
1

Copyright ©2003 Stanley B. Gershwin.



2

Copyright ©2003 Stanley B. Gershwin.



3

Copyright ©2003 Stanley B. Gershwin.



4

Copyright ©2003 Stanley B. Gershwin.



5

Copyright ©2003 Stanley B. Gershwin.



6

Copyright ©2003-2004 Stanley B. Gershwin.



7

Copyright ©2003-2004 Stanley B. Gershwin.



8

Copyright ©2003-2004 Stanley B. Gershwin.



9

Copyright ©2003-2004 Stanley B. Gershwin.



10

Copyright ©2003-2004 Stanley B. Gershwin.



11

Copyright ©2003-2004 Stanley B. Gershwin.



12

Copyright ©2003-2004 Stanley B. Gershwin.



13

Copyright ©2003-2004 Stanley B. Gershwin.



14

co
py

ri
gh

t ©
 2

00
0 

L
aw

re
nc

e 
M

. W
ei

n.

Continuous Random Variables

cumulative distribution function (cdf) is

F(t) = P(X ≤ t) for all t
probability density function (pdf) is

f (t ) =
dF (t )

dt

Pr a ≤ X ≤ b( ) =
b
f

a
∫ t( )dt = F b( )− f a( )

E[X] and VAR(X) are similar to discrete case, 
except you replace sums by integrals

E X( ) = xf (x )dx∫

F
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Normal (or Gaussian) Distribution

f(t)

tµ
bell-shaped curve

f t( ) =
1

2πσ
e

− t −µ⎛ 

⎝ 

⎜ 
⎜ ⎜ 

⎞ 

⎠ 

⎟ 
⎟ ⎟ 
2

2σ2

mean = µ variance =       

X is a  N(µ,σ) random variable

Fact:  if X and Y are normal, 
so is aX+bY+c

f(z)

z0

Statistics books have tables for Z = N(0,1)

Fact:  if X is N(µ,σ),
then                  is N(0,1)X − µ

σ

P(Z ≤ z)

2σ
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Example:  
IQ test scores are normally distributed  with µ = 100 and σ = 10

2.50

.9938

What is P(X > 125)?

= 1 - P(Z ≤ 2.5)

= P(Z > 2.5)

= 1 - .9938
= .0062

=P X −100
10 >125−100

10
⎛ 

⎝ 

⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
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Example:
Manufacturing cycle times are normal with µ = 100 days and σ = 10 days

1.280

0.9

You want to quote delivery lead times (= delivery date - current date)
so that you achieve 90% on-time delivery
Q: What delivery lead time should you quote?
Choose x so that P(X > x) = .1

P
X − 100

10
>

x − 100

10

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ = .1

P Z >
x − 100

10

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ = .1

P Z ≤
x − 100

10

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ = .9

or

or

P Z ≤ 1.28( ) = .9 so
x − 100

10
= 1.28 X= 112.8
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Central Limit Theorem
1X ,...,

nX are independent and identically distributed with

E iX[ ]= µ VAR X
i( )= σ2

X
i
's are not normal!

Sn = X
1

+ ... + X n
Let

Central Limit Theorem for sum: if n is large, then        is 
approximately normal with mean nµ and standard deviation             

Sn σ n

Central Limit Theorem for mean:  if n is large, then         is 

approximately normal with mean µ and standard deviation

mn σ

n

mn =
X

1
+ ... + X n

n
Let
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Dice Graphs
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Normal distribution has 3 uses

1)  Models many physical processes

2)  Sum of normal random variables

3)  Sum or mean of many iid random variables
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