas M’ is
constructed by pushing forward a complex of projective dimension 10 along P? x P? x P> — P2,
Thus, the construction of [ES2, §5] does not even suggest that Theorem ought to be true.

13
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induces the fan structure.

Figure 2-1: The partial order < on the extremal rays induces a simplicial decomposition of the
cone of Betti diagrams, where the simplices correspond to chains of extremal rays with respect to
the partial order. This simplicial decomposition is essential to many applications of Boij—Soderberg
theory.

Our motivation for conjecturing the statement of Theorem [2.1.1|— and the first key idea behind
its proof — is based on a flexible version of the Eisenbud—Schreyer construction of pure resolutions.
This is Construction below, and we show that the basic results of [ES2) §5] can be adapted
to this construction. This extension enables us to use a single projection map to simultaneously
produce modules N and N’ with pure resolutions of types d and d’. In the case under consideration,
we construct both N and N’ by pushing forward complexes of projective dimension 10 along the
projection map P? x (P1)" — P2[|

We may then produce elements of Hom(N, N')< by working with the complexes on the source
P2 x (P1)7 of the projection map. However, finding such a nonzero element poses a second technical
challenge in the proof of Theorem [2.1.1] This requires an explicit and somewhat delicate computa-
tion involving the pushforward of a morphism of complexes along the projection P? x (P17 — P2,
This computation is carried out in the proof of Theorem [2.3.1] thus providing a new understanding
of how certain modules with pure resolutions are related.

Besides providing greater insight into the structure of modules with pure resolutions and super-
natural sheaves, our results have two further implications. First, the partial orders < are defined in
terms of the combinatorial data of degree sequences and root sequences (see Sections and ,
and depend on the total order of Z; thus, they are only formally related to S and P"~!. However,
our reinterpretations of < in terms of module- and sheaf-theoretic properties suggest the naturality
not only of <, but also of the induced simplicial decompositions of both cones. In other words,
while there exist graded modules whose Betti diagrams can be written as a positive sum of pure
tables in several ways, Theorem [2.1.1] suggests that the most natural of these decompositions is
the Boij—Soderberg decomposition produced by [ES2, Decomposition Algorithm], and similarly for
Theorem and cohomology tables.

A second implication involves the extension of Boij—Séderberg theory to more complicated
projective varieties or graded rings. For instance, the cone of free resolutions over a quadric hyper-
surface ring of K|[z,y] is described in [BBEG]. The extremal rays in this case correspond to pure
resolutions of finite or infinite length. We could thus consider a partial order defined in parallel
to Boij—Soderberg’s original definition (based on the combinatorial data of a degree sequence), or,
following our result, we could consider a partial order defined in terms of nonzero homomorphisms.
These partial orders are different in this hypersurface case; only the second definition leads to a
decomposition algorithm for Betti diagrams. See Example below for details.

For more general graded rings there even exist extremal rays that do not correspond to pure

'We note that M # N and M’ # N’ in this example.
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resolutions. (Similar statements hold for more general projective varieties.) There is thus no obvious
extension of Boij—Sdéderberg’s original partial order to these cases. By contrast, the reinterpretations
of < provided by Theorems [2.1.1) and [2.1.2] are readily applicable to arbitrary projective varieties
and graded rings. We discuss one such case in Example

Theorems [2.1.1] and 2.1.2 hold over an arbitrary field K, and their proofs involve variants of
the constructions in [ES2] for supernatural sheaves and modules with pure resolutions. When
char(K') = 0, there also exist equivariant constructions of supernatural vector bundles [ES2, Thm.
6.2] and of finite length modules with pure resolutions [EFW| Thm. 0.1]. For these we prove the
most natural equivariant analogues of our main results.

Theorem 2.1.3. Let V' be an n-dimensional K -vector space with char(K) =0, and let pg and pgy
be the extremal rays of the cone of Betti diagrams for S = Sym(V') corresponding to finite length
modules with pure resolutions of types d and d'. Then pq =< pg if and only if there exist finite length
GL(V)-equivariant modules M and M’ with pure resolutions of types d and d', respectively, with
Homgy, vy (M, M)<o # 0.

Theorem 2.1.4. Let V be an n-dimensional K -vector space with char(K) = 0, and let py and py: be
the extremal rays of the cone of cohomology tables for P~ = P(V') corresponding to supernatural
vector bundles of types f and f'. Then py = pp if and only if there exist GL(V)-equivariant
supernatural vector bundles £ and E' of types f and ', respectively, with Homgr,v) (&,8)#£0.

The action of GL(V') has two orbits on the maximal ideals of S: one consisting of the maximal
ideal (z1,...,x,) and the other consisting of its complement. An equivariant Cohen—Macaulay
module therefore has only two options for its support, and hence either has finite length or must
be a free module. Thus the finite length hypothesis in Theorem is the natural equivariant
analogue of the Cohen—Macaulay hypothesis in Theorem [2.1.1

As above, the statement for pure resolutions is more subtle than the corresponding statement
for supernatural vector bundles. The modules constructed in [EFW] §3] do not have nonzero
equivariant homomorphisms between them, but the explicit combinatorics of the representation
theory involved suggests a minor modification which does work. This also suggests how the maps
should be defined in terms of the explicit presentation of the modules; the remaining nontrivial step
is to show that these maps are in fact well-defined. The main obstacle is that such maps must be
compatible with the actions of both the general linear group and the symmetric algebra, and the
interplay between the two is delicate. This key issue in the proof of Theorem [2.1.3]is accomplished
through a careful computation involving Pieri maps (combined with results from [SW]).

Outline

In Section 2.2 we prove the reverse implications of Theorems [2.1.1] and 2.1.3] We then construct
nonzero morphisms between modules with pure resolutions. Sections and respectively,
address the forward directions of Theorems and We next address the cone of cohomology
tables for P"~!. In Section we prove the reverse implications of Theorems and We
then turn to the construction of nonzero morphisms between supernatural sheaves: Sections
and respectively, address the forward directions of Theorems [2.1.2] and 2.1.4 Finally, we
provide in Section [2.8] a brief discussion of how Theorem has been applied in the study of
Boij—Soéderberg theory over other graded rings.
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2.2 The poset of degree sequences

Let M be a finitely generated graded S-module. The (i,j)th graded Betti number of M,
denoted S; j(M), is dimg Tor? (K, M);. The Betti diagram of M is a table, with rows indexed
by Z and columns by 0, ...,n, such that the entry in column ¢ and row j is f;;4,;(M). A sequence
d=(do,...,dy) € (ZU{oo})"™ is called a degree sequence for S if d; > d;_; for all i (with the
convention that oo > o0). The length of d, denoted ¢(d), is the largest integer ¢ such that d; is
finite.

Definition 2.2.1. A graded S-module M is said to have a pure resolution of type d if a minimal
free resolution of M has the form

0 < M < S(—dg)P0do < S(—dy)P 11 - S(—d@(d))ﬁ’“d)’d@(d) + 0.

For every degree sequence d, there exists a Cohen—Macaulay module with a pure resolution of
type d [ES2, Theorem 0.1] (see also [BS1, Conjecture 2.4], [EFW. Theorem 0.1]). The Betti diagram
of any finitely generated S-module can be written as a positive rational combination of the Betti
diagrams of Cohen—-Macaulay modules with pure resolutions (see [ES2, Theorem 0.2] and [BS2,
Theorem 2]). The cone of Betti diagrams for S is the convex cone inside ;4 Q" *! generated
by the Betti diagrams of all finitely generated S-modules. Each degree sequence d corresponds to
a unique extremal ray of this cone, which we denote by pg4, and every extremal ray is of the form
pq for some degree sequence d.

Definition 2.2.2. For two degree sequences d and d’, we say that d < d' and that py < pg if
d; < d} for all 4.

This partial order induces a simplicial fan structure on the cone of Betti diagrams, where
simplices correspond to chains of degree sequences under the partial order <. We now show that
the existence of a nonzero homomorphism between two modules with pure resolutions implies the
comparability of their corresponding degree sequences. This result provides the reverse implications

for Theorems 2.1.1] and 2.1.31

Proposition 2.2.3. Let M and M’ be graded Cohen—Macaulay S-modules with pure resolutions of
types d and d', respectively. If Hom(M', M)<o # 0, then d < d'.

Proof. Write ¢/ = ¢(d') and ¢ = ¢(d). If ¢ > ¢, then codim M’ > codim M, and, by [BH) Proposi-
tions 1.2.3, 1.2.1], Hom(M', M) = 0.

Therefore we may assume that ¢ < ¢. By hypothesis, we may fix a nonzero homomorphism
¢ € Hom(M', M), for some ¢t < 0. Let F, and F, be minimal graded free resolutions of M and
M’ respectively, and let {p;: F/ — Fi}izo be the comparison maps in a lifting of ¢. Suppose by
way of contradiction that there is a j such that d;- < dj. Since d;- < dj, we see that ¢; = 0.
Hence, each ; such that j < ¢ < ¢ can be made zero by some homotopy equivalence. Write
(—)¥ = Homg(—, S(—n)). Since M and M’ are Cohen-Macaulay, we note that (F,)" and (F})Y
are minimal graded free resolutions of Ext4(M, S(—n)) and Extg(M’, S(—n)). Further, the maps

{p} }i>o define an element of Extg_fl (Extg(M, S(—n)),Extg(M’,S(—n))) In fact, if we write
N = coker ((Fy_1)Y — (Fp)Y), then (op)Y: N — Ext%(M’, S(—n))) is the zero homomorphism.
Hence ¢ =0 for all 0 < i < ¢, and therefore ¢ = 0. O

Proposition is untrue if we do not assume that M’ is Cohen—-Macaulay. For example,
consider S = K|x,y], M = S/(z?), and M’ = S @® K. We used the hypothesis that M’ is Cohen—
Macaulay to have that codim M’ = ¢(d’) and that Homg(F}, S(—n)) is a resolution.

16



2.3 Construction of morphisms between modules with pure reso-
lutions

In Theorem we must, necessarily, consider more than Hom(M’, M)y. For instance, if n =
2,d = (0,1,2), and d' = (1,2,3), then any M and M’ with pure resolutions of types d and
d’ will be isomorphic to K™ and K(—1)™, respectively, for some integers m,m’. In this case,
Hom(M', M)y = 0, whereas Hom(M', M)_1 # 0.

However, it is possible to reduce to the consideration of Hom(M', M)y. To do this, let ¢ :=
min{d, — d; | d; # co}. By replacing d’ by d’ — (¢,...,t), the forward direction of Theorem is
an immediate corollary of the following result.

Theorem 2.3.1. Let d X d' be degree sequences for S with dj = dj for some 0 < j < {(d'). Then
there exist finitely generated graded Cohen—Macaulay modules M and M’ with pure resolutions of
types d and d', respectively, with Hom(M', M)y # 0.

Remark 2.3.2. The homomorphism group in Theorems [2.1.1{and is nonzero only for specific
choices of the modules M and M’. For two degree sequences d =< d’, there exist many pairs of
modules M, M’ with pure resolutions of types d and d’, respectively, such that Hom(M', M)<o = 0.
For example, take d = d’ = (0,2,4), M = S/{(x?,y?), and M’ = S/(I?,12) for general linear forms
I; and l. As another example, consider d = (0,3,6) < d' = (0,4,8). When M = S/{x3,%?) and
M’ = S/(f,qg) for general quartic forms f and g, we again have Hom(M', M)<o = 0. O

The proof of Theorem [2.3.1]is given at the end of this section and involves two main steps.

1. Construct twisted Koszul complexes Ky and K, on a product P of projective spaces (including
a copy of P~ 1) and push them forward along the projection 7: P — P"~1. This yields pure
resolutions Fy and F) of types d and d’ that respectively resolve modules M and M’.

2. Show that there exists a morphism he: K, — K4 such that the induced map ve: F, — F, is

not null-homotopic. This yields a nonzero element ¢ € Homg(M', M ).

We achieve by modifying the construction of pure resolutions by Eisenbud and Schreyer
[ES2, §5]. We replace their use of [, P%~%-1 with a product of copies of P!. This enables us
to simultaneously construct pure resolutions of types d and d’ and a nonzero map between the
modules they resolve. The details of are contained in Construction m For ({2)), we apply
Construction [2.3.3] so as to produce the morphism h,. Checking that the induced map v, is not
null-homotopic uses, in an essential way, the hypothesis that d; = dj for some 0 < j < ((d').
Example demonstrates these arguments. Write P1*" for the r-fold product of P1.

Construction 2.3.3 (Modification of the Eisenbud—Schreyer construction of pure resolutions).
The objects involved in this construction of a pure resolution Fy of type d will be denoted by Kos?,
K., and L. The corresponding objects for the pure resolution F. of type d' are Kos®, K., and L'.
Let

r = max{dyq) — do — £(d), dlg(d,) —do—0(d)} (2.3.4)

and P := P"~1 x PYX". On P, fix the coordinates

([.’El Y 12> BRI xn]v [yt()l) : yil)]v teey [y(()T) : yy)])

and consider the multilinear forms

,
o= Z xiO-Hyi(jj_) forp=1,2,....n+r.
j=1

io+-+ir=p
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Note that ig € {1,...,n} and i; € {0,1} for all1 < j <r.) We now define
J

D .= {do,d0+1,...,d0+€(d) +T}, D' = {do,d0+1,...,d0+€(d/)—f—’l“},
d:=(001<--<é)=D~d, § = (0] <--<8)=D'\d,
a:=90—(doy+1,...,do+1), a’ ::5/—(d0+1,...,d0+1),
L= OP<—d0,a), and ,CI = OP(—do,a/).

(We view § and 0’ as ordered sequences.) Let Kos? be the Koszul complex on f1, ... s fe(dy+r» which

is an acyclic complex of sheaves on P of length ¢(d) + r (see [ES2, Proposition 5.2]). Let Ko :=
Kosﬁl ®L. Let m: P — P™ ! denote the projection onto the first factor. By repeated application
of [ESZ, Proposition 5.3], m.Ke is an acyclic complex of sheaves on P"~! of length £(d) such that
each term is a direct sum of line bundles. Taking global sections of this complex in all twists yields
the pure resolution Fo of a graded S-module (that is finitely generated and Cohen—Macaulay). We
can write the free module F; explicitly as follows. If s = max{i | a; — dj + do < —2}, then we have

o(d)+r S T
Fj = S(—dj)(drdo) ® (@ HY(P!, O(a; — dj + do))> ® ( &) H'(P',0(a; — d; + do))> .
i=1 i=s+1
Let Kosﬁl, be the Koszul complex on f1,..., fya)4+r and KL = Kos‘f/ ®L', and define F. in a similar

manner.

The value of r in is the least integer such that we are able to fit both the twists —dy
and min{—dy), _d;z( d’)} in the P"~! coordinate of the bundles of the complexes Ko and K,. The
choices of a and a’, which ensure that F, and F] are pure of types d and d’, are dictated by the
homological degrees in K, and K, that need to be eliminated in each projection away from a P!
component of P. In Example these homological degrees are those with an underlined —1 in
Table Observe that a — a’ € N” since d < d’. Thus there is a nonzero map he: K, — K, that
is induced by a polynomial of multidegree (0,a —a’). In , we show that m,he induces the desired
nonzero map.

The following extended example contains all of the main ideas behind the proof of Theorem [2.3.1

Example 2.3.5. Consider d = (0,2,4,5,6) and d' = (1,2,4,7) = (1,2,4,7,00). Note that dy =
L, = 4, so that d and d’ satisfy the hypotheses of Theorem Herer = 4and P = P3xP4. On
P, we have the Koszul complexes Kos? = Kose(Op; f1,..., fs) and Kos? = Kose(Op; f1,.. ., f1).

There is a natural map Kos‘,l, — Kos? induced by the inclusion (fi,..., f7) C (f1,..., fs). Here we
have
d=(1,3,7,8), § =1(0,3,5,6),
a=1(0,2,6,7), a = (-1,2,4,5),
Ko = Kos? @0p(0, a), and K, = Kos? @0p(0,d).

Table shows the twists in each homological degree of these complexes.

Let h be a nonzero homogeneous polynomial on P of multidegree (0,a — a’) = (0,1,0,2,2).
Then multiplication by h induces a nonzero map h: K, — Ko. To write h, we use matrix multi-
index notation for the monomials in K [y(()l), ygl), . ,yé4),y§4)}, where the ith column represents the
multi-index of the y(¥-coordinates. With this convention, fix

, :y((l)g%%) . y(()l) _ (y(()S))Q_ (y(()4))2'
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d=(0,2,4,5,6) d = (1,2,4,7)

i Twist in IC; i Twist in K/

0 0,0,2,6,7) 0 (0,-1,2,4,5)
1| (=1,-1,1,5,6) 1] (21,-2,1,3,4)
2| (=2,-2,0,4,5) 2| (-2,-3,0,2,3)
3| (=3,-3,-1,3,4) 3| (=3,-4,-1,1,2)
4| (-4,-4,-2,2,3) 4| (~4,-5,-2,0,1)
5| (=5,-5,-3,1,2) 5| (=5,-6,-3,-1,0)
6| (~6,-6,-4,0,1) 6| (—6,-7,—4,—2, 1)
7| (=7,-7,-5,=1,0) | | =7 | (~7,-8,-5,-3,—2)
8| (=8,-8,-6,—2, 1)

Table 2.1: Twists appearing in Ky and K, in Example m

Denote the induced map of complexes K, — Ko by he. Taking the direct image of he along the
natural projection 7: P — P3 and its global sections in all twists induces a map ve: F! — F,.

We claim that v, is not null-homotopic. This need not hold for an arbitrary pair d < d’, however
it does hold for a pair of degree sequences which satisfy the hypotheses of Theorem We use
the fact that dy = dfy = 4, as this implies that vo: F) — F5 is a matrix of scalars. Since F, and F,
are both minimal free resolutions, it then follows that the map vo factors through a null-homotopy
only if vy is itself the zero map. Thus it is enough to show that v # 0. For this, note that

= S(—4)) @ H (P, 0(-4)) » H (P!, 0(~2)) ® H'(P!,0(2)) ® H'(P', O(3))
and  F} = S(—4)0) @ H(P',0(—5)) ® H'(P!,0(—2)) @ H'(P', 0(0)) & H'(P', O(1))
and that F» and Fj have H! terms in precisely the same positions, and similarly for the HY terms.
We may then use [BEKS2, Lemma 7.3] to compute the map vo: F) — Fh explicitly. Since the
matrix is too large to be written down, we simply exhibit a basis element of F that is not mapped
to zero.

For I = {i; < --- < i4} a subset of either {1,...,8} or {1,...,7}, we use the notation e; :=
€, N\ -+ A€, to write S-bases for S(—4)(4) and for S(—4)(4 . Choose the natural monomial bases
for the cohomology groups appearing in the tensor product expressions for Fy and Fj, and write
these monomials in multi-index notation. Recalling the above definition of i, we then have that

€1,2,34 YC% :% 8 (1]>

is a basis element of 5. We compute

(—4—101) (—4—101)
Vo | €1234R@y\1 100/ ) =¢ 93, @y\-1-100/.h
—4-101 1022
+
= €1234 ®y<—1 -10 0) (6000)
(—3 -12 3)

=€1234@y\-1-100
Since this yields a basis element of Fj, it is clear that v, is a nonzero map, so ve is not null-
homotopic. O

Proof of Theorem |2.5.1. Construction yields finitely generated graded Cohen—Macaulay mod-
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ules M and M’ that have pure resolutions F, and F of types d and d’, respectively. To construct
the desired nonzero map v: M’ — M, we fix a generic homogeneous form h on P of multide-
gree (0,a — a’), which exists because a — a’ = § — ¢ € N”. Multiplication by h induces a map
he: K, — Ko. The functoriality of 7, induces a map m.K, — m.K, that, upon taking global
sections in all twists, yields a map ve: F, — F,. Let ¢b: M’ — M be the map induced by v,.

To show that 1 is nonzero, it suffices to show that v is not null-homotopic. Let j be the index
such that d; = d;. Then Fj and Fj are generated entirely in the same degree. Since Fy and Fy
are minimal free resolutions, v;: FJ’ — Fj is given by a matrix of scalars. Thus it follows that v,
is null-homotopic only if v; is the zero map. We now use the description of v; given in [BEKS2,
Lemma 7.3]. (The relevant homological degree in both Ko and K, is d; — dy.)

Let s = max{i [ a; — d;j +dp < —2} and let s’ = max{i | a; — d; + dy < —2}. Note that, since
dj = d;;, the construction of a and a’ implies that s = s’. We then have

Z(d)+r r
F; = S(—d, (323) (@ H' (P, O(a; — d; +d0))> ® ( &) H'(P!,0(a; — d; +d0))> and

1=s+1
/ (Ed(d—);—T 1/pl S 1101 /
F} = S(—d;) ) ®H (P, 0(a; —dj + do)) | ® | (X) HO(P',0(a} - dj + do)) | ,
1=s+1

where both F} and Fj’ have the same number of factors involving H® (and therefore also the same
number involving H'). Hence we can repeatedly apply [BEKS2, Lemma 7.3] to conclude that v; is
simply the map induced on cohomology by the map hg; 4, : IC&J,? do Ka;—do-

We now fix a specific value of h and show that v; # 0. Let ¢ := a —a’ € N and write

c=(c1,...,¢r). Let
hi= (y(gl))“ . (y(g2>)c2 . (y(gr))” — (T %),
(0

so that h is the unique monomial of multidegree (0, ¢) that involves only the y,’-variables.
For I = {iy <--- <i4,_q,} a subset of either {1,...,4(d) +r} or {1,...,4(d") +r}, we use the

(/(d)-H) (Z(d )+r)
notation e := €;; A -+ A€q;_q, to write S-bases for S(—d;) %~%’ and for S(—d;)"*%~%’. Choose

the natural monomial bases for the cohomology groups appearing in the tensor product expression
for Fj and F J’ , and write these monomials in matrix multi-index notation, as in Example For
each i corresponding to an H!-term (i.e. i € {1,...,s}), let w; := —(a; — d; + do) + 1. For each i
corresponding to an H? term (i.e. i € {s+1,...,7}), let w; := —(a; — d;j + dp). Observe that

© Us Wt - wr)

(4
6{1,...,dj7d0} ®y “L..-1 0 .. 0
is a basis element of F;. We then have that
(ul e Us WsH1 - wr) (u1 cee Us Wst1 --- wr)
vi | €41, dj—do} @Y -1..-1 0 .. 0 = €1, dy—do} ®Y ~1..-1 0 .. 0).p
UL e Us Wh1 oo Wr 1 ... e
= €{1,.d;—do} ®y(*1 R y(0 %)
(U1+61 v UstCs Ws41+Cs41 - wr—i-cr)
= €{1,..dj—do} ®Y* 1 - I 0 0
One may check that this is a basis element of F j’ , and hence the map v; is nonzero. Therefore v,

is not null-homotopic, as desired. O
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2.4 Equivariant construction of morphisms between modules with
pure resolutions

Throughout this section, we assume that K is a field of characteristic 0 and that all degree sequences
have length n. Let V be an n-dimensional K-vector space, and let S = Sym(V). We use Sy to
denote a Schur functor, as in Section As in Section a shift of d’ reduces the remaining
direction of Theorem to the following result.

Theorem 2.4.1. Let d < d' be two degree sequences such that d = dj, for some k. Then there
exist finite length GL(V)-equivariant S-modules M and M’ with pure resolutions of types d and d’,
respectively, with Homgy,cvy(M', M)o # 0.

Our proof of Theorem relies on Lemma which handles the special case when the
degree sequences d and d’ differ by 1 in a single position. This proof will repeatedly appeal to
Pieri’s rule for decomposing the tensor product of a Schur functor by a symmetric power. We refer
the reader to [SW, §1.1 and Theorem 1.3] for a statement of this rule, as our main use of it will be
through [SW|, Lemma 1.6].

Given a degree sequence d, let M(d) be the GL(V')-equivariant graded S-module constructed
in [EFW, §3] (see also [SW], §2.1]), and let F(d)s be its GL(V')-equivariant free resolution. By
construction, the generators for each S-module F(d); form an irreducible GL(V')-module whose
highest weight we call A(d);. For instance, if d = (0,2,5,7,8), then A\(d)o = (3,1,0,0) and A(d); =
(5,1,0,0) [EEW, Example 3.3]. Note that M(d) ® V is also an equivariant module with a pure
resolution of type d.

Lemma 2.4.2. Let d = (dy,...,d,) € Z"" be a degree sequence, and let d' be the degree sequence
obtained from d by replacing d; by d; + 1 for some i. Then there exists an equivariant monzero
morphism ¢: M(d)®@V — M(d).

Further, if Fy and F are the minimal free resolutions of M(d) and M (d')®@V respectively, then
we may choose ¢ so that the induced map FJ’ — F} is surjective for all j # i.

Remark 2.4.3. Let d and d’ be degree sequences as in the statement of Lemma[2.4.2] We observe
that
(i) A(d)i = A(d):.
(i) If j <4, then A(d'); is obtained from A(d); by removing a box from the ith part.
(iii) If j > ¢, then A(d'); is obtained from A(d); by removing a box from the (i + 1)st part.
For instance, if d = (0,2,4) and d’ = (0, 3,4), then we have

(1,0) ifj=0 (0,0) ifj=0
AMd);j=<(3,0) ifj=1 and Xd);=<(3,0) ifj=1 O
(3,2) ifj=2 (3,1) ifj=2.

Remark 2.4.4. In the proof of Lemma we repeatedly use [SW, Lemma 1.6]. The statement
of the lemma is for factorizations of Pieri maps into simple Pieri maps S,V — S,V @V, but we need
to factor into simple Pieri maps as well as simple co-Pieri maps S,V ® V' — S, V. No modification
of the proof is needed: we simply use the fact that the composition of a co-Pieri map and a Pieri
map of the same type is an isomorphism and that in each case that we apply [SW), Lemma 1.6], the
Pieri maps may be factored so that the simple Pieri maps and simple co-Pieri maps of the same
type appear consecutively. O
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Proof of Lemma[243 Set Ap = 1"/ (djy1 —dj—1) for 1 <L <n—1, X, =0, g = A\ +dy — do,
and py = Mg for 1 < £ < n. If i = n, we modify A and p by adding 1 to all of its parts (so in
particular, A, = u, = 1). As in [EFW], §3], define M to be the cokernel of the Pieri map

Yun: S(—d1) @ S,V — S(—do) ® S\V.
We will choose partitions M and p’ so that M’ is the cokernel of the Pieri map
¢MI/)\/: S(—dll) ® SMIV — S(—dé) ® S)\/V

To do this, we separately consider the three cases i = 0, 7 = 1, and ¢ > 2. In each case, we specify N
and g/ (these descriptions are special cases of Remark [2.4.3)) and construct a commutative diagram
of equivariant degree 0 maps

S(—di) @S,V — 1

SDHT ‘PAT
P 1 R1
S(—d) @S, VeV TV g—d) oSy VeV

S(—do) @ S\V (2.4.5)

that induces an equivariant degree 0 map of the cokernels ¢: M’ — M. Since the Pieri maps are
only well-defined up to a choice of nonzero scalar, we only prove that the square commutes up to
a choice of nonzero scalar. One may scale appropriately to obtain strict commutativity.

Finally, after handling the three separate cases, we prove that the induced maps Fj’ — F} are
surjective whenever j # i. Since F is a minimal free resolution, this implies that the map F, — F,
is not null-homotopic, and hence ¢: M’ — M is nonzero.

Casei=1. Set X} =\ — 1, X = \; for 2 < j <n, and p' = pu. Also, let dy = do and d} = dy + 1.
Using the notation of (2.4.5), we define ¢,, by identifying S,V ® V with Sym!'V ® S,V and then

extending it to an S-linear map. Let @) be the projection of SV ® V' — S,V tensored with the
identity of S(—dp). From the degree d; + 1 part of (2.4.5)), we obtain

87

Sym'V®S,V Sym@—+y @ S,V

| |

S,V eV —2 s gumhi—d+ly 08,V o V.

Note that « is the linear part of F1 — Fg and is hence injective because dy — d; > 1. Since 3 is an
isomorphism, af is injective. Also we have A; > Ay because dy — dj > 1, so by Pieri’s rule, every
summand of S,V ®V is also a summand of Sym® =%+ &S, V. Using [SW], Lemma 1.6], one can
show that 4 is also injective. Since the tensor product Sym®~%+1V @ S,V is multiplicity-free
by the Pieri rule, this implies that these maps are equal after rescaling the image of each direct
summand of S,V ® V' by some nonzero scalar. Hence this diagram is commutative, and the same

is true for (2.4.5)).

Case i > 2. Set \j = \; — 1 and \j = \; for j # i. Similarly, set p; = p; — 1 and p; = p; for j # .
Using the notation of ([2.4.5)), let ¢,, be a nonzero projection of S,/V ® V onto S,V tensored with
the identity on S(—d;). Similar to the previous case, choose a nonzero projection Sy V&V — SV
and tensor it with the identity map on S(—dp) to get ). From the degree d; part of (2.4.5), we
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obtain

S,V = Sym“ vV @ S,V

6T VT
SV @V s gumdi—dhy g8,V e V.

Let S,V be a direct summand of S,V ® V. If v # p, then S,V is not a summand of Symé Yy @
SV, as otherwise we would have v; = \; — 1, and both of the compositions af and vd would
therefore be 0 on such a summand. If v = u, then the composition af is nonzero, so it is enough
to check that the same is true for 44d; this holds by [SW, Lemma 1.6], and hence this diagram and

are commutative.

Case i = 0. Set d¥ := (—dy,, —dp-1,...,—do) and d"¥ := (—d,,—d},_;,...,—d[). Since d; = d;- for
all j # i = 0, we see that dV and d’V only differ in position n. Hence, by the case i > 2 above
(we assume that n > 2 since the n = 1 case is easily done directly), we have finite length modules
M (d") and M (d") with pure resolutions of types d" and d'V, respectively, along with a nonzero
morphism ¢: M(dY) @ V. — M(d"). If we define NV := Ext"(N,S), then M(d'"V)V = M(d') and
(M(dV)® V)Y = M(d) ® V* (both isomorphisms are up to some power of A"V which we cancel
off). In addition, since Ext™(—,.S) is a duality functor on the space of finite length S-modules, we
obtain a nonzero map

PV M(d) — M(d) @ V*.
By adjunction, we then obtain a nonzero map M(d') ® V. — M(d).

Fixing some j # ¢, we now prove the surjectivity of the maps F J’ — F}j, which implies that ¢ is
a nonzero morphism, as observed above. The key observation is that, in each of the above three
cases, Ij is an irreducible Schur module. Since d; = d}, the map

F], = S(—d;) X S/\(d/)jV RV — Fj = S(_dj) ® S/\(d)jv

is induced by a nonzero equivariant map Sy, V@V — Sy@a), V. Since the target is an irreducible
representation, this morphism, and hence the map FJ’ — Fj, is surjective. More specifically, the
map Sy, V @V — Sy, V is a projection onto one of the factors in the Pieri rule decomposition
of S)\(d/)jV & V. ]

Example 2.4.6. This example illustrates the construction of Lemma when d = (0,2,4) and
d = (0,3,4). When writing the free resolutions, we simply write the Young diagram of \ in place
of the corresponding graded equivariant free module. Also, we follow the conventions in [EFW]
and [SW] and draw the Young diagram of A by placing \; boxes in the ith column, rather than
the usual convention of using rows. The morphism from Lemma yields a map of complexes,
which we write as

M<—[]<—@<—@3<—0

a I I I

M’<—m®®<—m®@%m®@j<—o.

Observe that dy = 4 = d}, and that the vertical arrow in homological position 2 is surjective, as it
corresponds to a Pieri rule projection. A similar statement holds in position 0. O
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Proof of Theorem [2.4.1 Set r:=3"7_ d; —d;. We may construct a sequence of degree sequences
d=:d° < d' <---<d" :=d such that &’ and &’ satisfy the hypotheses of Lemma for any

j. Lemma yields a nonzero morphism
U M@ @V — M(d)
for any j =1,...,r. If we set MU) := M(d’) ® V%, and we set 1)+1) to be the natural map
pUHD . AU+ ()

given by go(j) ® id%j, then we may compose the map ¥U*tY) with the map ).
Let M := M©) = M(d), and let M’ := M) = M(d') @ V®". We then have an equivariant map
=Moo M — M, and we must finally show that ¢ is nonzero. Let F.(]) be the minimal

free resolution of M), Since dj, = d}, it follows that d,(j ) = d,(j U for all j. Lemma then

implies that we can choose each ©U*D such that the map 1+ induces a surjection F,gj o, F,Ej ),

Since the composition of surjective maps is surjective, it follows that the map F, ,gr) — F IEO) induced
by 1 is surjective. Since F.(O) is a minimal free resolution, we conclude that the map of complexes
F.(r) — F.(O) is not null-homotopic, and hence ¢ : M’ — M is a nonzero morphism. O

Remark 2.4.7. By introducing a variant of Lemma [2.4.2], we may simplify the construction used in
the proof of Theorem Let d and d' be two degree sequences such that d; = d;+ N, and d; = d;
for all j # . Iteratively applying Lemma yields a morphism ¢: M(d") @ VN — M (d). Since
char(K) = 0, we have an inclusion ¢: Sym YV — VOV and we let 1 be the morphism induced by
composing ¢ and id gy ®¢. Let F! and F, be the minimal free resolutions of M (d') ® Sym™V and
M (d) respectively. The map FJ’ — Fj induced by v is induced by the equivariant map of vector
spaces
Sxa)V @ Sym™V — Sy V.

This map is surjective because it is a projection onto one of the factors in the Pieri rule decompo-
sition of SV ® Sym™VV.

This simplifies the proof of Theorem [2.4.1] as follows. Let i; > --- > iy be the indices for
which d and d' differ. By iteratively applying the construction outlined in this remark, we may
construct the desired modules and nonzero morphism in £ steps. Since ¢ can be far smaller than

ri= Z?:o d;- — d;, this variant is useful for computing examples such as Example O

Example 2.4.8. We illustrate Theorem 2.4.1| with n = 4, d = (0,2,3,6,7), and d’' = (1,2,5,6,10).
Using the notation of Remark [2.4.7, dV) = (0,2,3,6,10), d® = (0,2,5,6,10). Following the same
conventions as in Example the corresponding resolutions are given in Figure Notice that
d3 = 6 = dj. Focusing on the third terms of the resolutions, we see that the maps are simply
projections from Pieri’s rule. In particular, these maps are surjective and therefore nonzero. O
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Figure 2-2: The Young diagram depictions of the resolutions in Example



2.5 The poset of root sequences

Let £ be a coherent sheaf on P"~!. The cohomology table of £ is a table with rows in-
dexed by {0,...,n — 1} and columns indexed by Z, such that the entry in row i and column j
is dimg HY(P" 1, £(j —i)). A sequence f = (f1,..., fa1) € (ZU {—oo})”_1 is called a root se-
quence for P71 if f; < f;_1 for all i (with the convention that —0co < —o0). The length of f,
denoted £(f), is the largest integer ¢ such that f; is finite.

Definition 2.5.1. Let f be a root sequence for P*~!. A sheaf £ on P"~! is supernatural of
type f = (f1,..., fn—1) if the following are satisfied:

1. The dimension of Supp € is ¢(f).

2. For all j € Z, there exists at most one i such that dimy H (P"~! £(j)) # 0.

3. The Hilbert polynomial of & has roots fi,..., fy)-
Dropping the reference to its root sequence, we also say that £ is a supernatural sheaf (or a
supernatural vector bundle if it is locally free).

For every root sequence f, there exists a supernatural sheaf of type f [ES2, Theorem 0.4].
Moreover, the cohomology table of any coherent sheaf can be written as a positive real combination
of cohomology tables of supernatural sheaves [ES3l Theorem 0.1]. The cone of cohomology
tables for P"~! is the convex cone inside [] jez R" generated by cohomology tables of coherent
sheaves on P"~!. Each root sequence f corresponds to a unique extremal ray of this cone, which
we denote by ps, and every extremal ray is of the form p; for some root sequence f.

Definition 2.5.2. For two root sequences f and f’, we say that f < f" and that py < pp if fi < f!
for all i.

This partial order induces a simplicial fan structure on the cone of cohomology tables, where
simplices correspond to chains of root sequences under the partial order <. We now show that the
existence of a nonzero homomorphism between two supernatural sheaves implies the comparability
of their corresponding root sequences, which provides the reverse implications for Theorems [2.1.2

and 2.1.41

Proposition 2.5.3. Let £ and &' be supernatural sheaves of types f and f' respectively. If
Hom(&',E) # 0, then f < f'.

Proof. Let T(€) and T(&’) denote the Tate resolutions of £ and &' [EFS| §4]. These are doubly
infinite acyclic complexes over the exterior algebra A, which is Koszul dual to S and has generators
in degree —1. Since Hom(&', £) # 0, there is a map ¢: T(E') — T(&) that is not null-homotopic.
Observe that for every cohomological degree j, ¢/: T(E')7 — T(E)? is nonzero. First, if ¢/ = 0 for
some j, then, we may take ¢ = 0 for all k < j. Secondly, if k > j, then after applying Hom (—, A)
(which is exact because A is self-injective), we can take ©* to be zero.

By [ES2, Theorem 6.4], we see that all the minimal generators of T'(€)’ (respectively, T'(£')7)
are of a single degree i (respectively, ). (This is equivalent to stating that every column of the
cohomology table of £ and £ contains precisely one nonzero entry.) Since ¢/ is nonzero and A
is generated in elements of degree —1, we see that ¢/ < i. Now, again by [ES2, Theorem 6.4],

f=r. O

2.6 Construction of morphisms between supernatural sheaves

The goal of this section is to prove Theorem which provides the forward direction of Theo-
rem 2.1.2
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Theorem 2.6.1. Let f < f’ be two root sequences. Then there exist supernatural sheaves € and
E" of types f and f', respectively, with Hom(E', ) # 0.

For the purposes of exposition, we separate the proof of Theorem into two cases (with
0(f) = £(f") and with £(f) < £(f")), and handle these cases in Propositions [2.6.8] and [2.6.12|
respectively. Examples [2.6.4] and [2.6.9]illustrate the essential ideas behind the proof in each case.

If £(f) < n—1, then we call (f1,...,fyy) the truncation of f, and write 7(f). Let f =
(fi,..., fn_1) be a root sequence with ¢(f) = s. Denote the s-fold product of P! by P1**. Fix
homogeneous coordinates

([yél) S N Vi y§s)]> on P, (2.6.2)

In order to produce a supernatural sheaf of type f on P"~!, we first construct a supernatural
vector bundle of type 7(f) on P*. Its image under an embedding of P? as a linear subvariety P"~!
will give the desired supernatural sheaf.

We now outline our approach to construct a nonzero map between supernatural sheaves on P*
of types f < f’ in the case that £(f) = £(f’) = s. This uses the proof of [ES2, Theorem 6.1].

1. Construct a finite map 7: P1*¢ — P,

2. Choose appropriate line bundles £ and £’ on P'** so that m,£ and m,.L' are supernatural
vector bundles of the desired types.
3. When £(f) = £(f') = s, construct a morphism £/ —> £ such that 7, is nonzero.
For , we use the multilinear (1,...,1)-forms

gp = Z Hyl(j) for p=0,...,s (2.6.3)
1

i1+ Fis=p \J=
on P1*$ to define the map m: P1*¢ — P* via [go : - - - : gs]. For (2)), with 1:= (1,...,1) € Z*,

Er =1 (Opixs(—f — 1))

is a supernatural vector bundle of type 7(f) on P* of rank s! (the degree of 7). The next example
illustrates .

Example 2.6.4. Here we find a nonzero morphism £y — &7 that is the direct image of a morphism
of line bundles on P11 Let n = 5 and f := (=2, -3, -4, —5) < f := (=1,-2,-3,—4). The
map 7: P4 — P* is finite of degree 4! = 24. Following steps and as outlined above, we
set £ := & =m.O0p1x4(1,2,3,4) and £ := Ep = m,Op1x4(0,1,2,3). There is a natural inclusion

T Hompixa (Opixa(0,1,2,3), Opixa(1,2,3,4)) C Homp (£, E), (2.6.5)
which induces an inclusion of global sections (see Remark [2.6.6). Therefore

Hom(&', &) D H° (P*, m,Hompixa (Op1x4(0,1,2,3), Opixa(1,2,3,4)))
= HY(PY4, Op1xa(1,1,1,1))
~ K16,
We thus conclude that Hom(&', £) # 0.

The inclusion (2.6.5)) is strict. Note that, by definition, neither £ nor £ has intermediate
cohomology, and hence, by Horrocks’ Splitting Criterion, both £ and &£ must split as the sum of
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line bundles. Thus & = 0%} and £ = Opa(1)*}, and it follows that Hom(&’, &) = HO(P*, O(1)°7) ~
K2880. ]

Remark 2.6.6. Let 7: P15 — P$ be as in . For coherent sheaves F and G on P'**, we have
mHomo,, . (F,G) € Homop, (meF, m:G).

Indeed, this can be checked locally. Let U C P* be an affine open subset, and write A = H°(U, Ops)
and B = HO(U, 7,0pixs). For all B-modules M and N, every nonzero B-module homomorphism
is also a nonzero A-module homomorphism via the map A — B. Injectivity is immediate. O

Remark 2.6.7. Suppose that 3: P® — P" ! is a closed immersion as a linear subvariety. Let &£
be a coherent sheaf on P*. It follows from the projection formula and from the finiteness of 5 that
£ is a supernatural sheaf on P? of type (f1,..., fs) if and only if 3.€ is a supernatural sheaf on
P! of type (f1,..., fs,—00,..., —00). O

Proposition 2.6.8. If ¢(f) = ¢(f'), then Theorem holds.

Proof. We first reduce to the case £(f') = n — 1. Let 3: P — P! be a closed immer-
sion as a linear subvariety. Let ¢(f') = s and write f = (f1,..., fs,—00,...,—00) and f' =
(ffy .., fh,—00,...,—00). Assume that £ and £’ are supernatural sheaves of type (f1,..., fs) and
(f{,..., f}) on P and that Hom(&’, €) # 0. Then, by Remark[2.6.7, 8.€ and B.£’ are supernatural
sheaves of types f and f’, and Hom(53,&’, B.€) # 0.

We may thus assume that (') = n—1. Let 1 := (1,...,1) € Z" 1. Let 7: P1X(»=1) 5 pn—1he
the morphism given by the forms g, defined in (withs =n—1). Let £ := & = m,0(—f—1)
and & := &y = 1, O(—f' —1). Remark shows that

H? (P" ' m,Hompixm-1) (O(=f' = 1),0(=f = 1))) C Hompn-1 (', ).

Note that Hompixmn-1) (O(—f —1),0(=f—1)) = O(f — f). Since f =< f’, we have that
HO(PX(=1) O(f' — f)) # 0, and thus Hompn-1(E’, ) # 0. O

When £(f) < £(f’), the supernatural sheaves constructed using (1)) and (2)) above have supports
of different dimensions. Before addressing this general case, we provide an example.

Example 2.6.9. Let n = 5 and f = (—2,-3,—4,—00) <X f/ = (—1,-2,-3,—4), so that {(f) =
3<{(f")=4=mn—1. We proceed by modifying steps (I)-(3) above.
i’. We extend the construction of to the commutative diagram

P1><34O‘>P1><4

Jﬁ@ J/ﬂ@)
B

P3 P

ii’. Choose appropriate line bundles £ on P'*3 and £’ on P*%, so that 7r£3)£ and 7r£4)£’ are
supernatural sheaves of the desired types.
iii’. Construct a morphism £’ %5 oL such that 7r£4)go is nonzero.
For ({i’}), we use the homogeneous coordinates from . The maps 7 and 7(* are instances
of the map 7 from for P13 and P'*4, respectively. Define a closed immersion a: P1*3 — p1x4

by the vanishing of the coordinate y§4). Fix coordinates zo, ..., z4 for P*, and let 8: P3 — P* be
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the closed immersion given by the vanishing of 4. We now have that the diagram in is indeed
commutative.

In , we take £ = Opixs(1,2,3) and £' = Op1x4(0, 1,2, 3) and set £ = m(f)’)ﬁ and &y = 7r>(k4)£’.
Set £ := & and £’ := Ep. Then £ is a supernatural sheaf on P* (see Remark , and

Homp: (£, £) = H° <P4,Hom (wa*) (Op1x(0,1,2,3)), 7Y (0, Op1xs(1, 2, 3)))) .

By Remarks [2.6.6| and [2.6.10} we obtain the containment

Hompa(&',E) D

P4 D Hom (Op1a(0,1,2,3), aOpixs (1, 2 3)))
(P24 Hom (Op1x4(0,1,2,3), . Op1xs(1,2,3)))
(P, (aOpixs(1,1,1)) (0,0,0,—-3))

(P4, 0, Opixs(1,1,1)) = K®.

I

I

H°
H°
H°
H°

1

In particular, Hompa4 (&', £) # 0, as desired. O

Remark 2.6.10. Let 1 < s < ¢, and let a: P'*¥ — P1*! be the embedding given by the vanishing
of ygsﬂ), e ygt). Let F be a coherent sheaf on P1*¢ and b € Z'~%. Write 05 for the 0-vector in
Z°. Then

H (P (.F) (04,0)) 2 H' (P o, F) 2 H (P, F) (2.6.11)

The first isomorphism follows from the projection formula, taken along with the fact that, by the
definition of «, the line bundle Opix:(0s, b) is trivial when restricted to the support of a.F (which
is contained in P1**). The second isomorphism holds because « is a finite morphism. O

Proposition 2.6.12. If ((f) < £(f’), then Theorem holds.

Proof. We may reduce to the case £(f’) = n — 1 by the same argument as in the beginning of the
proof of Proposition [2.6.8]

Let s = /(f) and consider the line bundles £ = Opixs(—7(f) — 1) on P'** and £ =
Opixm-n(=f —1) on PX=1D " Let 7: P — P* and «/: P~ — P71 be the maps
defined by the forms in (2.6.3). Let & = m.L and £y = (7/).L', and define the closed immer-

sion a: P1*¢ — P*(=1) by the vanishing of the coordinates y§s+1), . ,y§n_1). Fix coordinates
20, ..., Tn_1 for P"71 and let 3: P* — P"! be the closed immersion given by the vanishing of
Tstl,---,&n—1. This yields the commutative diagram

Plxs . Plx(n-1)

L

Ps Pnfl_

By Remark & := P& is a supernatural sheaf of type f. Also, &' := &£ is a supernatural
sheaf of type f’.

We must show that Hompn-1(E’,E) # 0. It suffices to show that Hompixm-1) (L', L) # 0 by
Remark To see this, let ¢ := (f{,..., f;) and b:= (= fl,; —1,...,—fl, — 1), and note that

Hom (L', L) = Hom(Opixm-1)(—f — 1), axOpixs(—7(f) — 1))
= (o Op1ixs(c = 7(f)))(0s, =b).
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By Remark [2.6.10, Hom(£', a,£) = H* (P>, O(c — 7(f))), which is nonzero as 7(f) < c. O

2.7 Equivariant construction of morphisms between supernatural
sheaves

Throughout this section, we assume that K is a field of characteristic 0 and that all root sequences
have length n — 1. Let V be an n-dimensional K-vector space, identify P"~! with P(V), and let
Q denote the tautological quotient bundle of rank n — 1 on P(V). We have a short exact sequence

0= 0(-1) = V&®0py)— Q0.

We will use the fact that det @ = O(1) ® A"V is a GL(V)-equivariant isomorphism. For a weakly
decreasing sequence A\ of non-negative integers, we let S) denote the corresponding Schur functor.
See [Wey], Chapter 2] for more details (since we are working in characteristic 0, the functors Ky
and Ly: are isomorphic, where \! is the transpose partition of A, and we call this S)). We extend
this definition to weakly decreasing sequences A with possibly negative entries as follows. Set
1=(1,...,1) € Z" ! and define S,Q := Sy_», ,1Q @ (det Q)*»1.

Proof of Theorem[2.1.] The reverse implication has been shown in Proposition For the
forward implication, we proceed in two steps. First, we construct equivariant supernatural bundles
&' and € with Hom(&', £) # 0 using the construction in the proof of [ES2, Theorem 6.2]. Second, we
use this fact to construct a new supernatural bundle £” of type f’ such that Homgy,)(£", ) # 0.
Thus we will ignore powers of the trivial bundle A" V that appear in the first step.

Write N; = f/ — f; and let A\ € Z"1 be the partition defined by

ANii=fi—foi—n+14+¢ for1 <i<n-—1.
Let X be the sequence of weakly decreasing integers defined by X, . := \,_; — N; and set
£:=8,000(-fi—1) and & :=8SyQ®0O(—f1 —1).

Observe that Sy Q®@ O(—f1 — 1) = Sy4n,1Q ® O(—f] — 1). Hence by the Borel-Weil-Bott theo-
rem [Wey], Corollary 4.1.9], £ and £’ are supernatural vector bundles of types f and f’, respectively.

To compute Hom (&', &), let A := X + Np - 1. Define A to be the complement of \ inside of the
(n —1) x A1 rectangle, so Af = Ay — Ap—j for 1 <j <n—1. Then S\Q = 8):Q" ® O(A1) by [Wey,
Exercise 2.18]. We then obtain

Hom(E',E) 2 Sy Q* ®S,Q = S\Q* @8, Q" @O\ + Ny)

and seek to show that this bundle has a nonzero global section.

Fix p so that S, Q* is a direct summand of Sy» Q*®S,-Q*. The Borel-Weil-Bott Theorem [Weyl,
Corollary 4.1.9] shows that S, Q* ® O(A1 + N1) has nonzero sections if and only if Ay + Ny > .
This is equivalent to u being inside of a (n — 1) x (A1 + Ni) rectangle. By [F2] §9.4], the existence
of such a p is equivalent to the condition

NN <A\ 4Ny fori=1,...,n—1. (2.7.1)

Since A/ + X _, = A1 + N1 — N,,—;, we see that (2.7.1)) holds for all 7, and thus Hom(&', &) # 0.
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For the second step, replace & by £” := &' @ Hom(&', £), where we view Hom(&', £) as a trivial
bundle over P(V'). Note that

H'(P(V),&"(5)) = H'(P(V),€'(j)) ® Hom(€', €)

for all 7,7, and hence &£” is also supernatural of type f’. The space of sections Hom(E" &) is
Hom(&',€)* ® Hom(&', €), which contains the GL(V)-invariant section corresponding to the eval-
uation map. This gives a nonzero GL(V')-equivariant map £” — £. O

Example 2.7.2. We reconsider Example in the equivariant context. Here we will not ignore
powers of A"V. Let n =4 and f = (-2,-3,-4,-5) < f' = (—1,—2,—-3,—4). With notation as
in the proof of Theorem we have N = (1,1,1,1), A = (0,0,0,0), N = (—-1,—-1,-1,-1),

g = S(O,O,O,O)Q X 0(2 — 1) = O(l), and
~1 n -1
E'=8_11-1-12®02-1)=[0(-1)® (/\ V) ®O(1) = (/\ V) ® 0.
Since A° = (0,0,0,0) = X, we see that

Hom(E,E) =2 0O(1) ® /"\ V,

which certainly has nonzero global sections. In fact, Hom(&', &) = V @ A" V. Note, however,
that this implies that there is no nonzero equivariant morphism from &’ to £. We thus set £ :=
& @ Hom(&',E). Then Hom(E",E) = V* @ V, and our desired nonzero equivariant morphism is
given by the trace element. O

2.8 Remarks on other graded rings

Given any graded ring R, one could try to use an analog of Theorem [2.1.1]to induce a partial order
on the extremal rays of the cone of Betti diagrams over R. This application has already proven
useful in a couple of the other cases where Boij—Séderberg has been studied. In this section, we
provide a sketch of some of these applications.

Example 2.8.1. We first consider an example involving hypersurface rings over K|z,y]. Let
f € K[z, y] be a quadric polynomial, and set R := K|z,y|/(f). The cone of Betti diagrams over R
is described in detail in [BBEG]. The extremal rays still correspond to Cohen-Macaulay modules
with pure resolutions, though some of the degrees are infinite in length.
(i) Finite pure resolutions. For example, if h is a degree 7 polynomial that is not divisible by f,
then the free resolution of R/(h) is

R <+ R(-7) <+ 0.
Following the notation of Section we denote such a resolution by its corresponding degree
sequence, i.e., (0,7,00,00,...).

(ii) Infinite pure resolutions. For example, the free resolution of the R-module R/(x,y) is

R+ R*(—1) + R*(=2) + R*(=3) + ---
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Figure 2-3: For the hypersurface ring R, this partial order provides a simplicial fan structure, as
illustrated in [BBEG] and discussed in Example The partial order is determined by an analog
of Theorem 2.1.11
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We denote this by its corresponding degree sequence, i.e., (0,1,2,3,...).
There are two possible partial orders for these extremal rays:

e pq = pa if di < d} for all 4.

e pg = pg if there exist Cohen-Macaulay R-modules M and M’ with pure resolutions of types
d and d', respectively, with Homp(M', M)<¢ # 0.

In contrast with the case of the polynomial ring, these partial orders are genuinely different. Only
the second partial order leads to a greedy algorithm for decomposing Betti diagrams over R,
in parallel to [ES2, Decomposition Algorithm]. This also provides an analog of the Multiplicity
Conjecture for R. O

Example 2.8.2. We now consider S = K[z, y] with the Z2-grading deg(x) := (1,0) and deg(y) :=
(0,1). In general, the cone of bigraded Betti diagrams over S remains poorly understood. However,
portions of this cone have been worked out by the first three authors, and we now provide a brief
sketch of these unpublished results.

We restrict attention to the cone of Betti diagrams of finite length S-modules M, where all of
the Betti numbers of M are concentrated in bidegrees (a,b) with 0 < a,b < 2. The extremal rays
of this cone may be realized by quotients of monomial ideals of the form my/ms, where each m; is
a monomial ideal generated by monomials of the form xfy* with 0 < £,k < 2. The natural analog
of Theorem induces a partial order on these rays, which also induces a simplicial structure on
this cone of bigraded Betti diagrams. O
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Chapter 3

Schubert complexes and degeneracy
loci

3.1 Introduction.

Let X be an equidimensional Cohen—Macaulay (e.g., nonsingular) variety, and let ¢: E — F be
a map of vector bundles over X, with ranks e and f respectively. Given a number k < min(e, f),
let Dg(p) be the degeneracy locus of points z where the rank of ¢ restricted to the fiber of = is
at most k. Then codim Di(¢) < (e — k)(f — k), and in the case of equality, the Thom—Porteous
formula expresses the homology class of Dy (p) as an evaluation of a multi-Schur function at the
Chern classes of F and F (see [Man, §3.5.4]). Also in the case of equality, the Schur complex
associated with the rectangular partition (f — k) X (e — k) (see [ABW] or [Wey, §2.4] for more
about Schur complexes) of ¢ is a linear locally free resolution for a Cohen—Macaulay coherent
sheaf whose support is Dy (). This resolution gives a formula in the K-theory of X. In the case
that X is smooth, there is an isomorphism from an associated graded of the K-theory of X to
the Chow ring of X (see Section for more details). Then the image of this complex recovers
the Thom—Porteous formula, and the complex provides a “linear approximation” of the syzygies of
Dy (¢).

The situation was generalized by Fulton [F1] as follows. We provide the additional data of a
flag of subbundles E, for F and a flag of quotient bundles F, for F', and we can define degeneracy
loci for an array of numbers which specifies the ranks of the restriction maps FE, — Fj. The rank
functions that give rise to irreducible degeneracy loci are indexed by permutations in a natural
way. Under the right codimension assumptions, one can express the homology class of a given
degeneracy locus as a substitution of a double Schubert polynomial with the Chern classes of the
quotients F;/E;_; and the kernels ker(F; — Fj_1). The motivation for this work was to complete
the analogy of this situation with the previous one by constructing “Schubert complexes” which
would be acyclic whenever the degeneracy loci has the right codimension.

Building on the constructions for Schubert functors by Kraskiewicz and Pragacz of [KP], we con-
struct these complexes over an arbitrary (commutative) ring R from the data of two free R-modules
My, My, with given flags of submodules, respectively, quotient modules, and a map 9: My — M;.
We can also extend the construction to an arbitrary scheme. We show that they are acyclic when
a certain ideal defined in terms of minors of d has the right depth, i.e., they are “depth-sensitive.”
Our main result is that in the situation of Fulton’s theorem, the complex is acyclic and the Euler
characteristic provides the formula in the same sense as above. Our proof uses techniques from
commutative algebra, algebraic geometry, and combinatorics. Again, the complexes are linear and
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provide a “linear approximation” to the syzygies of Fulton’s degeneracy loci. As a special case of
Fulton’s degeneracy loci, one gets Schubert varieties inside of (type A) partial flag varieties.

Using the work of Fomin, Greene, Reiner, and Shimozono [FGRS], we construct explicit bases
for the Schubert complex in the case that My and M; are free. This basis naturally extends their
notion of balanced labelings and the generating function of the basis elements gives what seems
to be a new combinatorial expression for double Schubert polynomials. Furthermore, the complex
naturally affords a representation of the Lie superalgebra of upper triangular matrices (with respect
to the given flags) in Hom(Mj, M;), and its graded character is the double Schubert polynomial.

The article is structured as follows. In Section [3.2] we recall some facts about double Schubert
polynomials and balanced labelings. We introduce balanced super labelings (BSLs) and prove some
of their properties. In Section we extend the construction for Schubert functors to the Z/2-
graded setting and show that they have a basis naturally indexed by the BSLs. In Section we
construct the Schubert complex from this Z/2-graded Schubert functor. Using some facts about
the geometry of flag varieties, we show that the acyclicity of these complexes is controlled by the
depth of a Schubert determinantal ideal. In the case of acyclicity and when the coefficient ring is
Cohen—Macaulay, we show that the cokernel of the complex is a Cohen-Macaulay module which
is generically a line bundle on its support. We also give some examples of Schubert complexes.
Finally, in Section [3.5] we relate the acyclicity of the Schubert complexes to a degeneracy locus
formula of Fulton. We finish with some remarks and possible future directions.

Conventions.

The letter K is reserved for a field of arbitrary characteristic. If X is a scheme, then Ox denotes
the structure sheaf of X. Throughout, all schemes are assumed to be separated. A variety means
a reduced scheme which is of finite type over K. We treat the notions of locally free sheaves and
vector bundles as the same, and points will always refer to closed points. The fiber of a vector
bundle E at a point € X is denoted E(x) and refers to the stalk E, tensored with the residue
field k(z). Given a line bundle L on X, ¢;(L) denotes the first Chern class of L, which we think
of as a degree —1 endomorphism of the Chow groups A,(X). For an element o € A,(X), and an
endomorphism ¢ of A,(X), we will use the notation ¢ N« to denote ¢ applied to a.

3.2 Double Schubert polynomials.

3.2.1 Preliminaries.

Let ¥, be the permutation group on the set {1,...,n}. Since we are thinking of ¥,, as a group of
functions, we will multiply them as functions, e.g., if s; and s9 are the transpositions that switch
1 and 2, and 2 and 3, respectively, then siso is the permutation 1 — 2, 2 — 3, 3 — 1. We
will use inline notation for permutations, so that w is written as w(1)w(2)---w(n). Proofs for
the following statements about ¥, can be found in [Man, §2.1]. Let s; denote the transposition
which switches ¢ and i 4+ 1. Then ¥, is generated by {s1,...,sn—1}, and for w € ¥,,, we define the
length of w to be the least number £(w) such that w = s;, ---s;,,, . Such a minimal expression
is a reduced decomposition for w. All reduced expressions can be obtained from one another
using only the braid relations: s;s; = s;s; for |[i — j| > 1 and s;5;415; = Si4+15iSi+1. We can also
write £(w) = #{i < j | w(i) > w(j)}. The long word wy is the unique word with maximal length,
and is defined by wo(i) =n+ 1 — 1.

We will use two partial orders on %,,. The (left) weak Bruhat order, denoted by u <y w,
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holds if some reduced decomposition of w is the suffix of some reduced decomposition of w[] We
denote the strong Bruhat order by u < w, which holds if some reduced decomposition of w
contains a subword that is a reduced decomposition of u. It follows from the definition that v < w
if and only if u=! < w™!. For a permutation w, let r,(p,q) = #{i < p | w(i) < ¢} be its rank
function. Then u < w if and only if r,(p,q) > rw(p,q) for all p and ¢ (the inequality on rank
functions is reversed).

Given a polynomial (with arbitrary coefficient ring) in the variables {z;};>1, let J; be the
divided difference operator

P(...,z; 1,25, xi41,...)— P(..,xi_1, 01,24, . ..
(O.P) (1, 39, ) = Dl Bt Tir Ty o) = Pl ity iy, ) (3.2.1)

L5 — Ti+1

The operators 0; satisfy the braid relations: 0;0; = 0;0; when |i—j| > 1 and 0;0;4+10; = 0;+10;0i+1.

For the long word wo € X, set Gu,(z,y) = [ ;1 <, (% —y;). In general, if £(ws;) = £(w) — 1,
we set Sy, (z,y) = 0;6y(x,y), where we interpret &,(z,y) as a polynomial in the variables
{z;}i>1 with coefficients in the ring Z[y;,y2,...]. These polynomials are the double Schubert
polynomials, and are well-defined since the 9; satisfy the braid relations and the braid relations
connect all reduced decompositions of a permutation. The definition of these polynomials is due
to Lascoux and Schiitzenberger [LS]. They enjoy the following stability property: if we embed
Yy into Y4y by identifying permutations of ¥, with permutations of ¥, ., which pointwise fix
{n+1,n+2,...,n+ m}, then the polynomial &, (z,y) is the same whether we regard w as an
element of ¥, or ¥,,4,,, [Man, Corollary 2.4.5].

Define the single Schubert polynomials by &, (z) = &,(z,0). We will use the identity
[Man| Proposition 2.4.7]

Cu(my) = Y Gu(@)Gyu1(—y). (3.2.2)

u<yyw

3.2.2 Balanced super labelings.

For the rest of this article, we fix a totally ordered alphabet --- <3 <2/ <1'<1<2<3<---.
The elements i’ will be referred to as marked and the elements 7 will be referred to as unmarked.

For a permutation w, define its diagram D(w) = {(i,w(j)) | i < j, w(i) > w(j)}. Note
that #D(w) = ¢(w). Our convention is that the box (7, j) means row number i going from top to
bottom, column number j going from left to right, just as with matrix indexing. An alternative
way to get the diagram of D(w) is as follows: for each ¢, remove all boxes to the right of (i, w(7)) in
the same row and all boxes below (i,w(7)) in the same column including (¢, w(7)). The complement
is D(w). See Figure for an example with w = 35142. Here the boxes (i, w(i)) are marked with
e and the other removed boxes are marked with x.

Let T be a labeling of D(w). The hook of a box b € D(w) is the set of boxes in the same
column below it, and the set of boxes in the same row to the right of it (including itself). A hook is
balanced (with respect to T') if it satisfies the following property: when the entries are rearranged
so that they are weakly increasing going from the top right end to the bottom left end, the label in
the corner stays the same. A labeling is balanced if all of the hooks are balanced. Call a labeling
T of D(w) with entries in our alphabet a balanced super labeling (BSL) if it is balanced,
column-strict (no repetitions in any column) with respect to the unmarked alphabet, row-strict

In [Man], the weak Bruhat order is defined in terms of prefixes. We point out that these two definitions are
distinct, but this will not cause any problems.
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X
X|IX|[X|[X]|®
® | X
X|X|[X|®|X

Figure 3-1: D(35142)

with respect to the marked alphabet, and satisfies 7/ < T'(4,7) < for all i and j (this last condition
will be referred to as the flag conditions). To be consistent with the identity permutation, we
say that an empty diagram has exactly one labeling.

Example 3.2.3. We list the BSL for some long words.
n =3, Gz (z,y) = (v1 — y1) (@1 — y2) (w2 — 1)

L] [ [af2] [w]2] [o]v] []o] [u]2] [v]2]
i 2 1 2 I 2 1]

n =4, Gu301(2,y) = (21 — y1) (21 — y2) (22 — y1) (21 — y3) (22 — y2)(¥3 — Y1)

clafa] [afafa] [aafa] [a]a]a] [aa]s] [o]a]3] [a]2]3] [v][2']3]
2 2 2 (2 ]2 2 2[1 11
13 '] 13 2] 13 ] 13 2]
] [afafa] [ofafa] [ofafa] [aw]s] [va]s] [v]2]3] [v][2']3]
21/ ]2 ]2 V]2 2[1 1]2 11 11
13 ] 13 ] 13 ] 13 ]
a2 [afafe] [a]2]a] [a]2]a] [a]2]s] [v]2]3] [1]2’]3] [v][2/]3]
2 2 2[2 ]2 2[2 22 2[2/ 2[2
13 ] 13 2] 13 1] 13 1]

1 1/ 2/‘ 1/ 1‘ 1 2/ 1‘ 1/ 2/ 1‘ 1/ 2/ 3/‘ 1/ 2/ 3/‘ 1/ 2/ 3/‘ 1/ 2/ 3/‘
2 1 1/ 2/ 1/ 2/ 1/ 2/ 2 1 1 2 1 2/ 1/ 2/
13 2] 13 1] 13 ] 13 1]
tffr] [afafo] [ofefa] [wfafe] [afwfs] [vafs] [1]2]3] [1'[2']3]
2 2 2 ]2 1]2 2]2 2 2[1 11
13 '] 13 ] 13 ] 13 2]
] [wfafa] [ [wfafa] [es] [wa]s] []e]s] [v]2]3]
21 ]2 V]2 ]2 21/ 1 1|1 1]1
13 ] 13 ] 13 ] 13 ]

1 1/ 2/‘ 1/ 1 2/‘ 1 1/ 2/‘ 1/ 2/ 1‘ 1/ 2/ 3/‘ 1/ 2/ 3/‘ 1/ 2/ 3/‘ 1/ 2/ 3/‘
2]2 2[2 2[2 ]2 2[2 22 2[2 ]2
13 '] 13 2] 13 ] 13 2]
L] [e[ale] [vefa [ [vleds] [v]e]s] [v]2]s] [v]2]3]
2|1 112 12 12 2|1 ]2 12 12 O
13 ] 13 ] 13 ] 13 ]
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Let A = (a;,j) be an n x n array. We define left and right actions of ¥,, on A as follows. For w €
Y, set (WA)ij = Aj ), and (Aw);; = Ay-1();- Equivalently, Aw = (w™'A")" where ¢ denotes
transpose. In particular, if A = D(w) is the diagram of a permutation, and ¢(wu) = ¢(w) + (u),
then D(w)u € D(wu). It is enough to check this when u = s; is a transposition. In this case, the
condition ¢(ws;) = ¢(w) + 1 means that w(i) < w(i + 1), and then D(ws;) = D(w)s; U {(,w(7))}.
Similarly, wD(u) C D(wu).

If w is a permutation, then (i,j) € D(w) is a border cell if w(i+ 1) = j. In particular, if (i, 7)
is a border cell, then w(i) > w(i + 1), so (D(w) \ (i,7))si = D(ws;).

Lemma 3.2.4. Let T be a labeling of D(w) with largest label M.

(a) Suppose (i,7) is a border cell which contains M. Then T is balanced if and only if (T'\ (i,7))s;
is balanced.

(b) Suppose T is a BSL and M is unmarked. Then every row which contains M must contain an
M in a border cell.

Proof. See [FGRS, Theorem 4.8] for (a]). Part (b)) follows from [FGRS|, Lemma 4.7] O

By convention, a BSL of D(w) is an n x n array which is 0 outside of D(w) and takes values
in our alphabet otherwise. We use the convention that 0 +i=7+0=7and 0+4 =4 +0 =7
whenever 7,4’ is in our alphabet, and also that 1’ < 0 < 1.

Lemma 3.2.5. Let u and v be two permutations such that {(uv) = ¢(u) + ¢(v). Let T, be a BSL
of D(u) using only marked letters, and let T, be a BSL of D(v) using only unmarked letters. Then
T = Tyv + uT, is a BSL for D(uv), and all BSLs of w = uv come from such a “factorization” in
a unique way.

Proof. The condition j' < T'(i,7) < i is automatic since we assumed that T, contains only marked
letters and T, contains only unmarked letters. Similarly, the respective column-strict and row-strict
conditions are automatic. So it is enough to check that 7" is balanced.

By Lemma we can factor v = s;; i, - 8;,,, into simple transpositions such that if we
write v; = si, -85 ,8i;, then Ty, = T,, and for j < L(v), T, is the result of removing a
border cell with the largest label L; from T, , and hence is a balanced labeling. In particular,
Ly <Ly <+ < Ly Set Ty =Ty, and Ty = Tyvj + uTy, for 1 < j < £(v). Then for 1 < j < £(v),
T} is the result of switching rows i; and ;41 in 7;_; and replacing the newly made 0 with L;.
Since all letters in Ty are marked, and L1 < Ly < --- < Lg(v), we conclude from Lemma @
that each Tj is balanced, and hence T' = T}, is balanced.

The last statement also follows from Lemma given a BSL of D(w), we can successively
remove border cells containing the largest labels (which are unmarked), and the result will be a BSL
of a diagram D(u) for some permutation v which contains only unmarked letters. The removals
give the desired permutation v = u~lw.

For uniqueness, note that if at any point we have two choices of border cells to remove in rows
i and j, then |i — j| > 1. Otherwise, if j =i + 1, for example, then by the balanced condition at
the hook of box (i, w(i +2)), T(i,w(i+ 1)) = T(i,w(i +2)) = T(i+ 1,w(i + 2)), which contradicts
our strictness conditions. Since s; and s; commute for |i — j| > 1, it does not matter which one we
do first. O

Given a BSL T of D(w), let fr(i), respectively fr(i’), be the number of occurrences of i,
respectively /. Define a monomial

m(T) = 2T . g IT =Dy @) (g fr((n=1)), (3.2.6)
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One more bit of notation: given a labeling T' of D(w), let T* denote the labeling of D(w™?!)
obtained by transposing 7' and performing the swap i <> 7.

Theorem 3.2.7. For every permutation w,

Cu(z,y) = Z m(T),

T

where the sum is over all BSL T of D(w).

Proof. Suppose we are given a BSL T of D(w). By Lemma there exists a unique pair of
permutations v~! and u such that v~'u = w, £(w) = £(v™!) + £(u), a BSL T,,-1 of D(v~!) which
only uses marked letters, and a BSL T, of D(u) which only uses unmarked letters, such that
T =T, ' +uT,-1. The labeling T, = T, gives a BSL of D(v) which only uses unmarked letters.

Finally, using (3.2.2) coupled with the fact that &,(z) = >, m(T), where the sum is over all
BSL of D(u) using only unmarked letters [FGRS, Theorem 6.2], we get the desired result. O

Remark 3.2.8. The operation T' — T™ gives a concrete realization of the symmetry &,,(—y, —z) =
Sy-1(z,y) [Man, Corollary 2.4.2]. O

3.3 Double Schubert functors.

3.3.1 Super linear algebra preliminaries.

Let V =V, & Vi be a free Z/2-graded module over a (commutative) ring R with Vp = (e1, ..., en)
and Vi = (e},...,el.), and let gl(m|n) = gl(V) be the Lie superalgebra of endomorphisms of V.
Let b(m|n) C gl(m|n) be the standard Borel subalgebra of upper triangular matrices with respect
to the ordered basis (e],,... e}, e1,...,e,). We will mainly deal with the case m = n, in which
case we write b(n) = b(n|n), and if it is clear from context, we will drop the n and simply write
b. Also, let b(n)o = gl(V)p N b(n) be the even degree elements in b(n), and again, we will usually
denote this by by. We also write h(n) C b(n) for the Cartan subalgebra of diagonal matrices (this
is a Lie algebra concentrated in degree 0). Let €/,,...,&1,€1,...,&, be the dual basis vectors to the
standard basis of h(n). For notation, write (an,...,a1|b1,...,b,) for >0 | (aie; + big;). The even
and odd roots of b(n) are g = {e} — &}, ei—¢; |1 <i<j<n}and @1 ={e] —¢; |1 <i,j <n},
respectively. The even and odd simple roots are Ag = {e}, | — ¢}, & —ej41 |i=1,...,n — 1} and
Al = {5/1 — 61}.

Given a highest weight representation W of b(n), we have a weight decomposition W = @, W
as a representation of h(n). Let A be the highest weight of W. Then every weight \ appearing in
the weight decomposition can be written in the form A — >  n,a where a ranges over the simple
roots of b(n) and ng € Zsg. For such a \, set w()\) = (—1)2=" 98 Then we define the character

and supercharacter of W as

char W =Y (dimWy)e*, schW =" w(X)(dim W))e . (3.3.1)
A A

Here the e* are formal symbols with the multiplication rule e*e# = e* T+,

We will need Z/2-graded analogues of the divided and exterior powers (see [Weyl| §2.4] for the
dual versions of our definitions). Let F' = Fy & F; be a free R-supermodule. Let D denote the
divided power functor, let / denote the exterior power functor, and let Sym denote the symmetric
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power functor. Then /\Z F and D'F are Z-graded modules with terms given by
) i—d 4 ' d
(AF)a=/\ FoeSym'F, (D'F)q=D""FRe A\ (3.3.2)
We can define a coassociative Z-graded comultiplication A: D/ F — D'F @ D/F as follows. On
degree d, pick 0 < a <iand 0 < b < j such that a + b = d. Then we have the composition A,
(DZ+]F)d — DZ+]—a—bF0 ® /\ Fl
a b
% Di—aFO ® Dj—bFO ® /\171 ® /\F1 (333)

a b
=D Fe \F e DKo \ Fi = (D'F),® (D'F),

where A’ is the usual comultiplication, and we define A on the degree d part to be Y, ;Aqp.

Similarly, we can define an associative Z-graded multiplication m: A'F @ A? F — A" F as
follows. For degrees a and b, we have

@ J i—a j—b
(/\F)a ® (/\F)b = /\ Fy ® Sym®Fy ® /\ Fy ® Sym’F,
i—a j—b
=~ \ Fo® )\ Fo @ Sym*Fi ® Sym"F} (3.3.4)
i+j—a—b it

’

TSN Roesym™ R = (A Flas,

where m/ is the usual multiplication.

3.3.2 Constructions.

Define a flag of Z/2-graded submodules
veevhc...cviicvlic...cvn (3.3.5)

such that V™! consists of all of the odd elements of V™. We will say that the flag is split if each
term and each quotient is a free module. Fix a permutation w € ¥,,. Let 7, = r(w), respectively
¢; = ¢j(w), be the number of boxes in the kth row, respectively jth column, of D(w). Define x4 ;
to be 1if (k,j) € D(w) and 0 otherwise. Consider the map

n—1 n—1n—1 n—1n—1

Qv 2 @@vievt = @@t
k=1 k=1 j=1 j=1 k=1
n—1 ¢ n—1 ¢j (336)

om, ®/\ yw i) 9T, ® /\(wal(j)/v—j—l),
=1 e

where ®7 denotes the product of projection maps. Note that D'V* = V¥ and D'V = R, so
that the multiplication above makes sense. Then its image &,,(V*®) is the Z/2-graded Schubert
functor, or double Schubert functor. By convention, the empty tensor product is R, so that if
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w is the identity permutation, then &,,(V*®) = R.

This definition is clearly functorial: given an even map of flags f: V* — W* ie., f(VF) c W*
for —n < k < n, we have an induced map f: G,(V*®) — &, (W?*).

We will focus on the case when V= = (e}, el _1,...,€}) and Vi = V=14 (e, ea,...,¢€;), so that
Gy = Gy (V*) is a (n)-module.

Remark 3.3.7. One could dually define the double Schubert functor as the image of (dual) exterior
powers mapping to symmetric powers. One has to be careful, because the Z/ 2-graded version of
exterior powers are not self-dual. For the dual of our definition, one uses (\* F)g = A% Fy@ D?Fy.
We have chosen our definitions to be consistent with [KP]. This will be especially convenient for

Theorem [3.3.13 O

Remark 3.3.8. We could also define & (V'*) for an arbitrary diagram D which does not necessarily
come from a permutation. This is relevant in [KPL §4], whose proof we use in Theorem
However, since the details will go through without significant changes, we will have no need to
elaborate on this point. O

Lemma 3.3.9. Let w € X, and v € X, be two permutations. Define a new permutation u € Xy 1m
by u(i) = w(i) fori=1,...,n and u(n + j) = v(j) for j = 1,...,m. Also, define a permutation
v € Xpam by V(i )—zforz—l,...,n and v'(n+j) =wv(j) forj=1,...,m. Then

Gu(V*) =6, (V) @6y (V*).

Proof. This follows from the definition of double Schubert functors, the fact that D(u) = D(w) U
D(v'), and the fact that no two cells of D(w) and D(v’) lie in the same row or column. O

Example 3.3.10. Consider n = 3 and w = 321. Then r;1 =2, 170 =1, ¢y =2, and co = 1. We
need to calculate the image of the map

2
DV e V2 A% (Ve V) o V2 2L (Ve V) o V22 A(V3/V) @ VIV R

where ?5 3 is the map that switches the second and third parts of the tensor product. Write z, y
for ey, eg, and 2/, ' for €], €},. We can ignore ez and e} since they will not appear in the image.
We can write D?V! = (z2 2 @ 2/, 2 ®@ v/, 2’ Ay') and V2 = (x,y,2',9'). Then we have

m(t23(A(z* ®@2))) =m(tz(z @z ®x)) =0

mt23(A(@? @ y))) = mltas(z @z ®y)) = (xAy) @z

m(ta3(A(2? @ 2'))) = mtaz(z@r ) = (r@2) @

m(tz3(A(@* @y')) = mtzz(z @z ®y)) =0
m(ta3(A(z ®2' @) =m(tas((z @2’ +2'®2) @) = (@)@
mtas(Alz @2’ @y))) =m(tes((z @2 +2’' @2)0y) = (zAy) @2 + (yr) ez
m(tr3(Az @2’ @) =mtas((z@2 + 2’/ @z) @)= (@)@ + 27 @
m(ta3(Alz @2’ @y'))) =m(tas((z@2 + 2’ @r)®@y)) =0
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m(t23(A(z @y @) =mtes((z@y +y @z) @) =0
m(ta3(Alz @y ®@y))) =mltas((z@y +y' @) @y)) =(@Ay) @y
m(ta3(Alz @y ®a")) =mts((z @y +y @r) ) = (@)Y
m(t23(A(z @y ®@y'))) =m(t2s(z@y +y @r)0y)) =0
m(ta3(A(@' Ny @) =mltes(( @y -~y ®a)®2)) = (z@2) ey
m(t23(A(x" Ny @) =mtaz((a' @y -y @2 )@y)) = (y@s) @y
m(ta3(A( Ny @ 2'))) = mltas((2/ @y —y @2) @) =2 @y
m(t23(A(x" Ay ®@y'))) = mt2s((x' @y —y' @) ®@y')) = O

Here is a combinatorial description of the map . The elements of ®Z;i D"V* can be
thought of as labelings of D = D(w) such that in row k, only the labels n’, (n —1)',..., 1" 1,... k
are used, such that there is at most one use of i’ in a given row, and such that the entries in each
row are ordered in the usual way (i.e., ' < (n—1) <--- <1' <1< .- <k). Let ¥p be the
permutation group of D. We say that o € X p is row-preserving if each box and its image under
o are in the same row. Denote the set of row-preserving permutations as Row(D). Let T be a
labeling of D that is row-strict with respect to the marked letters. Let Row(D)r be the subgroup
of Row(D) that leaves T fixed, and let Row(D)” be the set of cosets Row(D)/Row (D). Given
o € Row(D)T, and considering the boxes as ordered from left to right, let (T, o) be the number
of inversions of ¢ among the marked letters in the kth row, and define (T, o) = Y721 a(T, o).
Note that this number is independent of the representative chosen since 1" is row strict with respect
to the marked letters. Then the comultiplication sends 1" to ZGGROW( D)T(—l)a(T’U)aT where o7 is
the result of permuting the labels of T according to o.

For the multiplication map, we can interpret the columns as being alternating in the unmarked
letters and symmetric in the marked letters. We write m(T") for the image of T under this equivalence
relation. Therefore, the map can be defined as

T Y (-1)*Tm(eT). (3.3.11)
o€Row(D)T

3.3.3 A basis and a filtration.

In order to prove properties of &,,, we will construct a filtration by submodules, which is based on
the filtration of the single Schubert functors introduced by Kraskiewicz and Pragacz [KP].

Let w € ¥,, be a nonidentity permutation. Consider the set of pairs («, ) such that o <
and w(a) > w(B). Choose (a, ) to be maximal with respect to the lexicographic ordering. Let
7 < -+ < v be the numbers such that 1 < o and w(y) < w(B), and such that v, < i < a implies
that w(i) ¢ {w(y),w(v) +1,...,w(B)}. Then we have the following identity of double Schubert
polynomials

k
Gu =6y (Ta — Yu(p) + O _ Gy, (3.3.12)

where v = wt, g and ¥y = wt, gty, . Heret; ; denotes the transposition which switches ¢ and j. See,
for example, [Man, Exercise 2.7.3]. The formula in (3.3.12)) will be called a maximal transition
for w. Define the index of a permutation u to be the number ), (k — 1)#{j > k | u(k) > u(j)}.

43



Note that the index of 1, is smaller than the index of w.
When w = s; is a simple transposition, v = 1 is the identity, ¥ = 1, and ¥ = s;_1. See
Example [3.4.11] for more details regarding the filtration in this case.

Theorem 3.3.13. Let V* be a split flag as in (3.3.5). Given a nonidentity permutation w € ¥,
let (3.3.12) be the mazimal transition for w. Then there exists a functorial b-equivariant filtration

O:F(]CFlC"'CFkCF/CFZGw(V.)

such that F/F' = &,(V®*) @ Ve/Vel F/F, = &,(V*) @ V-w®) )y—wB-1 gnd F,/F_, =
Gy, (V®) fort=1,... k.

Proof. For notation, write W* = Vi/V*w(i)*l, and let p: WP — Vﬁ/Vo‘*1 be the projection map.
Define the b-equivariant morphism ¢’ by the composition

Cw(1) Cw(a) Cw(B) ool B As

/\W1®~--®/\Wa®~--®/\Wf6®--~

Cu(1) Cuw(a) Cw(py—1 .

AWe o ANWwig-e0 A\ WeWe .. =
Cuw(1) Cw(p)—1 Cw(a)

/\W1®...® /\ WB®---®/\WO‘®--- @ Wh

where T is the map which switches the order of the tensor product in the way prescribed. Let
¢ =(1®p)oy. Weset F/ = kerp. Let C, and C, be the b-cyclic generators of &, (V*)
and S, (V*®), respectively. These are given by BSLs where the ith row only has the label i. By
maximality of the pair («, 8) (with respect to the property o < 8 and w(«) > w(f)), the lowest
box in column w(f) is in row «. Hence, restricting ¢ to F' = &, (V*®), we get p(Cy) = Cy, ® eq.
This gives an isomorphism F/F' — &,(V*) @ Vo/Vel,

Let X € b be the matrix defined by X(ey) = e’w(ﬁ) and X(e;) = 0 for i # a and X(€}) = 0
for all j. We claim that the rightmost box in row « has column index w(/). If not, then there is
a box (a,w(f")) € D(w) with w(8') > w(B) and B’ > a. If ' < B, then (5',5) > («a, 3) which
contradicts the maximality of (a, ). Otherwise, if 8/ > 8, we have («, ') > («,3) which also
contradicts maximality. This contradiction proves the claim. The claim implies that ¢’ (X (Cy)) =
Cy ®e;}(ﬂ), and hence X (Cy,) € ker . Letting F” be the b-submodule generated by X (C,,), we get

an isomorphism F”/ker ¢/ = &,(V*®) @ Vv jy-wB)-1,

Using the notation of [KP) §4] with the obvious changes (see also [KP, Remark 5.3]), let F;, =
dor<t SIT(V.)H The proofs from [KP) §4] of the fact that there is a surjection Fy/Fy—1 — &), (V*)
in the ungraded case extend to the Z/2-graded case. We just need to show that these surjections
are actually isomorphisms and that F’ = F”. Since this is all defined over Z and obtained for
arbitrary R via extension of scalars, it is enough to prove the corresponding statements when R is
a field of arbitrary characteristic.

We will use the proof of Step 3 in [KPL §4]. The key steps there involve a tensor product
identity [KP, Lemma 1.8], using the maximal transitions, and verifying the theorem for the simple
transpositions. The tensor product identity in our case is Lemma([3.3.9] and the maximal transitions
still exist. Also, the fact that the statement is valid for simple transpositions can be seen directly,
or see Example The rest of the proof goes through using the definitions d,, = dimpg &,,(V*)

2There is a typo in the definition of F; in [KP] regarding < versus <.
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and z,, = G, (1, —1). So we have defined the desired filtration, and the functoriality is evident from
the constructions. ]

Given any labeling T, denote its weight by w(T') = (a—_p,...,a_1|ai,...,a,), where a; is the
number of times that the label ¢ is used, and a_; is the number of times that the label ¢’ is
used. We define a dominance order > by (a_y,...,a—_1la1,...,a,) > (a’",,,...,a"_4|d},... a,) if
Zf:_n a; > Zf:_n a; for all —n <k <n.

n’

Theorem 3.3.14. Assume that the flag V'* is split. The images of the BSLs under (3.3.6]) form a

basis over R for G,.

Proof. Since the BSLs are defined when R = Z, and are compatible with extension of scalars, it is
enough to show that the statement is true when R = K is an infinite field of arbitrary characteristic,
so we will work in this case.

We can show linear independence of the BSLs following the proof of [FGRS, Theorem 7.2].
Combined with Theorem this will show that they form a basis. First, we note that &,
has a weight decomposition since it is a highest weight module of b(n), so we only need to show
linear independence of the BSLs in each weight space. Second, if T" is column-strict, row-strict, and
satisfies the flagged conditions, then T' # +0T in &,, whenever o € Row(D)7. This implies that if
T is a BSL, then the image of T" under is nonzero.

First write L = ¢(w). We assign to T a reduced decomposition s;, si, - - - s, of w following the
method in Lemma[3.2.5 by induction on L. If T' contains unmarked letters, let M be the largest such
label, and let 77, denote the smallest row index which contains M in a border cell. Let s;, ---s;, | be
the reduced decomposition assigned to the labeling T'\ (i1, w(ir,)) of ws;, , so that we get the reduced
decomposition s;, ---s;, for w. If T contains no unmarked letters, let Six+ Sit be the reduced
decomposition associated to the labeling T* of w™! and then assign the reduced decomposition
si+ -+ 8;7 to T. So we can write this reduced decomposition as s*(7)s(1") where s*(T'), respectively
s(T), corresponds to the transpositions coming from removing marked, respectively unmarked,
letters. We will totally order reduced decompositions as follows: s;, -+ i, < sy --- Sit, if there exists
a j such that i; <} and i, = i for j+1 <k < L. We say that s*(T")s(T") < s*(T)s(T) if either
s(T") < s(T) (the ordering for reduced decompositions), or s(T") = s(T) and s*(T")~! < s(T)~*
(the inverse means write the decomposition backwards).

Taking into account the description ([3.3.11)), we show that if m(T”) = £m(oT’) where T” and T
are BSLs and o € Row(D), then s*(T7)s(T") < s*(T")s(T"). Note that since we assume that 7" and
T’ have the same weights, we have s*(T")s(T") = s*(T)s(T) if and only if T = T’. The BSLs are
linearly independent in ), D"* V. so by induction on <, we see that the coefficients of any linear
dependence of their images in &,, must all be zero.

So suppose that m(T") = £m(oT) holds and choose representatives 7" and oT that realize this
equality. First suppose that T' contains an unmarked letter. Then so does T”, and let M be the
largest such one. Write s(T') = s;, -+ s;;, and s(I") = s;; -+ s;; . Since m only affects entries within
the same column, the M in row ¢, is moved to some row with index < i} because M occupies a
border cell. By definition of iy, all instances of M in ¢T lie in rows with index > ¢y, since o is
row-preserving. Hence the equality m(7") = m(oT) implies that ¢, <.

If ¢, < ir, there is nothing left to do. So suppose that i, =ir. Then M lies in the same border
cell b in both 7" and T". Hence T'\ b = o(T \ b), and we conclude by induction. So we only need to
handle the case that T' (and hence T”) do not contain any unmarked letters. In this case, we pass
to T* and T"*, and the above shows that s*(7")~! < s*(T")~!, so we are done. O
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The above proof does not establish how one can write the image of an arbitrary labeling as a
linear combination of the images of the BSLs. Such a straightening algorithm is preferred, but we
have not been successful in finding one, so we leave this task as an open problem.

Problem 3.3.15. Find an algorithm for writing the image of an arbitrary labeling of D(w) as a
linear combination of the images of the BSLs of D(w).

Corollary 3.3.16. Identify ©; = —e% and y; = —e% for 1 <i <n. Then
char &, = G, (—x,y), schS, = Sy(z,y).

Corollary 3.3.17. Choose an ordering of the set of permutations below w in the weak Bruhat
order: 1 =v; < vy < -+ < vy = w such that v; < viy1 implies that €(v;) < l(viy1). Then there
exists a b-equivariant filtration

0=FCF C---CFy=6,

such that
Fi/Fia =6, 06

as bg-modules.

Proof. Let &', respectively &”, denote the usual Schubert functor which uses only unmarked,
respectively marked, letters. Let W, = &) ® GZJ ,—1- Theorem implies that we have a bg-
equivariant decomposition &,, = @vgww W,. Let F; = @jgi WUJ.. Then F; is a bg-submodule,
and applying an element of b\ by to W, can only give elements in W,, where £(v) < £(v;). So F;
is in fact a b-submodule, and we have the desired filtration. O

3.4 Schubert complexes.

Now we can use the above machinery to define Schubert complexes. We start with the data of
two split flags F§ : 0= F) C F} € --- C F} = Fyand F? : F{" C F;"™ ¢ ... c F{' = Ay,
and a map 0: Fy — F) between them. Given the flag for Fyy, we pick an ordered basis {ey, ..., e,}
for it such that e; € Fi\ Fi~'. Similarly, we pick an ordered basis {¢},..., e/} for F such that
el € F{"\ F{""1. Given these bases, we can represent O as a matrix. This matrix representation
will be relevant for the definition of certain ideals later.

Equivalently, we can give F® as a quotient flag F} = G™ — G" 1 — ... — G — G = 0, so that
the correspondence is given by F[ " = ker(G™ — G*~1). Note that F;'/F "' = ker(G* — G*1).
We assume that each quotient has rank 1. Then we form a flagged Z/2-graded module F' with
even part Fy and odd part Fy. The formation of divided and exterior products commutes with the
differential 9 by functoriality, so we can form the Schubert complex &,,(F) for a permutation
w E Xy.

Proposition 3.4.1. The ith term of &, (F') has a natural filtration whose associated graded is

P 6u(F) @ &1 (F).
v<pww
L(v)=i

Proof. This is a consequence of Corollary O
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Proposition 3.4.2. Let 9: Fy — F; be a map. With the notation as in Theorem [3.3.13, there is
a functorial b-equivariant filtration of complexes

0=CoyCcC1C--CCLCC CC=649)

such that C/C' = &,(0)[—1] ® F/FS™Y, C'/C = &,(0) @ F, W/ r7 O and ¢,/Cyy
Gy, (0) fort=1,... k.

I

Proof. The filtration of Theorem [3.3.13|respects the differentials since everything is defined in terms
of multilinear operations. The grading shift of C'/C” follows from the fact that the Fj terms have
homological degree 1. O

Corollary 3.4.3. Let 0: Fy — Fy be a flagged isomorphism. Then &,(0) is an exact complex
whenever w # 1.

Proof. This is an immediate consequence of Proposition [3.4.2) using induction on length and index,
and the long exact sequence on homology: when w = s;, exactness is obvious. O

3.4.1 Flag varieties and K-theory.

Throughout this section, we use [F3] as a reference. The reader may wish to see [F3, Appendix
B.1, B.2] for the conventions used there.

We will need some facts about the geometry of flag varieties. Let V' be a vector space with
ordered basis {e1,...,e,}. Then the complete flag variety Flag(V') can be identified with GL(V)/B
where B is the subgroup of upper triangular matrices with respect to the given basis. For a
permutation w € ¥,,, we define the Schubert cell 2, to be the B-orbit of the flag

(ew(1)) C (ew(1) €w(@)) T+ C {€w(1)s---»ewn-1)) C V.

Then €, is an affine space of dimension ¢(w) (see [Man|, §3.6]), and the flag variety is a disjoint
union of the ,,. The Schubert variety X, is the closure of €),,. Alternatively,

Xy = {We € Flag(V) | dim(W, N (e1, ..., eq)) > muw(p,q)}

Recall from Section that ry(p,q) = #{t < p | w(i) < ¢}. Given a matrix 9 and a
permutation w, let I,,(9) be the ideal generated by the (r4(p,q) + 1) X (rw(p,q) + 1) minors of
the upper left p x ¢ submatrix of 9. It is clear that I, C I, if and only if v < w. In the case
that 0 is a generic matrix of variables over some coefficient ring R, let X (w) be the variety defined
by 1,(0) C R[0;;]. We refer to the ideals I,,(0) as Schubert determinantal ideals, and the
varieties X (w) as matrix Schubert varieties. Given a permutation w, we say that a cell « in
the diagram D(w) is a southeast corner if the cells to the immediate right of o and immediately
below « do not belong to D(w).

Theorem 3.4.4. Let O be a generic matriz defined over a field, and let w be a permutation.

(a) I,(0) is generated by the minors coming from the submatrices whose lower right corner is a
southeast corner of D(w).

(b) 1,(0) is a prime ideal of codimension ¢(w).

(¢) X(w) is a normal variety.

Proof. See [MS, Chapter 15] for (a)) and (b). For (d), we can realize X (w) as a product of an affine
space with an open subset of a Schubert variety in the complete flag variety (see Step 2 of the proof
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of Theorem for more details), so it is enough to know that Schubert varieties are normal. This
is proven in [RR] Theorem 3].

See also [KM), Theorem 2.4.3] for more about the relationship of local properties for Schubert
varieties and local properties of a product of matrix Schubert varieties with affine spaces. O

Given any scheme X, we let K(X) denote the K-theory of coherent sheaves on X. This is the
free Abelian group generated by the symbols [F] for each coherent sheaf F modulo the relations
[F] = [F'] + [F"] for each short exact sequence of the form

0>F -F—=>F —0.

Given a finite complex Co of coherent sheaves, we set [Co] = >_.(—1)![C;] = 3=, (—1)*[H;(Co)]. If X
is nonsingular and finite-dimensional, then K(X) has a ring structure given by

dim X '
FIF] = Y (-1 [Tord (F, 7).

1=0

Now suppose that X is an equidimensional smooth quasi-projective variety over K. For k > 0,
let F¥K(X) be the subgroup of K(X) generated by coherent sheaves whose support has codimension
at least k, and set gr* K(X) = FFK(X)/F*1K(X). This filtration is compatible with the ring
structure on K(X) [Gro, Théoreme 2.12, Corollaire 1], and we set gr K(X) = @, gr® K(X) to be
the associated graded ring. B

Let A*(X) be the Chow ring of X. We identify this with the direct sum of Chow groups A, (X)
of X via the isomorphism ¢ — ¢ N [X]. Let ¢: A*(X) — grK(X) be the functorial morphism of
graded rings which for a closed subvariety V' C X sends [V] to [Oy]. If F is a coherent sheaf whose
support has codimension at least k, then we have ¢(Z*(F)) = [F] as elements of gr* K(X) where

ZMF)= Y mu(A)IV], (3.4.5)
codim V=k

and my (F) is the length of the stalk of F at the generic point of V. We will need to know later
that ¢ becomes an isomorphism after tensoring with Q. See [F3, Example 15.1.5, 15.2.16] for more
details. For a finite complex of vector bundles C, such that [Cs] € FFK(X), we use [Cs]j to denote
the corresponding element of gr® K(X).

Lemma 3.4.6. The identity p(&y(z,y)) = [Cely(w) holds.

Proof. For a line bundle L of the form O(D) where D is an irreducible divisor, we have ¢; (L)N[X] =
[D] [F3, Theorem 3.2(f)]. Hence

pler(L)N[X]) = (1= [LY)1 € gr' K(X)

by the short exact sequence
0—O(-D)— Ox — Op — 0.

So the same formula holds for all L by linearity, and
o(x;) =1—[E;j/Eiq], (y;) =1— [ker(Fj — Fj_1)].

Let a and b be a new set of variables. We have &,(a,b) = ) Gu(a)S,,—1(—b) by (3.2.2).

u<pwpw S U

48



Doing the transformation a; — x; — 1 and b; — y; — 1, we get

@(Gw(avb)) = Z (_1)e(u)6u(E)6uw*1(F)'

u<ww

By Proposition this sum is [&,,(9)] (the change from uw™! to wu™! is a consequence of the
fact that F} in Proposition contains only odd elements). So it is enough to show that the
substitution a; — a; + 1, b; — b; + 1 leaves the expression &, (a,b) invariant. This is clearly
true for &y (z,y) =[], +j<n(ari —y;), and holds for an arbitrary permutation because the divided
difference operators (see (3.2.1)) applied to a substitution invariant function yield a substitution
invariant function. O

The flag variety Flag(V') is smooth, and its K-theory is freely generated as a group by the
structure sheaves [Ox, ] (see [F3, Examples 1.9.1, 15.2.16]). Also, the irreducible components of
any B-equivariant subvariety of Flag(V) must be Schubert varieties. There is a tautological flag
of subbundles

0=RopCRICR2C:---CRy-1 CR,=V xFlag(V)

on Flag(V), where the fiber of R; over a flag W, is the space W;. Setting z; = —c1(R;/Ri-1),
the Schubert polynomial &, (x1, ..., zy) represents the Poincaré dual of the Schubert variety X,
(see, for example, [Man, Theorem 3.6.18]).

Corollary 3.4.7. Let V' be an n-dimensional vector space and let C be the Schubert complex asso-
ciated with the permutation w and the identity map of V x Flag(V') to itself, where the subspace
flag consists of the tautological subbundles and the quotient flag consists of trivial vector bundles.
Then [C]g(w) = [O-Xwow] in grt®) K(Flag(V)).

Proof. Both quantities agree with ¢(&,,(z,0)) where x; = —c1(R;/Ri—1) for i =1,...,n. O

3.4.2 Generic acyclicity of Schubert complexes.

Theorem 3.4.8. Let A = K|0;;] be a polynomial ring over a field K, and let 0: Fy — Fi be a

generic map of variables between two free A-modules.

(a) The Schubert complex S,,(0) is acyclic, and resolves a Cohen—Macaulay module M of codi-
mension £(w) supported in I,-1(0) C A.

(b) The restriction of M to X (w™!) is a line bundle outside of a certain codimension 2 subset.

(¢c) The Schubert complex defined over the integers is acyclic.

Before we begin the proof, let us outline the strategy. The main idea is to use the filtration
given by Proposition [3.4.2] and work by induction. The main difficulty is the fact that there is
a homological shift in the filtration, which only allows one to conclude that H;(&,,(9)) = 0 for
i > 1 (see (3.4.9)). Hence the class of C = &,(9) in an appropriate Grothendieck group is
[Ho(C)] — [H1(C)]. To make this expression more useful, we work with a sheaf version C of C' over
a flag variety, where the K-theory possesses a nice basis. To get a handle on [C], we work with an
associated graded of K-theory and show that the top degree terms of [Ho(C)| and [C] agree. Finally,
we show that the support of Hi(C) must be a proper closed subset of the support of C, and we use
this to show that H;(C) must be 0.

Proof. We will prove the statement by induction first on ¢(w) and second on the index of w (see
Section for definitions). The case w = 1 is immediate. Using the notation of Proposition [3.4.2]
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it is immediate that C” is acyclic by induction and the long exact sequence on homology. Hence we
only need to analyze the short exact sequence

0—=C —C—6,0)[-1eF/F ! —o.
The induced long exact sequence is
0 — Hy(C) — Hy(6,(9) @ F§/F§™ — Hy(C') — Ho(C) — 0, (3.4.9)

so we have to show that H;(C) = 0, and that the support of Hy(C) = M is P = I,-1(9). We
proceed in steps.

Step 1. We first show that the length of Ho(C)p restricted to X (w™!) is at most 1.

The short exact sequence

0= Cp = C" = 6,(9) @ (ey5)) — 0

w

induces the sequence
0— HO(Ck) — Ho(Cl) — Ho(Gv(a)) & <efw(6)> — 0.

By induction on the filtration in Proposition the support of Ho(C}) is in the union of the
X (1), and hence does not contain X (w~'). So localizing at P, we get an isomorphism

Ho(C")p = Ho(6(9)) p @ (€yy(5))-

So we can restrict this isomorphism to X (w~!). Localizing (3.4.9) at P and then restricting to
X (w™h), we get a surjection

H0(6U(8))p & <€;}(5)> — Ho(C)p — 0.

By induction, (]E[) gives that the first term has length 1 over the generic point of X(w™!), so
length(Ho(C)p) < 1.

Step 2. We show that the length of Ho(C)p restricted to X (w™!) is exactly 1.

Without loss of generality, we may extend 0 to a generic 2n X 2n matrix by embedding it in
the upper left corner. Since w € ¥,,, these new variables do not affect the Schubert complex when
we interpret w as a permutation of 3o, by having it fix {n+1,...,2n}, so we will refer to them as
irrelevant variables. Now consider the Schubert complex C on the complete flag variety Z of a
vector space of dimension 2n, where the even flag is given by the tautological flag of vector bundles
Ri1 C R C -+- C Ry, and the odd flag is given by the trivial vector bundles V; = (eq,...,€;).
We identify Z with a quotient GL(Va,)/B. Restricting to the unique open B-orbit Q = Q,,, of Z
(which is an affine space), we return to the current situation with some of the irrelevant variables
of 0 specialized to 1 and some specialized to 0. So to finish this step, we only need to show that
length(Ho(C)p) = 1.

Let wg € X, be the long word. Identify V; over € with F," n=1+i " Then the intersection
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Xuwow N is defined by the ideal I,,-1(0):

dim(W, N V) > rwew(p, q) <= dim(W, N Fan*Hq) > Twow(Ps Q)
<= rank(W, — Fl/Ff%*Hq) <P — Twew(D, Q)

— rank(W, = F1/F] 7% < p— Twgw (D, 20 — q) = (P, q),

and the map W), — Fl/Fl_l_q is given by the upper left ¢ x p submatrix of 0.

From the earlier discussion, [C] = [Ho(C)] — [H1(C)]. By Corollary [3.4.7] the top dimension term
of [C] is [Ox,,.]- So length(Ho(C)p) — length(H;(C)p) = 1. We showed above that the first length
is at most 1, which means that it must be 1, and the stalk of H;(C) at the generic point of X,y
must be 0.

Step 3. The annihilator of Hy(C') properly contains I,-1(0).

We have that D(w) = D(v)U{(a,w(p))}, and (o, w(f)) is a southeast corner of D(w): no boxes
of D(w) lie directly below or to the right of it. This means in particular that I,,-1 is generated by
I,-1 and the (r+1) x (r + 1) minors of the upper w(3) x o submatrix of 9, where r = r, (o, w(3)).
We will show that a minor in I,,—1 which is not in I,-1 annihilates Ho(C).

The module Hy(C') is generated by the BSLs of D(w) that only contain marked letters. We
have that w(B) — r is the number of boxes in D(w) in the ath row. Let J = {w(8) —r,...,w(B)}
and let I be an (r + 1)-subset of {1,...,a}. Set M to be the minor of d consisting of the rows
indexed by J and the columns indexed by I. We will show that M annihilates Ho(C').

Given a label j, and a labeling T' of the first & — 1 rows of D(w), let T'(j) be the labeling of
D(w) that agrees with T" for the first « — 1 rows, and in which the ith box in the ath row (going
from left to right) has the label i’ for i = 1,...,w(8) — r — 1, and the box (a,w(3)) has the label
j. Let d: C; — Cp denote the differential. Then d(T'(j)) = szg) Ok ;T (K'). Note that T'(k') =0
whenever 1 < k < w(3) — r since in this case the label k¥’ appears in the bottom row twice. Since
«a > r, the o equations

(8)
Z O;T(K)=0forj=1,...,«
k=w(B)—r

in Hy(C) show that M annihilates T'(k’) for 1 < k < w(f).

It remains to show that M annihilates the elements T" where the labels in the first w(8) —r—1
boxes of the ath row of T" are allowed to take values in {(w(3) —r)’,...,w(B)'}. It is enough to
show how to vary the entries one box at a time by decreasing their values (remembering that i' < j/
if ¢ > j). So fix a column index ¢ which contains the ith box in row « and choose j > i. Let T}
denote the labeling obtained from T by changing the label in (o, c) from i’ to j'. Let X € b be
the matrix which sends the basis vector € to e} and kills all other basis vectors. Then X - T is
equal to T} plus other terms whose labels in the ath row are the same as those of 7', and hence are
annihilated by M. Since the actions of b and A commute with one another, we conclude that
M 1 annihilates T}.

Step 4. We show that H;(C) = 0.
By examining different open affine charts of Z, Step 3 shows that the support of Hy(C) is a
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proper subset of Xy,,,. The argument in Step 2 implies that the same is true for H;(C) since the
structure sheaves of the Schubert varieties form a basis for K(Z). So the codimension of the support
of Hi(C) is at least {(w). Name the differentials in the complex d;: C; — C;—1. Restrict to an open
affine set. Let r; be the rank of d;, and set I(d;) to be the ideal generated by the r; X r; minors
of d;. Let @ be a prime ideal which does not contain /I(d;) = Ann(Hy(C)). Then Hy(C)g = 0,
which makes the localization (d1)q: (Ci1)g — (Co)g a split surjection. Let C] be the quotient of a
splitting of (d1)q, so that we have a free resolution

0= (Cowy)g = - — (C2)g = O

of Hi(C)g. Hence the projective dimension of H;(C)g is at most ¢(w) — 1. In general, localizing
can only increase the codimension of a module (if we interpret the codimension of 0 to be c0), so
codim H;(C)g > ¢(w). This is also equal to the depth of its annihilator since Z is nonsingular. So
the inequality

proj.dimH;(C)g < depth AnnH;(C)q

contradicts [Eis2, Corollary 18.5] unless Hi(C)g = 0. This implies that y/I(dz)g is the unit ideal,

which means that \/I(d2) ¢ Q. Hence we conclude that any prime ideal which contains /I (d2)
also contains \/I(d;). Since a radical ideal is the intersection of the prime ideals containing it, we
conclude that /I(dy) C v/I(ds). We also get the inclusions

VI(dz) € V/1(d3) € -+ € V/I(de(w))

since the rest of the homology of C vanishes [Eis2l, Corollary 20.12], so depth I(d;) > depth I(d;) >
{(w) for all .. We conclude the acyclicity of C using the Buchsbaum-Eisenbud criterion [Eis2|
Theorem 20.9] (the complex is acyclic at the generic point, and the rank of a map over an integral
domain stays the same upon passing to its field of fractions, so the rank conditions of this criterion
are satisfied).

Step 5. We show that the restriction of M = Hg(C) to X(w™!) is a line bundle, and that its
support is exactly X (w™1).

Since the projective dimension of M is 1 more than the projective dimension of Hy(&,(0)), the
codimension of its support can increase by at most 1 by the Auslander—Buchsbaum formula [Eis2,
Theorem 19.9]. Thus if we can show that P is contained in the annihilator of M, then it must be
equal to its annihilator. We have already done this by showing that the stalk of M at the generic
point of X (w~") is nonzero. Thus the codimension and projective dimension of M coincide, which
means that it is Cohen—Macaulay by the Auslander—-Buchsbaum formula. So @ is proven.

Let @ be the prime ideal associated with a codimension 1 subvariety of X (w~!). To prove (b)), we
only need to show that M is generated by 1 element. Since X (w™!) is normal (Theorem [3.4.4)[d)),
the local ring R = Ox(,-1)q is a discrete valuation ring, and hence regular. Furthermore, we
have established already that M is Cohen-Macaulay, so Mg is a free R-module by the Auslander—
Buchsbaum formula. So M is free in some open neighborhood around ). Since M is generated by a
single element generically (after further localization), we conclude that Mg must also be generated
by 1 element.

Now follows since we have shown acyclicity over an arbitrary field. O

Corollary 3.4.10. Let X be an equidimensional Cohen—Macaulay scheme, and let 0: E — F be a
map of vector bundles on X. Let By C --- C E, =FE and F~™ C --- C F~! = F be split flags of
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subbundles. Let w € ¥, be a permutation, and define the degeneracy locus
Dy(9) = {z € X | rank(d,: Ep(z) — F/F~17Y(2)) < ru(p, )},

where the ideal sheaf of D,,(0) is locally generated by the minors given by the rank conditions.
Suppose that Dy, (9) has codimension ¢(w).

(a) The Schubert complex &,,(0) is acyclic, and the support of its cokernel L is Dy, (0).

(b) The degeneracy locus Dy,(0) is Cohen—Macaulay.

(¢) The restriction of L to Dy(0) is a line bundle outside of a certain codimension 2 subset.

Proof. The statement is local, so we can replace X by Spec R where R is a local Cohen-Macaulay
ring. In this case, D, (0) is defined by the ideal I,-1(0). Let 09 denote the generic matrix,
and let (Ce,ds) be the complex over Z[97 ] as in Theorem We get (C,,d,) = 6,(9) by
specializing the variables 89 i to elements of R and base changlng to R. Let r; be the rank of
d;, and let I(d;) be the ideal generated by the r; x r; minors of d;. By [Eis2, Corollary 20.12],

VId) =/I(dg)="---=,/ I(dy(y) since C is acyclic and since depth I,,-1(09) = {(w).

Specializing 0 to elements of R, the same equalities hold when replacing d; with dg. Noting that
I(dy) = Anncokerd] D I,,-1(0), we get that

depth I(d}) > depth I,,-1(9) = codim I,,-1(9) = £(w)

by the assumptions that R is Cohen—-Macaulay and that D,,(0) has codimension ¢(w). Hence
depth I(d}) > ¢(w) for i = 1,...,¢(w), which means that C” is acyclic by the Buchsbaum-Eisenbud
acyclicity criterion [Eis2, Theorem 20.9]. Finally, since the length of the Schubert complex is ¢(w),
we conclude that the depth of the cokernel must be ¢(w) by the Auslander-Buchsbaum formula.
So in fact Anncokerd| = I,-1(9), which implies that the support of the cokernel is D,,(9). This
establishes @ and .

Now follows from Theorem [3.4.8|[b)). O]

3.4.3 Examples.

Example 3.4.11. Let s; denote the simple transposition that switches ¢ and ¢ + 1. For w = s;,
the maximal transition (3.3.12)) simplifies to (a, 8) = (4,7 + 1), v =1, k =1, and ¥y = s;_1. This

is also evident from the fact that &, (z,y) =z1+ -+ —y1 — - — ¥,
Let Fy and F; be vector spaces of dimension n with n > i. Given a map 0: Fy — F; with
distinguished bases e1, ..., e, and €],... e} (coming from a flag of Fy and a quotient flag of F}),

respectively, the associated Schubert complex S, (9) is obtained from 0 by taking the upper left
i X i submatrix of 0.
The filtration of Proposition can be described as follows. First, it should look like

0=ChcCycC CcC=6(9)

where C1 = G, ,(9), C'/Cy = F{'/F7"™™ and C/C" = (F3/FiY[-1].

Then C” is the subcomplex (e1,...,e;i_1) — (€},...,e}) of C, so the quotient is then Fj/Fi
concentrated in degree 1. Finally, C is the subcomplex (ei,...,e;—1) — (€},...,€;_;) which is
isomorphic to &, ,(d) and the quotient C’/Cy is F*/F """ as required. O

Here is a combinatorial description of the differentials in the Schubert complex for a flagged
isomorphism. We will work with just the tensor product complex ®ij D"+()(F). Then the basis
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elements of its terms are row-strict labelings. The differential sends such a labeling to the signed
sum of all possible ways to change a single unmarked letter to the corresponding marked letter. If
T’ is obtained from T by marking a letter in the ith row, then the sign on 7" is (—1)", where n is
the number of unmarked letters of T" in the first ¢ — 1 rows.

Example 3.4.12. Consider the permutation w = 1423. Then D(w) = {(2,2),(2,3)}, and if we
use the identity matrix I, &,,(I) looks like

2]2]~[2]2] [2]2]~ 0. [1]2]~o,
2=+ 2]v] [f2]=r]z) []3]=o
1]~ [1]r] 21— ]2} [2]3]=0.
[1]1']~ 0,
EEIRUED
[2[3]~[2]3)

If we use a generic map e — ae) + bel, + cely and es — de) + eely + fel (the images of e3 and ey are
irrelevant, and it is also irrelevant to map to €}) instead, then the complex looks like

e b 0

0 e b

d a 0

0 d a d a —e —=b 0 0

0 f ¢ 0 0 —f —c a d
c 0 —f —c 0 0 b e

0— A3 / AS d A3 > M =0
The cokernel M is Cohen—-Macaulay of codimension 2 over A = K|a, b, c,d, e, f]. O

Example 3.4.13. Consider the permutation w = 2413. Then D(w) = {(1,1),(2,1),(2,3)}, and if
we use the identity matrix I, &,,(I) looks like (note the negative signs which come from the fact
that we are working with an image of a tensor product of two divided power complexes)

S g ][]
(2] "[2] [2] [2] [27 [2] [1] "[2] (1] [2] []

2]

EN N
2]

V] V] V] 1]
70 1t 2 [2]7[2] [21 17 +

e + 1] >
2| [W]"[a] [2T [2] [2]

~

—_
~

[=[=] [eel=] [re]-]




7] 7]
1] w7 1] H 2] H
7] T[T

B 7 27 2] 7Y Eie

[1/] [1/]

? P—)O, ? '—>0

Using a generic matrix defined by e; +— ae} + bejy + ces and ep +— de) + ee) + fef (the other
coefficients are irrelevant) instead of the identity matrix gives the following complex

—d —a 0 0 0O a O d

—e —b e —d 0 b 0 e

—f —c f 0 —=d ¢ 0 f

0 —d a 0 0 0 d a

a 0 0 a 0 0 e b (—ba0—6d0>

0 a 0 0 a O c —c 0 a —f 0 d

0— A2 AS J AS A2 5 M =0
Its cokernel M is Cohen—Macaulay of codimension 3 over A = K|a,b, ¢, d, e, f]. O

3.5 Degeneracy loci.

3.5.1 A formula of Fulton.

Suppose we are given a map 0: E — F of vector bundles of rank n on a scheme X, together with
a flag of subbundles £y C Fy C --- C E, = E and a flag of quotient bundles F' = F,, - F,,_1 —»

- — F) such that rank E; = rank F; = i. We assume that the quotients E;/F;1 are locally free.
For a permutation w, define

Dy,(0) = {z € X | rank(0y: Ep(x) = Fy(z)) < rw(p,q)}-

Then codim D,,(9) < ¢(w). Define Chern classes z; = —c1(F;/E;—1) and y; = —cy(ker(F; - F;_1)).

Theorem 3.5.1 (Fulton). Suppose that X is an equidimensional Cohen—Macaulay scheme of finite
type over a field K and D,,(0) has codimension {(w). Then the identity

[Dw(a)] = Gw(l‘>y) N [X]

holds in the Chow group Agim(p,, (9))(X)-

See [E'1l §8] for a more general statement which does not enforce a codimension requirement
on D, (0) or assume that X is Cohen-Macaulay. In order to state the connection between the
Schubert complex and Fulton’s formula, we will need the following lemma which was observed in
[Pral Appendix 6].

Lemma 3.5.2. Let X be an equidimensional smooth scheme of finite type over a field K, and let
D be an irreducible closed subscheme of X of codimension k. Let Co be a finite complex of vector
bundles on X and let o € AF(X). If

suppCe = X \ {z € X | (C,)|; is an exact complex}
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is contained in D, and (o) = [Celk, then c[D] = a for some c € Q.
For completeness (and since we have changed notation from [Pral), we will reproduce the proof.

Proof. Leti: D — X and j: X\ D — X be the inclusions. Let the subscript (—)gq denote tensoring
with Q. Then the diagram (of Abelian groups)

* i* * ‘j* *
A*(D)q ——=A*(X)q —=A*(X\D)q —=0

lwq lwcz

3z
grK(X)q —=grK(X \ D)q

commutes by functoriality of ¢, and the first row is exact [F'3, Proposition 1.8]. Since supp(C,) C D,
we have ji([C,]) = 0, and since pq(a) = [C,|, we conclude that j3 (o) = 0 because pq is an
isomorphism [F3, Example 15.2.16(b)]. Since we assumed that oo € A¥(X) we have a = i.(3) for
some 3 € AO(D)Q. But D is irreducible, and hence § is some rational multiple of [D]. O

We will verify Theorem [3.5.1] in the case that X is a smooth quasi-projective variety. The
general case can be reduced to this case using a “universal construction” and Chow’s lemma (see

[} §8]).

Proof of Theorem [3.5.1. We will use Lemma[3.5.2with D = D,,(9), Co = 6,,(9), and a = &,(z, )
using the notation from the beginning of this section. We know that supp Ce C D and that the
codimension of D is {(w) = dega by Corollary So in order to conclude Theorem , we
need to check that ¢(a) = [C,], which is the content of Lemma [3.4.6] Finally, it remains to show

that the constant given by Lemma is 1. This follows from (3.4.5) and Corollary |3.4.10(c). O

3.5.2 Some remarks.

Remark 3.5.3. The previous constructions do not require that the flags be complete, so that
one can omit certain subbundles or quotient bundles as desired. The appropriate generalization
would be to use partial flag varieties, but we have omitted such generality to keep the notation
simpler. O

Remark 3.5.4. A permutation w € X, is Grassmannian if it has at most one descent, i.e.,
there exists r such that w(l) < w(2) < -+ < w(r) > w(r +1) < --- < w(n). Suppose that
w is bigrassmannian, which means that w and w™! are Grassmannian permutations. This is
equivalent to saying that D(w) is a rectangle. In this case, the double Schubert polynomial &,,(z,y)
is a multi-Schur function for the partition D(w) (one can use [Man, Proposition 2.6.8] combined
with ) The degeneracy locus D,,(9) can then be described by a single rank condition of
the map 0: F — F, so the degeneracy locus formula of Fulton specializes to the Thom—Porteous
formula mentioned in the introduction. So in principle, the action of b on &,,(9) should extend
to an action of a general linear superalgebra, but it is not clear why this should be true without
appealing to Schur polynomials. O

Remark 3.5.5. The Schubert complex only gives a formula for the structure sheaf of the given
degeneracy locus in the associated graded of K-theory. A formula for the structure sheaf in the
actual K-theory is given in [FL, Theorem 3] using the so-called Grothendieck polynomials, but the
formula is not obtained by constructing a complex, so it would be interesting to try to construct
these complexes. The degeneracy loci for bigrassmannian permutations are determinantal varieties,
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and the resolutions in characteristic 0 are explained in [Wey}, §6.1]. We should point out that the
terms of the resolutions may change with the characteristic, see [Weyl, §6.2]. O

Remark 3.5.6. We have seen that the modules which are the cokernels of generic Schubert com-
plexes have linear minimal free resolutions. These modules can be thought of as a “linear approx-
imation” to the ideal which defines the matrix Schubert varieties, which in general have rich and
complicated minimal free resolutions. More precisely, we have shown that matrix Schubert vari-
eties possess maximal Cohen—Macaulay modules with linear resolutions. In general, the question
of whether or not every graded ring possesses such a module is open (see [EST) p.543] for further
information).

Furthermore, such modules can be obtained geometrically, as outlined in [Wey, Chapter 6,
Exercises 34-36] for the case of generic determinantal varieties and their symmetric and skew-
symmetric analogues, which we will denote by D € AN. The idea is to find a projective variety
V and a subbundle Z ¢ V x AN such that the projection Z — D is a desingularization. In each
case, one can find a vector bundle on Z whose pushforward to AN provides the desired module
supported on D. The proof that its minimal free resolution is linear involves some sheaf cohomology
calculations. It would be interesting to try to do this for matrix Schubert varieties, which are our
affine models of Fulton’s degeneracy loci. The desingularizations of matrix Schubert varieties one
might try to use could be given by some analogue of Bott—Samelson varieties. The problem would
then be to find the appropriate vector bundle and do the relevant sheaf cohomology calculations.
It is the latter part that seems to be complicated. O
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Chapter 4

Shapes of free resolutions over local
rings

4.1 Introduction

Let M be a finitely generated module over a local ring R. From its minimal free resolution
04+ M+ R « R « R» ...

we obtain the Betti sequence bR(M) := (bg,b1,b2,...) of M. Questions about the possible
behavior of b®(M) arise in many different contexts (see [PS] for a recent survey). For instance, the
Buchsbaum—-Eisenbud—Horrocks Rank Conjecture proposes lower bounds for each bZR(M ), at least
when R is regular, and this conjecture is related to multiplicative structures on resolutions [BE
p. 453], vector bundles on punctured discs [Har, Problem 24|, and equivariant cohomology of
products of spheres ([Carl] and [Car2, Conjecture II.8]). When R is not regular, there are even
more questions about the possible behavior of b%(M) [Avr §4].

Here we consider the qualitative behavior of these sequences; we define the shape of the free
resolution of M as the Betti sequence b®(M) viewed up to scalar multiple. Instead of asking if
there exists a module M with a given Betti sequence, say v = (18,20,4, 4,20, 18), we ask if there
exists a Betti sequence b*(M) with the same shape as v, i.e., whether b*(M) is a scalar multiple
of v. In a sense, this approach is orthogonal to questions like the Buchsbaum—Eisenbud—Horrocks
Rank Conjecture, which focus on the size of a free resolution.

In this article, we show that this shift in approach, which was motivated by ideas of [BS1],
provides a clarifying viewpoint on Betti sequences over local rings. First, we completely classify
shapes of resolutions when R is regular. To state the result, we let V. = Q™! be a vector space
with standard basis {€;}7.

Theorem 4.1.1. Let R be an n-dimensional reqular local ring, v := (v;)7-, € V, and 0 < d < n.
Then the following are equivalent:
(i) There exists a finitely generated R-module M of depth d such that b®(M) has shape v, i.e.,
there exists A € Qg such that b%(M) = \v.
(ii) There exist a1 € Q>p and a; € Qso fori € {0,...,n —d — 1} such that
n—d—1
V=a_1€ + Z ai(€ + €iy1).
=0

7
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Figure 4-1: On the left, we illustrate the shape of v = (1 — g, 1,0,6,0,6,0,6,4,4,6,0,6,1,1 — g)
where 0 < § < 1 is a rational number. On the right, we illustrate an oscillating shape, as in
Example Each arises as the shape of some minimal free resolution.

Ifa_1=01n , then M can also be chosen to be Cohen—Macaulay.

This demonstrates that there are almost no bounds on the shape of a minimal free R-resolution.
While showing that implies is straightforward, the converse is more interesting, as it leads

to examples of free resolutions with unexpected behavior. For instance, let R = Q[[z1,...,x14]],
fix some 0 < 0 < 1, and let v = (1 — %,1,5, 0,0,0,0,6,4,4,6,0,6,1,1 — g) Plotting its entries,

the shape of v is shown in Figure As v satisfies Theorem , there exists a finite
length R-module M whose minimal free resolution has this shape. Similar pathological examples
abound. As mentioned above, our work is inspired by the Boij—Séderberg perspective that the
numerics of minimal free resolutions over a graded polynomial ring S are easier to understand if
one works up to scalar multiple. They introduced the cone of Betti diagrams over S and provided
conjectures about the structure of this cone. Their conjectures were proven and extended in a series
of papers [BS1l BS2l [EFW], [ES2]. (See also [ES4] for a survey.)

To provide a local version of Boij—Soderberg theory, we study the cone of Betti sequences
Bq(R), which we define to be the convex cone spanned by all points b*(M) € V, where M is
a finitely generated R-module. Theorem implies that the closure of Bq(R) is spanned by
the rays corresponding to €y and (e; + €;41) for @ = 0,...,n — 1. The point (¢; + €;4+1) can be
interpreted as the Betti sequence of the non-minimal complex (R! <=~ R!), where the copies of R
lie in homological positions ¢ and ¢ 4+ 1. Since this is not itself a minimal free resolution, it follows
that Bq(R) is not a closed cone, in contrast with the graded case. The facet equation description
of Bq(R) is also simpler than in the graded case: by Proposition below, all facets are given
by partial Euler characteristics.

Our proof of Theorem [{.1.1] relies on a limiting technique that is possible because we study
Betti sequences in R only up to scalar multiple; the introduction of the rational points of Bq(R),
which can be thought of as formal Q-Betti sequences, enables the use of this technique. To produce
the necessary limiting sequences, we first produce local analogues of the Eisenbud—Schreyer pure
resolutions, as we have precise control over their Betti numbers.

We emphasize here the fact that Bq(R) depends only on the dimension of R. In particular, the
result is the same for both equicharacteristic and mixed characteristic rings.

Hypersurface rings

We also examine the shapes of minimal free resolutions over the simplest singular local rings:
hypersurface rings. Given a regular local ring (R, mp), we say that @ is a hypersurface ring of
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Rif Q = R/(f) and f € m%.

Unlike the regular local case, free resolutions are not necessarily finite in length over a hypersur-
face ring. Hence Betti sequences b%(M) lie in an infinite dimensional vector space W := 12, Q.
We let {¢;} denote the coordinate vectors of W and we write elements of W as possibly infinite
sums Z;ﬁo a;e;. We also view V as a subspace of W in the natural way.

The key tool for studying free resolutions over a hypersurface ring is the standard construc-
tion (which is briefly reviewed in . Given a Q-module M, this builds a (generally non-minimal)
Q-free resolution of M from the minimal R-free resolution of M. The numerics of this free resolution
of M are easy to understand in terms of b%(M). Define ®: W — W by

(v, v1,v2,...) := (vo,v1,v0 + v2,v1 + V3,00 + V2 + V4, ...).

The standard construction for M yields a (generally non-minimal) resolution G, with Betti sequence
bR (G,) = ®(bE(M)).

Due to this close connection between free resolutions over R and over @), it is tempting to
conjecture that the numerics of Bq(Q) should be controlled by the cone Bq(R) and the map
®. However, additional ingredients are clearly required. First, the sequence ®(b%(M)) always
has infinite length, whereas there do exist minimal free resolutions over () with finite projective
dimension. Second, if an R-module M is annihilated by some polynomial f, then it automatically
has rank 0 as an R-module. Thus we should only be interested in applying ® to modules of rank 0.

The following theorem shows that all minimal free resolutions over hypersurface rings of R are
controlled by correcting precisely these two factors.

Theorem 4.1.2. Let (R, mp) be an n-dimensional reqular local ring, let R be an (n—1)-dimensional
reqular local ring, and fix w := (w;)5°, € W. Then the following are equivalent:
(i) There exists f € mp, a positive integer A, and a finitely generated R/{f)-module M such that
bR (M) = Aw.
(ii) There exists an R-module My of rank 0 and an R-module Ms such that w = ®(b%(My)) +
bR(M3).

This demonstrates that, except for eventual periodicity, there are essentially no bounds on
the shape of a minimal free resolution over a hypersurface ring of R. As in the regular local
case, this leads to examples of free resolutions with surprising behavior. For instance, fix any
§ > 0 and let R = Q|[x1,...,714]]. Applying Theorem there exist M; and M so that

w = ®(bE(My)) + bR(M>), where
W= (%7474757575’676757575’17175’6+%76’6767"')'

Since w satisfies Theorem [4.1.2|(ii), there exists a module M over a hypersurface ring of R whose
minimal free resolution has this shape.
We now make the connection with local Boij—Séderberg theory explicit.

Definition 4.1.3. The total hypersurface cone Bq(R.) is the closure in W of the union
Usemy Ba(R/(f))-

We show in Remark [4.4.4| that the cone Bq(R~) may also be realized as a limit of cones
Bq(fle) = lim Bq(R/(fi)) © W (4.1.4)
for any sequence (f; € mb)i>1.
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The following result provides an extremal rays description of this cone.

Proposition 4.1.5. The cone Bq(R) is an (n + 1)-dimensional subcone of W spanned by the
following list of (n + 2) extremal rays:

(i) the ray spanned by €y,

(i) the rays spanned by (€; + €;+1) fori € {0,...,n—2}, and

(iii) the rays spanned by
o o]
Z € and Z €.

1=n—2 1=n—1

The proofs of Theorem and Proposition rely on two types of asymptotic arguments.
First, as in the proof of Theorem [£.1.1] we study sequences of formal Q-Betti sequences. Second,
we use that the cone Bq(R) is itself a limit, as illustrated in (4.1.4).

In Proposition we also describe the cone Bq(Rs) in terms of defining hyperplanes. In

addition, we observe that, as in the description of Bq(R), most of the extremal rays of Bq(R«) do
not correspond to actual minimal free resolutions. Note that, based on (4.1.4), the cone Bq(R/(f))
is closely approximated by Bq(R«), at least when the Hilbert-Samuel multiplicity of R/(f) is large.

We end by considering the more precise question of completely describing Bq(R/(f)) for a fixed
f € mp. The following conjecture claims that the cone Bq(R/(f)) depends only on the dimension
and multiplicity of the hypersurface ring R/(f).

Conjecture 4.1.6. Let QQ be a hypersurface ring of embedding dimension n and multiplicity d.
Then Bq(Q) is an (n + 1)-dimensional cone, and its closure is defined by the following (n + 2)
extremal rays:

(i) the ray spanned by €y,

(i) the rays spanned by (€; + €ir1) fori={0,...,n—2}, and

(iii) the rays spanned by

00 00
d%‘llen_g—i- Z € and éen_g—f— Z €.

i=n—1 1=n—1

Proposition m proves one direction of this conjecture, by showing that Bg(Q) belongs to the
cone spanned by the proposed extremal rays. We also prove Conjecture when edim(Q) = 2.
Observe also that Proposition is essentially the d = oo version of this conjecture.

Notation

Throughout this chapter R will be a regular local ring and @ will be a quotient ring of R. If M
is an R-module or a @-module, then e(M) is the Hilbert—Samuel multiplicity of M and p(M) is
the minimal number of generators for M. Given a surjection R“M) — M, we denote the kernel by
Q(M), and in general, we set Q7 (M) = Q(Q~1(M)), with the convention Q°(M) = M, and we
call (M) the jth syzygy module of M.

4.2 Passage of graded pure resolutions to a regular local ring

To prove Theorem [4.1.1], we produce a collection of Betti sequences that converge to each extremal
ray of Bq(R). The key step in constructing these sequences is the construction of local analogues
of the pure resolutions of Eisenbud and Schreyer.
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Let S = Z[z1,...,7,). Fix d = (do,...,ds) € Z°"! with d; < d;+1 and s < n. By [BEKS2,
Remark 10.2] and [ES2, §5], we may construct an S-module M(d) that is a generically perfect
S-module of codimension s (and hence, M (d) ®z k is a Cohen-Macaulay module of codimension s
for every field k.)

Proposition 4.2.1. Let R be an n-dimensional reqular local ring. Let S — R be any map sending
Z1,..., Ty to an R-regular sequence. Then M(d) ®s R is a Cohen—Macaulay R-module of codimen-
sion s, and the Betti sequence of M(d) ®g R is a scalar multiple of

1 1 1
V(d):: ’ PR ,0,...,0 cV.
<Hi;ﬁ0 |di — do|" [T |di — di [Tizs di — ds] )

Proof. We have noted above that M (d) is a generically perfect S-module of codimension s. It
follows from [BV] Theorem 3.9] that M (d) ®g R is Cohen-Macaulay and of the same codimension
as M(d). In addition, by [BV] Theorem 3.5], tensoring a minimal S-free resolution of M (d) with
R gives a minimal R-free resolution of M(d) ®g R. The formula for v(d) then follows from the
Herzog-Kiihl equations [HK|, Theorem 1]. O

4.3 Cone of Betti sequences for a regular local ring

Let (R,m) be an n-dimensional regular local ring. Let V := @@ ;Q, with basis {¢;}, where
0<i<n. Fori=0,...,n—1,set p; := € + €41, and set p_; := ¢y. For all ¢+ < j, we define the
partial Euler characteristic functionals

Lk

Xiig) =€ — €1+ + (=1)7'¢)
J

=y (-1 e

=i

For a ring R, we set Bq(R) to be the closure of the cone Bq(R) C V, which we describe now.

Proposition 4.3.1. For any n-dimensional regular local ring R, the following three (n + 1)-
dimensional cones are equal:

(i) the closure Bq(R) of the cone of Betti sequences.

(ii) the cone spanned by the rays Q>o{p—1,po, P1,- -+ Pn—1)-

(iii) the intersection of the halfspaces defined by X[jn = 0 for j € {0,...,n}.

Proof. The work here lies in showing that is contained in ; this is where we use a limiting
argument. We first verify the straightforward containments. The rays of satisfy the inequalities
of because

0 ifj#i+1,
XWMM):{l ifj=i+1.

Conversely, if v € V satisfies all of the inequalities, then we can write v = Z?;ll Xi+1,n](V) - pi,
which lies in . So we have shown the equivalence of and .

To see that the functionals of are nonnegative on Bq(R), it suffices to consider a point of
the form b%(M). In this case, X[i’n}(bR(M)) = rank QY(M) for i > 0. This implies that Bq(R) lies
in , and hence so does its closure.
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It thus suffices to check that the rays p; in belong to Bq(R). Since p_; = B(R!), we have
p—1 € Bq(R). To show that p; € Bq(R) for j > 0, we use a limiting argument. Such an argument
is necessary because the vectors p; do not belong to Bq(R) due to their non-minimal structure (at
least when j > 0). Adopt the notation of and define v;(d) to be the unique scalar multiple of
v(d) such that v(d); = 1. Based on the formula for v(d) from Proposition view v; as a map
from Z"*! — V (with poles) defined by the formula

Hi;ﬁj |di — dj Hi;ﬁj |di — dj| Hi;ﬁj |di — dj| ) V.

vi(dy,...,dn) = , e
oy n) (H#o!di—dol Moo ld =i T Vi — ol

And now for the crucial choice, which is explored further in Example For each j, consider
the sequence {d/'};>¢ defined by &/t := (0,¢,2¢t,...,5t,5t + 1,(j + D)t +1,...,(n — 1)t +1). In
other words,
gt _ |k if k < 4,

k (k—1t+1 ifk>j.
We claim that p; = limy_e v;(d??). This would imply, by Proposition that p; € Bq(R),
thus completing the proof. To prove this claim, we observe that the jth coordinate function of v;

equals 1 and v;(d) lies in the hyperplane defined by x[p, = 0. So it suffices to prove that the £th
coordinate function of vj goes to 0 for all £ # j, 7 + 1. We directly compute

. "y dj’t — d]:’t n—1
lim v;(d""), = lim iz | - J.t| — i 2 O
t—o0 = ], " — b t—oo  O(t")

Example 4.3.2. If n = 4, then d'' = (0,¢,¢t + 1,2t + 1,3t + 1). Over S = k[z1,...,74] with the
standard grading, this degree sequence corresponds to the Betti diagram

rol,t -
N
: : : : : t — 1 rows
1, 1,t
- B By _ _
BS(M(dl’t)) _ : . . : t — 1 rows
_ _ _ 17t J—
3
. t — 1 rows
1t
L — - - - 4 J

where there are gaps of ¢ — 3 rows of zeroes between the various nonzero entries. Notice that as
t — oo, this Betti diagram gets longer. It is thus necessary to consider the total Betti numbers 5;
(i.e., to forget about the individual graded Betti numbers f3; ;) before it makes sense to consider a
limit. ]
Proof of Theorem [{.1.1. First we show that implies . Let M be any module of depth d
such that (M) = Av. Since X[Ln](bR(M )) = rank Q{(M) for i > 0, the Auslander-Buchsbaum
formula implies that this is strictly positive for ¢ = 1,...,n —d and 0 for ¢ > n — d. The proof of
Proposition then shows that b®(M) has the desired form.

Next we show that implies (). If there exists any M such that b®(M) = v, then the
Auslander-Buchsbaum formula implies that M has depth d. It thus suffices to produce a module
M with the desired Betti sequence. We may also assume that the coefficient a_; of p_; equals 0.
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Let C denote the cone spanned by pg, ..., pn—d—1, S0 that v now belongs to the interior of C.
The proof of Proposition illustrates that for each ¢ = 0,...,n —d — 1, we can construct p;
as the limit of Betti sequences of Cohen—Macaulay modules of codimension n — d. Since we can
construct every extremal ray of C via such a sequence, it follows that every interior point of C
can be written as a Q-convex combination of the Betti sequences of Cohen—Macaulay R-modules
of codimension n — d. In particular, v has this property, and hence v € Bq(R), as desired. This
construction also implies the final sentence of the theorem, as we have written v as the sum of
Betti sequences of Cohen—Macaulay modules of codimension n — d. O

Example 4.3.3 (Oscillation of Betti numbers). Let n = dim R be congruent to 1 mod 3. Let
0 < 0 < 1 be a rational number and set

if i = —1,

—% ifi>0andi=0 (mod 3),
ifi>0andi=+1 (mod 3).

@\
I
N, = O

Let v/ := ). a}p;, so that the entries of v/ oscillate between 1 and 6. Then there exists a finite
length R-module N such that bf(NN) is a scalar multiple of v'. See Figure O

Remark 4.3.4. For a finite length module, the Buchsbaum—FEisenbud-Horrocks Rank Conjecture
proposes that b;(M) > (T;) for i = 0,1,...,n. It is natural to seek a sharper lower bound B; that
depends on the number of generators of M and the dimension of the socle of M. For B; we may
set By(bg,by) := by — 1 4+ n, and then by > Bj(bg, by,); something similar holds for B,_;. However,
Theorem implies that when ¢ # 1, n—1 there is no such linear bound. This follows immediately
from the fact that, for any 0 < § < 1, there is a resolution with shape (1, 1—|—%, 0,...,0, 1+g, 1). O

Question 4.3.5. Are there nonlinear functions B;(bg, by,) such that b;(M) > B;(bo(M), b, (M)) for
all finite length modules M ¢

Remark 4.3.6 (The graded/local comparison). If S = k[z1,...,x,] (with the standard grading)
and R = k[z1,...,%n](5,,. 4,), then there is a map Bq(S) — Bq(R) obtained by “forgetting the
grading” and localizing. Theorem implies that this map is surjective. It would be interesting
to understand if a similar statement is true if we replace S by a more general graded ring. O

4.4 Betti sequences over hypersurface rings I: the cone Bq(R)

We say that @ is a hypersurface ring of a regular local ring (R,m) if Q@ = R/(f) for some
nonzerodivisor f € R. To avoid trivialities, we assume that f € m2. Let n := dim R and d :=
ord(f), i.e., the unique integer d such that f € m?~m?*+!. The following result is the basis for the
“standard construction.” See [Sha], [Eisll §7], or [Avr] for more details.

Theorem 4.4.1 (Eisenbud, Shamash). Given a Q-module M, let Fq — M be its minimal free
resolution over R. Then there are maps si: Fo — Feiorp_1 for k > 0 such that

(i) so is the differential of F.

(ii) sos1 + s180 is multiplication by f.

(iii) Zf:o sisk—; = 0 for all k > 1.
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We note that if R and @ are graded local rings, then the maps s can be chosen to be homo-
geneous. Using the si, we may form a new complex F/, with terms

F, = @Fiqg‘ ®rQ

Jj=0
and with differentials given by taking the sum of the maps

50,51,52,...)

F,®rQ ( (Fici®F;, 30 F, 5@ )®rQ.

Then F, — M is a Q-free resolution which need not be minimal.
With W = []>2,Q and ¢; € W the ith coordinate vector, we define ®: W — W by

@(wo,wl,...) = (wo,w1,w0 + wo, w1 + w3, Wy + W2 +w4,...).

In other words, the fth coordinate function of ® is given by

4
5 . .
> 2o Wi if £ is even,

Oy(wo,wy,...) = .

ZZ:TO W2i+4+1 if ¢ is odd.
As in Section let p_1 := €y and p; := € + €;41 for ¢ > 0.

Free resolutions over a hypersurface ring can be infinite in length, but they are periodic after n
steps [Eisl, Corollary 6.2], so that b?(M) = blfQH(M) for all i > n [EisIl Proposition 5.3]. Thus, if
we seek to describe the cone of Betti sequences in the hypersurface case, it is necessary to include
some rays with infinite support. We define

o0

70 = Z e EW
j=i
and note that 7°° = ®(p;). The rays 7°°, and 7,,°; will be especially important for us.

We now give a precise description of the total hypersurface cone Bq (R ) from Definition m

Proposition 4.4.2. The following three (n + 1)-dimensional cones in W coincide:
(i) The total hypersurface cone Bq(Rxo).

(ii) The cone spanned by the rays Q>0(P—1,P0s - - s Pr—2; T s T 1)-

(iii) The cone defined by the functionals

X[ij] = 0 foralli < j <n withi— j even,

Xi,i+1 = 0 for alli>n, and

X[n—1,n] = 0.
Proof. 1t is straightforward to check that the extremal rays satisfy the desired facet inequalities,
and hence we have Q. The reverse inclusion is more difficult than the analogous statement

in Proposition because here is not a simplicial cone. We first identify the boundary facets,
and then show that for each boundary facet, one of the listed functionals vanishes on it.

To do this, we use that these rays satisfy a unique linear dependence relation. When n is even,
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the relation is given by
Too1 + Pn—3+ +p-1 =729+ pn—a + -+ po,

and a similar relation holds when n is odd. We now consider subsets of these rays of size n, which
we index by the two rays that we omit from the collection. These fall into three categories:

(a) {pi,p;} with i < j,

(b) {pi,Tj‘?o}, and

() {mn2e 74}

Any such collection is linearly independent, and hence spans a unique hyperplane of the subspace
{w € W | wp1; = w, for all i > 0}. (4.4.3)

As such, there is a unique up to scalar functional vanishing on each collection; we write F; ; for the
corresponding functional in type @, G;,j for type (]E[), and H for type . In order to show the
desired containment, we compute these functionals and determine which correspond to boundary
facets of by evaluating the functionals on their corresponding omitted rays.

To begin, note that if j < n — 2, then F;; = x[;11 ;. This evaluates to 1 on p; for i > 0,
(—=1)7=0+D on pj, and 0 on the remaining rays. Hence it determines a boundary facet if and only
if i +1 and j have the same parity. In addition, for any ¢ < n — 2, Fj 2 = X[,—1,,), Which is the
last functional in (fiii).

Next, observe that Gi -2 = X[i+1,n]- If i <n—2, this evaluates to 1 on p; for i > 0, (—1)"*(”1)
on 7,_3, and 0 on the remaining rays. Hence in this case, it yields a boundary facet if and only if
i+ 1 and n have the same parity. Similarly, G;n—1 = X[i41,n—1) if and only if ¢ <n — 2, which is a
boundary facet only if n and ¢ have the same parity.

Finally, we compute that Gn—2n-2 = Xn-1,n)> Gn—2n-1 = X[n—1,n]> and H = X}, 5, Which all
appear in . As the subspace description (4.4.3]) accounts for the remaining functionals, we have
established the equivalence of and .

We next show that Q. For this it suffices to check that the functionals in are non-
negative on points in Bq(Q), where @ = R/(f) and f € m is arbitrary. We thus reduce to the
consideration of a point w = b? (M), where M is a @Q-module. In this case,

1
e(Q)
which is certainly nonnegative when i and j have the same parity. It follows from [Eisll Proposi-
tion 5.3, Corollary 6.2] that X[@H_l](bQ (M)) =0 for i > n. Thus it remains to check the inequality

X[n_lm](bQ(M)) > 0. Using u(N) to denote the minimal number of generators of a module N, we
have

X[i.g) (0°(M)) = (e(Q (M) + (-1)"7e(¥ (M)))

Xin—1,0 (09 (M) = p(Q" (M) — p(Q"(M)).

Both of these syzygy modules are maximal Cohen—-Macaulay @Q-modules. The key difference is that
Q"~1(M) might have a free summand, whereas Q"(M) does not. Since maximal Cohen—Macaulay
modules without free summands over hypersurface rings have a periodic resolution by [Eisl, The-
orem 6.1(ii)], it follows that X[, —1 ) (bQ(M)) computes the number of free summands in Q" 1(M),
so it is nonnegative.

To complete the proof, we show that Q by showing that each extremal ray lies in Bq(Rx)-
We first show that p; belongs to Bq(R/(f)) for any f. Choose a regular local subring R' C R/(f)
of dimension n — 1 and an R'-module M’. Then b/ (M’ @ R/(f)) = b (M’) because R/(f) is
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finite and flat over R'. In particular, Bq(R') € Bq(R/(f)). Since p; € Bq(R') by Propositionm
we have p; € Bq(R/(f)).

Finally, we must show that 7,°, and 7,,°; belong to Bq(R~). This is where the advantage of
working with Bq(Roo) becomes clear, as it enables a second limiting argument that, roughly speak-
ing, makes the standard construction exact. The key observation is summarized in Lemma
below.

In fact, we now show the more general statement that ®(p;) € Bq(Ro) for i =0,...,n — 1.
Fix i and let d"! be the sequence of degree sequences defined in the proof of Proposition For
each ¢, we choose any polynomial f; € m =45 41 We now apply Lemma along with the fact
that ® is continuous, to conclude that

77 = ®(pi)
— 3 (lim bR(M(d) ®g R))

t—o0

N R it
= tanOlOCI) (b (M (d"") ®s R))
= lim bR/ (M(d") @5 R).

t—o00

Since b%/ o) (M(d*?) ®s R) € Bq(Roo) for all ¢, it follows that the final limit lies in Bq(Roo). [

Remark 4.4.4. The proof of Proposition m goes through if we replace Bq(R) by the closure
of the limit cone lim; o Bq(R/(f:)), illustrating that these two cones are equal as well. This

justifies equation (4.1.4]). O

Lemma 4.4.5. Let M be an R-module that is annihilated by m™o and let f € mY with N > Ny.
Then
o(b" (M) = b (1),

More specifically, let d = (do,...,d,) be a degree sequence, M(d) ®g R be defined as in Proposi-
tion and f € mén—dotL  Then

®(bR(M(d) ®g R)) = b (M(d) ®5 R).

Proof. Since R is a regular local ring, the minimal R-free resolution of M has finite length. So
there are only finitely many j such that the s; in Theorem are nonzero, and there is some
positive integer P such that the matrix entries in the minimal R-free resolution of M belong to
m?. To conclude, we need to know that the entries of each s; belong to the maximal ideal m. From
Theorem , this will be true if it holds for j = 1, and this in turn is true if we set Ng = P

and apply Theorem [4.4.T(i). O

Remark 4.4.6. Assume that n > 3. By [DRS, Lemma 2.4.2], there are exactly two triangulations
of the cone Bq(R«), which we now describe. First, we project from W onto the first n + 1
coordinates. This does not change the combinatorial structure of the cone. The hyperplane section
of the projection given by ¢y + - -+ + ¢, = 1 is an n-dimensional polytope with vertices p_1, % 00,
1 1 1,0 1 o0
5,017 sy 5,077,727 ng—27 §Tn—1'

To express the triangulations, let A, denote the polytope generated by all vertices other than
r. If n is odd, then the two triangulations are

{Ap liodd,i#n—2}U{Az= } or {Ap [ieven}U{Aze }.
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If n is even, then the two triangulations are

{A,, |iodd} U {A7.5<>_2}, or {A, |ieven,i#n—2}U {Ar;jo_l}\ O

4.5 Betti sequences over hypersurface rings 1I: A fixed hypersur-
face

For a regular local ring (R,m) and f € mpg, the cone Bq(R) is larger than Bq(Q) for the
hypersurface ring @ = R/(f). In this section, we seek to make this relationship precise. Set
Q:= R/(f) and d := ord(f), i.e., f € m%\ m?~!. We note that ¢(Q) = d. We define the vectors

e} [e.e]

d . | d=1 d _ |1

Tpo = | "7 €2+ Z € and Tp—1:= | 7€n—2+ Z TA
—

7 1

We also define the functionals

gd o) TG T Wi if i — j is odd,
] (d—1)€; +dxp -y ifi—jis even.

The following proposition gives some partial information about Conjecture

Proposition 4.5.1. The following two (n + 1)-dimensional cones in W coincide:
(i) The cone spanned by the rays Q>0(p—1,p0,- -, Pn—2,T% 5,79 ).
(ii) The cone defined by the functionals

[Cfn]ZO for all0 <i<n,
Xij] = 0 foralli <j<nandi—j even,
X[ii+1] = 0 for alli >n, and

X[n—1,n] > 0.

Furthermore, this cone contains Bq(Q).

Proof. One may check that the cones (i) and coincide by an argument entirely analogous to
that used in the proof of Proposition It thus suffices to check that the functionals in are
satisfied by all points in Bq(Q). By applying Proposition we immediately reduce to the case
of showing that qu] is nonnegative on any Betti sequence b%(M).

Fix a finitely generated @Q-module M and a minimal resolution of M: 0 < M + Q% « Q" «+
-+-. To compute §ﬁ,n}(bQ(M )), we consider the exact sequence

0<~— QM) <~— Qbi =<—— Qbit e Qbr QY (M) <—0.
Assume now that n — ¢ is even and that ¢ > 1. Taking multiplicities, we obtain the equation
e(2(M)) +e(Q1) + -+ +e(Q™1) + e(Q"H(M)) = e(Q™) +e(Q"*2) + -+ +e(Q™),
which can be rewritten as

e(Q(M)) = dxji (b9(M)) — e(Q™H(M)).
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Since Q"1 (M) is Cohen-Macaulay, e (" (M)) > p (Q"TH(M)) = bgH(M) = b,(M). Hence
e(QV (M) < dxpim (09(M)) = ba(M) = & ) (9(M)) .

It follows that f[cg ] (b9(M)) is nonnegative, as desired.
When n — i is odd and ¢ > 1, essentially the same argument holds, starting instead from the
exact sequence

0<7Qi(M)<7Qbi<7Qbi+l<7~--<7an71<7971(]\4)<70,

The same argument also holds when i = 0, after one replaces e(Q'(M)) by the number

e =

, e(M) if dim(M) = dim(Q),
0 otherwise.

The opposite inclusion also holds when @ has embedding dimension 2.

Proposition 4.5.2. If Q is a hypersurface ring of embedding dimension 2, then Bq(Q) satisfies
Conjecture [{.1.0.

Proof. By Proposition m it suffices to show that the desired extremal rays lie in Bq(Q). We
may quickly reduce to showing that T(‘f,Tld € Bq(Q). Let mg denote the maximal ideal of @,
Q =Q /mdQ_l, and wg be its canonical module. A direct computation confirms that dr{ = b2(Q")

and dTOd = bQ (WQ/> . O]

Remark 4.5.3 (Codimension 2 complete intersections). For arbitrary quotient rings @ of a regular
local ring R, the cone of Betti sequences Bq(®) need not be finite dimensional. For instance,
consider Q = Q[[z,y]]/(f1, f2) for any regular sequence fi, f2 inside (x,y)2. Let T, be the Tate
resolution of the residue field of (). Since @ is Gorenstein, and hence self-injective, we may construct
a doubly infinite acyclic complex Fo as below:

Fo: -+ «— T+ Ti+— Tog+— Ty +— To+—---.
For all i > 0, let M; be the kernel of T} — T7, ,, and set 7; := bQ(M;). The 7; are linearly

independent since rank T; = i+1 for all i (see [ABl Example 4.2] for details). So we see that Bq(Q)
is infinite dimensional. In particular, Bq(Q) is spanned by infinitely many extremal rays. O
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